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Abstract

For y € (0, 2), we define a weak y-Liouville quantum gravity (LQG) metric to be a
function & — Dy, which takes in an instance of the planar Gaussian free field and out-
puts a metric on the plane satisfying a certain list of natural axioms. We show that these
axioms are satisfied for any subsequential limits of Liouville first passage percolation.
Such subsequential limits were proven to exist by Ding et al. (Tightness of Liouville
first passage percolation for y € (0, 2), 2019. ArXiv e-prints, arXiv:1904.08021). It
is also known that these axioms are satisfied for the /8/3-LQG metric constructed by
Miller and Sheffield (2013-2016). For any weak y-LQG metric, we obtain moment
bounds for diameters of sets as well as point-to-point, set-to-set, and point-to-set dis-
tances. We also show that any such metric is locally bi-Holder continuous with respect
to the Euclidean metric and compute the optimal Holder exponents in both directions.
Finally, we show that LQG geodesics cannot spend a long time near a straight line or
the boundary of a metric ball. These results are used in subsequent work by Gwynne
and Miller which proves that the weak y-LQG metric is unique for each y € (0, 2),
which in turn gives the uniqueness of the subsequential limit of Liouville first pas-
sage percolation. However, most of our results are new even in the special case when

y =/8/3.
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1 Introduction
1.1 Overview

Let y € (0,2),let U C C be open, and let & be some variant of the Gaussian free
field (GFF) on U. The y-Liouville quantum gravity (LQG) surface corresponding to
(U, h) is, heuristically speaking, the random two-dimensional Riemannian manifold
with metric tensor e”" (dx? + dy?), where dx* + dy? denotes the Euclidean metric
tensor. LQG surfaces are the scaling limits of various types of random planar maps: the
case when y = /8/3 corresponds to uniform random planar maps. Other values of y
correspond to random planar maps weighted by the partition function of a statistical
mechanics model on the map, e.g., the uniform spanning tree for y = +/2 or the
critical Ising model for y = +/3. More generally, convergence to y-LQG is expected
if the planar map is weighted by the partition function of a critical statistical mechanics
model with central charge ¢ = 25 — 6(2/y + y/2)2; see, e.g., [22, Section 3.1] and
the references therein for further discussion.

The above definition of a y-LQG surface does not make rigorous sense since the
GFF is arandom distribution, not a function. In particular, it does not have well-defined
pointwise values and so cannot be exponentiated. Therefore, one needs to use various
regularization procedures to make rigorous sense of LQG surfaces. For example, one
can construct a random measure iy, on U, called the y-LQOG area measure, as a limit
of regularized versions of “e¥hdz”, where dz denotes Lebesgue measure [16,33,44].
This measure can be thought of as the volume form associated with the y-LQG surface.
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2
One way to construct puy, is as follows. Let ps(z, w) = % exp (— ‘Z;g” ) be the heat

kernel on C. For ¢ > 0, we define a mollified version of the GFF by

B = (e pap@ = [ hwplpcowde, ¥eev. D
U

where the integral is interpreted in the sense of distributional pairing (see Remark 1.1
for some discussion on the particular choice of mollifier). One can then define the
y-LQG measure u, as the a.s. weak limit [6,44]

lim gV 2e7hi@ gy (1.2)
£—>

The LQG measure u), satisfies a conformal coordinate change formula: if ¢ : U—
U is a conformal map and

~ 2
h:=ho¢+ Qlog|¢’|, where Q==+ (1.3)
Y

=

then 14 (A) = 15 (¢~ (A)) for each Borel set A C U. We think of two pairs (U, h)
and (U, h) which are related by a conformal map as in (1.3) as being two different
parametrizations of the same LQG surface. Thus the coordinate change formula for
W, says that this measure depends only on the quantum surface, not on the particular
choice of parametrization.

Since y-LQG surfaces are thought of as random Riemannian manifolds, one expects
that such a surface also gives rise to a random metric D;, on U. Constructing such
a metric is a much harder problem than constructing the measure ;. Miller and
Sheffield [38,39,43] constructed such a metric in the special case when y = /8/3 by
using a process called quantum Loewner evolution [41] to define +/8/3-LQG metric
balls. They also showed that in this case, the metric space (U, Dy,) for certain special
choices of U and Dy, is isometric to a known Brownian surface—like the Brownian
map [35,36] or the Brownian disk [7]. Brownian surfaces are random metric spaces
which arise as the scaling limits of uniform random planar maps with respect to the
Gromov—Hausdorff topology.

This paper is part of a program whose eventual goal is to construct a metric on
y-LQG for all y € (0, 2) as a limit of regularized metrics analogous to (1.2). These
regularized metrics are called Liouville first passage percolation (LFPP). We recall
the precise definition of LFPP just below. It was previously shown by Ding et al. [10]
that LFPP admits non-degenerate subsequential limits in law w.r.t. the local uniform
topology (i.e., the topology of uniform convergence on compact sets). The main con-
tributions of this paper are as follows.

e Properties of subsequential limits of LFPP We prove, using a general theorem
from [26], that every subsequential limit of LFPP can be realized as a measurable
function of the field, so the convergence occurs in probability, not just in distri-
bution. We also check that every subsequential limit of LFPP satisfies a certain
natural list of axioms which one would expect any reasonable notion of a metric
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on y-LQG to satisfy (see Sect. 1.2). We call a metric satisfying these axioms a
weak LQG metric. A closely related list of axioms appeared previously in [37].

e Properties of weak LQG metrics We prove several quantitative properties for a
general weak LQG metric. We compute the optimal Holder exponents between
the LQG metric and the Euclidean metric in both directions. We also give moment
bounds for LQG diameters and for point-to-point, set-to-set, and point-to-set dis-
tances; these bounds are analogous to known moment bounds for the y-LQG
measure (see, e.g., [44]). See Sect. 1.3 for precise statements. Since our list of
axioms is satisfied for the Miller-Sheffield 1/8/3-LQG metric, our results apply
to this metric as well. Even in this special case, most of our results are new.

The results in this paper are used to prove further properties of weak LQG metrics
(including subsequential limits of LFPP) in [23-25], eventually culminating in the
proof in [25] that there is only one weak y-LQG metric for each y € (0, 2), which
establishes the existence and uniqueness of the y-LQG metric for all y € (0, 2).
However, even after this program is completed, we expect that our results will continue
to be a useful tool in the study of the y-LQG metric. For example, our estimates for
the LQG metric are used in [31] to prove a version of the KPZ formula [16,34] for
this metric. Moreover, as explained in Remark 1.1, our results for subsequential limits
of LFPP apply to variants of LFPP defined using different continuous approximations
for the GFF (other than convolution with the heat kernel) once tightness is established
for these variants.

We remark that versions of some of the estimates for weak LQG metrics which are
proven in this paper (including tail estimates for the distance across a rectangle, the
first moment bound for diameters, and Holder continuity) were previously proven for
subsequential limits of LFPP in [10]. However, it is important to have these estimates
for general weak y-LQG metrics: indeed, such estimates will be used in [25] to show
the uniqueness of the weak y-LQG metric (which is a stronger statement than just the
uniqueness of the subsequential limit for the variant of LFPP considered in [10]). Many
of our estimates are also new for subsequential limits of LFPP, e.g., the optimality of
the Holder exponents in Theorem 1.7, the moment bounds in Theorems 1.8, 1.10,
and 1.11, and the estimates for geodesics in Sect. 4.

Due to our axiomatic approach, our proofs do not require any outside input besides
the existence of LFPP subsequential limits from [10] and a general theorem about
local metrics from [26] (both of which can be taken as black boxes). To understand
the paper, the reader only needs to be familiar with basic properties of the GFF, as
reviewed, e.g., in [46] and the introductory sections of [40,42,47].

1.2 Weak LQG metrics and subsequential limits of LFPP

Let us now discuss the approximations of LQG metrics which we will be interested
in. We first need to introduce an exponent which plays a fundamental role in the study
of y-LQG distances. It is shown in [12] that for each y € (0, 2), there is an exponent
dy, > 2 which arises in various approximations of LQG distances. For example, for
certain random planar maps in the y-LQG universality class, a graph-distance ball
of radius € N in the map typically has of order ré () vertices. It is shown

@ Springer



Weak LQG metrics and Liouville first passage percolation 373

in [31] that d,, is the Hausdorff dimension of the y-LQG metric. The value of ), is not
known explicitly except for d sg73 = 4, but reasonably tight upper and lower bounds
are available; see [12]. We define

£=6 = (1.4)

r
dy

For concreteness, we will primarily focus on the whole-plane case. We say that a
random distribution / on C is a whole plane GFF plus a continuous function if there
exists a coupling of 4 with a random continuous function f : € — R such that
the law of & — f is that of a whole-plane GFF. If such a coupling exists for which
f is bounded, then we say that / is a whole-plane GFF plus a bounded continuous
function.! Note that the whole-plane GFF is defined only modulo a global additive
constant, but these definitions do not depend on the choice of additive constant.

If & is a whole-plane GFF, or more generally a whole-plane GFF plus a bounded
continuous function, we define the mollified GFF 4} (z) for ¢ > 0 and z € C as
in (1.1). For z, w € C and ¢ > 0, we define the e-LFPP metric by2

1
Di(z,w):= inf fefhé‘(”mnp’(mdz (1.5)

P:z—w Jo

where the infimum is over all piecewise continuously differentiable paths from z to
w. One should think of LFPP as the metric analog of the approximations of the LQG
measure in (1.2).

Remark 1.1 The reason why we define LFPP using /) instead of some other continuous
approximation of the GFF is that this is the approximation for which tightness is proven
in [10]. If we had a tightness result similar to those in [10] for LFPP defined using a
different approximation (such as the circle average process of [16, Section 3.1] or the
convolution of h withe "1y (|z—w|/ J/€), where ¢ is a continuous non-negative radially
symmetric function with total integral one), then similar arguments to those in Sect. 2
would show that the subsequential limits are also weak LQG metrics. Together with the
uniqueness of weak LQG metrics proven in [25], this means that in order to show that
such approximations converge to the y-LQG metric one only needs to prove tightness.

For ¢ > 0, let a, be the median of the DZ-distance between the left and right
boundaries of the unit square along paths which stay in the unit square. It follows
from results in [10] (see Lemma 2.5) that the laws of the metrics {a;l Dj e~ are tight
with respect to the local uniform topology on € x C and every subsequential limit
induces the Euclidean topology on C.

! The reason why we sometimes restrict to bounded continuous functions is that it ensures that the con-
volution with the whole-plane heat kernel is finite (so DZ is defined) and it makes parts of the proof of
Theorem 1.2 simpler.

2 The intuitive reason why we look at 5% () instead of €71 @) to define the metric is as follows. By (1.2),
we can scale LQG areas by a factor of C > 0 by adding y_l log C to the field. By (1.5), this results in
scaling distances by C5/v = ¢4y | which is consistent with the fact that the “dimension” should be the
exponent relating the scaling of areas and distances.
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374 J. Dubédat et al.

Building on this, we will prove that in fact the metrics a;l D; admit subsequential
limits in probability and that every subsequential limit satisfies a certain natural list of
axioms. To state these axioms, we need some preliminary definitions. Let (X, D) be
a metric space.

For acurve P : [a, b] — X, the D-length of P is defined by

#T
len (P; D) := supz D(P(t;), P(ti—1))
T

i=1

where the supremum is over all partitions 7 : a =ty < --- < ty7 = b of [a, b]. Note
that the D-length of a curve may be infinite.
For Y C X, the internal metric of D on'Y is defined by

D(x,y;Y) = Ii)réfylen (P; D), Vx,yeY (1.6)

where the infimum is over all paths P in Y from x to y. Then D(, -; Y) is a metric on
Y, except that it is allowed to take infinite values.

We say that (X, D) is a length space if for each x, y € X and each ¢ > 0, there exists
a curve of D-length at most D(x, y) 4 ¢ from x to y.

A continuous metric on a domain U C C is a metric D on U which induces the
Euclidean topology on U, i.e., the identity map (U, | - |) — (U, D) is a homeomor-
phism. We equip the space of continuous metrics on U with the local uniform topology
for functions from U x U to [0, 0co) and the associated Borel o -algebra. We allow a
continuous metric to have D(u, v) = oo if # and v are in different connected compo-
nents of U. In this case, in order to have D" — D w.r.t. the local uniform topology
we require that for large enough n, D" (u, v) = oo if and only if D(u, v) = co.

Let D'(C) be the space of distributions (generalized functions) on C, equipped with
the usual weak topology. For y € (0, 2), a weak y-LQOG metric is a measurable
function i — Dy, from D’'(C) to the space of continuous metrics on C such that the
following is true whenever & is a whole-plane GFF plus a continuous function.

I. Length space Almost surely, (C, Dy) is a length space, i.e., the Dj-distance
between any two points of C is the infimum of the Dj,-lengths of Dj-continuous
paths (equivalently, Euclidean continuous paths) between the two points.

II. Locality Let U C C be a deterministic open set. The Djp-internal metric
Dy (-, -; U) is determined a.s. by h|y.

III. Weyl scaling Let £ be as in (1.4) and for each continuous function f : C — R,
define

len(P;Dy)
. Dp)(z,w) ;= inf / ETPD g vz weC, (1.7)
0

Piz—w

where the infimum is over all continuous paths from z to w parametrized by Dp-
length. Then a.s. ¢5/ - Dy, = Dy r for every continuous function f : C — R.

IV. Translation invariance For each deterministic pointz € C, a.s. Dy(.47) = Dp(-+
Z, -+ 2).

@ Springer



Weak LQG metrics and Liouville first passage percolation 375

V. Tightness across scales Suppose that /2 is a whole-plane GFF and let {4, (2)},~0.;eC
be its circle average process. For each r > 0, there is a deterministic constant
¢, > 0 such that the set of laws of the metrics ¢, 'e 5" @ Dy (7., r.) for r > 0
is tight (w.r.t. the local uniform topology). Furthermore, the closure of this set of
laws w.r.t. the Prokhorov topology on continuous functions C x C — [0, 00) is
contained in the set of laws on continuous metrics on C (i.e., every subsequen-
tial limit of the laws of the metrics ¢, le=8: O p, (r-, r-) is supported on metrics
which induce the Euclidean topology on C). Finally, there exists A > 1 such that
for each § € (0, 1),

A8 < 2L < ASTA, Ve > 0. (1.8)

We emphasize that the definition of a weak y-LQG metric depends on y only via the
parameter £ in Axiom III. We will therefore sometimes say that a metric satisfying
the above axioms is a weak LQG metric with parameter &.

It is easy to see, at least heuristically, why Axioms I through V should be satisfied
for subsequential limits of LFPP, although there is some subtlety involved in checking
these axioms rigorously. The first main result of this paper is the following statement,
whose proof builds on results from [10,26].

Theorem 1.2 Lety € (0, 2). For every sequence of €’s tending to zero, there is a weak
y-LOG metric D and a subsequence {€,},eN for which the following is true. Let h be
awhole-plane GFF, or more generally a whole-plane GFF plus a bounded continuous
function. Then the re-scaled LFPP metrics a;nl D;” from (1.5) converge in probability
to Dy,.

We will explain why we get convergence in probability, instead of just in law,
in Theorem 1.2 just below. Let us first discuss the axioms for a weak LQG met-
ric. Axioms I through IV are natural from the perspective that y-LQG is a “random
two-dimensional Riemannian manifold” obtained by exponentiating 4. Axiom V is a
substitute for exact scale invariance of the metric. To explain this, it is expected (and
will be proven in [24,25]) that the y-LQG metric, like the y-LQG measure, is invariant
under coordinate changes of the form (1.3). In particular, it should be the case that for
any a € C\{0}, a.s.

RN

Dy (a-, a-) = Dhay+0loglal (), for Q= +§. (1.9)

Under Axiom III, the formula (1.9) together with the scale invariance of the law of
h, modulo an additive constant, implies Axiom V with ¢, = r§2. We define a strong
LQOG metric to be a mapping h — Dy which satisfies Axioms I through IV as well
as (1.9).

A similar definition of a strong LQG metric has appeared in earlier literature. Indeed,
the paper [37] proved several properties of geodesics for any metric associated with
y-LQG which satisfies a similar list of axioms to the ones in our definition of a
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strong LQG metric; however, at that point such a metric had only been constructed for
y = /8/3.3

It far from obvious that subsequential limits of LFPP satisfy (1.9). The reason for
this is that scaling space results in scaling the value of ¢ in (1.5), which in turn changes
the subsequence which we are working with. It will eventually be proven in [25] that
every weak LQG metric satisfies (1.9), i.e., every weak LQG metric is a strong LQG
metric, but the proof requires all of the results of the present paper as well as those
of [23,26].

Nevertheless, Axiom V can be used in place of (1.9) in many situations. Basically,
this axiom allows us to compare distance quantities at the same Euclidean scale. For
example, Axiom V implies that if U C C is open and K C U is compact, then the
laws of

-1
(c;le*’“@)Dh(rK,raU)) and ¢ e O sup Dy(u,virU)  (1.10)

u,verk

as r varies are tight.

Part of the proof of Theorem 1.2 is to show that for any joint subsequential limit
(h, Dy) of the laws of the pairs (h, a;lDZ), the limiting metric Dj, is a measurable
function of 4. This is not obvious since convergence in law does not in general preserve
measurability. In our setting, we will prove that Dj, is determined by & by checking
the conditions of [26, Corollary 1.8], which gives a list of conditions under which a
random metric coupled with the GFF is determined by the GFF. The reason why we
have convergence in probability, instead of convergence in law, in Theorem 1.2 is the
following elementary probabilistic lemma (see e.g. [47, Lemma 4.5]).%

Lemma 1.3 Let (21, d1) and (22, d2) be complete separable metric spaces. Let X be
a random variable taking values in 21 and let {Y"},cN and Y be random variables
taking values in Q3, all defined on the same probability space, such that (X, Y") —
(X, Y) inlaw. If Y is a.s. determined by X, then Y" — Y in probability.

Theorem 1.2 will be proven in Sect. 2. Once this is done, throughout the rest of
the paper we will only ever work with a weak y-LQG metric—we will not need to
make explicit reference to LFPP. An important advantage of this approach is that the
Miller-Sheffield /8/3-LQG metric from [38,39,43] is known to satisfy the axioms

3 Although the axioms in [37] are formulated in a slightly different way from our axioms for a strong LQG
metric, it can be proven, with some work, that the two notions are equivalent. The analog of Axiom II
in [37], which asserts that metric balls are local sets, is proven to be equivalent to our Axiom II in [26,
Lemma 2.2]. The analog of Axiom III in [37] is stated only for constant functions, but it is easy to check
that this axiom implies Axiom III. For example, this is explained in [29, Section 2.4] in the special case
when y = /8/3, and the same argument works for general y € (0, 2). In [37, Assumption 1.1], the authors
allow for fields on any open domain in C and assume that the metric satisfies a LQG coordinate change
formula for general conformal maps, not just complex affine maps. It is shown in [24] that a strong LQG
metric in the sense of this paper gives rise to a metric associated with a GFF on any proper sub-domain of
C which satisfies the LQG coordinate change formula for general conformal maps.

4 Since the space of continuous metrics is not complete w.r.t. any natural choice of metric which induces the
local uniform topology, we apply the lemma with (€22, d2) equal to the larger space of continuous functions
C x € — [0, co) equipped with the local uniform topology, which is completely metrizable.
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for a weak +/8/3-LQG metric. See [29, Section 2.4] for a careful explanation of why
this is the case. Note that [29, Section 2.4] checks the coordinate change relation (1.9)
for the Miller—Sheffield metric which (as discussed above) implies Axiom V. Hence
all of our results for weak y-LQG metrics apply to both this /8/3-LQG metric and
to subsequential limits of LFPP.?

Remark 1.4 (Liouville graph distance) Besides LFPP, there is another natural scheme
for approximating LQG metrics called Liouville graph distance (LGD). The ¢-LGD
distance between two points in C is defined to be the minimum number of Euclidean
balls with LQG mass ¢ whose union contains a path between the two points. It has been
proven in [9] that for each y € (0, 2), the e-LGD metric, appropriately renormalized,
admits subsequential limiting metrics as ¢ — 0 which induce the Euclidean topology.
In the contrast to LFPP, for subsequential limits of LGD the coordinate change rela-
tion (1.9) is easy to verify but Weyl scaling (Axiom III) appears to be very difficult
to verify, so these subsequential limits are not known to be weak LQG metrics in the
sense of this paper. It is still an open problem to establish uniqueness of the scaling
limit for LGD. Similar considerations apply to variants of LGD defined using embed-
ded planar maps (such as maps constructed from LQG square subdivision [16,19]
or mated-CRT maps [21,27]) instead of Euclidean balls, although for these variants
tightness has not been checked.

1.3 Quantitative properties of weak LQG metrics

In what follows, we assume that D is a weak y-LQG metric and A is a whole-plane
GFF. Perhaps surprisingly, the axioms for a weak LQG metric imply much sharper
bounds on the scaling constants ¢, than (1.8).

Theorem 1.5 Let & be asin (1.4)andlet Q =2/y +y /2. Then forr > 0, the scaling
constants satisfy

Sr _ sE0tos() 405 0, (1.11)

Cr
at a rate which is uniform over all r > Q.

The definition of a weak LQG metric uses only the parameter &. Theorem 1.5 con-
nects this definition to the coordinate change parameter Q. This will be important
for the proof in [25] that any weak LQG metric satisfies the coordinate change for-
mula (1.9). Theorem 1.5 will be proven in Sect. 3.2 by comparing Dj,-distances to
LFPP distances and using the fact that the §-LFPP distance between two fixed points is
typically of order §!=§2+2s() [12, Theorem 1.5] [for convenience, for this argument
we will work with a variant of LFPP which is defined in a slightly different manner
than the version in (1.5)].

5 The uniqueness of the weak LQG metric proven in [25] implies that the Miller—Sheffield /8/3-LQG
metric is the limit of LFPP for y = /8/3.
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Remark 1.6 Theorem 1.5 gives a proof purely in the continuum that the exponent
dm of [12,18] is equal to 4. Previously, this was proven in [12] (building on [20])
using the known ball volume growth exponent for random triangulations [1]. To see
why Theorem 1.5 implies that d 573 = 4, we observe that the /8/3-LQG metric

of [38,39,43] satisfies the axioms for a weak LQG metric with parameter £ = 1/ /6.
Moreover, by the LQG coordinate change formula for the /8/3-LQG metric, Axiom V
holds for this metric with with ¢, = /. Theorem 1.5 therefore implies that if y
(0, 2) is chosen so that y /d,, = 1/+/6, then the associated parameter Q = 2/y +y/2
satisfies Q/+/6 = 5/6, i.e., O = 5/+/6 which is equivalent to y = /8/3. Hence
y/dy, =1/J6 wheny = /83, s0d g3 = 4.

Our next main result gives the optimal Holder exponents for Dj, with respect to the
Euclidean metric.

Theorem 1.7 (Optimal Holder exponents) Let U C C be open and bounded. Almost
surely, the identity map from U, equipped with the Euclidean metric, to (U, D)
is locally Holder continuous with any exponent smaller than £(Q — 2) and is not
locally Holder continuous with any exponent larger than £(Q — 2). Furthermore, the
inverse of this map is a.s. locally Holder continuous with any exponent smaller than
£71(Q +2)7" and is not locally Hélder continuous with any exponent larger than

e~l(o+2)7L

Fory = /8/3,onehasé = 1/+/6and Q = 5/+/6, so the optimal Hélder exponents
are given by

E(Q —2) = é(s —2v6) ~0.0168 and £-'(Q+2)"! =30 — 12v/6 ~ 0.6061.
(1.12)

The intuitive reason why Theorem 1.7 is true is as follows. If z is an «-thick point
for h, i.e., the circle average satisfies h.(z) = (@ + 0.(1)) log ¢ lase — 0, then we
can show that the Dj,-distance from z to 3 B, (z) behaves like £5(@—®)+0:() 35 ¢ 5 .
Indeed, this is an easy consequence of the estimates in Sect. 3.4. Almost surely, a-thick
points exist for @ € (—2, 2) but not for |a| > 2 [32].

We next state some basic moment estimates for distances which are metric ana-
logues of the well-known fact that the y-LQG measure has finite moments of all orders
in (—oo, 4/)/2) [44, Theorems 2.11 and 2.12].

Theorem 1.8 (Moment bounds for diameters) Let U C C be open and let K C U be
a compact connected set with more than one point. Then the U -internal diameter of
K satisfies

g 4d
E| [ sup Du(z, w;U) <00, Vpe <—oo, —2V> (1.13)
z,wek 14

For y = /8/3, we get finite moments up to order 6. We also have the following
bound for distances between sets. In this case, we get finite moments of all orders.
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Theorem 1.9 (Distance between sets) Let U C C be an open set (possibly all of C)
and let K1, Ky C U be connected, disjoint compact sets which are not singletons.
Then

E[(Dn(K1, K2; U)P] < 00, ¥p €R. (1.14)

The results of [10] show that if Dy is a subsequential scaling limit of the LFPP
metrics (1.5), then one has the following slightly stronger version of Theorem 1.9:

P [A_l < a;'DE(KY, Ko U) < A] > 1 — cgeC1(ogd)?/loglogA /g o pe
(1.15)

for constants cq, c; > 0 allowed to depend on K, K>, U. A posteriori, one gets (1.15)
for every weak LQG metric since [25] proves that the weak LQG metric is unique for
each y € (0, 2), so in particular it is the limit of LFPP.

We now turn our attention to point-to-point distances. These estimates also work if
we allow the field to have a log singularity. To make sense of the metric in this case,
we note that since log| - | is continuous away from 0, we can define Dj,_g10g).| as a
continuous length metric on C\{0} by Dy 10| = |- | =% . Dy, in the notation (1.7).
We can then extend Dy 10g |- to a metric defined on all of € which is allowed to take
the value oo by taking the infima of the Dj,_410g |.|-lengths of paths. We can similarly
define the metric associated with fields with two or more log singularities.

Theorem 1.10 (Distance from a pointto acircle) Leta € R andlet h* := h—alog|-|.
Ifa € (—o0, Q), then

2d,
E [(Dpe (0,9D))?] <00, Vpe (—oo, 7(Q - a)) ) (1.16)

Ifa > Q, then a.s. Dpa (0, z) = oo for every z € C\{0}.

For example, if y = /8/3 and a = 0, we get finite moments up to order 10. If
instead y = +/8/3 and a = y (which corresponds to the case when 0 is a “quantum
typical” point, see, e.g., [16, Proposition 3.4]) we only get finite moments up to order
2. In the critical case when o = Q, our estimates at this point are not sufficiently sharp
to determine whether D0 (0, dID) is finite. However, once we know that every weak
LQG metric is a strong LQG metric (which is proven in [25]) it is not hard to check
that a.s. Dj,0 (0, z) = oo for every z € C\{0}. Similar comments apply in the case
when @ = Q or § = Q in Theorem 1.11 just below.

Theorem 1.11 (Distance between two points) Let o, B € R, let 7, w € C be distinct,
and let k%P := h —alog| - —z| — Blog| - —w|. Ifa, B € (—o0, Q), then

2d
IE [(Dho‘ (Zv w; B4|Z—w|(z)))p] < 00, Vp S <_OO, TV(Q - max{as IB})) .
(1.17)
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If either a > Q or B > Q, then a.s. Djep(z, w) = 00.

As applications of our main results, in Sect. 4 we will also prove some estimates
which constrain the behavior of Dj-geodesics and which will be important in [25].
To be more precise, the first main estimate of Sect. 4 is Proposition 4.1, which gives
an upper bound for the amount of time that a Dj-geodesic can spend in a small
neighborhood of a line segment or a circular arc. Intuitively, one expects that this
amount of time is small since LQG geodesics should be fractal and hence should look
very different from smooth curves. The particular bound given in Proposition 4.1 is
used in [25, Section 3] to prevent a geodesic from spending a long time in an annulus
with a small aspect ratio; and in [25, Section 5] in order to force a geodesic to enter a
“good” region of the plane in which certain distance bounds hold.

The other main estimate in Sect. 4 is Proposition 4.3, which is an upper bound for
how much time an LQG geodesic can spend near the boundary of an LQG metric ball
centered at its starting point. Intuitively, this amount of time should be small since
if P is a Dy-geodesic, then Dy, (P (0), P(t)) = t but Dy(P(0), -) is constant on the
boundary of a Dj-ball centered at P(0). The bound given in Proposition 4.3 is used
in [25, Lemma 4.7].

Remark 1.12 (The case when & > 2/d,) Throughout this paper, we focus on the case
of weak y-LQG metrics. Since y + y/d,, is increasing [12, Proposition 1.7], weak
y-LQG metrics have parameter & € (0, 2/d>) (here, dy := lim,,_,»- d,/). It is natural
to wonder whether one can say anything about weak LQG metrics which satisfy the
same axioms but with a parameter £ > 2/d>. In the critical case when & = 2/d>
(i.e., y = 2), we expect that a weak LQG metric still exists and is the scaling limit of
LFPP with parameter 2/d>. This metric should be the y-LQG metric with y = 2 (the
y = 2 metric should also be the limit as y ' 2 of the y-LQG metrics, appropriately
renormalized). We expect that all of the theorem statements in this section still hold
for &€ = 2/d,, except that the metric Dy, is not Holder continuous w.r.t. the Euclidean
metric.

For § > 2/d,, we do not expect that any weak LQG metrics with parameter
& exist. However, there should be metrics which satisfy a similar list of properties
except that such metrics no longer induce the Euclidean topology. Instead, there should
be an uncountable, dense set of points z € C such that Dy (z, w) = oo for every
w € C\{z}. More precisely, let L(£) be the exponent for the typical LFPP distance
between the left and right sides of [0, 11 and let Q&) = (1 —A&))/§. By [12,
Theorem 1.5], O(y/d,) = 2/y +y/2 > 2. By [30, Lemma 4.1] and [14, Theorem
1.1], Q(€) € (0,2) for& > 2/dy. For & > 2/d,, the points z € C which lie at infinite
Dy-distance from every other point should correspond to so-called thick points of h
(as defined in [32]) with thickness o« > Q.

Itis shown in [13] that LFPP with parameter £ > 2/d> admits subsequential scaling
limits in law w.r.t. the topology on lower semicontinuous functions. We expect that
the subsequential limit is unique, satisfies the properties discussed in the preceding
paragraph, and is related to LQG with matter central charge ¢ € (1, 25) (LQG with
y € (0, 2] corresponds to ¢ € (—o0, 1]). In particular, with Q(&) as above, the
central charge should be related to £ by ¢ = 25 — 6Q($)2. See [3,13,14,19,30] for
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further discussion of this extended phase of LQG and some justification for the above
predictions.

1.4 Outline

In Sect. 2, we prove Theorem 1.2, which says that subsequential limits of LFPP
are weak y-LQG metrics, taking [10] as a starting point. Throughout the rest of the
paper, we work with an arbitrary weak y-LQG metric (not necessarily assumed to
arise as a subsequential limit of LFPP). Section 3 contains the proofs of the results
stated in Sect. 1.3. In fact, for most of these results, we will prove more quantitative
versions which are required to be uniform over all Euclidean scales. At this point, these
statements are not implied by the statements in Sect. 1.3 since we are working with
a weak y-LQG metric, which is only known to be “tight across scales” (Axiom V)
instead of exactly scale invariant.

The first result that we prove for a weak y-LQG metric is the estimate for the distance
between two sets from Theorem 1.9; this is the content of Sect. 3.1. In Sect. 3.2, we use
this estimate to relate Dj,-distances to LFPP distances and thereby prove Theorem 1.5.
Once Theorem 1.5 is established, we have some ability to compare Dj,-distances at
different Euclidean scales. This allows us to prove the moment estimate (1.13) of
Theorem 1.8 in Sect. 3.3 as well as the moment estimates of Theorems 1.10 and 1.11
in Sect. 3.4. Using these moment estimates, we then prove Theorem 1.7 in Sect. 3.5.

In Sect. 4, we apply the estimates of Sect. 1.3 to prove some bounds for Dj-
geodesics.

1.5 Basic notation

We write N = {1,2,3,...}and Ng = N U {0}.

For a < b, we define the discrete interval [a, bly := [a, b] N Z.

If f:(,00) - Randg: (0,00) - (0,00), we say that f(e) = O.(g(¢e)) (resp.
f(e) = oc(g(e)))as e — 0if f(e)/g(e) remains bounded (resp. tends to zero) as
& — 0. We similarly define O(-) and o(-) errors as a parameter goes to infinity.

If f,g : (0,00) — [0, 00), we say that f(e) < g(e) if there is a constant C > 0
(independent from ¢ and possibly from other parameters of interest) such that f(g) <
Cg(e). We write f(e) < g(e) if f(e) < g(e) and g(e) < f ().

Let {E®}¢~0 be a one-parameter family of events. We say that E® occurs with

e polynomially high probability as ¢ — 0 if there is a p > 0 (independent from ¢
and possibly from other parameters of interest) such that P[E®] > 1 — O (e?).

e superpolynomially high probability as ¢ — 0 if P[E®] > 1 — O, (e?) for every
p > 0.

We similarly define events which occur with polynomially or superpolynomially high
probability as a parameter tends to co.

We will often specify any requirements on the dependencies on rates of conver-
gence in O(-) and o(-) errors, implicit constants in <, etc., in the statements of
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lemmas/propositions/theorems, in which case we implicitly require that errors, implicit
constants, etc., appearing in the proof satisfy the same dependencies.

For z € C and r > 0, we write B, (z) for the Euclidean ball of radius r centered at z.
We also define the open annulus

Ay () = B (2\Br(2), Y0 <r <ry<oo. (1.18)

We write $ = (0, 1)2 for the open Euclidean unit square.

2 Subsequential limits of LFPP are weak LQG metrics

The goal of this section is to deduce Theorem 1.2 from the tightness result of [10].
We start in Sect. 2.1 by introducing a “localized” variant of LFPP, defined using
the convolution of 2 with a truncated version of the heat kernel, which (unlike the
&-LFPP metric Dfl defined in (1.5)) depends locally on h. We then show that this
localized variant of LFPP is a good approximation for D; (Lemma 2.1). In Sect. 2.2,
we explain why the results of [10] imply that the re-scaled LFPP metrics a; ! Dj as
well as the associated internal metrics on certain domains in C are tight w.r.t. the local
uniform topology and that every subsequential limit is a continuous length metric on
C. In Sections 2.3, 2.4, and 2.5, respectively, we will prove versions of Weyl scaling,
tightness across scales, and locality for the subsequential limits (i.e., Axioms III, V,
and II). In Sect. 2.6, we use a theorem from [26] to show that subsequential limits of
LFPP can be realized as measurable functions of . We then conclude the proof of
Theorem 1.2.

Throughout this section, we will frequently need to switch between working with
a whole-plane GFF and working with a whole-plane GFF plus a continuous function.
As such, we will always write i for a whole-plane GFF (with some choice of additive
constant, specified as needed) and h for a whole-plane GFF plus a continuous function
(usually, this will be a whole-plane GFF plus a bounded continuous function). Note
that this differs from the convention elsewhere in the paper, where & is sometimes
used to denote a whole-plane GFF plus a continuous function.

2.1 Alocalized version of LFPP

Let h be a whole-plane GFF plus a bounded continuous function. The mollified field
hZ(z) of (1.1) does not depend on h in a local manner, and hence Dy -distances do
not depend on h in a local manner. However, as ¢ — 0 the heat kernel p,2 ,(z, w)
concentrates around the diagonal, so we expect that h}(z) “almost” depends locally
on h when ¢ is small. To quantify this, we will introduce an approximation ﬂ: of h}
which depends locally on h and prove a lemma (Lemma 2.1) to the effect that ﬁ: and
h: are close when ¢ are small. This will be useful at several places in this section,
especially for the proof of locality (essentially, Axiom II) in Sect. 2.5.

Fore > 0, let ¥, : C — [0, 1] be a deterministic, smooth, radially symmetric
bump function which is identically equal to 1 on B,1,2 /2(0) and vanishes outside of
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B,1,2(0) [in fact, the power 1/2 could be replaced by any p € (0, 1)]. We can choose
Y. in such a way that ¢ +— 1, is a continuous mapping from (0, co) to the space
of continuous functions on C, equipped with the uniform topology. Recalling that
ps(z, w) denotes the heat kernel, we define

ﬁ:(z) = /@ Ve (z — wh(w)pep(z, w) dw, 2.1

with the integral interpreted in the sense of distributional pairing. Since 1, vanishes
outside of B,1/2(0), we have that h ¢ (2) is a.s. determined by h| B.ij2(2)- It is easy to see

that h, ¢ a.8. admits a continuous modification (see Lemma 2.1). We henceforth assume

that /ﬁ’: is replaced by such a modification.
As in (1.5), we define the localized LFPP metric

1 Tk
Di(z,w) = inf /eshf(P(’))|P/(t)|dt, 2.2)
0

Pz—w

where the infimum is over all piecewise continuously differentiable paths from z to
w. By the definition of h

for any open U C C, the internal metric ’D\f](~, -; U) is a.s. determined by h|g 12 U)-
2.3)

Lemma 2.1 Let h be a GFF plus a bounded continuous function. Then a.s. (z, €) +—>
h ¢ (2) is continuous. Furthermore, for each bounded open set U C C, a.s.

hm sup |hi(z) — hg (2)| =0. 2.4)
0 zeU

In particular, a.s.

Dy wil) iforml I U with 7 # 2.5)
im ————— =1, 0 o ,w e t w. .
I Gow ) uniformly over all 7 with z
To prove Lemma 2.1, we will need the following elementary estimate for the circle
average process, whose proof we postpone until after the proof of Lemma 2.1.

Lemma 2.2 Let h be a whole-plane GFF (with any choice of additive constant) and
let {h,},>0 be its circle average process. For each R > 0 and ¢ > 0, a.s.

sup sup 1A )] 72 < Q. (2.6)
2eBp(0) r=0 Max{(2 + ¢)log(1/r), (logr)1/2+¢ 1}

@ Springer



384 J. Dubédat et al.

Proof of Lemma 2.1 We first consider the case when h = & is a whole-plane GFF
normalized so that 41 (0) = 0. The functions w +— ¥.(z — w) and w pgz/z(z, w)
are each radially symmetric about z, i.e., they depend only on |z — w|. Using the circle
average process {/,},~0, we may therefore write in polar coordinates

172

N 2 [ —r2/g? ~ 2 (¢ —r2/g2
hg(z) = = rh,(2)e dr and h;(z) = = rh-(2)Ve(r)e dr.
& 0 & 0
2.7

From this representation and the continuity of the circle average process, we infer that
(z, &) = h}(z) a.s. admits a continuous modification.
Since . = 1 on le/z/z(z) and v, takes values in [0, 1],

* T 2 * —r2 /g2
lhe(z) —hi(@)] < — rlh(2)]e dr. (2.8)
& 81/2/2

By Lemma 2.2 (applied with { = 1/2, say), there is arandom constant C = C(U) > 0
such that |h,(z)| < C max{log(1/r),logr, 1} for each z € U and r > 0. Plugging
this into (2.8) shows that a.s.

o0

- 2
sup |hf () — hi(2)| < —2/ rmax{log(1/r), logr, 1}e ™" /< dr,  (2.9)
zeU &7 Jel2

which tends to zero exponentially fast as ¢ — 0. This gives (2.4) in the case of a
whole-plane GFF with 41(0) = 0.

If f : C — R is a bounded continuous function, we similarly obtain a.s.
limg o sup, ¢y | f3(z) — f;‘(z)l = 0, using the notation (1.1) and (2.1) with f in
place of A or h. This gives (2.4) in the case of a whole-plane GFF plus a bounded
continuous function. The relation (2.5) is immediate from (2.2) and the definition of
LFPP. O

To conclude the proof of Lemma 2.1 we still need to prove Lemma 2.2. To deal
with large values of r, we will use the following lemma.

Lemma 2.3 Let h be a whole-plane GFF. For each R > 0 and ¢ > 0, a.s.

. Iy ()]
1 — =0. 2.10
% oab ) og )12+ 10)

Proof The process {h,(z) — h,(0) : z € Br(0),r € [1/2,1]} is centered Gaus-
sian with variances bounded above by a constant depending only on R. Furthermore,
this process a.s. admits a continuous modification [16, Proposition 3.1], so if we
replace it by such a modification then a.s. Sup_cg, ) SUPref1/2,17 11 (2) — hr(0)] <
oo. By the Borel-TIS inequality [8,45] (see, e.g., [4, Theorem 2.1.1]), we have
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IE [SUp, ¢ g, (0) SUPref1/2.11 |- (2) — B (0)]] < oo and there are constants co, ¢ > 0
depending only on R such that for each A > 0,

P| sup sup |hr(z) —hy(0)] > A | < coe 147, Q.11
2€BR(0) re[1/2,1]

Note that we absorbed the R-dependent constant IE [supZE Br(0) SUPref1 /2,17 117 (2)
—h,(0)]] into cg.

By the scale invariance of the law of &, viewed modulo an additive constant, we
infer from (2.11) that for each k € Ny and A > 0,

P| sup  sup  |he(2) — b (0)] > A | < cpe 1A% (2.12)
2€B ok (0) re[2k—1,2K]

By applying this with A equal to a universal constant times k'/>7¢/2, say, then using
the Borel-Cantelli lemma, we get that a.s.

h —h(0
lim  sup sup % = (2.13)
kHOOZEBRzk(O) re[2k—1,2k] (log r) e
Each z € K is contained in B p,« (0) for each k € N and each r > 1/2 is contained in
[2"_1, 2"] for some k € IN. Hence, (2.13) implies that a.s.

lhr(z) = h (O)]

lim sup =0. (2.14)

r—00 cpe) (logr)l/2+¢

Since t +— h,:(0) is a standard two-sided linear Brownian motion [16, Section 3], it
follows that a.s. |4,(0)|/(logr)'/>*¢ — 0 as r — oo. Combining this with (2.14)
yields (2.10). O

Proof of Lemma 2.2 Standard estimates for the maximum of the circle average process
(see, e.g., the proof of [32, Lemma 3.1]) show that a.s.

h
sup sup i < 00. (2.15)

2€Bg(0) re(0,1/2] 2+ &) log(1/r)

By the continuity of the circle average process, a.s. for any ro > 1/2, sup,cp, ()
SUP,.c(1/2,ro] 11 (2)| < 00. By Lemma 2.3, it is a.s. the case that for each large enough
ro > 0,

|7 (2)]
A 2.16
w0yt (og ) 1/2FE 210
Combining these estimates gives (2.6). ]
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2.2 Subsequential limits

In this subsection we explain why the results of [10] imply that the laws of the re-scaled
LFPP metrics a;l Dy are tight (this is not entirely immediate since [10] considers a
slightly different class of fields and only looks at metrics on bounded domains). We will
in fact obtain a stronger convergence statement which also includes the convergence
of internal metrics of a;lDf] on a certain class of sub-domains of C.

Definition 2.4 (Dyadic domain) A closed square S C C is dyadic if S has side length
2K and corners in 27 for some k € 7. We say that W C C is a dyadic domain
if there exists a finite collection of dyadic squares S such that W is the interior of
(Uses S- Note that a dyadic domain is a bounded open set.

Lemma 2.5 Let h be a whole-plane GFF plus a bounded continuous function.

A. The laws of the metrics a;l Dy, are tight w.r.t. the local uniform topology on C x C
and any subsequential limit of these laws is supported on continuous length metrics
on C.

B. Let W be the (countable) set of all dyadic domains. For any sequence of positive
&’s tending to zero, there is a subsequence £ and a coupling of a continuous length
metric Dy on C and a length metric Dy, w on W for each W € W which induces
the Euclidean topology on W such that the following is true. Along £, we have the
convergence of joint laws

(o' j far D W)}Wew) — (DnADhwlyey) 21D

where the first coordinate is given the local uniform topology on C x C and each
element of the collection in the second coordinate is given the uniform topology
on W x W. Furthermore, for each W € W we have the a.s. equality of internal
metrics Dp w (-, s W) = Dp(-, -; W).

In the setting of Assertion A, we note that the space of continuous functions
C x € — R, equipped with the local uniform topology, is separable and com-
pletely metrizable, which means that we can apply Prokhorov’s theorem in this space.
Assertion B of Lemma 2.5 does not give that Df (-, ; W) — Dp(-, -; W) in law along
& for each W € W. The reason why we do not prove this statement is to avoid wor-
rying about possible pathologies near 0 W (see Lemma 2.11). We now proceed with
the proof of Lemma 2.5. At several places in this section, we will use the following
elementary scaling relation for LFPP.

Lemma 2.6 Let h be a whole-plane GFF normalized so that h1(0) = 0. Let r > 0

and let h" := h(r-) — h,(0), so that h" 4 h. The LFPP metrics defined as in (1.5) for
h and h" are related by

DZ{’ 4 Z/r and DZ{’(Z, w) = rfle*‘é’:h’(o)Dz(rz, rw), Ve>0, Vz,we C.
(2.18)
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Proof Using the notation (1.1), we get from a standard change of variables that the
convolutions of 4" and & with the heat kernel satisfy h;; (z) = h}(rz) — h(0) for
each ¢ > 0 and z € C. Using the definition (1.5) of LFPP, we now compute

Pirz—rw

1
*Ehr(O)Dé?(rZ rw) = inf / eé(hz(P(f))*hr(O))|P/(t)| dt
0

1 ok
inf f e PO pl | di

Pirz—rw Jo

1 Fok D ~ ~
—r inf / PO B () dr (set B = PJr)
P:iz—w JO

e/r

=rD;; (z, w).

m}

To check that our limiting metrics are length metrics, we will need the following
standard fact from metric geometry.

Lemma 2.7 Let X be a compact topological space and let { D"},,cN be a sequence of
length metrics on X which converge uniformly to a metric D on X. Then D is a length
metric on X.

Proof Thisis[5, Exercise 2.4.19], whichin turn is an easy consequence of [5, Corollary
2.4.17]. O

Let us now record what we get from [10].

Lemma2.8 Let S C C be a closed square and let h be a whole-plane GFF plus
a bounded continuous function. The laws of the internal metrics ae_lD,i G, 5 S) for
e € (0, 1) are tight w.r.t. the uniform topology on S x S and any subsequential limit
of these laws is supported on length metrics which induce the Euclidean topology on
S.

Proof We first consider the case when S = [0, 1]? is the Euclidean unit square and
h = h is a whole-plane GFF normalized so that 41 (0) = 0. Let /i be a zero- boundary
GFF on (—1, 2)2. By the Markov property of the whole-plane GFF, we can couple /
and / in such a way that h — fi is a.s. harmomc hence continuous, on (—1, 2)2.

Recall the heat kernel pg(z, w) = 5—e 1<7*/@%) For z € [0, 1]? and ¢ € (0, 1),
we define the convolution h* = h x pgz 2 asin (1.1). For z, w € (-1, 2)2, define
Dg(z, w) as in (1.5) with h;‘ in place of A}. It is shown in [10, Theorem 1] (see
also [10, Section 6.1]) that there are constants {)\.}.~¢ such that the internal metrics
AQIDE (. -3 [0, 17%) are tight w.r.t. the uniform topology on [0, 11> x [0, 1]* and any
subsequential limit of these laws is supported on length metrics which induce the
Euclidean topology on [0, 1]%.

We now want to compare lel and Dj, using the fact that (h —l;) |(—1,2)2 isacontinuous
function. However, we cannot do this directly since we only have a uniform bound
for h — i on compact subsets of (—1, 2)2 and the convolution (1.1) does not depend
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locally on the field. To this end, we define the localized LFPP metrics ﬁz and 5; as

in (2.2) withh = & ' and with J in place of £, respectively. Then Lemma 2.1 remains
true with th and th in place of D and Dj and with U any open set satisfying

U C (—1,2)?, with the same proof (actually, the proof is simpler since one does not
need Lemma 2.3). Therefore, a.s. DE (z, w; U)/th (z, w; U) — 1 uniformly over all

distinct z, w € U and the conclusion of the preceding paragraph is true with 5; in
place of DE .

Since h — h is a.s. equal to a continuous function on a neighborhood of [0, 1]2,
we infer from (2.3) that a.s. the metrics 5; (-, - [0, 17%) and 5,81(-, - 10, 11%) are bi-
Lipschitz equivalent with (random) e-independent Lipschitz constants. By combining
this with the conclusion of the preceding paragraph and Lemma 2.7, we get that the
laws of the internal metrics A;lDfl(~, -3 8) for ¢ € (0, 1) are tight w.r.t. the uniform
topology on [0, 1] x [0, 1]? and any subsequential limit of these laws is supported on
length metrics which induce the Euclidean topology on S. In particular, this implies
that A, is bounded above and below by e-independent constants times the median
f)\fl—distance between the left and right sides of [0, 112, By Lemma 2.1 (for /), we now
get that {a; /A¢}¢e(0,1) 1s bounded above and below by positive, finite constants and
the statement of the lemma holds in the special case when h = / and § = [0, 1]2.

By Lemma 2.6 and the scale and translation invariance of the law of 4, modulo
additive constant, this implies the statement of the lemma for a general choice of S,
but still with h = h. If & is a whole-plane GFF and f is a bounded continuous function,

then the metrics Dy 7 and Dj are bi-Lipschitz equivalent, with Lipschitz constants

e/l Hence the case of a whole-plane GFF implies the case of a whole-plane GFF
plus a continuous function. O

We now upgrade from internal metrics on closed squares to internal metrics on
closures of dyadic domains.

Lemma2.9 Let W C C be a dyadic domain. The laws of the internal metrics
a;lD;(-, s W) for ¢ € (0, 1) are tight w.rt. the uniform topology on W x W and
any subsequential limit of these laws is supported on length metrics which induce the
Euclidean topology on W.

Proof If W is a dyadic domain, then W has finitely many connected components and
these connected components are the closures of dyadic domains which lie at posi-
tive Euclidean distance from each other. By considering each connected component
separately, we can assume without loss of generality that W is connected.

For a connected set X C C, a collection D of random metrics on X is tight w.r.t.
the local uniform topology if and only if for each ¢ > 0, there exists § > O such that
for each d € D, it holds with probability at least 1 — ¢ that

d(z,w) <¢, Vz,w € X suchthat [z —w] <3$. (2.19)

Indeed, this is an easy consequence of the Arzéla-Ascoli theorem, the Prokhorov
theorem, and the triangle inequality.
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For any closed square S C W, the restriction of Dﬁ(-, - W) to S is bounded above
by the internal metric of Dﬁ (-, » W) on S, which equals Dﬁ (-, §).ByLemma2.8 and
the above tightness criterion, the laws of the restrictions of {a;lDﬁ G, W)}ge(o,]) to
S are tight. Since W is a dyadic domain, we can choose a finite collection S of closed
squares such that | Js.g S = W.

By the above tightness criterion applied to each square in S, for each ¢ > 0, there
exists 6 > 0 such that for each ¢ € (0, 1), it holds with probability at least 1 — ¢ that

a;'DiGzw; W) <¢, YzoweW st |z—w|/ <8 and z,w e S forsome S € S.
(2.20)

Now assume that (2.20) holds and consider points z, w € W such that |z—w]| < §/2but
z and w do not lie in the same square of S. If § is sufficiently small (depending only on
the collection of squares S), then we can find squares S, S € Ssuchthatz € S, w € &,
and S N S’ # @. Since S and §’ are closed squares, geometric considerations show
that there is au € S N S’ such that |z — u| < § and |w — u| < 8. By (2.20) and the
triangle inequality this implies that a;lDf\(z, w; W) < 2¢. Therefore, Ve € (0, 1) it
holds with probability at least 1 — ¢ that

a;]Dﬁ(z, w; W) < 2¢, Yz,w € W such that lz —w|] <4§/2.

Since ¢ is arbitrary, the above tightness criterion applied on all of W now shows that the
laws of the metrics angli(-, -3 W) for ¢ € (0, 1) are tight w.r.t. the uniform topology
on W x W.

Let D be a subsequential limit of a;lDﬁ(~, -3 W) in law w.r.t. the local uniform
topology. A priori D might be a pseudometric, not a metric. We need to show that D
is in fact a length metric and that it induces the Euclidean topology on W. To this end,
consider two squares (not necessarily dyadic) S| C S» C W such that S lies at positive
Euclidean distance from 95,\dW. For each ¢ > 0, we have Dﬁ (S1, W\S2; W) =
D (S1,085\0W; S2) and Dy (S1, W\Sz; W) — 5(51, WA\ S,) in law. From this and
Lemma 2.8, we infer that a.s. D(S|, WA\S2) > 0. By considering an appropriate
countable collection of such square annuli whose inner squares S cover W, we infer
that a.s. D(u . v) > 0 whenever u,v € W with u # v. This implies that Disa
metric. Since W i is compact, it follows that D induces the Euclidean topology on W.
By Lemma 2.7, Disa length metric. O

The following lemma will allow us to extract tightness of a;l Dy from tightness of
a;lDﬁ(~, -; S) for squares S C C.

Lemma 2.10 Forr > 0, let S, (0) be the closed square of side length r centered at zero.
Let h be a whole-plane GFF plus a bounded continuous function. For each p € (0, 1)
and each C > 0, there exists R = R(p, C) > 1 (depending on p, C and the law of h)
such that for each fixed r > 0,

1
liminfP | sup  DE(u,v) < —DE (S,(0), 8Sg-(0) | = p.  (2.21)
e~ u,veS, (0) C
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Proof We first consider the case when h = / is a whole-plane GFF normalized so that
h1(0) = 0. By Lemma 2.8 applied with W = S1(0), there exists R = R(p,C) > 1
such

1
lim inf IP sup  Dj(u,v) < =Dy (Sl/R(O), 95 (0)) >p. (222
£—0 u,veS1/R(0) C

The occurrence of the event in (2.22) is unaffected by re-scaling Dj; by a constant
factor. By Lemma 2.6 applied with Rr in place of r, we see that (2.22) implies that
for each fixed r > 0,

1
liminf P | sup Dj(u,v) < =Dj (5:(0), 3Sg-(0)) | > p. (2.23)
=0 u,veS, (0) c

Now suppose that h = h + f is a whole-plane GFF plus a bounded con-
tinuous function. If f is a (possibly random) bounded continuous function, then
Dj 4f and Dj are a.s. bi-Lipschitz equivalent with Lipschitz constants e~1fllo and

e/l Furthermore, since f is a.s. bounded exists a deterministic A > 1 such
that P [¢*I/l= < A] > p. By (2.23) with A%C in place of C, we get (2.21) but with
1 —2(1— p) inplace of p. Since p can be made arbitrarily close to 1, this yields (2.21).

O

The last lemma we need for the proof of Lemma 2.5 is the following determin-
istic compatibility statement for limits of internal metrics, which is used to get the
relationship between internal metrics in assertion B of Lemma 2.5.

Lemma2.11 Let V C U C C be open. Let {D"},cN be a sequence of continuous
length metrics on U which converges to a continuous length metric D (w.rt. the local
uniform topology on U x U ). Suppose also that D" (-, -; V) converges to a continuous
length metric D w.rt. the uniform topology on V. x V. Then D(-, -; V) = D( ,5 V).

In the setting of Lemma 2.11, we do not necessarily hgye D(, - V) — D. The
reason is that it could be, e.g., that paths of near-minimal D-length spend a positive
fraction of their time in V.

Proofof Lemma 2.11 Letu, v € V such that D(u, v) < D(u, dV). Since D is a length
metric, D(u,v) = D(u,v; V) = D(u, v; V). Furthermore, for large enough n € IN
we have D"(u,v) < D"(u,dV) which implies that D" (u,v) = D"(u,v; V) =
D" (u, v; V). Therefore, D" (u, , ) converges to both D(u,v) = D(u,v; V) and
D(u v). Furthermore, we have D(u V) < D(u v; 0V) which implies thatD(u v) =

D(u v; V). Consequently, D(u,v; V) = D(u v; V) for each u,v € V with
D(u,v) < D(u,dV). This implies that the D-length of any path in V which lies
at positive Euclidean distance from aV is the same as its l~)-length. Since D(-, -; V)
and 5(-, -; V) are length metrics, we conclude that D(-, -; V) = l~)(-, < V). O

Proof of Lemma 2.5 Forr > 0, let S, (0) be the closed square of side length r centered
at zero, as in Lemma 2.10. Let p € (0, 1) and let R = R(p) > 1 be as in Lemma 2.10
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with C = 2 and with (1 + p)/2, say, in place of p. Then for each fixed » > 0 and
each small enough ¢ > 0, it holds with probability at least p that

1
sup Dy (u,v) < = Dh(Sr(O) dSrr(0))
u,veS;(0)

which implies Dy (u, v) = Dy (u, v; Sg-(0)), VYu,v € S5,(0). (2.24)

We now apply Lemma 2.8 with § = Sg,(0) and use that p can be made arbitrarily
close to 1 to get that the laws of a;l Dy |5, (0 are tight w.r.t. the local uniform topology
on S, (0). Furthermore, any subsequential limit in law of these metrics a.s. induces
the Euclidean topology on S, (0). Since r can be made arbitrarily large, we get that
the metrics a;lDf] are tight w.r.t. the local uniform topology on C x C and any
subsequential limit in law is a.s. a continuous metric on C.

To prove assertion A, it remains to check that if Dy, is a subsequential limit in law
of the metrics as_lDﬁ, then a.s. Dy, is a length metric. To this end, let p € (0, 1) and
let R = R(p) > 1be as above. By Lemma 2.8, if we are given r > 0 then by possibly
passing to a further subsequence we can arrange that along our subsequence the Jomt
law of (a_ ID‘s ’IDS( , - Sgr(0))) converges to a coupling (Dy, D) where D is a
length metric on SR,(O) By passing to the (subsequential) limit in (2.24), we get that
with probability at least p,

1
sup  Dp(u,v) < Dh(Sr(O) dSg(0)) and Dp(u,v) = D(u,v), Yu,v € Sr(0).
u,veS(0)

(2.25)

By Lemma 2.11, a.s. the internal metrics of Dy, and D on the interior of S rr(0)
coincide. Hence (2.24) implies that with probability at least p, Dy, (u, v) is equal to the
infimum of the Dy, -lengths of all continuous paths from « to v which are contained in
the interior of Sg, (0), which (by the first condition in (2.24)) is equal to the infimum
of the Dy-lengths of all continuous paths from u to v. Since p can be made arbitrarily
close to 1 and r can be made arbitrarily large, we get that a.s. Dy, is a length metric.
To get the joint convergence (2.17), we first apply Lemma 2.9 and the Prokhorov
theorem to get that the joint law of the metrics on the left side of (2.17) is tight.
Moreover any subsequential limit of these joint laws is a coupling of a continuous
length metric Dy, on C and a length metric Dy, w on W foreach W € W which induces
the Euclidean topology on W. We then apply Lemma 2.11 to say that Dpw(, s W)=
Dy (-, -; W) foreach W € W. O

2.3 Weyl scaling

The following lemma will be used to check Axiom III.

Lemma 2.12 Let h be a whole-plane GFF plus a bounded continuous function and
consider a sequence €, — 0 along which a;n] D;" converges in law to some metric
Dy w.r.t. the local uniform topology. Suppose we have, using the Skorokhod theorem,
coupled so this convergence occurs a.s. Then, a.s., for every sequence of bounded
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continuous functions f" : C — R such that f" converges to a bounded continuous
function f uniformly on compact subsets of C, we have the local uniform convergence

Df]’;fn — 51 . Dy, where here Df7+f,, is defined as in (1.5) with h + f" in place of

h and é57 - Dy, is defined as in (1.7).

As a consequence of Lemma 2.12, if h is a whole-plane GFF plus a bounded
continuous function and ,, — 0 is a sequence along which a;ll DE" — Dy, inlaw, then
whenever h’ is another whole-plane GFF plus a bounded continuous function, we have
as_nl DE?’ — D, in law for some limiting metric D, . Furthermore, (h, h, Dy, Dy)
can be coupled together in such a way that h’ — h is a bounded continuous function and
Dy, = eSh'=h . Dy,. Consequently, any subsequence along which ag_nl Dﬁ" converges
in law gives us a way to define a metric associated with any whole-plane GFF plus a
bounded continuous function.

Proofof Lemma2.12 Let f" = f" x Pe2)2 be defined as in (1.1) with with f" in
place of h. Then f*" — f uniformly on compact subsets of C. By the definition (1.5)

of LFPP, we have Dhﬁrf" =" Df]”.
We now want to apply an argument as in the proof of [11, Lemma 7.1] to say that
Df]'; m ¢/ . Dy, w.rt. the local uniform topology. That lemma only applies for
metrics defined on squares, so we need to localize. We do this by means of Lemma 2.10.
By taking a limit as ¢ — 0 in the estimate of Lemma 2.10, then sending p — 1, we
find that a.s. for each r > 0 and each C > 1, there exists ¥’ = r'(r, C) > 0 (random)

such that

sup  Dp(u, v) < LDh(s 0), 35, (0)). (2.26)
1,veS, (0) 2C

Furthermore, the uniform convergence a;nl Df‘" — Dy, we get that (2.26) is a.s. true
with ag_nl Df]” in place of Dy, for large enough n € N, but with C instead of 2C.
This implies that each path of near-minimal Dj,- length between two points of S, (0) is
contained in S,/(0), and the same is true with ct_l D in place of Dy, for large enough
n € N.If we choose C > sup,cn | f" |0, then from (2.26) we deduce that each path
of near-minimal €5/ - Dy,- length between two points of S, (0) is contained in S,/ (0),
and the same is true with a’] DS” . in place of Dy, for large enough n € IN. With these
conditions in hand, the lemma now follows from the same proof as in [11, Lemma
7.1]. O

2.4 Tightness across scales

In this section we check that subsequential limits of LFPP satisfy Axiom V. For the
statement, we note that we can take a subsequential limit of the joint laws of (h, a;l DY)
due to Lemma 2.5 and the Prokhorov theorem.

Lemma 2.13 Let h be a whole-plane GFF normalized so that h1(0) = 0. Let (h, D)
be any subsequential limit of the laws of the field/metric pairs (h, a_ng ). There
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are deterministic constants {¢,},>0, depending on the law of Dy, such that the laws
of the metrics {cr’lefgh’«)) Dy (r-,r-)}r=0 are tight w.r.t. the local uniform topology.
Furthermore, the closure of this set of laws w.r.t. the Prokhorov topology for probability
measures on continuous functions C x C — [0, 00) is contained in the set of laws on
continuous metrics on C. Finally, there exists A > 1 such that for each § € (0, 1),

A < B < AsA L v s 0, (2.27)
Cr

We first produce the scaling constants ¢, appearing in Axiom V.

Lemma 2.14 Consider a sequence £ C (0, 1) converging to zero along which a;l Dj
converges in law to a limiting metric Dy. For each r > 0, the limit

. rag/r
¢ ;= lim Zelr

2.28
E36—0 ag ( )

exists and satisfies the relation (2.27) for some choice of A > 1 depending only on &€
and y.

Proof Let h" := h(r-) — h,(0) be as in Lemma 2.6, so that i" S h. By our choice of
subsequence £ and Lemma 2.6,

—0
o' DI = e O pE . ) 2620 1O p, (1. ) (2.29)

in law w.r.t. the local uniform topology on C x C. Let m, be the median distance
between the left and right boundaries of [0, 1]* w.r.t. the metric on the right side

of (2.29). Since i < h,

-1 d 1 as
o . D" S Dyl = P Dl (2.30)
—— E/1 ——
tight convergent
by (2.29)

If we consider a subsequence £’ of £ along which the joint law of ag/lr Dfl/ "and a;l DZ{r

converges, then (2.30) shows that along this subsequence, a./,/a, converges to some
number s, (£") > 0 (we know the limit is strictly positive since the limits of a;/lr DZ/ g

and a;l D;{r are metrics). By the definitions of a, and of m, and Portmanteau’s lemma,
the median distance between the left and right boundaries of [0, 11? w.r.t. the metric
on the left (resp. right) side of (2.30) is 1 (resp. m, /s, (E’)). Hence s,(&') = m,,
i.e., the limit does not depend on the choice of subsequence £’ C €. This shows the
convergence of a,/, /a, along the subsequence &£, which in turn implies the existence
of the limit (2.28). The bounds (2.27) (in fact, substantially stronger bounds) are
immediate from [10, Theorem 1, Equation (1.3)] and the fact the ratio of our a,
and the scaling factor A, from [10] is bounded above and below by deterministic,
e-independent constants (see the proof of Lemma 2.8). O
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Proof of Lemma 2.13 Define ¢, for r > 0 as in Lemma 2.14. Let A" := h(r-) — h,(0),
as in Lemma 2.6, so that 7" 4 h and the metrics DZfr and Dy are related as in (2.18).
We know from Lemma 2.5 that the laws of the metrics {a;1 DZ}0<5<1 are tight, and
every element of the closure of this set of laws is supported on continuous metrics on
C. It follows that the same is true for the laws of the metrics {a;/lr DZfr}0<s<,. By
combining this with (2.18), we get that the laws of the metrics

-1

a

e & (r—8/> o;'Dj(rr) = a L D}l". ¥r >0, Vee(0.r) (231)
Qe

are tight and every element of the closure of this set of laws w.r.t. the Prokhorov
topology is supported on continuous metrics on C.

Now consider a subsequence £ C (0, 1) along which (4, a;] D}) — (h, Dy) in
law. By the definition (2.28) of ¢,

-1
ra
e 5O (—8/r> aS_IDfl r,r)— PRl cr_th (r-,r-), inlaw along €.
Qg
Therefore, the metrics e~ 5r© [ 1 Dy (r-, r-) for r > 0 are all subsequential limits as
& — 0 of the family of random metrics (2.31). It follows that the laws of the metrics
e Ehr (0 [ LDy (r-, r+) are tight and every element of the closure of this set of laws is
supported on continuous metrics on C. O

2.5 Locality

In this section, we will prove a variant of Axiom II for subsequential limits of LFPP,
restricted to the case of a whole-plane GFF (locality for a whole-plane GFF plus
a continuous function will be checked in Sect. 2.6). At this point, we have not yet
established that such subsequential limits can be realized as measurable functions of
the field, so we will actually check a somewhat different condition. In what follows,
if K C C is closed we define the o-algebra generated by h|x to be (s AlBs(k)-
With this definition it makes sense to condition on /| . The following definitions first
appeared in [26].

Definition 2.15 (Local metric) Let U C C be a connected open set and let (k, D) be
a coupling of a GFF on U and a random continuous length metric on U. We say that
D is a local metric for h if for any open set V C U, the internal metric D(-, -; V) is
conditionally independent from the pair (h, D(-, -; U \V)) given hly.

Definition 2.15 is formulated in a slightly different way than [26, Definition 1.2];
the equivalence of the definitions is proven in [26, Lemma 2.3]. The following is [26,
Definition 1.5].

Definition 2.16 (Additive local metric) Let U C C be a connected open set and let
(h, D) be a coupling of a GFF on U and a random continuous length metric on U
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which is local for &. For & € R, we say that D is &-additive for h if for each z € U
and each r > 0 such that B, (z) C U, the metric e~ €M@ D is local for h — hy(2).

Lemma 2.17 Let h be a whole-plane GFF. Let (h, Dy) be any subsequential limit of
the laws of the pairs (h, a;lDZ). Then Dy, is a &-additive local metric for h. That
is, suppose z € C and r > 0 and that h is normalized so that the circle average
h,(2) is zero. Also let V. C C be an open set. Then the internal metric Dy (-, -; V) is
conditionally independent from the pair (h Dy (-, - (D\V)) given h|y.

There are two main difficulties in the proof of Lemma 2.17.

1. The mollified GFF A} (z) of (1.1) does not exactly depend locally on /4 (since the
heat kernel p,2 ,(z, -) does not have compact support), so the Dj -lengths of paths
are not locally determined by 4.

2. Conditional independence does not in general behave nicely under taking limits in
law.

Difficulty 1 will be resolved by means of the localization results for LFPP in Sect. 2.1.
To resolve Difficulty 2, we will use the Markov property of the GFF (see Lemma 2.18)
and Weyl scaling (Lemma 2.12) in order to reduce to working with metrics which
are actually independent, not just conditionally independent. The use of the Markov
property is the reason why we restrict to a whole-plane GFF, not a whole-plane GFF
plus a bounded continuous function, in Lemma 2.17.

For the proof of Lemma 2.17 we will need the following version of the Markov
property of the whole-plane GFF, which is proven in [28, Lemma 2.2]. We note that
the statement of this Markov property is slightly more complicated than in the case of
the zero-boundary GFF due to the need to fix the additive constant for /.

Lemma 2.18 ([28]) Let z € C and r > 0 and let h be a whole-plane GFF with
the additive constant chosen so that h.(z) = 0. For each open set V. C C which is
non-polar (i.e., Brownian motion started in V a.s. hits oV in finite time), we have the
decomposition

h=b+h (2.32)

where V) is a random distribution which is harmonic on V and is determined by h|c\v

and I is independent from Yy and has the law of a zero-boundary GFF on V minus its
average over d B, (2) N V. If V is disjoint from 0 B, (2), then h is a zero-boundary GFF
and is independent from h|c\y .

The following lemma will allow us to apply Lemma 2.18 to study h|@\7.
Lemma 2.19 It suffices to prove Lemma 2.17 in the case when B,(z) C V.

Proof Assume that we have proven Lemma 2.17 in the case when B,(z) C V. Fix
z0 € C and ro > 0 such that B, (z9) C V and assume that / is normalized so that
hry(z0) = 0. By assumption, Dy (-, -; V) is conditionally independent from the pair
(h, D (-, -; C\V)) given hly.
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Support of ¢
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Fig. 1 Tllustration of the sets used in the proof of Lemma 2.17. The set ¢~ (1) is not shown; it contains
the closure of the pink set W’ and is contained in the grey set supp ¢ (color figure online)

Now letz € Candr > 0and define /2 := h— h,(z), so that Hisa whole-plane GFF
normalized so that Er (z) = 0. Lemma 2.12 implies that D% — e @ p, = Dj in
law along the same subsequence for which D — Dy, in law, so Dj; is unambiguously
defined. We need to show that the conclusion of the first paragraph remains true with
(h D3,) in place of (h, D).

The key fact which allows us to show this is that hro (z0) = —hr(2). Since By, (z0) C
V, this means that 4, (z) € o (h| ) In particular, |y = h|V + h;(z) is determined by
hlv. Therefore, our assumption implies that Dy, (-, -; V) is conditionally independent
from the pair (h Dy (-, (D\V)) given E|V (instead of just /1 [57).

We have D5 (-, 3 V) = e Er@py (., 2 V), s0 Ds (., 3 V) is determined by zlv and
Dy (-, V). Similarly, D (-, +; C\V) is determined by h|v and Dy, (-, -; C\V). Obvi-
ously, 4 and 71 determine the same information. Therefore, D5 (-, -; V) is conditionally
independent from the pair (h, D5 (-, (D\V)) given h|v, as required. O

Proof of Lemma 2.17 Step 1: reductions. By Lemma 2.1, for any sequence of &’s tend-
ing to zero along which (%, as_l Dj;) — (h, Dy) in law, we also have (A, a;l 52) —
(h, Dy) in law. This allows us to work with l’)\i instead of D; throughout the proof.
The reason why we want to do this is the locality property (2.3) of 52

The statement of the lemma is vacuous if V = C, so we can assume without loss of
generality that V # C, which implies that C\ V' is non-polar. By Lemma 2.19, we can
also assume without loss of generality that B,(z) C V. These assumptions together
with Lemma 2.18 applied with C\V in place of V allows us to write

hleyy =b+h (2.33)

where b is a random harmonic function on €\ V which is determined by h|C\V and /i

is a zero-boundary GFF in C\V which is independent from A |®\V~
Step 2: independence for LFPP. We want to apply the convergence of internal metrics
given in Lemma 2.5, so we fix dyadic domains (Definition 2.4) W, W’ with W C V

and W C C\V (we will eventually let W and W’ increase to all of V and C\V,
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respectively). Let ¢ be a deterministic, smooth, compactly supported bump function
which is identically equal to 1 on a neighborhood of W' and which vanishes outside
of a compact subset of C\V. See Fig. 1 for an illustration of these objects.

The restrictions of the fields 7 — ¢ and it to the set ') D W' are identical.
By the locality property (2.3) of D¢, if & > 0is small enough that B,(W') C ¢~ (1),
then the e-LFPP metric for h — ¢b satisfies

Di_gy s Whea (i), (2.34)

Similarly, for small enough & > 0 the metric 5;(-, -3 W) is a.s. determined by h|y.
Since h|y and h are independent, we obtain

(h|v, aE_IDZ(-, - W)) and (h a;1D27¢h(-, - W/)) are independent.
(2.35)

Step 3: passing to the limit. We now want to pass the independence (2.35) through to the
(subsequential) scaling limit. To this end, consider a sequence £ of positive &’s tending
to zero along which (A, a;l Bf;) — (h, Dp) in law. By possibly passing to a further
deterministic subsequence, we can arrange that in fact (4, b, a;l 52) — (h, b, Dy)
in law along £, where here the second coordinate is given the local uniform topology
on C\V. By the analog of Lemma 2.12 with D¢ in place of D? (which is proven in an
identical manner), if we set Dy, _gp = =590 . Dy, then along this same subsequence
we have the convergence of joint laws

(b, a7 ' Dy a7 ' Dj gy ) = (b, Dis Di-gy) (2.36)

By assertion B of Lemma 2.5, applied once to each of & and & — ¢b, by pos-
sibly replacing £ with a further deterministic subsequence we can find a coupling
(h, D, D, w, Dp—gp.w') of (h, D) with length metrics on W and W', respectively,

which induce the Euclidean topology and which satisfy

Dpw(, s W) =Dy, W) and Dy_gp w (-, s W) = Dp_gp(-, s W)
(2.37)

such that the following is true. Along £, we have the convergence of joint laws

(h, b, a;lﬁz, a§1§2—¢b’ a;ll/)\fl(., W), a;ll’)\zwb(-, 5 W/))
— (h.. b, D, Dh—gt, Diw., Du—gp,w') (2.38)

where the last two coordinates are given the uniform topology on W x W and on
— —/ . . . . .
W x W, respectively. Since independence is preserved under convergence in law, we
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obtain from (2.35) and (2.38) that (k|y, D w) and (fz, Dj,_gp,w) are independent.
By (2.37), this means that

(hly, Dp(-,-; W)) and (fz, Dp_¢p (-, W’)) are independent. (2.39)

Step 4: adding bnack in the harmonic part. By (2.39), Dy, (-, -; W) is conditionally inde-
pendent from (h, Dj_gp (-, -; W')) given h|y. We now argue that (h, Dy (-, -; W')) is
a measurable function of (fz, Dp—¢p (-, -; W) and h|y, so that Dy (-, -; W) is condi-
tionally independent from (&, Dy, (-, -; W')) given h|y. Indeed, by Lemma 2.12, a.s.
D, W) = (599 . Dy—¢p)(-, s W). Hence Dy (-, -; W') is a measurable func-
tion of h € o (h|y;) and Dj_gp (-, -; W'). Since h|C\V =h+ b, we get that h is a
measurable function of / and h|5. 1t therefore follows that Dy, (-, -; W) is condition-
ally independent from (h, Dy, (-, -; W’)) given h|y;. Letting W increase to V and W’
increase to C\V now concludes the proof. O

2.6 Measurability

We have not yet established that subsequential limits of LFPP can be realized as mea-
surable functions of the corresponding field. We will accomplish this in this subsection
using a result from [26].

Lemma 2.20 Let h be a whole-plane GFF normalized so that h1(0) = 0 and let
(h, Dy) be any subsequential limit of the laws of the pairs (h, ae_l Df;)' Then Dy, is
a.s. determined by h. In particular, a;lDZ — Dy, in probability along the given
subsequence.

The following theorem is a special case of [26, Corollary 1.8].

Theorem 2.21 ([26]) There is a universal constant p € (0, 1) such that the following
is true. Let £ € R, let h be a whole-plane GFF normalized so that h1(0) = 0, and
let (h, D) be a coupling of h with a random continuous length metric satisfying the
following properties.

1. D is a §-additive local metric for h (Definition 2.16).
2. Condition on h andlet D and D be conditionally i.i.d. samples from the conditional
law of D given h. There is a deterministic constant C > 0 such that

IP[ sup D (u,v; BzAz)\Br/z(z))sCD(aBrﬂ(z),aBr(z))} > p,
u,ve€IB,(2)

VzeC, Vr>0. (2.40)

Then D is a.s. determined by h.

Proof of Lemma 2.20 Let p € (0, 1) be as in Theorem 2.21. Lemma 2.17 implies that
Dy, is a &-additive local metric for 4. Lemma 2.13 along with the translation invariance
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of the law of 4, modulo additive constant, implies that there exists C > 0 (depending
only on the choice of subsequence) such that for each z € C and each r > 0,

1—
P [D(aBr/z(Z), 9B, (2)) > C—1/2cre$hr(z)] > P nd

— 1—
P| sup Dy (v Byr@\Bp@) = €@ | > 2L
u,veIB,(2) 2

This implies that (2.40) holds for two conditionally independent samples from the
conditional law of Dy, given h. Hence the criteria of Theorem 2.21 are satisfied, so Dy,
is a.s. determined by /4. The last statement follows from Lemma 1.3. O

Proof of Theorem 1.2 Step I: Defining a Dy, for a whole-plane GFF plus a bounded
continuous function. Let h be a whole-plane GFF normalized so that z;(0) = O.
Lemma 2.5 implies that for any sequence of ¢’s tending to zero, there is a subsequence
en — 0 along which (, DZ”) — (h, Dp) in law. By Lemma 2.20, Dy, is a.s. deter-
mined by 4 and DZ” — Dy, in probability. Hence every deterministic subsequence
of the ¢,’s admits a further deterministic subsequence ¢,, along which DZ"" — Dy,
a.s. By Lemma 2.12, it is a.s. the case that for every bounded continuous function
f : € — Rsimultaneously, we have D;’iﬁf — ¢5/. Dy, We define Dy := €5/ - Dy,
Then Dy, y is a.s. determined by & + f and DZlf converges in probability to Dy, r.
This gives us a measurable function h +— Dy from distributions to continuous
metrics on C which is a.s. defined whenever h is a whole-plane GFF plus a bounded
continuous function: in particular, Dy, is the a.s. limit of DE"" . With this definition of D,
Axiom I holds with h constrained to be a whole-plane GFF plus a bounded continuous
function since we know that the limiting metric in the setting of Lemma 2.5 is a length
metric. By the preceding paragraph, Axiom III holds for this definition of D and with
f constrained to be bounded. It is immediate from the definition of LFPP that also
Axiom IV holds. By Lemma 2.13, also Axiom V holds.
Step 2: locality for a whole-plane GFF plus a bounded continuous function. Axiom I1
in the case of a whole-plane GFF is immediate from Lemma 2.17 now that we know
that Dy, is a.s. determined by 4. We now prove Axiom II in the case when h is a
whole-plane GFF plus a bounded continuous function. Indeed, let V' C C be open
and let O C O’ C V be open and bounded with O Cc O’ and 0 cV.Letu,ve O
be deterministic. We will show that

Dn(u, v)1p, @, v)<Dyw,907) € o (hly). (2.41)

Since (1, v) — Dy (u, v) is a.s. continuous, (2.41) implies that in fact h|y a.s. deter-
mines the random function O > (u, v) > Dn(u, v)1(pyu,v)<Dy@,80")}- Since 9]
is a compact subset of O’, O can be covered by finitely many sets of the form
{v e O: Dy(u,v) < Dn(u,d0")} for points u € O. By the definition of the
internal metric Dy (-, -; O), this shows that h|y a.s. determines Dy (-, -; O). Letting O
increase to all of V then shows that h|y a.s. determines Dy (-, -; V).
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To prove (2.41), note that if we define the localized LFPP metric 5?’ as in (2.2),
then by Lemma 2.1 we have a;nl /D\f\" (u,v) — Dp(u,v) and a;’ll/D\fl” (u,00") —
Dy (u, d0’) in probability. Therefore,

aE—nlDEn (u, U)]l{b\lin (w,0)<Df" ,00")} ~ D (u, v)1{py (u,v)<Dy(u,00")}> in probability.
(2.42)

By (2.3) and since 0 c V, the random variable on the left side of (2.42) is a.s.
determined by h|y for large enough n € N. Thus (2.41) holds.
Step 3: extending to unbounded continuous function. We will now extend the definition
of D to the case of a whole-plane GFF plus an unbounded continuous function and
check that the axioms remain true. To this end, let 4 be a whole-plane GFF and let f
be a possibly random unbounded continuous function. If V' C C is open and bounded
and ¢ is a smooth compactly supported bump function which is identically equal to
1 on V, then ¢ f is bounded so we can define the metric D;YH- = Dpypr(, 3 V).
By Axiom II in the case of a whole-plane GFF plus a bounded continuous function,
this metric is a.s. determined by (& + ¢ f)|v = (h + f)|v, in a manner which does
not depend on ¢. We now define the Dy r-length of any continuous path P in C
to be the D,‘l/ +f-length of P, where V C C is a bounded open set which contains
P The definition does not depend on the choice of V. We define Dy r(z, w) for
z,w € C to be the infimum of the Dy -lengths of continuous paths from z to w.
Then Dy ¢ is a length metric on C which is a.s. determined by Dy s and which
satisfies Dy 7 (-, V) = D,Y+f for each bounded open set V C C.

With the above definition, it is immediate from the case of a whole-plane GFF plus
a bounded continuous function that the axioms in the definition of a weak y-LQG
metric are satisfied to the mapping h — Dy, which is a.s. defined whenever h is a
whole-plane GFF plus a continuous function. O

3 Proofs of quantitative properties of weak LQG metrics

In this section we will prove the estimates stated in Sect. 1.3. Actually, in many
cases we will prove a priori stronger estimates which are required to be uniform
across different Euclidean scales. With what we know now, these estimates are not
implied by the estimates stated in Sect. 1.3 since we are working with a weak y-LQG
metric so we have tightness across scales instead of exact scale invariance. However, a
posteriori, once it is proven that a weak y-LQG metric satisfies the coordinate change
formula (1.9) (which will be done in [25], building on the results in the present paper),
the estimates in this section are equivalent to the estimates in Sect. 1.3. Throughout this
section, D denotes a weak LQG metric and 4 denotes a whole-plane GFF normalized
so that i1 (0) = 0.
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Fig. 2 Left: To prove the lower bound in Proposition 3.1, we cover rU by balls B, /> (w) such that the
Dj,-distance across the annulus A, 5, (w) is bounded below. Each path from rKj to r(Kp U dU) must
cross at least one of these annuli (one such path is shown in purple). Right: To prove the upper bound in
Proposition 3.1, we cover rU by balls B, /2 (w) for which the Dj,-diameter of the circle 9 B, (w) is bounded
above, then string together a path of such circles from K to K> (color figure online)

3.1 Estimate for the distance between sets

The goal of this subsection is to prove the following more precise version of Theo-
rem 1.9 which is required to be uniform across scales. For the statement, we recall the
scaling constants ¢, for » > 0 from Axiom V.

Proposition 3.1 Let U C C be an open set (possibly all of C) and let K1, K, C U
be connected, disjoint compact sets which are not singletons. For each v > 0, it holds
with superpolynomially high probability as A — oo, at a rate which is uniform in the
choice of r, that

A7l et O < pL(rKy, vKo; TU) < Acypet= @, (3.1

We now explain the idea of the proof of Proposition 3.1; see Fig. 2 for an illus-
tration. Using Axiom V and a general “local independence” lemma for the GFF (see
Lemma 3.3), we can, with extremely high probability, cover rU by small Euclidean
balls B, /2 (w) such thatr € [¢2r, er] and the Dj,-distance across the annulus Ao (w)
is bounded below by a constant times c,e5” (). Any path from rK to rK» must cross
at least one of these annuli. This leads to a lower bound for D, (rK;, rKy; rU) in
terms of

inf ¢ and  inf  inf &5, (3.2)

rele?r,er] rele?r,er] werl

The first infimum in (3.2) can be bounded below by a positive power of ¢ times
¢ by (1.8). By being a little more careful about how we choose the balls B, 2 (w),
the second term in (3.2) can be reduced to an infimum over finitely many values of
r and w, which can then be bounded below by a positive power of ¢ times e&/+(®
using the Gaussian tail bound and a union bound (see Lemma 3.4). Choosing ¢ to be
an appropriate power of A then concludes the proof.

The upper bound in (3.1) is proven similarly, but in this case we instead cover U
by balls B, 2(w) for which the Dj-diameter of the circle 9 B, (w) is bounded above
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by a constant times ¢, e5" (), then “string together” a collection of such circles to get
a path from r K to rK» whose Dj,-length is bounded above. The hypothesis that K
and K> are connected and are not singletons allows us to force some of the circles in
this path to intersect K1 and K>.

We now explain how to cover U by Euclidean balls with the desired properties. For
C>1,zeC,andr > 0, let E,(z; C) be the event that

sup Dy (u,v; Arp2r(2)) < Cere @ and Dy (9B,(2), 8Bay (2)) = €',
u,v€IB, ()

(3.3)

Lemma 3.2 For each v > 0 and each M > O, there exists C = C(v, M) > 1 such
that for each v > 0, it holds with probability at least 1 — O (e™) as ¢ — 0, at a rate
which is uniform in r, that the following is true. For each z € B,-um(0), there exists
w € B.-u(0)N (#Zﬂ and r € [e"Vr, er] N {2 *r)renN such that E,(w; C)
occurs and z € By i+ jp(w).

We will prove Lemma 3.2 using the following result from [26], which in turn
follows from the near-independence of the GFF across disjoint concentric annuli. See
in particular [26, Lemma 3.1].

Lemma3.3 Fix 0 < 51 < 52 < 1. Let {ri}reN be a decreasing sequence of positive
numbers such that ri1/ri < s1 for each k € N and let {E;, }xeN be events such that

E, €0 ((h — hrk(o))|Aslrk,s2rk(0)> for each k € N. For K € N, let N(K) be the
number of k € [1, Kz, for which E,, occurs.

For each a > 0 and each b € (0, 1), there exists p = p(a, b, s1,s2) € (0,1) and
c=c(a,b,sy,sy) > 0such that if

P[E,]>=p. VkeN, (34
then
P[N(K) < bK] < ce K, VK eN. (3.5)

Proof of Lemma 3.2 By Axioms IV and V [also see (1.10)], for each p € (0, 1) there
exists C > 1 such that forevery z € Candr > 0, P [E,(z; C)] > p. By the locality
of Dj, and Axiom III, the event E,(z; C) is determined by (h — h3r(Z))|Ar/2.2,(z)o
We can therefore apply Lemma 3.3 to a logarithmic (in &) number of values of r €
[e1tVr, er] N {2 %1} to find that for any choice of v > 1 and M > 0, there is a
large enough C = C(v, M) > 1 such that the following is true. For each z € C it
holds with probability at least 1 — O, (¢™) that E, (z; C) occurs for at least one value
of r € [¢!Vr, er] N {27*r}ren. We now conclude the proof by choosing M to be
sufficiently large, in a manner depending only on v, M, and taking a union bound over

allz € B, u(0) N (8‘#22). 0
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The occurrence of the event E, (z; C) allows us to bound distances in terms of circle
averages and the scaling coefficients ¢,. The ¢,’s can be bounded using (1.8). To bound
the circle averages, we will need the following lemma.

Lemma 3.4 Foreachv > 0, eachq > 2+ 2v, each R > 0, and each v > 0, it holds
2
I J,
with probability 1 — O, (8 201+ v), at a rate depending only on q and R (not
on ) that

14+v

sup {|hr(w) — hr(0)] : w € Brr(0) N (8 HAZ2) S [sHer, E]r]} < qlogefl.

(3.6)
Proof Fix s € (0, ¢) to be chosen momentarily. For each w € Bgy(0), the random

variable t +> h,—t..(w) — her(w) is a standard linear Brownian motion [16, Section
3]. We can therefore apply the Gaussian tail bound to find that

rele!tvr,er]

IP[ sup By () — hep(w)] < s10g81:| >1-0, (esz/@”)). (.7)

The random variables h¢(w) — hy(0) for w € By (0) are centered Gaussian with
variance log e ~! 4+ O (1). Applying the Gaussian tail bound again therefore gives

P lher@) = h(O)] < (g = s)loge™ | = 1= 0, (s47°2) . 3.8)

Combining (3.7) and (3.8) applied with s = ¢/v/(1 + /v) shows that for w €
BR]I‘(O)’

q2
P |: sup |hr(w) — hy(0)] < glog el:| >1-— 0 <82<1+ﬁ>2) . (39

releltvr,er)

We now conclude by means of a union bound over O, (e7272V) values of w € Bgy(0)N
( eltvr ZZ) [m}
= .

Proof of Proposition 3.1 Throughout the proof, all O(-) and o(-) errors are required to
be uniform in the choice of r. We also impose the requirement that U is bounded—we
will explain at the very end of the proof how to get rid of this requirement.

Set v = 1, say, and fix a large M > 1, which we will eventually send to co. Let
C =C(1, M) > 1 be chosen as in Lemma 3.2 and for ¢ € (0, 1) and r > 0, let F{ be
the event of Lemma 3.2 for this choice of v, M, C, so that P[FZ] =1 — O, (eM). We

will eventually take ¢ = A~%/ VM for a small constant b > 0, so eM will be a large

negative power of A (i.e., the power goes to co as M — 00) but eVM will be a fixed
negative power of A (which does not go to co when M — 00).
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By Lemma 3.4 (applied with v = 1and g = 2+/2+/4 + M), itholds with probability
1 — O.(eM) that

2
sup {Ih,(w) — hy(0)] : w € By (xU) N <€4—TZ2> . r e [e’r, 811“]} < 2V2VA+ Mloge™'.
(3.10)

Henceforth assume that FZ occurs and (3.10) holds, which happens with probability
1 — 0. (¢M). We will now prove lower and upper bounds for Dj, (rK, rK»; rU) in
terms of ¢.

Step 1: lower bound. By the definition of Ff, if ¢ is sufficiently small, depending
on K1, K, U, then each path from rK; to r(K, U dU) must cross from 9 B, (w) to

9By, (w) for some w € Ber (rU)N (S?TH‘W) and r € [e2r, er]N {2 ¥} for which
E,(w; C) occurs. Therefore,

Dy (rK1,rK>)
2
> inf {c—lcrefhr@”) ‘W € Ber(rU) N <%EZZ) . r e [, sr]} (by (3.3))

> 1 gE2V2VAEM & 0) g {c, e [¢2r, EII‘]} (by (3.10))

> A—18§2xf2«/4+M+2A+03(1)crefhr(o) (by (1.8)). (3.1D)

Step 2: upper bound. 1t is easily seen from the definition of F (see Lemma 3.5) that
if ¢ is sufficiently small (depending only on K, K>, and U) then the union of the

circles 9 B, (w) for w € B (rU) N (%Zz) and r € [e2r, er] N {2 ¥ 1}t such that

E,(w; C) occurs contains a path from r K to r K» which is contained in rU. The total
number of such circles is at most e 472 (1) 5o by the triangle inequality,

Dy (rKi,rKy; TU)
2
< g4 (D) sup {Cc,esh"(w) tw € B (xU) N (%Z2> . e [&r, 81r]} (by (3.3))

< g~4E2V2VAE M —0: (1) &= (0) sup{c, :r e [%r, er]} (by (3.10))
< Ae~HE2VAVEM20—0: (D) Eh=0) by (] 8)). (3.12)

Step 3: Choosing €. The bounds (3.11) and (3.12) hold with probability 1 — O, (¢¥).

Given A > 0, we now choose ¢ = A~Y/ vm , where b > 0 is a small constant
(depending only on £, A) chosen so that the right side of (3.11) is at least A~ ¢,.ef ©
and the right side of (3.12) is at most Acyef O Then (3.11) and (3.12) imply that

P [Dh(rKl,er) > A7, MO D vk, vKy: rU) < cu.ef’mo)] >1— 0u(A~ YY),
(3.13)
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If U’ is a possibly unbounded open subset of C with U C U’, then Dy, (rK1,rK>) <
Dy (K, rKy; U’ < Dy(Ky, Ko; TU). Since M can be made arbitrarily large, we
now obtain (3.1) (with U possibly unbounded) from (3.13). O

The following lemma was used in the proof of the upper bound of Proposition 3.1.

Lemma 3.5 Assume that we are in the setting of Proposition 3.1, with U bounded.
Define the event FE as in the proof of Proposition 3.1. For small enough ¢ > 0
(depending on Ky, Ko, U), on FE, the union of the circles B, (w) for w € Ber(xU)N

(%TYZZ) andr € [¢r, er] N {z_klf}kelN such that E,(w; C) occurs contains a path
fromrK| to v Ky which is contained in vU.

Proof Throughout the proof we assume that F; occurs. By the definition of F and
since U is connected, if ¢ is chosen so be sufficiently small then the union of the balls
B, (w) for w, r as in the lemma statement contains a path from rK; to K, which is
contained in U. Let B be a sub-collection of these balls which is minimal in the sense
that | )z B contains a path from rK to rK> in rU and no proper sub-collection of
the balls in 53 has this property. Choose a path P from rK to rK» in (rU)NJgcp B-

We first observe that | Jz 5 B is connected. Indeed, if this set had two proper
disjoint open subsets, then each would have to intersect P (by minimality) which
would contradict the connectedness of P. Furthermore, by minimality, no ball in B is
properly contained in another ball in B.

We claim that | gep 0B is connected. Indeed, if this were not the case then we
could partition B = Bj U B, such that B; and B, are non-empty and [ J BeB, JB
and (g B, OB are disjoint. By the minimality of B, it cannot be the case that any
ball in 3, is contained in | Jp g, B. Furthermore, since | Jp g, dB and | Jp 3, 9B
are disjoint, it cannot be the case that any ball in B; intersects both pep, B and
C\Upep, B (otherwise, such a ball would have to intersect the boundary of some
ball in B3}). Therefore, UBeBl B and UBeBz d B are disjoint. Since no element of B
can be contained in (g, B, we get that Jpcp, B and (Jpp, B are disjoint. This
contradicts the connectedness of | J ;.5 B, and therefore gives our claim.

Since P is a path from rK; to rK;, and each of rK; and rK, is connected and
not a single point, if ¢ < %(diam(K 1) A diam(K>)), then the boundaries of the balls
in B which contain the starting and endpoint points of P must intersect K| and K>,
respectively. Hence for such an ¢,  Jgz.5 0B contains a path from rKj to rK», as
required. O

3.2 Asymptotics of the scaling constants

The goal of this section is to prove Theorem 1.5. We will accomplish this by comparing
Dy, -distances to a variant of the Liouville first passage percolation (LFPP) which we
now define.

Fore € (0, 1) and U C C, we view U N (¢7Z?) as a graph with adjacency defined
by
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zZ,welUnN (eZz) are connected by an edge if and only if |z — w]| € {e, \/Ee}.
(3.14)

Note that this differs from the standard nearest-neighbor graph structure in that we also
include the diagonal edges. We define the discretized e-LFPP metric with parameter
&on U by

Iz

5,‘2(z, w; U) := min Zeshg(”(j)), Vz,w € U N (eZ2), (3.15)
=0

T:Z—>w

where the minimum is over all paths = : [0, |7|lz — U N (eZ?) from z to w in
U N (eZ>?) [the tilde is to distinguish this from the variant of LFPP defined in (1.5)].

Recall that $ = (0, 1)2 denotes the open Euclidean unit square. Below, we will
show, using Proposition 3.1 and a union bound over a polynomial number of ér x §r
squares contained in %, that with high probability,

o = 8%Weg x (52r distance between two sides of JrSS) . (3.16)

The reason why discretized LFPP comes up in this estimate is the circle average term
5= ©) in Proposition 3.1. We know that the Dgr distance across the square r'¥ is of
order §§2+25(1) yniformly in r, by the results of [12] (see Lemma 3.6). Hence (3.16)
leads to c5p = 859105 as required.

For a square S C €, we write 9f S and 9§ S for the set of leftmost (resp. rightmost)
vertices of § N (¢7Z2).

Lemma 3.6 Fix¢ € (0, 1). Forr > O, it holds with probability tending to 1 as § — 0,
uniformly in the choice of v, that

Dir (305 ($), 93 ($): 15) € [5—§Q+Ce$hr(0), 3—5Q—§efhr(0)] GBI

Proof We first reduce to the case when r = 1. Indeed, by the scale and translation

invariance of the law of &, modulo additive constant, we have h(r-) — hy(0) 4 h.
Moreover, from the definition (3.15) it is easily seen that

D)oy (i 8) = e 5 ODI (i r®) (3.18)

Hence ¢ ¢/ 0 INfo G, 5 rP) 4 52 (-, -3 $), so we only need to prove the lemma when
r = 1, i.e., we need to show that with probability tending to 1 as § — 0, we have

D (0%, 93%; $) = 52D, (3.19)
This follows from the LFPP distance exponent computation in [12]. To be more

precise, [12, Theorem 1.5] shows that for continuum LFPP defined using the circle
average process of the GFF, as in (1.5), the §-LFPP distance between the left and
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right boundaries of $ is of order 8! =52+ (1) with probability tending to 1 as § — 0.
Combining this with [12, Lemma 3.7] shows that the same is true for continuum
LFPP defined using the white-noise approximation {il\g }5=0,as definedin [12, Equation
(3.1)], in place of the circle average process. The same argument as in the proof of [12,
Proposition 3.16] then shows that (3.19) holds if we replace the circle average by the
white-noise approximation in the definition of 52 (here we note that the definition of
discretized LFPPin [12, Equation (3.32)] has an extra factor of § as compared to (3.15),
which is why we get § §2+95(1) instead of §!'~§2+05(1)) The desired formula (3.19)
now follows by combining this with the uniform comparison of /s and iz\a from [12,
Lemma 3.7]. |

For the proof of Theorem 1.5 (and at several later places in this section) we will
use the following terminology.

Definition 3.7 (Distance around an annulus) For a set A C C with the topology of a
an annulus, we define the Dj,-distance around A to be the infimum of the Dj,-lengths
of the paths in A which disconnect the inner and outer boundaries of A.

Proof of Theorem 1.5 Step 1: estimates for Dy,. For z € 7%, we write S¢ for the square
of side length & centered at z and B, (S?) for the e-neighborhood of this square. Fix
¢ € (0, 1). By Proposition 3.1 and a union bound over all z € (r$) N (§rZ?), it
holds with superpolynomially high probability as § — 0 that (in the terminology of
Definition 3.7)

(Dp-distance around Bsy (S2)\S2Y) < 8§ b espet =@ vz € (8) N (5727).
(3.20)

Similarly, it holds with superpolynomially high probability as § — 0O that
Dy, (87, 8Bsp(S27)) > 6% cspe®™x @ Wz € (r8) N (577Z7). (3.21)

Henceforth assume that (3.20) and (3.21) both hold.

Step 2: lower bound for csy/¢y. Let w @ [0, |7]]lz — @3D) N (SEZZ) be a path in
(r$) N (8rZ?) (with the graph structure defined by (3.14)) from 3" (r'$) to 33" (r'$) for
which the sum in (3.15) equals D‘Sr (al‘ir(JrS) 8 "(rd); ]I“$) For each j € [0, |7 |]7,
let P; be a path in Bgr(S‘sn(" /))\S ‘Sr which disconnects the inner and outer boundaries

7(j)
of BgE(S‘SIE]))\S]‘ZH("]) and whose Dj-length is at most 28~ ¢ ¢spef/5r @ Such a path
exists by (3.20).

Wehave P;NP; | # @foreach j € [0, |7|]z, so the union of the P;’s is connected
and contains a path between the left and right boundaries of . Therefore the triangle

inequality implies that

|| ||
Dy (L8, rdrS) < Y (Dp-length of Pj) <26 Ccsp Y 5@
j=0 j=0
=26 cor DT (377 (D), 7 (x$); 18) .

(3.22)
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By Axiom V, the left side of (3.22) is at least 8¢ cpef* @ with probability tending
to 1 as 6 — 0, uniformly in r. By Lemma 3.6, the right side of (3.22) is at most
8782728 ¢5.¢51= 0 with probability tending to 1 as 8§ — 0, uniformly in r. Combining
these relations and sending ¢ — 0 shows that ¢, < §§0-os(W s as desired.

Step 3: upper bound for csr-/cr. Let P : [0, |P|] — 5 be a path between the left and
right boundaries of r$ with Dp-length at most 2Dy, (rap 5, ror$; r%). We will use
P to construct a path in (r$) N (§rZ?) from Bﬁr(ES) to Bﬁr(ES) for which the sum
in (3.15) can be bounded above.

To this end, let 7p = 0 and let z9 € (r$) N (SrZ?) be chosen so that P(0) € S?ér
Inductively, suppose j € N,atime7;_1 € [0, |P|],and apointz;_| € (xr$) N (MZZ)
have been defined in such a way that P(t;_1) € Sg}r_l. Let 7; be the first time after
7;_1 at which P exits Bar(Sfﬁl), if such a time exists, and otherwise set 7; = | P|.
Letz; € (r$) N (8TZ%) be chosen so that P(tj) € Sf;r Let J be the smallest j € N
for which t; = | P|, and note that P(|P|) € Sf/r

Successive squares Sfﬁ , and S?;r necessarily share a vertex. Hence z;_1 and z; lie
at (r¥) N (81rZ2)-graph distance 1 from one another, so 7 (j) := z; for j € [0, J]z is
a path from 3°% (r$) to 3% (r$) in (r'$) N (SrZ?).

We will now bound Z?:o eEhox () For each j € [1, J]z, the path P crosses
between the inner and outer boundaries of B,;r(Sg]Ii 1)\55;{ . between time 7;_; and
time 7;. By (3.21), for each j € [1, J]z,

Dy (P(zj-1), P(1))) = 85 copestor D), (3.23)

Using (3.23) and the definition of P, we therefore have

J J
Zeéhan»(ﬂ(j)) < 3*5%—; Z Dy, (P(Tj—l), P(Tj))
Jj=0 j=0
<878, Dy (LS, TR S) . (3.24)

By Axiom V, the right side of (3.24) is at most §~%¢ c(;_rr1 creh O with probability
tending to 1 as § — 0, uniformly in r. By Lemma 3.6, the left side of (3.22) is at least
8760758 (0) with probability tending to 1 as § — 0, uniformly in r. Combining
these relations and sending { — 0 shows that cg_lr1 op > 86905 (1) O

Theorem 1.5 has the following useful corollary.

Lemma 3.8 Let h be a whole-plane GFF normalized so that h1(0) = 0. Almost surely,
for every compact set K C C we have lim,_, oo Dp(K, 3B (0)) = oo. In particular,
every closed, Dy-bounded subset of C is compact.

Proof By tightness across scales (Axiom V), there exists a > 0 such that for each
r > 0, P [Dy(B,(0), By (0)) = ac,e*" @] > 1/2. By the locality of D, (Axiom II)
and since o (ﬂr>0h|@\ B}_(O)) is trivial, a.s. there are infinitely many k € IN for
which Dy, (B« (0), By+1(0)) > [lCzk@Shzk O By Theorem 1.5, ¢, = r§2+o- () Since
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t +— h,(0) is a standard linear Brownian motion [16, Section 3.1], we get that a.s.
lim,_, o ¢,€5"(© = 00, Hence a.s. lim sup;_, ., Dy (B (0), By+1(0)) = o0o. Since
Dy, is a length metric, for any » > 25! and any compact set K C B,« (0), we have
Dy(K,9B-(0)) > Dp(By«(0), Bo+1(0)). We thus obtain the first assertion of the
lemma. The first assertion (applied with K equal to a single point, say) implies that
any Dj-bounded subset of C must be contained in a Euclidean-bounded subset of C,
which must be compact since Dy, induces the Euclidean topology on C. O

3.3 Moment bound for diameters

In this section we will prove the following more quantitative version of the moment
bound from Theorem 1.8, which is required to be uniform across scales.

Proposition 3.9 Let U C C be open and let K C U be a compact connected set
with more than one point. For each p € (—o0, 4d),/)/2), there exists C, > 0 which
depends on U and K but not on v such that for each r > 0,

p
E |:(crle§hf(0) sup Dp(z, w; mU)) :| <C,. (3.25)

z,werk

We will deduce Proposition 3.9 from the following variant, which allows us to
bound internal Dj-distances all the way up to the boundary of a square. Recall that
$ := (0, 2.

Proposition 3.10 For each p € (—oo, 4dy/y2), there is a constant Cp, > 0 such that
foreachr > 0,

p
E[(a;le—fhr“” sup Dy (z,w;rS)) } < C,. (3.26)

z,wers

Proof of Proposition 3.9, assuming Proposition 3.10

For p < 0, the bound (3.25) follows from the lower bound of Proposition 3.1.
Now assume p € (0,4d,/ ¥?%). We can cover K by finitely many Euclidean squares
S1, ..., S, which are contained in U, chosen in a manner depending only on K and
U.Fork =1, ..., n,letu; be the bottom left corner of Sy and let p; be its side length.
Proposition 3.10 together with Axiom IV shows that there is a constant c p >0
depending only on p such that foreachk =1, ..., n,

p

E [<c;;kgéhrok T sup Dy (z, w; msk)) } <Cp. (3.27)
Z,WET Sy

We apply the Gaussian tail bound to bound each of the Gaussian random variables

hy gy (tug) — hy(0) (Which have constant order variance) and Theorem 1.5 to compare

Crp, O ¢ Up to a constant-order multiplicative error. This allows us to deduce (3.25)

from (3.27). m|
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To prove Proposition 3.10, we first use the upper bound in Proposition 3.1 and a
union bound to build paths between the two shorter sides of each 27" x 27" or
27"=Ir x 271 rectangle with corners in 27"~ !rZ? which is contained in $. We then
string together such paths at all scales (in the manner illustrated in Fig. 3) to get a
bound for the internal Dj-diameter of r'5. The following lemma is needed to control
the circle average terms which appear when we apply Proposition 3.1.

Lemma3.11 Fix R > Oand g > 2. For C > 1 and v > 0, it holds with probability
| — C—9—V@*—4oc) 45 00, at a rate which is uniform in v, that

sup {lhz—nr(w) — 1y (0)] - w € Bre(0) N (2—"—1EZ2)} < log(C29"), V¥n € No.
(3.28)

When we apply Lemma 3.11, we will take ¢ to be a little bit less than O =

2/y + y/2. The fact that Q + \/Q? — 4 = 4/y is the reason why y (instead of just
&) appears in our moment bounds.

Proof of Lemma 3.11 To lighten notation, define the event

E" = {Sup {|h27nr(w) — 1 (0)] - w € Bre(0) N (2*”*%22)} < log(CZq”)} .
(3.29)

We want a lower bound for the probability that E7 occurs for every n € Ny simulta-
neously.

Fix ¢ > 0 (which we will eventually send to 0) and a partition { = a9 < --- <
an = 1/¢ of [¢, 1/¢] with maxg=1,. n(ax — ax—1) < ¢. We will separately bound
the probability of E” for 2" € [C%-!, C%*]fork =1,..., N, for2" > C'/¢, and for
2" < CS.

By Lemma 3.4 applied with e = 27", v = 0, and g + 1 /oy in place of ¢, we find
that foreachk = 1,..., N and each n € Ng with 2" € [C%~-! C%],

P(ED] <P [sup {|h2—nr(w) — hy(0)] : w € Bre(0) N (2_”_11“%2)}

1
> (q + Ol_k) 10g(2")i|

(g+1/o)? (q+1/ox)? 2
Z—H<T—2) —%4(T‘2> < C2ak7—(qa2ka+k ) +o; (1)

(3.30)

< <C

with the rate of the o, (1) depending only on ¢. Note that in the last inequality, we have
done some trivial algebraic manipulations then used that oy — ax—1 < ¢ (which is
what produces the o;(1)). By a union bound over logarithmically many (in C) values
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of n € INg with 2" € [C%-1, C*], we get

(qou+1)?
P [EZ, Vn € No with C%1 <27 < C%] = 1 — %7 20 tocDtoc®
(3.31)

For n € N with 2" > C!/¢, Lemma 3.4 applied with e = 27", v =0, and ¢ + ¢
in place of g gives

P[(E)] < 2700722,

Summing this estimate over all such n shows that
(q+0)?—4
P [Er Vi € N with 2" > cl/é“] >1-c T o), (3.32)

Finally, if n € Ny and 2" < C¢, then the Gaussian tail bound and a union bound,
applied as in the proof of Lemma 3.4, shows that P[(E")‘] < C2—(a¢+D?/Q0)Foc(D)
(in fact, if 2" is of constant order, this probability will decay superpolynomially in C
due to the Gaussian tail bound). By a union bound over a logarithmic number (in C)
of such values of n we get

2 (asED?
P[E!, VneNwith2" <Cf]>1-C bT3

+oc(1) (3.33)

The quantity 2o — (g + 1)2/(2c) is maximized over all @ > 0 when o = (g% —
4)~Y2_in which case it equals —(g 4+ /¢2 — 4). Consequently, by combining the
estimates (3.31), (3.32), and (3.33), we get that if ¢ is chosen sufficiently small relative
to g, then

P[EL, Vn e No| > 1 — -9~ V@ 4tocDtoc), (3.34)
Sending ¢ — 0 now concludes the proof. O

Proof of Proposition 3.10 For p < 0, the bound (3.26) follows from the lower bound
of Proposition 3.1. We will bound the positive moments up to order 4d,, / y2.
Step 1: Constructing short paths across rectangles. Fix g € (2, Q) which we will

eventually send to Q. By Lemma 3.11 it holds with probability 1 — C—4—+/ 4> ~4+oc(D)
that

sup {|h27nr(w) — e (0)] : w € TSN (2—"—1m22)} <log(C27"), Vn € No.
(3.35)
Now fix ¢ € (0, Q —¢g), which we will eventually send to zero. For n € Ny, let R

be the set of open 271 x 27"~ !r or 27"~ x 27"r rectangles R C r$ with corners
in 27"~!r7Z2. For R € R let wg be the bottom-left corner of R.
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Fig.3 Three of the sets X, ()

for dyadic squares containing z

used in the proof of Xg

Proposition 3.10. As 1 — 00, (@) )

the Dj,-diameter of Sy (z)
shrinks to zero (by the continuity
of (z, w) = Dy (z, w)), so the
distance from z to X, () is
bounded above by the sum over
all n > N of the Dy-lengths of
the four paths which comprise
Xsn (2)

Let
Nc := |log, C¢]. (3.36)

By the upper bound of Proposition 3.1 (applied with 27"r in place of r and with
A= 2‘“5”), Axiom IV, and a union bound over all R € R} and alln > N¢, we get that
except on an event of probability decaying faster than any negative power of C (the
rate of decay depends on ¢), the following is true. For eachn > N¢ and each R € R,
the distance between the two shorter sides of R w.r.t. the internal metric Dy (-, -; R) is
at most 268" ¢y —npe82nx (WR)

Combining this with (3.10) shows that with probability 1 — C~4=v4*~4+oc(D j¢
holds for each n > N¢ and each R € R} that there is a path Pg in R between the
two shorter sides of R with Dj,-length at most C52@+9%"¢,_, (&m0 By applying
Theorem 1.5 to bound ¢,-»,., we get that in fact

(Dp-length of Pg) < €527 (@-a=Onton(m e &h:(0), (3.37)

Henceforth assume that such paths Pg exist. We will establish an upper bound for the
Dy -diameter of 3.
Step 2: stringing together paths in rectangles. For each square S C r$ with side length
27"r and corners in 27" 13, there are exactly four rectangles in R} which are contained
in S.If n > Nc¢, let X g be the #-shaped region which is the union of the paths Pg for
these four rectangles, as illustrated in Fig. 3. If S’ is one of the four dyadic children
of S, then X5 N Xg # ¢. Since the four paths which comprise X g have Dp-length at
most C§27(@=a=0nt0n(m) p&h: ()¢ oEh: 0 this means that each point of Xg can be
joined to X ¢ by a path in S of Dj,-length at most C52~(@—4=8)&n+on(m ¢ o&hs (O),
Since the metric Dy, is a continuous function on C x C, if z € r$ and we let
S, (z) for n € Ny be the square of side length 27" r with corners in 2172 which
contains z, so that So(z) = &, then the Dj,-diameter of S, (z) tends to zero as n — o0.
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Consequently,

o0
sup Dy (z, w;rd) < Cfcreéhr(o) Z 2~ (@—g—5)én+on(n) < OC(CE)CEEEM(O)_

U}ESNC (Z) I’l=NC

Since this holds for every z € 1%, we get that with probability at least 1 —
C 9= ‘12_4”0(1), for each n > N¢, each 27"r x 27"r square S C 5 with cor-
ners in 27"rZ? has Dy, (-, -; r$)-diameter at most O¢ (C¥)cpeb/=©),
Step 3: conclusion. Since 2V¢ < C%, we can use the triangle inequality to get that if
the event at the end of the preceding step occurs, then the Dy, (-, -; r¥)-diameter of r%
is at most O¢(C57¢)cpef= ) Setting C := C51¢, then sending ¢ — 0, shows that

z,wer$

P |:c];le—‘§h‘"(0) sup Dp(z, w; r9¥) > (~f:| < 5_5_1(“'\’ 7> =4)+oz (D),

By sending ¢ — Q and noting that Q + / Q% —4 = 4/y, we get

—1_—£hy (0) ~ ~— 2 1ox(1) ~— 2 o)
Plc;le O sup Dpzowir$) > C|<C weW =c"> .

Z,Werd

For p € (0,4d,/ ¥2), we can multiply this last estimate by CP~! and integrate to get
the desired pth moment bound (3.26). O

3.4 Pointwise distance bounds

In this subsection we will prove the following more quantitative versions of Theo-
rems 1.10 and 1.11, which are required to be uniform across scales. Recall that £ is a
whole-plane GFF normalized so that 21 (0) = 0.

Proposition 3.12 (Distance from a point to a circle) Let « € R and let h® := h —
alog|-|. Ifa € (=00, Q), then for each p € (—o0, %(Q —a)), there exists C,, > 0
such that for each r > 0,

E [(c;‘maée*hﬂomha (o, aBr(O)))"] <C,. (3.38)

Ifa > Q, then a.s. Dpa (0, z) = oo for every z € C\{0}.

Proposition 3.13 (Distance between two points) Let o, 8 € R, let z,w € C be

distinct, and let h*? = h — alog| - —z| — Blog| - —w|. Set r := |z — w|/2.

If o, B € (—00, Q), then for each p € (—oo, %(Q — max{c, ,B})), there exists

Cp > 0 such that for each choice of z, w as above,
p
E (5% e O Dy 2w Be(2)” | = €, (3.39)
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If either a > Q or B > Q, then a.s. Djep(z, w) = 00.

Propositions 3.12 and 3.13 are immediate consequences of the following sharper
distance estimates and a calculation for the standard linear Brownian motion ¢ —
hye=1(0) — hr(0).

Proposition 3.14 Assume that we are in the setting of Proposition 3.12. If a €
(—o00, Q), then there is a deterministic function ¥ : [0,00) — [0, 00) which is
bounded in every neighborhood of 0 and satisfies lim;_. ¥ (¢)/t = 0, depending
only on o and the choice of metric D,® such that the following is true. For eacht > 0,
it holds with superpolynomially high probability as C — 00, at a rate which is uniform
in the choice of v, that

c S
C_ITES 51 O)=E(Q—) 1=y (1) 44 < Dye (0, 3By (0))
r 0

<o [T hm0-g0-arvo g (3.40)
I[‘O‘S 0

and the Dye-distance around the annulus By(0)\ By /. (0) (Definition 3.7) is at most
the right side of (3.40). If @ > Q, then a.s. Dy« (0, z) = oo for every z € C\{0}.

Proposition 3.15 Assume that we are in the setting of Proposition 3.13. If a, B €
(—o0, Q), then there is a deterministic function { : [0,00) — [0, c0) which is
bounded in every neighborhood of 0 and satisfies lim;_,. o, ¥ (t)/t = 0, depending only
on« and the choice of metric D, such that the following is true. With superpolynomially
high probability as C — oo, at a rate which is uniform in the choice of z and w,

Dy (o w) = C! % / > (eshw-/ @—6Q-D1—Y(O) | Eh, (w)fS(Qfﬁ)tfw(t)) dt
r* Jo

(3.41)

and

¢ o O O
Dyes (2, w; Bs(2)) SCHATYS/O (eéhw—r(z) EQ-a)+Y (1) | Ehy s (w)—(Q ﬂ)t+¢/<t>> d.

(3.42)

If eithera > Q or B > Q, then a.s. Dyap(z, w) = 00.

Remark 3.16 It will be shown in [25] that every weak LQG metric is a strong LQG
metric, so in particular it satisfies Axiom V with ¢, = r§€. Once this is established,
our proof shows that Propositions 3.14 and 3.15 hold with yr(¢) = 0.

6 At this point we do not know that the weak LQG metric D : h — Dy, is unique (it will be proven that
this metric is unique up to a deterministic multiplicative constant in [25]). When we say that something is
allowed to depend on the choice of D, we mean that it is allowed to depend on which particular weak LQG
metric we are looking at.
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Proof of Proposition 3.12, assuming Proposition 3.14

Fort > 0,let B; := hy,— (0)—hy(0). Then B is a standard linear Brownian motion [16,
Section 3.1]. By Proposition 3.14, foreach ¢ € (0, 1), it holds with superpolynomially
high probability as C — oo, uniformly over the choice of r, that

Cfc/ (B (Q-0I¢t gy _ a0 b (0, 9B,(0))
0

<t /ooefBHQ*“)f’H’dt. (3.43)
0

To prove the proposition, we will use an exact formula for the laws of the integrals
appearing in (3.43). To write down such a formula, let By = = &B, ;2. Then Bisa
standard linear Brownian motion and B, = §~ Bgz ‘- Makmg the change of variables
r = s/&% gives

o0 1 o0 5
/ Bttt g — L / B (0-)s/e+es/E g (3.44)
0 &7 Jo
It is shown in [17] (see also [48, Example 3.3] withc = (Q — «)/& — ;/52) that

P [ f = B Q-ws/ets/E g o dx} _ 20— E R /21 2x s )
0

(3.45)

where b is a normalizing constant depending only on Q, «, £. Combining the upper
bound in (3.43) with (3.44) and the upper tail asymptotics of the density (3.45), then
sending ¢ — 0, shows that

P [cl;l]raée—fhm(o)Dha (0, 3By (0)) > C] < C—Z(Q—(:()/S—(Jc(l)7 (3.46)

uniformly in r. Recall that § = y /d,, . Multiplying both sides of (3.46) by pCP~!and
integrating gives the desired bound for positive moments from (3.38). We similarly
obtain the desired bound for negative moments using the lower bound in (3.43) and
the exponential lower tail of the density (3.45). O
Proof of Proposition 3.13, assuming Proposition 3.15

The bound for positive moments in (3.39) is obtained in essentially the same way as the
analogous bound in Proposition 3.12. We apply the upper bound in Proposition 3.15
and use the exact formula (3.45) to bound the integral of each of the two summands
appearing on the right side of (3.42), then multiply the resulting tail estimate by pC?~!
and integrate. We use that h;(z) — hy(w) is Gaussian with constant-order variance
to get an estimate which depends only on A, (z), not iy (w). The bound for negative
moments in (3.39) can similarly be extracted from the lower bound in Proposition 3.15,
or can be deduced from Proposition 3.12 and the fact that a path from z to w must
cross 0By (2). ]
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Fig.4 To prove Proposition 3.14, we use Proposition 3.1 to show that with high probability, the following
bounds hold simultaneously for each k € Ny: a lower bound for the Dj-distance across the annulus
Bn" o—k (0)\B]r —k—1 (0); an upper bound for the Dj,-distance around this annulus; and a lower bound for the
Dj,-distance across the larger annulus B,k (O)\Br o—k—2 (0). Summing the lower bounds for the distances
across these annuli leads to the lower bound in (3.40). The paths involved in the upper bounds are shown in
red in the figure. Concatenating all of these paths gives a path from 0 to d B-(0), which leads to the upper
bound in (3.40) (color figure online)

It remains only to prove Propositions 3.14 and 3.15. We will prove Proposition 3.14
by applying Proposition 3.1 to bound the distances across and around concentric annuli
surrounding 0 with dyadic radii, then summing over all of these annuli (see Fig. 4
for an illustration). We will then deduce Proposition 3.15 from Proposition 3.14 by
considering two overlapping Euclidean disks centered at z and w, respectively. For this
purpose the statement concerning the Dj,-distance around By (0)\ B/, (0) is essential
to link up paths in these two disks.

Proof of Proposition 3.14 See Fig. 2 for an illustration. The proof is divided into four
steps.

1. We apply Proposition 3.1 in the annuli A, -1 . for k € Ny to prove upper and
lower bounds for Dy, (0, d By (0)) in terms of sums over such annuli.

2. Using Brownian motion estimates, we convert from sums over annuli to integrals
of quantities of the form e&/ze— ()=§(Q—a)i+o: ()

3. We show that the contribution of the small error terms in our estimates coming
from sums/integrals at superpolynomially small scales is negligible.

4. We put the above pieces together to conclude the proof.

Step 1: applying Proposition 3.1 at exponential scales. We will apply Proposition 3.1
and take a union bound over exponential scales. In this step we allow any value of
a € R.

Fix a small parameter ¢ € (0, 1), which we will eventually send to zero. By Propo-
sition 3.1 and Axiom III (to deal with the addition of —« log | -|) and a union bound over
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all k € [0, C'/¢]y, we find that with superpolynomially high probability as C — oo,
the following is true for each k € [0, C'/¢]y.

1. The Dpa-distance from 0B ,—«-1(0) to 0B ,-«(0) is at least C_lcre_k r8
exp (Shre_k ©0) + Eozk).

2. There is a path from 9 B,—«-2(0) to 9 B.,—« (0) which has Dj«-length at most
Ceppir 5% exp (M1 (0) + k). Moreover, there is also a path in
B~ (0)\B}.,—«-1(0) which disconnects 0B ,—«-1(0) from 9 B.,—«(0) and which
has Dpe-length at most
Cepptr 5% exp (Ehy,-+(0) + Eak).

To deal with the scales for which k > C'/¢, we apply Proposition 3.1 with k% in place
of C and take a union bound over all such values of k to find that superpolynomially
high probability as C — oo, the above two conditions hold for each k € [0, C 1/ 7.
and furthermore the following condition holds for each integer k > C!/¢.

2'. There is a path from 9 By, (0) to 8 B,,—x (0) which has Dje«-length at most
kS cppi 5% exp (Shre_k ) + Sak). Moreover, there is also a path in
B~k (0)\ B.,—«-1(0) which disconnects 9 B,-x-1(0) from 0 B,.,-«(0) and which
has Dje-length at most
K ¢pkr 5% exp (Shre—k 0) + Sozk).

Henceforth assume that conditions 1 and 2 hold for each k € [0, C1/¢] 7 and condi-
tion 2" holds for each integer k > C'/¢, which happens with superpolynomially high
probability as C — oo.

Any path from 0 to 0B, (0) must cross each of the annuli B ,—«(0)\B,—«-1(0)
for k € [0, C'/¢]y. Furthermore, the union of {0} and the paths from conditions 2
and 2 for all k € Ny contains a path from 0 to 3 By-(0). By Theorem 1.5, there is a
deterministic function ¢ : [0, co) — [0, oo) with ¢ (k) = ok (k), depending only on
the choice of metric D, such that

e FOW <o < e S0 v s 0. (3.47)
Summing the bounds from conditions 1 and 2 over all k € [0, C 1/€17 and the bounds

from condition 2" over all integers k > C'/¢ and plugging in (3.47) shows that with
superpolynomially high probability as C — oo,

Lc'e)
C_l;alé Z eéh“—k 0)—§(Q—a)k—¢ (k) < Dpa (0, 3Br(0))
k=0
¥ I-C]/{J C >
< CTEE Z oMy~ (0)=E(Q—)k+¢ (k) + TKE Z k8 o8Ny o~k (0)=E(Q—)k+¢ (k)
k=0 k=|C1/¢)+1

(3.48)

Furthermore, by condition 2 for k = 0 the Dj«-distance around By (0)\ By/.(0) is at
most the right side of (3.48).
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Step 2: From summation to integration. We now want to convert from sums to integrals
in (3.48). Since t +> h,— (0)—hy(0) is astandard linear Brownian motion [16, Section
3.1], the Gaussian tail bound and the union bound show that with superpolynomially
high probability as C — oo,

1
sup  |hget(0) — hyy £ (0)] < ~logC, Vk € [o, cl/f] . (349)
relk,k41] & A

Let ¥ (¢) := ¢([1]), where ¢ is as in (3.47). Then ¥ () = o,() and if (3.49) holds,
then for each k € [0, C'/¢]y,

k+1
Ehe -k O—§Q-a)k—9k) 5 -1 / &=t ===V (1) g4 and
k

k+1
8ok (0 —=E(Q—a)k+¢ (k) < C/ 5ot (0)=8(Q—)1+yr (1) gy (3.50)
k

By summing (3.50) over all k € [0, C'/%1y, we obtain

Lcl) LCVE |41

Z o5 ek (0 —=E(Q—a)k—¢ (k) > Cfl/ &5 eet O=8(Q—a)i =¥ (1) 1¢  and
0

k=0

Lcle]

LCYEJ+1

Y ek O-EQ-k40®) < ¢ / et O=8Q=)HV (O gy (35])
0

k=0

Step 3: Bounding the sum of the small scales. To deduce our desired bounds from (3.48)
and (3.51), we now need an upper bound for [|71/; | €5/re=t O=8(Q=)+V ) g1 and an
upper bound for the second sum on the right side of (3.48). This is the only step where
we need to assume that o < Q.

Sincet + hy.—:(0)—hy(0) is a standard linear Brownian motion and forg € (0, 1],
x +— x? is concave, hence subadditive, if ¢ € (0, 1] is chosen small enough that
£q(Q — ) —§%¢*/2 > 0, then

00 q
E [( / oEheet O)—E(Q—a) i+ () d;) ]
LC1e ]

0 2,2
ﬁeq’”“’)/ exp <— (éq(Q—a) - é—q>f+0z(f)> dt
C15 ] 2

2.2
5e"’“f“”exp( (éq(Q—a)—éTq>C”§>,

where here the o; (¢) and the implicit constants in < do not depend on C or r. Therefore,
the Chebyshev inequality shows that

1
2

oo
P [ / Ehre—t O —EQ-)+Y (1) gy eshr(mcl/@“} (3.52)
Lc1e]
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decays faster than any negative power of C. On the other hand, it is easily seen from
the Gaussian tail bound that

Lcle)
P [ / Ehee—1 O—EQ—)t+y (1) gy esmm—cl/(m} (3.53)
0

decays faster than any negative power of C. Hence with superpolynomially high prob-
ability as C — oo,

cl/e

LC1)
/ " g1 O-EQ-) YD) g < o / (et O—EQ-0+V (1) g, (354
0 0

Similarly, we get that with superpolynomially high probability as C — oo,

o 00
Z k& o8Ny o~k (0)=6(Q—)k—¢ (k) < f &5t 0=§(Q—a)t=y (1) 7, (3.55)
k=|Cl/¢]+1 0

Step 4: Conclusion. By applying (3.51), (3.54), and (3.55) to bound the left and right
sides of (3.48), we getthatif o < Q, then with superpolynomially high probability, the
bounds (3.40) as well as the bound stated just below (3.40) [here we use the sentence
just below (3.48)] all hold with 2C?, say, in place of C. Since we are claiming that these
bounds hold with superpolynomially high probability as C — o0, this is sufficient.
Finally, we consider the case when o > Q. Since hy,—(0) — h;(0) evolves as
a standard linear Brownian motion, for each 8 € (0, ¢ — Q) it is a.s. the case that
the summand ¢/ze* O =8(@=0k=0(®) 31y the Jower bound in (3.48) is bounded below
by eP¥ for large enough k. (How large is random). Since (3.48) holds with super-
polynomially high probability as C — oo, the Borel-Cantelli lemma combined with
the preceding sentence shows that a.s. for large enough (random) C > 1, we have
Dpe (0, 0B (0)) > Clef LCWJ, which tends to oo as C — 0. This shows that a.s.
Dy (0, 0 B1(0)) = oo. Since this holds a.s. for each rational r > 0, it follows that a.s.
Dy« (0, z) = oo for every z € C\{0}. m|

Proof of Proposition 3.15 We first observe that by Axiom IV, Proposition 3.14 still
holds with O replaced by any z € C, with the rate of convergence as C — oo uniform
in z and r. Applying the lower bound of Proposition 3.14 with each of z and w in
place of 0 immediately gives (3.41) since any path from z to w must contain disjoint
sub-paths from z to 9 By/2(z) and from w to By>(w). Moreover, by comparing the
local behavior of Djep near z and near w to Dpe« and Dy, respectively, we get that
a.s. Djep(z, w) = oo if eithera > Q or B > Q.

It remains to prove (3.42). Assume @ < Q. We first apply Proposition 3.14 with 8t
in place of r to find that with superpolynomially high probability as C — oo, there
is a path P, ; from z to 0 By (z) and a path P; > in Br-(z)\ Bsr/.(z) which disconnects
0 Bgr/e(z) from 0 Bgy(z) which each have Dj-length at most

o0
[ et @—EQ-0H ) g
—log8
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and the same is true with w in place of z. Since w € Bgy/.(z), the union of the paths
P 1, P; 2, and P, 1 contains a path from z to w in Bg,(z). This gives (3.42) but with
—log 8 instead of O in the lower bound of integration for the integral on the right.

To get the estimate with the desired lower bound of integration, we use that
t + hype—(2) — hy(z) is a standard two-sided linear Brownian motion. In particu-
lar, two applications of the Gaussian tail bound show that with superpolynomially
high probability as C — oo,

sup hn‘e"(z) < inf h]re" () + l()g C.
te[—1log8,0] tel0,log 2]

Therefore, with superpolynomially high probability as C — oo,

o o
/ et @=EQ=a)+y (1) gy < / et D—EQ=- V() 4
—log8 0

log2 N
L ct / oEheet Q—E(Q—)+ (1) gy
0

Combining this with the analogous estimate with w in place of z and the aforemen-
tioned analog of (3.42) with —log 8 instead of O in the lower bound of integration
gives (3.42). O

Although it is not needed for the proofs of Propositions 3.14 and 3.15, we record
the following generalization of Proposition 3.9 which tells us in particular that Dy«
induces the Euclidean topology on C when Q > 2 and @ < Q (which is a stronger
statement than just that Dy« (0, z) < oo for every z € C).

Proposition 3.17 Let h, o, h*, and Dpe be as in Proposition3.14.1IfQ =2/y+y /2 >
2 and o € (—o0, Q), then for each —0o0 < p < min{%, %(Q — )}, there exists
Cq,p > 0 such that for each r > 0,

14
E| (e O %  sup  Dpe(z, w) < Cy.p- (3.56)
z,weBy (0)

In particular, a.s. Dye induces the Euclidean topology on C.

MTV(Q — )} for the

Dj«-diameter of ID appearing in Proposition 3.17 is the same as the range of moments
for the j1p«-mass of D, but scaled by d,; see, e.g., [21, Lemma A.3]. This is natural
from the perspective that d,, is the scaling exponent relating y-LQG distances and
areas.

. (4d
We note that the range of moments —co < p < mln{y—z",

Proof of Proposition 3.17 On B;-(0)\ By/2(0), we have that —« log | - | is bounded above
and below by —« log r times constants depending only on «. Therefore, the existence
of negative moments is immediate from Axiom III and Proposition 3.9 applied with
U = D\By,2(0).
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To get the desired positive moments, for k € Np let Ay be the annulus
B..,—x(0)\ B.,—x-1(0). The random variable & .,—« (0) — - (0) is Gaussian with variance
k, so for p > 0,

E [el’f(hre—k(m—hr(o))] = P2 yp S0, (3.57)

By Proposition 3.9 (applied with K = Ao, U = C, and re™* in place of ),

14
4d
E|:(c;elkeEh”k(o)e—aékrak sup Dpe(z, w)) ] <1, Vp< y—zy (3.58)

Z,WEAy

By (3.57) and (3.58) and since (h —h -« (0))] 4, is independent from A ., (0) — A (0),
we find that for p € (0, 4d, /y?),

p
E e—fhﬂ'(o)c;lrag sup Dpe(z, w)
Z,WEAL

p
= (‘re;") PR [eps(hl.,k <0>fh,r<o>)]

Cr
p
Z,WEA
pZSZ
<exp (— (SP(Q —a) — T) k + Ok(k)) , (3.59)

at a rate depending only on «, p. Note that in the last line we used Theorem 1.5 to
bound ¢,k /¢y

The quantity inside the exponential on the right side of (3.59) is negative provided
p < min{“yig, 2% (Q —a)} (recall that & = y /d,,). For0 < p < min{1, %2 (0 —a)},
the function x — x? is concave, hence subadditive, so summing (3.59) over all k € N
gives

p
E e—fhr(o)cr:]]raf sup  Dpe(z, w)
z,weB; (0)

00 p
< Z E |:<e‘“’Eh“‘(o)c]rln""‘E sup Dpe(z, w)) :|
k=0 Z,weAy
- pg?
=< — —a)— — ) k+ox(k
< l;exp< (sp<Q o) - = ) ok ( ))
< 1. (3.60)
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This gives (3.56) in the case when 0 < p < min{l, %(Q — «)}. In the case when

4d,,
7 )
triangle inequality for the L” norm used in place of sub-additivity.

Finally, we know that the restriction of Dp« to €\ {0} induces the Euclidean topology
(see the discussion just above Theorem 1.10), so to check that that Dy« induces the
Euclidean topology, we need to show that a.s. sup, ,,cp _, (o) Dhe(z, w) — Oask —
oo. This follows from the bound (3.60) applied with r = 1 and the Borel-Cantelli
lemma. o

1 < p < min{ ZdTV( Q0 — a)}, (3.56) follows from a similar calculation with the

3.5 Holder continuity

We will prove the following more quantitative version of Theorem 1.7 which is required
to be uniform across scales.

Proposition 3.18 Fix a compact set K C C and exponents x € (0,&(Q — 2)) and
x' > E(Q+2). For eacht > 0, it holds with polynomially high probability as ¢ — 0,
at a rate which is uniform in v, that

/

u
<c¢'e O py (u,v) <

X
, Yu,v erK with|u —v| < er.

u—vlX

r

(3.61)

We will actually prove a slightly stronger version of the upper bound for D, in
Proposition 3.18, which bounds internal distances relative to a small neighborhood of
u instead of just distances along paths in all of C; see Lemma 3.20 just below. This
stronger version is used in [25].

For the proof of Proposition 3.18, we assume that O > 2 and we fix a compact
set K C C. The basic idea of the proof of the upper bound in (3.61) is to apply
Proposition 3.9 to Euclidean balls of radius ¢ and take a union bound over many such
Euclidean balls which cover K . The basic idea for the proof of the lower bound in (3.61)
is to apply the lower bound in Proposition 3.1 to lower bound the Dj,-distance across
Euclidean annuli of the form B, (z)\ B (2), then take a union bound over many such
annuli whose inner balls cover K. We first prove an upper bound for Dj,-distances in
terms of Euclidean distances. For this purpose we will use the following consequence
of Propositions 3.9 and 3.10.

Lemma 3.19 Foreachs € (0,&Q), eachr > 0, and each z € TK,

P sup Dy (u, v; Boer(2)) < Sscresh“(o) >1—¢ 22 , ase— 0,
u, V€ By (2)

uniformly over the choices of v and z € vK. Furthermore, if we let S¥ (z) be the
square of side length er centered at z, then for v > 0 and z € vK, the Dj-internal
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diameter of S¢¥ (2) satisfies

EO9” 1, 1)
P sup Dy (u v; S”(z)) < &S¢0 | > _ o 287 , ase — 0,

u,veSE (z)
uniformly over the choices of r and 7 € rK.
Proof We know that .y (z) — hy(2) is centered Gaussian of variance log e ! —log 2

and is independent from (4 — hoer(2))|B,,, (z)- By Axioms Il and III, hper(2) — hr(2)
is also independent from the internal metric

Dy (z) (1, V5 Baer(2)) = e 572 Dy (4, v; Baer (2)) .

Consequently, we can apply Theorem 1.5 and Proposition 3.9 (with er in place of r)
together with the formula E[eX] = ¢ X)/2 for a Gaussian random variable X to get
that for p € (0,4/(y£)),

P
E[(cgle‘éhr“’) sup Dy (u, v; Bm(z)))}

U, V€ By (2)
Cer')” Ep(her (2)—h (2) —1,~Eher (2) ’
=— ) E [e er r ] E|{cge " sup Dy (u, v; Ber(2))
Cr U, VE€Bey (2)
< E0P—E7p2/240: (1), (3.64)

with the o, (1) uniform over allr > O and z € C.
By (3.64) and the Chebyshev inequality,

2%-2
P |: sup Dy (u, v; Ber(2)) > sscreshr(zi| < gP§ Q=7 —pstos (1), (3.65)

u,veBy (2)

The exponent on the right side is maximized for p = (£ Q — 5)/£2, which is always
at most 4/(£y) for s > 0 (since y < 2) and is positive provided s < & Q. Making
this choice of p gives (3.62) but with 4(z) in place of /h-(0). The random variables
hy(z) — hy(0) for z € vK are Gaussian with variance bounded above by a constant
depending only on K . Consequently, we can apply the Gaussian tail bound to get (3.62)
in general.

The bound (3.63) is proven similarly but with Proposition 3.10 used in place of
Proposition 3.9. O

We can now prove a slightly sharper version of the upper bound of Proposition 3.18.
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Lemma 3.20 For each x € (0,&(Q — 2)) and each r > 0, it holds with polynomially
high probability as ¢ — 0, at a rate which is uniform in v, that

be
, Yu,v erK with |lu —v| < er.

e O Dy (u, v; Byju—y () <

(3.66)

Furthermore, it also holds with polynomially high probability as ¢ — 0, at a rate
which is uniform in r, that for each k € Ng and each 2 *er x 2 Xer square S with
corners in 2 %er7Z? which intersects vK, we have

¢ le™m O sup Dy, (u, v; §) < 27Fe)X. (3.67)

u,ves

Proof The bound (3.66) follows from (3.62), applied with s = x and with 27 k¢ for
k € N in place of ¢, together with a union bound over all z € B.-(K)N (2 k2¢r72)
and then over all k € Ny. The bound (3.67) similarly follows from (3.63). O

To prove the Holder continuity of the Euclidean metric w.r.t. Dy, we first need the
following estimate which plays a role analogous to Lemma 3.19.

Lemma 3.21 Foreachs > £Q, eachr > 0, and each z € TK,

GEQ 1), (1)
P [Di (Bex(2), 0B2x(@) = ez O] = 1= e 287 age 0,

(3.68)

uniformly over the choices of r and 7 € rK.

Proof The proof is similar to that of Lemma 3.19 but we use Proposition 3.1 instead of
Proposition 3.9. Proposition 3.1 implies that c;r]e_g hex () p, (Ber(2), 0Baer(2)) has
finite moments of all negative orders which are bounded above uniformly over all
z € Cand r > 0. By the same calculation as in (3.64), for each p > 0 we have

-P
E [(c;le_Sh‘f(Z)Dh (Ber(2), 832”@))) ] — S—SQP—SZp2/2+05(1)7 (3.69)

uniformly over all z € C and r > 0. Applying the Chebyshev inequality and setting
p=(G—-§& Q)/E2 gives (3.68) with iy (z) in place of 4 (0). For z € rK, we canreplace
hy(z) with hy(0) via exactly the same argument as in the proof of Lemma 3.19. O

Lemma3.22 For each x' > &(Q + 2) and each r > 0, it holds with polynomially
high probability as ¢ — 0, at a rate which is uniform in v, that

/

bt
, Yu,ve Kwithlu—v|<e. (3.70)

& 'e 0Dy (u,v) =

r
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Proof This follows from (3.62), applied with s = x’ and with 2%¢ for k € Ny in
place of &, together with a union bound over all z € By (K) N (27¥~2¢rZ?) and then
over all k € INy. O

Proof of Proposition 3.18 Combine Lemmas 3.20 and 3.22. O

To conclude the proof of Theorem 1.7, we need to check that the Holder exponents
£(Q —2) and (£(Q +2))~! are optimal.

Lemma3.23 Let V C C be an open set. Almost surely, the identity map from V,
equipped with the Euclidean metric, to (V, Dy|y) is not Holder continuous with any
exponent greater than £(Q — 2). Furthermore, the inverse of this map is not Holder
continuous with any exponent greater than £ ~'(Q +2)~".

Proof The idea of the proof is to use Proposition 3.14 to study Djy-distances as we
approach an a-thick point of % for « close to 2 or to —2. To produce such a thick point,
we will sample a point from the ¢-LQG measure induced by the zero-boundary part
of h|y. By Axiom III, we can assume without loss of generality that /4 is normalized
so that 71(0) = 0. We can also assume without loss of generality that V is bounded
with smooth boundary. Let 2" be the zero-boundary part of %|y, so that h — 1" is
harmonic on V.

Let « € (—2,2) which we will eventually send to either —2 or 2, and let MZV
be the «-LQG measure induced by #". Also let z be sampled uniformly from My,
normalized to be a probability measure. Let P be the law of (h, z) weighted by the
total mass M‘,jv (V), so that under P, & is sampled from its marginal law weighted by
M‘}’l‘v (V) and conditional on %, z is sampled from sz, normalized to be a probability
measure. By a well-known property of the -LQG measure (see, e.g., [15, Lemma
A.10]), a sample (h, z) from the law P can be equivalently be produced by first
sampling i from the unweighted marginal law of A, then independently sampling z
uniformly from Lebesgue measure on &’ and setting 4 = h — a log | - —z| + g4, where
gz : V — R is a deterministic continuous function.

By Proposition 3.14 (applied with the field h—a log | - —z| in place of h%), the fact
that g, is a.s. bounded in a neighborhood of z (by continuity), and the Borel-Cantelli
lemma, we find that a.s.

00 .
Dy, (z, 3B, (z)) = ror(l)CT’E/ o5 et (2)=§(Q—a)to (1) dt, (3.71)
r 0

where here the o; () is deterministic and tends to 0 as 1 — oo (it comes from the error
¥ (¢t) in Proposition 3.14) and the o, (1) denotes a random variable which tends to 0
a.s. as r — 0. The description in the preceding paragraph shows that conditional on
z, the process t +—> Ereﬂ (z) — E (z) evolves as a standard linear Brownian motion.
Consequently, the Gaussian tail bound shows that with probability tending to 1 as
r— 0,

o ~ ~
/ ot @ —E(Q—a)i 40, (1) gy _ por(D) £ (@) _ por(l). 3.72)
0
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By plugging (3.72) into (3.71) and using the fact that ¢, = r$2+o() (Theorem 1.5),
it therefore follows that with probability tending to 1 as r — 0,

Dy, (z, 0B (z)) = FE(@—a)tor (1)

Since « can be made arbitrarily close to 2, this shows the desired lack of Holder

continuity for identity map (V,|-|) — (V, Dp). Since « can be made arbitrarily
close to —2, we also get the desired lack of Holder continuity for the inverse map
(V,Dp) = (V. |-D. o

4 Constraints on the behavior of Dy,-geodesics

Let D be a weak y-LQG metric. By Lemma 3.8, for a whole-plane GFF h, the metric
space (C, Dy,) is a boundedly compact length space (i.e., closed bounded subsets are
compact) so there is a Dj,-geodesic—i.e., a path of minimal Dj,-length—between any
two points of C [5, Corollary 2.5.20]. In this section we will apply the main results
of this paper to prove two estimates which constrain the behavior of Dj,-geodesics.
The first of these estimates, Proposition 4.1, tells us that paths which stay in a small
Euclidean neighborhood of a straight line or an arc of the boundary of a circle have large
Dp-lengths. In particular, Dj,-geodesics are unlikely to stay in such a neighborhood.
The second estimate, Proposition 4.3, says that a Dj,-geodesic cannot spend a long
time near the boundary of a Dj,-metric ball.

4.1 Lower bound for D,-distances in a narrow tube

Proposition 4.1 Let L C C be a compact set which is either a line segment, an arc of
a circle, or a whole circle and fix b > 0. For each v > 0 and each p > 0, it holds with
probability at least 1 — eP*/ €D +0:() 4y

inf {Dy, (u, v; Ber(rL)) : u, v € Bey(rL), lu — v| > br} > ePHEQ—1-82/2 Eh:(0)
4.1)

where the rate of the o.(1) depends on L, b, p but not on r.

By [2, Theorem 1.9], for each y € (0,2) we have £Q < 1 and hence £Q — 1 —
£2/2 < 0. Therefore, the power of & on the right side of (4.1) is negative for small
enough p. Hence, Proposition 4.1 implies that when ¢ is small and u, v € Bgr(vrL)
with |[u — v| > br, it holds with high probability that Dj, (u, v; Ber(rL)) is much
larger than Dy, (u, v). In particular, a Dj-geodesic from u to v cannot stay in Bgy(L).

Proof of Proposition 4.1 Step 1: Bounding distances in terms of circle averages. View L
as apath [0, |L|] — C parametrized by Euclidean unit speed. For k € [0, |L|/(6¢)]7,
let z; := rL(6ke). Then the balls B3y (z;) are disjoint and the balls B7¢y(z;) cover
B (rL).
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Fix ¢ € (0, 1), which we will eventually send to zero. By Proposition 3.1 and a
union bound, it holds with superpolynomially high probability as ¢ — 0 that

Djy (Baex(25), Baen(2))) = efcenes GO VEk € [0, |L|/(68)]7.  (4.2)

Henceforth assume that (4.2) holds. The idea of the proof is that a path in By (rL)
has to cross between the inner and outer boundaries of a large number of the annuli
B3er(2;)\ Baer (z3). Thus (4.2) reduces our problem to proving a lower bound for the
sum of the quantities ¢ c.p.e5"* @) for these annuli, which in turn can be proven using
Theorem 1.5 and basic estimates for the circle average process.

Step 2: Lower-bounding lengths of paths in Bgr(vrL) in terms of circle averages.
There is a constant ¢ > 0 depending only on b and L such that for small enough
& > 0 (depending only on b and L), the following is true. If u, v € By (rL) satisfy
|u — v| > br, there are integers 0 < k| < k), < |L|/(6¢) such that K}, — k] > ce !,
u € B7”(Zii)’ and v € er(zié). Each path from u to v in Bgp(rL) must enter

Baer(z7) foreach k € [k} +2, k) —2]7, and hence must cross the annulus Ajer 3¢(27)
for each such k. Combining this with (4.2) shows that

k-2
Dy (u, v; Ber (rL)) > 65ccp Y 8o, 43)
k=k|+2

Step 3: Proof conditional on a circle average estimate. We claim that for any fixed
ki, ko € [0, |L|/(6¢)]z with ko — k1 > (¢/2)e~! and any p > 0,

ko p2
. 22 4 0.(1
P| Y efher G » op 187258000 | 5 g gzt (4.4)
k=ki

where the rate of the o, (1) depends on L, b, p but not on r or the particular choice of
k1, k. We will prove (4.4) just below using standard Gaussian estimates.

Let us first conclude the proof assuming (4.4). We can find a constant-order number
of pairs k1, ky € [0, |L|/(6¢)]z with ky — k1 > (c/2)e~" such that for small enough
& (depending only on L and b), each interval [k} + 2, k}, — 2] C [0, |L|/(6¢)]z with
|k — K} | = ce~! contains one of the intervals [k}, k3].

By applying (4.4) (with p — 2¢ in place of p) to each such %)air k1, ko, then taking

2% fo, (1)

a union bound, we get that with probability at least 1 — ¢ 22 , the sum on the
right side of (4.3) is bounded below by &” —1=62/2-2¢ phe: (0) simultaneously for every
(/7—2{)2 40, (1)

possible choice of k|, k. By (4.3), with probability at least | — & 2 it holds

simultaneously for each u, v € B (rL) satisfying |u — v| > br that

Dy, (4, v; Bep(rL)) > eP~1767/276 ¢ oM ©) 5 op+E0—1-62/2=¢+0:(1) ¢ ,£h:(0)
(4.5)
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where in the second inequality we use Theorem 1.5. Sending ¢ — 0 now gives (4.1).
Step 4: Proof of the circle average estimate. The rest of the proof is devoted to proving
the inequality (4.4). To lighten notation, write X := hg,r(zi) — hy(0). By the calcu-
lations in [16, Section 3.1] (and the scale invariance of the law of /4, modulo additive
constant), the X;’s are jointly centered Gaussian with variances satisfying

Var(Xy) =10g8_1 + 0(), (4.6)
where here O(1) denotes a quantity which is bounded above and below by constants

depending only on L, b (noton e, , j, k). Since z; = rL(6ke) and L is parametrized
by Euclidean unit speed, we also have the following covariance formula for j # k:

Cov (Xj, Xk) = log (ﬁ) +0(1) = log( ) + O(1).
J T %k

elk — jl
4.7

Recall the formula E[eX] = ¢Y2X)/2 for a centered Gaussian random variable X.
Applying this to the X;’s and recalling (4.6) and the fact that ky — k; =< ™! gives

k2
E| Y M| =<e7! 70 38)
k=k

with the implicit constant depending only on L, b. From (4.6) and (4.7) we obtain
Var(X; + Xy) = log (8_4|k — j|_2) 4+ O(1) for j # k. Hence

ko 2 ko ko k
E||) & -y E[ezsxk] 23 ) E[es<x,+xk>]
k=k k=ki k=ky j=k+1
2 2 k k2 2
<o TE 42 Y N -k TE
k=ky j=k+1
<1 g 2 2 (4.9)

with the implicit constants depending only on L, b, where in the last inequality we
use that & < 2/d> < 1,50 1 4+ 282 <2 + &2,

By (4.8), (4.9), and the Payley—Zygmund inequality, we find that there is a constant
a = a(L) > 0 such that

k2
Py e > as” 172 | > 4. (4.10)
k=kj

To improve the lower bound for this probability, we will apply the following elementary
Gaussian concentration bound (see, e.g., [18, Lemma 2.1]): O
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Lemma4.2 For any a > 0, there exists C = C(a) > 0 such that the following is
true. Let X = (X1, ..., Xp) be a centered Gaussian vector taking values in R" and
let 62 = max|<j<, Var(X;). If B C R" such that P[X € B]| > a, then for any
A>Co,

(A—Co)?

]P[inf IX — X|oo >)\} <e 202 | 4.11)
XeB

where | - |0 is the L*° norm on R".

We now apply Lemma 4.2 with a as in (4.10), with 62 = loge~! + O(1)
[recall (4.6)], with

k2

B =4 (X, ..., Xk,) € Rhitkt+l . Z 5%k > a1 —E2 , (4.12)
k=k

and with A = g log e~!. This shows that with probability 1 — e7°/2§)+0:(D_there

exists (X, ..., Xk,) € B such that maxge(k; k15 1 Xk — x| < glog e~ 1. If this is the
case, then
ks ky
Z Xk > gP Z Sk > agh=1-§7/2, (4.13)
k=k k=k
Since X = her(z;) — hy(0), this implies (4.4). O

4.2 D,-geodesics cannot trace the boundaries of D,-metric balls

Fors > 0and z € C, we write B, (z; Dy,) for the Dj-metric ball of radius s centered at
z. The following proposition prevents a Dj-geodesic from spending a long time near
the boundary of a Dj-metric ball.

Proposition 4.3 Foreach M > 0Qandeachr > 0, it holds with superpolynomially high
probability as ¢ — 0, at a rate which is uniform in the choice of r, that the following
is true. For each s > 0 for which Bg(0; Dy) C B,-u(0) and each Dy-geodesic P
from O to a point outside of Bg(0; Dp),

area (Ber(P) N Bex (985 (0; Dy))) < &7/Mx?, (4.14)
where area denotes 2-dimensional Lebesgue measure.

For C > 1, z € C, and r > 0, we say that the Euclidean ball B, (z) is C-good if

sup Dy (u, v; Arj22r(2)) < CDy (0B, (2), 0B2(2)) . (4.15)
u,v€IB,(2)
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Ber(ﬁBs(O; Dh)) \ BS(O§ Dh)

Fig. 5 Illustration of the proof of Proposition 4.3. By considering successive times at which P enters
Ber-(Bs (0; Dy,)), we can find K € N and a collection of K C-good Euclidean balls By, ..., Bg with radii
in [2er, el=¢ r] with the following properties: (a) each By intersects a8, (0; Dp,); (b) the Dj-geodesic
P crosses the annuli (2B;)\By for k € [0, K — 1]z in numerical order; and (c) the balls of radii
4¢1=¢r with the same centers as the By’s cover P N Ber(Bg(0; Dpy)). This last property implies that
area (Bgr (P) N Ber (085 (0; Dy)) < const xe27 282 K | so we are left to bound K. To this end, we show
using the definition (4.15) of a C-good ball and the fact that P is a Dj,-geodesic that Dy (0B, 0(2By))
increases exponentially in k. Due to Lemma 4.5, this implies that K < g~ 1/@M)

To prove Proposition 4.3, we will consider C-good balls which intersect 915, (0; Dy,)
and which are hit by a given Dj-geodesic started from 0. See Fig. 5 for an illustration
and outline of the proof.

Lemma 4.4 Foreach¢ € (0, 1) and each M > 0, there exists C = C(¢, M) > 1 such
that for each v > 0, it holds with probability at least 1 — O4(e™), at a rate which is
uniform in x, that the Euclidean ball B,.—u.(0) can be covered by C-good balls with
radii in [2er, !¢ 1).

Proof This is an immediate consequence of Lemma 3.2 applied with ¢! ~¢ in place of
¢ and any choice of v € (0, ﬁ — D). m|

We will also need the following easy consequence of the distance bounds from
Sect. 3.

Lemma4.5 For each M > 0, there exists A = A(M) > 0 such that for each v > 0,
the following holds with probability 1 — O, (eM) as e — 0, at a rate which is uniform
int. For each z, w € B,—m(0) with |z — w| > er,

Dp(z,w) > sup  Dp(u,v). (4.16)

u,veB, _p . (0)
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Proof We will prove a lower bound for the left side of (4.16) [see (4.20)] and an upper
bound for the right side of (4.16) [see (4.22)], then compare them.

By Proposition 3.1 and a union bound, it holds with superpolynomially high prob-
ability as & — O that

Dy (3 Ber/a(x), 3 Bex(x)) = ecere =™ Vx € B,_u,(0) N (%Z2> (417

The circle averages hep(x) — Ay (0) for x € B,—um(0) are Gaussian with variance at
most (M 4 1)loge~!. By the Gaussian tail bound and a union bound, if we choose
Ao = Ap(M) to be sufficiently large, then it holds with probability 1 — O, (M) that

|her(x) — hp(0)] < Agloge™ Vax € B, wp(0) N (%Zz) . (4.18)
By Theorem 1.5,
Cor = €590 (4.19)

If z,w € B,—m;(0) with [z — w| > er, then any path from z to w must cross
between the inner and outer boundaries of an annulus of the form Bey/2(x)\ Ber/4(x)
forsome x € B,—u(0) N (% Z2). Combining this last observation with (4.17) shows
that with superpolynomially high probability as ¢ — 0, Dj,(z, w) is at least the right
side of (4.17) for each such z, w. We then apply (4.18) and (4.19) to lower-bound the
right side of (4.17). This shows that with probability 1 — O, (e"),

Dy (z, w) > g5A0FE0HIHo:(D e o8h:O) vy ) e By (0) with |z — w| > er.
(4.20)

By Proposition 3.9,

B {%_‘Mre‘éwr@ sup Dy (. v)] <1, “21)

u,veBs_MH,(O)

with the implicit constant uniform over all v > 0 and ¢ € (0, 1). By Theorem 1.5,
¢,my = e $OMFo:(c . By the Gaussian tail bound, we can find A} = Aj(M) > 0
such that with probability 1 — O, (eM), we have |h—mp(0) — hr(0)] < Aplog P
Combining these estimates with (4.21) and Markov’s inequality shows that with prob-
ability 1 — 0, (™),

sup Dy (u, v) < g §A—EOM=M+o: (D) Eh:(0) (4.22)
u,vEBE,MI(O)

Combining (4.20) and (4.22) gives (4.16) for any choiceof A > £A1 +&§0OM + M +
§Ag+60+ 1. o
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Proof of Proposition 4.3 Step 1: Defining a regularity event. For M > 0, ¢ € (0,1),
C>1,and A > 1,let G = G5(M, ¢, C, A) be the event that the following is true.

1. The ball B, j,(0) can be covered by C-good Euclidean balls with radii in
[2er, e'=¢1].
2. Foreachz, w € BE,ME(O) with |z — w| > er,

Dp(z,w) >&%  sup  Dp(u,v). (4.23)

”’UGBS*MK»(O)

By Lemmas 4.4 and 4.5, for any M > 0 and ¢ € (0,1) wecan find C, A > 1 for
which

PG> 11— 05(8M), uniformly over all r > 0. (4.24)

Henceforth assume that G occurs for such a choice of C, A and that M > M.
Step 2: Reducing to a bound for the number of excursions of a geodesic. Let s > 0
such that B, (0; D) C B,-u,(0) and let P be a Dj-geodesic from O to a point outside
of B5(0; Dy). Let 7o = s and inductively for k € N let 7; be the first time ¢ after the
exit time of P from By,1-¢,.(P(tx—1)) for which P(t) € Ber(9B;s), or tx = oo if no
such time exists. Let K be the smallest k € IN for which 7, = oo.

We claim that there exists a constant ¢ > 0 depending on C, A such that
K < clog ¢! on G:. If this is the case, then P N B, (dBs) can be cov-
ered by at most cloge~! Euclidean balls of radius 4e'~¢r. This means that
area (Ber (P) N Ber (0B,(0; D)) < 4me?~2+0:(Dp2. Choosing ¢ < 1/(2M) and
sending M — oo then concludes the proof. Hence we only need to prove a logarith-
mic upper bound for K assuming that G&. occurs.
Step 3: bounding excursions using C-good balls. For k € [0, K — 1]z, we can find
a C-good Euclidean ball By with radius in [er, ¢1=¢ 1] which contains P (7). Write
2 By, for the Euclidean ball with the same center as B; and twice the radius of Bj. Let
oy be the first time after t; at which P exits 2Bj. The time o} is smaller than the exit
time of P from By,1-¢,.(P(7x)). Consequently, the definition of the t;’s shows that
ok € [Tk, Tk41] foreach k € [0, K]7.

Since P is a Dp-geodesic and P crosses the annulus (2By)\ By between times tx
and oy,

ox — Tk > Dp (0B, 0(2By)). (4.25)
We now argue that
T <5+ CDy(0By, 90(2By)). (4.26)

Indeed, since By intersects B,y (d55(0; Dy,)) and has radius at least 2¢r, it follows
that By intersects 03,(0; Dy,). Let z € 0B;(0; D) and let t € [1k, o] such that
P(t) € 0Bk (such a t exists by the definition of o). By the definition of a C-good
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ball, the Dj-diameter of d By is at most C Dy, (d By, 0(2By)). Hence
T <t < Dp0,z)+ Dp(z, P(t)) <s+ CD,(0Bk, 0(2By)),

which is (4.26).
By (4.25) and (4.26) and the fact that the intervals [1¢, ox] C [s, 00) are disjoint,
we get

k—1

Z(Uj —7) <% —s < Clop — ).
Jj=0

This holds for each k € [0, K — 1]y, from which we infer that
ok_1 —tx-1 > C 1+ H% (o — 10). (4.27)

By the definition of o9, we have | P (09) — P (70)| = er. Moreover, since P(tgx—1) €
Ber (Bs(0; Dp)), Bs(0; Dp) C B,-my(0),and M > M, wehave P(ok—1), P(tk-1) €
B__1,(0). By (4.23) in the definition of G{, it follows that

I
00 — 10 > et (ok—1 — Tk -1). (4.28)

Combining this with (4.27) shows that C~!(1 + C~1)X < ¢=4, which means that

K < m loge™! + 0,(1), as required. O
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