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ABSTRACT. We are concerned with the blow-up analysis of mean field equa-
tions. It has been proven in [6] that solutions blowing-up at the same non-
degenerate blow-up set are unique. On the other hand, the authors in [18]
show that solutions with a degenerate blow-up set are in general non-unique.
In this paper we first prove that evenly symmetric solutions on an arbitrary
flat torus with a degenerate two-point blow-up set are unique. In the second
part of the paper we complete the analysis by proving the existence of such
blow-up solutions using a Lyapunov-Schmidt reduction method. Moreover,
we deduce that all evenly symmetric blow-up solutions come from one-point
blow-up solutions of the mean field equation on a “half’ torus.

1. Introduction. In this paper, we consider the mean field equation on a flat torus
T := C/Zwy + Zwa, i.e.,

et 1
Au—i—p(—):O, 1.1
Jret ITI .-

/Te” =1, (1.2)

where p is a real parameter, Im &2 > 0 and |T'| denotes the total area of the torus.
For convenience, in this paper we always assume that |T| = 1.
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In the past decade there has been an extensive study of the mean field equation
on a general compact Riemann surface M without boundary:

he' 1
A, el 2 ) o, 1.
““(theu M|) 0 (13)

where A,; denotes the corresponding Laplace-Beltrami operator on (M,g), h €
C*>°(M) is a non-negative potential function and |M]| is the total area of the surface
M. To simplify our notation, we shall always assume |M| = 1. Equation (1.3) and
its counterpart on bounded planar domains arise in several areas of mathematics
and physics and there are by now many results concerning existence ([2, 9, 10, 11, 15,
24, 29, 30, 41, 42]), uniqueness of solutions ([4, 12, 13, 14, 26, 47, 48, 49, 60, 67]) and
blow-up analysis ([3, 5, 16, 17, 19, 28, 31, 57, 58]). On one hand, they are derived as a
mean field limit in the statistical mechanics description of two dimensional turbulent
Euler flows ([20, 21]) and selfgravitating systems ([54, 56, 74]). On the other hand,
(1.3) is related to conformal metrics on surfaces with or without conical singularities
([55, 71]) and to gauge field theories ([75]) possibly coupled with Einstein’s general
relativity ([33, 63, 70]). Recently they have attracted a lot of attention from the
analytical point of view due to the close connection to the Chern-Simons-Higgs
theory. The relativistic Abelian Chern-Simons gauge field theory was proposed by
Jackiw and Weinberg [53] and Hong et al. [52] independently to investigate the
physics of high temperature super-conductivity. The energy minimizers of these
models satisfy self-dual equations while the Bogomol’'nyi-type system of first-order
differential equations could be reduced to a single second-order elliptic equation:

N
1
A f“1—“=4§5.' R? 1.4
u+626( e") 7ri=1 g in ) (1.4)

where d,, denotes the dirac measure at g;. Equation (1.4) can be considered on
flat tori or on the entire R?. Tarantello in [68] showed that one type of solutions to
(1.4) converge to the solution of a mean field equation of type (1.3) after subtracting
2log € and a combination of the Green’s function at the singular source g; when the
Chern-Simons coupling constant € tends to 0. Latterly, Lin and Yan in [61] proved
the local uniqueness of the blow-up solutions to (1.4). More recently that argument
has been used by Bartolucci, Lee together with our third and fourth authors in [6]
to establish the local uniqueness of the blow-up solutions to (1.3).

To state our main result we need some definitions first. Let h(z) be a non-
negative smooth function which vanishes only at a finite number of points and let
= (p1, - ,Pm) € M™ be such that

{p1. w0 {z € M | h(z) =0} = 0.
We set
G’ (z) :87TR(x,pi)+87rZG(ac,pj), i=1,--,m, (1.5)
J#i
where G(z,y) is the Green’s function:

CALGley) =8, — 1in M, / Gz, y)dH?(y) = 0,
M

and R(z,y) denotes its regular part. We define

m

1B) = > [Aulog h(p:) + 87m — K (p,)] h(p;)e® 70, (16)

i=1
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where K (x) stands for the Gaussian curvature at * € M. Next, we will denote by
VM(q,r) the pre image of the Euclidean ball of radius 7, B(q,r) C R?, in a suitably
defined isothermal coordinates system. For the case m > 2 we fix a sufficiently
small constant ro € (0, %) and a family of open sets M; satisfying M; N M; = 0 if
l#4, UL, M =M, V™(p;,2rg) C M;, i=1,--- ,m. Then let us set

= i N NG (pi) O (x,0) 777200
D(p) = }%;h(pz)e </M e dH*(z) 12> ) (1.7)

z‘\VM(Pz‘,Ti) r;

where My = M if m =1, r; = r1/8h(p;)e% (??) and

i(x,p) = 3 wG(z,p) — G (pi) + 1o (@)
(0:7) = 387G 610 +1og (113 ). (13)

For (z1, - ,&m) € M x -+ x M we define

fr(@r, - am) =Y [log (A(x;)) + 47 R(xi, 2:)] + 47 Y G(wi, ;). (1.9)
i=1 i#]
If a sequence of solutions of (1.3) is not uniformly bounded from above, then it is
well known that (see [57]), passing to a subsequence if necessary, it holds,

eln

m
Pn Tem 87r; Op;y  Pn — 8Tm, as n — 400,

M
weakly in the sense of measures in M, for some m € N. The points {p1,- -+ ,pm}
are said to be the blow-up points ([19]). From [28, 62] we know that the blow-up
points are critical points of f,, (21, , ;). Then, Bartolucci et al. [6] proved the
following theorem.

Theorem A. ([6]) Let u? and ul? be two sequences of solutions to (1.3) with
pgll) = p%z) = pn and blowing-up at the points p;, for j = 1,---,m, where p =

(p1,- -+ ,Pm) is a non-degenerate critical point of fp,, i.e.
det(D3, f () 7 0. (1.10)

Assume that either,

(1) Up) # 0, or,

(2) 1(p) =0 and D(p) # 0.
Then there exists an integer constant Ng sufficiently large such that uSLl ) = ug) for
all n > Ny.

A natural question is whether the assumptions of the latter theorem are neces-
sary or not. It turns out that if we drop the non-degeneracy condition (1.10) the
uniqueness property does not hold anymore in general, as the authors in [18] ex-
hibit multiple one-peak solutions blowing-up at a degenerate critical point of f; on
a bounded domain. On the contrary, we will prove that evenly symmetric solutions
on a flat torus with h = 1 and with a degenerate two-point blow-up set are unique.

Theorem 1.1. Let uly) and ul? be two sequences of solutions to (1.1)-(1.2) with
pSS) = pg) = pp, blowing-up at p1; = 0 and at py = o oor <2 or % Assume that
ugf) is evenly symmetric, i.e. uﬁf)(z) = ugf)(—z) for allm and i = 1,2. Then, there

w1

exists an Ng sufficiently large such that u%” = u%z) for alln > Ny.
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We point out that in the latter setting we have I(p) = 32meC1(P1) £ 0, see
also the explicit expression of the Green function and its regular part in (2.5) and
(2.6), respectively. On the other hand, the blow-up set (p1,p2) is a degenerate
critical point of fs defined in (1.9) due to the translation invariance. We exploit
the ideas developed in [6] and [61] and take advantage of the evenly symmetric
property to bypass the non-degeneracy assumption and also significantly simplify
the highly non-trivial and technical original proofs. More precisely, assuming by
contradiction the existence of two distinct blow-up solutions ul? of (1.4) we consider
their normalized difference

(1) (2)

Un "~ — Un

& HUS) - ug)HLOO(M)

The starting point in analyzing &, relies on the description of the blow-up solutions
carried out by Chen and Lin in [28]. Moreover, we exploit the evenly symmetric
property to deduce an estimate on the distance between the local maximum point
and the blow-up point. The latter estimate will be crucially used in all the forthcom-
ing arguments. Next, one can show that after a suitable scaling, &, converges to an
entire solution £(x) of the linearized problem associated to the Liouville equation:

Av+e'=0 in R% (1.11)

Solutions of (1.11) with finite mass are completely classified by Chen and Li [34]
and take the following form:

v(2) = v.a(z) = log (

Baraket and Pacard in [1] showed that the kernel of the linearized operator at vg g

ek
(14 e#|z — al?)?

), pER, a=(a,az) €R?  (1.12)

8
L(d)=Ap+ ——— 1.13
is spanned by three functions:
1—1z>  Ovug
SDO(Z) = = : ’
22 +1 0 On g a=00
21 1 avy a V) 1 5'1)# a
o1(2) = = o L e = e =g .
2|2 +1 4 Oay (1,a)=(0,0) 2> +1 4 Oay (1,a)=(0,0)

Thus, we have
2
£(z) =) bipil2) (1.14)
i=0

for some constants b; € R. The idea is then to use suitable Pohozaev identities to
prove that b; = 0 for each ¢. In particular, the evenly symmetric property is crucially
used to guarantee that the elements of the kernel corresponding to the translation
invariance vanishes. Finally, after showing that £ Z 0 one gets a contradiction and
thus necessarily ug) = ugf).

Let us conclude this part by giving some comments on the recent study of the
local uniqueness property. It turns out that one can also derive such property for
the spike solution of Schrédinger equation. In [72], Wei showed that the single
interior spike solution of a singularly perturbed semilinear Neumann problem is
locally unique at a non-degenerate peak point. Stimulated by the works of Wei [72]
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and Cao, Noussair and Yan [23], various authors have contributed many papers to
this subject, see, e.g., [22, 40, 45, 50, 51, 73].

In the second part of the paper we complete the analysis by proving the existence
of such evenly symmetric blow-up solutions using a Lyapunov-Schmidt reduction
method.

Theorem 1.2. Let € € (0,¢p) for some eg > 0 small enough and let p = 167 + €.
w2 w1 two

Let py = 0 and py = b or 2 or #25=2. Then, for each € there exist a A > 0 and
a solution uy to equation (1.1) such that

€= (321 + o(1)) Ae ™,

ux(p;) = +oo fori=1,2, wuy(x) = —oo for allxz € T\ {p1,p2}
as € = 0, and
ux(z) = un(—2).
Moreover, we have

P

Jrem

Motivated by the computation of the topological degree, Chen and Lin in [29]
constructed blowing-up solutions under the assumption on f,,, in (1.9) being a Morse
function (see also [44] for a generalization of the latter result under a weaker as-
sumption on the critical points of f,, being “stable”). However, as already pointed
out the function f,, is not a Morse function in our setting. We adopt the strat-
egy introduced by Cheng, the second and third author of the present paper in [37]
where rectangular tori are considered to prove Theorem 1.2. In particular, we will
extend the latter argument to general flat tori. We start by constructing an approx-
imate blowing-up solution to (1.1). Then, we study the solvability of the linearized
operator in a suitable functional setting. Finally, we reduce the problem to the
one-dimensional problem of finding the appropriate scale of the bubbles.

Based on the local uniqueness of blow-up solutions, we can further show that
the evenly symmetric two-point blow-up solutions are one-point blow-up solutions
of the mean field equation on a “half” torus. Indeed, it is not difficult to see that
va(x) = ux(xz+p2) is also an evenly symmetric solution of (1.1) which also blows-up
at p1,p2 (p1 = 0 and py is one of the half periods). By Theorem 1.1, we get

e"* — 8m(dp, + 6p,) in a sense of measure, as € = 0.

ux(2) = ur(z + p2).
In particular, taking p» = -, the solution we build becomes the solution to (1.1) on
a flat torus T1 = R2/ 73 + ng which blows-up at the origin. Similar phenomena
can be observed for other choices of ps. In conclusion we have the following result:

Corollary 1.3. All evenly symmetric two-point blow-up solutions of (1.1) form
one-point blow-up solutions of the mean field equation on a “half” torus.

As a byproduct of Corollary 1.3, we actually establish that blow-up can always
occur on an arbitrary flat torus as p converges to any multiple of 87 despite the
degeneracy nature of the problem. One can build solutions by gluing many copies of
one-point blow-up solutions constructed in this paper together. We would also like
to mention Struwe and Tarantello’s result [66] on the existence of two-dimensional
non-trivial solutions if p € (87, A\ (T)) where A;(T') is the first eigenvalue of —A
on T and Ricciardi and Tarantello’s result [64] on the existence of one-dimensional
solutions if p > A1 (T"). We comment further that our result implies the existence of
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two-dimensional non-trivial solutions at least for p close to and beyond 87m even
if \1(T) < 87 where m is any positive integer.

The paper is organized as follows. In Section 2 we revisit some a priori estimates
of blow-up solutions proved in [28] by Chen and Lin and we present an estimate on
the distance between the local maximum point and the blow-up point. In Section
3 we provide the proof of the uniqueness property stated in Theorem 1.1. Finally,
in Section 4 we construct blowing-up solutions and prove Theorem 1.2.

2. Preliminaries. In this section we recall some a priori estimates obtained by
Chen and Lin in [28] for blow-up solutions of (1.1). Suppose that u,, is a sequence
of blow-up solutions of (1.1)-(1.2) which blow up at p; and po, i.e.

Aty + pp (e —1)=0in T, / e'n =1, (2.1)
T
where p, — 167 as n — 0o. Let
Ap = MAX U, (2.2)
and
Ani = max U, = Up(zy,;) for i=1,2, (2.3)

B(pi,9)
where § > 0 is a small fixed constant and B(p;, ) denotes a geodesic ball of radius
6 on T centered at p;. We recall that M; and Ms are two open sets dividing 7" into
two disjoint parts and p; € M; for i = 1,2. Furthermore, 7 is chosen as right after
(1.6) to guarantee that B(p;,2ro) C M; for i = 1, 2.

Remark 2.1. To simplify our notation, since T is a flat torus we shall treat z € T
as a point in R2. Then, the notation B(p,§) stands for the set of points z € T with
d(z,p) < J, where the metric is the one inherited from the Euclidean metric of R?,
i.e.
d(x,y) = min x—z|
( y) z€{z|z=y+Zwi+Zw2} | |

Let us introduce the Green’s function G(z,y) of —A on T,
— A G(z,y) =6y(x) — 1 in T, / G(z,y)de =0 forall yeT. (2.4)
T

In particular, we have the explicit formula of G(z,y) in terms of doubly periodic
functions (see [35]):

|22 — @122 /wq z wa 1 c
= =1 - — — |1 1-— —
G($7y) G(Z) m (2(&)1&_}2 — 64_11602) 2w1 12w, 27 o8 ‘ w1
1 > nws + 2 nwy — 2
B | l—e| —— l—e| —
e L (= (255)) (o (25))

(2.5)
where z = ¢ — y and z,y, z are numbers in the complex plane; |T'| = Im @wjws = 1.
It is easy to verify that G(z) = G(—z). In particular, Chen, Lin and Wang in [32]
showed that G(z) is evenly symmetric about both axes if T' is a rectangular torus,
ie. G(z) = G(—z) = G(2). We also define the regular part of the Green’s function:

1
R(z,y) = R(2) := G(z,y) + 5 - log (d(z,y)), (2.6)
where d(x,y) is defined in the Remark 2.1.
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Let U, ; be the standard bubble at z,, ;, i.e.

ernii
n,i(x) =1 , =12 2.
i) = (e R ) =0

Chen and Lin in [28] obtained some sharp estimates on the error term 7, ;, which
is defined as follows

Mn,i(T) = un(z) — Upi(z) — (G7 (2) — G} (2n,1)), @ € B(xn,,9). (2.8)
For z € B(zy,;,0), they proved
128
() = = == flog (Rl = | +2))
+0 (log (R il — xn | + 2)6_)\"”’) (2.9)

+0 (Apie 1) = O(\2 e i), i=1,2,

where R, ; = \/pne’»i /8. It has also been proved in [57] that there are constants
¢ > 0 and ¢5 > 0 such that,

2
[An — Anyi| <e for i=1,2, |uy(z)+ ] <ecs for IET\UB(pi,(S). (2.10)

i=1

More precisely, see [28, Section 3], we have
i oG @) _ Au oGi(nn) (1 L0 (67%» L i=1,2. (2.11)

In particular, see [28, Theorem 1.4], the following estimate holds,

Anyi + / un(x)dz + 2log (pi) + G (zn,)
- 8

(2.12)
32
= —2T\2 e=Ai 4 0 (Ange 1), i=1,2.
p'fl ’
Notice that in [28, Lemma 5.5], the Pohozaev identity is used to derive that
VGi|,_,, =0 Anie™™), i=12 (2.13)

Together with the non-degeneracy assumption on the critical point p, Bartolucci et
al. [6] concluded that

|Zni — pi] = OApie™ 1), i=1,2. (2.14)

However, in our case, the critical point 7 = (p1,p2) where ps — p; is one of three
half-periods (namely wy/2, wa/2 and “23¢2) is a degenerate critical point of G(x, y).
Thus, we need a different way to get the above estimate on the distance between the
local maximum point and the blow-up point. By imposing the symmetry condition
on u,, we are able to show that (2.14) holds in our setting as well.

Proposition 2.2. Suppose that {u,} is a sequence of blow-up solutions of (2.1),
satisfying pn, — 167+ and u,(z) = up(—2). Then {u,} blows-up at two points
p1 = 0 and pa which is any half-period. Furthermore, if xy;, i = 1,2 is the local
mazimum point as defined in (2.3), then we have

d(n iy pi) = O(Np e 1),
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Proof. Ma and Wei in [62] proved that the blow-up points (p1,- - , pm) of solutions
to the corresponding Dirichlet problem of mean field type must be a critical point of
the m-vortex Hamiltonian f,,, and they also pointed out that the same conclusion
would also hold for (1.3). Chen and Lin in [28, Estimate B| obtained a similar
conclusion in the manifold setting by using the Pohozaev identity. Therefore, the
only possible two-point blow-up would happen at the critical points of G(z,y). By
assumption of the symmetry of solutions, the blow-up points must be one of the
three cases stated in Theorem 1.2.

Then, it suffices to prove the estimate on d(zy;,p;), ¢ = 1,2. Without loss of
generality, let us consider the case i = 1. By (2.8), we can write u(z) = U, 1(z) +
Gi(z) — Gi(zp1) + nna(z) for x € B(xy,,1,0). Since x,1 — 0, we are always
able to choose n sufficiently large such that —z, 1 € B(2y,,1,9). Thus, using the
fact that w(xn1) = u(—wp,1) together with (2.9) and (2.13), we conclude that
|zp 1| = O ()\n,le”‘"-rl). Note that G7 is a smooth function. O

Remark 2.3. Recently, Chen, Kuo, Lin and Wang in [36] showed that G(z) might
have an extra pair of “non-trivial” critical points other than the three half periods
points for a class of flat tori. Moreover, the “non-trivial” critical points are always
non-degenerate. Based on these observations, one should be able to construct two
distinct families of blow-up solutions which are not evenly symmetric. It is also
possible to prove “local uniqueness” for solutions that blow-up at the origin and
one of the “non-trivial” critical points.

Let us define the local masses corresponding to the blow-up of u,, at p;, i =1,2:
Pn,i = pn/ e'rdr, 1=1,2. (2.15)
B(pi,d)

We have the following estimate on p, ;, i = 1,2, see [28, Section 3]
Pri — 8 = 16T\ e i + O (e 1), i=1,2. (2.16)
For the total mass, see [28, Theorem 1.1], we have

An 167>\n,1

2
_ o Ani —An,i) —
pn — 16T =16 > Ay e +0() = Ty

=1

1(P) + O (e™*1), (2.17)

where [() is the quantity defined in (1.6). In particular, we recall [(p) = 327e%1(P1)
# 0. We would like to remark that a more refined estimate involving D(§) on the
total mass has been derived in [6, Theorem 1.3] which is crucial in the case where
1(p) vanishes.

We will also need the asymptotic behaviour of w,, outside the union of the balls
B(p;,0), ¢ = 1,2. In particular, we consider the “outer” error defined as follows

2
wn(z) = up(z) — an,iG(x,xn,i) — / Uy dx. (2.18)
i=1 T
It is already proved in [28, Estimate A] that

wn = O(e™/2) in C! (T\ U B(pi,é)). (2.19)

i=1
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3. Uniqueness of blow-up solutions. In this section we will prove Theorem 1.1

by contradiction. Suppose that (2.1) has two distinct solutions u( ) and ug) which
blow-up at p;, ¢ = 1,2. Let us use x(z) )\(Z) )\g)l, Ufsz, gz, sz)w pgf)z and w’ to

denote x,, i, An, )\nﬂ, Uni, i, R i, pn’“ Wn, a8 defined in Section 2, corresponding
to u%), ¢ = 1,2, respectively.

As in [6, 61] we consider the normalized difference of the two solutions

uy (z) — u? (z)

b

- U%Z) | Lo (1)
Roughly speaking, our aim is to show that the projections of &,, n — +00, on the
three kernel functions (introduced in (1.14)) of the linearized operator (1.13) are
zero and then derive a contradiction by showing that &, # 0, n — +o00. The plan
is the following;:
(1) study the asymptotic behavior of &, inside and outside the blow-up disks,
(2) use a suitable Pohozaev identity to show the projection of &, on the radial
part kernel vanishes,
(3) exploit the evenly symmetric property to show the projections of £, on the
kernels related to translations are zero and finally prove Theorem 1.1.

3.1. Some useful estimates. We start by studying the asymptotic behavior of &,.
This part follows closely [6] jointly with Proposition 2.2, so we skip the computations
and refer the reader to [6] for full details.

Lemma 3.1. ([6]) There exists a constant C > 0 such that

1 1
AL A8 < < ~+ — ) i=1,2. (3.2)
R
Moreover,
ul) = u@|| ey = O | M) = A2 + A“) e 3.3
H n n || L (T) n,1
It is easy to see that &, satisfies
A&y + fr(x) = Adn + pren(@)én(z) = 0, (3.4)
where P o o
fa@) = —5— 5 (e = @) (3.5)
llun” = un” [ Lo (1)
and
et (@) _ puld (@) W 1) @
ea() = = (14 0(u) = uPlpr)) . (36)

u%l)(x) — uSLQ)(x)
Next, in the following lemma we give the description of &, both inside the bub-
bling disc B(p;,d), i = 1,2, and away from the blow-up points p;, i = 1,2.

Lemma 3.2. ([6]) Let

A1) NS
En,i(2) = &n ( 24l >>, 2] < de= %, i = 1,2,

then there exist constants b; o,b; 1,b; 2 such that

&n,i(2) = bioWio(2) + bi11i1(2) + b2t 2(2)
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in Cloe(R?), where

1 —2m|2|? V2rz V22

Yio(z) = T 2n o Via(z) = T4 onp Yio(z) = T5onf
Furthermore by g = ba g = by for some constant by, and
’ 0
(@) =—bo+0(1), VreT\|JB(p,e * R),

i=1
for some R > 0 sufficiently large.

For the proof of Lemma 3.1 and Lemma 3.2, we refer the readers to [6, Lemma
3.1-Lemma 3.4].

3.2. Radial part kernel. We prove here that the projection of £, on the radial
part kernel vanishes. Since by Lemma 3.2 we have b; g = bs o = by, we need to show
that by = 0. Then, for i = 1,2, let

Pn
bnaly) = O (Rl y) = Rl o)) + Gy - Galal)),  6.7)

where [ # i, and
'Ur(f,)z(y) = u ( ) ¢n z( ) 0=1,2. (3.8)

To show by = 0 we need the following Pohozaev identity from [6, Lemma 3.6].

Lemma 3.3. ([6]) For any fived r € (0,6), we have

1
! / V() + ), VE,) — / P, Y (08) + 0w, VEn)
2 JoB(a (S oB(x™M 1)

:/ TPn (e o b e 0P+, 1)
28 00 = 0@ ) (39)
(1) e
/ P (e e l+¢m> (2 (Vo (1)
— + n,i?x_'rn,i ) .
BeDr ) = 0 e

Next, we can follow the computations in [6, Lemma 4.2-Lemma 4.3] jointly with
Proposition 2.2 to get the estimate on both sides of (3.9). For the left hand side of
(3.9), we have

256bn e~ Noi+G (p:)
LHS of (3.9) = — 4A4,,; — 56boe o0 / o2i(@.0) g
prefiP M\B(p:,r)

(3.10)
NG

2
nzz

(1) .
An"i)v 1= 1a27

for fixed r € (0, ro), where

_ o D g
An,i - / ) 2 (6 — e ) s
M [Jun

_un)HLw(T)
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®,; is defined in (1.8) and 7 is introduced after (1.6). For the right hand side of
(3.9), we have

RHS of (3.9) = —

YO 128boeCi i) 7 51272byeCi (Pi)
T\t pneCien)

A 12800 / G (D) +®:(50) g,
Pn€Ci®) Jor Bpiro

G1(p1)
e (AW Pn€ "~ 2 _ G (p:)
e \nil ()\n 1 +1og ( PN r ) 2) Ile

(3.11)
+O0(e M) (r + R7Y) + o(e=n4)(log r + log R)
s
OC_ 1Anal(R” e +log)))
+o(e” A= 3,
for any r € (0,1) and R sufficiently large. Here
MCONNCIIT
B 51972 ((fT £,) — |, 2 ll oo (1) (, fn)Q)
pneGT(Pl) ’
With (3.10) and (3.11), we are now able to show by = 0.
Lemma 3.4. It holds by = by g = ba,o = 0.
Proof. By (3.9)-(3.11), together with (2.10) and (2.12), we have
A(1> 2 o
— 44,4+ O(e Z|Anl| +o(e M)
= 24, + O(ADe 1) 4 O(r=2e7k) 4 o(e it log R),
which implies that
A
Api=ole™27), i=12 (3.12)

For any r > 0, let r; = rV8eCi(Pi) j = 1,2. For each point p;, we choose r = r; in
(3.9). By (3.9)-(3.12), we have

2 A +G (pi)
2560 .
Z —4A45,,; — o / e®i(@P) gy
i=1 Pn eCiPy) M\B(pi,ri)
= A, (128bge% P 1 51272 (P
o Z: —¢ : pner(pl) E pneGI(Pl)

128 (3.13)

_ e 12800 / oG )40 (0.5) g
Pn€Ci®) Jor Blpirs

G7(p1) .
e (A(l) +log <P£€G:(p)ri2> _2> HeGi(pi):|
e\

+ 0(6—/\53,)1 (7’*2 + logR+ logr)) 4 O( n 1(7‘ + R~ ))
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for any r € (0,1), R > 1 sufficiently large. Then using the fact that A, 1+ An 2 =0,
we deduce that

(1 9
~256bge M .
Oge( ) Zec,(m/ @i (@) g
pneT1iPt Mi\B(pi;r:)
2
@  128b @ 327bgl
= G&)E:G@Z o %Q
predip pne®
9 (3.14)
_ e_)\(l) 128b0 Z G (pi) / ’ﬁ)dy
i 1\B(p“7‘1)
e I ( (1) Gi(p) 2y _ )
e 16771(_) A1+ log(pne ré)—2
7}\(1)

+o(e 1 (r~? +log R+ logr)) + O(ef)‘(nlv)l (r+R7Y).
By Lemma 3.2, we have [.&, = —by + o(1). We divide (3.14) by X, 1) A0t and
derive that (p)by = o(1). Therefore, we conclude that by = 0 since l(ﬁ) ;ﬁ 0. O

3.3. The conclusion. We are now in the position to prove Theorem 1.1.

Proof of Theorem 1.1. We already know that the projections on the radial part
kernel are zero, i.e. b; o = 0 for ¢ = 1,2, see Lemma 3.4. Let us show now that
the projections b; 1, ¢,k = 1,2, on the kernel related to translations are zero. Using

the fact that both ug) and u; are evenly symmetric, we can see that u( )(ac +p2)
and u( )(;v + p2) are also evenly symmetric. As a consequence, the projection of the
normalized difference on the kernel related to translations vanishes automatically,
ie.

bip =0, i k=12 (3.15)

We will conclude now by showing that &, # 0, n — +00. Let 2} be a maximum
point of &,, then we have

[&n ()] = 1. (3.16)
Therefore, by Lemma 3.2 and Lemma 3.4, we find that lim,,_, x}, = p; for some i.

Moreover, in view of Lemma 3.4 and the fact that b; ; = 0 for k = 1,2, we deduce
that

A%,
lim e72 s, = oo, (3.17)
n—oo

| We set &, () = En(snx + x ) then (2.9) and (3.4) imply

where s,, = |z} —
that EN,L satisfies

’IL [

pns2e "1(1+O(Sn|$|)+0( ) z

(1+ e g3 af)?

A&y + prs2en(snt + x( ))5 = A&, +

On the other hand, we have

- J— m(l)-
, () \ = lea(a?)] = 1. (3.18)

Sn
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In view of (3.17) and |§:n| < 1, we see that if £, — & on any compact subset
of R?\ {0}, then A&y = 0 in R?\ {0}. Since & is also bounded, then we can
conclude that & is smooth and harmonic on entire R?. Hence &; is a constant.

‘x;_z(l)

Since 57‘ =1 and in view of (3.18), we obtain that either So=1lor & = —1.

In particular, we have that |&,| > 1 for s, < |z — xgh < 2s,,, which contradicts to

A
the second conclusion of Lemma, 3.2 because of the facts that lim, ., e™2 s, = 0o,
lim,, o 5, = 0 and by = bj o = 0. This finishes the proof of Theorem 1.2. O

4. Existence of blow-up solutions. In this section we will use a Lyapunov-
type reduction method to construct blow-up solutions to (1.1). Since the proof of
Theorem 1.2 follows along the same line as the arguments used in [46, Theorem
2.1] and [37, Theorem 2.3], we shall give the key steps and refer the readers to the
above two papers for details.

4.1. Approximate solution. We start with an approximate solution of the equa-
tion (1.1) and obtain some estimates of this approximate solution. Let Ry > 0 be
a small fixed number and 7 be a cut-off function such that

1 fors<1, .
n(s) = 0<n(@) <1, [7(s) <2
0 fors>2,
Let
Nea(x) =1 (d(zt, a)) , VYaeT andt>0. (4.1)

Given € € (0,¢), for later purposes we choose A > 0 such that
16mhe™ < € < 64mre ™, (4.2)
or equivalently,
)\1(6) <A< Ag(e), (43)
where
167X ()e ™ () =€ and  64mhg(e)e () =

Since our ansatz will resemble a bubble function around each blow-up point we start
by letting w ; be the solution of the following localized equation:

16me?
— A i = . — s = 0, 44
“, 1+ 27T€’\(d(1?,pi))2)2 NRo,p; — M0 /wa, ( )
where
16me? - .
o= /T (1 + 27T€A(d(g; p'))2)2 nRO,pidx =81 + O(e )‘), i=1,2, (45)
17

where we used the fact that |T'| = 1.
In order to have a good approximation we need the following estimates. Let us
calculate the value of wy ;(p;), i =1,2:

16me*
i) = | Goo,y) | e ; d
wy, (p) /T (p y) |:(1 ¥ 271_6)\|y|2)277R0,101 mo Y
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1 16me?
= —logy+RO,y]dy+Oe’\
/BMO) [ o 08 W RO0) | o O

_/ [A 167d>
B(0, ¢3 Ry) L4T

A

Am

(14 27|2|?)?
1 167dz (4.6)
- ~ R(0,0)| — 1%
L eam[ 37 o8l + RO0)| g,
47|z|?

+a*/ )
B(0, e? Ry) (1 +27[2[2)?
= 2)\ + 2log (27) 4 87R(0,0) + Ae > + O(e™ ™).

1 _2 -
_%log\zH—R(O,e z)} +0(e™)

dz +0(e™™)

We can also estimate the value of wy ; near p;:
_a
wxi(ps +e722) —wxi(pi)
A 167re)‘
- G i + 67527 -G 79 :|
/T [ (p y) — G(pi,y) Aoy —pil?
1 167dz’
——[log |z — 2| = log |Z/|]] ———————=—
/B(O, ARy 27 [log | = log |} T 5 (4.7)

g (1) =132 0 ()

= ; -A —3X,3 -3
_log((1+2ﬂ_|z|2)2)+e Q(zl,zg)+0(e |z|)+0()\e \z|)

)2 T]Ro iy dy

for |2| < €2 Ry, where Q(z1, z3) is a quadratic form depending only on V2R(z)|.—o
with the property AQ = 8w. Note here we use the fact that AR = 1. For |z| >

2e%R0, i.e., d(z,p;) > 2Ry, we have

A , 16me? ’
wnile) = wnipi+e732) = [ Gl g e e
A, 167dz’ Y
= G(z,pi+e 22)———F—-5 +0(e ")
/B(O, e Rg) (14 2n|2'|?)?

—/ {G(p-—:c)—i—e*%VG(p-—m)~z'+eiA|Z/‘2 LC[Z’—%—O@?U
B(0, ¢2 Ry) ' ’ 4 | (14 27|2/|?)?

A
e2 Ry 8 3
o L — r —
= 81G(pi — x) + me /0 7(1+27rr2)2dr+0(6 )

=81G(pi — ) + Ae > +0(e ™),
(4.8)

Letting wy = —A +log () — 87 R(0) — 87G(p1, p2) we are now ready to provide
an ansatz for the solution of (1.1)

2
wy = ZwM + wy,. (4.9)

=1

Combining (4.6)-(4.8), we obtain the following lemma concerning the asymptotic
behavior of wy near the blow-up points p; and ps:
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Lemma 4.1. For z € B(0,e2 Ry), we have

_A 16mwe*
wx(pi +e 2z) = log (

H27rz|2)2> +e72Q(21, 22) + dme *2V2G(py — pa)z”

+20e N +0(e™ T 22) + O(Ne™ % |2]) + O(e™?).
While for = away from the blow-up points,

Lemma 4.2. For x € T\ (B(p1, Ro) U B(p2, Ry)), we have
wy(x) = — A+log(4/m) — 8T R(0) — 87G(p1 — p2)

2
+87 Y Gpi— )+ 22+ 0(e7H).
i=1

Finally, we need to estimate the approximate solution in the neck region. It turns
out that we can estimate wy and e“*> when Ry < d(x,pr) < 2Rp by comparing
wy with a function constructed by gluing the inner approximation and the outer
approximation by using the cut-off function 7y« for some o € (0,1). It is readily
checked that the “error” term could be controlled, please see [46, Lemma 3.1] for
more details.

By using Lemmas 4.1, 4.2 and [46, Lemma 3.1] we can now estimate e”*. We

have
2

16mwe?
I ) ol 10

where 6, has the property that for some constant C' > 0,

2
A

0x(z)] < Ce™2 Y [eZd(w,pi) + 1],

i=1
More precisely, when |z| < Rpe?, we have
-3 16me*
wix(pite” 2 z) ek th— | -2 4 - v2G _ T
e (1 T 27T|Z|2)2[ +e Q(ZMZQ) +4dme "z (pl pQ)Z (4.11)
+20e M+ 0(e™ T 2) + O(\e™ 7 |2]) + O(e )]
When d(x,p;) > Ry for i = 1,2, we have

e @) = O(eM). (4.12)

Finally, by exploiting (4.2), (4.11) and (4.12), we can follow the same computations
in [37, Lemma 3.3] to obtain the estimate of the error of the ansatz.

Lemma 4.3. ([37]) Let S,(u) = Au+p (f;tiu - 1). Then there exists a constant
C > 0 such that

A |22
T+ 2aeP)? (T 2272

Sptwr(pi+ e 22 £C e+ | torel< i,

and
1S, (wx)(x)| < CAe™  for x € T\ (B(p1, Ro) U B(pz, Ro)).

Furthermore, we have that S,(wy) is evenly symmetric.
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We conclude this subsection by considering the energy of the approximate solu-
tion wy. Indeed, it is known that equation (1.1) has a variational structure, i.e.,
any critical point of the energy functional

Jp(u) = %/T|Vu|2 —plog (/T e“) +p/Tu (4.13)

corresponds to a solution of (1.1). Again by (4.2), (4.11) and (4.12) and by direct
computations as in [37, Lemma 3.4] we can obtain the following expansion on the
energy of the approximate solution w.

Lemma 4.4. ([37]) The energy of wy is
Jy(wy) = — 647 [R(0) + G(p1 — p2)] — 167 log (27) — 167 — eX
— 321 e — €[2log (27) — 87 R(0) — 87G(p1 — p2)] + O(e™ ™).

4.2. The linearized operator. In this subsection, we shall establish the solvabil-
ity theory for the linearized operator of S, under suitable orthogonality condition.
Let us introduce the operator

L(u) = Au + P gy, (4.14)

Jp e

Observe that w
ey
Sh(wa)(u) = L (u — fT) . (4.15)
Let
L(u) = e L(u). (4.16)
If we shift the blow-up point p; to the center and rescale the torus T to T by the

factor e_%7 then formally the operator L converges to the operator L in R2:

~ 167

where z = 2 (z—p;). We point out that the operator L can be obtained by lineariz-

ing the Liouville equation Au+e* = 0 at the radial solution v(z) = log ((1@?%) .

A key fact that we are going to exploit is the non-degeneracy of v modulo the in-

variance of the Liouville equation under dilations and translations, i.e.,
C—v(z—C), s+~ uv(sz)+2logs.

Thus, we let

Yolz) = 5 o(s2) + 210g ] _,.

9 (4.18)

Yi(z) = %v(z — C)|C:0’ k=12
J

Here v4’s coincide with 1; ;’s defined in Lemma 3.2. It is shown in [1] that the
only bounded solutions of L(u) = 0 in R? are precisely the linear combinations of
Y, k= 0,1,2. With a little abuse of notation, let 1; j := 1y (e%(a? — p;)) denote a
function on T for i = 1,2 and k= 0,1, 2.

Next, we introduce the functional setting for the problem. To this end, we start
by letting nr be the following cut-off function:

1 fors<R
= — =0 0<Ap <1, | <2.
nr(s) {0 fors>R41 OSTRS [TR(s)] <
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Let fr,p = Nr(|z — p|). We also write p} to denote e2p;. Then, we set

L(1y) ={u € L¥(T3) | u(z) = u(~2)}.

We introduce the following norms
-1

2
[Ylloe = sup [¢f,  [[¢[le = sup Z Lt d(zp) > +e | (2.
z€T z€T j=1

The choice of the latter norms is motivated by the construction of suitable barrier
functions in the proof of some uniform estimates, see Step 2 in Lemma 4.5. Let

¢ ={ue L2(m) | llull. <},

and

C. ={u e LE(T) | u L Yigiin, py, i = 1,2},
where R; > 0 is a large but fixed number. We notice here that the orthogonality
condition in the definition of C, is only taken with respect to the elements of the
approximate kernel generated by dilations. However, it is not difficult to see that the
elements in C, are also perpendicular to the approximate kernel that are generated
by translations, i.e.,

w L Yikiin, s Yi=1,2, k=012, ueC.

The main goal in this subsection is to prove a solvability result and an a priori
estimate (uniform in A) concerning the operator L given in (4.16) in the functional
settings defined above under suitable orthogonality conditions. To this end, let us
start with the following uniform a priori estimate for an auxiliary problem with the
additional orthogonality conditions of ¢ under translations.

Lemma 4.5. Let h € C N C*(Ty\). Then, there exist \g,C > 0 such that for any
A > Xg and any ¢ € C, such that

L(¢) = h in Ty, / ﬁRl,p;¢i,k¢ =0, Vi=12, k=0,1,2, (4.19)
Tx

it holds
[¢llee < CllAlx

Proof. The proof follows the strategy first introduced by del Pino, Kowalczyk and
Musso in [39] in dealing with a singularly perturbed Liouville-type equation on
a bounded domain with Dirichlet boundary condition. The argument was then
suitably adapted to the flat torus case in [37] so we will state just the main steps
referring to [37, Lemma 4.2] for a detailed proof.

The proof is obtained by contradiction assuming that there exist sequences

An = +00, hy, with [|hy]l« — 0 and ¢, with ||¢n|lcc = 1 satisfying (4.19). The
contradiction is obtained after the following steps.
Step 1. The first step is to construct a positive supersolution V' in order to show
that the operator L satisfies the maximum principle on the torus outside the bub-
bling disks T\ = Ty \ UL, B(p}, R}), for Ry > 0 sufficiently large, i.e. if L(u) <0
in T\ and v > 0 on 8T)\, then v > 0 in T)\ This is done by defining a suitable
projection of the radial solution fo(r) = in R? of

7"2+1

Afo+ ———53fo=

(1472)
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to a function space on T) in order to satisfy the periodic boundary conditions.

Step 2. The second step is to prove that there exists a constant C' > 0 such that
if L(¢) = h in T), then

[6lloc < ClliBllin + lIR]l-];

where ||-||;» denotes the “inner” norm of a function on Ty in the bubbling disks, i.e.

[6llin = sup  [g].

U?:1B(P_; R3)

One can use suitable barrier functions in Ty jointly with the maximum principle of
Step 1 to derive the above claim.

Step 3. In the final step we will employ a convergence argument to finally deduce
a contradiction. By assumptions and by Step 2 we get ||¢p||in > 6 > 0. Therefore,
one can see that ¢, in a bubbling disk locally converge to a bounded non-zero
solution of

L(¢) =0
given in (4.17). Hence, é is a linear combination of ¥y, k = 0,1,2, defined in

(4.18). On the other hand, the orthogonal conditions on ¢, imply qAS = 0, yielding
a contradiction. O

We can now prove the solvability and a priori estimate of the following problem
(4.20).

Proposition 4.6. Let h € C. Then, there exist Ao, C > 0, such that for all X\ > Ay,
there exist a unique ¢ € C, and numbers ¢;, 1 = 1,2 such that

2
L(¢) =h+ Zcz‘flRl pWio i Ty (4.20)
i=1
Moreover, if h € C*(T), then
[8lloc < ClIAx. (4.21)

Proof. We start by proving the a priori estimate (4.21). One can apply Lemma 4.5
to get

[¢llc <C

2
IRl + |Ci] :
i=1

We can reason exactly as in [37, Proposition 4.1] and after multiplying the equation
(4.20) by the test function 7jgy /10, Ry > 0 sufficiently large, derive [¢;| < C||h/..
Thus, (4.21) holds true.

The existence of a solution to (4.20) follows from the Fredholm alternative since
we know that equation (4.20) has a unique solution if and only if the associated
homogeneous problem (i.e. with & = 0) has only the trivial solution. By the a priori
estimate we conclude that this is the case and the proof is concluded. O

Finally, we can reason as in the proof of Proposition 4.6 and deduce the following
main result of this subsection, in which one more orthogonal condition to ¢ is
imposed, see [37, Corollary 4.3].
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Proposition 4.7. ([37]) Let h € C. Then, there exist Ag,C > 0, such that for all
A > Ao, there exist a unique ¢ € Cy and numbers ¢;, i = 0,1,2 such that

2
L(¢) =h+ Y cifip, ptbio+coin T, ¢ Le™. (4.22)
i=1

Moreover, if h € C*(T)), then
[$lloc < CliAllx

By means of the latter result we can define a continuous linear map 7' : C —
Le°(T)) given by
h— T(h) := ¢,
where ¢ is the unique solution of problem (4.22) obtained in Proposition 4.7.

4.3. Finite-dimensional reduction and proof of Theorem 1.2. We are ready
to reduce the infinite dimensional problem of finding ¢ such that

Sp(’w)\ +¢)=0 (4.23)

to a one-dimensional problem of finding appropriate scale A with given p. To this
end we first expand S,(wy + ¢) as

Syt 0 = sy + £ (0= T eve, s
T e o == S

Since S,(wy + ¢) is invariant under adding a constant to ¢, we can further assume

that
/ e ¢ = 0.
T

By slightly abuse of notation we still denote ¢ as a function in C.. Moreover, we
consider problem (4.23) in the dilated coordinates, i.e. wy, S,(wy) and N(¢) are
now treated as functions on 7).

In order to obtain a solution to (4.23) we first exploit the solvability of the
linearized operator established in subsection 4.2 to solve the following intermediate
problem.

Lemma 4.8. There exist Ao, C > 0, such that for all X > Ao, there exist a unique
¢ € Cy and numbers ¢;, 1 = 0,1,2 such that

2
L(¢) = —e ™ [Sp(wx) + N(@)] + > ciiip, prbio +co in Tn, ¢ Le™.  (4.26)

i=1
Moreover, it holds
[lloc < Ce™%. (4.27)

Proof. Let T : C — L°(T») be the continuous linear map defined after Proposi-
tion 4.7. Then, we rewrite (4.26) as

¢ =A(¢) =T (—e *[Sp(wn) + N(¢)])

in the subspace F = {¢ € C, | ¢ L ">, ||¢|lsc < Ce~2}. By using Proposition 4.7
and the estimate of the error S,(wy) in Lemma 4.3 it is not difficult to show that
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the operator A is a contraction map in the space F. Thus, there exists a unique
fixed point which is a solution to (4.26). O

To conclude and get a solution to (4.23) we are left with showing that ¢y = ¢; =
cg = 0in (4.26). To this end, we have the following properties.

Lemma 4.9. Let ¢ and ¢;, i = 0,1,2 be given as in Lemma 4.8. Then, it holds:
(1) ¢1 = ¢z and co = —2e~*Acy, where A =[5, Tr, tho(2)dz.

2

2] —
(2) [58lloo < Ce™>.

Proof. (1) From the invariance of problem (4.26) by the change z — z + p/, we have
(L(®), TRy pr 01,0) = (L(9), TR, py¥2,0) -
Moreover, integrating the equation in (4.26) on Ty, we have
A(cr +co) +etep =0 (4.28)
and (1) holds true.
(2) The idea is to differentiate (4.26) with respect to A, write

08\ - .
L (a)\> =h+ ;Cmm,pg%o,

for some suitable h, ¢ and finally exploit Proposition 4.6. We can follow the same
computations as in [37, Lemma 5.3] so we omit the details. O

Moreover, we have the following property concerning the energy functional J,
defined in (4.13).

Lemma 4.10. Let ¢ be given as in Lemma 4.8 and A1, \a be as in (4.3). Then,
Jy(wx + @) is a C* function with respect to X for X € (A1, A2) and hence it has a
local mazimum point \.. Furthermore, we have

€= (321 + o(1)) Ae ™,
as € = 0, where p = 167 + €.

Proof. We first make the following expansion
Jo(wx + @) = Jp(wa) + (Sp(wx + 09), d),
for some 0 € (0,1). Then,
Sp(wy + 06) = S,(wy) + 0AG + Oe™ 2 e™)

Exploiting [|¢[lc < Ce™2, the estimate of the error S,(wy) in Lemma 4.3 and
reasoning as in [37, Lemma 6.1] for the term A¢ it is easy to show that

Jo(wx + @) = J,(wy) + O(e ™).
Then, by letter estimate and by Lemma 4.4 we have

Jy(wy) = — 647%[R(0) + G(p1 — p2)] — 167 log (27) — 167 — €A
— 32he ™ — €[2log (27) — 87 R(0) — 87G(p1 — p2)] + O(e™?).
The proof of Lemma 4.10 follows then easily. O

Finally, we can prove now the main result of this section. It turns out that the
scale A, given by the Lemma 4.10 is the right choice to solve the problem (4.23).
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Proof of Theorem 1.2. We have to prove that for A = A\, ¢g = ¢1 = ¢ = 0 in
(4.26). Since A, is a critical point of J,(wx + ¢) we have

_ aJp(wA + ¢)

0 oA

Ia=x, = <Sp(w)\ + ), a(wg;rd))> [A=x. -

On the other hand, by using Lemma 4.9 and by direct computations as in [37,
Lemma 6.3] it is not difficult to get

(sutwr +0). 25D — (et 1 o) e

and hence it follows ¢y = ¢; = ¢o = 0. Thus,

Sp(wx, + ¢+) =0

and wy, + ¢. is the desired blowing-up solution to (1.1). O
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