Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

MULTISCALE MODEL. SIMUL. (© 2018 Society for Industrial and Applied Mathematics
Vol. 16, No. 4, pp. 16841731

SPECTRAL BAND DEGENERACIES OF 7-ROTATIONALLY
INVARIANT PERIODIC SCHRODINGER OPERATORS*
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Abstract. The dynamics of waves in periodic media is determined by the band structure of the
underlying periodic Hamiltonian. Symmetries of the Hamiltonian can give rise to novel properties of
the band structure. Here we consider a class of periodic Schrodinger operators, Hy = —A+V, where
V is periodic with respect to the lattice of translates A = Z2. The potential is also assumed to be
real-valued, sufficiently regular, and such that, with respect to some origin of coordinates, inversion
symmetric (even) and invariant under 7/2 rotation. We present general conditions ensuring that
the band structure of Hy contains dispersion surfaces which touch at multiplicity two eigenvalues
at the vertices (high-symmetry quasi momenta) of the Brillouin zone. Locally, the band structure
consists of two intersecting dispersion surfaces described by a normal form which is 7/2-rotationally
invariant, and to leading order homogeneous of degree two. Furthermore, the effective dynamics of
wave-packets, which are spectrally concentrated near high-symmetry quasi momenta, is given by a
system of coupled Schrédinger equations with indefinite effective mass tensor. For small amplitude
potentials, eV with € small or weak coupling, certain distinguished Fourier coefficients of the potential
control which of the low-lying dispersion surfaces (first four) of H® = H_,, intersect and have the
above local behavior. The existence of quadratically touching dispersion surfaces with the above
properties persists for all real £, without restriction on the size of €, except for € in a discrete set.
Our results apply to periodic superpositions of spatially localized “atomic potentials” centered on
the square (Zz) and Lieb lattices. We show, in particular, that the well-known conical plus flat-band
structure of the three dispersion surfaces of the Lieb lattice tight-binding model does not persist in
the corresponding Schrodinger operator with finite depth potential wells. Finally, we corroborate
our analytical results with extensive numerical simulations. The present results are the Z2-analogue
of results obtained for conical degenerate points (Dirac points) in the band structure for honeycomb
structures.

Key words. band structure, periodic potentials, Lieb lattice, Schrédinger operator, spectral
band degeneracies, homogenization

AMS subject classifications. 35Q40, 35Q60, 35P99

DOI. 10.1137/18M1171527

1. Introduction. The dynamics of waves in periodic media are determined by
the band structure of the underlying Hamiltonian; see, for example, [2, 13, 20, 14, 15].

Symmetries of the underlying Hamiltonian give rise to novel properties of the band
structure. An important example is the band structure of the single electron model

*Received by the editors February 20, 2018; accepted for publication (in revised form) August 20,

2018; published electronically October 25, 2018.
http://www.siam.org/journals/mms/16-4/M117152.html
Funding: This research of the first author was supported by U.S. National Science Foundation
(NSF) grants DGE-1144155 and DGE 16-44869. The work of the second author was supported by
NSF grant DMS-1312874 and NSF CAREER grant DMS-1352353. The work of the third author was
supported by NSF grant DMS 16-19755. The work of the first and fourth authors was supported
by NSF grants DMS-1412560 and DMS-1620418 and RNMS grant 11-07444 (Ki-Net). The fourth
author was supported by Simons Foundation Math + X Investigator Award 376319.
TDepartment of Applied Physics and Applied Mathematics, Columbia University, New York, NY
10027 (rachael keller@columbia.edu).
IDepartment of Mathematics, University of North Carolina—Chapel Hill, Chapel Hill, NC 27599
(marzuola@math.unc.edu).
$Department of Mathematics, University of Utah, Salt Lake City, UT 84112 (osting@math.utah.
edu).
YDepartment of Applied Physics and Applied Mathematics and Department of Mathematics,
Columbia University, New York, NY 10027 (miw2103@columbia.edu).

1684

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

BAND DEGENERACIES OF SCHRODINGER OPERATORS 1685

[ ] [ ] [ ] { e 6 o o o o o
{ { ([ ] {
o ([ ] ([ ] [ ] e 6 o6 o o o o
{ oA [ ] {
B C
[ ] [ ] [ ] [ ] e 6|6 o (o o o
® ® ® ®
[ [ ] ([ J o e 6 o6 o o o o

Fi1G. 1.1. An illustration of the square (left) and Lieb (right) lattices with corresponding funda-
mental cells, Q (shaded). The Lieb lattice is the union of three interpenetrating sublattices, labeled
A (red), B (black), and C (blue).

of graphene and its artificial analogues. Here, Hy = —A + V', with V a real-valued
potential with the symmetries of a hexagonal tiling of the plane. It is well-known that
the band structure contains Dirac points, conical singularities at the intersections of
dispersion surfaces which occur at the vertices (high-symmetry quasi momenta) of the
hexagonal Brillouin zone; see, for example, [18, 9, 7, 4]. A consequence is the massless
Dirac dynamics of wave-packets (quasi particles) which evolve from initial data which
are spectrally localized near Dirac points [18, 10].

In this article, we consider a class of periodic Schrédinger operators on R?, whose
underlying period lattice is Z? and such that the potential is real, inversion symmetric,
and invariant under /2 rotation. We call such potentials admissible; see Definition
2.3. The class of potentials to which our results apply includes those which are super-
positions of localized potentials (say, potential wells or potential barriers) centered on
a discrete structure with the appropriate symmetries. Two such examples are illus-
trated in Figure 1.1; the square lattice (left) and the Lieb lattice (right) are displayed
together with corresponding choices of fundamental cells. We call these two types of
potentials square lattice potentials and Lieb lattice potentials; see Examples 2.5 and
2.6 and the potentials in Figures 7.1-7.5.

Our goal is to study symmetry-induced characteristics in the band structure of
such operators and to explore these in the context of the above two examples. The
present results are the ZZ-analogue of results obtained in honeycomb structures [5,
11, 9, 8, 16, 4]. Our proofs make use of the framework developed in [9, 8].

For the class of potentials we consider, the nature of band degeneracies at high-
symmetry quasi momenta is described by two intersecting dispersion surfaces which
are locally characterized by a normal form which is 7/2-rotationally invariant, and to
leading order homogeneous of degree two. A consequence is that the dynamics of wave-
packets, which are spectrally concentrated near such high-symmetry quasi momenta,
is given by an effective system of coupled linear time-dependent Schrodinger equations
with indefinite effective mass tensor. This is in contrast to the case of honeycomb
structures where the band degeneracies at the high-symmetry points are conical (so-
called Dirac points) and the effective dynamics is given by a time-dependent system
of Dirac equations.

1.1. A quick review of Floquet—Bloch theory [20, 14, 15, 6, 13]. Consider
the periodic Schrodinger operator, Hy = —A+V | where V is real-valued and periodic
with respect to a lattice A = Zv @ Zvy; for all x € R? and v € A, we have V(x+v) =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

1686 KELLER, MARZUOLA, OSTING, AND WEINSTEIN

T M
R3M
0 r X
R*M RM
-
—Tr 0 m

FIG. 1.2. Brillouin zone, B, for the square lattice T' = Z?. The points T = (0,0), M = (=, 7),
and X = (m,0) are labeled, along with successive 7/2 rotations of M by R; see (2.5). An irreducible
Brillouin zone is shaded in blue. In later figures, the graphs of dispersion relation are plotted along
the cyclic path T' - X — M — T.

V(x). Introduce the dual lattice, A* = Zk; @ Zks, such that k; - v,,, = 278, and
spaces of A-periodic and k-pseudoperiodic functions:

L*(R?/A)= {f € L2 .(R?): f(x+v)=f(x) almost everywhere in x for all v € A }

loc

and
13 = {f € LEu(R?) : e ™ *f(x) € L*(R?/A) }.

Functions f € L} satisfy f(x + v) = e’®* f(x) almost everywhere in x for all v € A.
The inner product on L?(R?/A) is given by (f, 9>L2(R2/A) = [, fg, where Q C R? is a
period cell. Since f,g € L2 implies that fg € L'(R?/A), the same expression defines
an inner product on Li .

Floquet—Bloch states are solutions of the self-adjoint k-pseudoperiodic eigenvalue
problem:

(1.1) Hy® =pu®, ®cli.

Since this boundary condition satisfied by f € L} is invariant under k — k + E, for

any ke A*, we may restrict to k varying over a fundamental period cell in the dual
variable. This Brillouin zone, B, is often taken to be the set of all points in k € R?
which are closer to the origin than to any other point in A*. For the case of the square
lattice, A = Z2,

(1.2) B={k=kbY k@) —a <k <x, -7 <k® <a};

see Figure 1.2.
An alternative formulation is to write ®(x) = e™*¢(x) and seek, for all k € B,
solutions of the self-adjoint periodic eigenvalue problem:

(1.3)  Hy(kox) = (—(Vx+ik)® + V(x) )¢ = po(x), ¢ e L*(R*/A).

For each k € B, the self-adjoint elliptic eigenvalue problem (1.3) has a discrete
set of eigenpairs (up(k), dp(x;k)), b =1,2,3,..., where the eigenvalues may be listed
with multiplicity, in order:

1) < pia(k) < -+ < pplk) < -
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where {¢y(x; k) }»>1 can be taken to be a complete orthonormal sequence in L*(R?/A).
Moreover, the family of states @y (x;k) = e**¢y(x;k) where b > 1 and k € B are
complete in L?(IR?). The eigenvalue mappings ju: B — R are Lipschitz continuous |3,
10] and are called dispersion relations, and their graphs are called dispersion surfaces.
The collection of all dispersion relations is called the band structure of the periodic
Schrédinger operator, Hy . The spectrum of Hy acting in L?(IR?) is the union of the
closed real intervals: o(Hy) = p1(B) U pa(B)U--- U pup(B) U - -

1.2. Summary of results. We summarize our main results.
1. Theorem 4.1:

(A) We present general conditions on the admissible potential, V', for
the following scenario: there exists pugs € R such that for all vertices, M,
of B, ug is an L%,I*—eigenvalue of Hy of geometric multiplicity two, with
L3 -kernel(Hy — pgl) = span{®y, ®o}.

(B) There exist dispersion maps k — p— (k) and k — 4 (k), defined for
k € B with p_(k) < py (k) and such that for all vertices, My, of B we have
(M) = pg; the dispersion surfaces associated with p_ and py touch at
the energy/quasi momentum pairs (M, pg).

(C) The two touching dispersion surfaces are locally described by a nor-
mal form which is 7/2-rotationally invariant and, at leading order in |k—M,|,
homogeneous of degree two. In particular, for || = |(k1,k2)| = /KT + K3
small,

(1.4)

pe(M 4 k) — s = (1— @) + Qq(k) + ¢ (52 = 3) +26m\2 + Qg (k),

where @ € R and 3,7 € C are constants, and Qs(k) = O(|x|®) and
Qg(k) = O(|x[®) are analytic functions of x and invariant under 7 /2-rotation:
(Hl, /{2) — (—Hz, Iil).

(D) Corollary 4.2: If V' is, in addition, assumed to be reflection-invariant
with respect to the diagonal of the fundamental cell, 2 (see Figure 1.1), then
(1.4) reduces to

2
‘ + Qs(k) ,

(1.5) pe(M+ k) —ps = (1 —a)|s]* + Q(r) + \/ 2BK1k2
with the same notation as in (C).

2. Theorem 5.3: Consider H* = H.yy = —A + eV, where V is admissible and e
is real. Let V41 and Vi ¢ denote the (1,1) and (1,0) indexed Fourier coeffi-
cients of V' (see (2.4)) and assume the (generically satisfied) nondegeneracy
condition: Vi1 # Vi. Then, for all nonzero and sufficiently small €, there
are two dispersion surfaces of H¢, among the lowest four, that touch at the
vertices of B. In a neighborhood of each vertex, the local character given in
(1.4) or (1.5).

3. Theorem 6: There exists a discrete set C C R such that if ¢ C, then two
dispersion surfaces of H¢ touch at the vertices of B with local behavior de-
scribed by (1.4). The constants o € R, g € C, and v¢ € C in Theorem
5.3, and a® and ¢ in Theorem 6, displayed in (4.27), depend on the degen-
erate eigenspace, span{®5, ®5}, for quasi momentum. Hence, the property of
quadratically touching dispersion surfaces with local behavior given by (1.5)
holds for generic, even arbitrarily large, values of €.
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4. Lieb lattice potentials: Tight binding versus strong binding: The well-known
conical plus flat-band structure dispersion surfaces of the three-band tight-
binding model for the Lieb lattice does not persist in the Schrédinger operator
with periodic Lieb lattice potential consisting of potential wells centered on
the Lieb lattice; see section 1.3.

5. Numerical studies: In section 7 we discuss numerical simulations for various
admissible potentials for a full range of coupling parameters, € small to e
large. These include potentials which are superpositions of spatially localized
potentials, centered on vertices of the square lattice or the vertices of a Lieb
lattice. Our simulations corroborate our analytical results and are discussed
in this context.

6. Wave-packet dynamics; Appendiz B: A multiscale analysis demonstrates that
the envelope of the solution of the time-dependent Schrédinger equation,
10i)(x,t) = (—Ax + V(x))(x,t), for wave-packet initial data: (x,0) =
C1o(X) ®1(x) + Ca0(X) P2(x), where X = 0x = (X1, X2), and Cjo(X), j =
1,2, are in Schwartz class, evolves on large but finite time scales according to
a coupled system of Schrédinger equations (7' = §2t):

0 g 0

‘ a 2 2
(16)  i5Cp(X,T) = 7;,;1 e 3%

Co(X,T), p=1,2

5 &

Here, T2:¢ are the matrix elements of an (indefinite) inverse effective mass
tensor; see section 4.1. The branches of the dispersion relation of (1.6) are
given by the expression in (1.4).

A derivation of (1.6) is presented in Appendix B. A rigorous proof of the long
(finite) time validity would be along the lines of [1] or [10], for example.

1.3. The Lieb lattice, tight-binding versus continuum models, a band
structure instability. Our original motivation for the present study was to contrast
the band structure of the Lieb lattice tight-binding Hamiltonian (see, for example,
Nitad, Ostahie, and Aldea [19], Weeks and Franz [22]) with that of the correspond-
ing continuum Schrédinger operator with Lieb lattice potential in the high-contrast
(strong binding) regime, as studied via simulation in Guzméan-Silva et al. [12].

Our results demonstrate that the well-known flat-band plus conical structure near
the vertices of B does not persist in the regime of strong binding (finite deep atomic
wells at each lattice site) for the continuum Schrédinger operator.

This is in contrast to the case of honeycomb structures, where the Dirac (con-
ical) points of the tight-binding model of Wallace [21, 18] persist in the continuum
honeycomb Schrodinger operators [7, 9]. We now explain this in some detail.

The tight-binding model for the Lieb lattice is given by a Hamiltonian acting
on wave functions ¢ € [?(Z?;C3); for each (m,n) € Z?, vy, € C? is a vector of
three complex amplitudes assigned to the A, B, and C sites in the (m,n)th cell;
see Figure 1.1 (right). This model has 7/2-rotational invariance about any B site.
The detailed setup is presented in Appendix A. The band structure has three band
dispersion relations, whose graphs (dispersion surfaces) intersect at the vertices of
the Brillouin zone, B. Figure 1.3 reveals that the three dispersion surfaces which
meet at the vertex, M, of B consists of a constant energy dispersion surface (a flat
band, k — Eg " (k) = 0), and two other dispersion surfaces, k — EjT[B (k), which meet
conically at M. An analogous picture applies in a neighborhood of each vertex of B,
as seen in the left plot of Figure 1.3. The latter observation follows from symmetry
considerations.
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Fi1c. 1.3. Left: Dispersion surfaces of the three-band tight-binding model for the Lieb lattice.
The Brillouin zone is [—7r,7r]2. Right: A plot of the dispersion surface along the path I' — X —
M — T, as described in Figure 1.2. At the vertices of the Brillouin zone, the dispersion relation
has the structure of a conical intersection and a flat band. Our analysis shows that this structure
does not persist in the continuum Schrédinger operator which limits to the tight-binding model.

It is natural to contrast this behavior with that of the two-band tight-binding
model of Wallace (1947), introduced in his pioneering work on graphite [21, 18].
In this model, there are two dispersion surfaces which meet conically at the high-
symmetry quasi momenta, located at the vertices of the (hexagonal) Brillouin zone.
These conical points are called Dirac points.

The tight-binding model gives an approximation to the low-lying spectrum of the
continuum Schrédinger operator —A 4+ A2V, where V is a superposition of identical
potential wells, centered at the sites of a honeycomb structure, and A is sufficiently
large. It was proved in [7] for this strong-binding regime that Dirac points occur at
the vertices of the Brillouin zone and that, after a rescaling, the first two dispersion
surfaces converge uniformly to those of Wallace’s two-band tight-binding model. It
had earlier been proved in [9, 8] that generic Schrodinger operators, for the class of
honeycomb lattice potentials, have Dirac points within their band structure and that
these Dirac points persist against small perturbations of the potential which break
inversion or complex-conjugate symmetries; see Definition 2.3(ii) and (iii).

QUESTION 1.1. Consider a potential Vi,(x), formed as a superposition of identical
deep potential wells centered at the points of the Lieb lattice. Does the local band
structure near the vertices of B (a flat band plus two conically touching surfaces) of
the tight-binding model persist in the band structure of —A 4+ Vi, i.e., does this local
structure persist into the strong binding regime?

The answer is no, and the precise character of the local band structure is a con-
sequence of our analysis of 7/2-rotationally invariant potentials. Figure 1.4 displays
the family of three curves obtained by sampling three dispersion surfaces of —A+ V7,
two surfaces that touch at the vertices of B and the nearest to these among all others,
for a choice of deep atomic potential wells. The two curves which intersect are locally
described by (1.4).

Remark 1.2. In [1, section 6] results on homogenized effective equations were
obtained for the dynamics of wave packets, which are spectrally localized near an
isolated (quadratic) spectral band edge. The authors also consider the cases of both
simple and degenerate eigenvalues occurring at a band edge, derive a system of cou-
pled Schrédinger envelope equations, and remark on the nongenericity of degenerate
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Fi1G. 1.4. Dispersion surfaces for —A + Vi, sampled along two different quasi-momentum seg-
ments through the high symmetry quasi momentum, M. Here, Vi, is the periodic potential whose
restriction to the primitive cell is Vi, (x) = —Vo(e*|"‘2/" + e~ Ix=(1/2,0%/0 4 e*‘x*(0’1/2>‘2/").
Segments are of the form k = M + A(cos 0,sin0)? for A € (=Xo, Ao) with 6 = 7 (left) and 6 = %
(right).

eigenvalues at a band edge. Although nongeneric in the space of all potentials, the
results of this article show in the presence of symmetry, for example, the symmetries
of our P o C and m/2-rotationally invariant (admissible) potentials, such systems are
realized in many physical settings of interest.

1.4. Outline of the paper. In section 2, we define the class of admissible po-
tentials considered here, characterize the Fourier series of such potentials, and develop
tools for Fourier analysis in the spaces, Li for k € B. In particular, L%, has direct sum
(orthogonal) decomposition into eigenspaces, L%/LU (o0 = £1, i), of the 7 /2—rotation
operator, R, which acts unitarily on L%,.

In section 3 we study spectral properties of the free Laplacian, —A, in L};. In
particular, we show that —A has fourfold degenerate L3 eigenvalues (we consider the
least energy such), which correspond to four simple eigenvalues, one in each of the
invariant subspaces, Li,[’g .

In section 4 we state and prove Theorem 4.1 and Corollary 4.2, which give suf-
ficient conditions for the quadratic touching of two dispersion surfaces at the high-
symmetry quasi momenta, situated at the vertices, My, of B. These results also dis-
play the detailed expansion of the dispersion maps in a neighborhood of these quasi
momenta.

In section 5 we verify the hypotheses of Theorems 4.1 and Corollary 4.2 for Hamil-
tonians of the form H® = —A + &V, where V is admissible, for all ¢ real, sufficiently
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small and nonzero. This then proves the existence of quadratic degeneracies at high-
symmetry quasi momenta as described in Theorem 4.1 and Corollary 4.2 for the
regime of sufficiently weak coupling (low-contrast).

In section 6, we consider H* = —A + ¢V, where ¢ is real and nonzero, but not
restricted by size. Theorem 6.1 states that the small e-results persist for all nonzero
real ¢ except for a possible discrete set of e-values. The proof, based on arguments in
[9, 8], is sketched.

Section 7 summarizes a range of computational experiments that corroborate our
analytical results.

Appendix A summarizes the formulation of the tight binding for the Lieb lattice;
see section 1.3.

Appendix B summarizes a multiple scales asymptotic expansion yielding a coupled
system of time-dependent Schrédinger equations, which govern the evolution of wave-
packets, which are spectrally concentrated in a neighborhood of high-symmetry quasi
momenta, M, € B.

Finally, in Appendix C we provide the details of a calculation of coefficients
occurring in the leading order expression for the touching dispersion surfaces in the
weak coupling (¢ nonzero and small) regime; see also Corollary 5.4.

1.5. Notation. We remark on some frequently used notation and conventions.
1. Repeated indices are understood to be summed unless otherwise specified.
2. For m € Z2, mk = miky, +moks, where ki and ko are the dual lattice basis

vectors defined below in (2.2).
3. (f,9) 12(m2/n) = (f,9); if not indicated the inner product is understood to be

taken in L2(R2/A).
2. The lattice A and admissible potentials.

2.1. The square lattice. We begin with the lattice A = Zv; @ Zv,, where

2.1) vi—a (é) and vs —a (‘f) .

The constant, a, is the lattice constant giving the distance between nearest neighbor
sites. The dual lattice, A*, is generated by the vectors

1 (27w 1 (0
(2.2) ki=a (0)and ko=a (27r>'

For simplicity, we assume a = 1. The Brillouin zone, B, is given in (1.2); see Figure
1.2. We have the relations k; - vy, = 276, 4, for [,m =1, 2.
Let R be the 7/2-clockwise rotation matrix

(2.3) R= (01 (1)) .

We record the elementary relations: R*v; = vo and R*vy = —vy, and Rk; = —ko
and Rky = k;. It follows that R and R* map A to itself and A* to itself. Denote the
vertices of B by

MEM++=(7T,7T)T, M, =(m-m7%, M__=(-m-n)t, M_, =(-mn)T.

+- -+
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Then, the set of vertices of B is mapped by R to itself:
M, =RM=M-ky, M =RM=M-k;-k;, M, =RM = M—k;.

+

Furthermore, R maps the affine sublattice M 4+ A* one to one and onto itself. See
Figure 1.2.

Remark 2.1. Note that the pseudoperiodic boundary condition associated with
quasi momenta located at the vertices of B are the same and correspond to M-
pseudoperiodicity, i.e., for any choice of (a,b) € {+,—}, we have ¥(x + v;My,) =
e™MVa(x; Myyp), x € R, v € A. Therefore, for any M, € M + A, the space L%/[* can
be identified with Li;. Furthermore, the local character of dispersion surfaces in a
neighborhood of any vertex of B determines the local character in a neighborhood of
any other vertex of B.

2.2. Admissible potentials. For any function f defined on R2?, we define the
7 /2-rotational operator
R[f](x) = f(R™x),
where R is the 7/2-clockwise rotation matrix displayed in (2.5).
We consider smooth (say, C*°) periodic potentials V(x) = V(z1,22) defined on
R?, with fundamental period cell Q = [0,1] x [0,1]. Any such V can be represented
as a Fourier series:

(24) V(X) _ Z Vmeiml_{x — Z ‘/mlmze27ri(m1ac1+771212)7

meZ? (m1,m2)€EZ?

where Vi, = (2m)72 [ e_iml:"‘V(X)dx7 and mk = m; k; + moks.

DEFINITION 2.2 (P, C, and R invariance).
1. Given a point x € R?, its 7/2-counterclockwise rotation about X., denoted
XR, satisfies Xgp — X, = R* (x — x.). If

(2.5) RIV](x) = V(xr) =V(x)

for all x € R? we say that V (x) is R-invariant, or w/2-rotationally invariant,
with respect to X..

2. Given a point x € R?, its inversion with respect to X., denoted Xz, satisfies
X7 —%X. = — (x—x.). If V(Xz) = V(x) for all x € R? we say that V(x) is
P-invariant, parity invariant, or inversion symmetric with respect to X..

3. We say that V(x) is C-invariant or invariant under complex conjugation if
V(x) = V(x) for all x € R?.

We shall study potentials which are real-valued, smooth, and invariant under PoC
and R-invariant (invariant under 7/2 rotation). We call such potentials admissible.

DEFINITION 2.3 (admissible potentials). An admissible potential is a smooth
function, V(x), defined on R? with the following properties:

(i) A-periodicity: V(x +v) = V(x) for all x € R? and v € A.
There exists x. € R? with respect to which (in the sense of Definition 2.2)

(ii) V is C-invariant;

(iii) V is P-invariant; and

(iv) V is w/2-rotationally invariant.

Throughout this paper we shall assume, with no loss of generality, x. = 0.

In some of our results we consider admissible potentials which are also reflection
invariant. Such potentials have the full symmetry of the square lattice.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

BAND DEGENERACIES OF SCHRODINGER OPERATORS 1693

DEFINITION 2.4 (reflection invariance). An admissible potential, V(x), defined
on R? is reflection invariant if V(z1,12) = V(xa,21).

We introduce two basic examples of admissible potentials, each obtained as a sum
of translates of a fixed atomic potential:

Ezample 2.5 (square lattice potential). Let V(x) = > .7 Vo(x + m), where
Vo = Vo(]x]) is a real-valued, radially symmetric, sufficiently rapidly decaying “atomic
potential.” We call V(x) a square lattice potential. Tt is easily seen that this class of
potentials is admissible with x. = 0.

Ezample 2.6 (Lieb lattice potential). We fix the fundamental period cell to be
the square with side-length one. Within a fixed cell are three points, labeled A, B, and
C; see Figure 1.1 (right). The Lieb lattice, L, is the union of three sublattices: A+7Z2,
B+ 72 and C+Z2. A Lieb lattice potential is given by V(x) = 3 Vo(x + w),
where Vo = Vj(|x]) is a real-valued, radially symmetric, and rapidly decaying atomic
potential. Lieb lattice potentials are admissible with x. = 0. An example of an atomic
Lieb lattice potential is displayed in Figure 7.4.

The next proposition states that if V' is an admissible potential in the sense of
Definition 2.3, then the operator Hy acting in Li has an additional symmetry for
ke M+ A*

PROPOSITION 2.7. Assume V is an admissible potential in the sense of Definition
2.3. Then Hy = —A +V and R map a dense subspace of L3, to itself. Moreover,
restricted to this dense subspace of L3, the commutator [Hy,R] = HyR—RHy = 0.
In particular, if ®(x) is a solution of the M-pseudoperiodic eigenvalue problem for
Hy for energy E, then R[®](x) is also a solution of the M-pseudoperiodic eigenvalue
problem for Hy with energy E.

Proof. Note first that —A commutes with rotations and the operator ® +— V@,
where V is an admissible potential, commutes with /2 rotations. Furthermore,
assume P (x) is M-pseudoperiodic and define ®r(x) = ®(R*x). Then, for allve A =
7? and all x € R?%: Op(x+v) = B(R*x+ R*V) = M VH(R*x) = ¢/IMVP(R*x) =
e!M-k2)VPH(R*x) = ™M VP p(x). For more detail, see an analogous result in [9]. O

2.3. Fourier series of admissible potentials. The following proposition im-
plies constraints on the Fourier coefficients of admissible potentials.

PROPOSITION 2.8. Let V(x) be in C*°(R?/A). Then, for all m = (my,mz) € Z?
1) V(=x) =V(x) = Vin=V_m,

(i) V®) = V(xX) = Vin=Vom,
(i) RIV](X) = V(X) = Vinymy = Vomgm -

Proof. Parts (i) and (ii) are straightforward. Part (iii) makes use of the action of R
on the dual lattice basis {kj,ks} or equivalently R* on the lattice basis {vi,vs}. 0O

Note that we may iterate the relation in part (iii) of Proposition 2.8 to obtain
(2~6> Vinime = Vemamy = Vemg —ms = Ving,—m, -

Introduce the mapping R : Zf — 72 defined R(my,ms) = (=mz,m1) and therefore
RQ(ml,ng) = (—my, —ms), R3*(my,ms) = (ma, —my), and R*(my, ms) = (m1, ms).
Thus, R* = R? = Id, and
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Note that 0 is the unique element of the kernel (and fixed point) of R and further-
more every m # 0 lies on a nontrivial 4-cycle of R, the set {(m1, msa), (—ma, my),
(—my, —ma), (ma, —m1)}. Let m and n be elements of Z?\ {0}. We say that m ~ n

if m and n lie on the same 4-cycle of R. The relation ~ is an equivalence relation
and partitions Z? \ {0} into equivalence classes, (Z*\ {0})/ ~. Let S denote a set
consisting of one representative element from each equivalence class.

PROPOSITION 2.9. (a) Let V' denote an admissible potential in the sense of Defi-
nition 2.3 and let Vin = Vin, m,, for m € Z2, denote its Fourier coefficients; see (2.4).
Then,

V(z1,22) =Voo + Z 2Viny ims | €Os (27 (maz1 + maxa))
(m1,mz)eS
(2.8) + cos (2m(mexy — myza)) |.

(b) If V' is also reflection invariant (V(x1,x9) = V(xa,21)), then

(2.9) V(z1,22) =Vo,0+ Z 2Vin.m [ cos (2mm(z1 + 22)) + cos (2am(z1 — 22)) |-
meZ

Proof. Expanding V' (x) in a Fourier series, and using the relations in (2.7), we
obtain

V(X) =V + Z Ven (eimﬁ-x + ez(ﬁm)lzx + ei(ﬁQm)E-x +ei(7§3m)ﬁ~x ) ]
mes

Adding this expression to its complex conjugate and dividing by two and using that
the coefficients Vj, are real (Proposition 2.8(i) and (ii)) implies

Vix)=Vo + Z Vi ( cos(mk - x) + cos ( (Rm)K - x )

meS
+ cos ((752111)12 : X) +cos ((ﬁ?’m)ﬁ : X) ) ’

which reduces to the expression in (2.8). Thus part (2.9) is proved.
Suppose V' additionally is reflection invariant in the sense of Definition 2.4. By
(2.8) this is equivalent to

Z 2V, ms [ €08 (2m(mez1 + mixe)) + cos (2w(meze — mixy)) ]
(m1,m2)€S

= Z 2Viny ms [ €O (2m(myz1 + mex2)) + cos (2m(mezs — mixe)) | .
(ml,m,g)eg

It follows that for all x1, 2,

(2.10) cos[2m(max1 + myxe)] + cos[2m(mazy — myxy))

— cos[2m(myx1 + mex2)] — cos[2m(maxz1 — mixa)] = O.
Using trigonometric identities, (2.10) reduces to
f1(z1, 2) = sin(2rmazy) sin(2rmyxo) = sin(2rmy 1) sin(2rmazs) = fa(xy, 22).

This implies that the Fourier coefficients of f; and f, match and therefore
mip = mao. O
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2.4. Fourier analysis in Li/l*. In this subsection, we characterize the Fourier
series of functions ¢ € L%;. Such functions may be expressed in the form ®(x) =
e™M>p(x), where ¢(x) is A = Z2-periodic. Thus, ® has the Fourier representation

(211) Cb(x) = eiM'x Z C(m1’m2)ei(m1k1+m2k2)-x,

(m1,mz)€EZ2
which we rewrite as

(212) (I)(X): Z C@(ml,mg)ei(M+mlk1+m2k2)'x _ Z C@(m)eiMm'x,

(m1,m2)€Z? meZz?

where M™ = M + mk = M + miky + moks € M + A*. We denote the Fourier
coefficients of a specific ® € L3; shown in (2.12) as ce(m) or ¢(m; ).

Next, observe that the transformation R: f — R[f](x) = f(R*x) is unitary on
L and so its eigenvalues lie on the unit circle in C. Furthermore, if R® = 0® and
® #£ 0, then since R* = Id, we have that ® = R*® = 0*®, so that o* = 1. Therefore,
o€ {+1,-1,+i,—i}.

This induces a decomposition of L§; as an orthogonal sum of eigenspaces of R:

(2.13) Ly = Li/m @L%/I,—1 @L%/I,i @L%/I,—i )
where
(2.14) Litoe = { feLis: Rlfl=0f}, oe{l,—1,i,—i}.

Remark 2.10. The spectral theory of H in L3, can be reduced to its independent
study in each summand subspace in the orthogonal sum (2.13).

Our next goal is to characterize Fourier series of functions in the orthogonal
summands L%\/I,a for ¢ = £1,+i. We first apply R to ®, represented as a Fourier
series in (2.12). Note that

RM™ = R(M + mk) = RM + R(mik; + moks)
= M + mok; + (=1 —my)ky = M™2 717

and define (taking some liberty with notation)
Rm = R(my, ma) = (mae,—1 —myq)

and hence R™'m = R~ (my,ms) = (—m2 — 1,m4) . The mapping R acting on L3,
induces a decomposition of Z? into orbits of minimal length four,

(m1,m2)® = (ma, =1 —m) R = (=1 —my, —1 —my)®

(2.15) = (=1 —mg,m)® — (m1,ma),

3Sm = (=1 — mg,m), and R*'m =

and we write R?’m = (=1 — my,—1 — ma), R
(ma1, ma).

For m,n € Z? we write m ~ n if m and n lie on the same orbit under R. We
denote by S any set containing exactly one representative from each equivalence class

in 72/ ~.
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Remark 2.11. One such equivalence class is {(0,0), (0, —1),(—1,—1),(—1,0)} and
we choose (—1,0) as its representative in S. In section 5 we shall define St =

S\ {(0,-1)} and write S = {(—1,0)} US+.
In terms of the above notation we have
(2.16)
RM = M™>~17m = MRm,
'R[‘I)](X) _ oiMx Z C@(ml’ m2)ei(mzk1+(*177n1)kz)-x _ Z C¢(m)eiMRm'x
(m1,m2)€Z? meZ2

Therefore, cry(Rm) = c4(m). Note that

(2.17) R7'm =R’m = (—-my — 1,my),

(2.18) R?m =R*m = (-1 —my,—1 —my), and
(2.19) R7°m = Rm = (mgy, —my — 1).

Hence,

(2.20) crio(m) = cp(R*7m), j=0,1,2,3.

The Fourier series of ® € L2, satisfying the pseudoperiodic boundary conditions, may
be expressed as a sum over 4-cycles of R:

(2.21)
o(x)= Z co(m)e™™ X g (Rm)e ™M™ * 4 g (R m)eiRzNIm *tep(RP m)eiRzMm x
meS

We next study the Fourier representation (2.21) in the case where ® € L%/LU for
o ==+1,+1i.

PROPOSITION 2.12. Let ® € L3,;. Then,
Pcli, < c(Rm) = o7 cp(m), j=0,1,23.

In particular,
RO =3 <= c(m)=c(Rm)=c(R?’m) = c(R*m),
RO = -0 <= c¢(Rm)=—c(m), ¢(R’m)=c(m), ¢(R*m)=—c(m),
RP =i® <= c¢(Rm)= —ic(m), c¢(R*m)=—c(m), ¢(R*m) = +ic(m),
R® = —i® <= c¢(Rm) = +ic(m), c¢(R’m)= —c(m), c¢(R*m)= —ic(m).
Proof. Suppose ® € L3, and R® = o0®. Then, R?® = ¢2® and R3® = 039.

Correspondingly, crig(m) = UJCq)(m) for j = 0,1,2,3. By relations (2.20) we have

c3(R*7m) = crip(m) = 0’cep(m) for j = 0,1,2,3. Replacing j by 4 — j completes

the proof. ]
Applying Proposition 2.12 to (2.21) we obtain the following.

PROPOSITION 2.13. Let 0 € {+1,—1,+i,—i}. Then, ® € L%,
there exists {c(m)}mes in 12(S) such that

(2.22) O(x)= Y c(m 204 it M™x

meS

if and only if

e

In detail,
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L. ®e Ly, <= there exists {c(m)}mes € I*(S) such that

(2.23) O(x) = Z ¢(m) (eiMm'x _ jeBMTx eiRQM"‘.x i ieiRst'x> ’
meS

2. ®eLiy ;, < there exists {c(m)}mes € 1*(S) such that

(224) ®(x)= Y c(m) (eiM""" 4 jelRM™x _ GiRTM™x ieiRSM"’"‘) ,
meS
3. ® €Ly, <= there exists {c(m)}mes € 1*(S) such that
(2.25)  ®(x) = Z ¢(m) (eime 1 g RM™x | iRPM™x eiR3Mm~x) ’
mes
4. ® e Lyy , < there exists {c(m)}mes € 1*(S) such that
(2.26)  ®B(x) = Z c(m) (ez’Mm~x _ (IRM™x  (iRPM™x ez’R3Mm‘x) )
mesS

Finally, P o C is a bijection between L3y, and L3, If co(m),m € S are the

7_1'

Fourier coefficients of ® € L%/I,i , then c(pocyp(m) = cp(m), m € S are the Fourier

coefficients of (PoC)® € Ly, _; -
3. HOY = —A on Li/I: A fourfold degenerate eigenvalue. We consider

the eigenvalue problem (1.1) for the case V = 0. Let H®) = —A.

(3.1) HO3© = ,0k)® o ¢ 12,

Equivalently, take ®(© (x; k) = e’**¢(%) (x), where ¢(©)(x) € L?(R?/A). We have
(see (1.3))
HO )" = —(V +ik)?6" = @ ()9,

3.2
(3-2) PO(x+v) =90 (x), veA.

For my, mo € Z, the eigenvalue problem (3.2) has solutions of the form

¢(0) (x;k) = ei(m1k1+m2k2)~x’ K € B,

my,msa

with corresponding eigenvalues

(k) = |k—|—m1k1 —|—m2k2|2, k € B.

0
/Lgnz ,mao

The dispersion relation for the free Hamiltonian, H(®), is plotted in Figure 3.1.
The following result concerns the spectral problem for the high-symmetry quasi
momentum k = M (and by Remark 2.1 all vertices of B).

THEOREM 3.1. Let k =M and o = £1, +i:
1. ug)) = [M|? = 272 is an L3;-eigenvalue of multiplicity four with correspond-
ing four-dimensional eigenspace given by

Li; — Kernel ( HO — ugo)ld ) = span{ eMx iRMx (iR*Mox eiRSM'x} .
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FIG. 3.1. Dispersion surfaces of H(®) = —A. Left: The first five dispersion surfaces are plotted
over the Brillouin zone, [—7r,7r}2. Each surface is plotted using a different color. (The first is blue,
the second is red, etc.) Some level sets of the dispersion surfaces are indicated with black lines.
Right: The same dispersion surfaces are plotted along the circuit ' — X — M — I, displayed in
Figure 1.2. The colors match the plot on the left. As shown in Theorem 3.1, there is a multiplicity
four L2, -eigenvalue p(® = [M|? = 2x2.

2. HO acting in L12v1,a has simple eigenvalue ,ug)) = |M|? with corresponding

etgenspace:

L3s,, — Kemel ( B — u{1d ) = span {o0},

where @go) are defined as follows:

(34) 0)(x) = ™Mx p fMx | RIMx g iRMx g2
(3.5) <I>(_O%(x) = ¢Mx _ giRMx 4 iRPMx _ iRMx ¢ L12v[,—17
(3.6) ‘I’S?i)(x) = ¢Mx _j ifMx _ iRPMx g oiRPMx ¢ L%/I,H?
(3.7) <I>(_0i)(x) = eMx | GiRMx _ iRPMex _ iRPMex o L%\/L—i'

Furthermore,
L12v1 — Kernel ( HO — pgo)Id )
= span{ @52(") }@span{ ‘I’(_O%(X) }

EBSpan{ @S?B(x) }EBspan{ <I>(_Oi)(x) }

3. Mgo) =212 is the lowest eigenvalue of H® in L3,

Proof. The function e’** is an L-eigenvalue of —A with eigenvalue |k|?. Since
vertices of the Brillouin zone, M, RM, R?M, and R3M, are equidistant from the
origin and are all equivalent modulo A*, we have ,ufgo) = [MJ* = 27% is an L§,-
eigenvalue of multiplicity at least four with eigenspace contained in the span of the
functions e™M*  itMx eiRzM‘x7 and ei®M*_ To show that ug?) is of multiplicity
exactly four, we seek to find m for which [M™|? = [M|?. Using M™ = M + m 1 k; +
maoka, we have [M™|? — |M|? = (27)2 [m? +m3 + mq + m2] , which vanishes only
if m = (0,0),(0,—1),(=1,—1), or (—1,0). These four possibilities correspond to the
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four vertices of B. Thus, M(SO) is of multiplicity exactly four. This proves part 1.
Part 2 is a consequence of Proposition 2.13 and its proof. Part 3 holds because
m? +m3 +my +ma > 1> 0 for m = (my,ms) ¢ {(0,0),(0,-1),(-1,-1),(-1,0)}
and therefore [M™|2 > [M|? + (2m)? > |M2. 0

4. Twofold degenerate L3, eigenvalues imply quadratic touching of dis-
persion surfaces.

THEOREM 4.1. Let H = —Ax + V(x), where V(x) is an admissible potential in
the sense of Definition 2.3. Assume that i, is a twofold degenerate L3, eigenvalue of
H. More specifically,

(H1) H has a simple LvaH etgenvalue ps with corresponding normalized eigen-
function ®1(x) = e™M*¢,(x);

(H2) H has a simple L12v[,— etgenvalue g with corresponding normalized eigen-
function

i

0y = (P oC) [@1)(x) = @1 (—x) = ™M p(x),
and we shall also use the notation ®1 = @) and P2 = P(_y);
(H3) pg is neither an L%\/I,—H nor an LIQVL_leigenvalue of H.
Then, there exist dispersion relations k — p (k) associated with the L} -eigenvalue

problem for H, whose local character in a neighborhood of the high-symmetry quasi
momentum, M (and therefore all vertices of B), is given by

(4.1)

peM + k) — ps = (1 — a)||* + Qs(k) =+ \/‘ (k% — k3) + 2BK1k2 ’ + Qs(k)

for |k — M| = \/k? + k3 small. The constants o € R and 8,y € C are inner prod-
uct expressions which are quadratic in the entries of V@1 and V«®Py; see (4.27).
The functions Qg(k) = O(|k|°) and Qs(k) = O(|k[®) are analytic functions of k and
invariant under w/2 rotation: (k1,k2) — (—Ka, K1).

The proof of Theorem 4.1 is given in section 4.1.

COROLLARY 4.2. Assume hypotheses of Theorem 4.1. Assume further that with
respect to the origin of coordinates, x. = 0, we have, in addition, that V is reflection
invariant in the sense of Definition 2.4, i.e., V(x1,x2) = V(x2,21). Then,

‘2 + Qg(k) .

(4.2) Mi(M + ,‘ﬁ) — s = (1 - Oz)‘ﬁ|2 + QG(H) + \/‘ 2Bk 1Ko
Before presenting the proofs of Theorem 4.1 and Corollary 4.2, we state a result
on the instability or nonpersistence of the quadratic degeneracies of Theorem 4.1

against a class of real-valued perturbations which preserve Z2-periodicity and inversion
symmetry but break m/2-rotational invariance.

THEOREM 4.3 (nonpersistence of quadratic degeneracy). Consider H" = —A +
V +nW, where V is admissible. By Theorem 4.1,

o HY has an L3;-eigenvalue ps of geometric multiplicity two, and

e g has an associated orthonormal basis {®1, Do} with 1 € L%,Li and Oy(x) =
(I)l(—X).

We introduce a class of perturbations, W, consisting of real-valued functions which
are Z2-periodic and even but which do not respect w/2-rotational invariance, i.e.,
R[W] # W. In particular, we assume that
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1

(a) Plot of Potential V + nW (b) Dispersion Curves; Inset Shows Splitting at M

Fic. 4.1. The admissible potential V in Figure 7.4 with the additional perturbation W =
2cos((k1 + k2) - x).

(4.3) (1, Wds) £0 .

Then, the twofold degenerate eigenvalue splits into two simple eigenvalues, v4, given
by

(4.4) vi = pg +n(@1, W) £ [(®1, Wds)| + O(n?).

We omit the proof of Theorem 4.3, which follows from the degenerate perturbation
theory argument; see section 9 (particularly Remark 9.2) of [9] and section 5 of [17].

Remark 4.4. Tt is easy to verify that if W is real-valued, Z2-periodic, even, and
7 /2-rotationally invariant, then (@1, W®5) = 0.

Remark 4.5. We provide an example of such potential W that is even, is not
7 /2-rotationally invariant, and has the property (®5, W®5) # 0. We set

Wo(x) = 2cos((ky + ko) - x).

Then, R[Wy] = 2cos((k; + ka) - R*x) = 2cos(R(ky + k2) - x) = 2cos((k1 — k2) - x) #
Wo(x). We obtain (@5, Wp®5) = —2+ O(e) # 0 for £ small.

Other examples which satisfy the hypotheses of Theorem 4.3 are Wy (x) = 2 cos(k; -
x), Wa(x) = 2cos(ks - x), and W3(x) = 2cos((k; — ko) - x). We omit the lengthy
but elementary verification. A numerical illustration of Theorem 4.3 is presented in
Figure 4.1.

4.1. Proof of Theorem 4.1 on conditions for quadratic degeneracy.

4.1.1. Reduction to the study of det M(u,x) = 0 for a 2 X 2-matrix-
valued analytic function (u, k) — M(u, k) in a neighborhood of (0,0). The
proof follows closely that of Theorem 4.1 of [9]. For ® € L} as ®(x;k) = e**¢(x; k),
where ¢(x;k) is A-periodic. Let H(k) = (—(Vx + ik)? + V(x)). We study the
eigenvalue problem H (k)¢ (x;k) = pd(x; k) for k = M+k and | x |< 1. In particular,

[—(Vx +i(M+£)*+V(x)] ¢ = p o,

(4.5) ;
d(x+v)=¢(x) forall ve A, xeR
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We seek a solution of (4.5), p = u(M + k) and ¢ = ¢(x; M + k), in the form
(16) pM 1) = s+, 906 Mt ) = 60 + 6,

where
¢ € kernel(H(M) — psI), ¢ L kernel(H(M) — ugI),

and p™) are to be determined. Substituting (4.6) into (4.5), we obtain
(A7) (HM) = pusD)oD = (2in - (VM) = s+ p D) (6@ +6D) = FO.

The right-hand side of (4.7) depends on ¢(©) € kernel(H (M) — poI), which, by hy-
pothesis, is expressed for constants oy, s to be determined,

¢ = a1 ¢1(x) + azga(x),

4.8 i
(45) 0(x) = ™MD (x).j = 1,2.

We next construct ¢(1). Introduce the orthogonal projections Q) onto the two-
dimensional kernel of H(M) — usI and Q1 = I — Q. Note that Q”z/z(l) =0,
Q.9 =0, and QM = (). Equation (4.7) is of the form (H(M) — pgI)opH) =
FW(ay, as, k, pM, ¢M) and can be expressed as an equivalent system for (¢(1), p(1)):

(4.9) (HM) — psp™M = Q1L FY (o, ag, r, u, o),
(4.10) 0= Q”F(l)(al, s, K, ,u(l), ¢(1)).

We proceed as in [9]. We introduce the resolvent Rn(ps) = (H(M) — pusI)™t,
which is a bounded linear map from Q; L?(R?/A) to Q) H?(R?/A). Equivalently,
R(pns) = (H — psI)~! is a bounded linear map from Q| L3, to Q H3;, where Q and

@, are the orthogonal projections onto span{®;, ®s} and its orthogonal complement.
For |k| and |u(1)| sufficiently small, we have

(4.11) oW = ay Wk, uM](x) + az P ]r, uM](x),
where

DL, sV (x) = (1 + Raa(pis)Qu (=20 (V4 M) + - —u(”))_l
o (Rm(ps)QL (2ik - (V +1iM)) ¢;) ,

(4.12)

where (k, uM) — @[k, uM] is a smooth mapping from a neighborhood (0,0) €
R? x C into H?(R?/A) satisfying the bound [|c|| g2 < C( |s]* + [pW||s]);5 = 1,2.
Substituting (4.11) into (4.10), we obtain a homogeneous system

MM, k) (g;) =0.

We therefore have the following characterization of eigenvalues, p = ug + p(t) for
|| small and k = M + &, with & near zero.

PROPOSITION 4.6. Let k = M + k with |k| < kmax sufficiently small. Then, for
= s+ pY, with |pM| in a small neighborhood of 0, is an L3 -eigenvalue if and
only if det M(p™M k) = 0.
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The matrix M(u), k) is given by

(4.13) MW, k) = MO, k) + MO, 5),
where
(4.14)
MO (D) k) = (u(l) — ,Z(I):’ ;rlliq)lv,?pz:; Vo) o qu)z 3-1/2@:(21)@2,3 vq)2>>
and

(4.15) MO (M k) = (<‘I’h 2ir - VO (e, p D)) (1, 2 VC(Q)(“’“(I;)i
. ) - ) :

<¢2, 2ir - VOO (k, ,u(l))> <<I>2, 2ir - VO @ (k, u

Using the relations (V + iM)¢; = e "M>XV, eM*gp. = ¢=™MxY &, we have
CO [k, uM](x) = eM*cl) [k, uM](x), where (®;, CW)) =0 for 4,5 = 1,2.

Remark 4.7. Given real 4! and , the matrices M, M and M® are Her-
mitian matrices.

We conclude this section with an elementary lemma which we use, along with
symmetry, to simplify the matrix entries of M(u("), k). We denote Mﬁ)p (pM), k) =
(@, 2ik - VCU2 (5, uM)) .

LEMMA 4.8. Suppose f: R? — R2, f € L%(Q) satisfies f(R*x) = f(x), where R*
is the counterclockwise rotation matriz by 7w/2. Then,

(4.16) VxR[fl(x) = R R[Vy fl(x) or 0z, R[f|(X) = Rar R[0y, f](x).

Proof. Let y = R*x or y, = R;;x;. Therefore r — R Fixae {1,2}. Then,

) OXq

(4.17) Oz, RIf1(x) = Oz, f(R™X) = RarR[0y, fI(%) = {RR(V)}.. d

4.1.2. Symmetry implies det M(u), k) has no linear in k terms for
k| <K 1.

ProrosiTION 4.9.
(4.18) MO (D) k) = ( p —k ok ) x L,
and therefore
(4.19) MO, k) = (pD = w0 ) X L, + MO, )

Recall from the hypotheses of Theorem 4.1 that ®; € Ly, ,, and ®3 € Lg; ; and
therefore R[®,](x) =%~ &,(x), ¢ = 1,2.

ProrosITION 4.10. For ji,j2 = 1,2,
<q)j1 ) v(I)j’z>L2(Q) =0.

Proof. Choose j1,j2 € {1,2}. Using that R is unitary and Lemma 4.8, we have
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<(I)j17qu)j2> = <R[q)j1]7R[Vy(I)j2]>L2(Qx)
R (R[®;,], VxR[P),]) 2,

_ Z-z(jrjl)R*<<I>jl,Vx<I)j2>

= <R[(I)j1]a R*VxR[q)hDL?(nx)
_ R* <i2j1—1q)j1 , vxi2j2—1(b .

J2>L2(Qx)

L2(Qy)

L2(0x) "

It follows that either i2(/2771) is an eigenvalue of R or (®;,,Vx®,,) = 0. But the
eigenvalues of R are +i, and since j, — j; is an integer, i2(72791) is real. We conclude
that (®;,, Vx®,,) = 0 for all j1,j2 = 1,2. The proof of Proposition 4.10 is complete.

Remark 4.11. As observed in section 4.1.1, [|CY) (k, u) || g1 < || + 6|2 + D],
we have from Proposition 4.9 that M(u™, k) = (™) —|k|?) Taxa + Oaxa(|r]? + K[> +
1] |k|). Therefore, det M(u(1), k) = 0 has solutions u) = O(|x|?). We next obtain
the precise quadratic dependence on k of M(l)(u(l), ) and then give a more precise
expansion of solutions to det M(u™), k) = 0.

4.1.3. Quadratic in x terms of det M(u®,k) for |k| < 1. We next

expand Mﬁ)h (™M, k) for |k| and || small. Recall first (4.12), the relations listed

after (4.15). Then, Q, CD [k, uM] = CD [k, uM], where

CD[r, uM] = (I + R(us)Q L (—2m Vkk— u(”))f1 ° (R(us)@ (2ir- V) ‘Pj)

(4.20) = (140,81 + [0V ) o (R(us)Qu 20k V) @)
Furthermore, recalling that @ 104, P, = 05, Py, (Proposition 4.10), we have
Mg?jz (M(l)v H) = <(I)j1 ) 205 - vc(jZ)(Ha ,u(l))> = <©L2i/€ : V(I)jlaéLC(jrz)(K‘v M(l))> .

Therefore, by (4.20) we have for ji,jo = 1,2 and s € R?,

2
MDD, 8) =437 (@100, D5,, R(s)Q 1 Do s )t i + O (Il + 6V [ )

l,m=1
2
(4.21) =43 (0@ R(15)s,, @32) 1 tom + O ([ + 10V [1] )
l,m=1
(4.22) = 45T AR g | 0( 6] + V)] |/<;|) ,

where (4.22) defines the matrix A7172 with entries
(4'23) a’{}?’;"zz = <awl¢j17gz(lus)aw'm¢j2>7
We proceed now to use symmetry to deduce the structure of the matrices A7172,
LEMMA 4.12. For fized j1,jo € {1,2}, we have the following:
(4.24) RTAII2R = 20200 gz
where R denotes the w/2-rotation matriz displayed in (2.5). Therefore,
ji=je=j = RT AW R = AW,
J1 # Jo — RT Adviz B = _AdrJz,
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Proof. We will use Lemma 4.8, R[0, f](x) = RuR[Dy, f](x). Since R is unitary
and commutes with R(ug),

RTATT2 g = (0,51, R(115)Dy,, B 1a) o o il
= (R[0y,®;,], R(ps) ROy, Pjol) 2, Kikim
= (R0, RI®;,], R(ps) RymR10s,85]) 0, Ktkim
= (04, 17 1, R(ps) 0, i 7B,
= 20279)(0,, B, R(1s) D, ©j,)
= 202730 (Rg)T A2 (Ri).
Since & is arbitrary, A%z = ;22— RT Ajvdz R, ;

LEMMA 4.13. Assume R is the w/2-rotation matriz, (2.5), and A = (a;;). Then,

£2(0) R Kqum Rm,

2260y (B ) (RK) g

—a12 G11

(1=js) RTAR =4 — A:(““ “12)7

Gi#)) RIAR=-A4 — A—@E_gi)
CLAIM 4.14. Let At be the conjugate-transpose of A. Then,

(A = AL (A22)F = 422 gpd (A21)F = 412,
Proof. Pick j1,j2 € {1,2} and I,m € {1, 2}.
(A2 = () = | e iy, R11s)02, 051 |
= [ (00, Py, R(n5)0a,, ®j) ] = (af3]) = (A7),
and therefore (A7172)T = AJz:1, |

CrLaM 4.15. AV = (A22)T. In particular, )}’ = a3y

Proof. Recall ®;(x) = (P o C)[®1](x) = ®o(—x). For I,m € {1,2}, using that
Oz, (PoC) =—(PoC)dy,, we have
1 = <8ILCI)1’:R(/‘S) awm(I)1>
2 (P 0 C)[®a], R(pts) O, (P o C)[P2])

(P 0 C)[0y, P2, R(us) (P C)[Dy,, P2])

C[Dy, D), R(us) C[D,, ®a]) (= a2?)
8"/7n¢)27 /'[/S) 8'Ul¢2> = a2’2'

m,l

= (9
=
=
=

Therefore, AVt = A2.2 = (A22)T, q
By (4.22) we have

kT AV e (T A2,
(429 M0G0 = 4 (T ) + Oveal I+ V]

Simplifying the leading term in (4.25) we observe, by the above claims, that a}ﬁ eR

and
PR a2 g2 olt ol
1,1 1,1 12). 21,2 _ 721 [%11 12 ). 422 _ [Q11 —Gi2
AV = 11 11 )5 AV =A% = 1.2 23 A 11 1,1
—Qy o Gy, Aro —0a1; Ay Q1
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Hence,

. a (K2 + K3) v (K2 — K2) + 2 K1ko
(4.26) MP (Y k) =
5 (K3 — K3) + 28 Kiko o (KT + K3)

+ Oy (KPP 4+ 1 WI8] ),

where, by (4.23),

(4.27) a = dapy = 4(0:, 81, R(ps)0s, 01)
= 46&23 =4 <8271(I)1’R(/U'S)8$2©2> ’
= 4a}ﬁ =4 <8$1(I)1’R(/LS)8$1©2>'

Remark 4.16. Observe by Claim (4.14), the terms o = 4aH are real.

4.2. Symmetries of dispersion maps k — py (k) for k near a vertex of
B. Before deriving a detailed picture of the local character of dispersion surfaces near
vertices of B, we prove a general result on the structure of dispersion surfaces in a
neighborhood of a vertex quasi momentum of B for which the eigenvalue problem has
a degenerate eigenvalue.

Assume that the potential V' is admissible in the sense of Definition 2.3, where
without loss of generality we take the centering x. = 0. Suppose in addition that V'
is reflection invariant, i.e., V(x) = V(z1, z2) = V(22,21) = V(px), where

(4.28) px = ((1) é) (ii) B (i?) ’

To prove Corollary 4.2 we need to show that v =4 (9,, P1, R(ug)0s, P2) (see (4.27))
vanishes. We first deduce that either 8 = 4 (0,, P1, R(ug)0x, P2) or 7y vanishes based
on the following symmetry argument; then, we prove that, in fact, v = 0 using the
properties of p. We write

(4.29) T,[f1 = f(p*x) = f(px) = (22, 71).

PROPOSITION 4.17. Let V' be an admissible potential in the sense of Definition
2.3; we take x. = 0 without any loss of generality. In particular, V(R*x) = V(x) and
V(—x) = V(x). Assume the hypotheses of Theorem 4.1 which imply that Hy has a
degenerate (multiplicity two) L3,-eigenvalue, pus € R.

Then, for allk = M + k with 0 < |k| < ko sufficiently small there exist two
eigenvalues given by ps(M + k) = pg + pM (k).

1. For all 0 < |k| < kg, we have

(430)  {u-(MA k), ue (M4 1)} = {p_(M+ Ri), up (M4 Rr)} .

2. Suppose in addition that V(p*x) = V(px) (recall p = p*). Then, for 0 <
|k] < Ko, we have

(431)  {p-M+r),pp (M +r)} = {p-(M+ pr), py (M + pr)} .

Proof of Proposition 4.17. Let (p.,1) denote an L3, eigenpair of —A + V,
where p,; is assumed to be near pg. Then, p, = p— (M + k) or p, = pue (M + k).
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Consider now #(x) = R[Y|(x) = (R*x). Note that (—A + V)i = p,.¢ since R
commutes with —A+V. Moreover, for all v € Z2, we have {)(x+v) = ¢(R*(x+V)) =
’l/)(R*X + R*V) _ ei(M+l<;)<R*v,lZ(X) — 6i(RM+Rn)<vJ(X) _ 6i(M+Rn)-v{'E(x)’ where we
have used that RM € M+A. Therefore, p, is an L3, 1 Ry €igenvalue in a neighborhood
of ps. Hence, {u—(M + k), ps (M + k)} C {u—(M + Rk), ur(M + Rk)}. To prove
the reverse inclusion, assume (fi,, ¢) is an L12v[ | Rk €lgenpair with fi,, near pug. Now
let ¢ = R3[¢](x) and note that b€ L34, Hence (ﬂmqg) is an L3 .-eigenpair of
—A + V. Therefore, {— (M + Rk),u+(M + Rr)} C {u—(M+ &), u+ (M + £)} and
the proof of part 1 is complete. The proof of part 2 is analogous. This completes the
proof of Proposition 4.17. O

4.3. Local behavior of degenerate dispersion surfaces near the M-point.
We need to study the solutions of det(M(u("),x)) = 0 for s in a neighborhood of
zero. Our strategy is based on a general approach used in [7] (section 13). We
extend M(u(M), k) to be defined as a matrix-valued analytic function of (¢!, k) in
a neighborhood of the origin in C x C? and which agrees with M(u?), k) as defined
above for (1) k) € R x R?:

ma1(k, ) maa(k, uM)

(4.32) MV k) = .
maa (R, V) mas(r, pM)
Here,
mar(k, uM) = (@=1) [ 5 P+ 4+ O, (6P +[u®||x] ),
maa(k, M) = (k] = K3) + 2Br1ka + O, (K[ + [M||k] ),
mo (k, p M) = maa(F, M) = F(k] — K3) + 2Bk1ks + Oy, ([6* + [V]]k] ),
ma(k, uM) = ma(r, p).

Note in particular that M(u"), k) given by (4.32) is Hermitian for real u") and .

We first make the simple change of variables

(4.33) v = (a—1)(ki+r3) + pW.
Define
(4.34) M(v, k) = M(v, k1, k2) = M(v— (o — 1) (K7 + K3) K1, K2 ),

and study the equivalent equation of det(M(u,x)) =0 for v:
(4.35) det(M (v, k)) = 0.

The entries of M(v, k) are analytic functions of (v, ) in a neighborhood of the origin
in C, x C2. The matrix M(u, x) has the expansion

(4.36) M, k) = Mapp(v,5) + O, , (&[> +1v] 5] ) ,
where
~ v Q(fﬂ,@)
(4.37) Mapp (v, k) =
QH(KJla ‘%2) v
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and
(4.38) q(k1,K2) = (k2 — H%) + 2BK1K2,
(4.39) ¢ (K1, /2) = q(R1,R2) = F(k2 — K3) + 2BK1kKo.

Calculating the determinant of M(v, k) we obtain
(440)  D(w,k) = det (M.n)) = v* — alx) gs(x) + g(vr) |

where g(v, k) and hence D(v, k) are analytic in a neighborhood of the origin in C x C2.
Note also that g(v, k) and 9,g(v, k) satisty the following bounds for |x| and |v| small:
<

(4.41) lg(v, k)
(4.42) |0,g(v, k)

Cy (16> + vl s> + [v|* |8l ),

|
| < ¢ (s + [l [s])
for some positive constants C,; and C!’J.

The problem of finding eigenvalues p = pg + v near pug for k = M + k near M
has been reduced to the study of the solutions to the equation

D(v,k) = 0

for x near (0,0) € R2. We shall study the roots of D(v, k) using Rouché’s theorem.
Consider k € R? such that || < Kmax- We shall eventually take kpmax to be small.
For such x we have

V2 —a(0) (k)| > 22 = Cyplimanl?

where C, g is a positive constant depending only on v and 3. Note also that for v

constrained to the circle |v| = 2C, g2, we have the lower bound:

(4.43) 2 = a() ()] = Copliman® -

Thus, if |v| = 2C, gk, then

max?

5

max *°

lg(v, k)| < Cy g gk

Note also that C, 5 k2. > Cy 8.9 Fmax Provided x3,.. < C, 5/Cy 3,4. Therefore, if

we choose Kpyax to be any constant satisfying

1 1
(4.44) 0 < fimax < 5 (Cy5/Cripg)®

then for |k| < Kmax we have

(4.45) V] 2207,/%2 = |g(v,r)| < v - q(K) qp(K)

max

2

max"*

for all |v| = 2C, gk Therefore by Rouché’s theorem, the functions

v? —q(r) gi(v) and  D(v,r) =v* —q(k) g;(r) + g(v, r)

have the same number of zeros in the disc: |v| < 2C, gk2,,,. We denote these zeros:

v4 (k) and v_ (k). For real k these zeros are real by self-adjointness and we have

l/_;,_(li), V—(’i) € [70’Yﬂnrznaxvc’%5”r2nax] ) |’€| < Kmax, K € R?.
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Next, observe by a residue calculation that for [ = 1,2,

e et L V0, Dwr)
(4.46) We(R) + (v-(k)) = 21 Jiy)=20, sr2 D(v, k) v

max

Since 0, D(v, k) = 2v+ 0,9(v, k), we have

(4.47)
1 1
(v(r)) + (v-(x))
1 i+t
= — 5 dv
210 Jiyj=2c, sz, V2 — (k) @5(5) + 9(v,K)
1 0,9(v, k)
-— 5 dv
21 Jy=2c, sr2. V2 — q(K) qy(k) + g(v. k)
1 2l/l+1
= 5 dv
210 Jiyj=2c, sr2 . V2 — 4(K) g5(K)
1 20 (v, k) dv
2w Jjj=2c, gz, (V2 = 4(K) q5(k) + g9(v, k) - (V* — q(k) g5(r))
1 19,
L L i V'0,9(v, k) .
(4.48) 210 Jyyj=2c, g2, V2~ 4(K) @(K) + g(vK)
We can use the identity, for r > a,
1 P 0 ifi=1
4.49 — dz = ’
(4.49) omi Sy =0 {a2 if1=2

to evaluate the first integral and bound the remaining two integrals using (4.41) and
(4.42). This gives

O(kE .« |8, =1,

max

l L
0 ) ) = {2q<m> BlR) + Ol Isl),  1=2,

for Kmax sufficiently small.
Now note

2 1

(ve(r)+ ve(r)) = 5 [ (4 (K))* + (v-(r))*

(4.51)  vi(r) -v_(k) = 5

DN | =

Therefore, k — vy (k) - v_ (k) is analytic in a C? neighborhood of x = 0. Moreover,
we have

vi (k) -v-(k) = *%(261("») (k) + Oy [K])) + Olpaxlsl?)

(4.52) = —q(r) a5(k) + Oippax |1

Consider now the equation (v — vy (k)) (v —v_(k)) = 0 satisfied by v = vi (k).
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LEMMA 4.18. The roots of D(v, n) =0 in the disc |k| < 2C, gk2,., coincide with
the roots of the quadratic equation v? — t(k)v + d(k) = 0, where t(k) and d(k) are
analytic and

t(k) = vi(k) + vo(k) = OKmax |,
d(k) = vy (k) v-(k) = —q(r) g5(K) + O(ripay [K]).
Solving for v we have, for |k| < 2C, gk2 ., two roots:
1 1
(4.53) ve(k) = it(n) +4/—d(k) + EtQ(/ﬁ)
(4.54) = co(w) £ \Ja(k) a() + 1 (k) |
where co(k) and ¢1(k) are analytic in k in a C? neighborhood of the origin satisfying
leo(k)l S Fmax |6l le1(B)] S Kia |5

for all k| < Kmax and Kmax 1S any constant satisfying (4.44).

Since k can be taken arbitrary and |k| = kmax can be an arbitrarily small positive
number, it follows that the analytic functions co(x) = Qs(x) and ¢1 (k) = Q7(x) which
satisfy, for |k| — 0, Q.(k) = O(|&]").

If we now restrict to real kK = (K1, k2); then from (4.38)—(4.39) we have that

(4.55) a(s) @a(w) = a0 = | 93— w3) + 2Bmams |

Therefore, vy (k) = Qs(k) + /|v(k? — K3) + 2Br1k22 + Q7(k).

We finally return to (4 33), which relates v to our eigenvalue parameter p: p(M+
k) = (1—a)|k|*+v(k). Proposition 4.17 implies constraints, due to symmetry, on the
mappings k — p (k) for k near M. Clearly |q(k)|? is invariant under the /2 rotation,
(K1, kK2) = (—K2, K1), and by part 1 of Proposition 4.17 we must have c¢o(x) = Qg(k)
and ¢; (k) = Qg(k). We therefore have

(4.56) pa(M+ k) = (1—a)|s]? + (k) \/) 2 13) 1 28kaks | + Os(k) .

This completes the proof of Theorem 4.1. 0

4.4. Dispersion surfaces near M for v admissible and reflection invari-
ant; proof of Corollary 4.2. In addition to V being admissible in the sense of
Definition 2.3, we now assume that V(xy,z3) is reflection invariant about the line
Tr1 = Tg.

LEMMA 4.19. Suppose f: R? — R2 f € L%*(Q) satisfies T,[f](x) = f(p*x) =
f(x), where p = p* is the reflection (permutation) matriz mapping (x1,x2) — (2, x1).
Then,

(4'57) axn Tp[f] (X) = Pnm Tp[aymf](X) = Tp[pnmaymf](x)~
Proof. Let y = p*x. Then y,;, = pnmXn, and furthermore %i = ppm. Lhus,

(TN = 5o 1% = b | = {ol¥s17}

m

= Tl vA} . :

n

nly=p*x
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Cramm 4.20. Let o € {£1,+i}. If¢(x) solves the Flogquet-Bloch eigenvalue prob-
lem with V' admissible and reflection-invariant, and 1(x) € L}, o2 then ¢ = (a9, x1)

is also a solution where zﬂ € LIZVI,UQ,. That is, p maps L3, - L%/[ o3

Proof. First we'll show if ¥(x) € L3, o then ) = w(xg,xl) € L}, o8- Observe
that p is self-adjoint, and note

(4.58) pP*R'p=R

o= () (o) = (0 )= (o) (B o) =em

We seek to show

since

R = 0%

or, equivalently, R[p[¢]](x) = o®p[1](x). If that holds, then ¢ € Li/[703.

R[§) = Rp[v]] (x)
— (R px) "2V (pRx) = (p(R*)x)
= p(W((R*)*x)) = p(R*p(x))
= o pl)(x) = 3.
Therefore, if ¢)(x) € Ly ,, then ) =(xg, 1) € L§4703. 0

CrLAamM 4.21. v = 4a1:1 =0.
Proof.

kT Adriz e — <8yl<I>J1,R(u*)8ym<I>J2)L2(Q Kk
= (R(p[0y,®;,]), R(p) R(p[0y,, Ps])) 2, Kikim
nsPn0z, R[pPj, |, R(ps) Rt ping O R[0Pjo]) 2, Fikim
(PN 5, R, (2271 @400 o Rus(prnkit) Rot(pmgtinn)

=(R
= (0s
<22 J2 Jl)) azS(I)jl7fR(u*)3zt(I)J2> 20 )Rns(PH)ant(PH)q

- (Z-2(j2—j1)> (RpH)T/QAjl’jZRpK,
for any choice of pairs (ji,j2) with ji,jo € {1,2}. Since & is arbitrary, 47172 =

(Z'Q(jz—jl))gp RAJI2 RT p o
Now for any pair ji, jo € {1,2}, letting A2 = A = (%), we have shown

(4.59) RART = (db _ac>
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Consider j; = 1 and jo = 2. From the above analysis, A'? = —p RAM2RT p, so

e () 0
(236
= (D)= )

Therefore, A}? = fAﬁ, and A%g = A%:g, so that both entries must be zero. Using
the previous notation,

Corollary 4.2 is now an immediate consequence of Part 2 of Proposition 4.17. O

5. Spectral band degeneracies for small amplitude potentials. In this
section we apply Theorem 4.1 to the case of small amplitude potentials. Our analysis
follows that of section 6 in [9] in the case of honeycomb potentials. We consider the
Floquet—Bloch eigenvalue problem:

(5.1) H®(x) = (-A+eV(x)®(x) = ud(x), ®€ Ly, ,

where o € {+1,—1,+i,—i}, and ¢ is small and nonzero.
By Proposition 2.13, we may seek an L%,Lo_ eigenstate of the form

N . m 2 rm - p3nm
@(X) — E C@(m) <0_461M x 4 O,SezRM x +U261R M™.x +O’€ZR M x) .
mesS

We use the notation ¢(m) = c¢g(m) = ¢(m; ®). Applying (—A — p) to ® and using
that R is an orthogonal matrix yields

(~A=mo =3 (IM™] - 1) c(m; D) (Z a4ieiRiM”~x> .
meS =0

Since V(R*x) = V(x), we have that V(x)®(x) € L3;,. Therefore, by Proposition
2.13, V® has an expansion

4 .
(5.2) V(x)®(x) = Z 204_jeiRJMm'x c(m; V),
meS | j=0
where
1 My
(5.3) clm:VO) = /Q MYV (3)B(y)dy.
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Recall that qE -x = (q1ky + g2ks) - x and RM* = M”®*; see (2.16). Thus,

1 My
c(m; V@)zm/ﬂe MEYY (y) @ (y)dy

3
1 A i i
_ | 3 | /Qesz 'y E quzqky E C(I‘; (I)) E O'47J€ZR]M -y dy

q€Z? res 3=0

S [ e[S

q€Z2res
_ 1 r@/z 4J62(q (m—RIr ))ky)dy
| | qu2 resS
3 .
= > Vaer;®)Y [0 5 (q— (m—Rr))]
q€Z2,reS 7=0
3 .
= Z Z oY Ven_rir | c(r; ®)
reS |j=0
:Z (Vm_r + Ve + 02 Vm_gr2r + 0Vin_Ror )c(r; D).
res
Thus,
(5.4) c(m; Vo) ZIC (m, r)c(r; @).
reS
3 .
(5.5) Ky(m,r) => 6" Vi rir

§=0
= Vim—r + o’ Vin-re + o? Vin-r2r + 0 Vin_wror
Vini—rimo—ry + o’ Vini—ra,ma+r+1
+ o? Vinitri4+1matrat1 + 0 Vingdrot1,mo—r -

We have the following analogue of Proposition 6.1 of [9].

PROPOSITION 5.1. Let o € {+i,—i,+1,—1}. The L%,I’U-spectml problem (5.1) is
equivalent to the following algebraic eigenvalue problem for {c(m)}mes and u:
(5.6) (IM™P—p) cm) + e Y Ko(mr)c(r) =0, meS.

resS

For each o, we next solve (5.6) for £ — {¢*(m)}mes, p°, perturbatively in e.

We first set € = 0 in (5.6). Then, (5.6) reduces to the eigenvalue problem
(57) ( |M+m1k1+m2k2|2 0) ) Co(m) :O, m = (ml,mz) ES,
which has a simple eigenpair:

(5.8) p = MP =272 = 5, O(m) = 6,11,

In arriving at (5.8), recall from Theorem 3.1 that M(O |1\/I\2 = 272 is an eigen-

value of multiplicity four with four-dimensional eigenspace spanned by the eigenvec-
tors c(ma, M2) = Gy mas Omy,mat1s Omy+1,ma+1, a0d Iy 41, m,, corresponding to those
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(my, mg) such that M™ = M + mik; + moks is a vertex of B and to the orbit un-
der R : {(0,0),(0,—1),(=1,-1),(~1,0)} € Z%2/ ~ . Recall from Remark 2.11 that
(m1,m2) = (—1,0) is the representative from this equivalence class and hence the
choice of eigenstate in (5.8).

Note also that the solution (5.8) of the e = 0 algebraic eigenvalue problem cor-
responds the simple L3 ,-eigenpair of HE=, 40 = |M©=D|2 = |M|?, with corre-
sponding eigenstate

3
(I)(E:O) (X) — Za4fjei(Rﬂ'M0,71).x
j=0

(5.9) — geiMx (1 4 oeikix | o2 —ikitka)x +O_36—ik2~x) .
We next proceed to solve the system (5.6) for a smooth curve of eigenpairs:

e pf, {c*(m)}lmes for all e sufficiently small. We write {c(m)}mes € [*(S) =
(c,cL) € C x 1%(8%), where

¢ =¢0,-1), and c; = {cL(m)}bmess, ST=8\{(-1,0)}.

Then (5.6) is equivalent to the following coupled system for ¢ and
cr ={cr(m)}mese:

(5.10)
[M[? = po+ eKo (0, =1,0, =1)] ¢ +& Y Ko(0,—1,1)cy(r) =0,
reSt
(5.11)
eKo(m,0,—1)c; + (IM™]* — p) ¢ (m) + ¢ Z Ky(m,r)cy(r) =0, me St
reS+

For ¢ small, we shall solve (5.10)—(5.11) in a neighborhood of the solution to the
¢ = 0 problem: c‘(lo) =1, ,ug)) = |MJ?, c(f)(r) =0, r € St. We proceed by a
Lyapunov—Schmidt reduction strategy in which we first solve (5.11) for the mapping
c| + cile, ] in a neighborhood of y = ugo) = |MJ?, and then substitute this
mapping into (5.10) to obtain a closed equation for ¢j. We provided a sketch of the
argument. For the details, see [9].

Equation (5.11) for ¢, may be expressed in the form

(5.12) (I +eTk, (M))CJ_ =€ Fg(u)
with the definitions F,,(u) = {F,(m, pt) tmest, Fo(m,p) = %, and
(5.13)

S
(I +eTk, (1)) (m) = |Gme + TN g TEZSL Ko(m,r)| ¢y (r), me St

For all 4 in a fixed neighborhood of u(® = |MJ?, we have for all m € St that
|[M™2 — 4| > 6 > 0 independent of . It follows that for all |¢| < &° sufficiently
small, (I + €Tk, (p))~! is well-defined as a bounded operator on [2(S+). Solving
(5.12) for ¢ [e)], u] and substituting into (5.10) we conclude as follows.
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PROPOSITION 5.2. For all |g| < €°, u is an L%/I,a eigenvalue if and only if
M (1, €) =0, where

My (p,e) =| M |* —p+ ¢ K, (0,—1,0,—1)
(5.14) +e2 Y Ko(0,—1,0)[(1 +& Tx, (1))~ Fo(m, p)](r)

reS+
is analytic in a neighborhood about (e, u) = (0, Mgo)) = (0,|M]?).

Since ./\/lc,(,ufgo), 0) =0 and @LMU(M?),O) = —1 # 0, the implicit function theo-
rem, implies that there is a function ¢ — u¢, defined and analytic for |¢| < e! < &0,
such that M, (ug,e) = 0. Thus taking c‘ﬁ = 1, the solution of the coupled system

(5.10)—(5.11), for || < &t is

(5.15) us =| M |2 +eK,(0,—1,0,-1) + O(c?),
¢ =c0,-1)=1,
(5.16) L = {¢F(m)}mest = (I + Tk, (1)) Fy(m, p), me S,
—K5(m,0,-1)
where F,(m,u°) = —————————=.

From (5.15) we may now make explicit the splitting of the fourfold degenerate
L3, eigenvalue of H® = —A + €V for € nonzero and small. By (5.5) and the relations
among the Fourier coefficients of V' displayed in (2.6) we have

(5.17) Ko(0,~1,0,—1) = Voo + (*+0) Vo + o* Vi1.
Therefore,

(518) }Cil(07_1a05_1) = %,0i2‘/0,1 +‘/1,1;

(5.19) K4+:(0,-1,0,-1) =K_;(0,-1,0,—-1) = Vpo— Vi1.

This establishes that for typical choices of Fourier coefficients—specifically Vp o £
2Vo1+ Vi1 # Vo,0— Vi1 or equivalently Vi 1 # Vp 1—and for € small and nonzero, the
multiplicity four L, eigenvalue, ugo) = |MJ?, splits, at order ¢, distinct L§; ,; and
L3, eigenvalues and an L3;-double eigenvalue in the subspace L3y ,;® L3, ;. Note
in fact that the latter is an exact (to all orders) double eigenvalue in L12v[,+i @ L12v[,7i-
Indeed, consider the simple L%\/I, 4; eigenvalue, whose existence is guaranteed by the
above proof for ¢ = +i. Applying P o C to the corresponding eigenfunction we
obtain an eigenfunction in the space L§; |; with the identical eigenvalue. This must
coincide with the simple eigenvalue constructed for ¢ = —i. Summarizing we have

the following.

THEOREM 5.3. Consider H® = —A + €V, where V is admissible (Definition 2.3)
and 0 < |e| < e is sufficiently small. Assume the nondegeneracy condition on distin-
guished Fourier coefficients:

(5.20) Vig # Vo1,

where Vi, m, denotes the (my, mg) Fourier coefficient of V.. Then the four-dimensional
eigenspace of HO corresponding to the eigenvalue Mgo) = |M|? perturbs to a two-
dimensional eigenspace with eigenvalue g and additionally two one-dimensional

etgenspaces with eigenvalues '“?+1) and ,uf_l) as follows:
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1. p% is of geometric multiplicity two eigenvalue, with a two-dimensional eigen-
space X; C L%\/I,i and X_; C L%L_i, and has the expansion

(5.21) 15 = IM* + (Voo — Vi) + O(?).

Associated with it are the eigenstates ®7 € L%/Li and ®5 € L3,

the symmetry

related by

;=1

Dy(x) = (PoC)[P1](x) = P1(—x%),

which we also denote O ) and @ffi), respectively. Their Fourier expansions

(+i
are
(5.22)
B,y =05 (x) = Z ¢ 1y (m) (eiMm‘x _ I BM™x _ GiRPM™x Z-eiRSMm.x)
mesS
and
(5.23)
¢y =d5(x) = Z m (ez‘me 4 e RM™x _ iRPM™x Z»eiRSme) _
meS

2. The distinct eigenvalues ,uf_H) and ;Lf_l) are each of geometric multiplicity

one, with corresponding one-dimensional eigenspaces X41 C L3, 11, and they
are given by

(5.24) Wyy = IMP? + (Voo £2Vo1 + Vi) + O(?)
with associated eigenstates @fil) :
(5.25)
By (x) = Z ¢4y (m) (eime+eiRMm~x+eiR2Mm~x+eiR3Mm~x).

meS

Theorems 5.3 and 4.1 imply the following.

COROLLARY 5.4. Consider the setup of Theorem 5.3. There exists €1 > 0 and
k1(e) > 0, which tends to zero as € — 0, such that the following holds. Fiz ¢ €
(—e1,e1) \ {0}. Then the following hold:

1. For all |k| = \/K3 + K% < K1(€), the two dispersion surfaces which touch at
M (and therefore the vertices of B) are locally described by

(5.26)

p(M+ k) — p

2
= (= e+ 950) | 1502~ )+ 28w |+ 0500
The coefficients o, 8%, and ¢ are expressions which depend on {@f @f_i)}

+i)?
and have the following expansions for e positive and small:

327‘&'2 V11
(5.27) af = ( ) +0O(1);
€ V121 - V021
3271'2 V11
€ V121 - V021
3271'2 Vbl
5.29 £ = — ) O(1).
( ) 7 € Z(V121V021>+ @
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The functions Q5(k) = O(|k[%) and Q5(k) = O(|k|®) are analytic in a complex
neighorhood of the origin in C2?; see Theorem 4.1 for more discussion.

2. Let V' be admissible and assume the following (generically satisfied) conditions
on Fourier coefficients:

Vit # £Vo1, Vi1 #0 and Vo # 0.

Then, for alle € (—e1,e1)\{0}, the coefficients o, 5%, and v¢ are all nonzero.

3. In the case where V is admissible and also reflection invariant, by Corollary
4.2, we have v = 0 for any €, and in particular Vo1 = 0. If Vi1 # 0, then for
all e € (—e1,e1) \ {0}, and the coefficients a° and (B¢ are both nonzero.

The proof of Corollary 5.4 is completed in Appendix C with the derivation of
expansions (5.27), (5.28), and (5.29).

6. H® = —A + eV for V admissible and ¢ generic. Theorem 5.3 considers
degeneracies among dispersion surfaces for all £ non-zero, real and small. In this
section we extend this result to generic real values of e, with no constraint on its size.
Thus, generic large (high contrast) potentials are included.

THEOREM 6.1. Let V denote an admissible potential (Definition 2.3). Let €1 be
as in Theorem 5.3 and Corollary 5.4. Consider either of two scenarios:

(I) V' admissible with Vi1 # £Vo1, Vi1 # 0 and Vo # 0, or

(IT) V' admissible and reflection invariant with Vi1 # 0.
Then there exists a discrete set C C R\ (0,e1) such that if ¢ ¢ C, the conditions
of Theorem 4.1 are satisfied and two dispersion surfaces touch at the vertices of B.
Moreover, in scenario (1), o, 8%, and ¢ are all nonzero for all e ¢ C, and o and (B¢
are both nonzero for all £ ¢ C.

Remark 6.2. For e € (—e1,e1) \ {0}, Theorem 5.3 ensures that pairs of dispersion
surfaces, among the first four, touch at band degeneracies for quasi momenta at the
vertices of B; for the specific scenarios see section 7. For general ¢ ¢ C we make
no assertions about which of the infinitely many dispersion surfaces touch at high-
symmetry quasi momenta. But in analogy with the honeycomb setting studied in [7],
we expect for the case of a potential which is a superposition of potential wells that in
the strong binding regime there will exist quadratic degeneracies at the intersection
of the first two dispersion surfaces.

We discuss the strategy for the proof of Theorem 6.1 but do not present all
details. Arguments of this type, rooted in complex analysis, were developed in [9]
and Appendix D of [8]. The strategy is based on a continuation argument in the
parameter ¢, starting with ¢ varying in the open interval (0, e;); analogous arguments
apply to negative values of €. Eigenvalues, p, of the operator H¢ = —A + ¢V, in the
spaces Li/LU, for 0 = 41, 414, are realized as zeros of a modified Fredholm determinant
Ey (i, €). The mapping (i, €) — E,(u, €) is analytic. For ¢ real, u is an L%,I’U eigenvalue
of geometric multiplicity m if and only if i is a zero of &, (u, €) of multiplicity m. The
strategy of [9] (see also Appendix D of [8]) can be used to establish that there is a
discrete set C C R\ (0,;) such that for all & ¢ C, there exists 1% € R such that

1. p=p% € R is a simple zero of £1;(u,e) and of E_;(u, €),

2. &1(pg.e) #0 and E_1(p%,¢) #0,

3. for scenario (I), af, 5%, and ¢ are all nonzero and «f, and for scenario (II),
af and (3¢ are nonzero.
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Therefore, by Theorem 4.1, for all ¢ ¢ C there exist quadratic degeneracies at the
quasi-momentum/energy pairs (1%, M, ), where M, varies over the four vertices of B.
These are locally described by (4.1) of Theorem 4.1; see also (4.2) of Corollary 4.2.

7. Computational experiments. In this section, we describe numerical com-
putations of the spectrum of periodic Schrédinger operators with admissible potentials
in the sense of Definition 2.3. We discuss these numerical results in the context of our
analytical results. First, in section 7.1, we consider examples of admissible potentials
which exhibit quadratic intersections of dispersion surfaces at M; see Theorems 4.1,
5.3, and 6.1. In order to observe clear numerical separation of the bands, we work here
with € generically not so small, meaning many of our results fit more into Theorem
6.1 but display many of the effects described in the small ¢ setting.

In section 7.2, we consider large amplitude potentials and revisit the question
posed in section 1.3 regarding Lieb lattice potentials.

To numerically approximate the dispersion surfaces for the Schrodinger operator,
we use the periodic formulation of the self-adjoint eigenvalue problem (1.3). For
the numerical experiments of section 7.1 we discretized the fundamental period cell,
Q, and used a finite difference approximation to Hy (k) for a fixed k € B. In the
numerical experiments of section 7.2, we discretized the mapping f — [—(9, +
ikz)? — (0, +ik,)?]f in Fourier space and the operator f — V f in physical space. For
both approaches, we used the MATLAB function eigs using the ’sr’ flag. For each
fixed k varying over a discretization of an appropriate subset of B, i.e., the irreducible
Brillouin zone or the circuit I' = X — M — T outlined in Figure 1.2, we compute
the five smallest eigenvalues.

7.1. Computations of quadratic degeneracy of dispersion surfaces near
M and comparison with Theorem 5.3. We consider a class of periodic potentials,
which are the Z2-periodic extension of the function

(7.1) V(x) =Y sif(jx —xl), xeN=[0,1]%

%

Here f(z) = 1 (1+ cos(mz/7)) X{z<r} is a compactly supported, C' function and
r = 0.2. The points {x;} are lattice points within the primitive cell, [0, 1]2. The binary
variables, s; € {+1,—1}, determine the sign of the potential at the lattice points. We
choose {x;} and {s;} so that V(x) is an admissible potential; see Definition 2.3. By
varying {x;} and {s;}, we show that the combinations of Fourier coefficients Vyq, V1,
and Vi1 (Vi = (2m) 72 fol fol V(z,y) e 2mmz+my) qdrdy), appearing in Theorem 5.3
can be varied in order to exhibit different local behavior of the first four dispersion
surfaces near M. We remark that while Theorem 5.3 describes the dispersion surfaces
for the operator Hy = —A + €V near the point k = M for sufficiently small and non-
zero and real e, our computations are performed for e = O(1).

In each of Figures 7.1 to 7.5 we plot, over one period cell, an admissible potential
of the form in (7.1) and the first five dispersion curves for Hy = —A + eV and
compare the numerically computed results with the assertions of Theorem 5.3. For
each potential, the lattice sites, {x;}, and signs, {s;}, are easily inferred from the plot
of the potential. They are also summarized in Table 7.1.

The potentials in Figures 7.1, 7.2, and 7.4 are Lieb lattice potentials (see Example
2.6), while the potential in Figure 7.3 is a square lattice potential (see Example 2.5);
see Figure 1.1. The dispersion curves which pass through pf, p°,, 45, and p®, are
plotted for quasi momentum K along the cyclic path I' - X — M — I' in B; see
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TABLE 7.1
Figure e | x4 Si
7.1 2 [(070)7 (1/270)7 (071/2)} (17_17_1)
7.2 2 [(0’0)» (1/230)7 (0’ 1/2)} (717 17 1)
7.3 2 | [(1/2,1/4), (1/4,1/2), (3/4,1/2), (1/2,3/4)] | (1,1,1,1)
7.4 4 [(070)7 (1/270)7 (071/2)} (_17_17_1)
7.5 2 | [(1/2,1/2)] (-1)
TABLE 7.2
Fourier coefficient condition Dispersion surface ordering
(la) | V1,1 >0,Vp1 <0 and [Vp1| < Vi B = pe, <pdy <piy
(Ib) | 0< Vo1 <Vinn B = HE, <psy <pdy
(2a) | Vi,1,Vo,1 <0 and [Vo 1] > |Vi,1] Py < pS; =pE, <pfy
(2b) | Vi1 <Oand Vo1 > |Vi1] BEq < phy =ps, <pdy
(3a) | Vi,1,Vo,1 <0and [Vo1f <[Vi1] piy <psy <p§ =,
(3b) Vi,1 <0, Vo1 >0, and |Vo1] < |Vi,1] e < Mil < “3—1’ =ps,

Figure 1.2. In all dispersion plots, we observe saddle-like touching of the dispersion
surfaces as described in Theorem 4.1.

We note that the ordering of the dispersion surfaces, specified by certain Fourier
coefficients of the potential, in Theorem 5.3 (which applies to ¢ sufficiently small)
persists for larger (order 1) values of €. These dispersion surface orderings are sum-
marized in Table 7.2.

Here, we’ve enumerated the various cases so that, e.g., the multiplicity occurs in
the first eigenvalue for cases (1a) and (1b). For larger values of ¢ this ordering may
be violated. However, by Theorem 6.1, quadratic degeneracies in the band structure
of —A + eV will still occur for all but a discrete set of e— values.

The potential in Figure 7.1 satisfies condition (1b) and we observe that the first
two surfaces intersect at M, with the others separated and lying above. The potential
in Figure 7.2 satisfies condition (3a) and we observe that the third and fourth surfaces
intersect at M, with the others separated and lying below.

In Figure 7.3 the coefficients satisfy (2a), except that V31 = 0. Here, the first
and fourth bands are strongly separated from the second and third bands. The latter
not only intersect at M, but coincide on the interval M — T.

In Figure 7.4, the potential consists of potential wells centered on the Lieb lattice
sites and satisfies condition (2b). Consequently, we observe an intersection at M
between the second and third surfaces. The coefficients satisfy Vo1 ~ —Vi 1, so the
first dispersion surface is quite close to the second and third surfaces at M but does
not touch. The first three bands are separating from the fourth and we observe the
emergence of the tight-binding dispersion relation, as shown in Figure 1.3. This will
be further investigated in section 7.2; see Figure 7.6.

Finally, in Figure 7.5, we consider a potential that consists of potential wells
centered on the square lattice sites and satisfies condition (2a). We see that the second
and third bands remaining touching with the fourth band close but lying above. The
first band is well separated and lies below. Interestingly, the linear prediction is that
pSq = 21?4+ 0.0005¢ + o(g), but for this value of &, we have p5, < 2% so we are
already in a higher order regime. This will be further investigated in section 7.2; see
Figure 7.7.
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0 0.25 0.5 0.75 1 r x M r

(a) Potential (b) Dispersion curves for Hy

Fic. 7.1. Eigenvalue ordering, up to O(e): pS, = ps, < ps; < pg,.

20 -

10 -

0 0.25 0.5 0.75 1 r X M r

(a) Potential (b) Dispersion curves for Hy

FIG. 7.2. Eigenvalue ordering, up to O(e): pS, < ps, < ps; = ps

"

0.75 -

- 1.2
0.5 1
- 0.8

0.25 -

0 0.25 0.5 0.75 1 r x M r

(a) Potential (b) Dispersion curves for Hy

FIG. 7.3. Eigenvalue ordering, up to O(g): pS, < ps; = ps, <ps,.

7.2. Periodic arrays of deep potential wells; the strong binding regime.
We will consider here potentials which are a sum over translates of a fixed potential
V', which is localized within a unit cell:
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I X M I
(a) Potential (b) Dispersion curves for Hy

FIG. 7.4. Eigenvalue ordering, up to O(g): ps, < ps, = ps,; < pi.

20.5

0 0.25 0.5 0.75 1

(a) Potential (b) Dispersion curves for Hy

FIG. 7.5. Eigenvalue ordering, up to O(g): pS, < pS; = ps,; < ps .

The potential V is taken to be a finite sum of well-localized identical negative Gaus-
sians (potential wells) with centers located within the primitive cell [0,1]?, i.e., an
arrangement of “atoms” within the unit cell. The regime where the depth of the
atomic potentials is large is the regime of strong binding. The spectral properties
associated with the “low-lying” bands are expected to be well-approximated, after
appropriate rescaling, by a tight-binding limiting model; see, for example, [2]. A rig-
orous analysis of the low-lying dispersion surfaces and their approximation by those
of the tight-binding model was carried out for honeycomb structures in [7].

Figures 7.6 to 7.8 of this section display dispersion surfaces for —A + V, for
different choices of V', each for increasing atomic well depths. We now discuss these
examples.

Ezample 7.1 (superposition over the Lieb lattice of Gaussian wells). To address
the structural stability of Question 1.1 in the introduction, we consider a periodic
potential, whose restriction to the primitive cell is

Vi (x) = V(e X0 4 o= bem(/200P /o | ~x—(01/2)P /o) s

As a typical value of o we take ¢ = .001 and vary the depth of the atomic wells
by increasing Vy. In Figure 7.6, we observe that as Vj is increased the first three
(the low-lying) dispersion surfaces come together in a manner approaching that of
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Fic. 7.6. A plot of the dispersion surfaces for the Gaussian Lieb lattice potential with depth
Vo = 10 (top left), 500 (top right), 1,000 (bottom left), and 2,000 (bottom right).

the tight-binding limit shown in Figure 1.3; see Appendix A for a discussion of the
tight-binding model. Also related is the discussion around Figure 7.4.

However, as indicated in Theorem 4.1 for finite V}, there are only two surfaces
touching at M = (m, ) and the second band has hyperbolic character. The inset in
Figure 7.4 displays this character.

Ezample 7.2 (superposition of Z2-translates of Gaussian wells). We consider the
potential, whose restriction to the primitive cell is given by

V(x) = — Ve XI*/o.

For V} positive and large, we expect that the lowest dispersion surfaces will be gov-
erned by a tight-binding model with a single band, namely, the discrete Laplacian on
a square lattice. Indeed, Figure 7.7 shows that the first (lowest) dispersion surface
separates from the other (higher) dispersion surfaces and takes on a quadratic char-
acter in a neighborhood of k = 0. The second and third surfaces intersect for all Vg
as is consistent with the curves in Figure 7.5.

Ezample 7.3 (a potential which is not invariant under reflection about the line
21=22). In Figure 7.8 we demonstrate how the absence of reflection symmetry about
the line x1=x5 in the physical domain manifests itself in less symmetry in the dis-
persion surfaces. In this case, Theorem 4.1 anticipates lesser symmetry, manifested
in the nonzero cross-term, §, in the normal form (4.1). To illustrate this we take a
simple potential of the form

V(x) = —Vp(cos(2m(zy 4 2x2)) + cos(2m(2z1 — 22))).
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(c) Vo = 1000.0 (d) A zoom in of the bottom surface for Vp =
1000.0

Fic. 7.7. A plot of the dispersion surfaces for the Gaussian square lattice potential with depth
Vo = 10 (top left), 500 (top right), 1,000 (bottom left), and a close-up of the bottom surface at depth
Vo = 1,000 (bottom right).

Thus, in Figure 7.8 we observe some lack of reflection symmetry about the line
R1 = Rg.

Appendix A. Tight-binding model for the Lieb lattice. Denote by "™,
\Ilgn’"), \Ilg"’") the amplitudes associated with the sites of the three sublattices com-
prising the Lieb lattice; see Figure 1.1 (right). We consider the nearest neighbor

tight-binding model for the Lieb lattice is given by (HT2W),,,, = EV¥,,,, for m,n € Z:

\Ijsgm,n) + \I’(Bm,n—o—l) \ijqm,n)
A1) el el gty gl = gl el [ omon e Z.
\Il(Bm,n) + \I,(Berl,n) \I/(Cm,n)

Quasi-periodic (plane-wave) solutions with Bloch momentum k = (k1,k2) € B =
[—7, 7% are of the form W(m™) = eilmkitnk2)y,  where ¢ € C? is independent of
(m,n). Substituting into (A.1) we obtain the algebraic eigenvalue problem ( A(k) —

Ek) I,.,)¥ = 0, where
0 1 + eikz 0
Ak) = [1+e 0 14 ek
0 14 etk 0
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(c) Vo = 500.0 (d) Vo =100.0, X — p(X) cross-sections

Fic. 7.8. A plot of the dispersion surfaces for the nonreflection symmetric potential with depth
Vo = 10 (top left) and 100 (top right), Vo = 500 (bottom left) showing the lack of reflection symmetry
in the surfaces. To highlight the asymmetry, we have included a plot of cross-sections of the first
three dispersion surfaces with Vo = 100 along the line from X = (0, ) to p(X) = (7,0).

The three bands of the tight-binding model are given by the three solution branches
of the algebraic equation det(A(k) — E(k)I) = 0, which are given explicitly:

Eo(k) =0, Ex(k) = £/4+2cosk; + 2cosks. ke B.

These three dispersion surfaces are plotted in Figure 1.3.

Appendix B. Dynamics of wave-packets spectrally localized near M.
In this section, we study the Schrédinger evolution i0;yp = Hy v for wave-packet
initial conditions which are spectrally located near the M-point. In particular, de-
note by ps a multiplicity two L3, eigenvalue with corresponding eigenspace given by
span{®, P }; see Theorem 4.1. We consider initial conditions of the form ¥ (x,t =
0) = C10(6x) D1 (x)+Co0(dx)P2(x), where 0 < § < 1 and C and Csp are smooth and
localized functions on R2. The Floquet-Bloch components of such initial conditions
are concentrated near M.

Here we derive a formal multiscale solution. A proof of the validity of this expan-
sion can be derived along the lines of [10] in the context of honeycomb structures; see
also [1].

We seek a solution depending on multiple spatial and temporal scales @ =
wé(x,t;i,f), where X = (X1,Xs,...) = (6x1,0%xa,...) and T = (Th,To,...) =
(0t1,6%ta,...). In terms of this extended set of variables, the time-dependent Schro-
dinger equation becomes
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(B.1) i(8) + 601, + 001, + .. )° = — (Vs +6Vx, +6°Vx,) 00 + V(x)9 + ...
We seek a solution which is time-harmonic with respect to the fast time variable, ¢:
YO = e~ inst Z 6 wj(x;)_i,f).

j=0

Substitution into (B.1) and equating terms of order O(§7), j > 0, we obtain the
following hierarchy of equations at each order in the small parameter §. The first
several are

(B.2)

O0(8°): (us — Hy)o =0 ;

(B.3)

0(5 ) : (,us —Hv)I/Jl = —(iaTl +2 Vg - VX1)¢0 ;
(B.4)

0(0%): (us — Hv)a = —(i0r, +2 Vx - Vx, + Ax, )t — (107, + 2V - Vx, )1 .

We regard each equation as a linear elliptic equation (nonhomogeneous for j > 1) in
the variable x € R2, depending on slow variables (X, f), treated as frozen parameters.
The precise dependence of v; on these parameters is determined through solvability
conditions for the above hierarchy. In fact, to the order in § that we solve, O(5?), we
find it necessary to modulate only the scales X1, Xs,77, and T3, and so henceforth
we assume X = (X1, X5) and T = (11, T3).

Consider the O(6°) equation (B.2). By assumption, the general solution is

(B.5) Po(x; X, T) = C1(X, T)®1(x) + Co(X, T) Py (x)
where €} (X, T) and Cy(X,T) are to be determined. The expression (B.5) satisfies
the M-pseudoperiodic boundary condition 1y(x + v;X,T) = e™MVa)y(x; X, T) for

all v € Z2 and all x € R? and we shall impose this same pseudoperiodicity at all
subsequent orders:

¥i(x+v; X, T) = e™MVyy(x; X, T) , j > 1.
Continuing on to O(6%), we have from (B.3) that
2

(B6) (MS - H)wl = Z [ _iﬁTlcq (I)q(x) + 2vxlcq ’ VX(I)Q(X) ]7

q=1
wl (X + v Xa f) = eiM~Vw1 (Xa Xa f)

Solvability of (B.6) requires that orthogonality of the right-hand side of (B.6) to
the span of {®1, P2}, Using the orthonormality relations (®,, ®4) = 6p4, p,q = 1,2,
and Proposition 4.10, (®,, Vx®,) = 0, p,q = 1,2, we obtain that 9, C, =0, p=1,2.

Therefore, in terms of the resolvent operator R(us) = (H — usI)~!, we have

2
(B.7) 1% X1, Xo, To) = 2 R(ps) Y Vx, Cg(X1, X2, T2) - Viely(x) .

g=1
We proceed finally to the equation and boundary conditions for 1y at (B.4):
(B.8) (ns — H)Y2 = —(i01, + 2Vx - Vx, + Ax, )¥o — 2Vx - Vx, ¢1,
Yo (X + v; X, f) = MV (x; X, f),
where the expressions for ¢y and 1 are displayed in (B.5) and (B.7).
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PROPOSITION B.1. A sufficient condition for the solvability of (B.8) is that the
pair of amplitudes Cy = C1(X1,T3) and Cy = Co(X1,Ts) satisfy the coupled system
of constant coefficient homogenized Schridinger equations:

(B.9) i07,Cp = —Ax,Cp + 4 Z Z ggm p=1,2.

q=1rs=1
Here, a%% are the matriz elements of (AP9)s. displayed in (4.23), aPd =
(0r®p, R(1s)0sPy), which were simplified using symmetry arguments in section 4.1.

As a consequence of Proposition B.1, we have item 6 in our summary of results,
section 1.2. Namely, solutions of the time-dependent Schrédinger equation with initial
conditions of the form

P(x,0) = ¢f(x) = C1(X) P1(x) + Ca(X) Pa(x)

evolve on large, finite time scales according to
2 2
0 0
I I R
g ot} 0X, 0X,

where T = Ty = 62t and Y24 depend on (AP:7), as stated above.

Proof. Taking the inner product of the right-hand side of (B.8) with ®,(x), p =
1,2, substituting in the expressions for 1, and 1, recalling that dr,C, = 0, and
applying Proposition 4.10, we have

(B.10)
2
(iaTz + AX1)Cp — 4 Z< Vx®p - Vx,, R(/"S) Vx®q 'VX1Cq> =0, p=12
q=1
Expansion of the dot products yields (B.9). |

Remark B.2. The dispersion relation for system (B.9) is
dot Mapp (v, 1) = 12 = |q(x)* = v* — (s} = #3) + 2Bmmf = 0
for k = (K1, k2) € R? yielding two branches given by the leading order expressions in
(1.4).

Appendix C. Calculations for —A +eV, V admissible and € small. The-
orem 4.1 and Corollary 4.2 give a precise description of touching dispersion surfaces
at the vertices of B. The local expansions of these dispersion surfaces are given in
terms of coefficients a, 8, and ~. In this section we consider H* = —A + eV, where &
is real, nonzero, and sufficiently small, and we obtain the leading order expressions of
af, B¢, and ~¢ for |e| > 0 small, required to complete the proof of Theorem 5.4. The
expressions for a®, §¢, and ¢ are displayed in (4.27) and are given by

(C.1) a2 = (0,95, RE(45)0:,, 95,)), 7,5 € {+i,—i}, Lme {1,2}.

In (C.1) we have used the notation ®; = ®;) and &3 = ®(_;) of Theorem 5.3. We

now seek the leading order behavior of a”y;(s) for € small and nonzero.
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Recall by Theorem 5.3 there are four L3, eigenvalues counting multiplicity on
an O(e) neighborhood of ug. Two correspond to multiplicity one Lva 4; and L%\/I,—
eigenstates @f +4) and <I>f_l.) with corresponding eigenvalue which we denote pg. The

other two eigenpairs consist of two distinct L%/[, 41 and L3; , eigenstates ®° ) and

+1
@f_l) with corresponding eigenvalues we denote “?—s—l) = MS + O(e) and L(_l) =
s + O(e), respectively; see (5.21) and (5.24). All other eigenvalues of H® are at a
distance of order 1 from p§ for £ small, and hence we express a[) (%) 45 dominant
parts coming from these “nearby” eigenvalues, with a remainder which is smaller for
€ > 0 and small.

We have

(C.2)
a2 = (0,9, R(15)0s,, OF,)

-~y (2fg) 9w 21 (g 02, 2y +Z<‘I’ O B0,

g €
qe{+1,—1} Mg ~ M5 b>5 My~ M

(@50, %)

Observe the terms of (C.2), for ¢ € {+1,—1}, are of order O(2), while the contribu-
tions from the higher order bands b > 5 are O(1). From the expansion of agr);b(s), we

show, in fact, the following.

ProposiTION C.1. Given e sufficiently small and nonzero,

(v 32m2 Vi1

C3 € _ 4qtl =4 (+4),(+4) _ O1):

( ) « al,l al,l € ‘/'121 _ ‘/021 + ( )7
i).(—1 3271’2 V11

C.4 ¢ =day; = 4a{ Y = O(1);

( ) 5 a172 a1,2 € V121 _ V021 + ( )7

a2 (= 32 Vi
(C.5) v =4ap) =4aj; =-—1 VZovg +0O(1).

C.1. Derivation of terms in summand. First, note that k; = (27,0)? and
ko = (0,27)7 are the dual lattice basis vectors for A = Z2.

(C.6) (BF 41 00,04 1y) = (k1 — Ka)g + i(ky + ko)o + O(e)
(C.7) (BF_1), 00, D74 5)) = (k2 — Ku)e + i(Ky + ko)o + O(e);
(C.8) (@T41): 0, P(_y)) = (k2 — ka)e +i(ki + ko)e + O(e);
(C.9) (R{_1), 05, P(_;)) = (k1 — ko)¢ +i(k1 + ko)e + O(e).

We have derived the expressions

()= Sy (MR RN RN iy
meS

02,85, (x) = > {4 5y(m) [i(M + maky + moky) ™ X
meS

— ZQ(M + m2k1 — (m1 —+ 1)k2)g€iRMm'x
— ’L(M — (m1 + 1)1{1 — (mg + 1)k2)g€iR2Mm'x

+ iQ(M — (1 + mg)kl =+ mlkg)geiRstix

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

BAND DEGENERACIES OF SCHRODINGER OPERATORS 1727

(I)fil)(x) = Z Cz:il) (m)(eiMm'x + eiRMm-x 4 eiRQMm.x + eiRst~x).
meS

Now we proceed to prove the results in (C.6)—(C.9).
< E aa:e (I)E ] >

/ ZZCH) Jef oy () (M7 4 (RN UM M)

neS mesS
* {Z(Mm)le . (RMm) iRM™.x i(R2Mm)[€iR2Mm'x—(R3Mm)£eiR3Mm'X}dx
iMP-x @ "ex iR*M™ x iRM™.x
/ZZC(H) C(+z) (m)(e™M7x . gHIMPx 4 piREMPx | piTMTx)
neS meS

* [Z(M + maky + moks)ee™” X — i2(M + maoky — (my + 1)ky) e P X

—i(M = (m1+1)k; — (mo+1)ks) e T M™ X 1i2(M — (1 + mo)k; +miko et M7 x

The leading order term is associated with n = m = (0,0) € S, for which
(@) =cf_y)(n) = c{ ;) (m) = 1. Then,

(BF11)5 02, 1)) :/Q(eiM"x 4 RM x| GRPM® x| ROM"x)

. (Z'Mgeivax + (M _ k2)eeiRMm»x _ Z(M —k — kQ)ZeiRsz»x
— (M — k) M™ %) dx + O(e)

(M = ks) — (M — k)¢ +i[M — (M — k1 — ka)]¢e + O(e)

(k1 —ko)¢ +i(kis +ka)¢ + O(e).

Similarly, we have

< (—1)» 87;[®(+1)> (eiMn.x . eZ'I:CM“.x 4 eiRZMn_x . 6iR3Mn-x)

@\;

(V™™ 4 (M — ko) M7 (M — Ky — keg) el B M™
— (M — k)M %) dx 4+ O(e)
=—[(M—ky) = (M ki)l +iM— (M —k; —ko)|¢ +O(e)
= (kg — kl)é + Z(kl + kg)z + O(E)

The inner products of ® 1) and ®_;) with d,,®_;) are calculated similarly. Recall
that

Ly = Z Cf,i)(m)(eiMm'x 4 RMM o RIM™ ieiRng'x),
meS
Then,

M™

8 Z C( i) |: M+m1k1 —l—m2k2) x
meS

+ iz(M + moky — (m1 + l)kg)geiRMm'x
— (M — (mq + 1)ky — (mg + 1)ka)peFM™x

— iQ(M — (1 + mz)kl + mlkg)geiRSMm'x
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Expanding (® 8952(1)?_2.)}, we obtain

g
(+1)
(D(41), 02, R0_y)) = /Q(BZM“'X - @IV HREMT o (M )

(M™% — (M — k) M (M — Ky — kep) el B M
+ (M = k) M%) dx + O(e)
—[(M —ka) — (M — ki)]g +i[M — (M — k1 — ka)]¢ + O(e)
= (ko — k1) +i(ks + ko) + Ofe).
Similarly,

iM™-x % n.x iR?M™.x iR3M™.x
(BT_1)s D, B_yy) = [ (M7 — TV 4 HEMEx _ (HEME)

S~

(V™7 (M — ko) TV X (M — Ky — k)M
+ (M — k) BM™ %) x4+ O(e).
=[M-ko) = (M—ky)]+iM— M-k —ky)]e + O(e)
= (k1 — ka)¢ +i(ks + ka)e + O(e).
Collecting the results, we have (C.6)—(C.9). That is,
(@011), 02, () = (ko = ka)r +i(ky + ka)e + O(e);
<‘I>( 1)7813(@(4»1 ) = (ko — k1), +i(ks + ko)r + O(e);
(@T41), 02, P(_y)) = (k2 —k1)e +i(ki + ka)e + O(e);
(DF_1), 02, 2(_;)) = (k1 —ka)e +i(ki +ka)e + O(e).

C.2. Coefficient calculations: «af, 8%, v°. For {,m € {1,2} and r,s €
{+i,—i}

a0 = (0., 0, R(15) 0, BF,)
_ oy Pl ) 00y O 00
q€{+1,-1} M) — M5

+0(1).

(‘H) (‘H) <a Ppe

Further, recall o® = 4a, (+i)?

above,

R(N%)axl@f+i)>. From the analysis

<¢)(+1)a 6@'1 (I’?+Z‘)><‘I)(+1)a 6w1 (I)f+i)>
Hin) ~ M5
. (kl . kg)l + Z(k1 + kz)l[(kl — k2)1 + Z(kl + kg)l] + O(E)
N e(Voo + 2Vo1 + Vi1) — e(Voo — Vir) + O(£?)
A (T+4)(1+4) + O(e)
o 26(%1 + Vvu) + 0(52)

2 [ 1+ 4+ 0(e)
e\ (Vor + Vi) +0(e)

_ 2n? 24+ 0(e)
(C.lO) o ? (Vm + Vll + O(E)) '

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

BAND DEGENERACIES OF SCHRODINGER OPERATORS 1729

We calculate the inner products now with ¢ = —1:

<(I)(*1)7aw1(bf+i)><q’(*1)7amq)?
M1y — M3
(ko — k)1 + (k1 + ko)1[(ke — k1)1 +i(ks + ko)1] + O(e)
(Voo — 2Vo1 + Vin) — e(Voo — Vi) + O(e2)
42 (=1 +9) (=1 +1i) + O(e)
2e(Vi1 — V1) + O(e2)
Com? (=14 4+ Ofe)
T e ((Vn - Vo1) +O(5)>

B 22 2+ 0(e)
(C.11) = (Vu VoL + O(E)) '

1))

Substituting (C.10) and (C.11) into the expression for agﬁi)’(ﬂ) (e),

a0 (2O (2120 e

. 871’2 2(V11 - Vol) + 2(V01 + Vll) + O(E)

a( V2 V&) 1 00 )+an
- 3272 Vi1 + O(i’f)
- (Wﬁ—%@+0@)+0“’

Therefore, we have (C.3):

. 32n? Vi1 + O(e) 3272 Vi1
.- € <(V121 - Vozl) + 0(5)> o= € <V121 - V021> +oQ).

The results for 5 and ¢ follow similarly. First, consider (°.

(C.12)
B = i’y V() = 4(0,, BT, R(15) 0, @)
A1), Oy B HP(11), O, BT_yy) A P15 Oy Py N P(1)5 O, BT_y)
= E c + - - +0O(1).
H+n~Hs H—1y~Hs

Following the analysis as for a°, we find the following;:

(C13) (@(+1), 021 0y )N ( P41 00 () 272 ( 2+ 0(e) ) '
' [y — M e \Vu+Vu+0())’
(C 14) <(I)(*1)a 6w1(bf+i)><q)(*l)a 8@:2 q)?—z)) _ 2771‘2 ( 24+ O(E) >
' M1y — M3 e \Viu—-Vau+0() /)
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Combining (C.13) and (C.14),
[ € € 8 ? 2+ O 2 + O(E)
6 —4<8;L~1(I)( R(/j/s)aazzq) Z) - |:<V01 T V11+O( )) + (Vll — V01 T O(€)):|
_ (8 ) (V11 —V()1)+2(V01—|—V11)+0( )
€ (Vi = Vi) +0(e)

_ ﬁ 4V + O(e)
B ( 2 ) (V& = V&) +0(e)

Thus we have (C.4):

3272 Vi1 + O(E) 3272 Vi1
B = ( ) = ( ) +0O(1).
€ (V& = Vi) +O(e) € VA - V& @

Finally, consider the decomposition for ~*.

(C.15)
7° =4 (€) = 40, ®F ), R(45) 05, 7))
4<(I)(+1)7awlq)f+i)><q)(+1)a8w1q)ffi)> HP(—1), 00, D) P(=1), O, D)

- +O(1).
Mf+1) - p3 M(q) 1

Again, similarly as for o, the first two terms of (C.15) yield the following:

(C.16) (D(41)5 02y P4y (P 41)5 02y PT_y) _2n? ( 2i + O(e) ) _
' Hiyr) = M5 e \Vou+ Vi +0(e)
(C.17) (D(-1), 00y B (P (-1), O BT_yy) 272 ( —2i + O(e) )
' Bty = M5 e \Vii = Vor +0(¢)

Combining (C.16) and (C.17),

. . . 272 2i 4+ O(e —2i+ O(e
(00, @715y, R(15) 02y D)) = = |:<V01 VL ié(5)> + <V11 Vo +((9)(5))]
_ (27T2> 2i(Vi1 — Von) — 2i(Vor + Va1) + O(e)
(V3 = Vi) + 0(e)
(27T2> (—4i)Vo1 + O(e)
e ) (Vi = Vi) +0(e)

Therefore, we have (C.5):

3272 Vo1 + O(e)
_4 8I (I) , £ awl(bs—' = — O 1
’j/ < 1 (+7,) (:uS) ( z)> ( e Z) (V121 — V021) + O(E) + ( )
3272 Vo1
€ Z<V121_V021)+O( )

With the coefficients o, 8%, and ¢, expanded, the description for the expression
(5.26),

2
He (Mt k) — 1§ = (1 - a)[s]? + Q5 (x) M (k2 — K3) +28kama | + Q5(r),

described in Corollary 5.4 is complete.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/21 to 152.2.176.242. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

BAND DEGENERACIES OF SCHRODINGER OPERATORS 1731

Acknowledgments. The authors thank M. Rechtsman and C. L. Fefferman for
very stimulating discussions. M. Rechtsman also provided very helpful advice on nu-
merical spectral calculations. The fourth author would like to thank the Department
of Mathematics of Stanford University for its excellent hospitality and environment
during the Winter 2018 quarter, when part of this work was done as Bergman Visiting
Professor.

[2] N.

5] Y.

[6] M

[15] P.

[16] M

REFERENCES

. ALLAIRE AND A. PIATNITSKI, Homogenization of the Schrédinger equation and effec-

tive mass theorems, Comm. Math. Phys., 258 (2005), pp. 1-22, https://doi.org/10.1007/
s00220-005-1329-2.

ASHCROFT AND N. MERMIN, Solid State Physics, Saunders College Publishing, Philadelphia,
1976.

. AVRON AND B. SIMON, Analytic properties of band functions, Ann. Phys., 110 (1978),

pp. 85-101, https://doi.org/10.1016/0003-4916(78)90143-4.

BERKOLAIKO AND A. COMECH, Symmetry and Dirac points in graphene spectrum, J. Spectral
Theory, 8 (2018), pp. 1099-1147, https://doi.org/10.4171/jst /223.

C. DE VERDIERE, Sur les singularites de van hove generiques, Mem. Soc. Math. Fr. Ser. 2,
46 (1991), pp. 99-109, https://doi.org/10.24033 /msmf.356.

EAsTHAM, The Spectral Theory of Periodic Differential Equations, Scottish Academic Press,
Edinburgh, 1974.

. L. FEFFERMAN, J. P. LEE-THORP, AND M. I. WEINSTEIN, Honeycomb Schrédinger operators

in the strong binding regime, Comm. Pure Appl. Math., 71 (2017), pp. 1178-1270, https:
//doi.org/10.1002%2Fcpa.21735.

. L. FEFFERMAN, J. P. LEE-THORP, AND M. I. WEINSTEIN, Topologically protected states in

one-dimensional systems, Mem. Amer. Math. Soc., 247 (2017), https://doi.org/10.1090/
memo/1173.

L. FEFFERMAN AND M. I. WEINSTEIN, Honeycomb lattice potentials and Dirac
points, J. Amer. Math. Soc., 25 (2012), pp. 1169-1220, https://doi.org/10.1090/
s0894-0347-2012-00745-0.

. L. FEFFERMAN AND M. I. WEINSTEIN, Wave packets in honeycomb structures and two-

dimensional Dirac equations, Comm. Math. Phys., 326 (2014), pp. 251-286, https://doi.
org/10.1007/s00220-013-1847-2.

V. GRUSHIN, Multiparameter perturbation theory of Fredholm operators applied to
Bloch functions, Math. Notes, 86 (2009), pp. 767-774, https://doi.org/10.1134/
50001434609110194.

. GUzZMAN-SILVA, C. MEJiA-CoRrTES, M. A. BANDRES, M. C. RECHTSMAN, S. WEIMANN,

S. NOLTE, M. SEGEV, A. SzZAMEIT, AND R. A. VICENCIO, Ezperimental observation of
bulk and edge transport in photonic Lieb lattices, New J. Phys., 16 (2014), 063061, https:
//doi.org/10.1088/1367-2630/16/6,/063061.

. JOANNOPOULOS, S. JOHNSON, J. WINN, AND R. MEADE, Photonic Crystals: Molding the

Flow of Light, 2nd ed., Princeton University Press, Princeton, NJ, 2008.

. KucHMENT, Floquet Theory for Partial Differential Equations, Oper. Theory Adv. Appl.

60, Birkhauser, Basel, 2012.

KUCHMENT, An overview of periodic elliptic operators, Bull. Amer. Math. Soc., 53 (2016),
pp. 343-414, https://doi.org/10.1090/bull/1528.

LEE, Dirac cones for point scatterers on a honeycomb lattice, STAM J. Math. Anal., 48
(2016), pp. 1459-1488, https://doi.org/10.1137/14095827x.

[17] J. LEE-THORP, M. I. WEINSTEIN, AND Y. ZHU, Elliptic Operators with Honeycomb Symmetry:

(18] A.

[19] M.

[20] M.

[21] P.

[22] C.

Dirac Points, Edge States and Applications to Photonic Graphene, arXiv:1710.03389, 2017.
H. C. Neto, F. GuiNEA, N. M. R. PEREs, K. S. NovoseLov, AND A. K. GEM, The
electronic properties of graphene, Rev. Modern Phys., 81 (2009), pp. 109-162, https://doi.
org/10.1103 /revmodphys.81.109.
NITA, B. OSTAHIE, AND A. ALDEA, Spectral and transport properties of the two-dimensional
Lieb lattice, Phys. Rev. B, 87 (2013), 125428, https://doi.org/10.1103 /physrevb.87.125428.
REED AND B. SIMON, Methods of Modern Mathematical Physics: Analysis of Operators,
Vol. 4, Academic Press, New York, 1978.
R. WALLACE, The band theory of graphite, Phys. Rev., 71 (1947), pp. 622-634, https:
//doi.org/10.1103/physrev.71.622.
WEEKS AND M. FRANZ, Topological insulators on the Lieb and Perovskite lattices, Phys.
Rev. B, 82 (2010), 085310, https://doi.org/10.1103 /physrevb.82.085310.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	A quick review of Floquet–Bloch theory RS4,Kuchment:12,Kuchment:16,Eastham:74,Joannopoulos
	Summary of results
	The Lieb lattice, tight-binding versus continuum models, a band structure instability
	Outline of the paper
	Notation

	The lattice  and admissible potentials
	The square lattice
	Admissible potentials
	Fourier series of admissible potentials
	Fourier analysis in LM*2

	H(0)=- on L2M: A fourfold degenerate eigenvalue
	Twofold degenerate L2M eigenvalues imply quadratic touching of dispersion surfaces
	Proof of Theorem 4.1 on conditions for quadratic degeneracy
	Reduction to the study of detM(,)=0 for a 22-matrix-valued analytic function (,)M(,) in a neighborhood of (0,0)
	Symmetry implies detM((1),) has no linear in  terms for ||1
	Quadratic in  terms of detM((1),) for ||1

	Symmetries of dispersion maps k(k) for k near a vertex of B
	Local behavior of degenerate dispersion surfaces near the M-point
	Dispersion surfaces near M for v admissible and reflection invariant; proof of Corollary 4.2

	Spectral band degeneracies for small amplitude potentials
	H=-+V for V admissible and  generic
	Computational experiments
	Computations of quadratic degeneracy of dispersion surfaces near M and comparison with Theorem 5.3
	Periodic arrays of deep potential wells; the strong binding regime

	Appendix A. Tight-binding model for the Lieb lattice
	Appendix B. Dynamics of wave-packets spectrally localized near M
	Appendix C. Calculations for -+V, V admissible and  small
	Derivation of terms in summand
	Coefficient calculations: , , 

	Acknowledgments
	References

