
J. Math. Study
doi: 10.4208/jms.v54n1.21.04

Vol. 54, No. 1, pp. 81-88
March 2021

Remarks on a Mean Field Equation on S
2

Changfeng Gui1, Fengbo Hang2,∗, Amir Moradifam3

and Xiaodong Wang4

1 Department of Mathematics, University of Texas at San Antonio, San Antonio,
TX 78249, USA;
2 Courant Institute, New York University, New York, NY 10012, USA;
3 Department of Mathematics, University of California at Riverside, Riverside,
CA 92521, USA;
4 Department of Mathematics, Michigan State University, East Lansing, MI 48824,
USA.

Received May 27, 2019; Accepted September 23, 2019;
Published online January 12, 2021.

Dedicated to Professors Sun-Yung Alice Chang and Paul C. Yang on their
70th birthdays

Abstract. In this note, we study symmetry of solutions of the elliptic equation

−∆
S2 u+3= e2u on S

2,

that arises in the consideration of rigidity problem of Hawking mass in general rel-
ativity. We provide various conditions under which this equation has only constant
solutions, and consequently imply the rigidity of Hawking mass for stable constant
mean curvature (CMC) sphere.
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1 Introduction

The main aim of this note is to study the semilinear elliptic equation

−∆S2 u+α= e2u (1.1)

on the standard S2. Here u is a smooth function on S2 and α is a positive constant.
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When α = 1, (1.1) means that the conformal metric e2ugS2 has constant curvature 1.
Therefore all solutions are given by the pull back of the standard metric by Mobius trans-
formations. This and more general statements also follow from the powerful method of
moving plane (see [5,9]). The latter approach can be used to show (1.1) has only constan-
t solution when 0 < α < 1 (see [16]). More recently, the sphere covering inequality was
discovered in [12] and applied to show all solutions to equation (1.1) must be constant
functions for 1<α≤2. In particular, this confirms a long-standing conjecture of Chang-
Yang ([3, 4]) concerning the best constant in Moser-Trudinger type inequalities. Sphere
covering inequality and its generalization can also be used to solve many uniqueness
and symmetry problems from mathematical physics (see [1, 10, 12] and many references
therein). [10] explains the sphere covering inequality from the point view of comparison
geometry and provides some further generalizations. In contrast, for 2< α< 3, nontriv-
ial axially symmetric solutions were found in [15]. The multiplicity of these nontrivial
axially symmetric solutions was carefully discussed in [8]. More recently, non-axially
symmetric solutions to (1.1) for α > 4 but close to 4 were found in [11]. In related de-
velopments, topological degree of (1.1) for α /∈Z was computed in [6, 14, 15]. We refer
the readers to the survey article [20] for more details of mean field equations on a closed
surface.

Recently, [18, 19] discovered the interesting connection between the equation (1.1)
with α= 3 and rigidity problems involving Hawking mass in general relativity. Among
other results, it was shown in [18] that for 2< α< 4, any even solution to (1.1) must be
axially symmetric. In particular, when α=3, any even solution, u(x)=u(−x) for all x∈S2,
must be a constant function. It is also conjectured in [18, Section 3] that for 2<α≤3, any
solution to (1.1) must be axially symmetric. Our note is motivated by this conjecture. Our
main result is

Theorem 1.1. Assume 2<α≤3 and u∈C∞
(

S2
)

is a solution to

−∆S2 u+α= e2u.

If for some p∈S2, ∇u(p)=0 and D2u(p) has two equal eigenvalues, then u is axially symmetric
with respect to p. In particular, in the case α=3, u must be a constant function.

We may call the point p in the assumption as an umbilical critical point of u. So the
theorem reads as: for 2 < α ≤ 3, any solution with an umbilical critical point must be
axially symmetric with respect to that point. Here we do not know whether the solution
is even or not. On the other hand, the approach to Theorem 1.1 can help us relax the even
assumption in [18] a little bit. One typical example is

Theorem 1.2. Assume 2<α≤3 and u∈C∞
(

S2
)

is a solution to

−∆S2 u+α= e2u.

If every large circle splits S2 as two half sphere with equal area under the metric e2ugS2 , then u is
axially symmetric with respect to some point. In particular, in the case α=3, u must be a constant
function.



C. Gui, F. Hang, A. Moradifam and X. Wang / J. Math. Study, 54 (2021), pp. 81-88 83

Note that if u is even, then any large circle clearly splits the area. In Section 3, we
will also present several other conditions which is weaker than the even assumption (see
Proposition 3.1, 3.2). It is unfortunate we are not able to remove any of these assumptions.

At last we point out that there is an analogous nonlocal problem on S1, namely

{

∆u=0, on B2
1 ⊂R2,

∂u
∂ν +λ= eu, on S1.

Here ν is the unit outer normal direction and λ is a positive constant. This equation
appears in the study of determinant of Laplacian on compact surface with boundary
(see [17]). The solutions to the above problem is well understood (see [17, Lemma 2.3]
and [21, Theorem 3]). The reason the problem on S1 is much simpler than (1.1) is because
the Fourier analysis on S1 is much easier.

In Section 2, we will describe our main new observation and use it to derive Theorem
1.1. In Section 3, we will apply this new observation to derive several relaxation of the
even assumption in [18]. In particular, Theorem 1.2 will be proved.

2 Proof of Theorem 1.1

Let us fix the notations.

S
2=

{

x∈R
3 : x2

1+x2
2+x2

3 =1
}

. (2.1)

e1 = (1,0,0) , e2 = (0,1,0) and e3 = (0,0,1) denotes the standard base. For x,y ∈ R3, x·y
denotes the usual dot product. For any y∈S2, we write

Hy =
{

x∈S
2 : x·y≥0

}

(2.2)

as the half sphere, and

Cy=
{

x∈S
2 : x·y=0

}

(2.3)

as the large circle. We also denote Ry as the reflection with respect to plane
{

x∈R3 : x·y=0
}

i.e.,

Ryx= x−2(x·y)y. (2.4)

Assume u∈C∞
(

S2,R
)

satisfies (1.1) with 2<α≤3, then

∫

S2
e2udµ=4πα. (2.5)

Here µ is the measure associated with standard metric.
Fix y∈S2, we define v(x)=u

(

Ryx
)

for any x∈S2 and w=u−v. Then

{

−∆S2 w= e2u−e2v = cw;
w|Cy

=0.
(2.6)
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Here

c(x)=2
∫ 1

0
e2((1−t)v(x)+tu(x))dt (2.7)

is a smooth function on S2.

If w is not identically zero, then classical results (see [2,7,13]) imply that the nodal set
of w consists of finitely many smooth curves which only intersects at critical points of w.
Moreover w behaves like a harmonic polynomial near each critical point, i.e. nodal set
locally looks like straight lines with equal angles at critical points.

If Ω⊂Hy is a simply connected nodal domain, then it follows from the sphere covering
inequality ([12, Theorem 1.1]), or more precisely, the formulation with standard S2 as
background metric ( [10, Proposition 3.1]), that

∫

Ω∪Ry(Ω)
e2udµ=

∫

Ω

e2udµ+
∫

Ω

e2vdµ>4π. (2.8)

This inequality and (2.5) implies Hy can not contain 3 or more simply connected nodal
domains.

The crucial step to prove symmetry of solutions in [12, 18] is counting the number of
simply connected nodal domains. As observed in [12, Section 4.2], if we have a critical
point of u on Cy, namely q∈Cy, and w is not identically zero, then the order of w at q (i.e.
the order of the first nonvanishing term in Taylor expansion of w at q) is at least 2. Hence
in Hy, at least one nodal line emanates from q with equal angle. This implies Hy contains
at least two simply connected nodal domains.

Let z be the unit tangent vector of Cy at q. Our new observation is: if z is an eigen-
vector of D2u(q), and w is not identically zero, then the order of w at q is at least 3. If
the order is larger than or equal to 4, then Hy contains at least 3 simply connected nodal
domains, and it contradicts with (2.5). When the order of w at q is 3, the nodal set of
w emanates two lines from q with angle π

3 in between, and w takes alternating signs in
each angle. Since we can not have 3 or more simply connected nodal domains, the only
possibility is we have only two nodal domains (i.e. the two emanating nodal line from q
form a loop in Hy). It follows from Hopf principle that ∂w

∂ν is nonzero and of a fixed sign
on Cy\{q}, here ν is the unit outer normal vector of Hy (in fact, ν =−y). In particular,
there is no critical point on Cy\{q}. We state this conclusion as a lemma.

Lemma 2.1. Assume u is a smooth solution to (1.1) with 2< α≤ 3. Let q be a critical point of
u and z ∈ TqS2 be an unit eigenvector of D2u(q). Denote y = q×z (the cross product in R3),

v= u◦Ry and w= u−v. If w is not identically zero, then ∂w
∂ν is nonzero and of a fixed sign on

Cy\{q}, here ν=−y is the unit outer normal vector of Hy. Note that on Cy, ∂w
∂ν =2 ∂u

∂ν . Hence ∂u
∂ν

is nonzero and of a fixed sign on Cy\{q}.

With Lemma 2.1 at hand, we are ready to derive Theorem 1.1.
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Proof of Theorem 1.1. By rotation we can assume the umbilical critical point p= e3. It fol-
lows from [18, Lemma 5] that

∫

S2
xiu(x)dµ(x)=0 (2.9)

for i= 1,2,3. Since every nonzero vector in Te3S2 is an eigenvector of D2u(e3), we know
for every y∈Ce3 , we can apply Lemma 2.1 with q= e3.

If ∇u(−e3)=0, then for any y∈Ce3 , u◦Ry =u (i.e. u is symmetric with respect to Cy).
Hence u is axially symmetric with respect to e3.

Next we claim ∇u(−e3) must be zero. In fact, if this is not the case. Since u must have
another critical point besides e3, by rotation we can assume it lies in Ce2\{e3}. It follows
from Lemma 2.1 that u is symmetric with respect to Ce2 . For 0<θ<π, we know u can not
be symmetric with respect to C−sinθ·e1+cosθ·e2

(because otherwise we conclude

∇u(−e3)·e2=0,

and

∇u(−e3)·(−sinθ ·e1+cosθ ·e2)=0,

it follows that ∇u(−e3) = 0, a contradiction). Hence we know ∂u
∂ν does not vanish on

C−sinθ·e1+cosθ·e2
\{e3} and it has a fixed sign. Here ν= sinθ ·e1−cosθ ·e2. By continuity we

know the sign also does not depend on θ. It follows that for −1≤ s<1, u
(√

1−s2 cosθ ,
√

1−s2 sinθ,s
)

is strictly monotone in θ∈ (0,π). This contradicts with the fact

∫

S2
x1u(x)dµ(x)=0.

Hence ∇u(−e3) must be zero.

If α= 3, it follows from the fact u is axially symmetric and [18, Proposition 1] that u
must be a constant function.

3 Some relaxation of even assumption

Here we want to show the discussion in Section 2 can help us relax the even assumption
in [18].

Proof of Theorem 1.2. Note that the equal area assumption can be written as: for any y∈S2,

∫

Hy

e2udµ=
∫

H−y

e2udµ. (3.1)

Assume q is a critical point of u and z∈TqS2 is an eigenvector of D2u(q). Denote y=q×z,
v=u◦Ry and w=u−v. Then w must be identically zero i.e. u is symmetric with respect
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to Cy. Indeed if w is not identically zero, it follows from Lemma 2.1 that ∂w
∂ν is nonzero

and of a fixed sign on Cy\{q}, here ν=−y is the unit outer normal vector of Hy. Using

−∆S2 w= e2u−e2v,

we see
∫

Hy

e2udµ−
∫

H−y

e2udµ=
∫

Hy

e2udµ−
∫

Hy

e2vdµ=−
∫

Hy

∆S2 wdµ=−
∫

Cy

∂w

∂ν
ds 6=0.

This contradicts with the equal area assumption.
By rotation we can assume e3 is a critical point of u, and D2u(e3) has e1,e2 as eigen-

vectors. It follows from previous discussion that u is symmetric with respect to Ce1
and

Ce2.
We will show u must be symmetric with respect to Ce3 . One this is known it follows

from [18, Lemma 8] that u must be axially symmetric.
To continue we let v=u◦Re3 and w=u−v, then using the equal area assumption, same

argument as above shows
∫

Ce3

∂w

∂e3
ds=0=2

∫

Ce3

∂u

∂e3
ds.

Hence ∂u
∂e3

vanishes at some point on Ce3.

If ∂u
∂e3

(e1) = 0, then it follows from the fact u is symmetric with respect to Ce2 that

∇u(e1)=0 and D2u(e1) has e2,e3 as eigenvectors. On the other hand, it follows from the
fact u is symmetric with respect to Ce1

that ∇u(−e1)= 0. This together with Lemma 2.1
implies u−u◦Re3 =0 i.e. u is symmetric with respect to Ce3.

If ∂u
∂e3

(e2)=0, we can get symmetry with respect to Ce3 exactly as above.

If ∂u
∂e3

(q) = 0 for some q ∈ Ce3\{±e1,±e2}, we must have w = u−u◦Re3 is identically
zero. If it is not the case, then the order of w at q is at least 2. By symmetry, the order of w
at Re1

q, Re2q and −q must be at least 2 too. Hence w has at least 3 simply connected nodal
domain in He3 . This contradicts with the sphere covering inequality by the discussion in
Section 2.

In all the cases, we know u must be axially symmetric, and hence it must be constant
when α=3 ([18, Proposition 1]).

Along the same line we have the following

Proposition 3.1. Assume 2<α≤3 and u∈C∞
(

S2
)

is a solution to

−∆S2 u+α= e2u.

If there exists p∈S2 such that both p and −p are critical points of u, and
∫

Hp

e2udµ=
∫

H−p

e2udµ,

then u must be axially symmetric. If α=3, then u is a constant function.
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Proof. By rotation we can assume p= e3 and D2u(e3) has e1,e2 as eigenvector. It follows
from Lemma 2.1 and the fact ∇u(−e3)=0 that u is symmetric with respect to Ce1

and Ce2 .
Now using

∫

He3

e2udµ=
∫

H−e3

e2udµ,

the argument in the proof of Theorem 1.2 tells us u is also symmetric with respect to Ce3 .
It follows from [18, Lemma 8] that u must be axially symmetric.

Proposition 3.2. Assume 2<α≤3 and u∈C∞
(

S2
)

is a solution to

−∆S2 u+α= e2u.

If there exists p∈S2 such that ∇u(p)= 0, ∇u(−p)= 0 and D2u(p)=D2u(−p) (here we
identify TpS2 with T−pS2 naturally), then u must be axially symmetric. If α=3, then u is
a constant function.

Proof. By rotation we can assume p= e3 and D2u(e3) has e1,e2 as eigenvector. It follows
from Lemma 2.1 and the fact ∇u(−e3)=0 that u is symmetric with respect to Ce1

and Ce2 .
It follows from the equation that

e2u(e3)=−∆S2 u(e3)+α=−∆S2 u(−e3)+α= e2u(−e3).

Hence u(e3) = u(−e3). Let w= u−u◦Re3 , then because w is symmetric with respect to
Ce1

and Ce2 , we see w vanishes at least to order 4 (does not include 4) at e3. If w is not
identically zero, then it will have at least 3 simply connected nodal domains. This con-
tradicts with the sphere covering inequality by the discussion in Section 2. It follows
from [18, Lemma 8] that u must be axially symmetric.
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