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Abstract

Recent experiments by Rainò et al. 1 have doc-
umented cooperative emission from CsPbBr3

nanocrystal superlattices, exhibiting the hall-
marks of low temperature superradiance. In
particular, the optical response is coherent and
the radiative decay rate is increased by a factor
of three, relative to that of individual nanocrys-
tals. However, the increase is six orders of
magnitude smaller than what is theoretically
expected from the superradiance of large as-
semblies, consisting of 106 to 108 interacting
nanocrystals. Here we develop a theoretical
model of superradiance for such systems and
show that thermal decoherence is largely re-
sponsible for the drastic reduction of the ra-
diative decay rate in nanocrystal superlattices.
Our theoretical approach explains the experi-
mental results1 and provides insight into the de-
sign of small nanocrystal superlattices, able to
show a four orders of magnitude enhancement
in superradiant response. These quantitative
predictions pave the path towards observing su-
perradiance at higher temperatures.
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Spontaneous emission is a basic quantum me-
chanical effect due to the coupling of an ex-
cited electronic state with the vacuum state
of the electromagnetic field. In an ensem-
ble of identical emitters, cooperative radiation
emerges. Called superfluorescence,2 or super-
radiance (SR) by Dicke, who first proposed the
phenomenon in 1954,3 this effect arises from the
excitation of an ensemble of individual dipole
emitters and results in an emissive, macroscopic
quantum state. SR has been observed in a va-
riety of systems,4 with some of the most recent
examples being cold atomic clouds,5 photosyn-
thetic antenna complexes,6 molecular aggre-
gates,7,8 quantum dots9,10 and nitrogen vacan-
cies in nanodiamonds.11 This effect is relevant
in enhancing absorption and energy transfer,
which has been proposed to improve the effi-
ciency of light-harvesting systems.12–16 SR also
leads to spectrally ultranarrow laser beams.17
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In an exciting new development, SR-like be-
havior has recently been observed at low tem-
perature (T = 6 K) in a solid state superlattice
of CsPbBr3 perovskite nanocrystals (NCs).1

These superlattices consist of ∼ 106 − 108 in-
dividual cubic NCs self-assembled into ordered
cubic arrays with dimensions on the order of mi-
crons. Lead halide perovskite NC superlattices
distinguish themselves from analogous semicon-
ductor NC superlattices18,19 in that CsPbBr3

NCs have very high emission quantum yields
and very short radiative lifetimes.20 This high
sensitivity to incoming photons makes CsPbBr3

NCs ideal candidates for building photon sen-
sors and quantum devices. For this reason, re-
cent experimental evidence of SR in CsPbBr3

NC superlattices1 represents an exciting devel-
opment.

Apparent CsPbBr3 NC superlattice SR dis-
tinguishes itself from the normal band edge
emission of CsPbBr3 NCs in that it exhibits a
2.7 times faster radiative lifetime. Most impor-
tantly, the emission is coherent as seen through
first- and second-order correlation measure-
ments.

Despite these highly suggestive results, there
are notable discrepancies in the experimental
observations1 from what is expected of SR
behavior. Our primary concern is the re-
ported 2.7 times radiative rate enhancement.
This is because SR radiative rate enhance-
ments scale as N , the number of interact-
ing dipoles.2,4,21 Given that there are approx-
imately N ∼ 106 − 108 NC emitters in the su-
perlattice, the observed factor of 2.7 enhance-
ment easily differs by six orders of magni-
tude from what is expected at low temperature
(6 K). For instance, at similar temperatures, SR
enhancement in molecular systems is hundreds
of times larger.7,8

We have now developed an open quantum
model,24 based on the use of well-known non-
Hermitian radiative Hamiltonians,25 to ratio-
nalize SR-like emission from NC superlattices in
the weak excitation regime. Our model specif-
ically applies to the low fluence (500 nJ cm−2)
fluorescence measurements of Ref. 1 (see Sup-
porting Information, section S1). This
regime is also relevant for renewable energy ap-

plications, involving light harvesting, and has
previously been invoked when modeling the
SR of molecular aggregates25 and cold atom
gases.22,26

We model the CsPbBr3 NC band edge elec-
tronic structure using a four-level system, which
accounts for the main isotropic s − p transi-
tions of single NCs.20 In the low fluence regime,
we limit our considerations to the single exci-
tation manifold, spanned by the states |n, α〉 =
â†n,α |G〉, where one excitation is present on the
α = x, y, z state of the nth NC, while all the
other NCs are in their ground states. Here, |G〉
is the ground state of the whole system, where
no excitation is present, and â†n,α is an operator
that creates an excitation on the αth state of
the nth NC. The label α = x, y, z denotes the
three angular momentum states of the p orbital.
In our simulations, we consider an ensemble of
N NCs, each of edge length l, forming a cubic
superlattice of edge length L � l. The center-
to-center distance between neighboring NCs is
l
′

= l + b, which accounts for the presence of
surface ligands. In our simulations, b = 1 nm,
as commonly seen in superlattices.27

The following 3N×3N non-Hermitian, radia-
tive Hamiltonian

Ĥ =
N∑
n=1

∑
α=x,y,z

En |n, α〉 〈n, α|

+
∑
α,β

∑
n6=m

Jαβmn |m,α〉 〈n, β| (1a)

accounts for interactions between individual
NCs and their common light field22,25 where
point-dipole couplings have been implicitly as-
sumed (see Supporting Information, sec-
tion S2). Furthermore, En = ~

(
ω0 − iγr2

)
is

the complex self-energy of the nth NC, where
~ω0 = 2.38 eV is the NC transition energy1

and γr = µ2ω3
0

√
εr/(3πε0~c3) = 2.5 ns−1 is

the radiative decay rate of a single NC1 (with
µ = 23 D being the single NC transition dipole
moment, εr = 4.8 the relative dielectric per-
mittivity at frequency ω0,20 ε0 the vacuum per-
mittivity and c the speed of light). Moreover,
Jαβmn = Ωαβ

mn− i
2
Γαβmn with the real and imaginary
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Figure 1: a Eigenvalues in the complex plane of the Hamiltonian Ĥ (see Eq. (1a)) for a cubic
superlattice of N = 303 NCs. Ĥ has dimensions 3N × 3N = 6.561 × 109. The SR rate, ΓSR,
corresponding to the maximal decay rate, is circled green. The grayed region denotes the energy
range within kBT of the ground state energy at T = 6 K. b Plot of ΓSR/γr versus N . The dashed
blue line represents the maximal SR rate theoretically achievable. The violet vertical dash-dotted
line indicates where L equals the wavelength λ of emitted light within the material. Simulation
data (circles) have been fit (dashed red line) to the function ΓSR/γr = CN/(N2/3 + N

2/3
cr ) (fit

parameters: C = 81.2 and Ncr = 932), that interpolates between the ∼ N behavior (expected for
L � λ) and ∼ N1/3 (expected for L & λ).22,23 The green symbol marks the experimental results
of Ref. 1. Parameters for a,b: single NC radiative lifetime 1/γr = τr = 0.4 ns, single NC band
edge energy ~ω0 = 2.38 eV, relative dielectric constant at optical frequencies εr = 4.8 and NC edge
length, l = 9 nm.

parts given by

Ωαβ
mn =

~γr
2

{
y0 (k0rmn) êα · êβ (1b)

−y2 (k0rmn)

2
[êα · êβ − 3 (êα · r̂mn) (êβ · r̂mn)]

}
,

Γαβmn = ~γr
{
j0 (k0rmn) êα · êβ (1c)

−j2 (k0rmn)

2
[êα · êβ − 3 (êα · r̂mn) (êβ · r̂mn)]

}
.

Here, y0 (x), y2 (x), j0 (x), and j2 (x) are spheri-
cal Bessel functions, k0 = ω0

√
εr/c is the transi-

tion wavenumber, êα is the unit vector along the
α direction, rmn is the distance between themth
and nth NC and r̂mn is the unit vector joining
them. Jαβmn describes the full radiative coupling
between different NC transition dipoles in the
superlattice.

A similar approach has recently been pro-
posed to model two-dimensional CsPbBr3 NC
superlattices.28 The employed dipolar near-field
coupling, however, is not valid for distances
larger than λ, the NC band edge transition

wavelength inside the material. This means
that collective radiation cannot be analyzed for
typical experimental system sizes where L ≈ 5λ
(see Supporting Information, section S1).
Within our approach interference between dif-
ferent emitters is implicitly accounted for by
Jαβmn even for distances larger than λ. Diagonal-
izing Ĥ, in turn, yields complex eigenenergies
Ek = ~

(
ωk − iΓk

2

)
where the imaginary part is

related to the radiative lifetime τk = Γ−1
k of the

kth eigenstate.
Figure 1a shows the typical complex spec-

trum for a superlattice of N = 303 = 27, 000
NCs with individual NC edge lengths of
l = 9 nm and an associated center-to-center
distance of l

′
= 10 nm. Here both the decay

widths (~Γk) and the real energies (~ωk) are
normalized with the single NC decay width
~γr ≈ 1.6 µeV. We identify the SR decay,
ΓSR, as the maximal decay rate predicted (cf.
circle in Figure 1a), since time evolution
from a generic initial state is dominated by
∼ exp(−ΓSRt), assuming T = 0 K (see Sup-
porting Information, section S3). Note
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Figure 2: a Thermal average of the normalized radiative decay, (ΓT/γr) − 1, (Eq. (2)) versus N .
Note that we subtract one from the normalized thermal radiative rate to improve the visibility
at small decay rates. The 2.7 enhancement reported in Ref. 1 is shown in solid green. Symbols
are obtained from numerical diagonalization of Eq. (1a). Dashed lines are best fits using the
function (ΓT/γr)− 1 = ANB/(NB +NB

sat), with fit parameters A,B,Nsat (values in Supporting
Information, section S6). b Comparison of the experimental1 NC superlattice SR radiative
decay rate to theory, accounting for thermalization and static disorder (W = 2 meV). Temperature
is 6 K. “Coupled NCs” refers to the decay of coupled NCs in a superlattice, while “Uncoupled NCs”
refers to the measured decay of isolated, non-interacting NCs. Inset: same data on a logarithmic
y-scale. In both a,b, ~ω0 = 2.38 eV, γr = 2.5 ns−1, εr = 4.8 and l = 9 nm.

that the energy of the maximal SR state is
highly dependent on the superlattice geometry,
dimension and on the ratio L/λ, see Support-
ing information, section S4.

Given that the system size we consider, N =
303, is two orders of magnitude smaller than
that used experimentally1 (N ∼ 106 − 108), we
study how ΓSR scales with N and extrapo-
late its value to experimentally-relevant su-
perlattice sizes using the well-established re-
lationship:22,23 ΓSR ∝ N for L � λ and
ΓSR ∝ N/(L/λ)2 for for L & λ, which implies
ΓSR ∝ N1/3 for a fixed NC superlattice density
of N/L3.

By extrapolating ΓSR to large N , our model
predicts a SR lifetime of order τSR ∼ 0.04 ps for
a NC superlattice of similar size to the one stud-
ied experimentally1 (see Figure 1b and Sup-
porting Information, section S3). Thus we
predict at least ΓSR/γr ∼ 104 for the experi-
mental NC and superlattice size, which is four
orders of magnitude larger than the enhance-
ment observed in Ref. 1.

At this point, we suggest that what prevents
agreement between theory and experiment is
the absence of an explicit consideration of the
sensitivity of SR to thermalization-induced co-
herence losses and structural disorder. Indeed,
thermal noise suppresses quantum coherence,
especially when kBT becomes comparable to
the spectral width of the interacting ensem-
ble (typically of the same order as the nearest-
neighbor coupling J). This can lead to highly
suppressed SR in the regime experimentally in-
vestigated,1 since at 6 K kBT = 0.5 meV, which
is ∼ 3 times larger than the estimated J =
0.14 meV coupling between nearest NC neigh-
bors.

We therefore account for thermalization ef-
fects on NC superlattice SR by taking ther-
mal averages of all superradiant and subradiant
eigenstate emission rates,29,30 namely

ΓT =
1

Z

∑
k

Γke
−~ωk/(kBT ) , (2)

where Z =
∑

k e
−~ωk/(kBT ) is the partition func-
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tion. From Equation (2), a corresponding emis-
sion intensity is I(t) ∝ exp(−ΓT t), with ΓT
the thermal decay rate. Thermalization there-
fore suppresses SR so that ΓT ≈ γr (with
γr = τ−1

r ) if kBT is comparable to the spec-
tral width of the coupled system. Note that in
using Equation (2) we implicitly assume that
thermal relaxation dominates all other relax-
ation processes in the material (see details in
Supporting Information, section S5).
Figure 2a shows that by taking thermal av-

erages for different superlattice sizes (blue cir-
cles), we observe an initial fast increase of ΓT for
small N , followed by a slower increase at large
N . Assuming saturation in the limit N → ∞
(see Supporting Information, section S7),
we estimate ΓT/γr ≈ 4.2 for N ∼ 106 − 108.
This is in excellent agreement with the experi-
mental results1 where ΓEXP/γr ≈ 2.7.

An even better correspondence is found by
taking into account structural disorder in the
superlattice, stemming from NC size hetero-
geneities1,31 as well as inhomogeneities in NC
positions and orientations. To estimate the im-
pact this structural disorder has on SR, we con-
sider excitation energy fluctuations, which we
model by adding an on-site disorder of strength
W (see also Supporting Information, sec-
tion S8). This form of disorder has previously
been used32 to model the effects of different
sources of time-independent disorder in various
systems.

By introducing such disorder and extrapolat-
ing the results to experimentally-relevant su-
perlattice sizes, we find excellent agreement
with experiment1 for W between 2 meV and
3 meV, see Figure 2a where the experimen-
tal1 result is shown in green. Note these values
of W are several times larger than the nearest-
neighbor coupling J = 0.14 meV (W/J ≈ 15).
Figure 2b now compares the theoretical de-

cay, ΓT , for W = 2 meV (red line) to the ex-
perimental emission intensity decay reported in
Ref. 1 (red triangles). Our theoretical emis-
sion intensity accounts for ∼ 70% of the ex-
perimental intensity decay. A discrepancy be-
tween theory and experiment is visible at long
times (see also inset). This likely reflects omis-
sions in the theory, namely not accounting for

non-radiative processes in NCs that lead to non-
unity emission quantum yields.33 This interpre-
tation is confirmed by the non-exponential de-
cay of the emission from an ensemble of un-
coupled NCs (blue circles, Figure 2b). Mod-
elling such processes is highly non trivial since
they should account for dynamical transitions
between radiative and non-radiative channels,
possibly including activation/deactivation pro-
cesses for non-radiative channels that induce
blinking.34,35 At this point, however, our pro-
posed theoretical framework, which accounts
for thermalization and structural disorder, gen-
erally rationalizes the superradiant accelerated
PL decay reported in Ref. 1.

In Ref. 1 it was also observed that the emis-
sion spectrum of single superlattices consists of
several emission peaks, with the SR emission
band being redshifted relative to the emission
of uncoupled NCs by 64 ± 6 meV (an average
across 10 superlattices). This redshift cannot
be explained by dipolar couplings between NCs
in our model, which at best induces a few meV
redshift to the SR emission, see Supporting
Information, section S9.

While the origin of a redshifted emission from
superlattices remains debated,36–42 (see Sup-
porting Information, section S9.), we con-
jecture here that the SR redshifted emission ob-
served in Ref. 1 arises from the existence of
sub-domains, composed of larger NCs, within
individual superlattices. In fact, this has al-
ready been suggested by the authors of Ref.
1. Supporting this are CsPbBr3 NC size-
dependent band energies that change by hun-
dreds of meV when NC edge lengths change
from l = 3 nm to l = 12.8 nm.31 Consequently,
large NC SR-active sub-domains will show a siz-
able redshift relative to uncoupled and smaller
NCs present in the same NC superlattice. It
is of note that larger NCs have an inherently
higher likelihood of realizing uniform SR-active
sub-domains, due to their smaller relative edge
length fluctuations,31 see Supporting Infor-
mation, section S9.

Indeed, assuming that l varies between 8 nm
and 12 nm, which is consistent with the size
fluctuations reported in Ref. 1, a 50 meV red-
shift is readily realized between larger NCs and
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Figure 3: Thermal average of the normalized radiative decay (Eq. (2)) versus N for different
temperatures (T = 6 K, 77 K, 300 K). In each panel, the temperature is fixed and each color
represents a different NC size (l = 3 nm, 5 nm, 9 nm, see the legend). Dashed lines are best
fits with the function (ΓT/γr) − 1 = ANB/(NB + NB

sat), with fit parameters A,B,Nsat (values in
Supporting Information, section S6). In all panels, the excitation energy is ~ω0 = 2.38 eV
and the transition dipole moment is µ = 23 D. The relative dielectric constant of NC superlattice
effective medium is εr = 4.8.

their smaller NC counterparts within a given
superlattice’s residual size distribution (see de-
tails in the Supporting Information, sec-
tion S9). The existence of sub-domains made
of larger NCs within a superlattice thus ratio-
nalize large redshifts of the SR emission.

How large are the sub-domains? In con-
sidering this, we note that thermal decoher-
ence, which occurs on the several picoseconds
timescale in CsPbBr3 NCs,43 cannot be ne-
glected when considering their radiative decay,
a process that occurs on the hundred picosec-
ond timescale. This ultimately implies that the
aforementioned SR sub-domains must be com-
posed of at least N = 104 NCs to attain a su-
perradiant decay compatible with experiment,
see Fig. 2a.

The existence of SR-active sub-domains also
explains the large SR linewidth seen in Ref.
1. Namely, Ref. 1 shows SR to have an in-
homogeneous linewidth of tens of meV. This
exceeds the estimated static disorder in our
model by at least an order of magnitude, see
Fig. 2a. The discrepancy, however, can be
rationalized by the presence of multiple SR-
active sub-domains within a given superlattice,
which is consistent with the presence of sub-
structures in the SR emission band, as noted

in Ref. 1. Namely, provided that these sub-
domains are composed of NCs with different
average edge lengths, inhomogeneous broaden-
ing of the experimetal SR will be seen. In
whole, the existence SR sub-domains within a
given superlattice, where each sub-domain is
composed of large NCs, with an average size
that differs from sub-domain to sub-domain,
self-consistently rationalizes three observations
made in Ref. 1: (1) large 64 ± 6 meV red-
shifts, (2) large 15± 4 meV SR inhomogeneous
linewidths and (3) SR emission spectral sub-
structure. For more details, see the discussion
in Supporting Information, section S10.

Finally, our theoretical framework points to
ways of enhancing the SR effect in NC super-
lattices. Specifically, our model suggests that
superlattices made of smaller, tightly packed
NCs will exhibit stronger couplings, implying
enhanced SR decays and better prospects for
realizing high temperature SR.

We demonstrate this by decreasing compo-
nent NC edge lengths, l, below CsPbBr3’s ex-
citon Bohr diameter of 7 nm.20,31 In what fol-
lows, a NC transition dipole moment of µ =
23 D and a radiative decay rate of γr =
2.5 ns−1 is assumed since both parameters
are weakly size-dependent in the range of NC
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sizes explored.20,31,44 Near-field dipole coupling
strengths, in contrast, increase due to smaller
inter-NC separations. This stems from nearest-
NC neighbor couplings scaling as J ≈ µ2/(l

′
)3

(see Supporting Information, section S2).
We consider NCs as small as l = 3 nm,

compatible with the current lower bound for
size-controlled CsPbBr3 NCs.31 In the case of
l = 3 nm, the estimated coupling between NCs
is J ≈ 2.1 meV. This is 15 times larger than
that in the l = 9 nm NC superlattice studied in
Ref. 1.
Figure 3 shows the dependence of ΓT with

NC superlattice size, for superlattices made of
l = 3 nm and l = 5 nm NCs. The l = 9 nm
case is included for comparison purposes. Each
panel in Figure 3 considers a different temper-
ature (T = 6 K, 77 K, 300 K). It is clear that
decreasing l enhances the SR effect at all tem-
peratures. The largest enhancement occurs at
T = 6 K for l = 3 nm.

By assuming enhancement saturation at large
N , we estimate ΓT for realistically large su-
perlattices (N ∼ 108) made of l = 3, 5, 9 nm
NCs. At T = 6 K, we predict ΓT/γr ≈ 4.2 for
l = 9 nm, in excellent agreement with exper-
iment.1 For l = 5 nm and l = 3 nm, we find
ΓT/γr ≈ 50 and ΓT/γr ≈ 7000 respectively at
T = 6 K. The latter l = 3 nm enhancement
is three orders of magnitude larger than that
reported in Ref. 1.

The modeling therefore suggests that small
NCs can be used to significantly increase the
temperature range where it is possible to ob-
serve NC superlattice SR. To illustrate this,
Figure 3b shows that the expected SR decay
rate enhancement for a l = 3 nm NC superlat-
tice is ΓT/γr ≈ 2.3 at liquid nitrogen tempera-
ture (T = 77 K). This raises exciting prospects
for realizing robust NC superlattice SR at sig-
nificantly higher temperatures than 6 K in the
near future.

Before concluding, it is important to consider
the role of static disorder for different NCs sizes.
Indeed, band edge transition energies vary with
size, especially at small l.31 This, in turn, im-
plies that small NCs will exhibit energy disor-
der parameters larger than those of their larger
NC counterparts for identical size distributions.

Nevertheless, as shown in Supporting Infor-
mation, section S10, the ratio W/J (where
W is the disorder strength and J is the coupling
between neighbor NCs) remains almost con-
stant as NC sizes are varied between l = 3 nm
and l = 9 nm. Consequently, since realistic
disorder has a minor effect for large NC sizes
and for W/J ≈ 15, we expect a minor effect for
small NCs so long as W/J remains of the same
order.

In summary, we have developed a theoretical
model that explicitly accounts for the effects
of thermal decoherence and structural disorder
on NC superlattice SR and which rationalizes
the SR effect recently observed.1 Our proposed
model also estimates the effects of NC size and
temperature on superlattice SR, revealing that
superlattices made of smaller, tightly packed
NCs will exhibit stronger couplings. Indeed, we
predict a SR enhancement of at least three or-
ders of magnitude, using NCs with edge lengths
of l = 3 nm. This points to the possibility of
observing NC superlattice SR at liquid nitrogen
temperatures instead of at T = 6 K.

We note that our model is generally appli-
cable to other NC assemblies. The only input
parameters needed are NC band-edge transition
energies, lifetimes, and NC positions within as-
semblies. Future iterations of the model will ac-
count for non-radiative processes in NCs33 (i.e.
non unity emission quantum yields) as well as
higher excitation fluences.
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