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Abstract

In this paper we translate to the cell-average setting the algorithm for the point-value discretization
presented in S. Amat, J. Ruiz, C.-W. Shu, D. F. Yénez, A new WENO-2r algorithm with progressive
order of accuracy close to discontinuities, submitted to STAM J. Numer. Anal. 58 (6) (2020) 3448-
3474. This new strategy tries to improve the results of WENO-(2r — 1) algorithm close to the
singularities, resulting in an optimal order of accuracy at these zones. The main idea is to modify
the optimal weights so that they have a nonlinear expression that depends on the position of the
discontinuities. In this paper we study the application of the new algorithm to signal processing
using Harten’s multiresolution. Several numerical experiments are performed in order to confirm
the theoretical results obtained.
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1. Introduction and review: Harten’s multiresolution for cell-average setting

Multiresolution and, in particular Harten’s multiresolution (MR), has been used extensively
for academic and industrial applications in the past years. Some examples are signal and image
processing, compression or denoising (see, e.g. [2, 3]). There exists an interesting connection between
wavelets theory, subdivision schemes and MR (see [4]). While the approach presented in wavelets
theory is based on functional analysis, MR allows to analyze and study the problem from the point
of view of function approximation and interpolation. The field is also connected to subdivision
schemes, that are usually applied in computer aided design, and that can be modified to create a
MR scheme under some theoretical conditions.

Harten’s MR consists of four operators: let us suppose that [ is the level of resolution and that
{xé ?l:o are equally spaced points of the interval [0, 1] with xé =j/2!, hy = 1/2!. We interpret the
data as the discretization of an integrable function, L' ([0, 1]), through the discretization operator:

Dy LY[0,1]) = VI C R,

where V! is a discrete space. In the literature, several discretization operators can be found (see,
e.g. [2, 3,5, 6]). In this paper, we consider our data as the averages of a function in the intervals
Ijl- =[(j—1)-hi,j-h], ie. each component of f! is defined as:

B @y =nt [ f@in j=1.2 1)

Once we have chosen the discretization, in order to move between two consecutive levels, two oper-
ators are defined: decimation and prediction. The decimation operator,
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allows to go from a finer resolution to a coarser resolution and is a linear operator. In our case, we
can define it using the linearity of the integral. Thus, for j =1,...,2"" !, we have that,
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Lxéjl f(x)dx+/””lzj f(x)dm) _ i1 /sz oy =

’szfz m’?j—l 3111

(2)
Now we have to design a prediction operator that allows to approximate the values at the level [
from data at the level [ — 1. We denote it as:

(D), = Sy ) = 2 (
l i = 5z 2j 5
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In order to construct this operator, we need to impose a consistency property:
DIt o Pl =Ty, (3)

being Ii—1 the identity function in the subspace V!~1. This is a crucial property because it allows to
recover all the information contained in the original data if we firstly apply the prediction operator
and then the decimation operator.



Following the previous definitions, Pll_l f'=1 is an approximation of f' and we can define the
error vector as the difference between the original data and the approximation,

e =fi— (Pl Sy i=1,....2"
Then, using Eqs. (2) and (3), for any j = 1,...,2'!, we have that
(D) = (D )y — (D P )5
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5(6l2j+el2j—1):f]l‘ 1*fjl‘ Y (4)

l l _
€2j + €2j_1 = 0

We can define the vector of details as the non redundant information contained in the vector of
errors. We can denote the vector of details by dé = eéj_l, j =1,...,2=1 Therefore, if L is the
finest level of resolution, we can obtain a MR representation of f¥ using the previously presented
operators at the L scales of resolution:

fLE(fO’d17"'7dL)7

The processing of the vectors of details at each scale of resolution allows to design several applica-
tions. For example, the truncation of the details using hard thresholding provides compression, the
truncation using soft thresholding allows to reduce texture or noise, etc.

Hence, our principal objective is to construct a prediction operator which adequately approxi-
mates the original data. Typically, some new prediction operators based on linear and nonlinear
interpolation techniques have been designed (see, e.g. [2, 3, 7, 8]). At this point, it is necessary to
design a reconstruction operator that allows to obtain an integrable function from the data at the
level I, i.e.

R, V= LY([0,1]).

Taking this into account, we can define the prediction operator as the composition of the decimation
operator and the reconstruction operator,

Pll_l =D;oR_1. (5)

Linear piecewise interpolation has been usually applied as the reconstruction operator Ry, (see,
e.g. [2, 3,7, 8]). However, this type of interpolation produces Gibbs phenomenon at discontinuity
zones. In order to avoid this phenomenon, nonlinear techniques have been introduced in the past
years. Essentially non oscillatory (ENO) method (see e.g. [3, 9, 7, 10, 11]) has produced interesting
results when it has been introduced as the reconstruction operator. In [12], the authors proposed the
WENO (Weighted ENO) algorithm with the aim of obtaining a higher order of accuracy at smooth
zones while keeping the adaption properties of ENO method close to the discontinuities. WENO
method consists on a nonlinear convex combination of the interpolants constructed using the different
stencils that ENO algorithm considers. For this, a set of nonlinear weights are designed by means
of some values called smoothness indicators. These smoothness indicators are built using divided
differences and different constructions can be found in the literature (see for example [13, 14]). The
nonlinear weights constructed using these smoothness indicators assure that the stencils that cross
a discontinuity have a very small contribution to the final approximation [15, 16, 17, 18, 19].



In [20] a new WENO-5 algorithm is designed for the cell averages in order to obtain maximum
order at the intervals close to discontinuities. In this work we generalize that algorithm, constructing
a WENO-(2r — 1) algorithm for any odd number r > 1, and perform some improvements oriented
to obtain the same kind of order optimization close to discontinuities for stencils of any length. This
paper can be considered as the second part of [1]. In that paper, we presented the new algorithm
interpreting that our data was discretized using the point values of a function.

We construct our algorithm showing general explicit formulas for any r > 1. We design nonlinear
weights that replace the optimal weights defined in the classical WENO-(2r — 1) algorithm. These
new weights are defined such that if there exists a discontinuity, then they tend to a power of h; and,
in other case, they tend to a value that allows to obtain the maximum possible order of accuracy,
taking into account all the data values of the stencil that are placed at smooth zones.

This paper is organized as follows: Section 2 exposes how the classical WENO algorithm is
constructed for the cell-average setting. Section 3 explains the relation between the construction in
the point-values and the cell-average settings. Section 4 is dedicated to explain how to construct
the new algorithm in the cell averages and to analyze theoretically its accuracy. Section 5 presents
some experiments dedicated to analyze numerically the accuracy of the new algorithm through grid
refinement analysis close to discontinuities. We also present examples of application of the new
algorithm to the compression of univariate and bivariate functions. Finally, Section 6 presents the
conclusions.

2. Linear and nonlinear techniques. The classical WENO algorithm for the cell-averages

In this section we construct linear and nonlinear classical reconstruction operators and their
corresponding prediction operators (see e.g. [2] for more details). We consider a fixed value 0 < k <
r — 1 and a stencil of intervals,

SEG) = {1 e Ik ) (6)

with 171 = [xlsill, 21, s=j—r+k+1,...,j5+k, and we suppose a polynomial for each j, Die»

of degree r — 1 such that:
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ﬁ*l:hl‘fl/l' pr(@)de, s=j—r+k+1,...,j+k
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then we define the reconstruction operator as:

Ri-1(f71)(2) = pi ().

Finally, using Eq. (5), the prediction operator can be defined as:

PLAT ™, =GR (P =i [ R @ =t [ i@ @
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It is easy to check that the previous definition provides a linear operator. As the reconstruction
operator is a polynomial, the previous prediction operator produces Gibbs phenomenon at the zones
affected by discontinuities.

As an example, if r = 3 we have three different linear prediction operators:



e For k£ = 0 we obtain:
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e For k=1,
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(Pllflfl 1)2;‘71:% Jl_%‘i‘fjl 1—§ jl'_&, ]217...,21 L

e And for k = 2,

- 1 - ) _
(Pll—lfl 1)2j—1_ fl 1_7fjl+1+ J+2’ jzl,...,2l 1.

In all the three cases and in the rest of paper, using Eq. (3) we get that (Pf?lfl’l)% = Qf;_l -
(Pll_lfl_l)gj,l, with j = 1,...,2!"1. Then we only need to show the prediction operator for the
cell Iéjfl as the value of the cell Iéj can be obtained through (2). When the function presents a
discontinuity, linear methods are not appropriate due to the appearance of numerical effects close
to the discontinuities. In this case, we can replace the linear interpolatory technique used in the
prediction operator by a nonlinear method, such as WENO strategy. Next section is devoted to
introduce the classical WENO algorithm.

2.1. The classical WENO algorithm for the cell-averages

We explain the WENO algorithm using the notation presented in [16] and adapting it to the
cell averages. As we have presented in previous section, if we consider the stencil Sg’"_l(j), we can
construct the polynomial p27" L of degree 2r — 2, which approximates f in the cell averages at the
intervals of the mentioned stencil. We can also consider the set of r stencils of r cells at the level
I — 1 which contain the interval Ijl-*1 = Iéj_l U Iéj, ie.

SkG) =L o gk, k=0, r— 1. (8)

Let’s denote by pj, with £ = 0,...,r —1, the r polynomials constructed over the previous stencils of
7 cells. Then, we can combine these polynomials in order to obtain an interpolation of higher order.
Thus, there exist values C}, with £ =0,...,r — 1, called optimal weights, such that

r—1

(De (1)) g1 = (Dl <chpk>> - with > Cf=1. (9)

k=0

In the next section (Section 3, Lemma 1) we will give an explicit expression for the optimal weights.
As we will see in Section 4, the main idea of the new algorithm is to replace the optimal weights,
C‘,:, by nonlinear weights, such that their value depends on the position of the discontinuity, if the
discontinuity crosses the stencil k. Thus, we will consider the following convex combination,

Ri-1(f7)(@) = ) wp(5)pi(a), (10)



where @}, (j) >0, k=0,...,7—1 and Zz;é @y.(j) = 1. The prediction will be determined by:

(P S D2jm1 = (DUR-A(f71) g,y = (Dl (i%(]’)lﬁ)) : (11)
k=0 2j—1

Classical WENO algorithm in the cell averages consists in designing the nonlinear weights with the
aim of obtaining order 2r — 1 when there is no discontinuity crossing the biggest stencil Sgrfl, and
of order r in other case. In this sense WENO algorithm emulates the behavior of ENO algorithm.
In [12] the authors propose the already classic expression,

Ci

wor(q :L(j) — .. -k
() k=0, (e+ Ly.(3, /)"

r—1 _p/ 7
> im0 aF(4)

where the values C’g are the optimal weights defined in Section 3. The integer ¢ serves the purpose of
maximizing the order of approximation. In [13] the authors set ¢ = 2, in [12] and in [1] the authors
set t = r. In this paper we take t = r in order to verify the ENO property and, at the same time,
maximize the accuracy. The parameter e takes positive and small values and its purpose is to avoid
divisions by zero. In this article we set e = 1076, Finally, L7.(7, f) are the smoothness indicators
for the cell-average values of f on the stencil S} (j). In [13] Jiang and Shu proposed to obtain the
smoothness indicators using something similar to the total variation, but based in the L? norm, so
that the result is smoother than the total variation. In Section 3 we will introduce the smoothness
indicators presented in [21] adapted to the cell average setting.

Therefore, there are two principal ingredients to determine a WENO algorithm: the optimal
weights, C’,:, k =0,...,7 — 1, and the smoothness indicators L} (7, f). In [1], in order to obtain
progressive order of accuracy close to discontinuities, the optimal weights are replaced by nonlinear
weights in the point-value discretization. It is clear that there exists a relation between the point-
value and the cell-average discretizations (see [2]). In the next section we review this relation and
adapt the components of WENO of the new algorithm to the cell-average discretization.

(12)

-,r—1, where ai(j) =

3. The relation between the point-value and the cell-average discretizations

We can analyze the problem of approximating using the cell average discretization from the point
of view of the point-value interpolation if we define the primitive function:

F) = / C fty, (13)

that allows to adapt the WENO algorithm presented in [1] to the cell average setting in a natural
way.

We denote the point-value discretization as FJl = (DI"F); = F(xé) Then, setting F} = 0, we
can define a linear application, A; : V! — V!, that allows to go from the cell-average discretization
to the point-values as:

i z!
(Alfl)j:hlZf;:/ fa)de=F!, j=1,...,2" (14)
i=1 0



and its inverse as:

(A'FY; =h N E -F)=f;, j=1,...,2" (15)
We Suppose that Il 1(2; F'=1) is a polynomial interpolator of the primitive F(x) at the nodes
{x =1 é 4i_1}, then we define the reconstruction for the cell averages as the derivative of
the reconstruction for the primitive,

_ d d
Ri—(f 1)) = Tl (@ A 1(f'7h) = gpli-ile Eh).
Since xéj_Q = xé:ll, then by Eq. (5)
ml2‘—1
(Pl ff 21 = (DroRi— fr ) = by l R (f7) (@) da
=y / & izl L FE Yy dae
L (16)

hy ( 1( l2 1§Fl_ )_Ilfl(xlzjﬁ;Fl_l))
hy N T (g F1) = Fi2)
hy (T (g (Mo f' 1) 00) — (M f771)500).

The expression in (16) is precisely the formula of the prediction operator for the cell average values.
Now, we consider the WENO algorithm for the point-value discretization of the primitive function
F' defined in Eq. (13) Let ¢3" and ¢}, with £k = 0,...,7 — 1 be the polynomials which interpolate
F' at the points {:17] 1 ..,:cé]_lr_l} and {xéj_Jrk, e ,xéjﬁc} with k£ = 0,...,7 — 1. Now we can
define:

.’Ej,

I 1(xl2j L FSY Zw}; 3)ai( :EQJ 1), with Zwk (17)

where wj(j) are linear or nonlinear weights. Now we can prove the following proposition:

Proposition 1. Let’s consider f € L'([0,1]) and F its primitive function deﬁned in Eq. (13). Let

g, with k =0,...,7 —1 be the polynomzals which interpolate F at points {J:J ke ,xéfk} with
k=0,...,7r—1, and wi(3), k=0,. — 1, the weights which satisfy that,

T (why_; F'7Y) Zwk Pk (xh;_1),  with Zwk (18)
and

F(zg;_1) = Ti-a(2h;_; F'™1) = O,

with r < s < 2r. Let p; with k = 0,...,r — 1, be the polynomials which approzimate f in the
cell-average setting at the stencils S with k=0,...,7 — 1. In this case we have that,

fgjfl - <Dl (i%ﬁ])ﬁ;)) = O(hi_1)
k=0 2j—1



Proof. Let g, be the interpolatory polynomials of degree r of F' at points {xéjn R ,:Eéjrlk} with
k=0,....,r—1,

Glay ) =F n=j+k—r...j+k (19)
and let pj, be the polynomials of degree r — 1 which approximate f in the cell-averages at S}, (j),
with £ =0,...,7 — 1, then it is easy to check that:

Gi@) = [ sOdF L k=0, (20)
T ik
then
] -1 -« 1 = Ty -1
Tis(ahy 1 P =S wiaitel, ) = S (i) ( [ s+ L,
k=0 k=0 Tj_rtk
r—1 zt . 21
(s 2ot s it T -1
:Z (Wk(]) </1_1 pr(t)dt + /l_1 pk(t)dtJer—r-i-k))
k=0 Tj—1 Ti otk
= T méj71 T -1
:Z wi(5) /171 pr(t)dt + F;—;
k=0 Tj_1
r—1 ;1;l2j71 l ajl2j71 r—1 l
- <wz<j> ( [ pk(t)dt>> vr= [ (szu)pz(wdt) + R
k=0 T T k=0
r—1
=hy (Dz (ZWZ(J')I?Z>> +Fj_}
k=0 2j—1
thus,

r—1
(Dl (Z WZU)PZ)) = h NIy s F'7Y) = Fi2Y), (21)
2j—1

and by Eq. (15): B
féjfl = hzil(lejq - le]ez) = hlil(F2lj71 - FJZ:%)
Thus, by (15), (21) and by hypothesis, we have:

r—1
féj—l - (Dl (ZMZ(J)FZ)) = hfl (F2lj—1 - F]lj _Ilfl(xlzj—ﬁFlfl) +F;j)
k=0 2j—1

_20(i)

= O0(hj_1).
hl—l (l 1)

O

This proposition allows us to define the new WENO method using the algorithm for the point-
value discretization designed in [1]. The weights wj,(j) are exactly the same in both discretizations.
If wj,(j) are the weights defined for the cell-average setting and wj,(j) the ones for the point-value
setting, then,



Finally, we only have to determine the relation between the smoothness indicators for Ly (j, F)
and L. (4, f).
In [20, 21, 22] the authors proposed to use the smoothness indicators given by the expression

-1

T - i— “i dl r ?
bR =30 [ (gekte)) an -

i=2 T

where g;, are the interpolatory polynomials of F' at points {x
In terms of the cell-averages, the formula would be,

ik ]+k}w1thk—0 -1

-1

r—1 i 2
[ i— “ d' T
n.f) =t [ (G (23)

i=1 j—1

where pj, are the polynomials that approximate f in the cell-averages at the stencils S}, k =0,...,7—
1. In [20, 21, 22] it is proved that the smoothness indicators in the cell-averages (23) and the ones
for the point-value setting (22) proposed in [21] are related through the expression,

It is easy to check that the smoothness indicators can be obtained through (23) using the previous
polynomials. The expression for the smoothness indicators for 7 = 3 cells can be expressed in terms
of finite differences as,

L= 10
LG, f) = 3(532;2)2 + 35?7253‘72 + (5-2)%,

- 4

L3, f) = 5(52‘71)2 + 65 1051+ (6;-1)%, (25)
- 4

LG ) = 607 - 9528, + 6,7,

with §; = fj+1 - f] and 6? = fj — 2fj+1 + ij+2. The smoothness indicators for » = 4 cells obtained
using the same process are,

L= % 3 0is % 0} 3 9j-3+ 58,5 53 3+ 2214007 (67 )" + % (02 3)% + (6,-3)%,

L= %(7)(5?—2)2 + 130 (02 5)% + (6-2) + — 6; 207 o+ 25;3_2 8ia+302 50, 5, ”
L3 = % (637 + 5 SIP N LTI L P 53 02— ; 55,4026y,

Lj % (03)2 + % (02)% + (6;)° — 3 53” 52 +2 535 _ 8,



with 5? = —fj +3 fjH -3 fj+2 + fj+3. For r = 5 we obtain the following smoothness indicators

e S B e R O B
+ § 5} 40j—a+ 221 57 403 4+ %6 540} 4+ 75j,452-,
L} = @54 30js+ 55 5;* 35§,3+%54 30j- 3+ 52 NUTER 3 P 87 5 +50,-307 4
%( 1’ 2214007 53 >2+%<a§_3>2+<6j_3> ,
15 = ;Zﬁ 400t~ 0 OB+ it (Fh) + DL () + 5 (o) + (5y2)? — a6y
TET AN I 5j_2 5+ 38, 002,
L =— 805;1 L 02 171705;1 152_1+65;‘ 16— 65; 02— ;5j_15§_1+5j_15§_1
F I o () % (5207 + (6%
L= o (57 + Zig ()7 4+ 5 (204 (557 — 5040, — S 5303+ 20,08 — ;0% — il 6
505

(27)
with 6} = fj —4 fj41 +6 fje0 —4fj3 + fiza.
For the sake of completeness, we obtain the optimal weights mentioned in the previous section
using the following proposition proved in [16].

Proposition 2. Let F' be the przmztive functzon of f deﬁned i Eq. (13) " and qj, the polynommls

which interpolate F' at points {xj s ]_H 1} and {xj ke J+k} and Cr with k =0,.
1, the values which satisfy:
r—1
g5 (xh;1) chqk v 1), with ZO’: =1
1=0
then ) )
- r
= k=0,...,7—1. 2
Ck 22r—1 (21{3 + 1>a Oa , T ( 8)

With the following lemma we will prove that the optimal weights are the same in the cell-average
and the point-value discretizations. The proof is similar to the one presented for Proposition 1.

Lemma 1. Let us consider f € L'([0,1]) and let p§" and pj, with k = 0,...,7—1, be the polynomials
which approzimate f in the cell-averages at the stencils SgT_l and S}, respectively. Then, C} with
k=0,...,7—1, are the values which satisfy,

r—1 r—1
i (o (Sewn)) v Ser-n
k=0 2j—1 k=0

10



being D; the operator defined in Eq. (1) then

~ 1 2r
T —0,...,r— 1
G = g (2k+ 1)’ k=0,...,r

In [1, 20, 21, 22], new weights are constructed with the aim of obtaining progressive order of
accuracy close to discontinuities (if they are far enough from each other). We review the construction
of the weights presented in [1] in Section 4. The strategy consists in replacing the linear optimal

weights C7 in (12) by nonlinear weights.

4. Review of the new WENO algorithm and its properties

In this section, we review the new algorithm presented in [1] for any r. In (12) we replace the

ag(j) by ag(4),

w;(j):%7 k=0, ,r—1, where &L(j)= Ci

Zi:o az(j) a (e—i—LZ(j,f))t’

where we have replaced the C_',: by,

1 Jo+1 Ji+1 Jr—3+1
~r ~r _ ~2r—2 ~2r—3 ~2r—4 ~r+1 r+1
(COa RN r—l) = E , wo,j0 E : Wi g1 2 : Wigs |- Z wjrf37jr—2cjr72
jo=0 J1=Jo J2=J1 Jr—2=Jr—3

with,
3 2r —1
Cytt = (CF,,Ch1,0,0,...,0) = 0,0,...,0
0 ( 0,0»~0,1> Y ¥ ) ) 2(7’-’—1)72(7"—’—1)7 sy Yy ) ’
5 2r — 3
c:tt = (0,07 ,,07,,0,...,0) = (0 0,...,0
1 (7 1,1» 1,20 bl ) <’2(7"+1)72(T+1)7 Ll ’ )a
2r —3 5
Crt: =(0,...,0,C"_. cr 0)=(0,...,0 0
5= (0,000,005, 5,0y, 2,0) (’ T2(r+ 1) 2(r+ 1)’ )7
2r—1 3
Crt3 = (0,... " T =(o0,... .
r—2 (0’ 70’0707"72,7”7236'7”72,7“71) (07 ’0707 2(7"+1), 2(T+1)>
and
d’n
Dppy = o ki =k, k+1,
Qg+ Qg
on
dZ,kl = Nnkykl. P kl :ka k+17
(e+ Ly 1, (4, F))
being
2ln—r+k+1)+1 2(r—k)—1
cpy = O =1—Cp =2
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(29)

(31)

(32)



The smoothness indicators E/Z,kl (j, F') are defined as,

LP WGy F) =Ly, F), k=0,...,(2r —2) —

S . . (34)

Lk,k+1(]7 F) = Ln—(r—1)+k(]7 F), k=0,...,(2r—2)—
where L7 (j, F'), with k =0,...,7 — 1 are the smoothness indicators shown in Eq. (22). With these
changes, in [1] it is proved the following theorem:

Theorem 1. Let’s consider 1 <ly <r—1,0(j) defined in Eq (29) and g, the interpolatory polyno—

mials for F at the points {;vj ey ,xé;k} withk =0,...,r=1. If f is smooth in [z} oy J:_T J\Q
and f has a discontinuity at ) then
r—1 .
. O(hiry), if Q=10;
or(Nae(xh, ) = F(zh, ) = { r—+i -1 7. (35)
];) k)03 (72 -t O(hlf1”)7 if Q= [x % 1’%‘-&0]}

Analogously, if the discontinuity is placed in the interval Q = [x;_;,, %;j—1,—1], with 1 <y < r.
Using Proposition 1, we directly deduce the following corollary:

Corollary 1. Let’s consider 1 <lo <r—1, @j(j) defined in Eq. (29) and pj, withk=0,...,r -1,
the polynomials which approzimate f in the cell-averages at the stencils S}, (r cells). If f is smooth

in [xé - a:err U\ Q and f has a discontinuity at Q then,

= - . _ o) h2r—1 , i 0= @
<Dl (szmpz)) B ={ o) e pet ey @)
k=0 2j—1 -1 )

J+lo IEEERR

Thus, we have constructed a new prediction operator in the cell-average setting using the prim-
itive function with progressive order of accuracy at zones affected by discontinuities. In the next
section, we apply this algorithm to the compression and interpolation of univariate and bivariate
functions.

5. Numerical experiments

This section is dedicated to check the performance of the new WENO-(2r — 1) algorithm versus
the classical WENO-(2r — 1) algorithm in the cell average setting. In the first subsection we will
present numerical results related to the accuracy of the new algorithm close to discontinuities. In
the second subsection, we will present results for multiresolution of piecewise continuous univariate
functions. Finally, in the third subsection we will show some results for multiresolution and bivariate
piecewise continuous functions. About the parameters e and ¢ in (12), we have set ¢ = 10716 and
t = r for a stencil of 2r — 1 cells.

5.1. Numerical analysis of the order of accuracy close to discontinuities

When trying to check the accuracy of an adaptive WENO-(2r — 1) algorithm that works with
piecewise smooth functions in the cell averages, we need to consider two cases: when a discontinuity
falls at the end of one of the cells of the stencil and when it falls at some point in the middle of
one cell. The accuracy that can be attained at the cell that contains the discontinuity is different in
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Figure 1: In this figure we show the plot of the functions in (37) and (38) that will be used for the experiments
presented in this section.

both cases, being O(h") for the first case, as there is always one smooth sub-stencil of r cells, and
O(1) for the second case, as there is no smooth sub-stencil available.
Example 1 In this example we will consider the data presented in Figure (1) to the left.

sin(2e —7/7), f0<z<1. (37)

Fa) = { sin(2x +7/3), if —1<z<0,
We will consider that the sampling in the point values of the function in (37) corresponds to the cell
averages ﬁ, obtained through (1), of a function f(x) that is unknown. We can see that the function
in (37) presents a jump. In the cell averages this fact corresponds to the case when the discontinuity
falls at the end or the beginning of one cell. We can easily check the numerical accuracy attained
by the algorithms that we are studying close to the discontinuities using a grid refinement analysis.
We will compare the order of accuracy attained by the new WENO-(2r — 1) algorithm for r = 3,4,5
with the one obtained by the classical WENO-(2r — 1) algorithm. The grid refinement analysis can
be done following the next steps:

e We interpolate the initial data vector v* of 2* cells and we obtain the vector ©*t! with 2¢+1

cells.
e The error at each spatial cell 7 and at the resolution scale ¢ + 1 can be written as eé-“ =
‘Ui-+1 _ 'f}i.+1|
J i I
e The order of accuracy at the resolution scale i + 1 and at the cell j is denoted as 0§-+1 and

computed using the following formula,

it
i+l _ 2j
0" =log, o
3

Tables 1, 3 and 5 show the results obtained by the classical WENO-(2r — 1) algorithm for r = 3,4,5
and for the data obtained from (37). In these tables we can see that at the places where the errors
and orders have been written in bold there is enough information to obtain an improved accuracy.
The reason is that classical WENO-(2r — 1) algorithm is not designed to optimize the accuracy when
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the stencil is affected by a discontinuity. Tables 2, 4 and 6 show the results obtained by the new
algorithm. In this case we can also observe a reduction of the accuracy close to the discontinuity.
Even so, we can see that reduction of accuracy is adjusted to the number of smooth cells available,
so the accuracy close to the discontinuity has been clearly improved if we compare it with the
results obtained by the classical WENO-(2r — 1) algorithm. It is also important to mention that, in
this particular case (due to the position of the discontinuity at the end of one cell), the minimum
accuracy reached by both algorithms close to the discontinuity is O(h"). The last cells to the right
of Tables 1, 2, 3, 4 and 5 are dedicated to present the computational time (in seconds) obtained by
each algorithm. In order to obtain the computational time, we have executed the algorithm 1000
times and computed the mean of all the results. We can see that the computational cost is similar
for both algorithms.

i el . 0l el i 0} el sy 0} el = 0% el — 0} et et 0} Comp. . (3)
d °2j—6 2j—6 "2j—4 2j—4 °2j—2 2j—2 P25 2 2242 2j+2 "2j+4 2j+4

4 | 8.367e-05 - 2.254e-04 - 9.116e-04 - 6.402e-04 - 2.148e-04 - 1.065e-05 - 2.445e-04
5 | 2.131e-06 | 5.295 | 2.148e-05 | 3.391 | 9.667e-05 | 3.237 | 1.002e-04 | 2.675 | 2.670e-05 | 3.008 | 1.419e-06 | 2.908 2.287e-04
6 | 5.762e-08 | 5.209 | 2.407e-06 | 3.158 | 1.086e-05 | 3.154 | 1.367e-05 | 2.874 | 3.323e-06 | 3.006 | 6.079e-08 | 4.544 3.330e-04
7 | 1.641e-09 | 5.134 | 2.871e-07 | 3.068 | 1.277e-06 | 3.088 | 1.775e-06 | 2.945 | 4.183e-07 | 2.990 | 2.089e-09 | 4.863 5.655e-04
8 | 4.854e-11 | 5.079 | 3.512e-08 | 3.031 | 1.544e-07 | 3.047 | 2.259e-07 | 2.974 | 5.261e-08 | 2.991 | 6.784e-11 | 4.944 8.927e-04
9 | 1.472¢-12 | 5.044 | 4.347e-09 | 3.015 | 1.898¢-08 | 3.024 | 2.849¢-08 | 2.987 | 6.602¢-09 | 2.994 | 2.158e-12 | 4.975 1.475e-03
10 | 4.530e-14 | 5.022 | 5.407e-10 | 3.007 | 2.352e-09 | 3.012 | 3.576e-09 | 2.994 | 8.269e-10 | 2.997 | 6.783e-14 | 4.991 2.652e-03

Table 1: In this table we present a grid refinement analysis for the classical implementation of WENO-5 algorithm.
The data has been obtained from the sampling of the function in (37), interpreting that this data comes from a cell
average discretization of a piecewise continuous and unknown function. In this case, the discontinuity falls at the end
of one of the cells.

] ; T2j—6 i ; X254 ; ; X25—2 ; ; X254 . ; L2542 ; ; T25+44 ; Comp. t. (b)
1 €256 02i-6 €3j—4 0354 €3j-2 0352 €3 03 €2j+2 02542 €2j+4 0944

4 | 8.228e-05 - 6.612e-07 - 9.117e-04 - 6.396e-04 - 1.215e-04 - 2.508e-05 - 3.422e-04
5 | 2.097e-06 | 5.294 | 2.760e-06 | -2.062 | 9.667e-05 | 3.237 | 1.002e-04 | 2.674 | 6.475e-06 4.231 | 1.345e-06 | 4.221 2.213e-04
6 | 5.719e-08 | 5.196 | 2.439e-07 | 3.501 | 1.086e-05 | 3.154 | 1.367e-05 | 2.874 | 3.228e-07 4.326 | 6.041e-08 | 4.476 3.491e-04
7 | 1.637e-09 | 5.127 | 1.736e-08 3.812 | 1.277e-06 | 3.088 | 1.775e-06 | 2.945 1.729e-08 4.222 | 2.086e-09 | 4.856 6.525e-04
8 | 4.851e-11 | 5.077 | 1.149e-09 | 3.917 | 1.544e-07 | 3.047 | 2.259¢-07 | 2.974 | 9.877e-10 4.130 | 6.783e-11 | 4.943 1.020e-03
9 | 1.471e-12 | 5.043 | 7.381e-11 3.961 | 1.898e-08 | 3.024 | 2.849e-08 | 2.987 5.878e-11 4.071 | 2.158e-12 | 4.974 1.721e-03
10 | 4.530e-14 | 5.022 | 4.674e-12 | 3.981 | 2.352¢-09 | 3.012 | 3.576e-09 | 2.994 | 3.581le-12 | 4.037 | 6.783e-14 | 4.991 3.331e-03

Table 2: In this table we present a grid refinement analysis for the new implementation of WENO-5 algorithm. The
data has been obtained from the sampling of the function in (37), interpreting that this data comes from a cell average
discretization of a piecewise continuous and unknown function. In this case, the discontinuity falls at the end of one
of the cells.
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Example 2 Let’s continue with the function plotted in Figure (1) to the right,

sin(2x +7/3), if —1<z<0,
fl@)={ 02 if 2 = 0, (38)
sin(2x —w/7), if0<z<1.

In this case, the discontinuity is placed at some point in the middle of one cell and the minimum
accuracy attained by both algorithms is O(1). Tables 7, 8, 9, 10, 11 and 12 show the results of
this experiment. Apart from the fact that the spatial pattern of orders of accuracy changes due to
the position of the discontinuity, the conclusions are the same as in the previous experiment. The
classical WENO-(2r — 1) algorithm does not optimize the order of accuracy while the new WENO-
(2r — 1) algorithm optimizes the order of accuracy and at the same time provides an essentially non
oscillatory result. The computational cost is similar for both algorithms.

Toj6 Toj-a Toj2 Toj T2j42 Toj1a T2j46
T e o] G [ Oha | s bl @ [ oh | s [ b | e [0 | e o] O
4 | 8.367e-05 - 2.254e-04 - 9.116e-04 - 3.445e-03 - 4.408e-04 - 1.611e-04 - 1.071e-06 - 2.269e-04
5 | 2.131e-06 | 5.295 2.148e-05 3.391 | 9.667e-05 | 3.237 | 8.075e-03 | -1.229 | 1.047e-03 | -1.248 3.546e-04 | -1.138 | 1.024e-06 | 0.064 2.096e-04
6 | 5.762¢-08 | 5.209 2.407e-06 3.158 | 1.086e-05 | 3.154 | 1.634e-02 | -1.017 | 8.523¢-04 | 0.297 6.241e-04 | -0.815 | 5.625¢-08 | 4.187 3.061e-04
7 | 1.641e-09 | 5.134 2.871e-07 3.068 | 1.277e-06 | 3.088 | 3.270e-02 | -1.001 | 2.225e-05 | 5.259 7.267e-06 6.424 | 2.028e-09 | 4.794 5.187e-04
8 | 4.854e-11 | 5.079 3.512e-08 3.031 | 1.544e-07 | 3.047 | 6.540e-02 | -1.000 | 2.522e-07 | 6.463 5.504e-08 7.045 | 6.700e-11 | 4.919 8.786e-04
9 | 1.472e-12 | 5.044 4.347e-09 3.015 | 1.898e-08 | 3.024 | 1.306e-01 | -0.998 | 2.836e-08 | 3.153 6.570e-09 3.067 | 2.147e-12 | 4.964 1.532e-03
10 | 4.530e-14 | 5.022 | 5.407e-10 | 3.007 | 2.352e-09 | 3.012 | 2.497e-01 | -0.935 | 3.570e-09 | 2.990 | 8.256e-10 | 2.993 | 6.806e-14 | 4.979 2.655e-03

Table 7: In this table we present a grid refinement analysis for the classical implementation of WENO-5 algorithm.
The data has been obtained from the sampling of the function in (38), interpreting that this data comes from a cell
average discretization of a piecewise continuous and unknown function. In this case, the discontinuity falls at some
point in the middle of the cell that contains de discontinuity.

26 T2j—4 T2j-2 T2, L2542 L2544 T2546 ) «
i €hj—6 %6 iy Ohj—4 i 03j—2 €; 05 2 Objt2 Cjta Obj+a 6 %j+6 Comp. t. &)
4 | 8.228e-05 - 6.612e-07 - 9.117e-04 - 3.446e-03 - 4.265e-04 - 1.650e-04 - 1.717e-06 - 3.089e-04
5 | 2.097e-06 | 5.294 | 2.760e-06 | -2.062 | 9.667e-05 | 3.237 | 8.075e-03 | -1.229 | 7.950e-04 | -0.899 | 3.935e-04 | -1.254 | 9.221e-07 | 0.897 2.632e-04
6 | 5.719¢-08 | 5.196 | 2.439¢-07 | 3.501 | 1.086e-05 | 3.154 | 1.634e-02 | -1.017 | 4.948¢-04 | 0.684 | 6.340e-04 | -0.688 | 5.581e-08 | 4.046 3.370e-04
7 | 1.637e-09 | 5.127 | 1.736e-08 | 3.812 | 1.277e-06 | 3.088 | 3.270e-02 | -1.001 | 1.201e-05 | 5.365 | 7.138e-08 | 13.117 | 2.025e-09 | 4.784 5.917e-04
8 | 4.851e-11 | 5.077 | 1.149e-09 | 3.917 | 1.544e-07 | 3.047 | 6.540e-02 | -1.000 | 2.377e-07 | 5.658 | 1.001e-09 | 6.155 | 6.699e-11 | 4.918 1.002¢-03
9 | 1.471e-12 | 5.043 | 7.381e-11 | 3.961 | 1.898e-08 | 3.024 | 1.307e-01 | -0.999 | 2.835e-08 | 3.068 | 5.916e-11 | 4.081 | 2.147e-12 | 4.964 1.732e-03
10 | 4.530e-14 | 5.022 | 4.674e-12 | 3.981 | 2.352e-09 | 3.012 | 2.546e-01 | -0.962 | 3.570e-09 | 2.989 | 3.589e-12 | 4.043 | 6.806e-14 | 4.974 3.267e-03

Table 8: In this table we present a grid refinement analysis for the new implementation of WENO-5 algorithm. The
data has been obtained from the sampling of the function in (38), interpreting that this data comes from a cell average
discretization of a piecewise continuous and unknown function. In this case, the discontinuity falls at some point in
the middle of the cell that contains de discontinuity.

5.2. Multiresolution of 1D signals

Now we will try to analyze the behavior of the new WENO-(2r — 1) algorithm compared to
the classical implementation for multiresolution of univariate piecewise continuous functions. In
particular, we will present a compression application and we will analyze the error distribution
around discontinuities attained by both algorithms. We are interested in checking if the new WENO-
(2r — 1) algorithm manages to reduce the size of the absolute error close to discontinuities. Let us
use initial data obtained through the function in (38) with an initial resolution of 2048 cells. It is
clear that this function presents a cell that contains a discontinuity: if this cell is the central cell of
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the stencil, all the substencils will be affected by the discontinuity, so it will not be possible to attain
an accuracy better than O(1) for any of the algorithms that we are analyzing. In a multiresolution
application, if we want to check the error distribution around the discontinuity, we can just keep one
detail for each scale and discontinuity, in order to assure that the reconstruction error at the cell
that contains the discontinuity will be zero. Table 13 shows the errors attained in the L;, Lo and
L norms for the classical and the new implementation of WENO-(2r — 1) for the particular cases
r = 3,4,5. We also show the computational time, in seconds, attained by each of the algorithms.
In order to obtain this computational time we have obtained the average of 1000 executions of each
of the algorithms. Figure 2 presents the error distributions around the discontinuity for each of
the experiments presented in table 13. We can see that in all the experiments shown, the new
implementation of the algorithm obtains better results than the classical implementation. It is
particularly interesting to observe in Figure 2 how the new algorithm manages to reduce the size of
the error and, at the same time, compressing the error distribution towards the discontinuity. The
computational time of both algorithms is similar.

7 WENO-5 | new WENO-5 | WENO-7 | new WENO-7 | WENO-9 | new WENO-9
loo 2.9636e-05 1.7647e-05 1.9434e-06 4.7964e-07 9.6089e-08 2.8984e-09
Iy 6.037e-12 1.6761e-12 2.7668e-14 1.3671e-15 5.8535e-17 9.6167e-21
I 3.2931e-07 1.5909e-07 2.3539e-08 4.7547e-09 1.0135e-09 7.7522e-12
Comp. time (s) | 6.325e-03 7.987e-03 8.645e-03 9.103e-03 8.986e-03 1.154e-02

Table 13: Norms of the error and computational time (in seconds) obtained when compressing the function in (38)
with four scales of multiresolution and keeping 4 details (one for scale). The initial resolution is 2048 cells.

5.8. Multiresolution of bivariate functions

The aim of this section is to check how the new and the classical implementation of the WENO-
(2r — 1) algorithm perform in a two-dimensional multiresolution application. We will extend the
multiresolution process to two dimensions using tensor product [2]. This means that we will use the
unidimensional algorithm for processing the rows and the columns of the two-dimensional matrix
where the data is stored. Our intention is to check if the new implementation of the WENO-(2r —1)
algorithm performs better that the classical implementation close to the discontinuities. As it can
be seen in previous sections in Tables 1 to 12, the size of the error is very small at the cells that
are contiguous to the cell that contains the discontinuity, where both algorithms loss their accuracy
and attain an error of the size of the discontinuity. Due to this fact, if we want to observe the errors
obtained at he mentioned cells, we need to keep one detail for each cell that contains a discontinuity
and for each scale of the multiresolution process. We have chosen the bivariate function presented
n (39), that contains only vertical edges. The reason is that tensor product multiresolution results
in great details for oblique or curved edges, that would hide the ones produced directly by any
implementation of WENO-(2r — 1) algorithm close to the discontinuities, as the latter are much
smaller. Thus, as we have done for the one dimensional experiments, in order to be able to show the
size of the errors close to the discontinuities, we will keep at each scale of multiresolution the details
associated to cells that contains a discontinuity. In the next experiment we start from initial data
that has 1024 x 1024 cells and we have three vertical discontinuities at every multiresolution scale.
Thus, with four multiresolution scales we will keep 2880 details that account for 3 x 512 details for
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the first step of multiresolution, 3 x 256 for the second, 3 x 128 for the third and 3 x 64 for the fourth.
Example 3 Let’s consider the following bivariate function, that has been represented in Figure 3,

3+ e™, if —1<z<-05-1<y<1,
3, if 2 = —0.5,

1+ cos(2mzxy), if —05<2<0,-1<y<]1,
sin(2mwzy), fo<zx<.5,-1<y<]l,

2, if 2 = 0.5,

—4+sin(2rzy), H05<zx<1l,-1<y<l.
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Figure 3: Bivariate function in (39).

As we have mentioned before, this function has been initially sampled with 1024 x 1024 cells
and we perform 4 levels of multiresolution. The norms of the errors obtained by the classical and
the new implementation of the WENO-(2r — 1) algorithms are shown in Table 14. In Figure 4 to
the left we show the error distribution that we have obtained using the classical implementation of
WENO-(2r — 1) algorithm and to the right, the error distribution obtained using the new imple-
mentation of the WENO-(2r — 1) algorithm. The conclusion that can be obtained is that, for this
application, the new implementation of the WENO-(2r — 1) algorithm manages to obtain smaller
errors around the discontinuity than the classical implementation. We can also observe that, the
new implementation compresses the error distribution towards the discontinuity. The computational
cost has been obtained performing 100 executions of the algorithms and obtaining the mean of the
computational times of all the executions. We can see that the computational cost is similar for
both algorithms.

6. Conclusions

In [20, 21, 22] the authors presented a new algorithm that improves the performance of WENO-5
algorithm in the cell averages and WENO-6 algorithm in the point values close to the discontinuities.

19



1 WENO-5 | new WENO-5 | WENO-7 | new WENO-7 | WENO-9 | new WENO-9
loo 3.4437e-02 3.1458e-02 1.0015e-02 7.0379e-03 7.1835e-03 4.1436e-03
Iy 1.4241e-06 9.3078e-07 2.5654e-07 1.0417e-07 7.0688e-08 1.4339e-08
I 2.0936e-04 1.5995e-04 8.6709e-05 4.6845e-05 3.4714e-05 1.2318e-05
Comp. time (s) 4.519 5.026 5.977 6.552 6.653 8.105

Table 14: Norms of the error and computational time (in seconds) obtained when compressing the function in (39)
with four scales of multiresolution and keeping 960 details. The initial resolution is 1024 x 1024 cells.

In [1] we extended the strategy for any WENO-(2r) algorithm for data discretized in the point
values. In this article we have extended the strategy for data discretized in the cell averages. The
new implementation of the WENO-(2r — 1) algorithm behaves theoretically and numerically in
the way designed, so that the order of accuracy decreases progressively towards the discontinuity.
The numerical experiments presented allow to confirm this fact. Also, we have shown that the
new implementation of the algorithm is suitable for multiresolution applications of univariate and
bivariate functions, improving the results attained by the classical implementation of WENO-(2r—1)
algorithm.
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Figure 2: Error distribution for the function in (38) around the discontinuity. The function has been compressed with

four scales of multiresolution keeping 4 details (one for scale).
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Figure 4: Distribution of the error obtained when compressing the bivariate function in (39) using 4 levels of mul-
tiresolution and keeping 960 details. The initial resolution is 1024 x 1024 cells.
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