ON THE GENERALIZED FITTING HEIGHT AND INSOLUBLE LENGTH
OF FINITE GROUPS

ROBERT M. GURALNICK AND GARETH TRACEY

ABSTRACT. We prove two conjectures of E. Khukhro and P. Shumyatsky concerning the
Fitting height and insoluble length of finite groups. As a by-product of our methods, we also
prove a generalization of a result of Flavell, which itself generalizes Wielandt’s Zipper Lemma
and provides a characterization of subgroups contained in a unique maximal subgroup. We
also derive a number of consequences of our theorems, including some applications to the set

of odd order elements of a finite group inverted by an involutory automorphism.

1. INTRODUCTION

A classical result of R. Baer [1] states that an element z of a finite group G is contained in
the Fitting subgroup F(G) of G if and only if x is a left Engel element of G. That is, z € F(G)
if and only if there exists a positive integer k such that [g,; 2| := [g, z, ..., x| (with x appearing
k times) is trivial for all ¢ € G. (In this paper, we use left normed commutators, so that
[z1, 22,23 ..., 2] = [[...[[*1,22],23],...],2x]). The result was generalized by E. Khukhro

and P. Shumyatsky in [7] via an analysis of the sets

Egr(z) = {lgx] : g € G}.

In this notation, Baer’s Theorem states that z € F'(GQ) if and only if Eg y(x) = {1} for some
positive integer k. The generalization of Khukhro and Shumyatsky takes three directions.
First, if G is soluble then a complete generalization is obtained: [7, Theorem 1.1] proves that
if the Fitting height of the subgroup (Eq i (z)) (for any k) is h, then x is contained in Fj, 4 (G)
— the (h + 1)-st Fitting subgroup of G.

Secondly, they also discuss analogous results for insoluble groups: for a finite group G, we
will write F*(G) for the generalized Fitting subgroup of G. That is, F*(G) := F(G)E(G),
where F(G) is the Fitting subgroup of G, and

E(G) := (N : N a quasisimple subnormal subgroup of G)
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is the layer of G. We then write F*(G) for the i-th generalized Fitting subgroup of G. That
is, FT'(G) := F*(G) is the generalized Fitting subgroup of G, and F;*(G) is the inverse image
of F*(G/F} {(G)) in G for ¢ > 2. Thus, in particular, F;(G) = F;(G) when G is soluble.
It is proven in [7, Theorem 1.2] that if (Eq ;(z)) has generalized Fitting height h, then z is
contained in F}“(% h) (Q) for a certain function f defined in terms of h and the number of prime
divisors of the order of z (counting multiplicities). The authors conjecture in [7, Conjecture
7.1] that in this case, z is in fact contained in Fj ,(G). The first main result of this paper is

a proof of this conjecture.

Theorem 1.1. Let G be a finite group, let x be an element of G, and fit h > 0. Then F}(G)x
is contained in F(G/F;(Q)) if and only if (Eqi(x)) has generalized Fitting height at most
h for some positive integer k. In particular, if (Eq(x)) has generalized Fitting height h for

some positive integer k, then x is contained in Fy (G).

In fact, since it is an “if and only if” statement, Theorem 1.1 is stronger than [7, Conjecture

7.1]. In particular, Baer’s classical result can be recovered.

Thirdly, another length parameter for finite groups is discussed. For a finite group G, write
A(G) for the insoluble length of G. That is, A(G) is the minimum number of insoluble factors in
a normal series for G each of whose factors is either soluble or a direct product of non-abelian
simple groups. In particular, a group is soluble if and only if A\(G) = 0. The group Ry(G) is
defined to be the soluble radical of G, while R;(G) is defined to be the largest normal subgroup
of G with insoluble length i, for i > 1. The series 1 < Rp(G) < ... < Ri(G) < ... < G is called
the upper insoluble series for G, and [7, Theorem 1.3] shows that if (Eq i (z)) has insoluble
length h, then x is contained in R,(, ) (G) for a certain function r defined in terms of h and
the number of prime divisors of = (again counting multiplicities). Khukhro and Shumyatsky
conjecture in [7, Conjecture 7.2] that we should have z € R;(G) in this case, and our next

result proves their conjecture.

Theorem 1.2. Let G be a finite group, let x be an element of G, and fir h > 0. Then x s
contained in Ry(G) if and only if (Eqr(a)) has insoluble length at most h for some positive

integer k.

Again, since Theorem 1.2 is an “if and only if” statement, it is stronger than [7, Conjecture
7.2].

Bounds on the insoluble length and the Fitting height of a finite group have proved to
be powerful tools in both finite and profinite group theory. In particular, such bounds were
crucial in the reduction of the Restricted Burnside Problem to soluble and nilpotent groups

due to P. Hall and G. Higman [4]. J. Wilson also used such bounds when reducing the problem
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of proving that periodic profinite groups are locally finite to pro p-groups [8]. E. Zelmanov

then solved both of these problems in his famous papers [9, 10, 11].
If A is a subgroup of H, let A¥ denote the subgroup H generated by all the conjugates of

Ain H. Theorems 1.1 and 1.2 can in fact be deduced from the following general result.

Theorem 1.3. Let G be a group which satisfies the mazx condition on subgroups, and the
min condition on subnormal subgroups, and let A be a subgroup of G with A = G. Set
Y :=Y5(A)=(H<G:A<H and H= A"). Then one of the following holds.

(1) Y =@G.

(2) A is contained in a unique mazimal subgroup of G.

Theorem 1.3 will follow from a generalization of a result of Flavell, which itself generalizes

Wielandt’s Zipper Lemma.

As a by-product of our methods, we also obtain strong results concerning the sets Eq i (z).

Theorem 1.4. Let G be a finite group, and let o be an element of Aut(G) with the property
that [G,a] = G. Then G = (Eg (o)) for all positive integers k.

In Theorem 1.4, the commutators [g,; a] are understood to be computed in (G, a).

An easy corollary of Theorem 1.4 is the following:

Corollary 1.5. Let G be a finite group, and let x be an element of G. Let H be the final term
in the subnormal series G > [G,x] > [G,z,x] >, and let K be the final term in the series
G > (Egai(x)) > (Ega(z)) > .. ..

(1) (Egk(x)) is subnormal in G for all k; and

(2) H=K.

(3) The minimum of the generalized F'itting heights [respectively insoluble lengths] of the

groups (Eq p(x)), for k € N, is the generalized Fitting height [resp. insoluble length]
of K.

We remark that Corollary 1.5 is a new result, even in the soluble case: the subnormality

of the groups (E¢ x(c)) was (as far as we know) previously unknown.

Next, we note that in the special case where the automorphism « in Theorem 1.4 is an

involution, a stronger result is available. First, in this case define the set
Ja(a) :== {g € G : g has odd order and g® = g~'}.

We then have the following.
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Theorem 1.6. Let 1 # G be a finite group, and let o € Aut(G) be an involution. Suppose
that [G,a] = G, and write 2¥ = max{|g|> : g € G and g* = g~ '}. Then Jo(a) = Eg j(a) for
all j > k. In particular, G = (Jg(«)) by Theorem 1.4.

We also prove the following, which may be of independent interest.

Theorem 1.7. Let 1 # G be a finite group, and let « € Aut(G) be an involution. Suppose
that [G,a] = G. Then there is some function f so that |G| < f(|Ja(a)|).

Since H = [H, o] if and only if H = (Jy(«a)), we also deduce the following.

Corollary 1.8. Let 1 # G be a finite group, and let o € Aut(G) be an involution. Then
|(Ja(a))| is bounded above by a function of |Ja(a)l.

The previous two results do not depend upon the classification of finite simple groups.

Using the classification [3], we can show:

Corollary 1.9. Let 1 # G be a finite group, and let « € Aut(G) be an involution. If
G = [G,q], then [G : F(G)] < |Jg(a)!.

The proof of Corollary 1.9 in the case that Z(G) = 1 follows from Theorem 1.6. That
implies that Cg(a)/Z(G) acts faithfully on J# := Jg(a) \ {1}. Moreover a acts as a fixed
point free involution on J#, whence if m = |J#|, |Cq(a)| < 2™/271(m/2)! and then using the
main theorem in [5], we get a bound for [G : F(G)] (without the classification of finite simple
groups) and the specific bound using [3] which depends upon the classification. If Z(G) # 1,
one needs to modify the proof slightly (see Lemma 3.2).

In fact, the bound in Corollary 1.9 is not so far from best possible. Let A = 5,,, G = A,, and
a a transposition in A. Then |Jg(a)| = 2n—3, |Cq(a)] = (n—2)! and |G| > ((|Ja(a)|—1)/2)!.
Throughout, we write Z(G), [G, G|, and O(G) to denote the centre, derived subgroup, and
largest odd order normal subgroup of G, respectively. For an element g of G, we will denote

the order of g by |g].

Finally, we remark that the earlier bounds [7, Theorems 1.2 and 1.3] on the generalized
Fitting height and insoluble length of a finite group depend on the classification of finite
simple groups, through the use of solubility of the outer automorphisms of a finite simple
group (Schreier’s conjecture). All results in this paper, apart from Corollary 1.9 are obtained
without the use of the classification of finite simple groups.

Acknowledgement: We would like to thank Professor Pavel Shumyatsky for introducing
us to these problems, and for useful discussions. We would also like to thank the anonymous

referee for their time and effort in reviewing the paper.
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2. PROOFS OF THEOREMS 1.1, 1.2, 1.4 AND 1.6; AND COROLLARY 1.5

We begin this section by showing that Theorems 1.1, 1.2, 1.4 and 1.6, together with Corol-
lary 1.5, follow from Theorem 1.3.

Proposition 2.1. Assume that Theorem 1.8 holds. Then Theorems 1.1, 1.2, 1.4 and 1.6,
together with Corollary 1.5, hold.

Proof. We first prove that Theorem 1.4 holds. So assume that G is a finite group, « is an
automorphism of G, and [G,a] = G. Suppose that k is minimal with the property that
(Egr(a)) # G. Note that if H is a subgroup of G, then [H,«a] = H if and only if (o) =
(H,a). Set X := (G,a). Recall that Y := Yx(a) = (H < X:a € H=2a). IfY =
Yx(a) = X, then X = (o : H < G) and the result follows by induction on the order of G.
Thus, by Theorem 1.3 we may assume that « is contained in a unique maximal subgroup K

of X. Since (G, «) is generated by conjugates of a, the subgroup K is self normalizing.

Now, by the minimality of & we may choose an element h := [g,;,—1 @] of X\K. Then
[h,a] € K, so o € K. Hence a € KM # K, contrary to assumption. This completes the
proof of Theorem 1.4.

We next prove Corollary 1.5. Let N be a minimal normal subgroup of X. Let R =
(Eq k(o). We need to show that R is subnormal in X. By induction RN is subnormal in X
and so it suffices to prove that N normalizes R or RN = RCn(«) (since Cn () normalizes
R).

First suppose that N is elementary abelian. Then since N acts trivially on N, R acts
completely reducibly on N. Let M be an irreducible R-submodule of N with M N R =1 (or
equivalently M is not contained in R). Then My := [M, «a,...,a] (the k-fold commutator) is
contained in M NR = 1. Thus Cy(«) # 1 and so Cpr(«)RNM # 1. Since M is an irreducible
R-module, this implies that M < Cjs(«)R. Since this is true for any irreducible submodule,
N < Cn(a)R.

So we may assume that N is a direct product of ¢ > 1 non-abelian simple groups. By
Theorem 1.4, RNN contains [N, af, whence N = (NNR)Cy(«) and as above, N normalizes H.
This proves (1) of Corollary 1.5. Since K is subnormal in Eq k() for all k € N, part (3) also
follows. Moreover, since H = [H, ], Theorem 1.4 implies that H = (Ex () < (Egm(®))
for all m, whence H < K. Obviously K < H, whence H = K.

We now prove Theorem 1.6. So assume that o € Aut(G) is an involution. Write 2% =

max{|gl2 : g € G and ¢g® = g~ '}, and note that [g,; o] = [g, a](*Q)j_l whenever g € G. Since
lg,a] is inverted by « for all g € G, we deduce that Eg j(o) € Jg(a) whenever j > k. Thus,

since Jg(a) is contained in Eg j(«) for all j > 1, we have Jg(a) = Eg j(a) whenever j > k.
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Next, we prove that Theorems 1.1 and 1.2 follow from Theorem 1.4.

Indeed, suppose that G is a finite group, « is an element of GG, and k is a positive integer.
Let H be the stable term in the subnormal series G > [G,a] > [G,a,a] > .... Then
H = [H,a], so H = (Egi(a)) < (Egkr(a)) by Theorem 1.4. Now, an easy exercise shows
that the generalized Fitting height [respectively insoluble length] of HY coincides with the
generalized Fitting height [resp. insoluble length] of H, since H is subnormal in G. Moreover,
the generalized Fitting height [resp. insoluble length] of H is at most the generalized Fitting
height [resp. insoluble length] of (E¢ x(a)). Let h be the generalized Fitting height [resp.
insoluble length] of H. Then H®, being a normal subgroup of G with generalized Fitting
height [resp. insoluble length] h, is contained in F} (G) [resp. Ry(G)]. Hence, F;(G)a [resp.
Ry (G)a] is contained in F(G/F;(G)) < Fy(G)/F;(G) [resp. F(G/RL(G)) = 1] by Baer’s
Theorem.

On the other hand, suppose that F}(G)a is contained in F/(G/F}(G)) [resp. Ry(G)], where
f > 0. Then « centralizes HF}(G)/F}(G) [resp. HRy(G)/Ry(G)], so [H,a] = H implies
that H, and hence HY, is contained in FY(G) [resp. Ry(G)]. Thus, h < f, as required. [

We will now begin preparations for the proof of Theorem 1.3. First, for a proper subgroup
A of a group H, we define the normal closure descending series for A in H as follows. Let
Ho = H and let H; 1 = (Afi). We define F(A, H) := N;>oH,.

We first note the following trivial facts:

Lemma 2.2. Let H, A, H; and F(A, H) be as defined above, and assume that H satisfies

the min condition on subnormal subgroups. Then

(i) Hit1 is normal in H; and Hj is subnormal in H for all j.
(ii) (AFAH)Y = F(A H).
(iii) If A< L < H and (A*) = L, then L < F(A, H).

Proof. Parts (i) and (ii) follow immediately from the definition of the series H = Hy > Hy >
..., since F(A, H) = Hy, is a member of the series in this case. So assume that A < L < H
and that (A*) = L. Then Hy = LHy, so H; = (A*H0) > (AL) = L. Extending this argument
inductively yields L < H; for all i. Hence, L < H,, = F(A, H). O

Next, we prove a generalization of a result of Flavell, which states that if G is finite and
A is a proper subgroup of G which is contained in at least two maximal subgroups and is
subnormal in all but at most one of the maximal subgroups in which it is contained, then A is
contained in a proper normal subgroup of G. Write M(A) for the set of maximal subgroups
of G containing A. We remark that Wielandt’s Zipper Lemma [6, Theorem 2.9], which is

usually stated for finite groups, holds in the more general case where G satisfies the max
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condition for subgroups, while his Join Lemma [6, Theorem 2.5], holds whenever G satisfies
the max condition for subnormal subgroups. Hence, from [2, proof of Main Theorem| we can
see that Flavell’s Theorem holds in the more general case where (G satisfies the max condition

on subgroups.

Our generalization can now be given as follows.

Lemma 2.3. Let G be a group satisfying the mazx condition on subgroups, and the min

condition on subnormal subgroups. Let A be a proper subgroup of G satisfying the following:

(a) A is contained in at least two mazximal subgroups of G.
(b) The set {F(A,H) : He M(A)} has a unique mazimal element.

Then A is contained in a proper normal subgroup of G.

Proof. Clearly, we may assume that (A%) = G. Denote by Q(A, G) the set of subgroups H
of G with the property that (A¥) = H, and let Y be the unique maximal element of the set
{F(A,H): He M(A)}. Also, let M be a maximal subgroup of G containing Y.

Now, choose X € Q(A,G) maximal with respect to X being contained in at least two
maximal subgroups of G. This set is not empty since A has this property. If L # M is any
maximal subgroup of GG containing X, observe that X is the stable term in the normal closure
series for A in L (by part (iii) of the previous lemma, X is contained in the stable term, which

in turn is contained in Y < M and by maximality, it is the stable term).

Thus, X is subnormal in all but at most one of the maximal subgroups in which it is
contained. Flavell’s Theorem [2] then implies that X is contained in a proper normal subgroup
of GG. Since A < X, this completes the proof. O

We remark that this does indeed generalize the theorem of Flavell mentioned above. To
see this, suppose that G is finite, A < G, [M(A)| > 2, and A is subnormal in all but at most
one member, say M, of A. We claim that A is contained in a proper normal subgroup of G.
Clearly, we may assume that (A%) = G. We first prove that A = F(A, L) for any maximal
subgroup L # M containing A. Let A = Hy,1 < Hy < ... < H; < Hy = L be a subnormal
chain for A < L, where H; < H;11. Consider the normal closure descending series F/(A, L) =
L, <...<Li <Ly=0Lfor Ain L as defined above. Then L; = A" < H;, and it follows via
an easy inductive argument that L; < H; for all i. Thus, A < F(A,L) < Lg41 < Hgpq = A,
so A = F(A, L), as claimed. It follows that the set {F(A,H): H € M(A)} has a unique

maximal element. The claim follows.

We are now ready to prove Theorem 1.3.
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Proof of Theorem 1.3. Let (A, G) be as in the proof of Lemma 2.3, and let Y = (H|H €
Q(A,G)) . Assume that Y # G, and let M be a maximal subgroup of G containing Y. Then
Y = F(A,M).

Now, every subgroup in (A, G) is contained in Y (and so in M). Suppose that A is
contained in some maximal subgroup K # M. Then F(A,K) € Q(A,G),so A< F(AK) <
M. Hence, F(A,K) <Y by Lemma 2.2 part (iii). It follows that the set {F(A,H): H €
M(A)} has a unique maximal element. Thus, A is contained in a proper normal subgroup of
G, by Lemma 2.3. This contradicts (A%) = G, and completes the proof. O

3. PROOF OF THEOREM 1.7

In this section, we prove Theorem 1.7. So throughout, we assume that G is a finite group,
and that a is an involutory automorphism of G with the property that [G,a] = G. Set
A= (G,a) and J = Jgz(«). Recall that J is the set of elements of odd order in G inverted by

Q.

Before proceeding to the proof of Theorem 1.7, we note two useful lemmas.

Lemma 3.1. (), Co(a) = Cg(A) < Z(G). In particular, coreq(Cg(a)) is contained in
Z(Q).

Proof. Note that if j € J, then (a, o?) is a dihedral group containing j (since j has odd order).
Thus (a/|j € J) = (J,a) = A and the result follows. O

Lemma 3.2. [G : F(G)] can be bounded above in terms of |J|.

Proof. Note first that since G = [G, a], a acts without fixed points on G/[G,G], and so acts
by inversion. In particular, |G/[G,G]| is odd.

Now, there is no harm in assuming that ®(G) = 1 since G/F(G) does not change. It
follows that ®(Z(G)) = 1. That is, Z(G) has square-free order. If Z(G) # 1, we can
therefore write G = M x B where B < Z(G) has prime order. Thus, [G,G] = [M,M] < M
and so |B| is odd and M is a-invariant. It also follows that [M,a] = M. Furthermore,
G : F(G)] = [M : F(M)]. The inductive hypothesis then yields the result.

Thus, we may assume that Z(G) = 1. Since J generates by G by Theorem 1.6, it follows
that Cq(a) acts faithfully on J\ {1} and so |Cg(a)| < (|J] —1)!. The main theorem in [5] (or
[3] if we allow the Classification of Finite Simple Groups) then bounds [G : F(G)] in terms of
| ). O

We are now ready to prove Theorem 1.7.



ON THE GENERALIZED FITTING HEIGHT AND INSOLUBLE LENGTH OF FINITE GROUPS 9

Proof of Theorem 1.7. We prove the theorem by induction on |J|. If |J| =1, then G = (J) is

trivial and the result holds. So we assume that J and G are both nontrivial.

We first note the following elementary and well known observation. If Ng € Jg (), with
N a normal subgroup of A contained in G, then there is h € NgNJ (b := [a, g] is inverted

by ¢ and is in the coset Ng? — now take h = b° for e some power of 2).

In particular, if NV is a normal subgroup of A contained in G and J N N is non-trivial, then
(3.1) [Je/n (@) <]J].

Now, as mentioned in the proof of Lemma 3.2, |G/[G, G]| has odd order and « acts without

fixed points and so acts by inversion. In particular,
(3.2) |G/|G,G]| < |J| and Cg(a) < [G,G].

Next, set L := [O(Z(G)),a]. If L > 1, then since L C J, the inductive hypothesis and (3.1)
imply that |G/L| is bounded in terms of |J|. Thus, |G| can be bounded in terms of |J|. So

we may assume that
(3.3) 0(Z(G)),a] =1.

Now, by Lemma 3.2, we may assume that F'(G) # 1. If F(G) = Z(G), then again by
Lemma 3.2, |G/Z(G)| can be bounded in terms of |J|. Schur’s theorem then gives a bound
for |[G, ]| in terms of |G/Z(G)| and again the result holds, using (3.2).

Now, let N/Z(G) be a minimal normal subgroup of A/Z(G) contained in F(G)/Z(G). So

N/Z(Q) is an elementary abelian p-group for some prime p.

First suppose that p is odd. We claim that
(3.4) a does not centralize N/Z(G).

Indeed, since N is nilpotent, we may write N = O,(N)Z(G). Then [N,a| = [Oy(N),a] <
O,(Z(@G)). Since a centralizes O(Z(G)) by (3.3), we have [N,a,a] = 1. Since Op(N)
is nilpotent of odd order, Baer’s Theorem then implies that o centralizes O,(NN). Hence,
Op(N) < coreq(Cq(a)) < Z(G) by Lemma 3.1. This contradiction proves (3.4).

Now, (3.4) implies that N/Z(G) N Jg/z(c)() is non-trivial. Thus, JNZ(G)n > 1 for some
n € N, by the assertion in the first paragraph. It follows that p < |J N N| < |J| and, from
(3.1), that |Jg/n(a)| < [J|. Thus, G/N has order bounded in terms of |J|. Since N/Z(G) is
an irreducible module for G/N and p is |J|-bounded, we deduce that |[N/Z(G)|, and hence
G/Z(G), has order bounded order in terms of |J|. Applying Schur’s theorem and (3.2) then
yields a bound for |G| in terms of |J|.

Thus, we may assume that O,(G) < Z(G) for all odd primes p. Suppose now that p = 2.

Then arguing with Baer’s Theorem as above, and using the fact that J consists of elements of
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odd order and G = (J), we see that G does not centralize N/Z(G). Let € J be an element
of odd prime order acting non-trivially on N/Z(G).

1 1

Let w € N. Then (wr)® = w* ! and so «a inverts wz if and only if z7lw™! = w1,
Let V/Z(G) be a («,z)-submodule of N/Z(G) with z acting nontrivially. Choose Z(G)v €
V/Z(G) so that z acts non-trivially on V. Then set w := v if ax™! centralizes v, and
w = v
order |z| and Z(G)z 'w™! = Z(G)w*z~!. Thus, Z(G)wz € Jg/z(c)(a) N N/Z(G). We can
then deduce from (3.1), as in the p odd case above, that |Jg/ny(a)| < |J| and so G/N is
|J|-bounded by the inductive hypothesis. Since N/Z(G) is an irreducible module for G/N
and p = 2, this implies that |[N/Z(G)|, and hence |G/Z(G)], is |J|-bounded. Schur’s Theorem

then implies that |G| is |J|-bounded, and this completes the proof. O

otherwise. It is then a straightforward computation to see that Z(G)wz has
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