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Abstract

In this paper, we study the central discontinuous Galerkin (DG) method on over-
lapping meshes for second order wave equations. We consider the first order hyperbolic
system, which is equivalent to the second order scalar equation, and construct the cor-
responding central DG scheme. We then provide the stability analysis and the optimal
error estimates for the proposed central DG scheme for one- and multi-dimensional cases
with piecewise P* elements. The optimal error estimates are valid for uniform Carte-
sian meshes and polynomials of arbitrary degree & > 0. In particular, we adopt the
techniques in [22, 23] and obtain the local projection that is crucial in deriving the op-
timal order of convergence. The construction of the projection here is more challenging
since the unknowns are highly coupled in the proposed scheme. Dispersion analysis is
performed on the proposed scheme for one dimensional problems, indicating that the
numerical solution with P! elements reaches its minimum with a suitable parameter in
the dissipation term. Several numerical examples including accuracy tests and long time

simulation are presented to validate the theoretical results.
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1 Introduction

Wave propagation is a fundamental form of energy transmission, which arises in
many fields of science, engineering and industry, such as geoscience, petroleum engi-
neering, telecommunication, and the defense industry (see [13, 18] and the references
therein). A vast amount of research can be found on the numerical approximation of
wave problems. The commonly used numerical methods include finite difference, finite
volume, spectral element and finite element methods, etc (see e.g. [15, 14, 12, 19]).
Among those numerical methods, we confine our attention to the discontinuous Galerkin
(DG) methods in this paper. DG methods are a class of finite element methods using
discontinuous basis functions, which are usually chosen as piecewise polynomials, but
could also be chosen as other types of functions to suit specific needs. The first DG
method was developed to solve a steady transport equation in [25], and later Cockburn
et al. applied the DG discretization in space, coupled with explicit Runge-Kutta time
discretization, for solving the hyperbolic conservation laws successfully [10, 9, 8, 6, 11].
Since then, the DG method has attracted more and more attention, and found broad
applications in various areas such as aero-acoustics, gas dynamics, weather forecasting,
oceanography, electro-magnetism, etc. The DG method has many advantages such as
allowing triangulations with hanging nodes, the extremely local data structure, high
efficiency in parallel computation, and the ability to easily accommodate arbitrary h-p
adaptivity, etc.

In this paper, we propose a central discontinuous Galerkin (CDG) scheme for solving
the following two way wave equation

pr=cV-q+f(p,gqxt) inQ, >0, (11)
q: = CVp+g(p/Q~w~t) iIl Q? t > 07 ‘

where Q C R? is some bounded domain, d = 1,2,3, and p = p(x,t) and q = q(x,t) € R?
are unknown functions, and the source terms f(p, q, z,t) € R and g(p, q, x,t) € R%. The

system (1.1) without source terms is equivalent to the acoustic wave equation
pu = Ap (1.2)

where A is the Laplace operator, p is the acoustic pressure (the local deviation from the
ambient pressure), and c is the speed of sound. For simplicity, in the remainder of the
paper we will only consider the system (1.1) without source terms, i.e f(p,q,x,t) = 0,
g(p,q,xz,t) = 0, as all results also hold for the general case with the source terms

depending linearly on p and q. That is, we will only consider the following system:

{ pp=cV-q inQ, t>0, (1.3)

qg=cVp inQ, t>0.



The central DG method was first introduced by Liu et al. in [20]. In order to avoid
Riemann solvers in constructing the numerical fluxes at the interfaces of the elements, in
[20] the authors computed two numerical solutions on the overlapping meshes. Therefore,
one advantage of the central DG method is the avoidance of the possibly complicated
construction of the numerical fluxes. Another advantage is that it allows a larger time
step (proportional to O(h/k) where h is the spatial mesh size and k is the polynomial
degree) than that of the regular DG method (which has a time step proportional to
O(h/k?)), particularly for higher order of spatial accuracy [26]. Liu et al. in [21] provided
L? stability analysis and suboptimal error estimates for linear hyperbolic equations.
Later Liu et al. in [22] used the shifting technique to construct a special projection to
obtain optimal error estimates of the central DG methods for linear hyperbolic equations.
In [23] they continue to use this technique to obtain optimal error estimates of the DG
methods on Cartesian meshes using P* element space, which is the space of piecewise
polynomials with degree at most k in each element. Recently, the shifting technique was
adopted in the study of optimal convergence and superconvergence of semi-Lagrangian
DG methods in [30].

To solve the second order wave equation numerically, one approach is to construct
the numerical scheme directly such as the symmetric interior penalty DG method [17].
Another way is to introduce the auxiliary variables and rewrite the wave equation into a
first order system, then construct the corresponding numerical schemes, see e.g. [27, 1, 4,
3]. In this paper, we propose a central DG scheme for solving the first order system (1.3).
Our main contribution in this paper is that we provide the L? stability and the optimal
error estimates for the proposed central DG scheme using P* elements. The proof of
optimal convergence results is valid for uniform meshes and for polynomials of arbitrary
degree k > 0. Though we perform the analysis in one and two dimensions, the analysis
can be extended to higher dimensional problems without any essential difficulties. For
the multidimensional problems on Cartesian meshes, the optimal error estimates are
usually based on the use of the Q¥ element space, which is the tensor product of the one
dimensional finite element spaces [7, 28, 24]. Thanks to the shifting technique in [22], we
are able to construct a special local coupled projection on the overlapping meshes, thus
we obtain the optimal error estimates with the use of P* elements. The local coupled
projection can eliminate the space-discrete terms when (p, q) are both in the P*** space.
This superconvergence result leads to the derivation of optimal convergence rate. To the
best knowledge of the authors, this is the first work obtaining optimal convergence rate
when using the P* elements on overlapping meshes for multidimensional problems. We
also provide a dispersion analysis for the proposed scheme in one dimension based on

the Fourier analysis.

The organization of this paper is as follows. In Section 2, we propose the central DG
scheme for the wave equation (1.3). In Section 3, we prove the L? stability and optimal
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error estimates for one- and multi-dimensional problems. The dispersion analysis for one
dimensional problems is also provided, with the P* elements for k = 0,1, 2. Numerical
experiments are provided to verify our theoretical results in Section 4. In Section 5, we
give a few concluding remarks and perspectives for future work. Some technical proofs
of the lemmas are provided in the Appendix.

2 The central DG scheme

In this section, we present the central DG scheme for (1.3). First, we multiply the
first and second equations with functions ¢ and ), respectively, and perform integration
by parts on an open and bounded subset K C (), to obtain the weak formulation as

follows

/ptgoda::—/cq-Vgodm—l—/ cq-ngpds,
K K oK

/qt-1,bd:c:—/cpv-1,bdm+/ cpng - P ds,
K K oK

where n g is the unit outward normal to 0K. Now we define the central DG scheme from

(2.1)

the variational form (2.1). To this end, we first take the partition of the domain. Assume
we have two kinds of partitions 7, and 7,/ on 2. The partitions 7, and 7, are overlapped
and are usually chosen as the overlapping Cartesian meshes. For general cases, we refer
to [29]. A two dimensional overlapping Cartesian mesh is shown in Figure 2.1.

Now we introduce the finite element spaces associated with these two partitions.

Vi, = {SOh S LQ(Q) : (Ph|K S Pk(K) VK € ﬂl}>

) N (2.2)
Wy, == {@/)h €L (Q) : ¢h|K’ epP (K,) VK' € 7;{}

The central DG formulation is defined as follows: Find p, € Vi, qi € [Vi]? and 1), €
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Fig. 2.1. 2D overlapping cells, the first mesh is formed by solid lines, and the dual mesh
is formed by dashed lines.

Wi, s, € [Wh]¢ such that for all K € T;, and K’ € T, we have

/(ph)t%dw =—/ CSh'VSOhdiU+/ cSp-Nippds
K K oK

1
+

/ (rn — pr)endx, Yo, € Vy,
K

Tmar

/(qh)t'sohdfv =—/ crhV-gohdac+/ cramg - @ ds
K K oK

+

/ (8n —qn) - pndx, Yy € [Vi]4
K

Tmaz

(2.3)
/ (7)) ety dx = —/ cqp - Vi dx + / cqy - NPy ds
! ! 8K/

+ - / (ph — rn)Yndx, Vb, € Wi,
/ (8p): - P dx = —/ cppV - Ypdx —|—/ cpp Mg - Py ds
K’ K’ oK’
1 _ _
b g =) dde, Ve



d

where [Vh]d = Vy X+ xV,, and 7., is an upper bound for the time step size due
to the CFL restriction, that is, 7,4 = ah with a given constant CFL number o > 0
dictated by stability. pp,r, are the approximations to the solution p, and gy, s; are
the approximations to the solution g. The initial data is obtained by the standard L?
projection, that is, py(-,0) = Pupo, m4(+,0) = Qnpo, ¢i(+,0) = Pug and st (-,0) = Qpngp,
v =1,---,d, where gj is the i-th argument of gy, and ¢;, and s}, are the ¢-th arguments
of g;, and s, respectively. The L? projections P, and Qy, are defined as follows. For any
function u, we have P,u € P*(K) and Quu € P*(K') satisfying

/(Phu—u)gohda::(), Vo, € PHK), VK €T,
K

(2.4)
/ (Qhu—u)gbhda::(), V@hePk(K/),VK’E’E{.
From Theorem 3.1.5 in [5] we have
lpn (- 0) = poll + lI7a(:,0) = poll S A" Hlpollesa, 25)
lgn (- 0) = qoll + [Isn (- 0) — qoll < A***llqoll+1.
where the unmarked norm || - || denotes the standard L? norm on €2, and || - |41 is the

standard norm in the Sobolev space W*t12(Q).

3 Analysis of the central DG schemes

In this section, we analyze the proposed central DG scheme (2.3) for equation (1.3).
We present the L? stability, and the a priori optimal error estimates for one and two
dimensional problems only. As we can see, the techniques we take are very general and
can be extended to higher dimensional problems without any difficulties. We also provide
a dispersion analysis for one dimensional problems. Before we proceed, we introduce some

standard Sobolev spaces notations. For any integer m > 0, let W™P(D) be the standard

Sobolev spaces on sub-domain D C €2 equipped with the norm || - ||, , p and semi-norm
| |mp.p- When D = €, we omit the index D; and if p = 2, we set W™?(D) = H™(D),
| llmpo = |- |m.ps and |- |mp.p = |- |m,p- An unmarked norm || - || denotes the standard
L? norm.

3.1 Analysis of the central DG method in one dimension
For one dimensional case, the equation (1.3) becomes

ptch17 er, t>07
@ =cps, €, t>0, (3.1)
p(ZL‘,O) = po(ﬁ), q(x, O) - qU("E)v



with periodic boundary condition. Without loss of generality, we assume that ¢ = —1
and Q = [0, 1]. Let {z,} be a partition of [0, 1] with hj+% = 241 —; and h = max; hj+%.
Denote Tjpl = (Tjp1 +25)/2, I; = (xj+%,xj_%), and ]j+% = (zj,xj41). Then we have
the corresponding finite element spaces as follows.

Vi = {on € L*(Q) : onls, € PH(I;), Vb,
Wy, == {uy € L*(Q) : whllﬁ% S Pk(Ij+§)= v}

V}, is the set of piecewise polynomials of degree at most k over the subintervals {I,}
with no continuity assumed across the subinterval boundaries. Likewise, W}, is the set of
piecewise polynomials of degree at most & over the subintervals I, 1 with no continuity
assumed across the subinterval boundaries.

The semidiscrete version of the central DG scheme for solving (3.1) is defined as
follows:  Find ps(+,t), gu(-,t) € Vi and ry (-, t), sp(-,t) € W}, such that for any ¢n, ¢ € V;,
and ¥y, 1, € Wy, we have

/(ph)tSOh dz = Bi(Th, Dh, Sh; ¢n)j (3.2a)
I
/(qh)tsoh dx = B1(Sh, qn, Th; Ph)js (3.2b)
I;
/ (rn)etbn dx = Ba(phs Ty Gni ¥n) 41 (3.2¢)
Ij+%
/ (sn)ethn dz = Ba(qn, Shaph;zzh)j-i-%v (3.2d)
Ij+%
where
1

/(Th — pr)pn dr + / sn(¢n)e dz

Trmaz Ij IJ

= sn(yep Dn(as, )+ sule,_y Don(at

! / (ph—Th)¢hd$+/ qn(Yn)x dx

Tmaz Ij+1 I 1

— (i1, )n(a ) + qu(g, )n(a)).

In this subsection, we study the L? stability of the central DG scheme on overlapping

Bl(rhapha Sh; @h)] =

),

N|=

(3.3)

Ba(phy Thy Gns Vn) iy

1
2

cells (3.2) for the equation (3.1), and then we provide an L? a priori optimal error
estimates for smooth solutions.

Theorem 3.1. (L? stability) The numerical solution py, T, qn and s, of the central

DG scheme (3.2) for the equation (3.1) satisfies the following L? stability condition

5 | (@ @+ 0+ (s0?) dn

/0 ((ph — Th,)2 + (qn — Sh)Q) dr =0
(3.4)



Proof. Taking the test functions ¢, = pp, ¥n = Th, @ = q, and ¢, = s, in (3.2)
respectively, then summing it up over j, with the periodic boundary condition we have

1d [*
2 ), ((pn)* + (qn)* + (ra)” + (s1)?) dov
1 Ti+s Tj+1
= Z - / (rn — pr)pn dx + / (pp — rp)rn dx
max z x;

i-3

1 Tl Tit1
+ / *(sn — qn)qn dz + / (qn — sn)sp dx

Tmax 3

[N

j—

+/ shaxphdx+/ PhOzSh dx+/ ThO0zqn da:+/ qnOyry dx
I .

g i L L+l
+ Sh('rj—%)ph(x;-_%) = sn(@;)pn(25) = sn(y)pn(ay, ) + sn(; )pn(z;)
+ Th(xj—%)%(x;__%) - Th($; qn(zj) — rh(Ij-&-%)Qh(mj__i_%) + Th@j)%(%‘)
1 1

1 1
= - /(ph—Th)le'— /(Qh_sh)de'
Tmaz Jo Tmaz Jo
OJ

To prove the the optimal error estimates of the central DG scheme, we first introduce
some notations. Throughout this paper, A < B denotes that A can be bounded by B
multiplied by a constant independent of the mesh size h. Define

A (DhsThy Qhs Sk ©hs Uhy Phis ¥n)

:/atphSOhdx‘f‘/ 3tqm5hd$+/ 3t7’h¢hd90+/ Ospibndx
I Iy Ty Tivy (3.5)

— Bi(Th, Ph, Sn;00)j — Bi(Sh, Ghs Thi Pn);
— Ba(phy Thy Gn; Vi) j 1 — Ba(g, Shuph;'(Zh)j+%-

1
2

Clearly, Vj and VY ¢p, @on € Vi, ¥, ¥y € Wy, we have
A(Phs Thy Qs 515 Ons Vi Py Pn) = 0. (3.6)
Due to the consistency of the scheme (3.2), the exact solutions p, g also satisfy
Ai(D, D €5 @ Py Uny Pryon) = 0, ¥V and ¥ on, @n € Vi, i, i € Wi, (3.7)
Subtracting (3.6) from (3.7), we obtain the error equation

Ai(p = Pr,P = Thy @ — Qny @ — S5 Phy Vs $rs ) = 0, VY and Y on, @ € Vi, Up, Yy, € Wi
(3.8)



We also recall the following basic facts. For any function wy, € Vj, or W, the following
inverse inequalities hold from Theorem 3.2.6 in [5]:

_ ,l ,l
1(wn)all S B Hlwnll,  [lwnlloo S A7 2llwnll, Nwalln, S 272 [lwn]), (3.9)

where I}, denotes the set of boundary points of all elements I; or I, 1 respectively,
and the norm || - ||, is the standard L? norm. We now define the special local cou-
pled projection. For any function p,q € H'(f2), define the following coupled projection
Pi(p,q) := (P, p, Pi*q) € [Vi)? such that

/ x)dr = /1 p(z) dx, (3.10a)
/ P7*q(x) do = /1 q(z) dx, (3.10b)
<Ph P2 B a(w); en); = Pulpla),a(w); on)s Vion € PHE), (3.10)
Py (B3 q(w), By p( ) #n); = Pula(), p(x); @n); ¥ @n € PH(I;), (3.10d)

where P, is given as

Pu(p(x), q(2); on);

_ ﬂ;x (/ @+ h/2)on(w)de + /+ p(x — h)2)on(x)de
- [ @)+ [ ates 2. 31y
o[ a2 o)t gt ) — o)
Similarly, we can define Q% (p, q) := (Q-*p, Q2*q) € [Wi]? such that
[ 1@2*p<x> dz — / p() da, (3.120)

Q> / (3.12b)

Qn(Qy"p(x), Q" q(x); h) 11 = Qn(p(@), q(@);vn)jp1, Yo € PH(I5,0),  (3.12)
Qn(Qyq(x), @y p(x); ¥n) 11 = Qula(@), p(x); ¥n) 1, Vo € PR(I,0),  (3.12d)



where @L is given as
Qn(p(), q(x); on)j41

_ ! ( / Tt h/2) () da + / 7 e = b2 do

Tmax
] T
J it

- [ etayia) + [ ot ni2 o) e (3:19)

J J

+ / 7 g ) (W ())ada 4@ 1) (Ynlei) = dnla))) -

Next, we prove the projections IP; and Qj are well defined. Note that the projections are
local, so we only consider the projections defined on the reference interval [—1, 1]. In this
case, we have h = 2, T, = 2. The projection can be viewed as the extension of the
special projection (2.12) in [22]. Our coupled projections are applied to both functions
by using the shifting technique. Without loss of generality, we only consider P} and the

analysis of QQ} is similar.

Lemma 3.1. The projection P} defined by (3.10a) - (3.10d) on the interval [—1,1]
exists and is unique for any functions p,q € H'([=1,1]). In particular, the projection is

bounded in the L* norm, i.e.

1P plloo + P2 qllcc < CR)(IPlls + lldllo), (3.14)

where C'(k) is a constant that only depends on k but is independent of p, q.

Proof. We provide the proof of this lemma in the Appendix; see Section A.1.

Since the projections [Py and Qj are k-th degree polynomial preserving local projec-
tions, the standard approximation theory, Theorem 3.1.5 in [5] applies, i.e. for smooth
functions p, q,

* 1 * 1
IPy*p — pl| + |P7*q — ql| + 22 ||P,"p — plIr, + h2||Pi*q — q|lr, < B, (3.15)
1 1
1Q;*p — pll + 11Q7*q — gl + A2 |Qy*p — plin, + R2|Q)" g — ¢llr, S AL (3.16)

When p, ¢ both belong to P**!, we have the following lemma.

k+1 k+1

Lemma 3.2. Assume that p(x) = az""" and q(x) = ba", where a,b are constants.

Then we have the projections Py (p,q) = (P,ll’*p, Pi’*q) and Q5 (p,q) = (@,ll’*p, @Z’*q).

Therefore ¥V x € [xj_%,ijr%] we have
(a:vk“ — Py *p(x), bkt — Pi’*q(x)) (3.17)

= (a(x F h/2)"" = Q" p(z F 1/2),b(z F h/2)" — QF q(z F h/2)) .
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Proof. The proof of this lemma is provided in the Appendix; see Section A.2.
Besides the standard approximation results (3.15) and (3.16), the special projections
P} and Qj also have the following superconvergence result.

Proposition 3.1. Assume that p,q are both (k + 1)-th degree polynomial functions in
PMUK,), K; = [j-1,2;,3]. For a uniform partition on Q, set p; = Py*p € Vi, qr =
P*q € Vi, and r; = Qy*p € Wy, s; = Q> "q € Wy, Then we have

Bi(rr,pr, st ¢n); = Bi(p,p, @ 0n)5, - Yon € PE(I), (3.18)
Bi(sr,qr,mr:0n); = Bi(¢: ¢:p; 6n)j,  Vn € Pk(Ij)a (3.19)
Bs(pr, 7“17(11;1/)h)g+% Bs(p,p, q; 1/%) +1> Vb € Pk(l %)7 (3.20)
By(qr, sr,prs )1 = Ba(a, 40 ¥n)j1, Vb € PR(I,0). (3.21)

Proof. We give the proof of this Proposition in the Appendix; see Section A.3.

Next we prove the optimal error estimates for the central DG scheme (3.2) on the
uniform overlapping Cartesian meshes, stated in the following theorem.

Theorem 3.2. (Error estimates) Suppose that p,q € H*"2(Q) are the exact solutions of
the equation (3.1) with smooth initial condition p(-,0),q(-,0) € H**2(Q). The numeri-
cal solution pn,qn, T, sn of the central DG scheme (3.2) satisfies the following L* error

estimate

lp = 2ull* + lp = rall® + llg = qull® + llg — sall* < B> (3.22)

Proof. In the error equation (3.8), we take

on=pn — Py, Bn=aqn— P,

L (3.23)
Y =1, — Q7 p, ¢h—$h—Qh q,
and define
pe=p—Pp, q =q-P}q,
1k - (3.24)
re=p—Qp, s.e=q—Q;q.
Then we obtain
A] (Soha Q/)hy @hv &h) Ph, 'll)h, @ha @Eh) = Aj(pe> Te, e, Sey Ph, @Z)h, @h) 7Lh) (325)

For the left-hand side of (3.25), we mimic the proof of the L? stability to conclude

Z A (@ny Yy B Uni Ohy Uy By Un)
’ (3.26)

1d [*! - -
on+ U+ @+ Unde +

1
_1a e
24t J, Tmmpjg (on = 1n)” + (&n — tn)” dz.

11



For the right-hand side of (3.25), we rewrite it as a sum of five terms

5
Aj(peareerase;(phawha@hﬂZh) = ZA§7 (327)
/=1

where A, ---, A% are given as

A= [ wowen+ @hendo+ [ GO+ (s
I L

i 3.28

A? = _Bl(reapease;90h>j7 A? = _Bl(swqwre;(ph)ﬁ ( )

A;L = _BQ(peareaqar(/}h)j-;-%a A? = _BQ(Qeysevpe;rJ)h)j+%7

and we next estimate each term separately. For A}, by using the Cauchy-Schwarz in-

equality and the optimal estimates of the projection error (3.15) - (3.16), we have

S AL S B (lgnll® + Igall® + 1nll? + 16a]12)2. (3.29)

J

For Ag, ¢ =2,...,5, we use Proposition 3.1 to obtain

Bi(re, Pes sei 9n); = Bi(p = Qo0 — Pypa = Q3 s 0m)
— Bi(Tp— Q" Tp, Tp —P,"Tp,Tq — Q" Ta:pn),  (3.30)
= By (lp — Q" Tip, Ilp — P, "Ilp, lg — Q" Tlg; 1)

where IIp = p — Tp,llqg = q — Tq, for any T'p, Tq € P*"(K;). Therefore, by using the
Cauchy-Schwarz inequality, the special projection property (3.14), the Bramble-Hilbert

lemma, Theorem 4.1.3 in [5], and the inverse inequality in (3.9) for ¢, we have
> A3 S B el (3:31)
J
Similarly, we also have the estimates for A?, A?, A?.
DA S E T gall, > AN S B Il D AT S B (3.32)
J J J

Then we substitute the estimates (3.29), (3.31) and (3.32) into (3.26), and obtain

1d [!

— i _ - 1
oy or + Ui + @5 + U de SR (lenll® + I18nll? + llnll® + 1vn]?)z. (3.33)
0

Together with the projection error (3.15), (3.16) and the initial error estimates (2.5), we
finally obtain the desired error estimate (3.22). O
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3.1.1 Dispersion analysis

In this subsection, we derive the dispersion error for the central DG scheme (3.2)
with P, P! and P? elements. The technique of dispersion analysis comes from [3]. As
usually required in the dispersion analysis, we use a uniform mesh, i.e. h; = h;, 1= h,
vV j. We assume that the initial condition has the form

po(x) = poe™,  qo(x) = goe™, (3.34)

then the exact solution is given by

q(x, t) = weik(zﬂ N Po ; do €ik(x+t),

(3.35)

Clearly, the exact solution is composed of two waves e!*#t%t) with the dispersion relation
w = *£k.

P° polynomials . For the case of piecewise constant polynomial space, we assume
pulr, = pis Wl = 45, rh|1j+% = r; and sh\1j+% = s;. From (3.2), we can obtain the
following relation

Dj Pj—1 Dj Dj+1
q;j qj—1 q;j qj+1
J = Al J + A2 J _'_ A3 7+
Tj Tj—1 Ty Tj+1
Sj ‘ Sj—1 Sj Sj+1

where Ay, A, Az are 4 x 4 matrices. From the assumption that the wave takes the form
pi(t) = Ptk qi(t) = G(t)e™@i, ri(t) = i(t)e’ i+h 5;(t) = (t)e’ i3, then the above
relation can be written as

lj-t = Gﬁ; (A] = (ﬁa qA77A17 §>T7

where G is the amplification matrix given by

c 1 (—IQ A) CoA- < cos(w) —22'0481“(11))) Cw= kh

Tah\ A —I —2ia sin(w) cos(w) 2’

and I, is the 2 x 2 identity matrix. The matrix G has four eigenvalues A; 2, A4, and
through calculation we obtain

A2 K*h k3h? k'R

Dip = 212 g _ 4

CULQ g +1 3 + Y Z384Oé + O(k’(k’h) ),

D YR K2 KPh? KR \
=122 + k(kh)*).

Wga === =i Fh—igmd o g, T OWER))

Clearly, @y 2 correspond to the physical modes, and ws4 are the spurious modes. The

leading errors in the physical modes are a first order dissipation error and a second order
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dispersion error. The spurious modes, on the other hand, get damped exponentially fast
in time, due to the leading imaginary part of ws4 being positive and proportional to
O(h™1).

P! polynomials. The analysis for the P! element space is similar to that for the
PP elements. By choosing the basis functions on each element I; to be ¢; = —€ 4+ 1/2,
py =&+ 1/2, with £ = (v — x;)/h, and ;11 to be ¢y = —n + 1/2, ¥y = n+ 1/2 with
n = (x —xj%)/h. Then the numerical solution on /; can be written as py, = pjl-gol —i—p?gag,
an = qjp1 + qjp2 and on I;,1 can be written as rj, = Tty 4 r3e, si = sjib1 4 551y
Similar as before, we obtain the following ODE

0t:Gﬁa IA]: (ﬁl)ﬁQ’le’CjQ’f,l’fJ,§1’§2)T7
in which the amplification matrix G is given by
1 (-1, A A Ay
G- A=
ah < A —[4> 7 <A2 Ay

where I is the 4 x 4 identity matrix and A; and A, are defined as

1 Je~w _ giw Te—w _ piw O, o 5 -1 kh
A= 8 (—6“” + Tetw  —eW +3e“”) A= Z(e —eY) (-1 5 ) T

The matrix G has eight distinct eigenvalues \;, i = 1,...,8, and we obtain
. AL2 B3k (34 16a%)  hES (81 + 80a?) 5
= 0% — 4k O(k(kh
2= T e ¢ rso O (3.36)
. 1 . .3 . 2 '
W34 = Z% + O(l), W56 = Zﬂ + 0(1)7 Wrg = ZE + O(].) .

The leading errors in the physical modes w; 2 are a third order dissipation error and a

fourth order dispersion error. Clearly we can see the magnitude of the leading error term

R3k*(3 4 1602
i (8 + 16a7) in (3.36) reaches its minimum at a = v/3/4. The spurious modes, on

the other %and, get damped exponentially fast in time, due to the leading imaginary

P? polynomials. For the piecewise quadratic polynomial case, we choose the basis
functions on each element I; to be o1 = 26(§—1/2), o = —4(§2—1/4), 3 = 2£(£+1/2)
where § = (z—a;)/h and on each element I; 1 to be ¢y = 2n(n—1/2), ¢2 = —4(n*—1/4),
3 = 2n(n+1/2) where n = (z — xj+%)/h. Similar derivations show that there are twelve
eigenvalues of the amplification matrix, and

oMo SRR 2A080KTRS
2= T 2018400 | 646912000

+ O(k(kh)®) for a = 1,

R 21 R 27 £ /902 — 384004 1
Waa =gt O(1), Wsprs="1 1602 nT O(1),

14



ba++v/9a2 — 384004

W9 10,11,12 = *

1
1602 p oW

The leading errors in the physical modes w; o are a fifth order dissipation error and a
sixth order dispersion error. Since the formulation of the coefficient of the leading term
is too long to simplify, here, we just give the case for « = 1. For the spurious modes, we
can verify by basic algebraic manipulations that the imaginary part of the leading term
of W3, 12 is positive and propositional O(h™') for arbitrary a > 0. Thus they can get
damped exponentially fast in time.

Remark 3.1. Compared with [3], we obtain the same dissipation error order and disper-
sion error order. Besides, we provide the best parameter o for Pt element to reach the
minimum dissipation error. For P and P? elements, the dissipation error is decreasing
as « increases. For the dissipation and dispersion analysis of general P*, it will be left
to our future work.

3.2 Analysis of the central DG method in multidimensions

For d = 2 in (1.3), we have the following two dimensional problem

pt:CQ$+Cry7 ([E,y)GQ, t>0a
G =cps, (x,y) €Q, t>0,

(3.37)
re=cpy, (x,y)€, t>0,

p(xay70) = pO(xay)a Q(-T,y,O) = qO(xay)a r(xayao) = 7“0(37,3%)7

again with periodic boundary conditions. We assume Q = [0, 1]? and ¢ = —1.

Let {Ki,j = [xi_%,xi+%] X [yj_%7yj+%]}, i=1,...,N,,j=1,...,N, be a partition
of  into rectangular cells. Let {KH%JJF% =[x, 1] X [yj,yj+1]}, 1=1,...,N,,j =
1,...,N, be a dual mesh with z; = (%—% +xi+%)/2 and y; = (yj_% +yj+%)/2. Then we
have the finite element spaces as follows.

Vii={v e L*Q): ¢lk,, € PM(Kij), Vi, j},
W, = {1} & LQ(Q) : @‘Ki+%,j+1 € Pk(K‘+%7j+%>7 VZ,]},

ES 7
2

where P*(K; ;) denotes the space of polynomials of degrees at most & defined on K, ;;
no continuity is assumed across cell boundaries, and P*(K,, 1 %) denotes the space of
polynomials of degrees at most k defined on K, +1j+15 no continuity is assumed across

cell boundaries. We denote



h = max <h’ BRIt )

o 'y

The semidiscrete central DG scheme for solving equation (3.37) is defined as follows.
Find the numerical solutions pp, qn, 7, € Vi and uy, vy, w, € W), such that for all test
functions ¢y, @p, ¢n € Vi, and ¥y, U, @Lh € Wp, and all 4, j, we have

/ (pn)espn dxdy = Bi(un, Phs Vn, Whi ©n)i g (3.38a)
Kly,]
/ (qn)eon dxdy = Ba(vh, qn, Un; Pn)i g, (3.38b)
KZ,]
/ (78)¢Pn dxdy = Bs(wp, T, Un; §n )i (3.38¢)
Kl,j
/ (un)etbn dwdy = Bi(pn, un, @, ™hi Yn)ig 1 i1 (3.38d)
Kivd+d
/ (vn)etbn dody = Bo(qns Vny Pri Vn) it ji1s (3.38¢)
Ki+%,j+%
/ (wn)n dxdy = Bs(rn, wn, pr; &h)i_f%’j_g_%; (3.38f)
Kivljrd

where By, By, B3 are given as

1
Bi(un, Phy Uny Wi On)ij = / (un, — pr)en dedy + / (vn(en)x + wrlen)y) dedy
K Ki,

"o (2 Tiyl a3/>90h< %,y) _Uh(%f%ay)(ﬂh(xj,%ay) dy

m\H

J

B, (Uwahauha (Ph

/y]+1
/ Wi,y )on(e07, ) — wnle gy eyt ) de,
s

Up — qn)on dr + / up(Pn)e drdy

Kl,]
i+ _ _
- / V(e y )@,y v) e,y )@ 0) dy

1

/ (wh — T'h)@h dx + / uh(@h)y da:dy
K K

¥ 2%

i+ B B 5
= [ e e ) - we, o)) d.

i=3

Bs(wh, Th, Un; P )i =
Tmax

Nl

i—

In this subsection, we consider the semidiscrete central DG method for multidimen-
sional problems. Without loss of generality, we derive the L? stability and prove the

optimal a priori error estimates for the central DG scheme (3.38) in two dimensions
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(d=2). We only consider the rectangular mesh and finite element space is piecewise P*
element space. The analysis can be extended to the higher dimensional cases d > 2
without any difficulties.

Theorem 3.3. (L? stability) The approximations py,qn,mn € Vi and up, vy, w, € Wy
of the semidiscrete central DG method (3.38) for the equation (3.37) has the following
L? stability property

d
77 (Il + llgnl* + rall® + lunll® + ol + flen] )

1
= - (/ (pn — up)? dedy + /(Qh — vp)? dady + /(Th — wp)? dﬂly) <0.
Tmazx Q Q Q

DN | —

(3.39)

Proof. Taking (n, n, &) = (Dn, qn,7n) € [VaJ* and (Yn, Pn, ) = (un, vn,wn) € Wil
in the scheme (3.38), summing up over j, and using the periodic boundary condition, we
have

| =

(pnll* + llgnll* + lrall® + llunl® + lloall® + llwal®)

N | —
QL

t
= Bu(un, P vh whi P + Ba(Vn, Gns wn; qn)ig + Bs(wn, 1 s )i
i,J
+ Z By (ph, ny Qs Thi Un )i 1 gyt + Ba(Gns Uny i Un)ig 1 g1 (3.40)
i,J

+ B3<Th7 Why Phs wh)i+%’j+%

1
= /(ph —un)® + (gn = va)* + (rn — wy,)* dady < 0.
mazx JQ
O
Next, we start to derive the optimal error estimates for the central DG scheme (3.38).
. i+ L . iyl
Assume the mesh is uniform, i.e. A} = hy' ? = h, and b = hifz = h,. We first define

Ai,j(Fhtharmuh?Uhawh;(Pha@hﬂbh;wh;&hﬂ;h)
_ / pnipn ddy + / Dranpn dady + / Dy didy

+/ @uhwh da:dy+/
K K.

i+d,+3 i+dg+d

— Bi(Uh, Phs Vn, Whi Pn)i; — Ba(Uhy @hy Uns @ )i — Bs(Wh, Thy s Pn)i

atvh&h dxdy -+ / @whqﬂh d.Tdy

i (3.41)

i+h.i+g
— Bl (pha Upy Qhy Th; Tybh)i_t,_%,j_i_% - BQ((]h, Uhy Phs @Eh)i—&—%,jﬁ-%
_ BB(T}L, Wh, Ph; &h>i+%’j+%.
ClearlYﬂ VZ,j and V(@h, @ha @h) € [Vh]3> <wh7&h7¢h) S [Wh]3 we have
Aivj(ph’ dhs Thy Unh, Uh, Wh; Ph, @h? @h) wha %Eha %Eh) =0. (342)

17



The exact solution p, ¢, r also satisfies

Ai,j(pa 470,475 Phs @ha @h? 1/}h7 1/_}h7 ¢h) - 07

. N S (3.43)
Vi, j and ¥ (on, Gn, @) € [Val®, (Wn, Un, n) € Wi,
Subtracting (3.42) from (3.43), we obtain the error equation
Az,j(p —Phyq — qp, T — Th, P — Uh,q — Up, T — Wh; Ph, @hv @ha ¢h7 @Eha @Lh) - (3 44)

Vi, j and YV (n, @, &n) € VA%, (Vn, n, n) € [Wi]%.

We now define the special local coupled projection for the two dimensional problem. For
any functions p,q,r € H'(Q), define the following coupled projection P* : [H*(Q)]* —
V]2, P*(p, q,7) := (PY*p, P>*q, P>*r) such that

/ P *pdxdy:/ pdxdy, (3.45a)
Kij

/ Pz*qudy—/ q dxdy, (3.45b)
Kiyj

/ P**r doedy = rdzdy, (3.45¢)
0,7 K j

P, ( Y, P, P (Ph>w — Pu (0,0, 7 0n)igs Voon € PR(KGy), (3.45d)

P, ( 4P Gn)is = P (0.0 @n)igs Von € PH(EKGy), (3.45¢)

—~2
P, ( P pi@n)i; = P (1,03 8n)ij, Vn € Pk<Ki,j), (3.45f)

—~2
where Ph and P, are given as

ph (p> q,7; Soh)i,j

1
= (/ p(x + hy/2, y+hy/2)gphdxdy+/ p(x — hy /2,y + hy/2)pn dudy
K?

Tmax £
%,

p(x+ he /2,y — hy/Z)@hdxdy—l—/ p(x — hy /2,y — hy/2) ey dedy

4
Ki,j

p(x,y)pn dwdy)

o
/.

+/ q(x + ha/2,y + hy/2)(en)e drlfdy+/K q(x = ha /2,y + hy/2)(pn)e dudy

N

+/ q(x + e /2,y — hy/2)(pn)e dzdy + [ q(z — e /2,y — hy/2)(pn). dzdy

B

+ / (x4 ha/2,y + hy /2)(on)y drdy + r(x — he /2,y + hy/2)(pn)y dzdy

N

+/ r(x + he /2,y — hy/2)(¢n)y d:vdy+/K4 r(x = he/2,y — hy/2)(on)y drdy

18



)

Py (q,p; @n)ij
1

== (/ q(x + hy /2,y + hy/2)@p dedy + / q(x — hy /2,y + hy/2)@p dady
mazx Kil’j 7

K2
q(x + hy /2,y — hy/2)n dedy + / q(x — hy/2,y — hy/2)pp dzdy

3 K4

i, 0]

q(m, y)@h dl‘dy)

+

¥

p(x + he /2,y + hy/2)(Pn)s dudy + / p(@ —he /2,y + hy/2)(Pn). dedy
1 KQ

i, ©J

P+ ha /2,y — hy/2)(Pn)s dudy + / p(x = he /2,y — hy/2)(@n)s drdy
3 K4

¥ ¥

Y1
= [ by = b2 (ol o) = onlaf ) dy

Y

Yipd
= [ by = b2 (ol o) = onlal ) dy,

Yj

+

_|_

TS TS AT T

where Kz{j = (xi_%,xi) X (yj_%,yj), sz = (:ﬂi,xiJr%) X (yj_%,yj), Kf:j
(ijyj—i-%)? K;I,j = (xiaxi—i-%) X (?/jayj+%)-

Similarly, we can define Q}(p,q,7) == (Q;*p,Q:*q, Q2*r) € [W,]?. Next, we prove
the projections P} and ()} are well defined. Similar to the argument in the one dimen-

sional case, we need to show the existence and uniqueness of projections on the reference

= (:Ei—%axi) x

cell [—1,1]% In this case, Tmax = 2a, « is a constant. The following lemma implies the
projection P is well defined.

Lemma 3.3. The projection P} defined by (3.45a) - (3.45f) on the cell [—1,1]* exists
and is unique for any functions p,q,r € H*(), and the projection is bounded in the L™
norm, 1i.e.

1B Pllsc + 1B *alloc + 1B "7l < C(R)(Iplloo + llalloe + lIrlloc)- (3.46)

where C(k) is a constant that only depends on k but is independent of p,q,r.
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Proof. We give the proof of this lemma in the Appendix; see Section A.4.
The standard approximation theory, Theorem 3.1.5 in [5] implies, for smooth func-

tions p, q, 7,

1P, = pll + By g — gl + By — 7| S R*, (347
* * * 1 :
IB,p = plin, + 1Py q — qlls, + Py r — rlln, S A2,

Analogous to Lemma 3.2 in the one dimensional case, we have the following lemma.

k+1f€y€7bxk+1 —L, 0 k+1-¢, ¢

Lemma 3.4. Assume that (p,q,7) = (ax y*, cx y"), where a,b,c are

constants, £ = 0,--- , k+1. Then we have the projections P} (p, q,r) = (IP’,ll D, IP’h q, IP’;D’Z’*T),
Qh(p. g, 1) = (Qh P, Qh ¢, Q,"r), and we have
(p(.’L', y) - P};*p(l‘? y)7 q(xa ) - IP)%*Q(xa y)a 7"(.27, y) - P%*T(xa y))
= (P F b2, F 1y/2) = QP F /2,5 F iy 2),
q(x F he /2,y F by /2) — Q) q(x F he /2,y F Dy /2),
(xF ha/2,y F hy/2) — Q) *r(as T /2,y F 1y/2)) (3.48)
- (p(x¢hm/2,yj:hy/2) QY p(x F ha/2,y £ hy/2),
G F hef2,y + hy/2) — Q2 q(x F he /2,y + hy/2),
(@ F ha/2,y £ hy/2) — Q,Sl*r(a:$hx/2,yj:hy/2)).

<

r

Proof. We provide the proof of this lemma in the Appendix; see Section A.5.

Again, using the above lemma we can show that P; and Qj satisfy the following
superconvergence property.
Lemma 3.5. Assume that (p,q,r) = (az®H1=4yf ba*b 148 cab 145 0 =0,1,--- k+
L. Let (p[7 qr, TI) = (Pl’*pa Pz’*Q7 P&*T); (U], Ur, wI) = (Ql *pa Q2 *Q7 Q3 > ); then

Bi(p—ur,p—pr,q—vr,r —wien)i; =0, Ve, € PF(K; ), (3.49)
1(p = prp —ur g —qr T =5 tn)i; =0, Vi € PE(K1 1), (3.50)
2(q =01, q = qr,p —ur; Pn)iy =0, Von € PH(K, ), (3.51)
2(¢ — qr,q —vr,p — pr; &h)zdr%,]#% =0, Vi€ Pk(Ki+1,j+%)’ (3.52)
By(r —wr,r —rp,p—ur; @n)iy =0, Yén € PE(K, ), (3.53)
Bs(r —rp,r —wr,p— pr; &h)ﬁ%,j—i—% =0, V€ P (3.54)

(MO N

z+;,j+%>‘

Proof. We provide the proof of this lemma in the Appendix; see Section A.6.

Next, we can use above lemmas to prove our main result in the following theorem.
Theorem 3.4. (Error estimates) Suppose that p,q,7 € H*2(Q) are evact solutions of
the equation (3.37) with smooth initial condition p(-,0),q(-,0),7r(-,0) € H*2(Q). The
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numerical solutions pp, qn, Th, Up, Un, Wy of the central DG scheme (3.38) satisfy the fol-

lowing L? error estimates

lp = pll* + llg = aull® + llr = 7all* + llp — wnll* + llg = vall* + llr — wa]]* < A**2.

(3.55)
Proof. In the error equation (3.44), we take
on=pn—PB'p, Gn=an—Pyq, @n=rn—Py"r, (3.56)
U= —Q"p, n=uv,— Qg =wp — Q) .
and define
Pe=p—Pp, q=q-Pyq, r.=r—B"r, (357)
ue =p—Q.p, ve=q-Qq, w.=r—Q,"r |
Then we obtain
A (s Bhy By U Uny s Oy Bhy By U, Uy ) (3.58)

:Al,j (p67 Ge;Te, Uey Ve, We; Ph, @ha @h? wfw (&hu (&h)

For the left-hand side of (3.58), we mimic the proof of the L? stability to conclude

> A (ns Br Bhs Uy Ors Ui Ons Py B Uns Oy )

1,J
1d ) o
=57 | $ht Bt Bt Uk + O+ U dady (3.59)
Q
1 o o
+ - /Q<90h —n)? 4+ (Br — ¥n)* + (Pn — ¥n)* dady.

For the right-hand side of (3.58), we rewrite it as a sum of seven terms

7
Ai,j(pea e, Te, Ue, Ve, Wey Ph, @h, Safu ¢h7 1Zm ¢h) - Z Af,ja (360)
/=1

where A}

7 .
i, Aj are given as

Ay = [ opendedy+ [ dapndsdy+ [ aripdsdy
Kl‘,j Kiyj Kiyj

“

2 . 3 _ .= 4 .
-Ai’j = _Bl (uea Pe; Ve, We; Qph)i,ja Az‘,j - _BQ<Ue; Qe; Ue; Qph)i,ja -Ai,j - _B3<wea Te, Ues @h)i,j?
5 . 6 __ el
AZ‘J‘ - _Bl<pe>ueaqeare7¢h)i+%7j+%a Az‘J‘ = _82((]e>ve7peawh)i+%7j+%7

7 ~
AiJ = —BB(rea We Pe; wh)ﬂr%d”r%'

Oyu Yy, dxdy + /

Drvatin dady + / Dwody drdy,
K

) ) . . K. .
i+l +d.+3 i+d,i+3
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Now we proceed to estimate each term of A} e A7 separately. For Al |, we use the
optimal error estimates of the projections to obtain
1
Z AL S P (lenl® + 1m0 + I@nl® + lall* + 1al1% + [1dnll?)2. (3.61)
Next we give the details of the estimate for A%’j as an example. For A =37,

the analysis is similar. We use Lemma 3.5 and the Bramble-Hilbert Lemma in [5] to
obtain

Bi(tie, e, Ve, We; Ph)ij
= Bi(P — XpsP = Xp» @ — Xar T — X} Ph)i
+ B1(xp — Q4 X Xo — Py X Xa — Q2 Xas Xr — Q07 X5 1)1
+B1(Q," (o — 1) By O — P), Q27 (0 — Xa)- @ (e — 1) 00) i (3.62)
=Bi(p = XpsP = X @ — XavT — X} Ph)ij
+Bi(Q," (xp — 2), By O — 1), @37 (0 = Xa), @ (6 — 7)5 00)i5
S B Ipllks2.oi; + 2o, + 1rlere.n, )l enllox, ;

where Dy; = K;_ 1, 1 UK, 14l UK 151 UK 141 and (Xps Xg» Xr) are arbitrary

11—

functions in [Pk“(Dl ])] Thus Summlng (3.62) over i ,Jj, we have

Z |Ai]| = Z |Bl(u€7p€7 Ue; We; (ph)i,j|
0,

irj (3.63)
1
S PPz + lalige + 1rllie) 2 lenll
Similarly, we also have the estimates for A3 FTRRE ,AZ,J-.
-
Z AZ;1 S R IplE e + Nalliee + Ilis2)2 2l

I

Z AL S I ol + R + Irl20) 2150
1

Z| S Ul + el + Il (364)
1 —

Z| S Ul + el + o)1),

F
Z |Ai,j| S h’““(llplliu + ||Q||i+2 + ||7“||Z+2)2 ll¥nl-
()
Substituting the estimates (3.61), (3.63) and (3.64) into the left-hand side of (3.58), and
combining with (3.59) we have

1d L o
—— | o+ @+ @+ U+ U+ U dady
2dt Jq (3.65)

— ~ - n 1
SH [ bt G @+ v+ i G o),
Q
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Finally, integrate the above inequality over [0,t], together with the initial projection
error implies the designed result (3.55). O

4 Numerical examples

In this section, we present some numerical examples to validate our theoretical results.
First, we will test the accuracy of our algorithm for one and two dimensional problems,
and then we will take a long time simulation to see how the L? error and energy evolve
against time. Two kinds of time-stepping methods are adopted in this section. For the
test of accuracy, we take the classical fourth order Runge-Kutta method as the time-
stepping method, see e.g. [2]. For the long time simulation, we use the ninth order
strong stability preserving Runge-Kutta (SSPRK) method [16], to reduce the error from
the temporal discretization [3]. The CFL condition is 7 = O(h), where 7 is the temporal

step size and h is the maximum spatial step size.

4.1 Accuracy test
Example 4.1. Consider the two way wave equation (3.1). We take the initial conditions
po(x) =sin(x), qo(z) = — cos(x),
such that the exact solutions are given as
p(z,t) = (sin(ct) + cos(ct)) sin(z), q(x,t) = (sin(ct) — cos(ct)) cos(z),

where the sound speed is ¢ = 1.2. The computation domain is (0,27), and the final time

is T'=1.3. Table 4.1 shows the designed orders of accuracy.

Example 4.2. Consider the two dimensional wave equation (3.37). We take the follow-
ing initial conditions

. . 1 . 1 .
po(z,y) = sin(z)sin(y), qo(x,y) = —% cos(z)sin(y), 7ro(z,y) = _E sin(x) cos(y).

Then the exact solutions are
p(z,y,t) = (sin (V2¢ct) + cos (v2¢t)) sin(z) sin(y),
q(z,y,t) = %(sin (\/éct) — cos (\/ﬁct)) cos(z) sin(y),
r(z,y,t) = =
7y’ \/§

where the sound speed is ¢ = 1.2. The computational domain is (0,27) x (0,27), and the

(sin (\/ﬁct) — oS (\/ﬁct)) sin(z) cos(y),

final time is T = 0.6. Similarly, Tables 4.2 and 4.3 show the designed orders of accuracy.
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Table 4.1. Errors and convergence orders produced by the scheme (3.2) with &k =
0,1,2,3 in Example 4.1. The final time is 7" = 1.3.

N lp — pall lg — anll lp — ] g — sl

L? error order | L? error order | L? error order | L? error order

16 || 8.90E-02 - 9.33E-02 — 8.90E-02 - 9.33E-02 -
32 || 4.55E-02 097 | 461E-02 1.02 | 4.55E-02 0.97 | 4.61E-02 1.02
po 64 || 2.30E-02 0.98 | 2.29E-02 1.01 | 2.30E-02 0.98 | 2.29E-02 1.01
128 || 1.16E-02 0.99 | 1.14E-02 1.01 | 1.16E-02 0.99 | 1.14E-02 1.01
256 || 5.79E-03 1.00 | 5.70E-03 1.00 | 5.79E-03 1.00 | 5.70E-03  1.00
512 || 2.90E-03 1.00 | 2.85E-03 1.00 | 2.90E-03 1.00 | 2.85E-03 1.00

16 || 4.55E-03 — 1.20E-02 - 4.55E-03 — 1.20E-02 —
32 || 1.05E-03 2.11 | 3.11E-03 1.94 | 1.05E-03 2.11 | 3.11E-03 1.94
pl 64 || 2.56E-04 2.04 | 7.85E-04 1.99 | 2.56E-04 2.04 | 7.85E-04 1.99
128 || 6.36E-05 2.01 | 1.97E-04 2.00 | 6.36E-05 2.01 | 1.97E-04 2.00
256 || 1.59E-05 2.00 | 4.92E-05 2.00 | 1.59E-05 2.00 | 4.92E-05 2.00
512 || 3.97E-06 2.00 | 1.23E-05 2.00 | 3.97E-06 2.00 | 1.23E-05 2.00

16 || 1.95E-04 - 3.11E-05 - 1.95E-04 — 3.11E-05 —
32 || 2.45E-05 299 | 3.74E-06 3.06 | 2.45E-05 2.99 | 3.74E-06 3.06
p2 64 || 3.07TE-06 3.00 | 4.63E-07 3.01 | 3.07TE-06 3.00 | 4.63E-07 3.01
128 || 3.83E-07 3.00 | 5.77E-08 3.00 | 3.83E-07 3.00 | 5.77E-08 3.00
256 || 4.79E-08 3.00 | 7.21E-09 3.00 | 4.79E-08 3.00 | 7.21E-09 3.00
512 || 5.99E-09 3.00 | 9.00E-10 3.00 | 5.99E-09 3.00 | 9.00E-10  3.00

16 || 9.61E-06 - 8.06E-06 - 9.61E-06 - 8.06E-06 -
32 || 5.07TE-07 4.25 | 8.08E-07 3.32 | 5.0TE-07 4.25 | 8.08E-07 3.32
p3 64 || 2.22E-08 4.51 | 6.13E-08 3.72 | 2.22E-08 4.51 | 6.13E-08 3.72
128 || 1.03E-09 4.43 | 4.06E-09 3.92 | 1.03E-09 4.43 | 4.06E-09 3.92
256 || 5.68E-11 4.21 | 2.58E-10 3.98 | 5.58E-11 4.21 | 2.58E-10 3.98
512 || 3.32E-12 4.07 | 1.62E-11 3.99 | 3.32E-12 4.07 | 1.62E-11  3.99

4.2 Long time behaviors

In this subsection, we study the long time behavior of the DG scheme (3.2) in Example
4.1. We study the time history of the L? error and energy of the numerical solution up
to T'= 3000. We consider k£ = 0, 1,2 in the finite element spaces V}, and W), on the fixed

uniform mesh h = 7/32. The L? error is

-

2
)

(lp = 2l + lla = anll® + 1 = 7l + lla = s
and the energy is
Ioal? =+ g + a2 + fls

In the simulation, we make the comparisons between different « in 7,,,4,, to see how
a will affect the long time behavior of the numerical solutions. From Figure 4.1, we can

see that for the P° element, the numerical solution decays very quickly with smaller a,
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Table 4.2. Errors and convergence orders of pp, qs, ry, produced by the scheme (3.38)

with £ =0,1,2,3 in Example 4.2.

P —DPn qd—dqn r—="Th
Nx x Ny L? (l’rror C‘erer L? eHrror (‘)|rder L? eHrror (’lrder
20x16 || 1.06E-01 — 2.40E-02 — 2.26E-02 —
40x32 || 5.36E-02 0.98 | 1.04E-02 1.21 | 1.01E-02 1.16
po 80x64 || 2.69E-02 0.99 | 4.84E-03 1.10 | 4.78E-03 1.08
160x128 || 1.35E-02 1.00 | 2.34E-03 1.05 | 2.33E-03 1.04
20x16 || 8.85E-03 - 6.92E-03 - 8.64E-03 -
40x32 || 2.22E-03 199 | 1.95E-03 1.83 | 2.42E-03 1.84
pl 80x64 || 5.52E-04 2.01 | 4.97E-04 1.97 | 6.17TE-04 1.97
160x128 || 1.37E-04 2.01 | 1.25E-04 2.00 | 1.55E-05 1.99
20x16 || 6.17E-04 — 5.95E-04 - 5.85E-04 —
40x32 || 7.22E-05 3.10 | 9.68E-05 2.62 | 9.64E-05 2.60
p2 80x64 || 7.98E-06 3.18 | 1.37E-05 2.82 | 1.37E-05 2.81
160x128 || 1.01E-06 2.98 | 1.77E-06 2.96 | 1.77E-06 2.96
20x16 || 2.66E-05 - 5.32E-05 - 4.79E-05 -
40x32 || 1.80E-06 3.89 | 5.42E-06 3.30 | 4.39E-06 3.45
p3 80x64 || 1.15E-07 3.97 | 4.04E-07 3.75 | 3.27E-07 3.75
160x128 || 7.18E-09 4.00 | 2.61E-08 3.95 | 2.11E-08 3.95

Table 4.3. Errors and convergence orders of uy, vy, w, produced by the scheme (3.38)

with £ =0,1,2,3 in Example 4.2.

[P — uall llg — vl [ — wa|
Nx x Ny L? error  order | L? error order | L? error order
20x16 || 1.06E-01 — 2.40E-02 - 2.26E-02 -
40x32 || 5.36E-02 0.98 | 1.04E-02 1.21 | 1.01E-02 1.16
po 80x64 || 2.69E-02 0.99 | 4.84E-03 1.10 | 4.78E-03 1.08
160x128 || 1.35E-02 1.00 | 2.34E-03 1.05 | 2.33E-03 1.04
20x16 || 8.85E-03 - 6.92E-03 - 8.64E-03 -
40x32 || 2.22E-03 1.99 | 1.95E-03 1.83 | 2.42E-03 1.84
pl 80x64 || 5.52E-04 2.01 | 4.97E-04 1.97 | 6.17TE-04 1.97
160x128 || 1.37E-04 2.01 | 1.25E-04 2.00 | 1.55E-05 1.99
20x16 || 6.17E-04 — 5.95E-04 — 5.85E-04 —
40x32 || 7.22E-05 3.10 | 9.68E-05 2.62 | 9.64E-05 2.60
p2 80x64 || 7.98E-06 3.18 | 1.37TE-05 2.82 | 1.37E-05 2.81
160x128 || 1.01E-06 2.98 | 1.77E-06 2.96 | 1.77E-06 2.96
20x16 || 2.66E-05 - 5.32E-05 - 4.79E-05 -
40x32 || 1.80E-06 3.89 | 5.42E-06 3.30 | 4.39E-06 3.45
p3 80x64 || 1.15E-07 3.97 | 4.04E-07 3.75 | 3.27TE-07 3.75
160x128 || 7.18E-09 4.00 | 2.61E-08 3.95 | 2.11E-08 3.95

and the L? errors and energies of different o become flat as time evolves. For the P!

element, the L? error increases slower and the energy decays slower when a = /3/4.
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This coincides with the theoretical result in (3.36) in the dispersion analysis, since the

_ , R3EY(3 + 1602) _ .
magnitude of the leading error term 7 51’2 ) in (3.36) reaches its minimum at
52c

o = /3/4. For the P? element, the L? error and energy almost remain the same during

the time evolution. This indicates our method is of low dissipation and very suitable for
long time simulation, especially when the polynomial degree is high.

5 Concluding remarks

In this paper, we propose the central DG method for solving second order wave
equations. Instead of dealing with the scalar equation directly, we focus our attention
on the first order system which is equivalent to the original equation. We construct the
central DG scheme for the system, and derive the L? stability and the optimal error
estimates. In the error estimates, we adopt the so-called shifting technique in [22] to
construct a special local projection. The main difference between the projection here
and the one in [22] is that the unknowns are highly coupled in the proposed scheme,
making the analysis of the projection more difficult. Several lemmas and propositions
are proposed to overcome this difficulty, and we have eventually obtained the the optimal
error estimates for arbitrary P* polynomial space on uniform Cartesian meshes. We also
perform a dispersion analysis for the proposed scheme in the one dimensional case,
showing that the dissipation of the numerical solution with P! elements has a minimum
with a suitable choice of the parameter . We present several numerical examples, and
all of them coincide very well with our theoretical results. In the error estimates, there
is an assumption that the mesh should be uniform so that the shifting technique could
work. It is very challenging to remove this restriction and this will be one of our future
works. Besides, the extension to nonlinear equations and the dispersion analysis for
general P* elements are also very intriguing and challenging that constitute our future

work.

A Appendix: Proof of a few technical lemmas and
propositions

In this appendix, we collect the proof of some of the technical lemmas and proposi-

tions in the error estimates.

A.1 Proof of Lemma 3.1

Proof. Note that (P, *p, P7*q) belongs to the finite dimensional space [P*([—1,1])]?, thus
we only need to solve a linear system to obtain (Pi’*p, PZ’*q) and the existence and
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uniqueness are equivalent. Thus, we only prove the uniqueness of the projection Pj. We
set (pr,qr) = (Pi’*p, }P’Z’*q) with p = ¢ = 0, and would like to prove (ps,qr) = (0,0). By
the definition of the projection P}, we take ¢, = p; and ¢, = ¢; in E(p;,q;; ¢n) and
Fh(qj,pl; ©n), and do a change of variables z — = + 1 to obtain

0 =Pu(pr, q1:p1) + Palar, prs 1)

- (/ et ) e [ e = D)o~ [ i) i)

-1

+ % (/: qr(x + 1)qr(z) do + /01 qr(z — 1)gs(z) dz — /_1 q1(z)qr(z) dw)

1

+/ qI(x—i-l)(pI(x))zdx—i—/o a1z — 1) (pr(a)). do

-1

+ / il + (@) do+ / pr(e — 1)(qr(x))s do

—q1(0)(pr(1) — qr(=1)) — pr(0)(qz(1) — qr(—1))

= % </01 2pr(x)pr(z — 1) dz — /Olpf(x)pf(x) dr — /Ulpf(x — Dps(x —1) dw)
o (/01 201(2)qr(x — 1) da — /01 a(2)qu(z) do — /01 gz — Dz —1) dx)

+ [t - Vde+ [ e - Opia). do
_ QI<O)(pI(1) - QI(—l)) —p1<0)<q1(1) _ QI(—1>)

50 | e =0 =pi@de = 5= [ ale 1)~ o) o
(A.1)
Then it indicates that
pr(z) =pr(x—1), q@)=q(x-1), Vze(0,1), (A.2)

which implies p;(z) = constant and ¢;(x) = constant. These together with (3.10a) and
(3.10b), we have

(pr(2), a(x)) = (0,0). (A.3)

Thus we finish the proof of uniqueness. We now proceed to the proof of (3.14). We
denote

e S e
(pr,ar) = (Z aif—l?Zbiﬂ_l) : (A4)
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Take the test functions ¢, = ¢, = '~ !, i =2,---  k + 1, then we have

_ k+1 k+1
Pu(pr,qr;a’™1) = Z D; eap + Z D; ¢4 j41by,
N k+1 k+1
Pu(gr,pr;z™") =Y Ditksrear+ Y Diprenerrabe, (A.5)
=1 =1
1 k+1 1 k+1
/ prdx = Z Dy pay, / qrdr = Z Dit2p4k+1be.
=1 - =1

It is easy to prove

|Pu(prar; @) S Iplloe + lallee,  [Palar, pria™ )] S Mlplloo + llalloo

We denote

T
o= (Ch,"' ,ak+1,51,"' ,bk+1) s

1
’71:/ pd‘ra rYi:Ph(pDQI;xl_l)a7;:27”'7k+17
-1

1
7k+2:/ qu? Yitk+1 = Ph(QI)pb 1)) Z:2a 7k+]~
—1

We now obtain the following linear system:
Do =, (A.6)

and we can solve this linear system to get o = D~!v. Each component of ¢ is bounded

by [[plloc + llglloes L0 fail < [Pl + llglloe and |bi < [Iplloe + llglloos 7 = 1,0k 4+ 1.
Therefore (3.14) holds true. O

A.2 Proof of Lemma 3.2

Proof. We only prove one case that Vz € [z, 1 le]

azr™™ — P p(x) = aw — h/2)F — @, p(x — h/2),
bt — PY () = b(x — h/2)F — Q2 (v — 1/2).

We denote (py,qr) € [P*(I;)]? that

pr() ax’ng a(z — h/2)¥ +Q p(x — 1/2),
qr(x) = ba™ ! — b(x — h/2)" ! + Q q(x — h/2).
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By the uniqueness of the projections, we only need to check (py, qr) satisfying (3.10a) -
(3.10d). It is easy to verify that

/I prdr = /1 az" dx — /I a(x — h/2)" — Qy p(x — h/2) da

J J J

= / ax"t dx — / az**t — Q" p(x) da (A7)
I I

i—

:/ aa:k“dx:/pdx,

J J

[N

where we use the definition of projection Q,ll’* in (3.12a) on [,

/q[d:/ b:vk+1dx:/ qdx. (A.8)
I 1 I

And, Vn(z) € P*(I;) we have

. By the same argument

D=

above, we have

Pu(pr, a5 n);
= Pu(p, @ 0n); — Pa(p(e — h/2) — Q"p(x — h/2), qlx — h/2) — Q2 q(x — h/2); on);
= Pa(p, ¢ 1); — Qu(p(®) — Q"p(x), a(x) — Q"q(); onlx + h/2)),_s
= Pu(p,4; o0,
(A.9)

where we have used the fact that ¢,(z+h/2) € P*(I;_1). By similar argument, we have

_1
2

Pular,pr; @n); = Pu(a, p; 21);, YV @n(x) € PH(IL). (A.10)

Therefore, the uniqueness of the projection Q implies that (pr, qr) = (Py*p, Py*q). O

A.3 Proof of Proposition 3.1

Proof. Note that the projection preserves the k-th degree polynomials, which means
when (p, q) € [P*(K;)]?, then (pr,q1) = (p,q) € [Vi]? and (11, s1) = (p,q) € [Wi]?. Thus
we only need to consider the case (p,q) = (az**!, ba**1), where a,b are constants. For
simplicity, we only prove (3.18), and other cases can be obtained by similar argument.
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By Lemma 3.2, we have

1 i Ti+d
By(rr,pr1,S150m); = / rren dr + / “rrop do — / prn dx
x T I

Tmaz 1 j J

<
|
[

Jon(z] 1)

i=s

—— [ e /D)~ plo+ 1/2) + pla))n do

i-3

+/mj+%(p1(;p — h/2) —p(x — h/2) —|—p($))§0h dxr — /I p]QOhdl')

J

1(7;) — q(z5) + q(z;

—
)

1
2
=Pu(pr —p,q1 — ¢;0n)j + Bi(p. 0, ¢; 1)

=Bi(p,p, q; ¢n);-
(A.11)

Then we obtain the desired result.

A.4 Proof of Lemma 3.3

Proof. Similar to the proof of Lemma 3.1, we assume that (p,q,7) = (0,0,0). For
SlmphCIty’ we take (pDQIarI) = (Pb*p: ]P%*Q7 ]P)ij*r% and (Sphvgah)@h) = (pDQI?TI) n
(3.45d) - (3.45f). To simplify the formulation, we transform all the integration regions

into the same subcell K}; = [z 1 x;] X [yjfé,yj] with a change of variables. Then we

7

have

—~1 ) )
0="P, (pr,qr,r5;01)i5 + Po (ar,01301)i5 + Pr (71,015,714

— —1 </K (pr(@ + he /2,y + hy/2) — pr(x,y))* dedy

Tmaw

1
2%

+/Kl (pr(x 4+ he/2,y) —pf(x,y+hy/2))2dxdy)

2
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+ =2 (/K (gr(x 4 he /2,y + hy/2) — qi(z,y))? dzdy

Tmaz 1
i,j

# [ e e/~ o+ b2 dady )

2%

T </K (rr(@ + ha/2,y + hy/2) = r1(2,y))* dxdy

Tmax Zl p
,

+ / (ri(z + he/2,y) — ri(z,y + hy/2))? dxdy) 7
K},j

which implies that V (z,y) € K} ., we have

7’7]’

pr(@,y) = pr(x + ha/2,y + hy/2),  pr(x+ha/2,y) = pr(z,y + hy/2),
qa(z,y) =q(x+he /2,y + hy/2), q(x+h/2,y) =q(x,y+ hy/2), (A.12)
ri(x,y) =ri(x + hy /2,y + hy/2), ri(x+hy/2,y) =ri(z,y + hy/2).

Thus pr(x,v), ¢i(z,y), r1(x,y) are constants on K; ;. By (3.45a) - (3.45¢), we immediately
get pr = qr = r; = 0. We have finished the proof of uniqueness, which is equivalent to
the existence. Notice that the projection is a local projection, hence we can do a change
of variables to transform the integration regions into the reference cell [—1, 1]* by taking
€ =2(zx —x;)/h and n = 2(y — y;)/h. Taking a similar derivation as in A.1, we have

12rlloe + llrlloe + I71lloe < CR)(IPlloe + Nlalloe + lI7]lo0)- (A.13)

]

A.5 Proof of Lemmma 3.4

Proof. We only give the proof of one of the cases, as the others can be verified by similar
arguments. We will prove the first equality of (3.48). We denote

pi(w,y) = p(e,y) = p(@ = he /2,y = hy/2) + Q" p(x = ha/2,y — Dy /2),
QI(.T, y) = Q<x7y) - Q<x - h1/27y - hy/2) + Q%*q(x - h$/27 Y= hy/2)7
ri(x,y) =r(zr,y) —r(x — hy /2,y — hy/2) + Qi’b’*r(x —hy/2,y — hy/2).

Note that (pr,qr,71) € [P*(K;;)]?, by the uniqueness of the projection P}, we only need
to verify that (pr, qr,rr) satisfies the definition of the projection P}. It is easy to check

/ pi(x,y) dedy = / p(z,y) dedy — / (p(z,y) — Qip(x,y)) dady
K; K ; K,

=/ p(z,y) drdy .
K,

4,

[N

sJ—

Nl

(A.14)
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Thus (3.45a) is verified. Similarly, (3.45b) - (3.45¢) can also be verified. For (3.45d), we
have

Py (pran On)ij = P (p g, ©h)ij
B (0 — ha/2,y — hy/2) = Q" pla — ha/2,y — By /2),
q(x — hy /2,y — hy/2) — @i’*q(x — hy/2,y — hy/2),
7(x = he /2,y — hy/2) — i’*r(w —ha /2,y — hy/2); 0n)i
=P, (p,a,7 ©n)ij
~Qn (pla,y) — Q" pla, ) alx,y) — Qi gl y),

r(a,y) = Qy (2, y); on(@ + ho /2,y + hy[2))i1 1

—~1
= Ph (pa q,7; @h)i,j“

Thus (3.45d) is verified. Also, (3.45¢) - (3.45f) can be verified in the similar way. O

A.6 Proof of Lemma 3.5

Proof. We only prove (3.49) in the following. Using Lemma 3.4, we have
~1
Bi(ur,prvr,wi;en)iy =Bi(p,p. ¢ 75 0n)ig + P (pr —pyar — 4,71 — 150n)i5
=Bi(p,p, 4,75 0n)i;-

(3.50) - (3.54) can be obtained by similar argument. O
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Fig. 4.1. L? error and energy evolve against time by the DG scheme (3.2) with P°, P!
and P? element. The spatial mesh size h = 7/32. Tyae = @ h, & = 0.1,4/3/4,1,10. The
final time is T" = 3000.
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