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Abstract

In this paper, we study superconvergence properties of the ultraweak-local discon-

tinuous Galerkin (UWLDG) method in [33] for an one-dimensional linear fourth-order

equation. With special initial discretizations, we prove the numerical solution of the

semi-discrete UWLDG scheme superconverges to a special projection of the exact solu-

tion. The order of this superconvergence is proved to be k + min(3, k) when piecewise

Pk polynomials with k ≥ 2 are used. We also prove a 2k-th order superconvergence

rate for the cell averages and for the function values and derivatives of the UWLDG

approximation at cell boundaries. Moreover, we prove superconvergence of (k + 2)-th

and (k+1)-th order of the function values and the first order derivatives of the UWLDG

solution at a class of special quadrature points, respectively. Our proof is valid for arbi-

trary non-uniform regular meshes and for arbitrary k ≥ 2. Numerical experiments verify

that all theoretical findings are sharp.
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1 Introduction

Recently, Tao et al. [33] developed a new class of discontinuous Galerkin (DG)

methods, termed ultraweak-local DG (UWLDG), for solving time dependent high order

equations. In particular, for even order equations, Tao et al. [33] proved the UWLDG

scheme achieves energy conserving stability without penalty terms, in comparison with

the traditional ultra-weak DG method in [15] which would need penalty terms for sta-

bility. In this paper, we study the superconvergence properties of the UWLDG method

in [33] for the linear fourth-order equation as follows,

ut + uxxxx = 0, (x, t) ∈ Ω × (0, T ], (1.1)

where Ω is an interval. For simplicity, we assume the boundary condition is periodic.

Other types of boundary conditions can also be considered along the same lines for our

analysis. The fourth order model has wide applications, such as thin beams and plates,

strain gradient elasticity, and phase separation in binary mixtures [26].

The DG methods are a class of finite element methods devised to solve hyperbolic

conservation laws and related equations, e.g. [18, 19, 20, 21, 22], using discontinu-

ous piecewise polynomial function space for the test and trial functions in the spatial

variables. For equations with higher-order spatial derivatives, such as the convection-

diffusion equation, KdV equation etc., the DG method cannot be directly applied, due

to the discontinuous finite element space which is not regular enough to handle higher

order derivatives. There are several ways to solve this problem, including, for exam-

ple, the local discontinuous Galerkin (LDG) method [23, 24, 27, 36, 37, 38, 39], the

interior penalty (IP) method [25, 31], and the ultra-weak DG (UWDG) methods [15].

We focus on a new class of DG methods which combines the advantages of LDG and

UWDG methodologies, to solve fourth-order partial differential equations (PDEs) [33].

It rewrites the fourth-order equation into a second order system and then applies the

ultra-weak DG discretization to each of the second order equations. The key features
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of the UWLDG scheme are that they avoid too many auxiliary variables as in LDG

to make the scheme more efficient, and they achieve energy stability without interior

penalty terms for even-order equations.

It is important to study superconvergence, because a posteriori error estimates can be

derived for designing trouble cell indicators in adaptive algorithms such as the KXRCF

trouble cell indicator [28]. In the past few years, there have been many superconvergence

results of the DG methods in the literature. We refer to [1, 2] for ordinary differential

equations, and to [14, 16, 40] for one-dimensional time dependent hyperbolic conserva-

tion laws and convection-diffusion equations. In [12], Cao et al. introduced an approach

to study the superconvergence of the DG methods for linear hyperbolic equations by

constructing a locally suitable correction function. They proved the (2k + 1)-th order

superconvergence rate for the cell averages and the DG numerical fluxes when piecewise

polynomials of degree k are used. Later, Cao et al. extended this technique to study

upwind-biased numerical fluxes, degenerate variable coefficients, nonlinear hyperbolic

conservation laws and two-dimensional hyperbolic equations [7, 11, 10, 9]. The correc-

tion function techniques also work well on other types of DG methods such as the ALE

DG [32], the energy-conserving DG [30] etc. For higher-order equations, Cao et al. stud-

ied the superconvergence properties of the direct DG method for convection-diffusion

equations in [8]. Cao and Huang gave a unified framework to study superconvergence re-

sults of the LDG method in [6]. More recently, Chen et al. studied the superconvergence

of the ultra-weak DG methods for linear Schrödinger equations by using the correction

function technique in [13].

In this paper, we continue to apply the correction function technique to design a spe-

cial interpolation function to obtain superconvergence results for the UWLDG schemes

in [33] for fourth order equations. For high-order equations, the current state of the art

on using the correction function approach would lead to sub-optimal estimates of super-

convergence in comparison with numerical results in certain cases. For example, for the
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DDG and UWDG methods for the second-order equations, the proof of the superconver-

gence rates will lose one order when k is even, as pointed out in [8, 13]. Thus, in order to

obtain the optimal superconvergence estimates, we would need to introduce additional

techniques. In [8], the authors improved the superconvergence estimates thanks to the

diffusion terms in the DDG spatial operators. Chen et al. [13] used the superconvergence

properties of the difference of projections in neighboring cells for uniform meshes in [3] to

obtain the optimal superconvergence on uniform meshes. In this paper, our analysis of

optimal superconvergence is valid for arbitrary regular nonuniform meshes. We use the

important properties of the LDG operators, namely the derivative and the cell interface

jump of the approximate solution can be bounded by the auxiliary variable [34, 35]. In

[33], Tao et al. also proved similar properties of the second-order derivative DG oper-

ators. We first obtain estimates, for the derivative and the element interface jump, of

the error between the special interpolation and the numerical solution by taking special

test functions in the schemes. Then, under suitable conditions, the discrete Poincaré

inequality [5, 4] implies that its own L2 norm can be bounded by its derivative and the

element interface jump. Thus, the desired superconvergence estimates can be obtained.

The superconvergence of both the numerical solution and the auxiliary variable in the

infinity norm in time can be obtained thanks to the special initial discretization.

The outline of this paper is as follows. We first recall the UWLDG method for the

linear fourth-order equations in section 2. Then we construct the special interpolation

function and the superconvergence results are provided in section 3. Numerical examples

are provided to verify our theoretical findings in section 4. The concluding remarks and

plans for ongoing work are presented in section 5. Finally, some technical proofs of the

lemmas and theorems are collected in the appendix.
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2 The UWLDG schemes

We consider the following one dimensional fourth-order equation





ut + uxxxx = 0, (x, t) ∈ [0, 1] × (0, T ]

u(x, 0) = u0(x), x ∈ [0, 1]
(2.1)

with the periodic boundary condition. We first introduce the usual notation of the DG

method. For a given interval Ω = [0, 1] and the index set ZN = {1, 2, . . . , N}, the usual

DG mesh IN is defined as:

0 = x 1

2

< x 3

2

< . . . < xN+ 1

2

= 1. (2.2)

We denote

Ij = (xj− 1

2

, xj+ 1

2

), xj =
1

2
(xj− 1

2

+ xj+ 1

2

), (2.3)

and

hj = xj+ 1

2

− xj− 1

2

, h̄j =
hj

2
, h = max

j
hj , j ∈ ZN . (2.4)

We also assume the mesh is regular, i.e., the ratio between the maximum and minimum

mesh sizes shall stay bounded during mesh refinements. We define the finite element

space as

V k
h = {vh : (vh)|Ij

∈ Pk(Ij), j = 1, . . . , N}. (2.5)

Here Pk(Ij) denotes the set of all polynomials of degree at most k on Ij. For a function

vh ∈ V k
h , we use (vh)

−
j+ 1

2

and (vh)
+
j+ 1

2

to refer to the value of vh at xj+ 1

2

form the left cell

Ij and the right cell Ij+1, respectively. We use [vh] = v+
h − v−

h and {vh} = 1
2
(v−

h + v+
h )

to denote the jump and the average of vh at element interfaces. The standard Sobolev

space notations are introduced. For any integer m > 0, we let W m,p(D) be the standard

Sobolev spaces on the sub-domain D ⊂ Ω equipped with the norm ‖ · ‖m,p,D and the

semi-norm | · |m,p,D. If p = 2, we set W m,p(D) = Hm(D), ‖ · ‖m,p,D = ‖ · ‖m,D, and

| · |m,p,D = | · |m,D and we omit the index D, when D = Ω.

5



To construct the UWLDG scheme for (2.1), we rewrite (2.1) into a second order

system

ut + vxx = 0, v = uxx. (2.6)

The semi-discrete UWLDG scheme formulated in [33] is to find uh, vh ∈ V k
h such that

for all ϕ, ψ ∈ V k
h ,

aj(uh, vh; ϕ) = 0, (2.7a)

bj(vh, uh; ψ) = 0, ∀j ∈ ZN , (2.7b)

where

aj(uh, vh; ϕ) = ((uh)t, ϕ)j + Aj(vh, ϕ), (2.8)

bj(vh, uh; ψ) = (vh, ψ)j − Bj(uh, ψ), (2.9)

with

Aj(vh, ϕ) = (vh, ϕxx)j + (̃vh)xϕ
−|j+ 1

2

− (̃vh)xϕ
+|j− 1

2

− v̂hϕ
−
x |j+ 1

2

+ v̂hϕ
+
x |j− 1

2

, (2.10)

Bj(uh, ψ) = (uh, ψxx)j +
˜̃
(uh)xψ

−|j+ 1

2

−
˜̃
(uh)xψ

+|j− 1

2

− ̂̂uhψ
−
x |j+ 1

2

+ ̂̂uhψ
+
x |j− 1

2

, (2.11)

being the UWDG spatial discretizations for the second order derivative terms. (u, v)j =
∫

Ij
uv dx, v−|j+ 1

2

and v+|j+ 1

2

denote the left and right limits of v at the point xj+ 1

2

,

respectively, and ̂̂uh,
˜̃
(uh)x, v̂h, (̃vh)x are the numerical fluxes. To ensure the stability

and the local solvability of the intermediate variable vh, we defined these four fluxes as

follows:

̂̂uh = {uh} + α1[uh] + β1[(uh)x], α1, β1 ∈ R, (2.12)

˜̃
(uh)x = {(uh)x} + α2[(uh)x] + β2[uh], α2, β2 ∈ R, (2.13)

v̂h = {vh} − α2[vh] + β1[(vh)x], (2.14)

(̃vh)x = {(vh)x} − α1[(vh)x] + β2[vh], (2.15)

where α1, α2, β1, β2 can be chosen as follows:
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• central flux, α1 = α2 = β1 = β2 = 0;

• alternating flux, α1 = ±1
2
, α2 = ±1

2
, β1 = β2 = 0;

• IPDG like flux, α1 = α2 = β1 = 0, β2 = β̃2h
−1;

• DDG like flux, α1 = α̃1, α2 = α̃2, β1 = 0, β2 = β̃2h
−1;

• more generally, any scale invariant flux, α1 = α̃1, α2 = α̃2, β1 = β̃1h, β2 = β̃2h
−1;

where α̃1, α̃2, β̃1, β̃2 are prescribed constants independent of the mesh size. For simplicity,

in this paper we will only consider the alternating flux choices, α1 = −1
2
, α2 = 1

2
, β1 =

β2 = 0, i.e.

̂̂uh = u−
h ,

˜̃
(uh)x = (uh)

+
x , v̂h = v−

h , (̃vh)x = (vh)
+
x . (2.16)

We now introduce

a(uh, vh; ϕ) =

N∑

j=1

aj(uh, vh; ϕ), b(vh, uh; ψ) =

N∑

j=1

bj(vh, uh; ψ), (2.17)

A(vh, uh) =
N∑

j=1

Aj(vh, uh) =

∫

Ω

vh(uh)xx dx +
N∑

j=1

(
v̂h[(uh)x] − (̃vh)x[uh]

)
|j+ 1

2

, (2.18)

B(uh, vh) =

N∑

j=1

Bj(uh, vh) =

∫

Ω

uh(vh)xx dx +

N∑

j=1

(
̂̂uh[(vh)x] −

˜̃
(uh)x[vh]

)
|j+ 1

2

. (2.19)

By the same arguments as in [13], we have the following lemma.

Lemma 2.1. For uh, vh ∈ V k
h satisfying periodic boundary condition, we have A(vh, uh) =

B(uh, vh).

In [33], it was proved that the semi-discrete scheme is energy-conserving stable for

the alternating flux, which is a direct result of the lemma above:

0 = a(uh, vh; uh) + b(vh, uh; vh) =
1

2

d

dt
‖uh‖

2 + ‖vh‖
2. (2.20)
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Here and below, an unmarked norm ‖ · ‖ denotes the L2 norm. Obviously, the exact

solution u, v of (2.6) also satisfies

aj(u, v; ϕ) = 0, bj(v, u; ψ) = 0, ∀(ϕ, ψ) ∈ [V k
h ]2. (2.21)

Subtracting (2.7) from (2.21), we obtain the error equations

aj(u − uh, v − vh; ϕ) = 0, bj(v − vh, u − uh; ψ) = 0, ∀(ϕ, ψ) ∈ [V k
h ]2. (2.22)

In [33], for the error estimates, the special projection P ⋆
hu ∈ V k

h of u has been defined

by

(P ⋆
hu, ϕ)j = (u, ϕ)j ∀ϕ ∈ Pk−2(Ij) and (2.23a)

P ⋆
hu(x−

j+ 1

2

) = u(xj+ 1

2

), (P ⋆
hu)x(x

+
j− 1

2

) = ux(xj− 1

2

). (2.23b)

For this projection, the following inequality holds [33]:

‖we‖ + h‖we‖∞ + h
1

2‖we‖Γh
≤ Chk+1‖w‖k+1, (2.24)

where we = P ⋆
hw−w, Γh denotes the set of boundary points of all elements Ij , ‖w

e‖Γh
=

(∑N

j=1 we(x−
j+ 1

2

)2 + we(x+
j+ 1

2

)2
) 1

2

, and the constant C depends on k.

We also need the following basic facts. For any function wh ∈ V k
h , the following

inequalities hold [17]:

(i) ‖(wh)x‖ ≤ Ch−1‖wh‖,

(ii) ‖wh‖Γh
≤ Ch− 1

2‖wh‖, (2.25)

(iii) ‖wh‖∞ ≤ Ch− 1

2‖wh‖.

We denote

ηu = u − P ⋆
hu, ξu = uh − P ⋆

hu, (2.26)

ηv = v − P ⋆
hv, ξv = vh − P ⋆

hv. (2.27)

8



Due to (2.22), we have

a(ξu, ξv; ξu) + b(ξv, ξu; ξv) = a(ηu, ηv; ξu) + b(ηv, ηu; ξv). (2.28)

By using the definitions of a(·, ·) and b(·, ·) and Cauchy-Schwartz inequality we obtain

|a(ηu, ηv; ξu) + b(ηv, ηu; ξv)| = |((ηu)t, ξu) + (ηv, ξv)| . hk+1(‖ξu‖ + ‖ξv‖),

then

‖ξu(·, t)‖ + (

∫ t

0

‖ξv(·, τ)‖2 dτ)
1

2 . hk+1, (2.29)

here and in the following, A . B denotes that A can be bounded by B multiplied by a

constant independent of the mesh size h. However, this estimate is not optimal and far

from our superconvergence goal. We need to improve the analysis through constructing

a series of correction functions (ω
(i)
u , ω

(i)
v ) ∈ [V k

h ]2, 1 ≤ i ≤ ⌊k−1
2
⌋ such that

|a(ηu +
l∑

i=1

ω(i)
u , ηv +

l∑

i=1

ω(i)
v ; ϕ) + b(ηv +

l∑

i=1

ω(i)
v , ηu +

l∑

i=1

ω(i)
v ; ψ)| . hk+1+2l(‖ϕ‖ + ‖ψ‖),

∀(ϕ, ψ) ∈ [V k
h ]2, 1 ≤ l ≤ ⌊

k − 1

2
⌋, (2.30)

where ⌊k⌋ denotes the maximal integer no more than k. When k is even, ⌊k−1
2
⌋ = k−2

2
,

which leads to one order lower than the optimal estimates. We will improve the estimates

in such situation in the next subsections.

Remark 2.1. We note that the estimate of ‖ξv‖ in (2.29) is in the L2 norm of time.

In fact, we can take time derivative for bj in the error equation (2.22), then take test

functions ϕ = (ξu)t, ψ = ξv, to obtain

a(ξu, ξv; (ξu)t) + b((ξv)t, (ξu)t; ξv) = a(ηu, ηv; (ξu)t) + b((ηv)t, (ηu)t; ξv). (2.31)

Thus, by Lemma 2.1, we obtain

1

2

d

dt
‖ξv‖

2 + ‖(ξu)t‖
2 . hk+1(‖(ξu)t‖ + ‖ξv‖). (2.32)

Then, by Gronwall’s inequality, we have

‖ξv(·, t)‖ . ‖ξv(·, 0)‖ + hk+1. (2.33)
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3 Construction of a special interpolation function

The correction functions ω
(i)
u and ω

(i)
v , 1 ≤ i ≤ ⌊k−1

2
⌋ are defined as follows. If we

denote ω
(0)
u = u − P ⋆

hu, ω
(0)
v = v − P ⋆

hv, then

(ω(i)
u , ϕxx)j = (ω(i−1)

v , ϕ)j, ∀ϕ ∈ Pk(Ij), ω(i)
u (x−

j+ 1

2

) = 0, (ω(i)
u )x(x

+
j− 1

2

) = 0, (3.1)

(ω(i)
v , ϕxx)j = −((ω(i−1)

u )t, ϕ)j, ∀ϕ ∈ Pk(Ij), ω(i)
v (x−

j+ 1

2

) = 0, (ω(i)
v )x(x

+
j− 1

2

) = 0. (3.2)

In [13], the authors defined similar correction functions for UWDG. By similar argu-

ments, we have the following estimate for ω
(i)
u and ω

(i)
v , 1 ≤ i ≤ ⌊k−1

2
⌋.

Lemma 3.1. For any k ≥ 3, the functions ω
(i)
u and ω

(i)
v , 1 ≤ i ≤ ⌊k−1

2
⌋ are defined by

(3.1)-(3.2). Then

ω(i)
u |Ij

=
k∑

m=k−1−2i

ci
j,mLj,m, ω(i)

v |Ij
=

k∑

m=k−1−2i

di
j,mLj,m, (3.3)

where ci
j,m and di

j,m are some bounded constants, and Lj,m are the standard Legendre

polynomials with degree m on interval Ij. Furthermore, if u ∈ Hk+3+2i, there holds for

n = 0, 1 and q = u, v

‖∂n
t ω(i)

q ‖ . hk+1+2i‖∂n
t q‖k+1+2i. (3.4)

Proof. We provide the proof of this lemma in the appendix; see Section A.1. From

Lemma 3.1, we can obtain the corollary as follows.

Corollary 3.1. For any k ≥ 3, if the exact solution of the equation (2.1), u ∈ Hk+5+2⌊k−1

2
⌋,

then

|a(ηu +
l∑

i=1

ω(i)
u , ηv +

l∑

i=1

ω(i)
v ; ϕ) + b(ηv +

l∑

i=1

ω(i)
v , ηu +

l∑

i=1

ω(i)
u ; ψ)| . hk+1+2l(‖ϕ‖ + ‖ψ‖)

∀ (ϕ, ψ) ∈ [V k
h ]2, 1 ≤ l ≤ ⌊

k − 1

2
⌋. (3.5)

Before studying the superconvergence properties of the UWLDG scheme, we need

some lemmas which are also mentioned in [33].
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Lemma 3.2. Suppose w ∈ L2 and ξ ∈ V k
h satisfy

Aj(ξ, η) = (w, η)j, ∀η ∈ V k
h , (3.6)

or

Bj(ξ, η) = (w, η)j, ∀η ∈ V k
h , (3.7)

then

‖(ξ)xx‖Ij
+ h− 1

2 |[(ξ)x]|j+ 1

2

+ h− 3

2 |[ξ]|j− 1

2

. ‖w‖0,Ij
. (3.8)

Proof. This proof is the same as Lemma 4.2 in [33]. We omit it here.

Next, we shall study the superconvergence properties of the UWLDG solution, in-

cluding superconvergence between a special interpolation of the exact solution and the

numerical solution, the superconvergence of the cell averages, and the function and

derivative values at some special quadrature points respectively.

3.1 Superconvergence of the interpolation

With (3.1)-(3.2), we define

(ωu,l, ωv,l) = (

l∑

i=1

ω(i)
u ,

l∑

i=1

ω(i)
v ), (3.9)

(ul
I , v

l
I) = (P ⋆

hu − ωu,l, P
⋆
hv − ωv,l), 1 ≤ l ≤ ⌊

k − 1

2
⌋, (3.10)

and we let

eq = q − qh = q − ql
I − (qh − ql

I) = ǫq − ēq, q = u, v. (3.11)

As we know, the approximations of the initial condition are of great significance for

superconvergence. In order to obtain our superconvergence rate, the initial error should

be small enough to reach the same superconvergence rate. We have the following lemma.
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Lemma 3.3. For any k ≥ 2, suppose the exact solution of the equation (2.1), u ∈

Hk+5+2⌊k−1

2
⌋. If the initial data is taken such that

vh(x, 0) = P ⋆
hv0 − ωv,l(x, 0), v0 = ∂2

xu0, (3.12)

where ωv,l is defined by (3.9), l = ⌊k−1
2
⌋. Then

(‖ēu‖ + ‖ēv‖)(0) . h2k, (3.13)

(‖(ēu)x‖ + ‖(ēv)x‖)(0) . h2k. (3.14)

Proof. The choice of the initial data uh(x, 0) and this proof are given in the appendix

A.2.

With this initial solution, we have the following optimal superconvergence estimates

which are stated as a theorem.

Theorem 3.1. Suppose uh and vh are the approximate solutions of the semi-discrete

scheme (2.7) with the initial data satisfying (3.12). Let u, v be the exact solutions of

the system (2.6) satisfying u ∈ Hk+5+2l, and (ul
I , v

l
I) ∈ [V k

h ]2 is defined in (3.10), where

l = ⌊k−1
2
⌋. For any k ≥ 2, we have

(‖ēu‖ + ‖ēv‖)(t) . h2k, (3.15)

(‖(ēu)x‖ + ‖(ēv)x‖)(t) . h2k. (3.16)

Especially, if l = 0, or 1, we get

‖P ⋆
hu − uh‖ + ‖P ⋆

hv − vh‖ .

{
h2k if k = 2,
hk+3 if k ≥ 3,

(3.17)

and

‖(P ⋆
hu − uh)x‖ + ‖(P ⋆

hv − vh)x‖ . hk+2. (3.18)

Proof. We give the proof of this theorem in the appendix; see Section A.3.
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Remark 3.1. We note that when k = 2, the L2 norm and H1 semi-norm of the error

between the numerical solutions and the special projections of the exact solution both

have 2k-th order superconvergence. Actually, thanks to (3.16), we obtain the optimal

superconvergence rates of the derivative of the error between the special interpolation

functions and approximate solutions. Numerical examples also verify this result in section

4.

3.2 Superconvergence for the numerical fluxes and the cell av-

erages

With Theorem 3.1, we can obtain the following superconvergence results.

Theorem 3.2. We let

eq,f =

(
1

N

N∑

j=1

(q − q̂h)(xj+ 1

2

, t)2

) 1

2

, eq,fx =

(
1

N

N∑

j=1

(qx − (̃qh)x)(xj+ 1

2

, t)2

)1

2

, (3.19)

eq,c =

(
1

N

N∑

j=1

(
1

hj

∫

Ij

q − qh dx)2

)1

2

, q = u, v, (3.20)

be the errors of the two numerical fluxes and the cell averages, respectively. Suppose

the exact solutions u ∈ H2k+4, and the initial discretizations satisfy (3.12). For k ≥ 2,

∀t ∈ [0, T ] then

eq,f . h2k, eq,fx . h2k, eq,c . h2k, (3.21)

where q = u, v.

Proof. The proof of this Theorem can be found in the appendix; see Section A.4.

3.3 Superconvergence at special quadrature points

We firstly denote Ds
j , s = 0, 1, as the the roots of ds

dxs Rj,k+1, Ds =
⋃N

j=1 Ds
j . Here

Rj,k+1 = Lj,k+1 − P ⋆
hLj,k+1. We study the superconvergence rates at these points and

state the results as a theorem.
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Theorem 3.3. If Ds, s = 0, 1 are not empty sets. Let

eq,q = max
x∈D0

|(q − qh)(x, t)|, eq,qx
= max

x∈D1
|(qx − (qh)x)(x, t)|, q = u, v, (3.22)

be the maximum point value error for the numerical solution, and for the derivative of

the solution at the corresponding sets of points. If the exact solution of equation (2.1)

u ∈ W k+5,∞, and the initial data is given satisfying (3.12), then the DG solutions of

(2.7), (uh, vh), have

eq,q . hk+2, eq,qx
. hk+1, q = u, v, ∀ k ≥ 2. (3.23)

Proof. The proof of this theorem can be found in the appendix; see section A.5.

4 Numerical examples

We provide some numerical experiments to confirm our theoretical results. Let us

recall the definitions of the various errors as mentioned in previous sections.

eq = ‖q − qh‖, eq,p = ‖qh − P ⋆
hq‖, eq,f =

(
1

N

N∑

j=1

(q − q̂h)(xj+ 1

2

, t)2

) 1

2

, (4.1)

eq,fx =

(
1

N

N∑

j=1

(qx − (̃qh)x)(xj+ 1

2

, t)2

) 1

2

, eq,c =

(
1

N

N∑

j=1

(
1

hj

∫

Ij

q − qh dx)2

) 1

2

, (4.2)

eq,q = max
x∈D0

|(q − qh)(x, t)|, eq,qx
= max

x∈D1
|(qx − (qh)x)(x, t)|, eq,px = ‖(qh − P ⋆

hq)x‖,

(4.3)

where q = u, v.

Example 4.1. We consider the following linear fourth-order equation






ut + uxxxx = 0, (x, t) ∈ [0, 2π] × (0, T ]

u(x, 0) = sin(x), x ∈ [0, 2π]
(4.4)

with periodic boundary condition. The exact solution is

u(x, t) = e−t sin(x), v(x, t) = ∂2
xu(x, t) = −e−t sin(x). (4.5)
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We separately use the uniform mesh and nonuniform mesh with 10% random per-

turbation of N cells on [0, 2π], since after the UWLDG spatial discretization, we obtain

a linear ODE system with constant matrix. We can exactly solve the this ODE system

to reduce the temporal error. The initial discretization is taken to satisfy (3.12) and

the numerical flux is the alternating flux (2.16). We set the terminal time T = 1.0 and

T = 10. and calculate various errors and numerical orders of convergence for Pk elements

with 2 ≤ k ≤ 4 both on uniform and nonuniform meshes. The numerical results are

listed in Tables 4.1-4.16. We find that all our theoretical results are optimal both on

uniform and nonuniform meshes.

Table 4.1. Errors eu, eu,p, eu,f , eu,fx and eu,c for k = 2, 3, 4, T = 1 on uniform mesh.
k N eu order eu,p order eu,f order eu,fx order eu,c order

2

10 2.13E-03 – 6.15E-04 – 2.50E-04 – 1.24E-04 – 2.43E-04 –
20 2.52E-04 3.08 3.94E-05 3.97 1.58E-05 3.99 7.88E-06 3.98 1.57E-05 3.95
40 3.10E-05 3.02 2.48E-06 3.99 9.89E-07 4.00 4.94E-07 3.99 9.87E-07 3.99
80 3.86E-06 3.01 1.55E-07 4.00 6.19E-08 4.00 3.09E-08 4.00 6.18E-08 4.00

3

10 5.50E-05 – 1.41E-06 – 2.76E-07 – 2.85E-07 – 5.54E-07 –
20 3.44E-06 4.00 2.23E-08 5.98 4.39E-09 5.98 4.42E-09 6.01 8.78E-09 5.98
40 2.15E-07 4.00 3.49E-10 6.00 6.88E-11 5.99 6.90E-11 6.00 1.38E-10 5.99
80 1.35E-08 4.00 5.45E-12 6.00 1.08E-12 6.00 1.08E-12 6.00 2.15E-12 6.00

4
10 1.45E-06 – 6.12E-09 – 3.93E-10 – 3.46E-12 – 3.74E-10 –
20 4.54E-08 5.00 4.63E-11 7.05 1.52E-12 8.01 3.20E-15 10.08 1.50E-12 7.96
40 1.42E-09 5.00 3.59E-13 7.01 5.94E-15 8.00 3.08E-18 10.02 5.92E-15 7.99
80 4.44E-11 5.00 2.80E-15 7.00 2.32E-17 8.00 3.00E-21 10.01 2.32E-17 8.00

Table 4.2. Errors eu,u, eu,ux
and eu,px for k = 2, 3, 4, T = 1 on uniform mesh.

k N eu,u order eu,ux
order eu,px order

2

10 5.64E-04 – 5.64E-04 – 5.29E-04 –
20 3.73E-05 3.92 5.82E-05 3.28 3.37E-05 3.97
40 2.35E-06 3.99 6.84E-06 3.09 2.12E-06 3.99
80 1.47E-07 4.00 8.40E-07 3.02 1.33E-07 4.00

3

10 1.34E-06 – 1.60E-05 – 2.90E-06 –
20 3.60E-08 5.22 1.01E-06 3.98 8.64E-08 5.07
40 1.06E-09 5.08 6.35E-08 4.00 2.66E-09 5.02
80 3.26E-11 5.02 3.97E-09 4.00 8.30E-11 5.00

4
10 4.93E-08 – 4.83E-07 – 4.93E-08 –
20 7.71E-10 6.00 1.50E-08 5.01 7.65E-10 6.01
40 1.22E-11 5.98 4.72E-10 4.99 1.19E-11 6.00
80 1.91E-13 6.00 1.48E-11 5.00 1.86E-13 6.00
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Table 4.3. Errors ev, ev,p, ev,f , ev,fx and ev,c for k = 2, 3, 4, T = 1 on uniform mesh.
k N eu order ev,p order ev,f order ev,fx order ev,c order

2

10 2.01E-03 – 3.08E-04 – 1.28E-04 – 1.33E-06 – 1.22E-04 –
20 2.48E-04 3.02 1.97E-05 3.97 7.94E-06 4.01 2.15E-08 5.95 7.84E-06 3.96
40 3.09E-05 3.01 1.24E-06 3.99 4.95E-07 4.00 3.38E-10 5.99 4.94E-07 3.99
80 3.85E-06 3.00 7.75E-08 4.00 3.09E-08 4.00 5.30E-12 6.00 3.09E-08 4.00

3

10 5.49E-05 – 7.33E-07 – 1.22E-09 – 9.65E-09 – 2.81E-07 –
20 3.44E-06 4.00 1.15E-08 5.99 4.25E-12 8.17 5.30E-11 7.51 4.40E-09 5.99
40 2.15E-07 4.00 1.80E-10 6.00 1.61E-14 8.04 3.59E-13 7.21 6.89E-11 6.00
80 1.35E-08 4.00 2.81E-12 6.00 6.24E-17 8.01 2.68E-15 7.06 1.08E-12 6.00

4
10 1.45E-06 – 5.89E-09 – 1.06E-11 – 3.88E-10 – 3.40E-12 –
20 4.54E-08 5.00 4.59E-11 7.01 1.31E-14 9.65 1.52E-12 8.00 3.19E-15 10.06
40 1.42E-09 5.00 3.58E-13 7.00 2.06E-17 9.32 5.93E-15 8.00 3.08E-18 10.02
80 4.44E-11 5.00 2.80E-15 7.00 3.74E-20 9.11 2.32E-17 8.00 3.00E-21 10.00

Table 4.4. Errors ev,v, ev,vx
and ev,px for k = 2, 3, 4, T = 1 on uniform mesh.

k N ev,v order ev,vx
order ev,px order

2

10 4.12E-04 – 4.42E-04 – 2.43E-04 –
20 2.62E-05 3.97 5.43E-05 3.02 1.53E-05 3.99
40 1.65E-06 3.99 6.71E-06 3.02 9.55E-07 4.00
80 1.03E-07 4.00 8.36E-07 3.00 5.97E-08 4.00

3

10 1.14E-06 – 1.57E-05 – 2.71E-06 –
20 3.38E-08 5.08 1.01E-06 3.96 8.48E-08 5.00
40 1.04E-09 5.02 6.34E-08 3.99 2.65E-09 5.00
80 3.24E-11 5.01 3.97E-09 4.00 8.29E-11 5.00

4
10 4.98E-08 – 4.83E-07 – 4.91E-08 –
20 7.73E-10 6.01 1.50E-08 5.01 7.64E-10 6.01
40 1.22E-11 5.99 4.72E-10 4.99 1.19E-11 6.00
80 1.91E-13 6.00 1.48E-11 5.00 1.86E-13 6.00

Table 4.5. Errors eu, eu,p, eu,f , eu,fx and eu,c for k = 2, 3, 4, T = 1 on nonuniform mesh.
k N eu order eu,p order eu,f order eu,fx order eu,c order

2

10 2.13E-03 – 6.15E-04 – 2.50E-04 – 1.24E-04 – 2.42E-04 –
20 2.55E-04 3.06 3.99E-05 3.94 1.60E-05 3.96 7.98E-06 3.96 1.59E-05 3.93
40 3.14E-05 3.02 2.51E-06 3.99 1.00E-06 4.00 5.01E-07 3.99 9.99E-07 3.99
80 3.94E-06 3.00 1.58E-07 3.99 6.32E-08 3.99 3.16E-08 3.99 6.31E-08 3.98

3

10 5.53E-05 – 1.42E-06 – 2.78E-07 – 2.88E-07 – 5.58E-07 –
20 3.53E-06 3.97 2.31E-08 5.95 4.51E-09 5.95 4.55E-09 5.98 9.05E-09 5.95
40 2.19E-07 4.01 3.59E-10 6.01 7.04E-11 6.00 7.05E-11 6.01 1.41E-10 6.00
80 1.37E-08 4.00 5.62E-12 6.00 1.10E-12 6.00 1.10E-12 6.00 2.21E-12 6.00

4
10 1.56E-06 – 6.88E-09 – 4.42E-10 – 3.57E-11 – 4.19E-10 –
20 4.88E-08 5.00 5.28E-11 7.02 1.68E-12 8.04 3.91E-14 9.84 1.66E-12 7.98
40 1.47E-09 5.06 3.79E-13 7.12 6.20E-15 8.08 6.74E-17 9.18 6.18E-15 8.07
80 4.58E-11 5.00 2.97E-15 7.00 2.41E-17 8.01 1.82E-19 8.53 2.41E-17 8.00

5 Concluding remarks

We have studied the superconvergence properties of the UWLDG methods with al-

ternating fluxes for linear fourth order derivatives equation in one dimension. Under
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Table 4.6. Errors eu,u, eu,ux
and eu,px for k = 2, 3, 4, T = 1 on nonuniform mesh.

k N eu,u order eu,ux
order eu,px order

2

10 6.28E-04 – 5.79E-04 – 5.30E-04 –
20 4.21E-05 3.90 6.93E-05 3.06 3.42E-05 3.95
40 2.51E-06 4.07 7.77E-06 3.16 2.15E-06 3.99
80 1.67E-07 3.91 1.03E-06 2.92 1.36E-07 3.99

3

10 1.57E-06 – 1.74E-05 – 2.94E-06 –
20 4.30E-08 5.19 1.19E-06 3.87 8.99E-08 5.03
40 1.59E-09 4.76 8.34E-08 3.84 2.75E-09 5.03
80 5.04E-11 4.98 5.64E-09 3.89 8.56E-11 5.00

4
10 4.99E-08 – 4.87E-07 – 5.41E-08 –
20 1.05E-09 5.57 1.93E-08 4.66 8.45E-10 6.00
40 1.74E-11 5.92 6.30E-10 4.94 1.25E-11 6.08
80 2.93E-13 5.89 2.10E-11 4.91 1.95E-13 6.00

Table 4.7. Errors ev, ev,p, ev,f , ev,fx and ev,c for k = 2, 3, 4, T = 1 on nonuniform mesh.
k N eu order ev,p order ev,f order ev,fx order ev,c order

2

10 2.02E-03 – 3.08E-04 – 1.28E-04 – 2.84E-06 – 1.22E-04 –
20 2.51E-04 3.01 2.00E-05 3.95 8.06E-06 3.99 1.48E-07 4.26 7.96E-06 3.94
40 3.13E-05 3.00 1.25E-06 3.99 5.01E-07 4.01 2.27E-09 6.03 5.00E-07 3.99
80 3.94E-06 2.99 7.91E-08 3.99 3.16E-08 3.99 6.82E-11 5.06 3.16E-08 3.98

3

10 5.53E-05 – 7.46E-07 – 3.80E-09 – 1.78E-08 – 2.85E-07 –
20 3.53E-06 3.97 1.22E-08 5.93 9.64E-11 5.30 2.96E-10 5.91 4.63E-09 5.94
40 2.19E-07 4.01 1.88E-10 6.02 3.55E-13 8.08 1.68E-12 7.46 7.15E-11 6.02
80 1.37E-08 4.00 2.94E-12 6.00 7.25E-15 5.62 1.40E-14 6.90 1.12E-12 6.00

4
10 1.56E-06 – 6.62E-09 – 5.06E-11 – 4.31E-10 – 3.30E-11 –
20 4.88E-08 5.00 5.23E-11 6.98 1.27E-13 8.64 1.67E-12 8.01 7.18E-14 8.84
40 1.47E-09 5.06 3.79E-13 7.11 2.03E-16 9.28 6.18E-15 8.08 1.64E-16 8.77
80 4.58E-11 5.00 2.97E-15 6.99 4.84E-19 8.71 2.41E-17 8.00 4.00E-19 8.68

Table 4.8. Errors ev,v, ev,vx
and ev,px for k = 2, 3, 4, T = 1 on nonuniform mesh.

k N ev,v order ev,vx
order ev,px order

2

10 4.82E-04 – 5.17E-04 – 2.46E-04 –
20 3.09E-05 3.96 6.68E-05 2.95 1.56E-05 3.98
40 1.81E-06 4.09 7.58E-06 3.14 9.80E-07 3.99
80 1.24E-07 3.87 1.04E-06 2.87 6.18E-08 3.99

3

10 1.28E-06 – 1.71E-05 – 2.75E-06 –
20 4.14E-08 4.95 1.18E-06 3.85 8.83E-08 4.96
40 1.55E-09 4.74 8.33E-08 3.83 2.73E-09 5.01
80 5.03E-11 4.94 5.64E-09 3.88 8.55E-11 5.00

4
10 5.05E-08 – 4.87E-07 – 5.39E-08 –
20 1.06E-09 5.58 1.93E-08 4.66 8.44E-10 6.00
40 1.74E-11 5.92 6.30E-10 4.94 1.24E-11 6.08
80 2.93E-13 5.89 2.10E-11 4.91 1.95E-13 6.00
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Table 4.9. Errors eu, eu,p, eu,f , eu,fx and eu,c for k = 2, 3, 4, T = 10 on uniform mesh.
k N eu order eu,p order eu,f order eu,fx order eu,c order

2

10 8.28E-07 – 7.56E-07 – 3.02E-07 – 2.87E-07 – 2.97E-07 –
20 5.93E-08 3.80 4.86E-08 3.96 1.94E-08 3.96 1.84E-08 3.96 1.93E-08 3.94
40 4.97E-09 3.58 3.06E-09 3.99 1.22E-09 3.99 1.16E-09 3.99 1.22E-09 3.99
80 5.16E-10 3.27 1.91E-10 4.00 7.63E-11 4.00 7.25E-11 4.00 7.63E-11 4.00

3

10 7.01E-09 – 1.72E-09 – 6.50E-10 – 6.52E-10 – 6.75E-10 –
20 4.26E-10 4.04 2.72E-11 5.98 1.03E-11 5.98 1.03E-11 5.98 1.08E-11 5.97
40 2.66E-11 4.00 4.26E-13 6.00 1.61E-13 6.00 1.61E-13 6.00 1.70E-13 5.99
80 1.66E-12 4.00 6.66E-15 6.00 2.52E-15 6.00 2.52E-15 6.00 2.66E-15 6.00

4
10 1.79E-10 – 2.48E-12 – 9.02E-13 – 8.53E-13 – 8.85E-13 –
20 5.61E-12 5.00 1.09E-14 7.83 3.55E-15 7.99 3.36E-15 7.99 3.53E-15 7.97
40 1.75E-13 5.00 5.74E-17 7.57 1.39E-17 8.00 1.32E-17 8.00 1.39E-17 7.99
80 5.48E-15 5.00 3.74E-19 7.26 5.43E-20 8.00 5.15E-20 8.00 5.43E-20 8.00

Table 4.10. Errors eu,u, eu,ux
and eu,px for k = 2, 3, 4, T = 10 on uniform mesh.

k N eu,u order eu,ux
order eu,px order

2

10 4.47E-07 – 4.36E-07 – 7.38E-07 –
20 2.92E-08 3.94 2.83E-08 3.95 4.77E-08 3.95
40 1.84E-09 3.99 1.93E-09 3.87 3.00E-09 3.99
80 1.15E-10 4.00 1.50E-10 3.68 1.88E-10 4.00

3

10 9.70E-10 – 2.81E-09 – 1.72E-09 –
20 1.60E-11 5.92 1.39E-10 4.34 2.86E-11 5.91
40 2.77E-13 5.85 8.05E-12 4.11 5.30E-13 5.75
80 5.55E-15 5.64 4.94E-13 4.03 1.21E-14 5.45

4
10 4.96E-12 – 5.97E-11 – 6.97E-12 –
20 9.07E-14 5.77 1.85E-12 5.01 9.69E-14 6.17
40 1.49E-15 5.93 5.82E-14 4.99 1.48E-15 6.03
80 2.35E-17 5.98 1.82E-15 5.00 2.30E-17 6.01

Table 4.11. Errors ev, ev,p, ev,f , ev,fx and ev,c for k = 2, 3, 4, T = 10 on uniform mesh.
k N eu order ev,p order ev,f order ev,fx order ev,c order

2

10 7.92E-07 – 7.18E-07 – 2.87E-07 – 2.72E-07 – 2.82E-07 –
20 5.72E-08 3.79 4.62E-08 3.96 1.84E-08 3.96 1.74E-08 3.96 1.83E-08 3.94
40 4.87E-09 3.55 2.90E-09 3.99 1.16E-09 3.99 1.10E-09 3.99 1.16E-09 3.99
80 5.12E-10 3.25 1.82E-10 4.00 7.25E-11 4.00 6.87E-11 4.00 7.25E-11 4.00

3

10 6.99E-09 – 1.63E-09 – 6.16E-10 – 6.17E-10 – 6.41E-10 –
20 4.26E-10 4.04 2.58E-11 5.98 9.76E-12 5.98 9.76E-12 5.98 1.03E-11 5.97
40 2.66E-11 4.00 4.05E-13 6.00 1.53E-13 6.00 1.53E-13 6.00 1.61E-13 5.99
80 1.66E-12 4.00 6.33E-15 6.00 2.39E-15 6.00 2.39E-15 6.00 2.52E-15 6.00

4
10 1.79E-10 – 2.37E-12 – 8.54E-13 – 8.05E-13 – 8.39E-13 –
20 5.61E-12 5.00 1.05E-14 7.81 3.36E-15 7.99 3.18E-15 7.99 3.35E-15 7.97
40 1.75E-13 5.00 5.62E-17 7.55 1.32E-17 8.00 1.24E-17 8.00 1.32E-17 7.99
80 5.48E-15 5.00 3.71E-19 7.24 5.15E-20 8.00 4.86E-20 8.00 5.14E-20 8.00

suitable initial approximation, the error of the cell averages and the numerical fluxes

of the function values and the derivatives converge with the rate of (2k)-th order when

k ≥ 2. Especially, for the superconvergence of the numerical fluxes of the derivatives, we
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Table 4.12. Errors ev,v, ev,vx
and ev,px for k = 2, 3, 4, T = 10 on uniform mesh.

k N ev,v order ev,vx
order ev,px order

2

10 4.26E-07 – 4.15E-07 – 7.01E-07 –
20 2.78E-08 3.94 2.70E-08 3.95 4.53E-08 3.95
40 1.75E-09 3.99 1.86E-09 3.86 2.85E-09 3.99
80 1.10E-10 4.00 1.47E-10 3.66 1.79E-10 4.00

3

10 9.22E-10 – 2.77E-09 – 1.63E-09 –
20 1.53E-11 5.91 1.38E-10 4.33 2.74E-11 5.90
40 2.67E-13 5.84 8.04E-12 4.10 5.14E-13 5.73
80 5.42E-15 5.62 4.93E-13 4.03 1.20E-14 5.43

4
10 5.02E-12 – 5.97E-11 – 6.91E-12 –
20 9.09E-14 5.79 1.85E-12 5.01 9.67E-14 6.16
40 1.49E-15 5.93 5.82E-14 4.99 1.48E-15 6.03
80 2.35E-17 5.98 1.82E-15 5.00 2.30E-17 6.01

Table 4.13. Errors eu, eu,p, eu,f , eu,fx and eu,c for k = 2, 3, 4, T = 10 on nonuniform
mesh.

k N eu order eu,p order eu,f order eu,fx order eu,c order

2

10 8.52E-07 – 7.77E-07 – 3.12E-07 – 2.94E-07 – 3.06E-07 –
20 6.02E-08 3.82 4.93E-08 3.98 1.96E-08 3.99 1.87E-08 3.97 1.95E-08 3.97
40 5.06E-09 3.57 3.11E-09 3.99 1.24E-09 3.98 1.18E-09 3.99 1.24E-09 3.98
80 5.27E-10 3.26 1.95E-10 4.00 7.78E-11 4.00 7.39E-11 3.99 7.78E-11 3.99

3

10 7.78E-09 – 1.98E-09 – 7.43E-10 – 7.60E-10 – 7.72E-10 –
20 4.35E-10 4.16 2.78E-11 6.16 1.05E-11 6.14 1.05E-11 6.17 1.11E-11 6.12
40 2.78E-11 3.97 4.51E-13 5.95 1.71E-13 5.95 1.71E-13 5.95 1.79E-13 5.95
80 1.70E-12 4.04 6.84E-15 6.04 2.59E-15 6.04 2.59E-15 6.04 2.72E-15 6.04

4
10 1.77E-10 – 2.41E-12 – 8.69E-13 – 8.30E-13 – 8.53E-13 –
20 5.79E-12 4.93 1.15E-14 7.72 3.71E-15 7.87 3.51E-15 7.89 3.69E-15 7.85
40 1.79E-13 5.01 5.97E-17 7.59 1.43E-17 8.02 1.36E-17 8.01 1.43E-17 8.01
80 5.70E-15 4.98 4.00E-19 7.22 5.72E-20 7.97 5.42E-20 7.97 5.72E-20 7.97

obtain the optimal estimates which are confirmed by the numerical examples. Other su-

perconvergence properties such as the numerical solution towards the special projection

of the truth solution, the function values and first derivatives at a class of special quadra-

ture points are also studied. A new technique in this paper leads to an improved estimate

of superconvergence by using discrete Poincaré inequality when k is even. The super-

convergence study of the UWLDG method for higher order equations is very interesting

and challenging, when optimal estimates are desired. It is also intriguing to generalize

our analysis to multi-dimensions and non-linear equations. These will be explored in the

future.
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Table 4.14. Errors eu,u, eu,ux
and eu,px for k = 2, 3, 4, T = 10 on nonuniform mesh.

k N eu,u order eu,ux
order eu,px order

2

10 4.68E-07 – 4.48E-07 – 7.60E-07 –
20 3.00E-08 3.97 2.98E-08 3.91 4.84E-08 3.97
40 1.87E-09 4.00 2.04E-09 3.87 3.06E-09 3.98
80 1.20E-10 3.97 1.69E-10 3.59 1.92E-10 3.99

3

10 1.13E-09 – 3.09E-09 – 1.98E-09 –
20 1.68E-11 6.08 1.82E-10 4.08 2.93E-11 6.08
40 3.27E-13 5.68 1.10E-11 4.05 5.65E-13 5.70
80 6.70E-15 5.61 6.74E-13 4.03 1.25E-14 5.50

4
10 6.35E-12 – 7.03E-11 – 6.88E-12 –
20 1.56E-13 5.35 2.84E-12 4.63 1.01E-13 6.09
40 2.46E-15 5.99 8.84E-14 5.01 1.53E-15 6.05
80 2.91E-17 6.41 2.17E-15 5.35 2.43E-17 5.98

Table 4.15. Errors ev, ev,p, ev,f , ev,fx and ev,c for k = 2, 3, 4, T = 10 on nonuniform
mesh.

k N eu order ev,p order ev,f order ev,fx order ev,c order

2

10 8.15E-07 – 7.39E-07 – 2.96E-07 – 2.79E-07 – 2.91E-07 –
20 5.81E-08 3.81 4.68E-08 3.98 1.87E-08 3.99 1.77E-08 3.97 1.86E-08 3.97
40 4.96E-09 3.55 2.96E-09 3.99 1.18E-09 3.98 1.12E-09 3.99 1.18E-09 3.98
80 5.23E-10 3.25 1.85E-10 4.00 7.39E-11 4.00 7.00E-11 3.99 7.39E-11 3.99

3

10 7.75E-09 – 1.88E-09 – 7.04E-10 – 7.20E-10 – 7.33E-10 –
20 4.35E-10 4.16 2.64E-11 6.16 9.99E-12 6.14 9.98E-12 6.17 1.05E-11 6.13
40 2.78E-11 3.97 4.28E-13 5.95 1.62E-13 5.95 1.62E-13 5.95 1.70E-13 5.95
80 1.70E-12 4.04 6.49E-15 6.04 2.45E-15 6.04 2.45E-15 6.04 2.59E-15 6.04

4
10 1.77E-10 – 2.30E-12 – 8.23E-13 – 7.84E-13 – 8.08E-13 –
20 5.79E-12 4.93 1.10E-14 7.70 3.51E-15 7.87 3.31E-15 7.89 3.50E-15 7.85
40 1.79E-13 5.01 5.85E-17 7.56 1.36E-17 8.02 1.28E-17 8.01 1.36E-17 8.01
80 5.70E-15 4.98 3.98E-19 7.20 5.42E-20 7.97 5.12E-20 7.97 5.42E-20 7.97

A Proof of a few technical lemmas and theorems

The proofs of some of the technical lemmas and theorems are provided in this ap-

pendix.

A.1 Proof of Lemma 3.1

Proof. We use induction to prove this lemma. Since ω
(0)
q ⊥ Pk−2(Ij), q = u, v, from

(3.1)-(3.2), we obtain

ω(1)
q ⊥ Pk−4(Ij), q = u, v. (A.6)
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Table 4.16. Errors ev,v, ev,vx
and ev,px for k = 2, 3, 4, T = 10 on nonuniform mesh.

k N ev,v order ev,vx
order ev,px order

2

10 4.47E-07 – 4.27E-07 – 7.21E-07 –
20 2.86E-08 3.97 2.86E-08 3.90 4.59E-08 3.97
40 1.79E-09 4.00 1.96E-09 3.87 2.90E-09 3.98
80 1.14E-10 3.97 1.67E-10 3.56 1.82E-10 3.99

3

10 1.08E-09 – 3.03E-09 – 1.88E-09 –
20 1.60E-11 6.07 1.81E-10 4.07 2.80E-11 6.07
40 3.16E-13 5.67 1.10E-11 4.04 5.47E-13 5.68
80 6.58E-15 5.58 6.73E-13 4.03 1.23E-14 5.47

4
10 6.41E-12 – 7.03E-11 – 6.82E-12 –
20 1.56E-13 5.36 2.84E-12 4.63 1.01E-13 6.08
40 2.46E-15 5.99 8.84E-14 5.01 1.53E-15 6.05
80 2.91E-17 6.41 2.17E-15 5.35 2.43E-17 5.98

Thus, we have

ω(1)
u |Ij

=
k∑

m=k−3

c1
j,mLj,m(ξ), ω(1)

v |Ij
=

k∑

m=k−3

d1
j,mLj,m(ξ), ξ =

2(x − xj)

hj

∈ [−1, 1].

(A.7)

Then, we define an integral operator D−1 by

D−1w(x) =
1

h̄j

∫ x

x
j− 1

2

w(x) dx =

∫ s

−1

r(s) ds, x ∈ Ij , (A.8)

where s = (x − xj)/h̄j ∈ [−1, 1]. We denote D−l = D−1(D−(l−1)), l ≥ 2. Taking

ϕ = D−2Lj,m, m = k − 3, k − 2 respectively in (3.1), by Cauchy-Schwartz inequality, we

have

4

hj

1

2m + 1
c1
j,m =

∫

Ij

ω(0)
v D−2Lj,m dx

≤ ‖ω(0)
v ‖Ij

‖D−2Lj,m‖Ij

. hk+1+ 1

2‖u‖k+3,Ij
.

Thus,

|c1
j,m| . hk+ 5

2‖u‖k+3,Ij
, m = k − 3, k − 2. (A.9)

By the same arguments, we have

|d1
j,m| . hk+ 5

2‖v‖k+3,Ij
, m = k − 3, k − 2. (A.10)
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Next, we estimate the c1
j,m and d1

j,m, m = k − 1, k. We obtain from (3.1)-(3.2),

k∑

m=k−1

Lm(1)c1
j,m = −

k−2∑

m=k−3

Lm(1)c1
j,m, (A.11)

k∑

m=k−1

L′
m(−1)c1

j,m = −

k−2∑

m=k−3

L′
m(−1)c1

j,m, (A.12)

where Lm denote the standard Legendre polynomial of degree m on the interval [−1, 1].

Thus we have

A~c = ~b, (A.13)

where

A =

(
1 1

(−1)k+1

2
k(k + 1) (−1)k

2
(k − 1)k

)
, (A.14)

~b =

(
−

k−2∑

m=k−3

Lm(1)c1
j,m,−

k−2∑

m=k−3

L′
m(−1)c1

j,m

)T

, (A.15)

~c = (c1
j,k, c

1
j,k−1)

T . (A.16)

We have used the following facts

Lm(±1) = (±1)m, L′
m(±1) =

1

2
(±1)m+1m(m + 1). (A.17)

The determinate of A, Det(A) = (−1)kk2 6= 0 for k ≥ 1. Therefore,

N∑

j=1

k∑

m=k−1

(c1
j,m)2 .

N∑

j=1

k−2∑

m=k−3

(c1
j,m)2 . h2k+5‖u‖k+3. (A.18)

Thus

‖ω(1)
u ‖ ≃

(
N∑

j=1

k∑

m=k−3

h(c1
j,m)2

) 1

2

. hk+3‖u‖k+3. (A.19)

Taking time derivative on the both sides of (3.1), the three identities still hold. Then

following the same arguments as what we did for ω
(1)
u , we get

‖∂tω
(1)
u ‖ . hk+3‖∂tu‖k+3. (A.20)
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By the same arguments, we have

‖ω(1)
v ‖ . hk+3‖v‖k+3, ‖∂tω

(1)
v ‖ . hk+3‖∂tv‖k+3. (A.21)

By the recursion formula, (3.4) holds for all 1 ≤ i ≤ ⌊k−2
2
⌋ and n = 0, 1. This finishes

our proof.

A.2 Proof of Lemma 3.3

Proof. The initial discretization uh(·, 0) is the solution of the following equations,

(vh, ϕ)j = Bj(uh, ϕ), for ∀j ∈ ZN , ∀ϕ ∈ V k
h , (A.22)

and it also satisfies

∫

Ω

uh dx =

∫

Ω

u0 dx. (A.23)

As we know, uh + c also satisfies (A.22), here c is any constant. If there are two solutions

uh1 and uh2 satisfying (A.22)-(A.23), then we denote wh = uh1 − uh2 ∈ V k
h to obtain

Bj(wh, ϕ) = 0,

∫

Ω

wh dx = 0, ∀j ∈ ZN , ∀ϕ ∈ V k
h . (A.24)

Applying Lemma 3.2, we have

(wh)xx|Ij
= 0, [wh]j− 1

2

= 0, [(wh)x]j− 1

2

= 0, ∀j ∈ ZN . (A.25)

Together with wh ∈ V k
h , we have wh is a constant function, and (A.24) implies wh ≡ 0.

Finally, we have proved uh is well-defined. Since ēv(x, 0) = 0 and (2.22),

aj(ēu, ēv; ϕ) = aj(ǫu, ǫv; ϕ) =

∫

Ij

(ω(l)
u )tϕ dx, (A.26)

bj(ēv, ēu; ϕ) = bj(ǫv, ǫu; ϕ) =

∫

Ij

ω(l)
v ϕ dx ∀j ∈ ZN , ∀ϕ ∈ V k

h . (A.27)

Thus,

((ēu)t(0), ϕ)j = ((ω(l)
u )t(0), ϕ)j, (A.28)
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Bj(ēu(0), ϕ) =

∫

Ij

−ω(l)
v (0)ϕ dx ∀j ∈ ZN , ∀ϕ ∈ V k

h . (A.29)

Therefore,

(ēu)t(0) = (ω(l)
u )t(0), (A.30)

which implies,

‖(ēu)t(0)‖ . hk+1+2l. (A.31)

And by Lemma 3.2, we have

‖(ēu)xx‖ + h− 1

2

(
N∑

j=1

|[(ēu)x]j− 1

2

|2

)1

2

+ h− 3

2

(
N∑

j=1

|[(ēu)]j− 1

2

|2

)1

2

. ‖ω(l)
v (0)‖ . hk+1+2l.

(A.32)

By using the discrete Poincaré inequalities [5], we have

‖(ēu)x‖ ≤ ‖(ēu)x −

∫

Ω

(ēu)x dx‖ + |

∫

Ω

(ēu)x dx|

. ‖(ēu)xx‖ + h− 1

2

(
N∑

j=1

|[(ēu)x]j− 1

2

|2

) 1

2

+ h− 1

2

(
N∑

j=1

|[(ēu)]j− 1

2

|2

) 1

2

. hk+1+2l. (A.33)

If k is odd, then k + 1 + 2l = 2k. We have,

∫

Ij

ēu dx =

∫

Ij

uh − P ⋆
hu +

l∑

i=1

ω(i)
u dx

=

∫

Ij

uh − u dx +

∫

Ij

ω(l)
u dx, (A.34)

since ω
(i)
u ⊥ P0(Ij), 1 ≤ i ≤ l − 1. Then summing over j, and by (A.23)

∫

Ω

ēu =

∫

Ω

uh − u dx +

∫

Ω

ω(l)
u dx =

∫

Ω

ω(l)
u dx. (A.35)

We apply the discrete Poincaré inequalities to obtain,

‖ēu‖ ≤ ‖ēu −

∫

Ω

ēu dx‖ + |

∫

Ω

ēu dx|
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. ‖(ēu)x‖ + h− 1

2

(
N∑

j=1

|[(ēu)]j− 1

2

|2

) 1

2

+ |

∫

Ω

ω(l)
u dx| (A.36)

. h2k

If k is even, l = k−2
2

, we need to improve the estimates. From the conclusion of

Lemma 3.1, ω
(l)
v ⊥ P0, thus D−1ω

(l)
v (x∓

j± 1

2

) = 0. Using the integration by parts on the

right hand side of (A.29), we have

Bj(ēu, ϕ) =

∫

Ij

h̄jD
−1ω(l)

v ϕx dx, ∀ϕ ∈ V k
h . (A.37)

We take the test function

ϕ|Ij
=

(−1)k+1hj

2k2
(Lj,k(x) − Lj,k−1(x)) , (A.38)

such that

ϕ(x−
j+ 1

2

) = 0, ϕx(x
+
j− 1

2

) = 1, and ϕ(x)|Ij
⊥ Pk−2(Ij). (A.39)

Thus,

|[ēu]j− 1

2

| = |

∫

Ij

h̄jD
−1ω(l)

v ϕx dx| (A.40)

≤ ‖h̄jD
−1ω(l)

v ‖Ij
h

1

2 . (A.41)

Then, we take ϕ = −ēu in (A.37), after the integration by parts and using inverse

inequality, we have

‖(ēu)x‖
2 =

N∑

j=1

∫

Ij

h̄jD
−1ω(l)

v (ēu)x dx − 2

N∑

j=1

(ēu)
+
x |j− 1

2

[ēu]j− 1

2

. ‖h̄jD
−1ω(l)

v ‖‖(ēu)x‖ + ‖(ēu)x‖h
− 1

2

(
N∑

j=1

|[ēu]j− 1

2

|2

) 1

2

. (A.42)

Together with (A.41), we have

‖(ēu)x‖ + h− 1

2

(
N∑

j=1

|[ēu]j− 1

2

|2

)1

2

. h‖ω(l)
v ‖ . h2k. (A.43)
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We note that

∫

Ij

ēu dx =

∫

Ij

uh − P ⋆
hu +

l∑

i=1

ω(i)
u dx

=

∫

Ij

uh − u dx, (A.44)

since ω
(i)
u ⊥ P0(Ij), 1 ≤ i ≤ l. Then summing over j, and by (A.23)

∫

Ω

ēu =

∫

Ω

uh − u dx = 0. (A.45)

Therefore, by applying the discrete Poincaré inequalities [5], we have

‖ēu‖ . ‖(ēu)x‖ + h− 1

2

(
N∑

j=1

|[ēu]j− 1

2

|2

) 1

2

. h2k. (A.46)

This finishes our proof.

A.3 Proof of Theorem 3.1

Proof. We take the test functions ϕ = ēu, ψ = ēv in (2.22). Summing over j and using

periodic boundary condition we have

a(ēu, ēv; ēu) + b(ēv, ēu; ēv) = a(ǫu, ǫv; ēu) + b(ǫv, ǫu; ēv). (A.47)

From Lemma 2.1 and Corollary 3.1, we have

1

2

d

dt
‖ēu‖

2 + ‖ēv‖
2 . hk+1+2⌊k−1

2
⌋(‖ēu‖ + ‖ēv‖). (A.48)

Applying Gronwall’s inequality, we obtain

‖ēu‖(t) . hk+1+2⌊k−1

2
⌋. (A.49)

Remark A.1. We note that, here, we use Gronwall’s inequality to obtain the error

bound for the error grows exponentially in time. In fact, we can obtain the error bound

for the error grows linearly in time. From (A.48), we have

1

2

d

dt
‖ēu‖

2 ≤ C1h
k+1+2⌊k−1

2
⌋(‖ēu‖ + hk+1+2⌊k−1

2
⌋), (A.50)
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where C1 is a constant depend on supt∈[0,T ] ‖u‖k+5+2⌊k−1

2
⌋. Set D = ‖ēu‖

h
k+1+2⌊k−1

2
⌋
, then

D
d

dt
D ≤ C1(D + 1). (A.51)

Then we refer to the proof of Theorem 2.2 in [29] and obtain

‖ēu(·, t)‖ ≤ (C2 + C3t)h
k+1+2⌊k−1

2
⌋, (A.52)

where C2 is a constant of the error bound of the initial data in (A.46) and C3 = C1C2

G(C2)
,

and G(s) = s − ln(s + 1).

Then, by the same arguments in Remark 2.1, we also obtain

‖ēv‖(t) . hk+1+2⌊k−1

2
⌋. (A.53)

Taking time derivatives in (2.22) and with the special initial discretizations (A.31), we

can obtain

‖(ēu)t‖(t) . hk+1+2⌊k−1

2
⌋. (A.54)

If k is odd, then k + 1 + 2⌊k−1
2
⌋ = 2k. From Lemma 3.2, we have

‖(ēu)xx‖Ij
+ h− 1

2 |[(ēu)x]j− 1

2

| + h− 3

2 |[(ēu)]j+ 1

2

| . ‖ēv − ω(l)
v ‖Ij

, (A.55)

‖(ēv)xx‖Ij
+ h− 1

2 |[(ēv)x]j− 1

2

| + h− 3

2 |[(ēv)]j+ 1

2

| . ‖(ω(l)
u )t − (ēu)t‖Ij

, ∀j ∈ ZN (A.56)

By using the discrete Poincaré inequalities [5], we have

‖(ēu)x‖ ≤ ‖(ēu)x −

∫

Ω

(ēu)x dx‖ + |

∫

Ω

(ēu)x dx|

. ‖(ēu)xx‖ + h− 1

2

(
N∑

j=1

|[(ēu)x]j− 1

2

|2

)1

2

+ h− 1

2

(
N∑

j=1

|[(ēu)]j− 1

2

|2

)1

2

(A.57)

with (A.55),

‖(ēu)x‖ . h2k. (A.58)
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By the same arguments for ‖(ēv)x‖, we also have

‖(ēv)x‖ . h2k. (A.59)

If k is even, then k + 1 + 2⌊k−1
2
⌋ = 2k − 1. We need to improve the estimation as

following. First, we have

aj(ǫu, ǫv; ϕ) = aj(ēu, ēv; ϕ) =

∫

Ij

(ēu)tϕ dx + Aj(ēv, ϕ) =

∫

Ij

(ω(l)
u )tϕ dx, (A.60)

bj(ǫv, ǫu; ψ) = bj(ēv, ēu; ψ) =

∫

Ij

ēvψ dx − Bj(ēu, ψ) =

∫

Ij

ω(l)
v ψ dx, ∀j ∈ ZN , ∀(ϕ, ψ) ∈ [V k

h ]2.

(A.61)

Since l = k−2
2

, and (ωl
u)t, ω

(l)
v ⊥ P0, thus D−1(ωl

u)t(x
∓
j± 1

2

) = D−1ω
(l)
v (x∓

j± 1

2

) = 0. By using

the integration by parts on the right hand sides of (A.60) and (A.61), we have

Aj(ēv, ϕ) =

∫

Ij

−h̄jD
−1(ωl

u)tϕx dx −

∫

Ij

(ēu)tϕ dx, (A.62)

Bj(ēu, ψ) =

∫

Ij

h̄jD
−1ω(l)

v ψx dx +

∫

Ij

ēvψ dx. (A.63)

By the similar arguments in the proof of Lemma 3.3, we take

ϕ|Ij
= ψ|Ij

=
(−1)k+1hj

2k2
(Lj,k(x) − Lj,k−1(x)) ,

in (A.62) and (A.63) respectively, then

|[ēv]j− 1

2

| ≤ ‖h̄jD
−1(ωl

u)t‖Ij
h

1

2 + ‖(ēu)t‖Ij
h

3

2 ,

|[ēu]j− 1

2

| ≤ ‖h̄jD
−1ωl

v‖Ij
h

1

2 + ‖ēv‖Ij
h

3

2 ,

and

h− 1

2

N∑

j=1

(
|[ēv]j− 1

2

|2
) 1

2

. h2k, (A.64)

h− 1

2

N∑

j=1

(
|[ēu]j− 1

2

|2
) 1

2

. h2k. (A.65)

Then, we take ϕ = ψ = 1 in (A.62) and (A.63) and sum over j,

∫

Ω

(ēu)t dx = 0,

∫

Ω

ēv dx = 0. (A.66)
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Then, we take ϕ = −ēv in (A.62) and ψ = −(ēu)t in (A.63) to obtain

‖(ēv)x‖
2 =

N∑

j=1

∫

Ij

−h̄jD
−1(ωl

u)t(ēv)x dx − 2
N∑

j=1

(ēv)
+
x |j− 1

2

[ēv]j− 1

2

+
N∑

j=1

∫

Ij

(ēu)tēv dx,

(A.67)

1

2

d

dt
‖(ēu)x‖

2 +

N∑

j=1

d

dt
([ēu](ēu)

+
x |j− 1

2

) =

N∑

j=1

∫

Ij

−h̄jD
−1ω(l)

v (ēu)tx dx −

N∑

j=1

∫

Ij

ēv(ēu)t dx.

=

N∑

j=1

d

dt

∫

Ij

−h̄jD
−1ω(l)

v (ēu)x dx +

N∑

j=1

∫

Ij

h̄j(D
−1ω(l)

v )t(ēu)x dx −

N∑

j=1

∫

Ij

ēv(ēu)t dx.

(A.68)

We add (A.67) and (A.68) to obtain

1

2

d

dt
‖(ēu)x‖

2 +
N∑

j=1

d

dt
([ēu](ēu)

+
x |j− 1

2

) +
N∑

j=1

d

dt

∫

Ij

h̄jD
−1ω(l)

v (ēu)x dx + ‖(ēv)x‖
2 (A.69)

. h2k(‖(ēu)x‖ + ‖(ēv)x‖),

where we have used (A.64) and the inverse inequality. Furthermore, we have

1

2

d

dt
‖(ēu)x‖

2 +
N∑

j=1

d

dt
([ēu](ēu)

+
x |j− 1

2

) +
N∑

j=1

d

dt

∫

Ij

h̄jD
−1ω(l)

v (ēu)x dx

. h2k‖(ēu)x‖ + h4k. (A.70)

Suppose ‖(ēu)x‖(t
⋆) := supt∈[0,T ] ‖(ēu)x‖(t), then integrate (A.70) over [0, t⋆] and using

(A.65), the special initial solutions and inverse inequality, we have

‖(ēu)x‖ . h2k. (A.71)

Thus, using the same arguments as in Remark 2.1, we can also obtain

‖(ēv)x‖ . h2k. (A.72)

Finally, together with (A.65) and (A.64), and using the discrete Poincaré inequalities

[5], we have

‖ēu‖ + ‖ēv‖ . h2k. (A.73)
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This finishes the proof of (3.15) and (3.16). Especially, if k = 2, then qh − P ⋆
hq = ēq,

q = u, v, thus (3.17) and (3.18) hold true. If k ≥ 3, then we set l = 1,

‖uh − P ⋆
hu‖ ≤ ‖ēu‖ + ‖ω(1)

u ‖ . hk+3, (A.74)

‖(uh − P ⋆
hu)x‖ ≤ ‖(ēu)x‖ + ‖(ω(1)

u )x‖ . hk+2. (A.75)

Here we have used the inverse inequality for the last inequality. By the same steps as

before, we can obtain the estimates for vh. This finishes our proof.

A.4 Proof of Theorem 3.2

Proof. By (3.1) and the definition of P ⋆
h , we have u − u−

h |j+ 1

2

= −ē−u |j+ 1

2

and ux −

(uh)
+
x |j+ 1

2

= −(ēu)
+
x |j+ 1

2

. Therefore, by the inverse inequality and (3.15)-(3.16), we have

eu,f . ‖ēu‖ . h2k, (A.76)

eu,fx
. ‖(ēu)x‖ . h2k. (A.77)

Next, we give the estimates for eu,c. If k is odd, then
∫

Ij
ω

(i)
u dx = 0, 1 ≤ i ≤ k−3

2
, thus,

∫

Ij

u − uh dx =

∫

Ij

u − P ⋆
hu +

⌊k−1

2
⌋∑

i=1

ω(i)
u − ēu dx =

∫

Ij

ω
(⌊k−1

2
⌋)

u −

∫

Ij

ēu dx. (A.78)

Using the Cauchy-Schwartz inequality, we have

eu,c . (‖ēu‖
2 + ‖ω

(⌊k−1

2
⌋)

u ‖2)
1

2 . h2k. (A.79)

If k is even, then
∫

Ij
ω

(i)
u dx = 0, 1 ≤ i ≤ k−2

2
, thus, by similar arguments as before, we

have

∫

Ij

u − uh dx =

∫

Ij

ēu dx, eu,c . ‖ēu‖ . h2k. (A.80)

Clearly, by the same steps as before, we can obtain the desired estimates for ev,f , ev,fx

and ev,c.
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A.5 Proof of Theorem 3.3

Proof. By the standard approximation of the projection P ⋆
h [13], we have

max
x∈D0

|u − P ⋆
hu| . hk+2, max

x∈D1
|(u − P ⋆

hu)x| . hk+1. (A.81)

By Theorem 3.1 and the inverse inequality, we have

eu,u . max
x∈D0

|u − P ⋆
hu| + ‖P ⋆

hu − uh‖∞ . hk+2‖u‖k+5,∞. (A.82)

The estimates for eu,ux
, ev,v and ev,vx

can be proven following the same lines.
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