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Abstract—The outbreak of the coronavirus pandemic since the
end of 2019 has been declared as a world health emergency by
the World Health Organization, which raised the importance
of an accurate mathematical epidemiological dynamic model
to predict the evolution of COVID-19. Replicator dynamics
(RDs) are exclusively applied to many epidemic models, but
they fail to satisfy the Nash stationarity and can only describe
a unidirectional population flow between different states. In this
paper, we proposed mean field evolutionary dynamics (MFEDs),
inspired by the optimal transport theory and mean field games
on graphs, to model epidemic dynamics. We compare the MFEDs
with RDs theoretically. In particular, we also show the efficiency
of MFEDs by modeling the evolution of COVID-19 in Wuhan,
China. Furthermore, we analyze the effect of one-time social
distancing as well as the seasonality of COVID-19 through the
post-pandemic period.

I. INTRODUCTION

The third zoonotic human coronavirus of the century, which
is named the SARS-CoV-2, emerged at the end of 2019,
having a wide-ranging and severe impact upon many aspects
of our society, especially health, finance, and social life [1].
For example, from February 24th to February 28th, stock
markets worldwide reported their largest one-week declines
since the 2008 financial crisis, thus entering a correction.
Moreover, the disease COVID-19 has posed great threat on
human lives worldwide. As of 10th August 2020, 19,869,127
infected cases and 731,453 deaths have been confirmed due
to the COVID-19 pandemic [2] [3]. In order to mitigate the
impact on financial markets and human lives, prediction of the
evolution of COVID-19 within the human population with an
accurate mathematical epidemic dynamical models is of vital
importance.

A. Related Work

Epidemic Models: The Kermack-McKendrick model [4]
is one of the classic epidemic models, which divides the
population into three main categories: susceptible, infected,
and recovered (SIR) individuals. The strategy graph of the
SIR model is shown in Fig. la. The classic SIR epidemic
model has been extended into many distinct epidemic models
by adding new individual states. The authors of [5] have
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extended the classic SIR model into the SIVR epidemic
model as shown in Fig. 1b, where "V" denotes the "variation"
state. The "variation" state can characterize the mutation
behaviors of influenza viruses during their spreading process.
The authors of [6] considered the continuous-time epidemic
model with sub-populations of susceptible-exposed-infected-
recovered (SEIR) under a general feedback vaccination con-
trol rule. The authors of [7] further extended the SEIR model
into the discrete SEIADR (acronym: susceptible (S), exposed
(E), symptomatic infectious (I), asymptomatic infectious (A),
dead infectious (D) and recovered (R)) epidemic model, by
incorporating the asymptomatic infectious and the lying in-
fective bodies as infectious extra populations on the standard
populations of SEIR type models. Several controls are given
under the SEIADR model, such as vaccination treatment and
the removal of infective lying corpses. In this paper, we model
the transmission of COVID-19 in the SIDR model, extended
from the SIR model by adding the “D” state to represent the
dead cases.
Epidemic Dynamics. To our best knowledge, the replicator
dynamics (RD), introduced in the mathematical biology lit-
erature by Taylor and Jonker [8], are exclusively utilized to
describe the epidemic evolution under distinct epidemic mod-
els. Based on imitation, RDs require very limited information:
each agent only needs to know its payoff to the current
state/strategy. However, RDs fail the Nash stationarity, as they
admit boundary rest points that are not a Nash equilibrium.
There are other evolutionary dynamics, which have the
potential to describe the epidemic evolution, even though they
have not been used in any epidemic models yet. The best re-
sponse dynamics [9] satisfy the Nash stationarity, i.e., the rest
points always coincide with the Nash equilibrium. However,
the protocol that generates these dynamics are discontinuous,
requiring information of the payoffs to all available strategies
to obtain the current best response. The Brown-von Neumann-
Nash (BNN) dynamics [10] satisfy the Nash stationarity,
and are established on continuous revision protocols. But
these protocols also requires that agents know the average
payoff, which should be provided by a central source. Finally,
the pairwise comparison dynamics, first appeared in the
transportation science literature by M. J. Smith [11], latter
developed by Sandholm [12], satisfy Nash stationarity while
only make the limited informational demand: payoffs to the
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(a) SIR Epidemic Model

(b) SIVR Epidemic Model

(c) SIDR Epidemic model

Fig. 1: Strategy graphs for distinct epidemic models

current strategies and randomly chosen candidate strategies.
The novel epidemic dynamics that we propose in this paper
falls into the category of pairwise comparison dynamics.

B. Motivations and Contributions

The RDs have the following drawbacks when used to model
the transmission of COVID-19: (i) the RDs fail to satisfy
the Nash stationarity, which means that the final equilibrium
is not guaranteed to be a stable state of the epidemic, (ii)
the population flow between different states is unidirectional,
which is contradicted to the realistic situation [13]. Since
in real life, infected individuals are not guaranteed to get
immunity, and thus become susceptible again. This common
behavior of epidemic requires that the dynamics should allow
bidirectional population flow between states. Therefore, we
propose the mean field evolutionary dynamics (MFED) as a
novel epidemic dynamics.

The main contributions of this paper are summarized as
follows:

o« We propose the MFED as a novel epidemic dynamics
and compare it with the RD theoretically.

o We design the SIDR model and achieve a good fitting
into the statistics of COVID-19 in Wuhan, China.

o We analyze the effect of one-time social distancing and
the seasonality of COVID-19 through the post-pandemic
period.

The remainder of this paper is organized as follows. In
Section II, we propose RDs in the SIDR epidemic model,
and derive the corresponding payoff functions. In Section III,
we propose the MFEDs in the SIDR model and compare it
with RDs theoretically. In Section IV, we model the evolution
of COVID-19 in Wuhan, China with MFEDs. Section V
concludes the paper.

II. REPLICATOR DYNAMICS
A. Preliminaries of Population game on Graph
In order to give the general form of RDs, we need to clarify
the following fundamental concepts. We consider a population
game on graph G = (S, €&):
o Nodes and Edges: Nodes of this graph are pure strate-
gies from the discrete strategy set S = {1,2,---,s}.
Edges are connections between nodes. Node ¢ € & and

node j € S are able to form an edge (7, j) € & if players
can directly switch from strategy ¢ to strategy j.

o Neighborhood: The neighborhood of node ¢ is the set
of all nodes which have a direct connection to node . It
is defined as follows:

N@)={jeS8:(i,j) €&}

o Population State Space: The population state space
consists of all available population distribution on the
discrete strategy set S and it is defined in the following
way:

PS)={(pi)izy Y _pi=1,pi 2 0,i €S}, (1)
i=1
where p; represents the fraction of population selecting
strategy ¢. The interior of P(S) is denoted as P,(S).

o Payoff Function: The payoff function to strategy ¢, F; :
P(S) — R is a mapping from the current population
distribution to the reward of selecting strategy 7. Each
agent is only interested in maximizing its own reward
by selecting different strategies.

B. Replicator Dynamics in General Form

The RD, introduced in the mathematical biology literature
by Taylor and Jonker [8], are the most thoroughly studied
evolutionary dynamics and have been widely regarded as the
epidemic dynamics in many epidemic models. Their general
expression is given by

Wi i (Fip)~ F o)), @
where p; represents the fraction of population selecting
strategy i, p = (p);_; is the population distribution on all
strategies, F; : P(S) — R is the payoff to strategy i, and
F(p) = >2i_, piFi(p) is the average payoff of the whole
population. Under these dynamics, the growth rate of the
population on each strategy ¢ is equivalent to its excessive
payoff, i.e., to the difference between its payoff and the
average payoff of the population. Intuitively, if the payoff of
a given strategy is higher than the average, it will be selected
by more agents as every individual in the population is trying
to maximize his/her own payoff.
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C. Replicator Dynamics in the SIDR Model

Denoting the number of susceptible population as ps, the
number of infected population as py, the number of recovered
population as p,., and the number of dead population as py,
the RDs, which describe the evolution of the epidemic in the
SIDR model, are

d;: = —npspr,
% =NpspPr — €1P1 — €201, 3)
d;tr = €101,
% = €207,

where 7, €1, €2 are the infection rate, recovery rate, and death
rate of COVID-19, respectively. It is developed based on the
following assumptions: (i) The total population size is the
constant N. (ii) One infected individual can make enough
contact with n/N others to transmit infection per unit time,
where 7 is the infection rate. (iii) Infected individuals recover
from the disease and get permanent immunity at rate €1 p; per
unit time. (iv) Infected individuals die at rate exp; per unit
time. The strategy graph for the SIDR model is shown in Fig.
lc.

D. Payoff Functions in the SIDR Model

We now derive the payoff functions to each state/strategy
in the SIDR model. Comparing (3) with the general form in
(2), we obtain the following equations:

—npsp1 = ps(Fs(p) = F(p)),
npspr — e1pr — e2pr = pr(Fr(p) — F(p)), 4
erpr = pr(Er(p) — F(p)),
e2pr = pa(Fu(p) — F(p)),

where Fy, Fy, F., and Fy are the payoffs when an individual
becomes susceptible, infected, recovered, and dead, respec-
tively. p = [ps, p1, pr, pd] is a vector recording the number of
all sub-populations. F(p) is the average payoff of the whole
population. Solving equation systems in (4), we obtain the
payoff functions for the SIDR model as follows:

Fs = —npr, Fr =nps — €1 — €2,
RGP P ®)
Pr Pd
III. MEAN FIELD EVOLUTIONARY DYNAMICS
A. Mean Field Evolutionary Dynamics in the SIDR Model

The MFED, thoroughly analyzed in [14], [15], is an evolu-
tionary dynamics for population games with discrete strategy
sets. It is originally inspired by the optimal transport theory
[16], [17] and mean field game [18], [19], [20]. The general
form of MFED is given in theorem 1.

Theorem 1. Suppose that a population game has strategy
graph G = (S, &) and the constant B > 0, the payoff function
F; : P(S) — R are continuous. Then for any initial condition
oV € P,(8S), the Fokker-Planck equation

dp;
e > wijpi[Fi(p) — Fi(p) + Bllog pj — log p;)] ™
JEN(i)
— Y wipilFy(p) — Fi(p) + B(log pi — log p;)] ™
JEN(i)

(6)
are evolutionary dynamics in P,(S). B > 0 represents
the strength of uncertainty, [-|7 = maxz{-,0}, N(i) is the
neighborhood of node i and w;; is the weight on edge (i, 7).

Detailed proof of Theorem 1 has been provided in [14].
The MFED, proposed in Theorem 1, are pairwise comparison
evolutionary dynamics [12]. Unlike the RD, MFED sets the
probability of switching from the current strategy i to strategy
J proportional to the differences between these strategies’
payoffs. One agent will compare its current payoff with the
payoffs of the strategies in its neighborhood to determine
whether it will switch.

With Theorem 1 and payoff functions in (5), we can derive
the MFEDs in the SIDR model. Following the strategy graph
in Fig. lc and substituting the payoffs functions (5) into (6)
(w;; = 1,8 = 0), we obtain the MFEDs for the SIDR model
as follows:

d
e = pilFy = Fi)* = pulFr = B,
t
d
% :ps[FI - F9]+ + pr[FI - Fr]++
palFr — Fa)© — p1[Fs — Fr]t— 7
prlEy — Fi|t — pr[Fy — Fi7,
dpr
c;)t = pi[Fr — F1)T — p[F1 — BT,
d
% = prlFa— Fi|"™ — palF1 — F4] ™.

With the MFEDs in (7), we allow a bidirectional population
flow between distinct states, i.e., we can remove the unrealis-
tic assumptions, required by RDs, that the infected individuals
can always get permanent immunity after recovery.

B. Comparison with Replicator Dynamics

Both the RD and the MFED will lead the population game
to a Nash equilibrium, where there is no incentive for agents
to change their strategies unilaterally. From the perspective of
epidemic evolution, the Nash equilibrium will be a stable state
of a generic epidemic. The definition of a Nash equilibrium
is as follows.

Definition 1. State p,, is a Nash equilibrium of a population
game P (p, € NE(P)) if each strategy in use at p,, is a best
response to p,. Formally, p, is a Nash equilibrium if

i € argmax F;(py,), for all i € S, p; > 0,
jes
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where S is the discrete strategy set and F; : P(S) — R is
the payoff to strategy i.

An equilibrium state should persist if undisturbed, since
all strategies are equally fit, i.e., the payoff of all strategies
will be the same. Nevertheless, in the realistic sense such as
the epidemic evolution, the equilibrium is almost definitely
disturbed, so that we are only interested in state which
can return to the equilibrium when disturbed. This kind of
equilibrium is said to be stable or satisfy the Nash stationarity
(NS) [12] as follows.

Definition 2. Evolutionary dynamics are said to satisfy the
Nash stationarity if the Nash equilibrium of population game
P coincides with the rest points of the evolutionary dynamics.
Formally, the Nash Stationarity is

dpy, = 0 if and only if p, € NE(P),

where dp,, is the gradient of equilibrium p,.

With above preliminaries, we summarize the differences
between MFED and RD as follows:

« Population Flow: RD only describes an unidirectional
population flow while MFED allows a bidirectional
population flow, which help us remove the unrealistic
assumption that infected individuals can always get per-
manent immunity after recovery.

o Graph Structure: There are detailed graph structures
in the MFED, providing abundant adjustable parameters
for data fitting, while RD does not consider the graph
structure.

« Nash Stationarity: MFED always satisfies NS but the
RD fails to satisfy NS because it admits boundary points
that are not the Nash equilibrium of the underlying game
[12].

IV. MODELING THE TRANSMISSION OF COVID-19

A. Data Set and Evaluation Metrics

1) Data set: We collect the statistics of COVID-19 from
the National Health Commission of People’s Republic of
China, the Chinese Center for Disease Control and Prevention
, as well as the coronavirus research center in the Johns
Hopkins University. As shown in Table I, from Jan. 20th to
Feb. 11th, statistics cannot reflect the realistic transmission
of COVID-19, mainly due to the unsophisticated detection
method and insufficient serving capacity of hospitals at the
early stage. On Feb. 12th, huge increment in the confirmed
cases revealed the fact that patients infected by COVID-
19 can be confirmed and reported precisely after the con-
struction of hospitals and development of detection method.
The number of infections reached the peak value on Feb.
18th and decreased to 0, for the first time, on Apr. 25th.
Statistics remained unchanged between Apr. 25th and May.
8th. Therefore, we utilize the data between Feb. 12th and Apr.
25th to construct our model and test its accuracy.

TABLE I: Statistics of COVID-19 in Wuhan, China

Date Confirmed | Infection | Death | Recovery
Jan. 20th 258 230 3 25
Feb. 10th 18,454 16,500 748 1,206
Feb. 11th 19,558 17,361 820 1,377
Feb. 12th 32,994 30,043 1,036 1,915
Feb. 18th 44,412 38,020 1,497 4,895
Apr. 25th 50,333 0 3,869 46,464
May. 8th 50,333 0 3,869 46,464

2) Evaluation metrics: The coefficient of determination
(R?) and the average relative bias are employed to evaluate the
goodness of the fitting results. R? measures how successful
the fit is in explaining the variation of the data, which is
computed by

i wilyi — ¥i)?
i wilyi —9)*
where y;, U;, and y are the observed value, estimated value,

and mean of observed value, respectively. The average relative
bias is computed by

T
Bicw:fzu.
n
i=1

R*=1-

B. Transmission of COVID-19 in the SIDR Model

In the simulation, the statistics of COVID-19 on Feb. 12th
are serving as the initial values for the SIDR model. The
total population size is assumed to be N = 50,333, which
is the final total confirmed cases on Apr. 20th, 2020. The
effective reproduction number R, determines the potential
of the pandemic, which is defined as the average number of
secondary infections caused by a single infected individual.
As suggested in [21], Ry = nNN of COVID-19 should be
between 2 and 2.5. Therefore, the infection rate 7 is set
to 0.00004. According to the best-fit model parameters, the
recovery rate and death rate are set to 0.021 and 0.03,
respectively.

In Fig. 2a, we show the evolution of COVID-19 in the
SIDR model. The transmission dynamics in (7) have been
applied to update the population distribution on each state
with w1 = 1, we = 60, and w3 = 1/8. The peak number
of the infected cases, the final number of recovered cases,
and the final number of dead cases are 38,170, 46, 086, and
3,609, respectively. These critical values are close to the
corresponding observed values shown in Table I.

C. Data Fitting

The trend of the number of infections could reveal the status
of COVID-19 during its transmission process and help the
government take actions to control the spreading of COVID-
19 and reduce the economic losses. Thus, accurate prediction
of it is of vital importance. The fitting results of the data of the
infections, between Feb. 12th and Apr. 25th (74 days), have
been shown in Fig. 2b. Dynamic adjustment of recover rate
and death rate has been implemented to obtain better fitting
results. The increment in recover rate and reduction in the
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Fig. 2: Evolution of COVID-19 in the SIDR model

death rate are based on the fact that the treatment condition
and the serving capacity of the hospitals have been gradually
improved after the effort of the government. The values of
two evaluation metrics are

R? =0.9969, and Bias = 0.0953,

which proves that the SIDR model, with the MFED as the
transmission dynamics, achieves good fitting results.

D. Effect of One-time Social Distancing

Social distancing (SD) measures are assumed to be taken
at the beginning of the COVID-19 outbreak. The duration of
SD, denoted in the blue region in Fig. 3, varies from two
months to indefinite period. The reduction on the infection
rate varies from O to 80% representing the different strengths
of SD.

As shown in Fig. 3, different strengths of SD can lead to
different level of reduction on the peak number of infections,
which is significant to restrain the spreading of COVID-
19. After high strength of SD, which can result in 80%
reduction on the infection rate shown in the green curve,
a surge of infections will appear if the population return
to the normal social distance suddenly. The critical reason
behind this phenomenon is that only very few people in
the population can obtain the immunity to COVID-19 under
high strength of SD. Therefore, step-by-step reopening of
businesses and schools is highly recommended to avoid a
second outbreak.

E. Seasonality of COVID-19 through the post-pandemic pe-
riod

Seasonality analyses of COVID-19 have been shown in Fig.
4. We use dj to denote the length of time when one recovered
individual can maintain the immunity and Ly to denote the
proportion of population who will loss their immunity. vg
refers to the variation of the basic infection rate in winter and
in summer.

In Fig. 4a, periodic outbreak of COVID-19 has been de-
picted for dp = 6 months and dy = 12 months. The immunity
loss is Ly 0.8, i,e., 80% of the recovered population
will lose their immunity after the duration dy. There is no
seasonal variation (vg = 1). The peak number of infections

will gradually decrease through the outbreaks. A long duration
dy = 12 months of COVID-19 immunity can yield annual
outbreak of COVID-19. In Fig. 4b, we show the impact of
the proportion of immunity loss on the seasonality of COVID-
19. The immunity duration is set as dyp = 6 months and there
is no seasonal variation (vg = 1). The immunity loss L
varies from 0.4 to 0.8. Higher immunity loss will yield more
severe outbreak of COVID-19 every half year. But no matter
how many people will lose their immunity every half year,
the peak number of infections will gradually decrease across
the time. In Fig. 4c, the effect of seasonal variation has been
shown. The immunity loss is Ly = 0.8 and the duration is
do 6 months. The infection rate is 7 during the winter
time and von during the summer time, where vy could be
0.2 or 0.8. The winter of 2019 is regarded as the starting
point. Higher seasonal variation would significantly reduce
the peak number of infections in the summer time but yield a
more severe outbreak of COVID-19 in the following winter.
The overall trend of the peak number of infections is still
decreasing.

V. CONCLUSION

Mean field evolutionary dynamics, inspired by optimal
transport and mean field games on graphs, has been proposed
to model the evolution of COVID-19. It has been compared
with the exclusively-utilized replicator dynamics theoretically.
Allowing bidirectional population flow, satisfying the Nash
stationarity, and containing detailed graph structures, are its
superior characteristics. Applied to the SIDR model, the
mean field evolutionary dynamics fit very well into the real
statistics, with coefficient of determination R? = 0.9969 and
Bias = 0.0953. One-time social distancing can reduce the
peak number of infections significantly. However, a second
outbreak of COVID-19 will arise after a high strength of
social distancing. Finally, people’s limited length of immunity
will yield a periodic outbreak of COVID-19 and higher
seasonal variation of infection rates will reduce the infections
in summer but lead to a more severe outbreak in the following
winter.
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