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Abstract—Sectorized antennas are a promising class of anten-
nas for enabling direction-of-arrival (DoA) estimation and suc-
cessive transmitter localization. In contrast to antenna arrays,
sectorized antennas do not require multiple transceiver branches
and can be implemented using a single RF front-end only, thus
reducing the overall size and cost of the devices. However, for
good localization performance the underlying DoA estimator is of
uttermost importance. In this paper, we therefore propose a novel
high performance DoA estimator for sectorized antennas that does
not require cooperation between the transmitter and the localizing
network. The proposed DoA estimator is broadly applicable with
different sectorized antenna types and signal waveforms, and has
low computational complexity. Using computer simulations, we
show that our algorithm approaches the respective Cramer-Rao
lower bound for DoA estimation variance if the signal-to-noise
ratio (SNR) is moderate to large and also outperforms the existing
estimators. Moreover, we also derive analytical error models for
the underlying DoA estimation principle considering both free
space as well as multipath propagation scenarios. Furthermore,
we also address the fusion of the individual DoA estimates into
a location estimate using the Stansfield algorithm and study the
corresponding localization performance in detail. Finally, we show
how to implement the localization in practical systems and demon-
strate the achievable performance using indoor RF measurements
obtained with practical sectorized antenna units.
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I. INTRODUCTION

RANSMITTER (TX) localization has many application

areas [1], [2]. In many of those areas, it is desired that
the TX location is estimated based on observing or measuring
the transmission alone, without any direct collaboration or
feedback signaling between the TX and localization network. In
cognitive radio networks, as an example, the primary user (PU)
cannot be expected to cooperate with the secondary network.
Nevertheless, PU location information has been identified as
one of the key requirements to enable several advanced func-
tionalities in cognitive radio networks [2]. Other good examples
of TX localization are spectrum enforcement, surveillance, first
responder operations as well as transportation and navigation.

The location of a non-cooperative TX can generally be
estimated by measuring time-difference-of-arrival (TDoA) [3],
received-signal-strength (RSS) [4], [5], direction-of-arrival
(DoA) [6] or combinations thereof [7], [8]. However, TDoA
measurements require accurate timing synchronization in the
localizing network itself [7]. In order to avoid the increased
complexity associated with synchronization, most recent re-
search has therefore focused on RSS [4], [S5] and DoA-based lo-
calization [6][8]. Intuitively and as shown also in, e.g., [6]-[8],
the accuracy of DoA-based localization systems is strongly
determined by the quality of DoA estimates. Therefore, this
paper will thoroughly investigate advanced DoA estimation al-
gorithms and their application and performance in localization
systems.

Traditional approaches of DoA estimation such as the pop-
ular MUSIC algorithm [9] require digitally controlled antenna
arrays (DCAA). For accurate DoA estimation, the DCAAs must
be equipped with a large number of antennas, each with a com-
plete receiver branch [10]. However, the associated hardware
complexity of such an implementation might be infeasible in
handheld devices. We have therefore recently proposed to use
so-called sectorized antennas for DoA estimation [11]-[13].
A sectorized antenna is an abstraction that encompasses all
types of antennas that can receive energy selectively within an
angular sector. Thereby, it is not required that different sectors
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can receive the signal in a time-parallel manner. Sectorized
antennas can, consequently, be implemented with a single RF
front-end only and are therefore generally much less hardware-
intensive than DCAAs. Practical examples of sectorized anten-
nas are reconfigurable antennas such as leaky-wave antennas
(LWAs) [14] or electronically steerable parasitic array radiators
(ESPARSs) [15] as well as switched-beam systems (SBSs) [16]
or antenna arrays with a single RF front-end [17], [18].

In the literature, various DoA estimators for sectorized an-
tennas have been proposed. However, most of these estimators
were developed for a specific type of sectorized antenna and
some are moreover restricted to specific signal types or re-
quire a cooperating TX. In [19] the angle-dependent frequency
response of an LWA is exploited to estimate the DoA of a
wideband pulsed signal. The algorithms in [15], [20], [21]
require a cooperating TX that sends the same signal repeatedly,
such that the signal is received in all sectors of an ESPAR [15]
or an LWA [20], [21]. In that way, the antennas can be used
to emulate a DCAA and subsequent MUSIC DoA estimation
becomes possible. DoA estimation of multiple DS-CDMA
signals impinging on a base station equipped with an SBS is
considered in [16]. However, the estimator in [16] requires
either the RSS to be known or an additional omnidirectional
antenna at the receiver in order to normalize the received signals
properly. In [22], [23] different DoA estimators for antenna
arrays with a single RF front-end are compared based on
simulations with advanced propagation modeling [22], [23] and
open field measurements [23]. Analog DoA estimation with an
LWA is proposed in [24]. Since the estimation is performed by
continuously changing the antenna’s beam, the algorithm is not
applicable to all sectorized antennas. In addition, the associated
measurement process takes longer time than a measurement in
sectors (i.e., in discrete steps). In [11], [22], [25] an estimator
is considered that estimates the DoA as the orientation of the
sector with the maximum power measurement. In accordance
with [11], we refer to this algorithm as the maxE estimator.
While maxE has very low computational complexity, its per-
formance is ultimately limited by the number of sectors and is
far from the performance bounds as discussed in detail in [11]
and [12].

Another DoA estimator for sectorized antennas, namely
the simplified least squares (SLS) estimator, was proposed in
[12]. SLS builds on the assumption that only a few sectors
receive the TX signal at a sufficiently high SNR, while the
attenuation in the other sectors is too high to exploit the TX
signal component. Based on this assumption, SLS measures
the powers in all sectors and discards all sector-powers except
for the maximum two. The ratio of the two remaining sector-
powers is then used in a least-squares formulation to estimate
the DoA. SLS has been shown to outperform the estimators
in [11], [25], and also closely approaches the Cramer-Rao
bound (CRB) for moderate SNRs [12]. However, for high SNRs
the performance of SLS saturates and does not achieve the
CRB. In addition, our analysis in [12] assumes a somewhat
optimal beamwidth for the antenna’s main beam. This optimal
beamwidth decreases with the number of sectors. However, in
practice it is often impossible to change the beamwidth, which
is determined by the underlying antenna technology. Instead,
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the only way to improve DoA estimation performance is to
increase the number of sectors while keeping the beamwidth
constant. Consequently, the assumption that all but two sectors
can be discarded in DoA estimation does not apply for a number
of practical scenarios, which severely degrades the performance
of SLS DoA estimation for all SNRs. Moreover, the estimators
in [11], [12], [25], require a sectorized antenna where the main
beam is equally shaped in all sectors. In practice this is not
necessarily the case as is evident, e.g., from the LWA in [14].

In this paper, we therefore propose, analyze and test the
three-stage SLS (TSLS) DoA estimator for sectorized antennas.
TSLS does not make any assumptions about the TX signal, nor
does it require sectors with equally shaped radiation patterns.
We only require that the main beam of the radiation pattern
can be roughly approximated by a Gaussian-shaped curve,
an approximation that has been shown feasible for a large
number of antennas [11], [26], [27]. For the proposed estimator,
we then shown that its performance closely approaches the
respective CRB for moderate to large SNR. Finally, this paper
demonstrates the application of TSLS in a practical localization
system that computes a TX location estimate from TSLS DoA
estimates obtained at multiple sensors.

In detail, our contributions in this paper are the following:

e Generalization of the model for sectorized antennas in
[11] such that it is also applicable to sectorized antennas
where the shape of the main beam varies throughout the
sectors.

e We propose and analyze the universal and high-
performance TSLS DoA estimator for sectorized an-
tennas. TSLS computes the DoA in three stages. First,
TSLS selects the sectors suitable for DoA estimation. Us-
ing pairs of these sectors, TSLS subsequently estimates
sector-pair DoAs (SP-DoAs) that are then fused together
to obtain the final DoA estimate.

e We develop different methods for SP-DoA fusion.

e We derive analytical error models for bias and variance
of SP-DoA estimates.

e We analyze the effects of multipath on the underlying
DoA estimation principle both analytically and through
simulations.

e We study in detail the performance of a complete local-
ization system where TSLS DoA estimates from multiple
sensors are combined into a TX location estimate by
means of the modified Stansfield algorithm.

e We apply TSLS DoA estimation in practice and demon-
strate the achievable localization performance with real-
world RF measurements that were obtained in an indoor
environment.

This paper is organized as follows. Section II describes the
localization system and the sectorized antenna model. The
TSLS estimator is introduced in Section III, while the analytical
error models for SP-DoA estimation are derived in Section IV.
The Stansfield localization algorithm is briefly reviewed in
Section V. A thorough performance and complexity evalua-
tion of DoA estimation and localization with TSLS through
computer simulations and practical measurements can be found
in Section VI and Section VII, respectively. The work is
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TABLE 1
MoST COMMONLY USED ABBREVIATIONS

CRB Cramer-Rao bound PW power weighting RSS received-signal-strength
DBS different beamwidth sectors VW variance weighting RX/TX receiver/transmitter
DCAA  digitally controlled antenna LS least squares SBS switched beam system
arrays LWA leaky-wave antenna SDE sector-pair DoA estimation
DFU DoA fusion MASP  maximum adjacent SLS simplified least squares
DoA direction-of-arrival sector-pair SNR signal-to-noise ratio
EBS equal beamwidth sectors NCSP  noise-centered SSL sector selection
ESA equal sector antenna sector-powers SP-DoA  sector-pair DoAs
EW equal weighting RMSE  root mean squared error TSLS three-stage SLS
(T B K TSLS DoA
- estimation
TR - 5
P = || ZERUE PR y e S A v Sectorized
e - e antenna
X x\.‘-ﬂ Ly = [zx,yx]T
li\‘ \,L\ Az .
P il k:"_:‘. : . "9771 P
9] S oK 2
I L_‘;\ "\\ L4
j) { N Fig. 2. Anillustration of the antenna model (1) for sector m.
{f > Y
i "’— RX 2 Location estimate

£ = [22,2]"

Stansfield
DoA Fusion

Fig. 1. Considered localization system with K RX units and a single TX.

£y = [z1, )7 P1

concluded in Section VIII. Details of derivations and proofs can
be found in the Appendices A, B, and C.

Notation: Throughout this paper, vectors and matrices are
written as bold letters. The absolute value of a complex number
x is represented as |x|, the maximum of two real values x| and x;
is written as max(x1, x2), and mody(x) expresses the remainder
of the division x/y. E[X] and var[X] denote expected value and
variance of the random variable X, while bias[y] = E[}] — y
denotes the bias of estimator y for a deterministic quantity y.
RMSE = /E[||} — y|I?] denotes the root-mean squared error
of an estimator ¥ for a deterministic vector (or scalar) y, where
||yl refers to the L? norm. We use |A| to denote the cardinality of
a set A. The superscripts (-)7 and (-)~! represent transpose and
matrix inverse, respectively. The trace of a matrix is expressed
as trace(M), while diag(x) denotes the diagonal matrix with
the elements of vector x on its diagonal. The symbol e, is used
to express a vector with 1 in the n-th coordinate and Os oth-
erwise. Finally, X ~ N (uy, sz) denotes a Gaussian distributed
real random variable with mean s, and variance o> and Z ~
CN (1, O’Z2) denotes a circular symmetric complex Gaussian
distributed random variable with mean p, and variance ozz.

For the readers’ convenience, we have collected the most
commonly used abbreviations in Table I.

II. SYSTEM MODEL

In this paper, we consider a localization system illustrated in
Fig. 1. In this system, K receivers (RXs) with known locations
Ly = [xx, yk]T, k=1,...,K collaborate in order to estimate
the location, €p = [xp, yp]T, of a non-cooperative TX. With

the help of a sectorized antenna, each RX k estimates the TX
signal DoA ¢ using the algorithm we propose in Section III.
Thereafter, the DoA estimates from all RXs are communicated
to a central fusiog center, where they are combined into a TX
location estimate £p = [ip, p]” using a modified version of the
Stansfield algorithm [11], [28] (see Section V).

As discussed in [11], [26], [27], the main beam of many
directional antennas can be well approximated through a
Gaussian-like shape. Here, we consider a generalized radiation
pattern model that has more degrees of freedom compared to
our earlier model (e.g., [11]). Consequently, this new model is
well suited for a broader range of practical antennas.

Assume that each sensor is capable of taking measurements
in M different sectors. The radiation pattern of sector m, m =
1,..., M is then modeled as

en(@) =amexp (= M@ =P /82) (D)

where f, is the beamwidth of the main beam, ¥, is the
orientation and «,, is the attenuation of the antenna in sector
m, and M (¢) = mody, (¢ + ) — 7. An illustration of (1) can
be found in Fig. 2. The TSLS DoA estimator, proposed in
Section III, estimates SP-DoAs using measurements from two
sectors. Hence, for a given sector pair (i,j), i,j=1,..., M,
we distinguish between two cases: 1) equal beamwidth sectors
(EBS): B; = B; and 2) different beamwidth sectors (DBS): 8; #
B;. This distinction is necessary since EBS and DBS require
different SP-DoA estimators as will be shown in Section III-B.
From (1), the earlier model in [11] is obtained when o; = oj =
1, Bi =B and |ADy| = [ — 04| = zﬁ” for all sectors i,j =
1,...,M. We will refer to this special class of antennas as
equal-sector antennas (ESAs) and parameterize them via the
side-sector suppression ag that determines the beamwidth as
B =2m/[M+/In(1/as)] [11]. In practice, antennas such as the
LWA [14] that we use in our measurements (see Section VII)
cannot be modeled as ESAs since the beamwidth as well as the
attenuation vary for different sectors. An SBS composed of a
circular antenna array, in contrast, has approximately constant
o, and B, and can hence be modeled as an ESA.
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Initially, every RX k computes so-called sector-powers from
the N received samples ry ,,(n) in sector m according to

1 N—-1 )
m = ZO remm)]” )
n=

In free space, the received signal samples can be modeled as [12]

rk,m(n) = gm((pk)sk,m(n) + Wk,m(n) 3)

where sg ., ~ CN(0, yx) is the incoming signal impinging with
DoA ¢r on RX k in sector m with RSS yx, and wy ,(n) ~
CN(0, av%,) is additive noise. As shown in [12], we can then
approximate the distribution of the sector-powers as eg ,; ~
N (fikm: 57 ,) With i m = Eléxm] = prmyk + 0 and 67, =

2
varlegm] = & (Pkmyi + 02)" where pim = [m(0p)]*.
In multipath scenarios, in contrast, we use the following
model for the received signal samples

G
Pem@) = Cem.g Wk gSkom (1) + Wi (1) €

g=1

where G is the number of paths, i m,¢ = {n(@r,g) is the atten-
uation from the mth sector of the kth RX on the DoA of the
gth path ¢ ¢, and ¢ is the power scaling of the gth path. We
assume g = 1 is the path with the greatest power (e.g., line-of-
sight path), so that vy 1 > ¥y e, Vg > 1. We further assume
path powers sum to unity, i.e., Zngl w,i = 1. Note that in (4)
we assume the sample time delays among multiple paths are
negligible. This assumption is valid when the signal bandwidth
is significantly smaller than the channel coherence bandwidth,
or all paths with delays greater than the sample period obtain
small energies. More complicated multipath signal models
with significant delays among paths will be included in our
future work. Notice, however, that the above model anyway
takes into account the different arriving angles of different
multipath components. Similar to the free space scenario, we
can approximate the sector-powers as €xn, ~ N (fk.m, 5,2 )
with fikm = 1, v + o and 67, = y (0F , v + 03)?
Nik,m = chzl gk,m,g‘ﬂk,g-

For ease of presentation and without loss of generality, we
moreover make the following simplifying assumptions in this

paper:
e All RXs are equipped with a similar kind of antenna.

, Where

e Sector-orientations ¥, m = 1, ..., M are the same at all
RXs.

e Sectors are numbered in ascending order of their orienta-
tion,i.e., Oy < Opy1,m=1,..., M.

III. THREE-STAGE SLS DOA ESTIMATION

The underlying principle of TSLS DoA estimation is similar
to that of our earlier proposed SLS DoA estimator. In fact, for
ESAs and L = 2, TSLS results in the same DoA estimates as
SLS. However, in contrast to SLS, TSLS DoA estimation can be
based on L > 2 sectors. As depicted in Fig. 3, TSLS first selects
a subset Ly, |Lx| = L of all sectors, subsequently estimates
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Fig. 3. The three stages of TSLS DoA estimation: sector selection (SSL),
SP-DoA estimation (SDE) and DoA fusion (DFU) with the weighting methods
equal weighting (EW), power weighting (PW), and variance weighting (VW).

a SP-DoA, gbk,ij, for all sector pairs (i,)),i,j € Lk, i # j, and
finally obtains the DoA estimate, ¢, through weighted fusion
of the SP-DoAs. The three stages of TSLS DoA estimation are
discussed in detail in the following sections.

A. Sector Selection (SSL)

The purpose of SSL is to find the subset £; containing the L
sectors that are best suited to extract the DoA from their respec-
tive sector-powers. Towards that end, SSL first finds the maxi-
mum adjacent sector-pair (MASP), i.e., the sector-pair (¢, g +
1) such that eg g€k, g+1 > €k 1€k 141 Tor all other sector-pairs (/,
I+1),l=1,...,M, 1 +# q. Thus, when «,, does not vary too
strongly with m, ¥, < ¢ <¥,41 with high probability. For even
L, SSL then returns the sector subset Ly ={¢—L/2+1,...,q+
L/2}. For odd L, SSL next estimates whether ¢y is closer to ¥,
or ¥441. This is achieved by comparing ;. 4 and € g11. If €; 4 >
€k,g+1 then SSL estimates that gy — ¥y| < |@x — Vy+1| and
returns Lp ={g— (L+1)/2+1,...,9g+ (L —1)/2}. Oth-
erwise, Ly ={g— (L —-1)/24+1,...,q+ L+ 1)/2} is re-
turned. Note that for clarity we have not considered that the
sector indices are circular for antennas spanning the whole 360°
range, i.e., sector 1 is also adjacent to sector M. However, the
extension of the above to the circular case is trivial.

We have compared this SSL method to other methods such as
picking the L sectors with the L maximum sector-powers. For
the ESA and LWA that we discuss in more detail in Section VI-B,
we found that the above described method works best. It is
important to note though that the best SSL method for one
antenna type might not necessarily be the best for another
antenna type. For example, if o, varies strongly with the sectors
m, then another SSL might perform better. On the other hand, if
o is particularly small in a sector /, then sector / is not suitable
for DoA estimation anyways, as the TX signal is severely
attenuated in that sector.

B. Sector-Pair DoA Estimation (SDE)

In TSLS a SP-DoA is estimated for all sector-pairs (i, ),
i,j € Ly, i #j. Towards that end, the noise-centered sector-
powers (NCSP) are first calculated as

Pki = €ki— 02 ()

Thereafter, NCSPs with py; < 0 are discarded and the re-
spective sectors are removed from L. The SP-DoAs are then
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obtained as the DoA ¢ ;; that minimizes the squared error of
the ratio of NCSPs from sector i and j, i.e.,

pk,i(‘ﬂ))z.

6
Pk.j(®) ©

(pk i
@k,ijj = argmin —
@ Pk.j
In that way, we can estimate the DoA without estimating the
RSS, which is also contained in pi ,, m = i,j but with good
approximation not anymore in the ratio py ;/pk ;. In order to
obtain a closed-form solution to (6), we assume that the main
beam of the antenna can be approximated through a Gaussian
curve, which is possible for many practical antennas [26], [29].
This closed-form solution is different for EBS and DBS as
derived in Appendix A.

1) Equal Beamwidth Sectors: The solution of (6) for EBS is
straight-forward and is given by

=9 In—/ —2In— 7
(pklj l]+Kl](npk,] Olj) (7

with 9 ; = S(¥ + 9)) and k;; = 4(;‘ -
of o; = aj we obtain the equation for classical SLS that we have
already derived in [11].

2) Different Beamwidth Sectors: For DBS the minimization
in (6) results in a quadratic equation and has, hence, two
solutions of the form

For the special case

~1/2
%E U/ T— i £ bijg(Pk.i» Pk.j) )
with
g(p) = \/ (AD;)? — AByj ln + Aﬂyln o 9)
aJ
T ﬂizﬂff'gjzﬁi /31/3/
where p = (Pii» pij)’s Mij= ~—ag > by = = &g DBiji=

,Bi2 — ,sz, and Av; =9¥; — ;. The ambiguity in (8) can be
resolved by taking the NCSPs into account. For each of the
solutions go[l] [ =1, 2, we can estimate two RSSs as )7,([13] m=

Dhn_ - where m=1i,j and ALt = [an exp(_[M@]El]l]_

k,ij,m
pk,ij,m J

92/ B
the DoA is @,EZ]U In the case N — oo, the two RSS estimates

AT I [l
per DoA solution go,E ]l i yk[ 3, ; yk[ 3, e
N1
if

Prij = Pk Therefore, we choose the solution / in (8) such

as to minimize |yk[lgj ; )?k[lgj j|. If g(p) becomes imaginary, the

respective SP-DoA estimate 1s discarded.

is the estimated attenuation in sector m given that

[ =1,2 are equal, i.e.,

C. DoA Fusion (DFU)

SDE results in P SP-DoA estimates ¢y ;j = @x + 8¢ ;; that
have to be fused together in order to obtain the final DoA
estimate. Obviously, it is desirable to give larger weight to
those SP-DoA estimates that have a smaller error ¢y ;;. How-
ever, (ﬁkl] are circular random variables such that conven-
tional weighted averaging is not applicable. Instead, we use
a weighted fusion method for circular random variables as
discussed in [30]:

sin @y
COS (D

D wigsingg
D Wh.ij €OS k. jj

(10)
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where we denote the weights for DoA ¢y ;i as wy ;. Geomet-
rically, (10) can be interpreted as the summation of P vectors
with magnitude wy ;; and angle ¢ ; in a two-dimensional plane.
The resulting vector then has an angle that is equal to the final
DoA estimate ¢;. Our simulations have shown that (10) has
identical performance to conventional weighted averaging if the
error 8¢y, ;; is very small. However, for large 8¢ ;; (10) outper-
forms conventional weighted averaging significantly. Different
choices for the weights wy ;; are discussed next.

1) Equal Weighting (EW): For equal weighting of the
SP-DoAs, the weights can simply be set to WE\;‘/ =1.

2) Sector-Power Weighting (PW): Based on the discussion
in Section III-A, sector-powers are a good indication for the
potential contribution of different sectors in DoA estimation.
Consequently, an intuitive and robust weighting scheme for
SP-DoA ¢y j; is the product of NCSPs i and j

= Dk,iPk,j- (11)

Wk lj

3) Variance Weighting (VW): If the variance alj =var[8¢y ;]
of individual SP-DoA errors is known, a weighting scheme
Wi =1 /01-12- can be applied. However, in practice the knowl-

edge of al% is not a realistic assumption In Section IV-A

,Elli ~ a of the SP-DoA error
~(1)

variance in free space. This variance can be estimated as vk i
simply by approximating the 1ty ; that is contained in (19) via
ak,; as pi,. Thus, a variance-based weighting scheme can be

achieved by setting
-1
VW (1)
Y= ()"

we derive an approximation v

12)

D. Validity Check

In particular for low SNR it is possible that py; <0 Vi=
1,..., M or that all SP-DoAs are discarded, as discussed in
Section III-B2. Then P = 0 and DFU stage cannot be executed.
In that case, TSLS estimates the DoA using the modified maxE
estimator introduced in [31].

IV. ANALYTICAL MODELS FOR THE
ERROR OF SP-DOA ESTIMATION

In this section we derive analytical models for the error
of the SP-DoA estimates obtained in SDE. Towards that end,
we first notice that p, is distributed as pkm ~ N (k.m,
o 2, with i m = E[pem] = pimyk and Gk m = varlpem] =

N(,ok,myk +avzv) . We then assume that ok)m < Mk,m»> Which
holds for sufficiently high SNR and a moderate to large number
of samples. Given this assumption, we can approximate the
SP-DoA estimate ¢ ;; through its n-th order Taylor series
expansion developed around the means py; = p,; and pyj =
k. j- In our derivation we will be using the following lemma:
Lemma 1: Givenan L x 1 random vector X ~ N (., Q) with
mean vector u = E[X] and diagonal covariance Q = E[(X —
X — [L)T] = diag[alz, e, O’Lz], and the random variable
Y =f(X), where f: REXI — R. Denote Y™ (n) as the n-th
order Taylor series of Y around u, the gradient of Y as j=
3{1 el +...+ %eL and the Hessian matrix of Y as H. Then,
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we obtain the expected values of the first and second order
Taylor series of Y developed around its mean as

E[rOw]=rm (13)
E[y@w]=rfw + %trace HWwQ (4

and the respective variances as
var [ YO )| = Zj?(u)aﬁ (15)

var [ Y@ ()| = Z.n(u)al —trace{(H(u)Q) l. e

A detailed derivation of this lemma can be found in
Appendix B.

A. Free Space Propagation

The approximations for bias and variance of SP-DoA estima-
tion that we present in the following are derived for DBS, i.e.,
the SP-DoA estimator (8). Following similar steps, we can also
obtain bias and variance approximations for EBS, i.e., the SP-
DoA estimator (7). However, the resulting EBS approximations
are in fact equal to the DBSs approximations when noting that
Bi = Bj and therefore replacing AB;; = 0 in (17)—(20) in the
EBS case.

For the derivations, we first assume that the SP-DoA es-
timated in the SDE stage is the correct one out of the two
possibilities in (8), which is a very reasonable assumption as
discussed later in Section VI-B. Next, we approximate the
SP-DoA through its n-th order Taylor series as ¢ ;; ~ g?),in; Us-
ing Lemma 1 and following the derivations in Appendix C, we

then obtain an approximation of the bias E[@y ;] — ¢x ~ b,({ l)j

E[go,((”;] — @k through first and second-order Taylor series as

bi) =0 an
b(2'). ,81,3] = ij ; ) 18
ki = FRg(uy | M9 T W g2y Wit (09)

where ag =4 (SNR + 1) SNRy = 2 = p; ,,SNR;.

Using the same approach, we can also approximate the variance
of the SP-DoA estimation error through its n-th order Taylor se-

ries, i.e., var[@ ;] ~ v,({ ; = var [go,(("l)] For the first and second
order Taylor approximations, the variances are then equal to

BB}
UIEIJ -~ > (ak,i + ak]) (19)
16 [g(w)]
202
o _ _PF Loy s
vk,ij = 16g2(u) [ kit Q. j + 5 (ak,t + ak,j)
ABij 2 2 Azlgij ) \2
4 Z(IL) (ak,i ak,j) + 32g4(ﬂ) (ak,l + ak;]) .
(20)
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The derivation of (19)—(20) is again based on Lemma 1 with the
details given in Appendix C.

B. Multipath Propagation

In this subsection we present the bias and variance of SP-
DoA estimation when multipath is considered. We present only
results for EBS due to their mathematical conciseness. It is
straightforward to extend the derivation to DBS. Following
Lemma 1, the bias of the SP-DoA using first and second order
Taylor approximations are given by

B = Bt (2 T 2 21
k,ij k.ij ij - o Pk,1 2D

. =2
b =p — 1 ("ff"k,i _ "U”k,j)
y Jj 2.4 2.4 ’
2 \% Mk,

Vi M,j

(22)

respectively, where ¢y, 1 is the DoA of the strongest path, i.e.,
the “true” DoA. The variances are equal to

2-2 2-2
~1) _ Kij%.i | Kij%%, 23
Yhij = 2.3 24 23)
Vilki  Yi ey
2-4 2-4
=g (S ). e
YVillki  Yik

The derivations of (21)—(24) are very similar to Section IV-A
and Appendix C, and are thus omitted due to space limitation.

V. LOCALIZATION

DoA estimates ¢y from individual sensors k, k=1, ..., K,
are fused together into a location estimate using a modified
version of the Stansfield algorithm [11]. The original Stansfield
algorithm was proposed in [28] as an approximation to the max-
imum likelihood estimator. Its location estimate £ = (xp, yp)
is obtained as

i = (ATWA) 'ATWh, (25)
with

[sin(¢1)  —cos(¢r)

A= , (26)
| sin(@x)  —cos(¢g)
[ x1 sin(@1) — y1 cos(@1)

b— : 27)
| xk sin(@k) — yk cos(@k)

and a weighting matrix W. In the original Stansfield algo-
rithm, the weighting matrix is dependent on both the individual
TX-RX distances as well as the quality of the DoA estimates.
In practice this information is not available for the DoA fusion.
Therefore, we use the modified version [11] where the con-
tribution of each sensor k is weighted with an estimate of the
sensor’s RSS, Px. This results in a diagonal weighting matrix
W = diag(p1, 72, .. -, Vk)-
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Fig. 4. Analytical and empirical bias and standard deviation of sector-pair
DoA estimation in free space.

VI. NUMERICAL EVALUATIONS AND ANALYSIS

As the following presentation builds heavily on previously-
defined abbreviations, the reader may refer to Table I for a
summary of the most commonly used ones.

A. Error of SP-DoA Estimation

We analyze the error of SP-DoA estimation in free space
using two sectors with o; =1, o; = 0.9, B; =1/2 rad, ; =
1/3 rad, ¥; = 0°, ¥; = 20° and an incoming signal DoA of
or = 10°. These numbers reflect a realistic example scenario,
though any other numerical values could be used as well.
Fig. 4 depicts the bias and standard deviation of the SP-DoA
estimator proposed in Section III-B. The simulated curves
are obtained empirically over 10° realizations per SNR-step
while the analytical curves are obtained by calculating the
first and second order Taylor approximation models derived in
Section IV-A.

We first notice that the SP-DoA estimates are slightly biased,
even for large SNR. This bias is nicely described by the 2nd-
order Taylor approximation from SNR &~ —2 dB onwards. The
Ist-order approximation, in contrast, fails to model the bias
adequately. However, the sectors considered in here are DBS.
For EBS, we have B; = B; in (18) such that bl({zl)j — 0 for

SNR — oo since ag,; — aij —> % Hence, SP-DoA estimation
with EBS is asymptotically unbiased for large SNR as we have
confirmed already for SLS in [12], [13].

With respect to the variance, both 1st- and 2nd-order Taylor
approximations model the behavior very well for low to high
SNR. Only for very low SNR < 0 dB, we observe that v,(f; ap-
proximates the variance slightly more accurately. For compari-
son, we have also included the estimate of the 1st-order Taylor
variance approximation, ﬁ,(()li). that is calculated according to the
discussion in Section III-C3. This estimate is very accurate for
SNR > 2 dB. However, for SNRs below 2 dB, the slope of the
variance estimates is very steep, resulting in overly pessimistic
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Fig. 5. Analytical and empirical bias and standard deviation of sector-pair
DoA estimation with multipath.

estimates in the low SNR range. This is a consequence of
ak.m, m = i, j in the estimation of (19) behaving proportional to
1 /p]%,m for low SNRs. Since pi », is symmetrically distributed
around its mean, a.,, is hence on average estimated larger than
it actually is. For TSLS DoA estimation this means that a DFU
weighting with an estimated 2nd order Taylor approximation
variance (20) cannot be beneficial, as v,({zl; is only slightly more
accurate than v,g; for SNRs that are anyways already too low
to estimate the variance properly.

We next proceed to analyze the error of SP-DoA estimation
in multipath scenarios, using two sectors witho; = 1, o; = 0.9,
1;=0°, %;=20°. Since our results for multipath in Section IV-B
are for EBS, we calculate the common g of the two sectors
from a setting of M = 6 and a; = 0.4. We include two paths
in our simulations: a line-of-sight path with power scaling
1//,3’1 = 0.9 and DoA ¢k = 10°, and a reflected path with

power scaling w,iz = 0.1 and DoA ¢k = 15°. Similarly to
our example of free space propagation, these numbers reflect
a realistic example scenario. Naturally, other numerical values
could be used for multipath propagation as well. Our results
of simulated bias and standard deviation, as well as theoretical
results using the 1st- and 2nd-order Taylor approximations
derived in Section IV-B, are shown in Fig. 5.

We observe that the SP-DoA estimates are more strongly
biased in a multipath scenario than in free space, as the bias
increased from 0.02° in Fig. 4 to 1.3° in Fig. 5 for SNR greater
than 5 dB. The bias increase is primarily because of the re-
flected path that is 5° away from the main path. Both theoretical
bias using the 1st- and 2nd-order Taylor approximations match
the empirical simulations for SNR greater than O dB. The gap
between theoretical and simulation results is smaller for the
2nd-order curve compared to the 1st-order curve. The standard
deviation of the SP-DoA estimations under multipath is also
greatly increased compared with the free space scenario, e.g.,
for 10 dB the standard deviation is 1° in free space and 2° with
multipath. Theoretical results using 1st- and 2nd-order Taylor
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approximations behave similarly, i.e., they match simulations
accurately for SNR greater than O dB.

Note that the root-mean squared error (RMSE) of SP-DoA
estimation will increase in multipath scenarios due to the in-
creased bias and variance. This fact will further affect the TSLS
DoA estimation and transmitter localization performance.
However, due to space limitation, the following sections only
contain simulation results without multipath. In Section VII,
the impact of severe multipath on DoA estimation and local-
ization accuracy will be further discussed and elaborated with
practical RF measurements.

B. TSLS DoA Estimation Performance

The performance of TSLS DoA estimation is evaluated next
using two different antenna models. On the one hand, we study
the performance using an ESA with M = 6 sectors, each with a
radiation pattern as in (1) and a; = 0.4. On the other hand, we
consider a model of an actual LWA that we use in the practical
measurements in Section VII. The LWA is modeled using the
radiation patterns according to (1) with the parameters o, =
A, B = /§m and ¥, = z§m shown in Table III. These param-
eters were obtained from a least-squares (LS) fit of the actual
radiation pattern as discussed in more detail in Section VII-B.
In total, the LWA has M = 12 sectors with orientations ranging
from roughly —50° to 50°, making the antenna suitable for
DoAs from around —60° to 60°. In contrast, the ESA covers
the entire angular range from —180° to 180°. However, with
respect to TSLS DoA estimation, the main difference between
the two models is that the ESA consists entirely of EBS, while
the LWA model has only DBS. Therefore, TSLS is run with the
SP-DoA estimation as described in Section III-B1 for the
former, while the latter uses SP-DoA estimation as discussed
in Section III-B2. It is assumed that the DoA is uniformly dis-
tributed over the whole angular coverage area of the antennas.
We emulate this distribution via 100 equidistant steps in the

interval ¢ € [0; 18°) for the ESA [12] and 120 equidistant

steps in the interval g € [—60°; 60°) for the LWA model. For
each DoA-step we then simulate 2000 realizations, and average
over the results at each step in order to obtain the RMSE. In the
following, we will be using different configurations of TSLS,
such as TSLS+EW. Please refer to Fig. 3 for an overview of the
configurations and to Section III for detailed descriptions.

Fig. 6 depicts the RMSE of DoA estimation as a function
of the SNR when using the ESA. For reference, we have also
included the CRB on DoA estimation with sectorized antennas
[12], along with the SLS DoA estimator [12]. For TSLS, we
have determined that L = 3 provides the best performance for
moderate to high SNRs in separate simulations that are not
explicitly shown due to space limitations. Note that this value is
specific to the antenna and in particular its beamwidth as will be
discussed later in this section. From the results in [12] it can be
concluded that SLS is not making efficient use of high SNRs.
In contrast, TSLS with EW in the DFU stage is approaching
the CRB for large SNR & 20 dB. However, the performance
of TSLS+EW degrades rapidly for lower SNRs such that
SLS outperforms TSLS+EW already for SNR ~ 12 dB. The
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Fig. 6. DoA estimation performance with equal-sector antenna and different
algorithms. Parameters: as = 0.4, M = 6, and N = 100.

combination of TSLS and PW performs best of all algorithms
for the low SNR region, while its performance saturates at a
higher RMSE than the CRB and the other TSLS configurations,
starting from SNR & 10 dB. Nevertheless, it outperforms SLS
for all SNRs. The overall best performance is achieved with
TSLS+VW. For low SNR, TSLS+VW behaves like SLS and
performs therefore only slightly worse than TSLS+PW. This
is explained by the earlier made observation that the variance
is estimated much larger than it actually is when the sector
SNR¢,;n is low. In the DFU stage and for overall low SNR
this therefore leads to an implicit exclusion of all SP-DoAs
other than the one used in SLS. For high SNR, on the other
hand, TSLS+VW performs like TSLS+EW. This, in turn, is
explained by the variance of the SP-DoA estimates that become
independent of the sector for very large SNRs and ESAs since
agm — ¥ for SNR — oo in (19).

The performance of the LWA model as a function of the
SNR is shown in Fig. 7. Although the CRB was only discussed
for ESAs in [12], it was derived in a generic format such that
it is also applicable for our LWA model. Therefore, we have
included the CRB as a reference also in this figure. Besides
the sector parameters, o, and 8, varying for different sectors
m, the LWA model also has a much bigger overlap between
the sectors than the ESA. As an example, the sectors 3 and
4 (Table III) have a4 ~ a3 = 1 and Av43 ~ 12°. With these
parameters an ESA would have M = 30 sectors, resulting in
B ~ 0.22 rad if we assume the same side-sector suppression
as = 0.4 as for the above described ESA. The LWA antenna, in
contrast, has an almost 8-fold larger beamwidth in the sectors
3 and 4. Compared to the ESA, much more sectors of the LWA
therefore receive the TX signal at a high SNR. This, in turn,
implies that L, i.e., the number of sectors used for SP-DoA
estimation, should be increased for the LWA. We have found
that parameterizing TSLS with L = 11 results in the overall
best performance. However, this is not the case over the whole
SNR range. Using, e.g., only L = 4 sectors, yields a bit better
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Fig. 7. DoA estimation performance with leaky-wave antenna approximated
by Gaussian radiation pattern (1). Parameters: M = 12, N = 100, and antenna
parameters in Table III.

performance for low SNRs if EW or VW is used in the DFU
stage of TSLS. When using PW, on the other hand, it seems
that the performance is best with L = 11 sectors for all SNRs.
Otherwise, the behavior of TSLS and its DFU configurations
is very similar to what we have observed already for the ESA.
Most notably, TSLS+VW approaches the CRB for high SNR
also for LWAs.

The SP-DoA estimator (8) yields two solutions. To verify
that our selection mechanism described in Section III-B2 works
properly, we have run the same simulations with the actual
DoA as an input to TSLS. Out of the two possible solutions
in (8), this TSLS test version then picks the one that is closer
to the actual DoA. Naturally, this test version yields better
performance than the practical implementation. However, the
increase in performance is only marginal. Therefore, we can
conclude that the selection mechanism based on the RSS works
well. For clarity of presentation, we have not included these test
curves in Fig. 7.

C. Localization Performance

In this section, we evaluate the performance of localization
with TSLS+VW DoA estimation and subsequent Stansfield
fusion (TSLS-S). For comparison, we also include the com-
bination of SLS and Stansfield (SLS-S) as well as the CRB
on non-cooperative TX localization using sectorized antennas
[29]. In our simulation, we assume that the RXs are uni-
formly distributed on a circle with radius R = 150 m centered
around the TX. However, no RX is placed in a protective
inner circle with radius Rp =5 m. The TX transmit power
is Pt =20 dBm, while the measurement noise power at
the RXs is o‘% = —70 dBm. For the propagation, we as-
sume a log-distance path loss model with path loss exponent
a = 4. Overall, these settings result in an average SNR =

2—a —a
%5—%% = 33 dB. The TX signal is mod-
eled as bandlimited Gaussian with a bandwidth B = 20 MHz
and without oversampling at the RXs. This leads to a correlation
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Fig. 8. Localization performance with an equal-sector antenna and a uniform
distribution of RXs. Parameters: ag = 0.4, M = 6, and N = 100.

of sector-powers at different RXs that we have derived in detail
in [29]. As we have seen in Section VI-B, the behavior of the
ESA and the LWA in TSLS DoA estimation is qualitatively
similar. To keep the simulations simple, we therefore assume
that all RXs are equipped with an ESA, parameterized as in
Section VI-B. In the simulations we obtain the RSS estimates
for weighting in the modified Stansfield algorithm using the
principle discussed in Section III-B2. Based on the sector-
powers of the MASP and the estimated DoA at every RX k, we
obtain two RSS estimates pi; and pj j, and estimate the final
RSS as P = 5 (Pi,i + Prj)-

Fig. 8 depicts the RMSE of location estimation as a function
of the number of RXs, K. Overall, the biggest gain in perfor-
mance for increasing K is achieved for K < 20 RXs as reflected
by the CRB as well as the algorithms. When estimating the
DoA with TSLS instead of SLS, we observe a localization per-
formance improvement of 0.5-0.8 m. This is mainly explained
by the fact that the modified Stansfield algorithm is dominated
by RXs with a large SNRs as we have concluded in [13].
Since TSLS is outperforming SLS in particular for moderate to
large SNR, we consequently also observe a strong localization
performance improvement. Nevertheless, TSLS-S is not able
to approach the CRB. In this context it is, however, important
to note that the CRB in [29] is derived for a more general
case where the TX location is estimated directly from the KM
sector-powers in (2). In SLS-S/TSLS-S, on the other hand, we
first estimate K DoAs from the KM sector-powers and only
thereafter we estimate the location using the DoA estimates. As
we have already suggested in [29], this intermediate step might
deteriorate the performance and hence it might be impossible
for algorithms such as TSLS-S to exactly reach the CRB.

D. Performance and Complexity in Comparison to
Related Algorithms

In this section, we compare the proposed TSLS algorithm
to related works. First, we quantify the complexity of the
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TABLE II
PROPOSED DOA ESTIMATOR IN COMPARISON TO OTHER ALGORITHMS

Aleorithm Complexity per DoA estimate RMSE DoA RMSE loc.
g0 (in basic operations) (SNR =20 dB) | (K = 20)
maxE [11], [22], [25] 1194 ADD +1206 MUL 17.3° 12 m
SLS [12] 1198 ADD +1213 MUL +2 LUT 2.4° 2.1 m
TSLS + VW, L =3 1213 ADD +1234 MUL +10LUT 1.3° 1.4 m

proposed TSLS DoA estimation in terms of the number of
basic operations. As such, we define additions/subtractions and
multiplications/divisions and refer to them as ADD and MUL,
respectively. In addition to such basic operations, SLS [12] as
well as TSLS rely on some standard functions that cannot be
expressed directly in terms of the basic operations. For fast
processing in a digital signal processor these standard functions
could be implemented in form of a look-up table, which makes
them neglectable in the overall processing time. Nevertheless,
we include them in our considerations and refer to the natural
logarithm as LOG, the exponential function as EXP, the square-
root as SQR, sine/cosine as SIN/COS and finally as ATAN2 to
the function that calculates the final DoA estimate from the left
side of (10), which is often referred to as the atan2 function in
the literature.

Obviously, the maxE algorithm [11], [22], [25] that estimates
the DoA as the sector with the maximum power has the lowest
complexity since it only calculates the sector-powers according
to (2) and finds the smallest of those sector-powers. The sector-
power calculation is in fact also part of SLS as well as TSLS
and has a complexity of M(2N — 1)ADD + M (2N + 1)MUL.
Next, we derive the complexity of TSLS and obtain the com-
plexity of SLS [12] as a by-product by setting L = 2 and not
counting the DFU stage. In the derivation, we assume an imple-
mentation of TSLS that relies on pre-calculated values as much
as possible. In (7), as an example, f?ij, ki and 2111:7; depend
only on the approximation of the radiation pattern and can
therefore be loaded as constants during runtime. Overall, this
approach is very feasible for a practically reasonable number of
sectors and avoids lots of computations. In the SSL stage we
compute M products of sector-powers and find the maximum
of those M products. The latter is comparable to finding the
maximum of the M sector-powers in maxE, which we do not
include in our complexity analysis since the compare operation
is normally neglectable in comparison to ADD and MUL. The
complexity in the SSL stage is thus equal to MMUL. In the
SDE stage, we then calculate metrics px; = Inpy;, Vie L
with complexity L(ADD + LOG). Thereafter, the calculation
of In %; in (7) and (8) is reduced to a single subtraction. Let
us now define Nsp as the number of sector-pairs used in the
SDE stage, for which it holds that Ngp < (5) For EBS we
then obtain an overall complexity in the SDE stage equal to
(2Nsp + L)ADD + NspMUL + LLOG[+NspADD], where the
square brackets indicate operations that are only needed for an-
tennas, where o; # o, i,j = 1,..., M. And for DBS we obtain
an overall complexity of (10Nsp + L)ADD + 17NspMUL +
NspSQR + 4NspEXP + LLOG in the SDE stage. Finally, the
DFU stage has a complexity of 2(Nsp — 1)ADD + MUL +
Nsp(COS + SIN) + AT2, with an additional complexity of

3NspMUL and (Nsp + L)ADD + (4Nsp + 2L)MUL for PW
and VW, respectively.

The complexity and DoA estimation performance as well
as localization performance of TSLS in comparison to maxE
and SLS can be found in Table II. Since SLS and maxE are
estimators targeted at ESAs, we use an ESA as described in
Section VI-B as the sectorized antenna, along with simulation
setups as described in Section VI-B and Section VI-C for DoA
estimation and localization, respectively. For simplicity, we do
not separate between the aforementioned standard functions in
the complexity metric. Instead, we count a call to one of the
standard function as a call to a look-up table (LUT). Based on
the results in Table II, we conclude that the proposed estimator
has the best performance of all three, while its additional com-
plexity is very low and mainly due to calls to standard functions,
which could be handled with LUTs for fast processing.

VII. PRACTICAL RF MEASUREMENTS
A. Measurement Setup

The practical performance of the proposed TSLS DoA es-
timation with subsequent Stansfield localization was evaluated
with the help of an extensive indoor measurement campaign
at the 2.4 GHz ISM band, carried out at Drexel University.
In our measurements, we used LWAs as an example of a
sectorized antenna. However, other sectorized antennas such
as antenna arrays with a single front-end [17], [18] would also
have been a good alternative. During the measurements, several
uncontrolled WiFi hotspots in the surroundings were active,
causing substantial in-band interference. In addition, passers-by
generated spatial and temporal variations in the measurement
conditions. Both these aspects imply that the measurement
environment was far from ideal, thus enhancing further the
practical impact of the measurements.

As illustrated in Fig. 9, we placed a TX at three different
locations and measured the signal at six RXs. The TX and
RX locations were selected such that the performance could
be tested in different challenging estimation scenarios. The RX
antennas were oriented in such a way that they can hear the TXs
within their directivity ranges in most of the cases.

Each transceiver consisted of a software defined radio plat-
form, called Wireless Open-Access Research Platform (WARP)
v3 [32]. Each WARP board was connected to its own antenna(s)
and to a centralized controlling system. The TXs were equipped
with omni-directional antennas whereas each RX had a single
two-port LWA [21] with two antenna ports enabling simulta-
neous measurements in two sectors. The composite right/left-
handed (CRLH) LWAs [14] were tuned to operate within the
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Fig. 9. Illustration of the measurement setup and the localization capabilities
of the proposed algorithms in a lobby at Drexel University.

entire 2.4 GHz WiFi band. The physical size of the antenna is
156 mm x 38 mm and the antenna consists of a cascade of
12 metamaterial unit cells for obtaining good directivity and
a small size simultaneously. The main beam of the antenna can
be steered from broadside to backward and forward direction by
changing two control voltages. Due to the practically symmet-
ric antenna structure, antenna ports have symmetric radiation
properties with respect to the broadside direction. As a trade-
off between estimation complexity and estimation accuracy, we
have used 6 control voltage values for a total of 12 antenna
sectors.

The system was operating with a 20 MHz channel bandwidth
and a carrier frequency of 2.462 GHz. This combination is
heavily overlapping with the WiFi channel no. 11 which was
measured to have active traffic during the measurements, act-
ing as direct cochannel interference. The TX power was set
to +15 dBm and since our algorithms rely on the received
signal powers, automatic gain controls (RF and baseband) were
deactivated in the RXs and the gains were set to constant values.
As a practical example, we used orthogonal frequency division
multiplexing (OFDM) waveforms. Only one of the transmission
links, i.e., TX-RX antenna pair, was active at a time and thus we
needed to ensure fairness between different transmission links
by transmitting the same data over all links. Note that realisti-
cally all RXs could receive the same transmitted data only prop-
agated through different channels. Therefore, the measurement
arrangement matches the real world scenario well. For testing
each link, we transmitted in total 300 packets, each containing
5420 binary phase shift keying (BPSK) symbols. Finally, for
each antenna sector, we calculated the received signal power
from the baseband signal snapshots by averaging over the
powers of all received packets observed through the considered
sector. These sector powers are then processed further using the
proposed algorithms, as described in the previous sections.

B. Localization System Settings

_The TSLS DoA estimator requires an approximation Om(p) =
[Em (go)]2 of the antenna’s main beam through a Gaussian curve
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TABLE III
LS FIT FOR LEAKY-WAVE ANTENNA. THE LWA HAS
SYMMETRIC SECTORS AROUND 0°. THEREFORE, THIS
TABLE DEPICTS ONLY 6 OUT OF THE 12 SECTORS.
FURTHERMORE, WE HAVE NORMALIZED THE
ATTENUATION TO o, < 1, max(ay,) = 1,

m=1,....M
Sector | 1 [ 2 [ 3 ] 4 [ 5 16
ém 0.77 | 090 | 1.00 | 098 | 0.93 | 0.92
Bm [rad] | 0.64 | 061 | 062 | 058 | 0.52 | 0.53
Om [deg] | -47.9 | -40.6 | -29.0 | -17.6 | 9.5 | -1.5

90°

120°

180°

Fig. 10. Radiation pattern for two sectors (solid lines) of the leaky-wave
antenna [14] used in our measurements. The main beams are well approximated
by a Gaussian curve (dotted lines).

(1) in all sectors m, m=1,...,M. In order to obtain the
approximation, we first measured the LWA’s radiation pattern
in each sector m as pp,(kAgp) = [Em(kmp)]z, k=1,...,360
with a step-size Agp = 1°. We then found an approximation
through a LS fit of (1) to p,,(kAg). However, only the main
beam of the antenna can be well approximated through (1).
More importantly, due to the SSL process TSLS will make
use of the approximated radiation patterns only around the
main beam. In order to obtain a good approximation, the LS
fit was consequently calculated only around 9, = uAg@, u =
arg maxy o, (kAg), i.e., the initial estimate for the orientation
of the main beam in sector m. We used an interval of 2 = 20°
on both sides of 9, and obtain Om With the parameters &, ,ém
and ¥, that minimize Zgégmw[pm(f’m + kAQ) — (O +
kA(p)]z. For the LWA used in our measurements, this results
in the values shown in Table III. The radiation patterns of two
sectors along with their approximation are shown in Fig. 10. As
evident, the approximation fits very well for the main beam.
TSLS is furthermore parameterized to take into account the
strong multipath environment. For heavy multipath, sectors far
from the line-of-sight direction to the TX can be expected to be
dominated by multipath components. Hence, we chose to use
only L = 3 sectors in TSLS DoA estimation. Moreover, PW is
chosen as the DoA fusion method since it is more robust than
VW, which has been derived for a free space propagation, while
generally having better performance than EW. For simplicity,
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TABLE IV
PRACTICAL MEASUREMENT RESULTS

(a) Absolute error of DoA estimation.

| RX1 [ RX2 | RX3 [ RX4 | RX5 [ RX6 | RMSE
TX1 | 18.5° | 29.6° | 53° | 17.0° | 21.9° | 33° | 184°
TX2 | 163° | 21.3° | 95° | 0.6° | 63° | 22° | 11.9°
TX3 | 23.1° | 14.5° | 8.0° | 24.1° | 26.6° | 30.2° | 22.4°
RMSE | 19.5° | 22.6° | 7.8° | 17.0° | 20.2° | 17.6°

(b) Localization error after Stansfield fusion of DoA estimates.

TX1 X2 TX3 RMSE RMSE
(TSLS) | (TSLS) | (TSLS) (TSLS) (maxE [31])
Absolute 0.6 m 0.6 m 24 m 1.5 m 2.8 m
error

we estimate the RSSs for Stansfield weighting simply as the
maximum NCSP of the MASP (see Section III-B and A) at RX
kk=1,...,K,ie., yx = max(Pk,q, Pk,q+1)-

C. Measured Performance

Table IV(a) presents the DoA estimation errors stemming
from the processing of the measurements with the above
described TSLS configuration. Based on these results, we rec-
ognize clear differences in the DoA estimation accuracy at dif-
ferent RXs. RX3 performs very well with all TXs and reaches
the lowest RMSE due to its good coverage and interference-
free location. In contrast to that, RX2 yields a relatively high
DoA estimation RMSE. There is no obvious geometrical reason
for that. However, one of the active WiFi hotspots was located
right behind the wall close to RX2 and may thus have negatively
influenced the estimation performance. The highest individual
estimation error of 30.2° was obtained for the TX3-RX6 com-
bination, which might have been caused by the rich scattering
conditions due to the stairs (made of metal, concrete and glass)
in proximity of RX®6.

When analyzing the results in Table IV(a) row-wise, we
see that the DoA of TX3 is the most difficult to estimate, as
expected due to TX3’s relatively isolated location. Moreover,
TX3 was the node closest to the walls with metal doors on
either side. We suspect that this caused strong multipath, con-
tributing further to the large DoA estimation error. Surprisingly,
TX2 turns out to have the most accurate DoA estimates even
though it is located close to the stairs which might act as local
scatterers. Actually, only two out of six DoA estimation errors
of TX2 are in excess of 10°, meaning that TSLS provides very
accurate estimates in this case. Overall, these results reveal that
the TSLS algorithm is capable of estimating DoAs with fairly
high accuracy even in a challenging indoor environment with
severe multipath.

Fig. 9 depicts the TX location estimates resulting from
the above described combination of TSLS DoA estimation
with subsequent Stansfield localization. A detailed summary
of the localization results is shown in Table IV(b). Based on
these results, TX1 and TX2 can be localized very precisely
as the location error is around 60 cm for both. This is an
expected result due to their central locations with respect to the
RXs. Although some of the individual DoA estimates have a
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comparably large error, location estimation is fairly accurate,
which is mainly explained by the Stansfield weighting scheme
that gives larger weight to the DoA estimates of those RXs
that have large sector-powers. In case of TX3, the majority
of the DoA estimates are relatively inaccurate with four out
of six estimation errors being larger than 20°. Consequently,
the location estimate is also more inaccurate (2.4 m). However,
this is explained by the location of TX3 which was on purpose
placed at the boarder of the localization system’s coverage area.

The total localization RMSE is 1.5 m, which corresponds to
a circle with an area of 2.1% of the whole measurement area.
In our earlier work [31], we have used the same measurement
data to test the performance of the modified maxE DoA es-
timator [31]. Using the same Stansfield fusion algorithm, but
in combination with simple maxE DoA estimates resulted in a
RMSE of 2.8 m, which is an almost two-fold RMSE compared
to the localization based on TSLS DoA estimates. Hence the
algorithms proposed in this article are clearly outperforming the
existing state-of-the-art.

VIII. CONCLUSION

In this paper, we have substantially extended our earlier
work on DoA estimation and TX localization using sectorized
antennas. We have introduced a modified antenna model with
more degrees of freedom and have shown that it can be used
to model a broader range of practical antennas. Based on the
new model we have proposed the novel TSLS DoA estimator.
In contrast to existing DoA estimators, TSLS is applicable to
all antennas that can be described by our modified antenna
model, independent of the TX signal type and without the
requirement for cooperation between the TX and the localizing
network. Besides being more universal, we have shown that
TSLS has also better performance than existing algorithms and
that it approaches the CRB on signal DoA estimation of a non-
cooperative TX if the SNR is moderate to large. In order to
better understand the performance of TSLS, we have further-
more derived analytical error models for the underlying DoA
estimation principle of TSLS DoA estimation considering free
space as well as multipath propagation. We have then analyzed
the performance of localization with the Stansfield estimator
that estimates the TX location by fusing the TSLS DoA esti-
mates. As expected, the improved DoA estimation performance
of TSLS also results in a localization performance improvement
compared to the localization using previously published DoA
estimators. Finally, we have shown how to configure the TSLS
DoA estimator to work with a practical sectorized antenna,
namely a leaky-wave antenna. Based on that configuration
we have then demonstrated the achievable performance of a
sectorized antenna-based localization system using real-world
measurements obtained in an indoor environment. Overall, we
believe that the results in this paper are crucial for the practical
implementation of low complexity DoA estimation and TX
localization using sectorized antenna systems. In particular this
is the case when the TX is non-cooperative or when dedicated
signaling between TX and localization network is otherwise
unfeasible.
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APPENDIX A
DERIVATION OF DOA ESTIMATORS

The criterion (6) is clearly minimized for py ;/pk; — ok,i/
pki = 0. Recalling the Gaussian approximation o, =
[Cm(@i)]?, m = i, jin (1), we can write

Pk.i

N 2
2|IM i — Ui
0=1In —2n + [ (‘pk,lé 1)]
Dk.j o B;

2 %) i — U 2
_ [M(‘p"’; i (28)
B

The above equation contains the function M(g), which is
difficult to handle mathematically. However, the mapping of the
angles to [—m; ) is arbitrary. Hence, for practically relevant
cases we can always find a mapping for the angles ¢; and
¥; such that we can write M(@Gx — Om) = @r.ij — Om, Where
m =1i,j and ¢y is the mapped SP-DoA estimate. One such
mapping could be 9; = 0 and 5‘1- = 1; — ;. We can then solve
(28) to obtain (7) and (8). For presentation simplicity, we have
not included the mapping in (7) and (8).

APPENDIX B
PROOF OF LEMMA 1

In the following we will derive the mean (14) and variance (16)
for the 2nd order Taylor series expansion. The 2nd order Taylor
series of ¥ in Lemma 1 around its mean g can be written as

Y@ (29)

. 1
=+ X = + X = wHX - p)
where we have omitted the dependence of f, j and H on p for
notational simplicity. According to [33, p. 53], the moments of
a quadratic form V' = X7 AX for normally distributed random
vector X ~ N'(p, Q) with symmetric matrix A are given as

E[V'] =trace(AQ) + uAp (30)
E[V?] =2 [tr.ace(AQ)2 + Z[LTAQA[L] 31)
+ [trace(AQ) + ;LTA;L]2 ) (32)

In (29), we have V= AX'HAX with AX=X—p ~
N(0,Q) and the Hermitian matrix H that is consequently
symmetric. We can therefore write the moments of V as

E[V] = trace(HQ)
E[V?] = 2trace(HQ)? + [trace(HQ)]?

(33)
(34)

Hence, the first moment of Y is obtained as in (14). The variance
of Y can be written as

var[¥®] =E [(Y@)z} —E [Y@)]z
— 71+ E [T %] + JEV)
+2fi"E[AX] + fE[V] + j E[AXV]

— % — ftrace{HQ} — % [trace(HQ)>. (35)
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We notice that AXV is a vector with elements composed
of products AXPAX/AX! | where AXy, AX; and AX,, are
independent and at least one of the powers p, g or r is uneven.
Therefore, we have E[AXV] = 0 and obtain (16) by using (33),
(34) in (35). The corresponding mean (13) and variance (15)
of the 1st order Taylor series are not derived explicitly, due to
space constraints. However, the derivation is very similar.

APPENDIX C
DERIVATION OF SP-DOA ESTIMATION
BIAS AND VARIANCE

For SP-DoA estimation with DBS, we have ¢; = f(p) =
Aij £ bjg(p) with p = (pk,,-,pk,j)T. This leads to the 2 x 1
gradient vector j with elements

. BiB;
1 =lpe, () = £——— (36)
=1 4Aprig (1)
. BiB;
2 =flp. (W) =F—— (37)
=1 4prig(p)
and the 2 x 2 Hessian matrix H with elements
4[sw]’ + ABy
Hit = [flpepe,(0) = :Fﬁi,Bj—3 (38)
ile]
2
g(p) ABjj
Hoy = [flp (1) = iﬁ,ﬂ,w (39)
16p; ; [g(w)]
Hiy = Hyy = [flp p, (W) = F————"—  (40)
16p.ipij [g(m)]
both evaluated at p = . We furthermore obtain
trace(HQ) = Hyjo? 4 Hayo} (41)
2
trace(HQ)? = (H11012> +2B}0803 + (Ho?) . 42)

since Q is diagonal. Inserting (38)—(40) in (41) and using (41)
in (14) yields E[@,E )] and, after subtraction of the DoA ¢, the
bias (18).(19) results from (15) and (36)—(37). Finally, inserting
(42) in (16) and using the results from (19) leads to (20).
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