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Abstract

Using numerical hydrodynamics calculations and a novel method for densely sampling parameter space, we
measure the accretion and torque on a binary system from a circumbinary disk. In agreement with some earlier
studies, we find that the net torque on the binary is positive for mass ratios close to unity, and that accretion always
drives the binary toward equal mass. Accretion variability depends sensitively on the numerical sink prescription,
but the torque and relative accretion onto each component do not depend on the sink timescale. Positive torque and
highly variable accretion occurs only for mass ratios greater than around 0.05. This means that for mass ratios
below 0.05, the binary would migrate inward until the secondary accreted sufficient mass, after which it would
execute a U-turn and migrate outward. We explore a range of viscosities, from α=0.03 to α=0.15, and find that
this outward torque is proportional to the viscous torque, so that torque per unit accreted mass is independent of α.
Dependence of accretion and torque on mass ratio is explored in detail, densely sampling mass ratios between 0.01
and unity. For mass ratio q>0.2, accretion variability is found to exhibit a distinct sawtooth pattern, typically with
a five-orbit cycle that provides a smoking gun prediction for variable quasars observed over long periods, as a
potential means to confirm the presence of a binary.

Unified Astronomy Thesaurus concepts: Galaxy mergers (608); Quasars (1319); Supermassive black holes (1663);
Black holes (162); Circumstellar disks (235); Galaxy accretion disks (562); Binary stars (154); Active galactic
nuclei (16); Wide binary stars (1801); Astrophysical fluid dynamics (101); Close binary stars (254); Shocks (2086)

1. Introduction

A gaseous disk in orbit around a binary system is a physical
scenario relevant to a range of questions in astrophysics
(Artymowicz & Lubow 1994). During the formation of a stellar
binary, a protostellar disk is typically present, which can affect
the eventual orbital parameters and mass ratio of the binary
(Bate 2000). It is thought that disk accretion onto the binary
could be responsible for the observed population of twin
binaries with mass ratios q0.95 (El-Badry et al. 2019).
Binary black holes may also encounter a circumbinary disk in
their lifetime, especially a supermassive black hole binary at
the center of a galaxy following a merger. In this case, torques
from an accretion disk may play a role in bringing the binary
close enough to merge (Haiman et al. 2009). The effects of the
disk on the binary may be observable in the gravitational wave
background as viewed by pulsar timing (Kocsis & Sesana 2011;
Kelley et al. 2019). Disk torques can also potentially provide a
correction to the inspiral, affecting the gravitational wave
signal observed by LISA (Derdzinski et al. 2019).

Understanding how the disk affects the binary requires the
calculation of torques and accretion rates onto each binary
component as a function of disk viscosity (α), aspect ratio (h/
r), and the binary mass ratio (q). Such a calculation is
nontrivial, as it requires the evolution of a highly nonlinear gas
dynamics system over thousands of binary orbits.

Two of the most important recent results from such
calculations are the finding of Farris et al. (2014) that accretion
always drives the binary toward equal mass, and the highly
counter-intuitive result that the disk torques can be positive,
meaning that the binary can be driven outward rather than

inward (Tang et al. 2017; Moody et al. 2019; Muñoz et al.
2019, 2020).
The present numerical study takes on a more thorough

search of parameter space, to determine just how robust these
results are to variations in mass ratio and viscosity.4 To do so,
we employ a novel technique whereby parameter space is
scanned continuously by slowly varying the binary mass ratio
with time. This makes it possible to thoroughly explore
parameter space in only a handful of numerical runs.
The numerical method is described in Section 2. Results of

these calculations are detailed in Section 3, including the
fiducial disk model and an investigation of dependence on disk
parameters. All of the results will be discussed in Section 4,
including implications for stellar and black hole binaries.

2. Methods

This study uses the moving-mesh code Disco (Duffell
2016) to numerically integrate the equations of isothermal
hydrodynamics in 2D:

¶ S +  S = Sv S 1t · ( ) ( )

 n f¶ S +  S + - S = -S + Sv vv v Px v S 2t j j j j( ) · ( ˆ ) ( )

= SP c , 32 ( )
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4 Dependence on the disk Mach number will not be tested in this study,
though this is another parameter whose dependence should be measured,
because real black hole accretion disks are typically much thinner than what is
modeled numerically. This dependence will be checked in a future study
(Ragusa et al. 2016, has previously studied dependence of this system on Mach
number).
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where Σ is the surface density, P denotes pressure, v is the
velocity, ν is the kinematic viscosity, c is the sound speed, and
f is the binary system’s gravitational potential. The sink term
SΣ is used for accretion onto each body and will be described
later.

The sound speed is computed locally based on the distance
to each binary component. Specifically, it is computed using
the local gravitational potential:

f= c . 4( )

Kinematic viscosity ν is taken to be a constant, but it is
parameterized in terms of the quantity a n= W a B

2 2( ). The
Mach number is taken to be 10 for all calculations in this
study, implying a disk aspect ratio of = =h r 1 0.1. The
gravitational potential is cut off by a smoothing length:

f =
- + x x

GM
. 5i

i

i
2 2∣ ∣

( )

This length scale is chosen to be = = a a0.051

2
, where a

is the semimajor axis.
The initial disk model is taken to be a uniform surface

density disk, with S = S0. The orbital velocity Ω is initially
given by the Keplerian orbital velocity, except within r<a
where it is given by rigid rotation with the binary orbital
frequency.5 Finally, vr is initialized as n- r3

2
.

The standard resolution is given by 512 radial zones
logarithmically spaced withD =r a 0.011 at the binary orbital
radius. The outer radius is set at r=30a. This large outer
boundary is chosen in order to minimize the effects of long-
distance torques from the binary, so that the accretion rate will
solely be determined by the outer boundary, with no influence
by the binary.

Mass is removed close to each binary component via the
following sink prescription. An additional evolution term for
the surface density is

g= - S -
-

+ -
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where γ is a numerical parameter that is varied to determine
whether the sink prescription affects the torque on the binary.
For our fiducial run, we use our fastest sink rate, γ=3ΩB. We
find that the accretion rate we measure onto the binary is
independent of γ and consistent with the accretion rate at
infinity, so long as γ>0.01ΩB. We choose the length scale for
the sink to be the same as the smoothing length ò, as this is the
length scale below which we do not trust the solution’s
accuracy.

The treatment of binary potential is the same as described in
the Disco code paper (Duffell 2016), except that in this study,
a novel approach is employed: rather than choosing a single
mass ratio and running the calculation until the disk is in a
stationary quasi-steady-state, the mass ratio is very slowly
decreased from q=1 to q=.01, at a rate slow enough such
that at any given time the binary can be considered as

interacting with a steady-state6 disk:

t
=

+
q t

t

1

1
, 7

2
( )

( )
( )

with τ=2000 orbits for the fiducial run; generally, τ is chosen
to be a fixed number of viscous times. As the binary is evolved,
its trajectory is adjusted to follow a circular, two-body orbit for
a binary with fixed separation a and instantaneous mass ratio q
whose center of mass is at the origin. The calculations were run
for mass ratio as small as q=0.01, at which point the tidal
truncation radius becomes comparable to the sink radius
(Roedig et al. 2014).
The benefit of this method is that one can measure the torque

and accretion continuously as a function of mass ratio, instead
of performing many separate numerical calculations to sample
a discrete number of points in parameter space. The main
diagnostics being measured are the total torque on the binary
and the accretion rates onto each binary component.
The torque experienced by the binary can be broken into two

components: one due to gravitational force from fluid elements
in the disk, and the other by direct accretion of mass:

= +J T J 8bin grav acc ( ) 

The accretion term Jacc can be further broken into pieces; if
the accreted gas has zero momentum in the rest frame of the
point mass, the point mass increases its momentum simply due
to its increase in mass. If one knows the relative accretion rate
onto each component, one can analytically calculate this term
by +M j M j1 1 2 2

  , where j1 and j2 are the specific angular
momentum of each point mass. However, if the accreted mass
has nonzero momentum in the rest frame of the point mass,
there is a residual term determined by the momentum accreted
in the rest frame of the point mass:

= + + DJ M j M j J . 9acc 1 1 2 2 acc ( )   

In all cases studied, we found the last term to be negligible
when compared to the first two. That is, the mass accreted is
moving at very nearly the same velocity as the corresponding
point mass. This means it is possible to use the first two terms
to calculate the accretion torque exactly, given the relative
accretion rates M1 and M2 .
The torque reported in this study is only the gravitational

term Tgrav, as we have found DJacc to be negligible, and Jacc is
therefore accurately given by the first two terms in (9). The
gravitational force we calculate is smoothed over 30 orbits
using a Gaussian convolution. Note that there is a difference
between the way we report our torque and the way torque is
reported by Muñoz et al. (2020), in that the Muñoz study
combines the gravitational torque with the accretion term
( = WJ Ma0.25 Bacc

2  for an equal mass binary) accounting for
the angular momentum accreted at the binary’s specific angular
momentum.

3. Results

3.1. Overview

A snapshot of an example calculation is shown in Figure 1.
We begin with a basic overview of dependence of the system

5 The initial velocity within <r a is essentially irrelevant, as this information
is erased within a few orbits as the cavity is cleared.

6 The disk is not actually in steady state; it can be highly variable, as we show
later. What is meant by “steady state” here is that there is no secular evolution
to the disk.

2

The Astrophysical Journal, 901:25 (9pp), 2020 September 20 Duffell et al.



on mass ratio for the fiducial disk (Figure 2). The fiducial disk
has α=0.1, =h r 0.1, implying a viscous timescale of
a2/(3π ν) ≈ 100 orbits. For all disk parameters and choices of
sink prescriptions, we recover that the total accretion rate

= +M M M1 2   onto the binary is consistent (to within 20%)
with the analytical accretion rate set at the outer boundary,

pn= SM 30 . We find that in the range of binary parameters
explored, accretion always favors the secondary, as shown in
the top panel of Figure 2. When q=1, =M M1 2  by the
symmetry of the system, but as q is reduced the ratio M M2 1 
becomes greater than unity, rising to ∼10, implying that the
secondary eats about 90% of the gas for mass ratios ∼0.05. Our
calculations only considered mass ratios >0.01, but calcula-
tions in the context of planetary accretion have claimed 90%
accretion onto the secondary for q=10−3 (Jupiter’s mass;
Lubow & D’Angelo 2006). We find this curve is reasonably
well-fit by the formula

=
+

M

M q

1

0.1 0.9
, 102

1
( )




as denoted by the dotted line in the figure. This formula
provides an update to the accretion formula of Kelley et al.
(2019), which was found by a fit to the data points in the study
of Farris et al. (2014).
Torque has a richer q dependence, as shown in the center

panel of Figure 2. At q=1, we find the torque is positive and
equal to WMa0.6 B

2 , broadly consistent with other studies that
find positive torque on the binary; Muñoz et al. (2019, 2020)
reported a normalization of 0.43, and Moody et al. (2019)
report 0.47.7 As the mass ratio is reduced, we find two
transitions. First, around q≈0.15, there is a jump in the torque
by a factor of a few. At this point, almost all the torque is due to

interaction with the secondary. Around q≈0.05, the torque
flips sign, and inward migration is recovered for smaller mass
ratios, with the magnitude of the torque being roughly equal to
the viscous torque WMa B

2 .
Variability also depends on the binary mass ratio. As the

mass ratio is reduced from q=1, the variability becomes
dominated by the secondary (because the overall accretion is
dominated by the secondary). This variability remains strong
until q<0.05, where variability diminishes and accretion
becomes steady. This was also found previously by D’Orazio
et al. (2016) in a systematic study of this transition point.

3.2. Dependence on Imposed Timescales

Before exploring dependence on viscosity, we first deter-
mine how these measured quantities depend on the time-
variation of q and on the sink prescription. The treatment of the
gas very close to each point mass is nontrivial; it is unclear
what the correct prescription should be for the sink, and any
quantity that depends on such numerical choices should be
treated with care.
Fortunately, two out of three of our measured quantities

appear to be roughly independent of the sink timescale.

Figure 1. Logarithm of density in a circumbinary disk with mass ratio q=0.8
after 1000 orbits. Depicted surface density ranges from Σ/Σ0=0.01 to 100.

Figure 2. Measured quantities as a function of mass ratio for the fiducial disk.
Top panel: relative accretion onto the secondary (M M2 1  ). Center panel:
torque. Bottom panel: accretion variability.

7 These studies actually report a value of 0.68 and 0.72, respectively, but they
also include accretion torque Jacc in this calculation, which equals WMa0.25 B

2
for an equal-mass binary. The values of 0.43 and 0.47 are quoted to directly
compare with our gravitational torque Tgrav.
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Figure 3 shows dependence of (time-averaged) torque (center
panel) and relative accretion (top panel) on the sink timescale.
Faster sinks appear to lead to slightly more accretion onto the
secondary, but the distinction is not significant. Importantly,
the torque also appears to not depend on this numerical choice,
providing more evidence that these positive torques are not a
numerical artifact. This is in contrast with the results of Tang
et al. (2017), which found strong dependence of the torque on
the sink rate. The reason for this discrepancy is unknown. Our
findings are consistent with recent work by Moody et al.
(2019), who also demonstrated the independence of torques on
the sink timescale.

After the submission of the original version of our manu-
script, Muñoz et al. (2020) also presented a study covering a
handful of mass ratios and viscosities, but they did not see the
sharp jump in torque that we find around q=0.15. It is
possible this difference is due to the size of their parameter
space, but future studies should explore whether this sharp
jump is a genuine physical effect. Additionally, Muñoz et al.
(2020) did not see any transition in the sign of the torque,

though they argue the binary may migrate inwards for
sufficiently low mass ratio even with a positive torque.
However, variability is strongly dependent on the sink

timescale (this was also pointed out by Farris et al. 2014). For
sufficiently fast sink timescales, variability is given by how
quickly the minidisks are fed, but for slow sinks, the minidisks
can buffer the accretion, smoothing out these variations. In the
limit of a very slow sink, there is no accretion variability.
Because the accretion variability is potentially an observable
physical effect, one cannot ignore the numerical choice of sink
prescription entirely. In this study, results will be quoted in
terms of our fastest sink (γ= 3ΩB), with the understanding that
the time variability of a realistic system could be less extreme
than what is measured here.
Additionally, several calculations were carried out with

different choices of the parameter τ, the timescale over which
the binary mass ratio is varied (Figure 4). The qualitative
impact of the changing q is a smearing-out of these curves. The
only real difference in the torque for shorter τ is at the earliest
times, at largest q. This spike at q≈1 most likely occurs

Figure 3. Dependence on the sink prescription. Red, orange, green, and blue
show γ/ΩB=0.001, 0.01, 1, and 3, respectively. The torque is notably
independent of the sink timescale, given by the inverse of γ. The accretion ratio
is only affected when γ is very slow, <0.01ΩB. The viscous rate at the sink
radius would correspond to g n= = W 0.4 B

2 , which is closest to the green
curve.

Figure 4. Varying the timescale τ over which the mass ratio is changed. The
fiducial choice nt =a 22 used in this study appears to be significantly slower
than necessary. The biggest difference between different values of τ is the start-
up transient near q=1. It takes some time for the instability to develop and for
the cavity to become lopsided, after which even our fastest-varying mass ratios
would have recovered the result to adequate precision.
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because the numerical calculation is initiated with q=1, and
therefore the net torque near q=1 could be contaminated by a
start-up transient. By using the value of τ=2000 (nt =a 22 ),
we can eliminate the effects of this start-up transient
phenomenon. This demonstrates the importance of running
the calculation for a sufficiently long time in order to correctly
recover the positive torques observed.

3.3. Dependence on Viscosity

Most numerical studies of binaries use a rather large
viscosity (either by using a large α or a large h/r), because it
is necessary to wait for a viscous time before one can ascertain
the time-averaged torques. Here we investigate how the torques
and accretion depend on viscosity.

We explore a range of viscosities from α=0.03 to 0.15,
keeping h/r fixed at 0.1 (see Figure 5). Lower viscosity than
α=0.01 was not attempted, because of the prohibitively long
timescales that one must wait in order to attain a steady state.
The fiducial run used n = W- a10 B

3 2 , with τ=2000 orbits. As
viscosity is varied, the timescale τ is also varied such that
nt p= »a 4 132 is kept fixed. This gives the disk time to
attain steady state as the mass ratio varies.

For a wide range of values of q and α the normalized torque
is independent of viscosity, except in the sense that it is
proportional to the accretion rate; WT Ma B

2( ) is a fixed
constant for most q  0.2.
The overall conclusion is that the torque for q  0.05 is

robustly positive and approximately equal to WMa0.6 B
2 ,

independent of viscosity, mass ratio, or sink timescale. The
question of whether equal-mass binaries are ever pushed
inward by a disk is still an open one, though observations of
stellar binaries suggest that inward migration occurs in many
cases (Moe & Di Stefano 2017; El-Badry et al. 2019). Perhaps
a binary with significant eccentricity will experience stronger
inward torques by the disk; it has been shown that the disk can
drive the binary to be eccentric, even in the regime of low mass
ratio (Papaloizou et al. 2001; Dunhill et al. 2013). At high mass
ratios, it is possible that the asymmetry of the cavity will lead to
a strong driving of the binary toward higher eccentricity. Some
hints of this have already been shown in the handful of
eccentric calculations by Muñoz et al. (2019). We will explore
this possibility in a future study.

Relative accretion also depends on the viscosity. For reduced
α, accretion is more evenly divided between the primary and
the secondary. This reduced value of M M2 1  is still high
enough that the binary trends toward equal mass, but not as
quickly.

3.4. Variability Timescales

Figure 2 showed that the accretion is highly variable for all
mass ratios greater than q=0.05. However, variability occurs
on many different timescales, as shown by Farris et al. 2014.
Figure 6 shows the contribution to the variability on different
timescales.

This point is typically demonstrated using a periodogram of
the accretion rate at different specific mass ratios. We choose to
present the periodogram as a continuous function of q. The
accretion-rate variability amplitude at angular frequency ω is
computed by evaluating the Fourier transform of the accretion
rate at ω, windowed over a short time interval to account for the

time growing value of the mass ratio,

òd
ps

= ¢ ¢w
s w- - ¢ ¢M t e e M t dt

1

2
, 11t t i t1

2
2 2( ) ( ) ( )( ) 

where 1/ω =σ =τ; σ is the window of time over which
one wishes to determine the variability, and we typically
choose σ=30 orbits to calculate this quantity.

d wM t( ) is determined at different specific frequencies ω, and
the analytic expression for q(t) is then used to convert this into
a function of q, d wM q( ) . This is the quantity shown in Figure 6.
For mass ratios below 0.2, variability is dominated by the

orbital and half-orbital timescale. Above q=0.2, there is a
significant variability on a four to five-orbit timescale similar to
what has been seen by Shi et al. (2012), D’Orazio et al. (2013),
and Farris et al. (2014). Note that we can demonstrate this
variability is not locked to a multiple of the binary orbit; this
timescale smoothly moves between four and five orbits as q
is varied. This transition at q=0.2 has also been noted by

Figure 5. Accretion and torque as a function of mass ratio and disk viscosity.
The positive torque found for q>0.1 appears to be consistently positive and
close to WMa0.6 B

2 , for all values of α considered. This is consistent with the
findings of Muñoz et al. (2019), but this now appears to be a viscosity-
independent statement, which also applies over a large range of mass ratios.
The transition to a highly variable disk at q≈0.05 appears to be a viscosity-
dependent transition. It appears to roughly coincide with the sign-reversal of
the torque.

5

The Astrophysical Journal, 901:25 (9pp), 2020 September 20 Duffell et al.



Noble et al. (2020). This longer-timescale variability is
indicative of episodic accretion from a build-up of mass at
the cavity edge, which falls onto the binary all at once,
approximately every five orbits. This is relevant for observa-
tions of variable quasars such as PG-1302, for which a binary
might explain variability on orbital timescales (as already
suggested by D’Orazio et al. 2015b) but this would also predict
a longer-timescale variability that is only observable after many
orbits (Charisi et al. 2015; D’Orazio et al. 2015a).

The five-orbit accretion cycle is shown in Figure 7. One can
clearly see variability on the half-orbit timescale, in addition to
the five-orbit variations, which resemble a sawtooth pattern.
The accretion cycle is quite distinct, and makes specific
predictions for binary quasars; one expects a very rapid rise,
followed by a slow decay (never the other way around). This
rapid rise also provides a possible explanation for changing
look quasars, which shift very rapidly from low-luminosity to a
high-luminosity state (MacLeod et al. 2016, 2019). One can
model this pattern using the following form:

= - W-M t M B1 tan tan t 5 , 12B0
1( ) ( ( ( ))) ( ) 

where B=0.25 (the form -tan tan x1( ( )) is merely a convenient
way of achieving the sawtooth pattern). The amplitude B
captures the jump in luminosity, which should be proportional
to the variability measured on the five-orbit timescale.

This sawtooth pattern could be a possible smoking gun for
AGN variability being connected to binary-disk dynamics. If
the system is observed for long enough, one expects to see a
sharp rise in the accretion rate every five orbits. For example, in
the case of PG-1302, a speculative possible light curve is
plotted in the lower panel of Figure 7, accompanied by
observations from the Catalina Real-time Transient Survey
(CRTS; Graham et al. 2015a) and ASAS-SN (Shappee et al.
2014; Kochanek et al. 2017; Liu et al. 2018), along with data
from photographic plates over the past century, which have
been digitized as part of the the Digital Access to a Sky
Century at Harvard (DASCH; Grindlay et al. 2009). If the four-
year variability observed in PG-1302 is indicative of a binary,
then we predict a sharp rise in the luminosity by about a

magnitude, possibly peaking around the year 2027. Observa-
tions of this quasar over the next decade will be able to
determine whether this binary accretion model is accurate.
Additionally, PG-1302 was just one of many short-period

variable quasars that have been discovered, some of which
have shorter periods (Graham et al. 2015b; Charisi et al. 2016;
Liu et al. 2019). It is possible this sawtooth pattern might be
discovered in another example.

4. Discussion

This study measured accretion onto each component of a
binary system, its accretion variability, and the total torque felt
by the binary due to the circumbinary accretion disk. This
information can be used to determine how the binary will
evolve as mass is accreted and to make predictions for a variety
of observed astrophysical binary systems. For example, as the
accretion drives the binary toward equal mass, one can ask how
much mass one needs to accrete to make a twin binary, which
is relevant for observations of binary stars that suggest a
significant population of twins with mass ratio q>0.95 (e.g.,

Figure 7. Top panel: five-orbit variability roughly follows a sawtooth pattern in
time as mass piles up at the cavity edge and falls onto the binary all at once
every five orbits. If this long-term variability is responsible for deviations from
sinusoidal behavior in PG-1302, then we predict a sharp rise in the accretion
rate at the end of the five-orbit cycle. Bottom panel: a possible variability
scenario for PG-1302, assuming the observed short-term variability is on the
half-orbit timescale. This scenario predicts a rapid rise, peaking in magnitude
around the year 2027. This is only one possible scenario, but if this rapid rise
were observed, it would be strong evidence in favor of PG-1302 housing a
binary.

Figure 6. 2D periodogram showing variability with respect to different
timescales. Longer timescale (4 to 5 orbit) variability occurs for >q 0.2. dM is
calculated at each frequency via Equation (11).
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El-Badry et al. 2019). Additionally, if one assumes all mass
after formation was gained by accretion, it may be possible to
run back the clock and constrain the initial masses of the two
protostars.

4.1. Accretion

Given Equation (10) for the relative accretion rate, it is
possible to calculate the mass ratio at a future time.

First, define

l º M M 132 1 ( ) 

and assume that it is given by (10). The mass ratio growth rate
is then

l= - = -q
M

M

M M

M

M

M
q 142

1

1 2

1
2

1

1
( ) ( )

  

l
l

=
+ -

+
M

M

q q q

q

1

1
, 15B

B

( )( ( ) )
( )

( )


where MB=M1+M2 is the total binary mass and =MB
+M M1 2  is the total mass accretion rate onto the system. It

follows that

l
l

=
+

+ -
d M

q dq

q q q
ln

1

1
. 16B( ) ( ( ))

( )( ( ) )
( )

Integrating this with λ(q) given by (10) leads to the expression

=M M w q w q , 17B B
final init

final init( ) ( ) ( )

where

º - + +- -w q q q q1 1 1 1.1 , 18a b( ) ( ) ( )( ) ( )

and a=1/1.9=0.53 and b=0.9/1.9=0.47.
Under the simplifying assumptions that initially M2 = M1

and M2 =Macc, where Macc is the total accreted mass,

= -M M w q 1. 19acc 1
init

final( ) ( )

Note that if one defines a twin binary as q>0.95 (as in El-
Badry et al. 2019) this can be used to show the binary needs to
accrete at least 6 times its initial mass to become a twin, if
starting from an extreme mass ratio (w(0.95)≈7). On the
other hand, starting from a more typical mass ratio qinit=0.5
necessitates that the binary accrete about three times its initial
mass before becoming a twin (w(0.95)/w(0.5)≈4). This
suggests that observed twin binaries may have been born with a
quarter of their present total mass and accreted the rest.

One can perform a similar calculation to determine the
primary mass as a function of q, leading to the expression

=M M g q g q , 201 1
init

init( ) ( ) ( )

where

º - +- -g q q q1 1 0.9 . 21a b( ) ( ) ( ) ( )

This expression can be used to determine a relationship
between M1 and M2 as the binary accretes material from
the disk.

A simpler expression can be obtained when the function g(q)
is approximated by the following:

» -g q q1 , 22m m1( ) ( ) ( )

where m=1.85. This expression is accurate to within 2%
everywhere, and therefore just as good as the other expression
for g(q), which was obtained via fitting a curve to numerical
results. Then, for brevity define ºM M1

init
0, and after some

algebra one arrives at the expression

= -M M M , 23m m m
2 1 0 ( )

where again m=1.85 and M0 is a constant, which can be
interpreted as the value of the primary mass when the
secondary first forms. This expression can be used to determine
the relationship between M1 and M0 as the binary accretes.
Note that if accretion were divided equally between the primary
and secondary (i.e., λ(q)=1), then the same expression would
work with m=1.

4.2. Torque

One can similarly relate the torque to the accretion rate,
determining the final separation as a function of the mass
accreted. As a simplification, assume the torque is always equal
to kMjB , and assume the binary remains circular. Note that κ as
defined in our study should equal - +l q q10

2( ) , where l0 is
the torque eigenvalue as defined in Muñoz et al. (2020). This
relationship assumes that angular momentum is accreted at the
specific angular momentum of the binary (in agreement with
our study and also with the findings of Dempsey et al. 2020),
so that the accreted angular momentum is = =J Mjacc bin

 
W +Ma q q1B

2 2( ) . Now,

k= = Wj T M M a M . 24B B B B B
2 ( ) 

But = + Wj q q a1B B
2 2( ) . So,

k =
+

Wd M
q

q
d aln

1
ln . 25B B2

2

( )
( ) ( )

For a circular binary, W =a GM aB B
2 1 2( ) . Then,

k =
+

+d M
q

q
d a d Mln

1

1

2
ln ln . 26B B2( )

( ) ( )

Solving for the logarithmic slope:

k=
+

-
d a

d M

q

q

ln

ln
2

1
1. 27

B

2( ) ( )

This slope is in the range of +3 to +5 for a wide range of
disk parameters. Call this slope δ:

d kº =
+

-
d a

d M

q

q

ln

ln
2

1
1. 28

B

2( ) ( )

Substituting this formula into Equation (17) one can
determine the change in separation as a function of the change
in mass ratio:

= =
d d

a

a

M

M

w q

w q
. 29B

B

B

B

final

init

final

init
final

init

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

( )
( )

( )

For twin binaries we found that w q w qfinal init( ) ( ) could be as
small as 4 for typical qinit. This means for twins that have
grown in the range where δ≈4, the binary can increase its
separation by 44 or several orders of magnitude. This possibly
explains the twin binaries seen at very large separations (El-
Badry et al. 2019) though one would expect the maximum
separation to be set by the disk size.
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How close can the binary get while q= 1 and the torque is
still negative? In this limit, one can assume that all the mass is
accreted by the secondary, so = =d lnM dM M dqB 2 1 . Then

k=
d

d

lna

lnq
2 . 30( )

Say k » -1 as shown in the center panel of Figure 2. Then

µ -a q , 312 ( )

so that one can determine how close the binary gets, as a
function of the initial separation and mass ratio:

= »
a

a

q

q

q

0.05
, 32closest

0

0

turn

2
0

2
⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠ ( )

where »q 0.05turn is the mass ratio at which the torque
changes sign and the binary executes a U-turn, now moving
outward rather than inward. So, if one starts from q=0.01, the
secondary could migrate inward by a factor of 25 before the
U-turn.

So how do we get close binaries, if the torque is always
positive (for >q 0.05)? One possibility is given by eccen-
tricity. For mass ratios greater than 0.2, the cavity is eccentric
and therefore may induce an eccentricity on the binary. This
has already been found by Muñoz et al. (2019), who also found
a reduced value for a , the rate of change of semimajor axis. It is
possible that somewhere in parameter space (either lower
viscosity than we probed, or perhaps thinner disks), the disk
might drive the binary to a large enough eccentricity to flip the
sign of a to be negative again. So far, this has not been
observed in any numerical calculations, but we will explore this
idea in a future study.

If eccentricity caused the binary to migrate inwards for mass
ratios close to unity, this would make a prediction that the most
massive twins should be close binaries, as the binaries at large
separations must have stopped accreting shortly after becoming
twins. So far, this idea appears consistent with observations.
For example, see Figure 35 of Moe & Di Stefano (2017) or
Figure 11 of El-Badry et al. (2019), which show that large
separations appear for less massive twins, but that close twins
tend to be more massive.

4.3. Variability

Accretion variability provides a potentially observable
signature of a binary black hole system. A well-known
example is the quasar PG-1302, which appears to exhibit
periodic (possibly sinusoidal) variability in the flux as a
function of time. Particularly interesting is that over the last five
years, PG-1302 appears to have broken its simple sinusoidal
evolution, suggesting that perhaps there is a longer-timescale
variability in the source. This potentially can be connected back
to the interaction between the disk and the binary (although
there is no direct evidence for a binary, the regular period of the
variability generally points to a binary as a possible explana-
tion). It has already been observed in numerical calculations
that accretion can be variable on a five-orbit timescale (and
sometimes longer depending on disk properties; see Farris
et al. 2014) in addition to the simple variability seen on an
orbital timescale.

If this variability is really due to the accretion onto a binary,
then we predict a sharp rise in the accretion rate sometime in

the next few orbits (sometime between now and 2030). This
would be the signature of the piled-up mass all falling at once
onto the binary. If no such rise is seen, then either this suggests
there is no binary at the center, or perhaps the binary has a mass
ratio below 0.2. Additionally, there are many other black hole
binary candidates identified via periodic variability (Graham
et al. 2015b; Charisi et al. 2016; Liu et al. 2019), with shorter
periods that might make it easier to observe this long-term
behavior.
Additionally, the long-term sawtooth pattern is quite distinct,

always rising rapidly and decaying slowly in a periodic cycle.
This sharp rise might provide a possible explanation for
changing look quasars that also exhibit a rapid rise in
magnitude over a very short period of time accompanied by
a correspondingly drastic change in the broad emission lines
(MacLeod et al. 2016, 2019). If the broad emission line region
lies at the inner region of the circumbinary disk cavity, as
explored in D’Orazio et al. (2015a), then the same orbiting
feature that causes the long timescale accretion rate variations
could also cause extreme broad line variations in changing look
quasars. Confirming this would require observation over longer
timescales, either to capture the short-term variability on the
orbital or half-orbit timescales, or to observe the slow decline
that should follow the rapid rise.
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