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MOMENTS OF THE 2D SHE AT CRITICALITY

YU Gu, JEREMY QUASTEL AND LI-CHENG TSAI

We study the stochastic heat equation in two spatial dimensions with a multiplicative white noise, as the
limit of the equation driven by a noise that is mollified in space and white in time. As the mollification
radius € — 0, we tune the coupling constant near the critical point, and show that the single time correlation
functions converge to a limit written in terms of an explicit nontrivial semigroup. Our approach consists
of two steps. First we show the convergence of the resolvent of the (tuned) two-dimensional delta Bose
gas, by adapting the framework of Dimock and Rajeev (J. Phys. A 37:39 (2004), 9157-9173) to our setup
of spatial mollification. Then we match this to the Laplace transform of our semigroup.

1. Introduction and main result
In this paper, we study the stochastic heat equation (SHE), which informally reads
WZ=IVPZ+\BEZ, Z=Z(tx), (t,x)eRy xR

where V? denotes the Laplacian, d € Z, denotes the spatial dimension, & denotes the spacetime white
noise, and B > 0 is a tunable parameter. In broad terms, the SHE arises from a host of physical phenomena
including the particle density of diffusion in a random environment, the partition function for a directed
polymer in a random environment, and, through the inverse Hopf—Cole transformation, the height function
of a random growth surface; the two-dimensional Kardar—Parisi—Zhang (KPZ) equation. We refer to
[Corwin 2012; Khoshnevisan 2014; Comets 2017].

When d = 1, the SHE enjoys a well-developed solution theory: For any Z(0, x) = Zi.(x) that is
bounded and continuous, and for each g > 0, the SHE (in d = 1) admits a unique % ([0, co0) x R)-valued
mild solution, where 4 denotes continuous functions [Walsh 1986; Khoshnevisan 2014]. Such a solution
theory breaks down in d > 2, due to the deteriorating regularity of the spacetime white noise &, as the
dimension d increases. In the language of stochastic PDE [Hairer 2014; Gubinelli et al. 2015], d =2
corresponds to the critical, and d = 3, 4, . .. to the supercritical regimes.

Here we focus on the critical dimension d = 2. To set up the problem, fix a mollifier ¢ € > (R?),
where €>° denotes smooth functions with compact support, with ¢ > 0 and [ ¢ dx = 1, and mollify the
noise as

€x(1,x) 1= /Rz Qe (x — YE@, Y)dy,  ¢e(x) = Fo(%).
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Consider the corresponding SHE driven by &,
3Ze =3V Ze+\/BebcZo, Zo=Z,(t,x), (t.x)€R. xR (1-1)

with a parameter 5. > 0 that has to be finely tuned as ¢ — 0. The noise &, is white in time, and we
interpret the product between &, and Z, in the It6 sense. Let p(t, x) :=1/(2x¢t) exp(—lx|2 /(2t)), x € R2,
denote the standard heat kernel in two dimensions. For fixed Z(0, x) = Z;. € Z?(R?) and ¢ > 0, it is
standard, though tedious, to show that the unique % ((0, co) X R?)-valued mild solution of (1-1) is given
by the chaos expansion

Ze(t, x) =/ p(t. x —x) Zie(x) dx' + Y Lo k(t, %), (1-2)
R k=1

k
I (1, x) := / (H p(tor1 — 75, 0 —xO) /BLE (xi, x“'))drsdx“‘))p(n, xV—x)Zie(x) dx', (1-3)
s=1

where the integral goes over all 0 < 7 < ... < 1 < ¢ and x/, xM . x® e R2, with the convention

x* D = x and 7y =1
From the expression (1-3) of I, x, it is straightforward to check that, for fixed 8, =8 > 0as e — 0,
the variance Var[/, x] diverges, confirming the breakdown of the standard theory in d = 2. We hence
seek to tune B, — 0 in a way so that a meaningful limit of Z, can be observed. A close examination
shows that the divergence of Var[/, ] originates from the singularity of p(z, 0) = (2nt) ' neart =0, so
it is natural to propose 8, = Bo/|loge| — 0, Bo > 0. The ¢ — 0 behavior of Z, for small values of Sy
has attracted much attention recently. For fixed Sy € (0, 2), [Caravenna et al. 2017] showed that the
fluctuations of Z, (¢, ¢) converge (as a random measure) to a Gaussian field; more precisely, the solution of
the two-dimensional Edwards—Wilkinson (EW) equation. For Sy = By . — 0, [Feng 2016] showed that the
Y2 10g Z.(t, x)
is also a quantity of interest: it describes the free energy of random polymers and the height function

corresponding polymer measure exhibits diffusive behaviors. The logarithm A, (¢, x) :=

in surface growth phenomena which solves the two-dimensional KPZ equation. The tightness of the
centered height function was obtained in [Chatterjee and Dunlap 2020] for small enough By. It was then
shown in [Caravenna et al. 2020] that the centered height function converges to the EW equation for all
Bo € (0, 2m), and in [Gu 2020] for small enough fBo; i.e., the limit is Gaussian.

However, the ¢ — 0 behavior of Z, goes through a transition at By = 2. Consider the n-th order
correlation function of the solution of the mollified SHE (1-1) at a fixed time:

Ue(t, X1, .oy Xy) 1= [E[l_[ zg(r,x,-)]. (1-4)
i=1

By the Itd calculus, this function satisfies the n particle (approximate) delta Bose gas

O e (t, x1, ..o, xn) = —(Heue)(t, X1, ..., Xn), % € R, up(0) = Z2" (1-5)

ic

where H, is the Hamiltonian

H€:=—§§V?—ﬂs D Selimxp. ()= 0 ), d():i= /R 9GP dy, (1-6)

1<i<j<n
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with the shorthand notation Vl.2 = V)%[ . It can be shown (e.g., from [Albeverio et al. 1988, Equation (I.5.56)])
that, for n = 2, the Hamiltonian , has a vanishing/diverging principal eigenvalue as ¢ — 0, respectively,
for By < 27 and By > 27. This phenomenon in turn suggests a transition in behaviors of Z, at Sy = 27.
This transition is also demonstrated at the level of pointwise limit (in distribution) of Z.(¢, x) as e — 0
by [Caravenna et al. 2017].

The preceding observations point to an intriguing question of understanding the behavior of Z, and u,
at this critical value By = 2. For the case of two particles (n = 2), by separating the center-of-mass and
the relative motions, the delta Bose gas can be reduced to a system of one particle with a delta potential
at the origin. Based on this reduction and the analysis of the one-particle system in [Albeverio et al. 1988,
Chapter 1.5], Bertini and Cancrini [1998] gave an explicit ¢ — 0 limit of the second order correlation
functions (tested against .#? functions). Further, given the radial symmetry of the delta potential, the
one particle system (in d = 2) can be reduced to a one-dimensional problem along the radial direction.
Despite its seeming simplicity, this one-dimensional problem already requires sophisticated analysis.
Although the final answer is nontrivial, it does not rule out a lognormal limit. For n > 2, these reductions
no longer exist, and to obtain information on the correlation functions stands as a challenging problem.
The only prior results are for n = 3. Feng [2016] showed that for Z, the limiting ratio of the cube root of
the third pointwise moment to the square root of the second moment is not what one would expect from a
lognormal distribution, indicating (but not proving) nontrivial fluctuations. Using techniques developed
in [Caravenna et al. 2019a] to control the chaos series, Caravenna et al. [2019b] obtained the convergence
of the third order correlations of Z, to a limit given in terms of a sum of integrals.

In this paper, we proceed through a different, functional analytic route, and obtain a unified description
of the ¢ — 0 limit of all correlation functions of Z.. We now prepare some notation for stating our main
result. Hereafter, throughout the paper, we set

2 27 Bine
~ lloge| = |logel?’

Be : (1-7)

where Bine € R is a fixed, fine-tuning constant. This fine-tuning constant does not complicate our analysis,
though the limiting expressions do depend on Bfne. Let ygm = 0.577 ... denote the Euler—Mascheroni
constant, and, with ® as in (1-1) and (1-6), set

B :=2(log2 + Bfine — Bo — vEM).

Bo = /th ® (x1) loglxy — x| (x}) dxidx], o
and
it ) = foo ™ (1-9)
o Do
We will often work with vectors x = (x1, ..., x,,) € R*, where x; e R*, and y = (2, ..., y,) € R¥" 72,

where y; € R2. We say x; is the i-th component of x. Forn > 2 and 1 <i < j < n, consider the linear
transformation S;; : R?'~2 — R?" that takes the first component of R*"~2 and repeats it in the i-th and
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j-th components of R>",

Sij(y2s o yn) =35y Y2 ey Y2 ey V) (1-10)
—— ——
i-th j-th

This operator S;; induces the lowering operator S;; : L2(R*) — £?2(R?*"2), which is defined as

(Siju)(y) == u(Sijy). (1-11)

Let s#*(R*") denote the Sobolev space of degree o € R. As we will show in Lemma 4.1, (1-11)
defines an unbounded operator £ (R>") — #*(R*"~?), and there exists an adjoint

S LXRT o () TR,

a>1
Let
Pt = e% Z?:l Vlz
: 2 (R27Y- it i - N _ P
denote the heat semigroup on .2(R*"); its integral kernel will be denoted P (¢, x) :=[]/_; 57 exp( T)
Define the operator 73;7 : L2(R72) > L2(R*2) to be
PT =i, Bei Vit Ein Vi (1-12)

This operator “squeezes” the first component x; in the heat semigroup and multiplies the result by the
function j(z, B,). The function is related to the operator 7, defined later in (1-22) (see Lemma 8.4) and
hence the notation P} .

We need to prepare some index sets. Hereafter we write i < j for a pair of ordered indices in
{I,....n},ie., twoelementsi < j of {1,...,n}. Forn,m € Z, we consider (i, j) = ((ix, jx));—, such
that (ix < ji) # (ik+1 < Jk+1), 1.€., m ordered pairs with consecutive pairs nonrepeating. Let

- Nm . . .
Dgm(n, m) := {(i, j) € ({1, ..., n}>)" : (ix < ji) # (k1 < Ji+ 1)}, (1-13)
Dgm(n) := |_J Dgm(n, m) (1-14)
m=1

denote the sets of all such indices, with the convention that Dgm(1, m) := &, m € Z,. The notation
Dgm(n) refers to “diagrams”, as will be explained in Section 2. Let

Zn (1) = {7 = yetzrpom €ERY T i+ Tp+ o d T =1, (1-15)

so that for a fixed ¢ € R, the integral f s, (Z)( «)dT denotes a (2m+1)-fold convolution over the set X, (¢).
For a bounded operator Q:.#" — ¢ between Hilbert spaces %" and 7", let || Ql|op := SUP|y =1 11 Qull
denote the inherited operator norm. We use the subscript “op” (standing for “operator”) to distinguish
the operator norm from the vector norm, and omit the dependence on % and .#”, since the spaces will
always be specified along with a given operator. The .#? spaces in this paper are over C, and we write
(f, g):= fRd f(x)g(x) dx for the inner product. (Note our convention of taking complex conjugate in
the first function.) Throughout this paper we use C(a, b, . ..) to denote a generic positive finite constant
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that may change from line to line, but depends only on the designated variables a, b, .... We view the
mollifier ¢ as fixed throughout this paper, so the dependence on ¢ will not be specified.
We can now state our main result.

Theorem 1.1. (a) The operators
ng(n) Dgm(n) (i,7)
P = ’ > -
r + D, D, E T T eDem) D, t=20, (1-16)

—
define a norm-continuous semigroup on L2(R?), where, for (i, j) = (G, j))j;

@,
DD, = /2 ()’Pfos;ﬁjl (47173;17/2)(]_[5””79“ e (47173%1/2)) S, jnPr, dT. (1-17)

The sum in (1-16) converges absolutely in operator norm, uniformly in t over compact subsets
of [0, 00).

(b) Start the mollified SHE (1-1) from Z:(0, &) = Zi.(s) € L*(R?). For any f(x) = f(x1,...,X,) €
LR, ne Z,, we have

E[(f, ZEN] = [E[/ W]—[ Zg(t,xl-)dx] (f, (P, +DPE™™) zZ2" ase— 0, (1-18)
R2" i=1

uniformly in t over compact subsets of [0, 00).

Remark 1.2. Since the method is through explicit construction of a convergent series for the resolvent on
Z2(R?"), our result does not apply to the flat initial condition Z;.(x) = 1. We conjecture that Theorem 1.1
extends to such initial data, and leave this to future work.

Theorem 1.1 gives a complete characterization of the & — 0 limit of fixed time correlatlon functlons of
the SHE with an .#? initial condition. We will show in Section 2 that for each (1 j) € Dgm(n), D(’ D
possesses an explicit integral kernel. Hence the limiting correlation functions (i.e., the right-hand side
of (1-18)) can be expressed as a sum of integrals. From this expression, we check (in Remark 2.1) that for
n =2 our result matches that of [Bertini and Cancrini 1998], and for n = 3, we derive (in Proposition 2.2)
an analogous expression of [Caravenna et al. 2019b, Equations (1.24)—(1.26)].

A question of interest arises as to whether one can uniquely characterize the limiting process of Z..
This does not follow directly from correlation functions, or moments, since we expect a very fast moment
growth in n (see Remark 1.8). Still, as a simple corollary of Theorem 1.1, we are able to infer that every
limit point of Z, must have correlation functions given by the right-hand side of (1-18). The corollary is
mostly concretely stated in terms of the vague topology of measures, or equivalently testing measures
against compactly supported continuous functions. One could generalize to .#? test functions but we do
not pursue this here.

Corollary 1.3. Let Zi. and Z.(t, x) be as in Theorem 1.1, and, for each fixed t, view . (dx) :=
Z:(t, x)dx as a random measure. Then, for any fixed t € R, the law of { e (dx)}ee(0,1) is tight in the
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vague topology, and, for any limit point i, ;(dx) of {te :(dx)}ec(0,1), and for any compactly supported,
continuous fi, ..., fu € %.(R?), ne 7.,

[E[l_[ / ﬁ-(xl-m*,t(dx,-)} = (f1® - ® fu. (P + DY) 28", (1-19)
i=1 VR

Furthermore, if Zi.(x), f(x) = 0 are nonnegative and not identically zero, then

3
[E[(/Rz J )ty (dx) — [E[/Rz f(X)/L*,t(dX)D ] > 0. (1-20)

Due to the critical nature of our problem, as ¢ — 0 the moments go through a nontrivial transition as
Bo passes through 2. To see this, in (1-2), use the orthogonality E[ I, (¢, x1) I (¢, x2)] =0, k k', to
express the second (n = 2) moment as

2
[E[(/ Zg(t,x)f(x)dx> ]
RZ
2 -~ s
= /{RS l_[ p(t, x; — x) f (x;) Zic(x]) dx;dx; + Z /W E[H I i (2, x,-)f(x,-)]dxlde,
i=1 P Pl

As seen in [Caravenna et al. 2019b], the major contribution of the sum spans across a divergent number
of terms — across all £’s of order |loge| — co. We are probing a regime where the limiting process
“escapes” to indefinitely high order chaos as ¢ — 0, reminiscent of the large time behavior of the SHE/KPZ
equation in d = 1.

Because of this, obtaining the ¢ — 0 limit from chaos expansion requires elaborate and delicate
analysis. In fact, just to obtain an e-independent bound (for fixed Z;. and test functions f;) from the chaos
expansion is a challenging task. Such analysis is carried out for n =2, 3 in [Caravenna et al. 2019b] (in a
discrete setting and in the current continuum setting, both with Z;. = 1). Here, we progress through a
different route. From (1-4), (1-5), and (1-6) obtaining the limit of the correlation functions is equivalent
to obtaining the limit of the semigroup e ~*+, which reduces to the study of H, itself, or its resolvent.

The delta Bose gas enjoys a long history of study, motivated in part by phenomena such as unbounded
ground-state energy and infinite discrete spectrum observed in d = 3. We do not survey the literature here,
and refer to the references in [Albeverio et al. 1988]. Of most relevance to this paper is the work [Dimock
and Rajeev 2004], which studied d = 2 with a momentum cutoff, and established the convergence of the
resolvent of the Hamiltonian to an explicit limit [Dimock and Rajeev 2004, Equation (90)]. Here, we
follow the framework of [Dimock and Rajeev 2004], but instead of the momentum cutoff, we work with
the space-mollification scheme as in (1-6), in order to connect the delta Bose gas to the SHE.

Hereafter we always assume n > 2, since the n = 1 case of Theorem 1.1 is trivial. We write I for the
identity operator in Hilbert spaces. For z € C\ [0, 00), let

n -1
1
g = <—§;vf—z1) (1-21)
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denote the resolvent of the free Laplacian in R?". Let 7, be the unbounded operator
LR o L2(RP2)
defined via its Fourier transform
T:0(p2-n) :=10g(31pl3_, — 2)0(p2-n), (1-22)
where pr_, ;= (p2, ..., pn) € R2"~2 and

P13, = 3PP+ s+ pal,

with domain

Dom(7;) := {v e L*(R*?): [0(p2—n) log(| pl3_, + DI*dpa_y < oo}
R n

Let .ffym(RZ") denote the subspace of ZL2(R™M) consisting of functions symmetric in the n-components,

ie, u(xy, ..., x,) =uXq(1y, - -, Xo@mn)), for all permutations o € S,,. Recall B, and Bfpe from (1-8). As
the main step toward proving Theorem 1.1, in Sections 3—7, we show the following:

Proposition 1.4 (limiting resolvent). There exists C < oo such that, for z € C with Re(z) < —ec”zw*,

(a) the following defines a bounded operator on £*(R*) — £*(R>"):

Re=G.+) Y G5 ,@xT D"
m=1 E))eng(n,m) m .
x [ 161716287, 4n (T = BD) ™) Siyj, Ger (1-23)

s=2
where the sum converges absolutely in operator norm;

(b) when restricted to .,i’g%ym(IRZ”), the operator takes a simpler form,
RYM = 2 S’ : 1 2 dS S; N 1-24
> '_gz—i_n(n——l) Zgz i )\ 47 J. — B« —mz i19:Ske ZSijgz . (1-24)
i<j 1<J
The sum Zd is over distinct pairs (i < j) # (k < £).

Remark 1.5. The leading term 27/|log €| of B, in (1-7) is easily seen to arise from the divergence in
Sij QZS;'} when we replace S;; by approximate versions Sg;;. See the discussion following (6-4).

Theorem 1.6 (convergence of the resolvent). There exist constants C| and Cy(Bfine) < 00, where C
is universal while C»(Bfine) depends only on Bgne, such that for all € € (0,1/Cy), for z € C with
Re(z) < —eC1"" B+ and for H, defined in (1-6),

(a) (M, — z) has a bounded inverse £*(R*") — £*(R*"),
(b) R, :=(He —2)~ ' — R, strongly on L*(R*"), as ¢ — 0.
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Remark 1.7. In stating and proving Proposition 1.4 and Theorem 1.6 we have highlighted the dependence
on fBane. For the purpose of this paper, keeping the dependence is unnecessary (since Bape can be fixed
throughout), but we choose to do so for its potential future applications.

Remark 1.8. Given Theorem 1.6, by the Trotter—Kato theorem [Reed and Simon 1972, Theorem VIII.22],
there exists an (unbounded) self-adjoint operator H on Z%(R*"), the limiting Hamiltonian, such that
R,=H—zD7", Im(z) #0. As implied by Theorem 1.6, the spectra of . and H are bounded below
by —eCm*+B+ Such a bound is first obtained under the momentum cutoff in [Dell’ Antonio et al. 1994].
The prediction [Rajeev 1999], based on a nonrigorous mean-field analysis, is that the lower end of the
spectrum of H should approximate —e“", for some c, € (0, 0o) that depends on Bfpe.

Remark 1.9. One can match e~* to the operator P, + DPgm(n) on the right-hand side of (1-18) heuristi-

cally by taking the inverse Laplace transform of R, in (1-23) in z. At a formal level, doing so turns the
operators G, and (J, — B,.I)~! into P, and P7, respectively, and the products of operators in z become
the convolutions in ¢.

Remark 1.10. It is an interesting question whether the resolvent method, which is applied to the critical
window in this paper, also applies to the subcritical regime By < 27. In the subcritical regime, it is the
fluctuations |log €|'/>(Z, — 1) that converge to the EW equation, as shown in [Caravenna et al. 2017] using
a chaos expansion. In order to apply the resolvent method, one needs to center and scale the correlation
functions (1-4). The result on the convergence of the two point correlation function is a straightforward
application of the resolvent method. Analyzing the higher order correlation functions under such centering
and scaling is an interesting open question.

Remark 1.11 (SHE ind > 3). In higher dimensions d > 3, the appropriate tuning parameter is 8, = Boe¢ 2.
For small By, the studies on the EW-equation limit of the SHE/KPZ equation include [Magnen and
Unterberger 2018; Gu et al. 2018; Dunlap et al. 2020], and results on the pointwise fluctuations of Z, and
the phase transition in By can be found in [Mukherjee et al. 2016; Comets and Liu 2017; Comets et al.
2018; 2020; Cosco and Nakajima 2019]. For discussions on directed polymers in a random environment,
we refer to [Comets 2017].

Outline. In Section 2 we give an explicit expression for the limiting semigroup in terms of diagrams and
use this to derive Corollary 1.3 from Theorem 1.1. In Section 3, we derive the key expression (3-6) for
the resolvent R ;, which allows the limit to be taken term by term: the limits are obtained in Sections 4
through 6, and these are used in Section 7 to prove Proposition 1.4(a)—(b), Theorem 1.6(a)—(b) and the
convergence part of Theorem 1.1(b). In Section 8, we complete the proof of Theorem 1.1 by constructing
the semigroup and matching its Laplace transform to the limiting resolvent R ;.

2. Diagram expansion

In this section, we give an eﬁglicit integral kernel D@/ (¢, x, x) of the operator D,(”] ) in Theorem 1.1.
and show how the kernel D@/ (¢, x, x') can be encoded in terms of diagrams. This is then used to show
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how Corollary 1.3 follows from Theorem 1.1. The operators S;;P;, 77,8 and S;;P;S;, have integral
kernels

(SijPu)(y) = /R2 P(t, S;jy —x)u(x)dx, y=02 ..., ) € R"2, (2-1)

(PISZ'*J'U)(X) = /2 2P(t,x—Sijy)v(y)dy, x=(x1,...,x,) € R, (2-2)
R21—

(SijPiSiv) () = /Rz P Sy - Skey Ay, y= (2 ..., ) ERTT (2-3)

-
From this we see that Dt(l’] ) has integral kernel

-
DBty = [ [ PP P 0,y -y Oy
()

m—1
.H(p(-[k’ Sikjky(k)_SikijHy(k+1/2)) dy(k+l/2)47TP‘7(‘rk+1/2, y(k+1/2)_y(k+l))dy(k+l))
k=1

2-4

where %,,(t) is defined in (1-15), x, x" € R*", and y@ € R*"~2 with a € (3Z) N (0, m].

We wish to further reduce (2-4) to an expression that involves only the two-dimensional heat kernel
p(t, x;) and j(t, B,). Recall from (1-10) that (S;;y) := x is a vector in R?" such that x; = xj. In (2-4),
we write

Si iy D=, Yy =@, x,(l“))l{xi(ka) = xﬁf)},
—— ——
ir-th Jr-th
and accordingly, dy@ = d'x@, where a = k — 1, k. The vector x?“) is in R?", but the integrator d’x@ is

(@) _

(2n—2)-dimensional due to the contraction x = (“) . More explicitly,

dx@ = (dxfj) I dx,§“>) = (dxj.f’ I dx§“>>, a=k—1k

Lix, jk Lk, ji
We express P as the product of two-dimensional heat kernels, i.e., P(t,x) = ]—[Z: 1 P(T, x¢) with x =
(X1, ..., X,), and similarly for P/ (z, »); see (8-6) for the explicit expression. This gives

-
DI (t,x,x") =

n
> (1/2 1/2 1/2
/ df/]_[p(ro,xe ) = ) 172
E"l(t)

1/2 1 1/2 1
‘477_](-[1/2 'B*)p( Tl/z xl(l/) () 1_[ p(.[ (/)_xé ))d/x(l)

LFiLL i
) _ (k) (0 _ g b1/ G172) _ (Get1/D) gk
1_[(1_[1 p(‘L’ Yo )1{ lk+1 x}l\+1 }d “
k+1/2) (k1 k+1/2)  (k+
A7j(Ter1/2, BOP(5 Tkt 12 X ,(Hl /)_xi(m ) 1_[ p(Tes1/2. x0T —xf ))d/x(kH))

LFik, jk

n
JpCm. 2™ —xp). (2-5)
=1
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0 (1/2) (D (3/2) 2) (5/2) 3) (3+1/2)
°® ol ®x
X1 ol o] 1
el=2 [=2e P 1 ex

_ o2
X2 @ ®3 p2=3 02=3 )
X3. ® X3
3e o4

o4 4o o4 o

“—r 't P —r'—>'«—————>'
7o T1/2 T 732 (%) T5/2 73

Figure 1. Schematic representation of xé“), withn =4and (i, j) = (1 <2), 2 <3), 3 <4)).

Each dot represents a point xl(“) ., a € (3Z)N[0,3+ 1], with the convention x; := xéo) and

X, = xl(3+1/ . In the figure, the £ indices are printed in black next to the dot, while the a
superscripts are put over the vertical, dashed line. The horizontal distances between dash lines

represent time lapses t,.

This complicated-looking formula can be conveniently recorded in terms of diagrams. Set A :=
(%Z) N [O, m+ %], and adopt the convention x© := x and x""*+!/?) := x’. We schematically represent
spacetime R, x R? by the plane, with the horizontal direction being the time axis R, and the vertical
direction representing the space R>. We put dots on the plane representing xé”), a € A. Dots with

smaller a sit to the left of those with bigger a, and those with the same a lie on the same vertical line.

The horizontal distance between xéa_l/ ? and xéa), a € A, represents a time lapse 7, > 0. We fix the time

horizon between x;, = xéo) and xé = xémﬂ/z) to be ¢, which forces 7o + 71,2 + ... + 7, = t. The points

1
z’
In these cases we call the dot double, otherwise single. See Figure 1 for an example with n = 4 and
(G, ))=0(1<2),2<3),3<4).

(a—1/2)

Next, connect dots that represent x, and x

x are generically represented by distinct dots, expect that xi(k“) and x;:) are joined for k =a — 3, a.

éa) together by a “single” line except for the case

when both ends are double points, by a “double” line otherwise. To each regular line we assign a

0 (1/2) (1) (3/2) 2) (5/2) 3) (3+1/2)

<« et P> t— >t >——>
%) 5 3

To T1/2 71 732 T5/2 73

Figure 2. The diagram representation for D("’qj)(t, x, x"), with n = 4 and (ijj) =((1 <?2),

(2 <3), (3 <4)). Each regular (single) line between dots is assigned p(z, xl(“_l/z) — xé“)),

1 @-1/2) (@1/2)
4

while each double line is assigned 4rj(z, ﬁ,)p(—t, X,

and xé”)

5 xé")), where x
are represented by the dots at the two ends, and 7 is the horizontal distance between these
dots.
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0) (1/2) (D 1+1/2)
X1 xi
X2 )Cé

< —rr‘“—pC«—>
70 T1/2 7]

Figure 3. The diagram of D) (¢, x, x').

two-dimensional heat kernel p(z,, x éa_l/ D _x éa)), and to each double line assign the quantity

. —1/2
47[](711’ ﬂ*)p(%fa’ xéu /» _xéa))'

The kernel D7) (¢, x, x’) is then obtained by multiplying together the quantities assigned to the (regular

and double) lines, and integrate the x’s and t,’s, with the points x; := xéo) and x;, = xém“/ 2 being
—

fixed. See Figure 2 for an example with n =4 and (i, j) = ((1 < 2), 2 < 3), 3 < 4)).

In the following two subsections, we examine the n = 2, 3 cases, and derive some useful formulas.

2A. The n = 2 case. In this case, the only index is the singleton (i, j) = ((1 < 2)), whereby

(P + DPE"@) (1, x1, x2, X}, x})

2 2
= 1_[ p(t, xg —xé) +f dr / 1_[ p(To, X¢ _x1(1/2))dx1(1/2) (2-6a)
=1 T+T12+TI=T =1
- Amj(ti s, BOp(3T12, x1<1/2) — xl(l))dxl(l) (2-6b)
2
: l_[ p(t1, X§1) —xy), (2-6¢)
=1

and the diagram of D(!?)(¢, x, x') is given in Figure 3.
In (2-6a), rewrite the products in the center-of-mass and relative coordinates,

2

1 x1+x2
4[[1 p(t, x) = p(ir, T)p@r, X1 —x2),

12y @
1 %

and then integrate over x € R?, using the semigroup property of p(s, ). We then obtain

(P 4 DPE"D)(1, x1, x3, x1, x5)

= p(%t, Xec — xé) (p(Zl, Xd — Xé) + / dt p(279, X4) 47Tj(‘L'1/2, Bs) p(21y, xé)), 2-7)
7

+T12+T1=t
where x; := %(xl +x2), Xx4:=x] — X2, and similarly for x/.

Remark 2.1. The formula (2-7) matches [Bertini and Cancrini 1998, Equations (3.11)—(3.12)] after
a reparametrization. Recall g, from (1-8). Comparing our parametrization (1-7) with [Bertini and
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Cancrini 1998, Equation (2.6)], we see that g, here corresponds to log 8 in [Bertini and Cancrini 1998].
The expression in (2-7) matches [Bertini and Cancrini 1998, Equations (3.11)—(3.12)] upon replacing
(x4, xé) — (x,y), B.r— logpf, and using the identity,

‘ 1 1 |xall x|
_ / - b 2 /12 AdiAgl _
fo P(2(t — ), xa)p(2s, xg) ds = r— eXp( a7 (xal™ =+ Ixg] ))Ko( ) (2-8)

where K, denotes the modified Bessel function of the second kind.

To prove (2-8), by scaling in 7, without loss of generality we assume v = 1. On the left-hand
side of (2-8), factor out exp(—% |xal? + |x(’1|2)), decompose the resulting integral into s € (0, 1/2) and
s € (1/2, 1), for the former perform the change of variable u = (1 —s) /s, and for the latter u = s /(1 — ).
We have

© 1 1 2, 1,712
(Lhs. of (2-8)) = exp(—1(Ixal* + [x4|*)) L, I, = 2/1 G a(ulxal™ 43kl gy

The integrand within the last integral stays unchanged upon the change of variable u +— 1/u, while the

range maps to (0, 1). We hence replace 2 |, loo( o) du with fooo( «) du. Within the result, perform a change

of variable v = 2u|x4|?, and from the result recognize ﬁe_l/(z”)“"dmxé'z) = p(v, |xqllxj]). We get

© 1 gl v 1 ,
I, /0 (47[)21)6 e 8dv 8 G7%(|xd||xd|),

where G,(|x|) = G, (x) := (—%V2 — zI)_1 (0, x) denotes the two-dimensional Green’s function. We will
show in Lemma 6.2 that G, (x) = #Ko(«/ —2z|x|). This gives (2-8).

—
2B. The n =3 case. Here we derive a formula for the limiting centered third moment. We say (i, j) =
((ik < J))j=, € Dgm(n) is degenerate if | Ji_ {ix, ji} S {1, ..., n}, and otherwise nondegenerate. Let
Dgm’(n) denote the set of all nondegenerate elements of Dgm(n), and, accordingly,

Dgm'(n) . _ @)
D, = Zmeng,(m D).
Proposition 2.2. Start the SHE from Z4(0, o) = Zic(s) € £*(R?). For any f € Z*(R?),
3 /
E[({f. Ze.t) = E(f. Ze)])'] — (F2. D"V ZE%) ase — 0, (29)
uniformly in t over compact subsets of [0, 00).

Proof. Expand the left-hand side of (2-9) into a sum of products of n’ = 1, 2, 3 moments of (f, Z. ;) as

E[((f, Ze.) = EL(f, Ze)])'] = ELCF Ze)P1=3EL(S, Ze VPTELS, Ze )1+ 2B S, Ze )], (2-10)

For the n’ = 1 moment, rewriting the SHE (1-1) in the mild (i.e., Duhamel) form and taking the expectation
give

EL(f, Ze) 1= (fip*Zic) = /w FODpt, X' = x)Zie(x) dxdx’,

where * denotes convolution in x € R2. Note that for n’ = 2 the only index Dgm(2) = {((1 < 2))} is the
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singleton and that (f®"/, P,ZE’"/) =(f, px Zie)".
We then have

lim EL(f, Ze) '] = ((f, p* Zie)) + (2. Dy 783y, (2-11)
lim E[(f. Ze.)*1= ((f. p * Zie))* + (2. ISRVASY (2-12)

Inserting (2-11)—(2-12) into (2-10) gives
lim E[((f. Ze.) = EL(F Zea)) ] = (P2 D728 =3(fpx Zie) (12, DD Z2). 213)
&—

For n’ = 3, degenerate indices in Dgm(3) are the singletons ((1 < 2)), ((1 < 3)), ((2 < 3)). This being
the case, we see that the last term in (2-13) exactly cancels the contribution of degenerate indices in
(f®3, DPgmG) Zi‘?). The desired result follows. O

2C. Proof of Corollary 1.3. Here we prove Corollary 1.3 assuming Theorem 1.1 (which will be proven
in Section 8). Our first goal is to show . ,(dx|) := Z.(t, x;)dx|, as a random measure on R2, is tightin ¢,
under the vague topology. This tightness has been established in [Bertini and Cancrini 1998], and we repeat
the argument here for the sake of being self-contained. By [Kallenberg 1997, Lemma 14.15], this amounts
to showing fRZ g(xX) e (dx) = (g, Zs ) is tight (as a C-valued random variable), for each g € . (R?).
Apply Theorem 1.1 with n = 2, with Zi.(x1) — |Zic(x1)| € Z%(R?), and with flx1, x0) =1gx1)gx2)l.
We obtain that E[|{Z;, g g)*1is uniformly bounded in &, so fRZ g(x) e (dx) is tight.

Fixing a limit point ., of {i.}s, we proceed to show (1-19). Fix a sequence & — 0 such that
etz —> M vaguely, as k — oo. The desired result (1-19) follows from Theorem 1.1 if we can
upgrade the preceding vague convergence of u,, ;,z to convergence in moments. To this end we appeal
to Theorem 1.1. Note that | Zic ()] itself is in -Z2(R?). Also, for fixed fi, ..., f, € €.(R?), the function
FCr, ey x20) 1= [T 1 fi(xi) fi (Xngi)] is in Z2(R*"). Applying Theorem 1.1 with n + 2n, with
Zic(x1) = | Zic(x1)]| € Z?(R?), and with fxX1, ..., x0,) = ]_[;1:1 | fi (xi) fi (xn+i)|, we obtain that

]

is uniformly bounded in ¢. Hence (]_[l'.l:1 fRZ fi(xi) ug,,(dx;)) is uniformly integrable in ¢ (as C-valued

n
EL(f, 126/ = EL(fi ®- - ® fu. ZE) —[E[
i=1

(X)) e, (dx;)
R

random variables), which guarantees the desired convergence in moments.

We now move on to showing (1-20). For Zi.(x1), fi(x1) = 0, both not identically zero, we apply
Proposition 2.2 to obtain the € — 0 limit of the centered, third moment of fRZ J1(x1) e, z(dxy). As just
argued, such a limit is also inherited by . ;, whereby

[(/ et () —E U fl(xl)u*t(dm)D} (FE,DPEO 2% (214

As seen from (2-5), the operator D(i /) has a strictly positive integral kernel. Under the current assumption
that Z;. and f) are nonnegative and not identically zero, we see that the right-hand side of (2-14) is strictly
positive.
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3. Resolvent identity

In this section we derive the identity (3-6) for the resolvent R, ; = (H, — z)~! which is the key to our
analysis.
Let He = —% Zi VI.Z denote the “free Hamiltonian”, and let V, : .¥ 2([REZ") — Ez(Rzn)

Veu(x) =Y 8,0 — xj)u(x)
i<j
denote the operator of multiplication by the approximate delta potential, which is a bounded operator for
each ¢ > 0. The Hamiltonian H, is then an unbounded operator on £?(R?") with domain 72 (R>") (the

Sobolev space), i.e.,
He = Hi — BeVe,  Dom(H,) := #*(R™) C L*(R™). (3-1)

The first step is to build a “square root” of V,. More precisely, we seek to construct an operator Sg;;,
indexed by a pair i < j, and its adjoint S;“ij such that V, = ij S;"l.j¢ ¢S;i;. To this end, for each ¢ > 0
and 1 <i < j < n, consider the linear transformation 7;; : R?" — R2":

Xi—Xj Xi+Xxj
Té‘l]('xla e 7xn) = <;7 : ! ’xij)’ (3_2)

£ 2

where x;; € R*"~? denotes the vector obtained by removing the i, j-th components from x € R*". In
other words, the transformation T;; places the relative distance (on the scale of ¢) and the center of mass
corresponding to (x;, x;) in the first two components, while keeping all other components unchanged.
The transformation T;; has inverse S;;; = 771 R — R

L]
SeijVis - yn) =3, 2+ 3 =B ). (3-3)
—— ————
i-th j-th

Accordingly, we let S;;; and S ; be the induced operators LR > L2R™),

(Seiju) () :=u(Seijy),  (Sgij)(x) i= & 2v(Teijx). (3-4)

It is straightforward to check that S}; ; is the adjoint of Sg;;, i.e., the unique operator for which (S7; U u) =

(v, Sgjju), forallu, v € Z%(R?). Since Seij, Teij are both invertible, the operators Sg;j, S ; are bounded
for each & > 0. The function ® (defined in (1-6)) is even and nonnegative, so we can set ¢ (x) := VO (x)
and view (¢v)(y) ;== (y1)v(y1, ..., yu) as a bounded multiplication operator on Z2(R*"). From (3-4),
it is straightforward to check

Vo= Sk dSsij. (3-5)

i<j

Remark 3.1. We comment on how our setup compares to that of [Dimock and Rajeev 2004]. They
work in ,,Zgzym([l%zn), corresponding to n Bosons in R?, the key idea being to decompose the action of
the delta potential V. on .,iﬂszym(lRZ”) into some intermediate actions from .Zszym([Rz") into an “auxiliary
space”, consisting of n — 2 Bosons and an “angle particle”. In our current setting, the auxiliary space is

ZL2(R?™) 3 v =v(y1, 2, ¥3, . . ., Yu). The components 3, ..., y, correspond to the n — 2 particles, the
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component y; corresponds to the angle particle, while y; is a “residual” component that arises from our
space-mollification scheme, and is not presented under the momentum-cutoff scheme of [Dimock and
Rajeev 2004].

Given (3-5), the next step is to develop an expression for the resolvent R, . = (H, — z)~ ! that is
amenable for the ¢ — 0 asymptotic. In the case of momentum cutoff, such a resolvent expression is
obtained in [Dimock and Rajeev 2004, Equation 68] by comparing two different ways of inverting a
two-by-two (operator-valued) matrix. Here, we derive the analogous expression (i.e., (3-6)) using a
more straightforward procedure — power-series expansion of (operator-valued) geometric series. Recall
Dgm(n, m) from (1-13), recall that || Q||op denotes the operator norm of Q, and recall from (1-21) that G,
denotes the resolvent of the Laplacian.

Lemma 3.2. Forall ¢ € (0, 1) and z € C such that Re(z) < —f:(1 + ij ||$8,-j¢||0p)2’ we have

Rezi=(He—zD7'=G. 4> > (G55 ,9) (3-6a)

m=1 i j)eDgm(n.m)

(BT — $S:12G:S11,8)” 11‘[ (@Seiy 1ji19:S5, D) (BT — $S:12G:S51,0) ") (3-6b)

k=2
(PSi, jn92)- (3-6¢)

Remark 3.3. As stated, Lemma 3.2 holds for Re(z) < —C| (e, n), with a threshold C| (e, n) that depends
on ¢. This may not seem useful as ¢ — 0, however, as we will show later in Section 7, the right-hand
side of (3-6) is actually analytic (in norm) in {z : Re(z) < —Cy(n)}, for some threshold C>(n) < oo
that is independent of ¢. It then follows immediately (as argued in Section 7) that (3-6) extends to all
Re(z) < —C(n).

1/2(}5881'1', gij = (g,-j)* = 1/28* (]5 and a{;ﬁ = g{jgzgke.

eij
In (3-6b), factor B! from the inverse. Under the preceding shorthand notation, we rewrite (3-6) as

Proof. To simplify notation, set S i =B

oo
Ree=0c4+y. >  G3S. ]_[ gL (1-83)7"8,,6.. 3D

m=1" G eDgm(n,m)

Our goal is to expand the inverse in (3-7), and then simplify the result to match (H, —zI)~!.

To expand the inverse in (3-7), we utilize the geometric series (I — o) =1+ Z,fo | ok, valid for
||Q||Op < 1. Indeed, [|G;llop < 1/(—Re(z)), so under the assumption on the range of Re(z) we have
IIS 7 llop < 1. Using the geometric series for Q = glz, and inserting the result into (3-7) gives

Reo=0.+» 068" GH .- Gi3G G2 G3 G5 .. G

=12
i i2j> 1im—1 gl g S’megZ’ (3-8)

4 123 U

—
where the sum is over £1,...,¢, > 0, (i, j) € Dgm(n,m), and m = 1,2,.... The sum converges
absolutely in operator norm by our assumption on z. Since G, acts symmetrically in the n components,
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we have 6113 = Q’JJ , for any pair i < j. Use this property to rewrite (3-8) as

_ ~i1j1 Niljl - Niljl ~i2j2 ~i2j2 - ~i2j2 ~i3j3 . Nimjm Nimjm . ~imjm ~, X _
Ree=G.4 ) GSVG -GGG GrR G -G, GG S5, (39)
-\,_-/
12 123 L

The summation can be reorganized as Y0 >~ _. ==, _; (). To see this, recall from (1-13) that
H m m
(i, j) € Dgm(n, m) consists of pairs (i; < ji) under the constraint that consecutive pairs are nonrepeating,
i.e., (ig—1 < jk—1) # (ix < jr). The right-hand side of (3-9) replenishes all possible repeatings of
consecutive pairs, and hence lifts the constraints imposed by Dgm(n, m). In the resulting sum, express
5,?[ = 51 G. Sy to get
oo m
Re,; = Z g, (Z Sl]Sijgz) .
m=0 i<j

From (3-5), we have )
gives

S8'Sij = BeVe, hence Reo = G.(I — B:VeG,)~". Further G, = (M — zI)™!

i<j

Rez=Hp—zD ™ (I = BVe(Ha—zD) D7 = M —zl = Vo)™ = (He —zD7.
This completes the proof. 0

The resolvent identity (3-6) is the gateway to the ¢ — 0 limit. Roughly speaking, we will show that
all terms in (3-6) converge to their limiting counterparts in the expression of R, given in (1-23). The
expression (1-23), however, does not expose such a convergence very well. This is so because some
operators in (1-23) map one function space to a different one, (e.g., S;; maps functions of n components
to n — 1 components), while all operators in the sum over m in (3-6) map Z2(R?) to L%(R*"). We next
rewrite (1-23) in a way that better compares with (3-6). To this end, consider the operators

Qp 1 LR — LR, (V) (y2—n) = / o (yDv(y1, y2—n)dy1, (3-10)
RZ

P®e: LHRMH - LXR™M), (9@ v)(¥1, y2n) i= O V(V2_n). (3-11)

Given that ¢ € €>°(R?), it is readily checked that Q24 and ¢ ® e are bounded operators. Note that from
¢ = \/6, ¢ has unit norm, i.e., fR2 ¢2dy = 1. From this we obtain Q4 (¢ ® Q) = Q, for a generic
Q: Z2(R™M) — L*(R**2) or Q: L*(R**72) — £*(R*"~?). Using this property, we rewrite (1-23) as

Re=G4Y . > (G:S;9Q) (3-12a)

m=1 meng(n,m)

m
(¢4 (T.—B.D) ') [ [(#®Si,_, 51 G:S] ;) (@4 (T~ B D) ' Q) (3-12b)
s=2
($®Si;G7). (3-12¢)
That is, we augment the missing y; dependence (in the operators S;;, ‘Sf;’
Co C Z2(R?). Equation (3-12) gives a better expression for comparison with (3-6).

etc.) along the subspace
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For future references, let us setup some terminology for the operators in (3-6) and (3-12). We call
the operators S;;G; or ¢ ® S;; G, in (3-12c) the limiting incoming operators, and the operators gZSf‘j or
QZS;‘} Qg in (3-12a) the limiting outgoing operators. Slightly abusing language, we will use these phrases
interchangeably to infer operators with and without the action by ¢ ® ¢ or Q4. Similarly, we call the
operators in (3-6¢) the prelimiting incoming operators, and the operators in (3-6a) the prelimiting outgoing
operators. Next, with 7, defined in (1-22) in the following, we refer to (J; — B, 1) and (B, 7 —86126:S5)5)
as the limiting and prelimiting diagonal mediating operators, respectively, and refer to S;;G.S;, and
8ijG: Sk, With (i < j) # (k < £), as the limiting and prelimiting off-diagonal mediating operators.

As we will show in Section 4, each prelimiting incoming and outgoing operator converges to its limiting
counterpart, and, as we will show in Section 5, each off-diagonal mediating operator converges to its
limiting counterpart. Diagonal mediating operators require a more delicate treatment because ;' I and
S:ijG. S ; both diverge on their own, and we need to cancel the divergence (and also to take an inverse)
to obtain a limit. This procedure, sometimes referred to as renormalization in the physics literature, will
be carried out in Section 6.

4. Incoming and outgoing operators

In this section we obtain the € — 0 limit of ¢S,;;G; and ngjij(b to ¢ ® (5;;G;) and QZSE; Q4. The main
result is stated in Lemma 4.4.

Recall the linear transformation S;; and its induced operator S;; from (1-10)—(1-11). Comparing (3-3)
and (1-10), we see that Sg;; (y1, ..., yu) = Sij(y2, ..., Y») as € = 0. Namely, §;; is the pointwise limit
of S¢;;. This observation hints that S;; should be the limit of S;;;, and the ¢ — 0 limit of the incoming
operator ¢S;;;G, should be obtained by replacing S;; with Sg;;. Note that, however, the operator S;; is
unbounded, because, unlike Sg;;, S;; maps between spaces of different dimensions; the y; dependence in
Seij(¥1, ..., yn) “vanishes” as ¢ — 0 (see (3-3)).

As the first step of building the limiting operators, we construct the domain of S;;, along with its
adjoint S;'}. In the following we will often work in the Fourier domain. Let

la) — —iy- dq
flg) = /Rd e () CESYE
denote Fourier transform of functions on R?; the inverse Fourier transform then reads

. iv-g dg
f) —/Rde”f(q)(zmd/z-

Let .7 (R?) denote the space of Schwartz functions, namely the space of €> functions on R? with
derivatives decaying at super-polynomial rates; see [Rudin 1991, Definition 7.3]. In our subsequential
analysis, d is typically 21 or 2(n — 1). Consider the (invertible) linear transformation R*" — R?":

Mqu = (q3v ceey %QZ‘FQI» ceey %42_‘11’ e »CIn) (4_1)
~—— ——
i-th j-th
For g € R?", we write qgi—j=(qi,-..,qj) € R2U=*D "and recall that qgij € R?"—# is obtained by removing

the i-th and j-th components of g.
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Lemma 4.1. (a) The operator S;j, given by (1-11), is unbounded from LR to L*(R¥2), with

Dom(S;;) = {f e X R™): / | f(Mi;(q1,*)|dg) € .fz(Rz"—z)} C AR, (4-2)
R2

and for f € Dom(S;;), we have
-~ S dg,
Sijf(qr-n) = | [f(Mijq)~—. (4-3)
R2 27

In addition, for all a > 1, we have #°(R*") C Dom(S;)).
(b) The operator
Sig(p) = 2=8(pi + pj. pip) (4-4)

maps LR Nyay ¢ (R?), and is adjoint to S;; in the sense that

a>1
(Shg. f)=1(8.Sijf). geL*®" ), fen"®"), a>l. (4-5)

Proof. (a) Let us first show (4-3) for f € .“(R?"). On the Fourier transform of f, perform the change
of variables x = §y;;y, where Si;; = Sgijle=1, and then substitute p = M,;q. From (3-3), it is readily
checked that |det(Sy;;)| = 1, and from (4-1), we have (Sy;;y) - (M;;jq) =y -¢q, so

Pt = [ e s @6)

Our goal is to calculate the Fourier transform of f(S;;¢). Comparing (1-10) and (3-3) for ¢ =1, we see
that (S1;;y)|y,=0 = Sij (y2—s). It is hence desirable to “remove” the y; variable on the right-hand side
of (4-6). To this end, apply the identity

Zigy_,- dy>— . .d
/ g(o’ yzfn)e 12—n"Y2—n y2 i] — / g(q) ﬂ , g e y(RZn)
R2n—2 Q2m)" R2 2w

with g(e) = f(Sy;j) to obtain

—i —nGr—n dy2—n n n —y2 n
/ f(sz )_:/zn K iy2n-q2 f(Slijy)|y1=O—(2n-)n—l :/Rzn— e V2nta- S (Sijya- n)(z =

The last expression is <ST]\f (g2—n) by definition. We hence conclude (4-3) for f € .7 (R?). By approxi-
mation, it follows that S;; extends to an unbounded operator with domain (4-2), and the identity (4-3)
extends to f € Dom(S;;).

Fixing a > 1, we proceed to show 7 (R?) ¢ Dom(S;;). For f € ¢ (R2"), it suffices to bound

/RZH -2

Within the integrals, multiply and divide by (3|M;;¢|* + 1)%. Use 1|M;;q|* > |q1|* (as readily checked

2
dQan . (4'7)

/ (M) 1dgy
RZ
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from (4-1)) and apply the Cauchy—Schwarz inequality over the integral in g;. We then obtain

1 Y 2
<4-7>=f / (3 IMijq P+ D)% F(Mijq)ldar | dga-
R2-2 | JR2 (%|Mijq|2+1)§ 21Mijq f(Mijg)ldgi| dgo—n
gAtT )ad 1 oo < 1 @-8)
= 74 (R2) X 220 (R21) « _
wgzs1) T beewen S G 1 e wen

This verifies 7 (R*") C Dom(S;;).

(b) That S;;. maps LR ) to Ny 7€ (R?") is checked by similar calculations as in (4-8). To
check (4-5), calculate the inner product (Sl?; g, f) in Fourier variables from (4-4). Within the resulting
integral, perform a change of variable p = M;;q, and use |det(M;;)| =1 and (p; + p;, p;7) = (Mi;lp)z_,,
(as readily checked from (4-1)). In the last expression (Mi;1 P)o2—y, denotes the last (n — 1) components
of the vector M i;] p € (R%)". We then obtain

sie )= [

R2n

a>1

o dp [ = dg
8pit+p Pip f ()5 - = - 8(q2-n) S (Mijq) 5.
From (4-3), we see that the last expression matches (g, S;; f). O

Recall that, for each Re(z) < 0, G.(Z%(R*)) = #2(R>"). This together with Lemma 4.1 implies
that §;;G; is defined on the entire Z2(R?), with image in Z%(R**~?), and that QZS;‘} is defined on
Z£2(R?~?), with image in .£?(R*"). Informally, G, increases regularity by 2, while S; ; and Sl?‘;. both
decrease regularity by —(17), as seen from Lemma 4.1. In total S;;G, and QZS;'} have regularity exponent
2—(1H)=1">0.

We now establish a quantitative bound on the operator norm of the limiting operators S;;G, and QZS;}.

Lemmad4.2. For 1 <i < j<nandRe(z) <0, ||S;;G:llop =Gz} llop < C (Re(—z))~ /2,

Proof. That ||S;; G |lop = ||QZS;;. llop follows by (4-5), so it is enough to bound ||S;; G, |lop. Fix u € L2(R™)
and apply (4-3) for f = G,u to get
u(M;jq) dq;

_MPya)  cdn 49
2%|Mij61|2—2277 @

m(QZ—n) = /
R

Calculating the norm of S;;G,u from (4-9) gives

u(Mijq) dq
15, Gatt ]2 =f f _uMyq) da
RZn—Z R

2 %lMiJCIIz —z2m
Apply the Cauchy—Schwarz inequality over the g; integration, and within the result use %lM,- qu2 > |q1?
(as readily checked from (4-1)) and Re(z) < 0. We get

18 G-ull? < : 99
I S \Ure (19112 +Re(—2))? (2)? '

2
q2—n-

The last integral over ¢g; can be evaluated in polar coordinate form to be 4]—nRe(—z). This completes the
proof. O
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Having built the limiting operator, our next step is to show the convergence. In the course of doing so,
we will often use a partial Fourier transform in the last n — 1 components:

Q ity . dy
FO1q2-0) = f e 102 2 Wf(yl,...,yn)l_[ : (4-10)

R2n—2

Recall S;;; from (3-4). To prepare for the proof of the convergence, we establish an expression of Sg;;u
in partial Fourier variables.

Lemma 4.3. Foreveryl1 <i < j<nanduc¢€ f([R{Z”), we have

S — | ey
eijt(V1: @2-n) = [ u(qu)— (4-11)
R
Proof. A partial Fourier transform can be obtained by inverting a full transform in the first component:
— dg,
Seij (Y1, g2-n) :f auf(q) e 26711 4-12)
R2

We write the full Fourier transform as S/S,]\f (q9) = fR2" eV (S, j y)(szy)n. We wish to perform a change
of variable x = S;;;y. Doing so requires understanding how (y - g) transform accordingly. Defining

MSqu = (q3a---,%42+8_1q1,---a%(12_8_1(]1,---7%1)»

i-th j-th

it is readily checked that y -g = (M,;;q) - (S¢;;y). Given this, we perform the change of variable x = Sg;;y.
With [det(Sg;;)| = &2, we now have

Sl (@) =& / emIM D £ () (2 = M) (4-13)
Inserting (4-13) into the right-hand side of (4-12), and performing a change of variable g; — £q1, under
which M;;;q — M,;q, we conclude the desired result (4-11). O

We now show the convergence. Recall 24 from (3-10).

Lemma 4.4. For eachi < j and Re(z) < 0, we have
6SeijG: — ¢ ® (SijG) llop + 1G: 556 — G S L llop < Ce? (—Re(z)) /4 — 0, ase—0.

Proof. It suffices to consider ¢S,;;G, since gz 81](}) = (¢S;ijG7)* and QZS;} Qp = (¢ ® (S;;G7))*. Fix
u € .Z(R*), and, to simplify notation, let u’ := (¢S;;G. — ¢ ® (S;jG.))u. We use (4-9) and (4-11) to
calculate the partial Fourier transform of u’ as
n—/|( gdeva — 1 dg,
wy, @p-n) =0 | 75— ulMijq) 5=
' w HMyqP—z " 2

From this we calculate the norm of u’ as

2 r 2 ety — 1 -~
el =l qa-n)lPdyrdga—n = | |1 | 7 ——u( uq) dy1dqz n-
R2n n R

2 5|Mijql? -z
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Recall that, by assumption, ¢ € CKCOO([RRZ) is fixed, so |¢(y1)| < Clyy,<c). For |y;| < C we have
|eieyra1 — 1| < C ((elqi1]) A 1). Using this and |M;;q|? > 2|q1|? (as verified from (4-1)), we have

Al dg \? A1 \2
wirsc | (/ %lﬁmﬁqnﬂ) g < Clul? | (—(S'fl') ) dqr.
r-2 \Je2 |q1]7 —Re(2) S 2w r2 \ |71/*> —Re(2)

Set —Re(z) = a > 0 to simplify notation. We perform a change of variable g; — +/aq in the last integral

to get
L[ (e/algiD)’ A1

ale (apE+n2 ¢

Decompose it according to |g1| < €'/?a'/* and |g;| > &'/?a'/*. For the former use

(evalg D’ Al _
(plP+D2 =7

and for the latter use (e/alq1])> A 1 < (e4/alqi])?. It is readily checked that the integrals are both
bounded by Csa~!/2. g

5. Off-diagonal mediating operators

To get a rough idea of how the mediating operators (those in (3-6b)) should behave as ¢ — 0, we perform
a regularity exponent count similar to the discussion just before Lemma 4.2. Recall that G, increases
regularity by 2, while S;; and S}, decrease regularity by —(17). Formally the regularity of S;;G,Sj,
adds up to 2 — (1) — (17) =0~ < 0. This being the case, one might expect S;;;G.S%, to diverge, in a
somewhat marginal way, as ¢ — 0.

As we will show in the next section, the diagonal operator S;1,G,S;,, diverges logarithmically in &.
This divergence, after a suitable manipulation, cancels the relevant, leading order divergence in B, '1
(recall from (1-7) that B, ' 00). On the other hand, for each (i < j) # (k < £), the off-diagonal operator
S¢ijG: Sk, converges. This is not an obvious fact, cannot be teased out from the preceding regularity
counting, and is ultimately due to an inequality derived in [Dell’ Antonio et al. 1994, Equation (3.2)]. We
treat the off-diagonal terms in this section.

We begin by building the limiting operator.

Lemma 5.1. Fix (i < j) # (k < £) and Re(z) < 0. We have that QZSZ‘E(,?Z([RZ"_2)) C Dom(S;;), so
SijG. Sy, maps LR to L>(R*2). Furthermore, 1Si;G:Si¢llop < C and

dp

@0 .

— 1
<<g’,8ijgz$;i‘gf>=f[Rz g(Pi+Pj,pﬁ)l—2_Zf(pk+pi,Pﬁ)

5Pl
for f, g € L2(R*"2).

Proof. The inequalities derived in [Dell’ Antonio et al. 1994, Equations (3.1), (3.3), (3.4), (3.6)] translate,
under our notation, into

8(pi + pj. PP e+ Pes PR
sup / L dp < CliglI£1. (5-2)
Rn

IpI* +a

a>0
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forall (i < j)# (k <£) and f, g € Z*(R¥"2). Also, from (4-4) we have

Sig())=28pi+pj r). Sif(P) =2 Flpi+ pe. pro). (5-3)

A priori, we only have G, S, f € Z2(R?) from Lemma 4.1. Given (5-2)—(5-3) together with Re(z) < 0,
we further obtain

\/;%211

i )| ar

o \/RZn

where, in deriving the equality, we apply a change of variable g = Ml.;l p, together with (p; + p;, p;;) =
(Ml.;1 p)2—n and |det(M;;)| = 1 (as readily verified from (4-1)). Referring to the definition (4-2) of
Dom(S;;), since (5-4) holds for all g € #*(R*"2), we conclude G.S}, f € Dom(S;;) and further that
g, SijG:S ) = (S[:8, G: S £)1 < Cligllll £1I. The desired identity (5-1) now follows from (5-3). O

. 1
gpi+tpj,pi)v——F—
Y plE -z

2(qa-n) S5 f(Mi;q)| dg < CliglllfI. (5-4)

1
3I1Mijq|? =z

We next derive the ¢ > 0 analog of (5-1). Recall that g(yl, q>—,) denotes partial Fourier transform in
the last n — 1 components.

Lemma 5.2. For (not necessarily distinct) (i < j), (k <€), Re(z) <0, and v, w € & (R*"),

(w,S:ijG- S V)

— |
:/ w(5(pi —pj)s Pi+Pjs P T—5— VG (P — Po), P+ pe, Prg) dp (5-5a)
R 3Ip1? =2
ie((pi—p;)-y;—(Pc—pPe)-¥1) ’
P e2' I o dyidydp
= ’ [ is P77 ’ s Pkt 5_5b
memw(yl pi+pj. pj) o= v Pt pes PR 555 (5-5b)

Proof. Fixing v, w € Z(R*™), we write (w, SeijG. Sk v) = (S:l.jw, G.S},v). Our goal is to express the
last quantity in Fourier variables, which amounts to expressing S} ,v and S; ;w in Fourier variables.
Recall (from (3-4)) that S}; ; acts on Z(R™) by v(e) — e 2v(T,; ), where Ty;; is the invertible linear
transformation defined in (3-2). Write
S w(p) = fRzn e—‘P'xs—zw(Tgijx)(szxw.

We wish to perform a change of variable 7;;;x = y. Doing so requires understanding how (p - x) transform
accordingly. Defining Mgijp = (%(pi —Ppj), Pi+pj, pﬁ), it is readily checked that p-x = Mgijp (Tijx).
Given this, we perform the change of variable T;;x = y. With |det(Ty;;)| = €72, we now have

c* o —i Msi' . —_ 0N — € —
SE‘iJ-W(p)szhe i -”’)yw(y)@n)n _w(MSijp)—w<§(pi_pj)vpi+pjvpij>’

and similarly @(p) = ﬁ(%(pk — Ppe)s Pk + Pes pﬁ). From these expressions of S} ,v and S;‘ijw we

conclude (5-5a). The identity (5-5b) follows from (5-5a) by writing ?(yl, Pa—n) = fRZ eV PI( p) dz% (and
similarly for w). O
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A useful consequence of Lemma 5.2 is the following norm bound.
Lemma 5.3. For distinct (i < j) # (k <), Re(z) <0,and e € (0, 1), 4S:ijG. Sk Pllop < C.

Proof. In (5-5b), apply (5-2) with f(s) = ¢(y1) V(y1, *) and g(s) = ¢ (y}) W(y], +). and integrate the
result over yi, y;. We have

(pw, SeijG-Sie(P)) < C /Rzllv(yl, 9)llo(ypdy /Rzllw(y{, )llg (rpdyy.

The last expression, upon an application of the Cauchy—Swchwarz inequality in y; and in y{, is bounded
by Cllv[[[lw]|. From this we conclude ||¢S;;;G. S} @llop < C. Il

We are now ready to establish the convergence of the operator ¢ S;;;G.S}, ¢ for distinct pairs. Recall
Qg from (3-10).

Lemma 5.4. For each (i < j) # (k < £), and Re(z) <0, we have ¢ S;;;G. S}, & — ¢ ® (Si;G:S52)
strongly as ¢ — Q.

Proof. Our goal is to show ¢ S;;;G.S%,,¢v — ¢ ® S5;;G.S;,Q24v, for each v € ZL?(R™). As shown in
Lemmas 5.1 and 5.3, the operators (S;;G.Sy,,) and (S;;G;S;,) are norm-bounded, uniformly in . Hence
it suffices to consider v € . (R>"), the Schwartz space. To simplify notation, set u := (¢ Sg; 19S5V
and u := (¢ ® §;;G.S;,2¢)v. The strategy of the proof is to express ||us —u |? as an integral, and use the
dominated convergence theorem.

The first step is to obtain expressions for the partial Fourier transforms of u, = (¢ S;;;G.S5, ,9)v
and u = (¢ ® S;;G.5;,2)v. To achieve this, we fix v, w € Z(R*™), in (5-1), set (f(o), g(e) =
@ (yD)v(y1, *), (YDw(y|,+)), and integrate over yy, y|. Note that f(pr—,) = ¢(y1) V(y1, p2—) (and
similarly for g). We have

1 dydydp
_ . ) ) . / ™l - 1 _1°
=[O0y ps O T b0 S B )
Similarly, in (5-5b), substitute (v, w) = (¢v, pw) to get

(w, ug) =/ W, pi+ pj Pij) (5-5b%)

R2+2+2n h

1. /
e 216((Pi=p;)-¥|=(Pk—pe)-y1) o dydy/dp
¢ S0 V1, Pr+ Pes ) —5 5 (5-6)
‘ TplP—2 T eny

Equations (5-1’) and (5-5b°) express the inner product (against a generic w) of u, and u in partial Fourier
variables. From these expressions we can read off 'u_g'(y{, qo—n) and Z'(y{, q2—n). Specifically, we perform
a change of variable ¢ = Ml.;lp = (3(pi — ). pi + pj, pﬁ) in (5-1°) and (5-5b"), so that W takes
variables (y{, g2—n) instead of (y{, pi + pj, p77)- From the result we read off

W01t = [ fwdndan W05 a0 = [ B fodndar 57
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Here E; and f; , are (rather complicated-looking) functions of ¢, yi, y|, given in the following. The
precisely functional forms of f;, and E, will be irrelevant. Instead, we will explicitly signify what
properties of these functions we are using whenever doing so. We have E, := ¢¥€4117¢ (M Mizalii and

1

¢ (Y1) V1. [Mi) Mijqla-n) Qmn)?’

fov =0 )———
%|Mij9|2_z

i
Additionally, we will need an auxiliary function v’ € .#%>(R?") such that v/(y;, p) = |5'(y1, D). Such
a function v’ = v'(y) is obtained by taking the inverse Fourier of |5'(y1, g2—n)| in ga—,. Note that
[Vl = [lv]l < oo. Seta :=—Re(z) > 0and u’ := (¢ ® S;;G_.S;,24)v". We have

i

WO grn) = / Sawdndan faw > |l 20 (5-8)
R

Now, use (5-7) and (5-8) to write
2

e — ull? < / ( / |fz,v||Es—1|dy1dq1> dy|dga_n, (5-9)

R2n R4
2
|2 = / ( / f_a,vfdyldql) dy|dga_n. (5-10)

RZ" R4

View (5-9)—(5-10) as integrals over R3*2" je.,

r.h.s. of (5-9) := / g-d(...), r.h.s. of (5-10) := / gd(...).

R8+2n R8+2n

We now wish to apply the dominated convergence theorem on g, and g. To check the relevant conditions,

note that: since |E; — 1| < 1 and | f; 4| < f—4.v, we have 0 < g, < g; since |E, — 1| — 0 pointwisely

on R¥2" we have g, — 0 pointwise on R3t2"; the integral of g over R3™2" evaluates to ||u’|? =

(¢ ®S;iiG.S Q¢)v’||2, which is finite since the operators S;;G. S}, (¢ ® ), and Q24 are bounded. The
desired result fRSHn g:d(...) = |we — w|> = 0 follows. O

6. Diagonal mediating operators

The main task here is to analyze the asymptotic behavior of the diagonal part ¢ S¢12G,S}|,¢, which
diverges logarithmically. We begin by deriving an expression for (w, ¢ S;12G,S,,¢ v) that exposes such
& — 0 behavior. Let G;(x) := (—%V2 —zI )_1 (0, x), x € R2, denote Green’s function in two dimensions.
Recall that

P, =51+ Ipsl 4.+ pal.
Lemma 6.1. For v, w € .Z%*(R*"), we have
(W, ¢ Se12G:S51,0v)

- /R WO P2 601 361 1 O = YD SO YO, pa-n) dyidyidpa . (6-1)
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Proof. Apply Lemma 5.2 for (i < j) = (k < £) = (1 < 2) and for (v, w) — (¢v, pw), and perform a

change of variable (2522, p; + py) = (p1, p2) in the result. We obtain

_ eiSPI'(Y{—M) dyldyldp
(w, §S:12G.551,0v) = / WO P ) POV VG, pro) =5
R2+2+2n |p1] +§|p|2_n—z 2m)

(6-2)

and we recognize

/ eiP1-x1 dp;
R 3|pif? —z (2m)?
as the Fourier transform of the two-dimensional Green’s function G;. |

Given the expression on the right-hand side of (6-1), we seek to analyze the behavior of G;(x) for
small |z|:

Lemma 6.2. Take the branch cut of the complex-variable functions \/z and (log z) to be (—o0, 0], let
vem denote the Euler—Mascheroni constant. For all x # 0 and z € C\ [0, 00), we have

G () = 2Ko(v=2zlx]) = =L log YA — Ly + A(V=2x), (6-3)

for some A(s) that grows linearly near the origin, i.e., sup|z|<a(lzl_1 |[A(z)]) < C(a), forall a < 0.
The proof follows from classical special function theory. We present it here for the readers’ convenience.

Proof. Write the equation (—%V2 — z) G;(x) =0, x #0, in radial coordinates, compare the result to the
modified Bessel equation [Abramowitz and Stegun 1966, 9.6.1], and note that G, (x) vanishes at |x| — oco.
We see that G, (x) = cKo(~/—2z|x|), for some constant ¢, where K, denotes the modified Bessel function of
second kind. To fix ¢, compare the known expansion of K¢(r) around r =0 [Abramowitz and Stegun 1966,
9.6.54] (noting that Ip(0) = 1 therein), and use —rrrg—rGZ(er =1 (because (—%VzGZ(x) — z) =4d(x))
for r — 0. We find ¢ = % The second equality follows from [Abramowitz and Stegun 1966, 9.6.54]. [

For subsequent analysis, it is convenient to decompose .£?(R>") into a “projection onto ¢” and its
orthogonal compliment. More precisely, recall 24 from (3-10), and that f ¢* =1, we define the projection

My :=¢®Qy: LXR™") — L2R™), (¢ Qv)(Y) :=¢(y1)/Rz¢(yi)v(yi,yz—n)dyi- (6-4)

Returning to the discussion about the & — 0 behavior of ¢ S;12G.S}|,¢, inserting (6-3) into (6-1),
we see that (¢S:12G.S7,¢) has a divergent part (5-|loge|)TTg. The coefficient (5-|loge|) matches
the leading order of B! (see (1-7)), so (%Iloge|)l’[¢ cancels the divergence B, 'T on the subspace
Img(T1y), but still leaves the remaining part 8, T limg(rgt = Be (I - ITy) divergent. However, recall
that (8, '1—¢ Se12G.S]|,9) appears as an inverse in the resolvent identity (3-6). Upon taking the inverse,
the divergent part on Img(I1,)" becomes a vanishing term.

We now begin to show the convergence of (8711 — ¢ S¢12G.S; l2(}5)_1. Doing so requires a technical
lemma. To set up the lemma, consider a collection of bounded operators {7; , : LR - LR},
indexed by ¢ € (0, 1) and p € R2"=2, such that for each ¢ > 0, SUp pep2n-2 | 7e, pllop < 0©. Note that here,
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unlike in the preceding, here p = (ps, ..., p,) € R¥"~2 denotes a vector of n — 1 components. For each
e € (0, 1), construct a bounded operator 7, as

To: 2RY) > L2R™),  Tod(s, p) i="Tp., U(s, p).

Roughly speaking, we are interested in an operator 7, that acts on y; € R? in a way that depends on the
partial Fourier components p = (pa, ..., p,) € R?"~2. The operator 7;. p records the action of 7; on y;
per fixed p € R*"~2. We are interested in obtaining the inverse 7,~! and its strong convergence (as ¢ |, 0).
The following lemma gives the suitable criteria in terms of each 7 .

Lemma 6.3. Let {7 ,} and T; be as in the preceding. If each T, p is invertible with
sup{[17; ) llop : £ € (0. 1), p e R*"?} :=b < 00,
and if each ’7;_; permits a norm limit, i.e., there exists 7; : 2R — L2(R?) such that

7:[71 — 7;; innormas e — 0,  foreach fixed p € R22,

then T, is invertible with sup,¢ . 1) | 7o llop < b < 00,
7;_1 — T', strongly, as ¢ — 0,

fﬂi‘ 7" lop < b < 00, where the operator T' : & 2(R*) — £%(R*") is built from the limit of each 7;_1} as
T'u(s, p) :="T}u(s, p).

Proof. We construct the inverse of 7;. By assumption each 7, , has inverse 7;_1,1, from which we define

| —
Tlu(e, p) =T, u(s, p).
It is readily checked that ||7]||op < sup,, » ||7;_p1 | < b, and the operator 7, actually gives the inverse of 7,
i.e., 7)T: = T, T = I. Note that, for each p € R?"2, the operator 7;; inherits a bound from 7;_[,1, ie.,
sup, |7, llop < sup, , ||7;j,,1 llop < b. Together with the definition of 7~ we also have ||7”||op < b.
It remains to check the strong convergence. For each u € .£?(R>") we have

||7;—1u—’r/u||2=/

R2n—2

</ (||7;,—;—7;;||§p/ |D<y1,p)|2dy1>dp.
R2n—2 R2

The integrand within the last integral converges to zero pointwisely, and is dominated by 4b2|'1;'(y1, »I%
which is integrable over R?". Hence by the dominated convergence theorem || 7, 'u — T'ul|> - 0. [

(/2|7;,‘,} wW(yr. p) = T, UG, p>|2dy1)dp
R

With Lemma 6.3, we next establish the norm boundedness and strong convergence of

B — ¢ Sc126.57,0) !

in two steps, first for fixed p € R*"~2. Slightly abusing notation, in the following lemma, we also
treat Iy (defined in (6-4)) as its analog on Z%(R?), namely the projection operator My f(y1) =

d(y1) fre @) f () dy).
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Lemma 6.4. For each p € R*"~2, define an operator Te.p: L2R?) —» Z2(RY),
Tep fO1) =B F1) = (1) /R 3Gz tpp ) 01— YDOODFOD dyi. (6-5)

Then, there exist constants C; < 00 and Cr(Bgne) > 0 such that, for all Re(z) < —ePtC and ¢ €

(0, 1/C2(,Bﬁne))’
I(Te. )" llop < C (log(—Re(2)) — B) ",
47

lOg(%|p|%_n - Z) — Bs
Proof. Throughout the proof, we say a statement holds for —Re(z) large enough, if the statement holds

(Tep) ' — My, innormase — 0, for each fixed p € R*" 2.

for all —Re(z) > 1€, for some fixed constant C < oo, and we say a statement holds for all & small
enough, if the statement holds for all ¢ < 1/C(Bgne), for some constant C(Bgne) < oo that depends only
on lgﬁne-

Our first goal is to show 7, is invertible and establish bounds on ||7;_p1

ey 1,02 ) sy L2 -2
cases.(1)‘§|p|2_n—z’<8 and(11)‘§|p|2_n—z’>s .

llop- We do this in two separate

(1) The first step here is to derive a suitable expansion of 7, ,. Recall that we have abused notation to
write I1g (defined in (6-4)) for the projection operator Iy f (y1) := ¢ (y1) [g2 @ () f () dy;. Applying
Lemma 6.2 yields

Tep =BT+ (=g llogel + g log(GIpl L, — 2) — 3 log 2+ oyem) g + Ly — Asep. (6-6)
where Ly and A, ; , are integral operators Z2(R?) — #£?(R?) defined as

(o0 1= 51000 [ Togly =180 £ 1) ¥, ©7)

(Aeep HOD 1= 36() /R AG I =yiley3lpl, —2)e D FOD dyi, (6-8)

and the function A(e) is the remainder term in Lemma 6.2. Let IT, := I — I1, denote the orthogonal
projection onto (Cp)* in £*(R?) and recall Be from (1-7). In (6-6), decomposing

B2 =BT+ o (logel — frne) Ty,
where B fine 1= [loge| — |log &|(1 + Bene/|log e|)~!, we rearrange terms to get
Tep =B ML+ g (log(31pl -, —2) = BL) Ty + Lo — Acz p. (6-9)
where ﬂi’ ¢ :=2(log 2 + B fine — YEm). We next take the inverse of 7 , from (6-9), utilizing

Q-97"'=>07"Q2™"", Q=D lop <HQ Mllop/ (T =127 NopllQllop),  (6-10)

m=0

valid for operators Q, O such that Q is invertible with |0~! ||0p||@||0p < 1. Our choice will be Q :=
B ML+ g (log(51p15_, —2) = AL )Tp and Q1= Lo+ Ac. . p.
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From (6-7), we have ||Ly|lop < 00. Under our current assumption |%|p|§_n — z| < &2, from (6-8) and
the property of A(e) stated in Lemma 6.2, we have || A, ; »llop < C < 00. Hence

”_’C¢ +~A8,Z,p”op <C. (6-11)

With IT, and ITy4 being projection operators orthogonal to each other, we calculate

(BT + g (1085113, —2) = BLo)Ty) ™ = BeTlL +4m(log(31pl3, —2) = BL.) " Ty (6-12)

The operator norm of this inverse is thus bounded by max{g., 47 /(log(—Re(z)) — ,B,’(’ 2)}. Since ﬂi’ e =
B« + 2B and B, — 0, this allows us to get a convergent series (6-10) for —Re(z) large enough and ¢
small enough, with || 7, [lop < C(log(—Re(z)) — ).

(i1)) Now we consider the case ‘%l Pl%_n — z| >e72. We apply (6-10) again to (6-5) with Q = B, 'T. To
check the relevant condition, we write the operator 7 , (in (6-5)) in a coordinate-free form as

Tep =81 —91g%7" ¢,

1 1 2
e2(3z—31pP13_,)

where g§"=” denotes the two-dimensional Laplace resolvent. Recall that Re(z) < —e ¢ < 0, so
Re(%z - ‘l‘|p|%7n) < 0, which gives
(n=1) _|22(1 1y,.2 -1
H QSZ(%Z_ﬁm%_H) ”op - |8 (EZ B Z|p|2—n)| :
Under the current assumption |%|p|§_n — z| > £72, this is bounded by 2, so
| o(n=1)
||¢§g82(%z—%\p\%_n)¢” < C.
Since B; ! — 00, (6-10) applied to (6-5) with Q= B 1, show that 7, exists with | 7, [lop < C (loge) ™!,
for all ¢ small enough.
Having obtained 7;1} and its bound, we next show the norm convergence. The condition | %l p|§7n —z| <
€72 holds for all ¢ < C(p), whence we have from (6-10) that

4 ad 4 n
T_IZ<,3 IT, + qu) ((—£¢+A, , )(,3 IT, + H¢)> .
or ’ log(%lplg_n—Z)— v/z,s n;) ol ) log(%”)l%—n_z)_ */(,8

(6-13)
We now take termwise the limit in (6-13). Referring to (6-8), with p € R>—2 being fixed, the linear
growth property of A(e) in Lemma 6.2 gives that A, , , converges to 0 in norm. Since B, — 0,
4 I 4 I
) —>
10g(%|p|%7n - Z) - i,s 10g(%|p|%7n - Z) — B — 2B
Further, the bound (6-11) guarantees that, for all —Re(z) large enough, the series (6-13) converges
absolutely in norm, uniformly for all ¢ small enough. From this we conclude Ts—pl — 7; in norm, where

BeTlL + ¢, innorm.

4 > 4 "
Ti= " Zn¢( " (—c¢)n¢). (6-14)
log(51p3_, —2) — B, —2Be =~ \log(Ipl3_, —2z) — B —2Ba
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This expression can be further simplified using IT}) =TTy and Iy Ly T1y = ’23—7“;1"[(1,,

/ 47 > —2,3<1> m
T - n¢( n¢,)
P log(51p13_, —2) — B — 2B mz:% log(31pl3_, —2) — B« — 2B
4

~ log(3Ipl3-, —2) — .
This completes the proof. 0

M.

Recall J; from (1-22). Combining Lemmas 6.3-6.4 immediately gives the main result of this section:

Lemma 6.5. There exist constants C1 < 00, C2(Bsine) > 0 such that, for all Re(z) < —ePTC1 and for all
& € (0, 1/Ca(Biine)), the inverse (BT — ¢ Sp12G.SF,9) ™"+ L2(R*™) — L*(R™) exists, with

[(B'T = ¢ S0120.8571,0) ' [, < € (log(—Re(@) — 0", (6-15)
B'1-9 Sglzgzsjuqs)’l — 4n¢ ® (T, — B 1) "' Qyp), strongly, as e — 0. (6-16)

7. Convergence of the resolvent

In this section we collect the results of Sections 3—6 to prove Proposition 1.4(a)-(b) and Theorem 1.6(a)—(b)
and the convergence part of Theorem 1.1(b).

Proposition 1.4(a) and Theorem 1.6(a) follow from the bounds obtained in Lemmas 4.2-4.4, 5.3, and 6.5.
We now turn to Theorem 1.6(b). Recall that Lemma 3.2, as stated, applies only for Re(z) < —C(n, ¢),
for some threshold C(n, ¢) that depends on . Here we argue that the threshold can be improved to be
independent of ¢. Using the bounds from Lemmas 4.2—4.4, 5.3, and 6.5 on the right-hand side of (3-6), we
see that (R, ; — G;) defines an analytic function (in operator norm) in B := {Re(z) < —eC”2+5*}. On the
other hand, we also know that (R, ; — G) is analytic in z off o (#,) U [0, c0), where o (H,) C R denotes
the spectrum of .. Consequently, both sides must match on B \ o (H.). We now argue BNo (H,) = I,
so the matching actually holds on the entire B. Assuming the contrary, we fix zo € BN o (H.), take a
sequence z; € B and approach z; — zo along the vertical axis. Along this sequence (R, ; — G;,) is
bounded, contradicting zg € o (H).

We now show the convergence of the resolvent, i.e., (3-6) to (3-12). As argued previously, both series
(3-6) and (3-12) converge absolutely in operator norm, uniformly over ¢. It hence suffices to show
termwise convergence. By Lemmas 4.4, 5.4, and 6.5, each factor in (3-6a)—(3-6¢) converges to its limiting
counterparts in (3-12a)—(3-12c), strongly or in norm. Using this in conjunction with the elementary,
readily checked fact

Q, Q; — QQ' strongly if Q, Q; are uniformly bounded and Q, — Q, Q/s — Q' strongly,

we conclude the desired convergence of the resolvent, Theorem 1.6(b).

Next we prove Proposition 1.4(b). First, given the bounds from Lemmas 4.2-4.4, 5.3, and 6.5, we
see that R’ in (1-24) defines a bounded operator on L2(R?) for all Re(z) < —eBeF*C Our goal is to
match R>™ to R, on .£2_(R>"), for these values of z. Apply (6-10) with Q = %(‘7Z — B,I) and with

sym
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0= ﬁzd& 1G. Sy, for the prescribed values of z (so that the condition for (6-10) to apply checks).
We obtain

- 2
m * —1 * -1
RYM=6.+ Z G5, (477(~7z — B E(msksksgzsisjs 4 (T = Bod) ))
2
X mskmﬂkmﬂgz, (7-1)
where the sum is over all pairs (i1 < j1), (ko <£€2) % (i2 < j2), ..., (ky <L) # (i < jim)s kst <kms1),

and all m.
At this point we need to use the symmetry of .#>_(R?"). Let

sym
,Zszym/(ﬂ%z"_z) ={ve LER ) 02y Yo3)s -+ s Vo) = V(V2, Y35 oy Yn) T € Sn—2}
denote the space of functions on R?*~? that are symmetric in the last (n — 2) components. It is readily

checked that the incoming operator (i.e., Sk, k.., ;) maps .,%Szym([RZ”) into .fsim,([R{z”_z), that the
mediating operators (i.e., Sg, i, QZS;ijx and 47 (7. — B 1)~ ") map 22 (R**72) to £2 _,(R¥2). Further,

sym sym
given that G, acts symmetrically in the n components, we have

Sijgz ’ﬁ%m(sz): Si’j’gz “Zgzym(RZn)v for all (l < ])a (l/ < .]/) (7'2)
Also, from (5-1) we have
Skfgzsl'}; |$2 /(R2n—2)= O'(k)o’(()gzsi(i)g(j) \fZ /(RZn—Z)? f()r al] (l < .]) # (k < g)v o€ Sn (7_3)
sym' sym

In (7-1), use (7-3) to rearrange the sum over (ky < £3) # (i» < jo) as

2
1 E Skzez gZS;;jz P2 (RZn—Z): E Siljl gZS;;jz
nn—1) o sym’ —
(ky<€2)#(i2<2) i2<j2

gfym,(Rz”—z)1{(i2<j2)7é(i1 <ip}-

That is, we use (7-3) for some o € S, such that (o (k2) < o(k2)) = (i1 < j1). Doing so reduces the sum
over double pairs (ko < €7) # (ip < jp) into a sum over a single pair (i> < j») with (i < jo) # (i1 < j1),
and the counting in this reduction cancels the prefactor 2/(n(n — 1)). Continue this procedure inductively
from s = 2 through s = m, and then, at the m + 1 step, similarly use (7-2) to write

2
n— 1) Z St i1tm19z

km+l <£m+l

L@ = SininYz| 23, wory

We then conclude Proposition 1.4(b),
R;ymlagfym(RZn) = RZ L(/g,m(Rz”)‘ (7-4)

We now turn to the convergence of the fixed time correlation functions in Theorem 1.1(b). Given
Theorem 1.6, applying the Trotter—Kato theorem (see [Reed and Simon 1972, Theorem VIIL.22]), we
know that there exists an (unbounded) self-adjoint operator  on Z2(R?), such that R (in (1-23)) is the
resolvent for #, i.e., R, = (H — zI)~!, for all Im(z) # 0. Theorem 1.6 also guarantees that the spectra
of H, and H are bounded below, uniformly in &. More precisely, o (H.), 0 (H) C (—Ci(n, B), 00),
for all ¢ € (0, 1/C2(Bsine)), for some Ci(n, B,) < 0o and Cr(Bane) > 0. Fix t € Ry. We now apply
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[Reed and Simon 1972, Theorem VIII.20], which says that if self-adjoint operators H, — H in the
strong resolvent sense, and f is bounded and continuous on R then f(H,) — f () strongly. We use

f) = e =MINC10BY) ywhich is bounded and continuous, and from what we have proved, f(H,) = e~/
and f(H) =e '™ Hence
e ™M — 7™ strongly on £%(R*"), for each fixed t € R.. (7-5)

For Theorem 1.1(b), we wish to upgrade this convergence to be uniform over finite intervals in z. Given
the lower bound on the spectra, we have the uniform (in £) norm continuity:

le™ — &= flop + le™" — e M lop < Can, B — ],
for all € € (0, 1/C»(Bsine)) and s, ¢ € [0, 00). This together with (7-5) gives

lim sup e Mu—e™Mu| =0, ue L2R™), 1 < o0.
e=04¢[0,7]

Comparing this with (1-4), we now have, for each fixed g € LR,

[E[(ZS;’, 2] — (fo”, e "Mg),  uniformly over finite intervals in 7. (7-6)

—tH

What is missing for the proof of Theorem 1.1 is the identification of the semigroup e with the explicit

operators defined in (1-16), (1-17). This is the subject of the next section.

8. Identification of the limiting semigroup

The remaining task is to match e =% to the operator P; + D™ on the right-hand side of (1-18). To

rigorously perform the heuristics in Remark 1.9, it is more convenient to operate in the forward Laplace
transform, i.e., going from ¢ to z. Doing so requires establishing bounds on the relevant operators in (1-17),
and verifying the semigroup property of P; + D?gm("), defined in (1-16). The bounds will be established
in Section 8A, and as step toward verifying the semigroup property, we establish an identity in Section 8B.

8A. Bounds and Laplace transforms. We begin with the incoming and outgoing operators. We now
establish a quantitative bound on the norms of S;;P; and P,Si’;., and match them to the corresponding
Laplace transform.

Lemma 8.1. (a) For each pair i < j and t € Ry, S§;jP; : L*R™) — LR 7?) and P,S};
LR > L2(R™) are bounded with

”Sijpt”op + ||PIS;}||0p < Ct_l/z-

(b) For each pairi < j, Re(z) <0, u € L%(R*), and v € L*(R**?),

/ etz(v,S,-jP,u)dt=/ e“v(y)P(t, S;jy — x)u(x) drdydx = (u, S;;G.v),

R, R, xRén—2

/ el‘Z<u, 'PIS;;U> dr = f elZu(x)P(t, X — Sijy)v(y) dtdxdy = (u, ng;}U),
R+ R+><R4”_2

where the integrals converge absolutely (over Ry and over Ry x R¥'™%),
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Proof. It suffices to consider S;;P; since P,S;; = (S;jP)*.
(a) Fixing u € £?(R>"), we use (4-3) to bound

5 dg1\? LMy g dgi )’
isipal= [ ([ Paono ) ae= [ ([ e tmormonf ) an,

On the right-hand side, bound [M;;q 1> > %lth | (as checked from (4-1)), and apply the Cauchy—Schwarz
inequality in the g; integral. We conclude the desired result

12 C
IS Pul|* < C/z(e la2dgy [lu)* < 7||u||2.
R:

(b) Fix Re(z) < 0, integrate (v, S;jP,u) against e*' over t € (0, 00), and use (4-3) to get

o0 o0
/ e (v, SijPuu) dt = / f e = MM, q) ) drdg.
0 0 R2n

This integral converges absolutely since [|S;;P; |lop < C t~1/2 and Re(z) < 0. This being the case, we swap
the integrals and evaluate the integral over ¢ to get

/ooe”(v S--Pu)dt:/ (g2—n) TZ(M--q)d—q
o > Oij It o —n %|M,-jq|2—z 1) 5

The last expression matches (v, S;;G,u), as seen from (4-9). Il

Lemma 8.2. (a) For distinct pairs (i < j) # (k <0), t € Ry, P,S;,(ZL*(R**72)) C Dom(S;;), so the
operator S;;P;S;\, maps L2R?2) > L2(R¥2). Further

-1
”SithS;:e”op < Ct™.

(b) For distinct pairs (i < j) # (k <€), v, w € Z*(R**2), and Re(z) < 0,
/ , Ae”w(y)P(t, Sijy = Skey v (y") dedydy’ = (w, S;;G:Sg,v), (8-1)
Ry xR*=

where the integral converges absolutely.

Remark 8.3. Unlike in the case for incoming and outgoing operators, here our bound on Ct~! on the
mediating operator does not ensure the integrability of ||S;;P;S[, [lop near ¢ = 0. Nevertheless, the integral
in (8-1) still converges absolutely.

Proof. Fix distinct pairs (i < j) # (k < £) and v, w € Z(R*>"~?).

(a) As argued just before Lemma 8.1, we have P;Sj,v € Z2(R?"). To check the condition PiSiv €
Dom(S;;), consider

/%Zn

where the equality follows by a change of variable ¢ = Ml.;l p, together with (p; + p;, p;;) =M l.;1 plhn

~ L2 A dp
D(pi+ pj, e Siv(p)| 3 (8-2)

~ Moo e dg
W(ga—n)e 2" S:gv(Muq)’ o = /
T R

2n
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and |det(M;;)| = 1 (as readily verified from (4-1)). In (8-2), bound e~ 2”1 < C (1] p|2)~" and use (5-2)
to get

8-2) < Ct vl wl. (8-3)
Referring to the definition (4-2) of Dom(S;;), since (5-4) holds for all w € #?(R?**~2), we conclude
P:S;,v € Dom(S;;) and [(w, S;;P;S;,v)| = I(S;;w, PS;pv)| < Ct=w]| |lv].

(b) To prove (8-1), assume for a moment z = —A € (—o0, 0) is real, and v(y), w(y) = O are positive.
In (8-1), express the integral over y, y" as (w, S;;P;S,v) = (S;;.w, P;S;;,v), and use (5-3) to get

/ W) P, Sijy — Skey)v(y) dedydy’
R+XR4"’4 o0
_ = _Llip]2~
:/0 e ”(fRz w(pi+pj, pe 27 v(pk+pz,l?kz)dp) dr.

The integral on the right-hand side converges absolutely over Ry x R?", i.e., jointly in ¢, p. This follows
by using (5-2) together with fooo e M5l dr = 1 / ()» + %I p|2). Given the absolute convergence, we swap
the integrals over ¢ and over p, and evaluate the former to get the expression for (w, §;;G.S;,v) on the
right-hand side of (5-1). For general v(y), w(y), the preceding calculation done for (v(y), w(y))
(v, lw(y)|) and for z — Re(z) guarantees the relevant integrability. Il

Recall j(¢, B,) from (1-9). For the diagonal mediating operator, let us first settle some properties of j.

Lemma 8.4. For each Re(z) < —eP*, the Laplace transform of j(t, B.) evaluates to

o0
e“j(t, B dt = —————, (8-4)
~/O log(—z) — B«
where the integral converges absolutely, and j(t, B.) has the pointwise bound
it B = litt, BI < C 1~ Mlog(r A 3)[ eV s e R, (8-5)

Proof. To evaluate the Laplace transform, assume for a moment that z € (—oo, —ePr) is real. Integrate (1-9)
against e over 7. Under the current assumption that z is real, the integrand therein is positive, so we
apply Fubini’s theorem to swap the ¢ and « integrals to get

00 00 eﬂ*a 00
/ ¢i(r, o) dt = / ( / t“‘le‘(_z’)dt)da.
0 o T'(@)\Jo

The integral over ¢, upon a change of variable —zz — ¢, evaluates to ['(«)/(—z)*. Canceling the I'(«)

factors and evaluating the remaining integral over « yields (8-4) for z € (—oo, —e®*). For general z € C with

Re() the preceding result guarantees integrability of |e =¥/ T%f+t*=1T" (o) 1|

Re(z) < —eP+, since |e¥| = ¢
over (t,a) € [RR%F. Hence Fubini’s theorem still applies, and (8-4) follows.

To show (8-5), in (1-9), we separate the integral (over o € R, ) into two integrals over « > 1 and over
o < 1, denoted by 7, and I_, respectively. For I, we use the bound exp(—logI'(@)) < 5 loga — Ca
(see [Abramowitz and Stegun 1966, 6.1.40]) to write 1, < floo exp(—a(% loga — (C 4+ B,) —log t))doz. It

is now straightforward to check that 7 < eBetDCE Using |ﬁ| < Ca, a € (0,1) (see [Abramowitz and
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Stegun 1966, 6.1.34]), we bound I_ as I_ < Ct~'eP- fol at*da. Forall > %, the last integral is indeed
bounded by e®+DC! For r < 1, we write 1% = e~!1°¢l and perform a change of variable «|logt| — ¢
toget I <C t~ePr| logt| =2 j)logtl ae *da < Ct~'ePr|logt| 2. Collecting the preceding bounds and
adjusting the constant C gives (8-5). UJ

Referring to the definition (1-12) of 77;7 , we see that this operator has an integral kernel

P v)(y) = /R L PT@y oAy PTGy ) = Bop(g. v = 05) [T et yi— 3. (8-6)
i=3

Lemma 8.5. (a) Foreacht e Ry, 7?;7 : LHR?) > L2(R*2) is a bounded operator with
1P llop < C (£ A 1) Mlog(z A )| et (8-7)

(b) Further, for each v, w € L2(R*?) and Re(z) < —eP,

f e (w, P v)dt = / T w) P, y, Y v(y) drdydy = (w, (T, — B 7'v),  (8-8)
Ry

R, x R4n—4
where the integrals converge absolutely (over Ry and over Ry x R¥~%),

Proof. Part (a) follows from (8-5) and the fact that heat semigroups have unit norm, i.e., ||e_“’v"2 lop =1,
a = 0. For part (b), we work in Fourier domain and write

= - =, < 7l 2 o~
/ w) P (t, y, y)v(y') dedydy’ =j(t, B.) f w(p)e 21P-n(p)dp,
Ré4n—4 R2n—-2

where, recall that | P|%_,, = %I a2 +1p3l>+ ...+ |pn|*. Integrate both sides against e’ over r € R, and
exchange the integrals over p and over ¢. The swap of integrals are justified the same way as in the proof
of Lemma 8.2, so we do not repeat it here. We now have

o0
/ wy)PI(t, y, y)v(y) dedydy’ = f ( / e 31IPl (e, ﬁ*)dt> w(p)v(p)dp.
Ry x R4n—4 0

R2n—-2
Applying (8-4) to evaluate the integral over ¢ yields the expression in (1-22) for (w, (7, — B.1)"'v). O

8B. An identity for the semigroup property. Our goal is to prove Lemma 8.8 in the following. Key to
the proof is the identity (8-12). It depends on a cute fact about the I" function. Set

Moa+k+1
pk(Ol) = (lfl(a——kl)) = (Ol +k) T (Ol+ 1)0(, a=0. (8-9)

with the convention p_; := 1.

Lemma 8.6. Form € 7>y,

a M 1
pm<a>=fo Z(m"izﬂ)(m—k)!pk_1<a1>da1.
k=0
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Proof. Taking the derivative gives g—a pm(e) = 3" [Tje(a + i), where []’c denotes a product over
i €{0,...,m}\{j}. Our goal is to express this derivative in terms of p,,—1(«), pm—2(c),.... The j =m
term skips the (o + m) factor, and is hence exactly p,,—;(«). For other values of j, we use (¢ —m) to
compensate the missing (« + j) factor. Namely, writing (o +m) = (@ + j + (m — j)), we have

m m—1
[[etd=pna@+m-p[]. @+ (8-10)
This gives

f—apmm) = Z]‘[’ﬁ(am =Y pmoi(@+) (m—j) ]‘[:T’jlmm.
j=0 j=0 Jj=0

In (8-10), we have reduced ]_[';i (x+1i)to ]_[;i_] (x +1), i.e., the same expression but with m decreased
by 1. Repeating this procedure yields

d m m
3 Pme) = me—e(a)(Z(m —Dam—j =g (m—j —z)+)
Jj=0
m £—1

=1
m m 1

=2 @) [JG-Ds= meema)(’;f:l )z! : (8-11)
=1 =1

j=0 i=0

where [ ;. (+) := 1. Within the last equality, we have used the identity Y7 =iy = (’Z:]l)ﬁ!.

In (8-11), perform a change of variable m — ¢ := k, and integrate in «, using p,, (0) =0 to get the result. [

Lemma 8.7. Fors <t € Ry, i < j, we have
b= [ [ gy e pu dnde (8-12)
O<ti<s Js<ty<t

Proof. Write j(¢, B,) = j(¢) to simplify notation. Let the right-hand side of (8-12) be denoted by F (s, ¢).
It is standard to check that F (s, ¢) is continuous on 0 < s <t < oo. Hence it suffices to show

t t
/F(s,t)smds:j(t)/ s"ds =j(t) m+ D)7 me 7o, (8-13)
0 0

From (8-5), it is readily checked both sides of (8-13) grow at most exponentially in ¢. Taking Laplace
transform on both sides of (8-5), the problem is further reduced to showing, for some C(m, f,) < oo,
o 1 o
/ / e MF(s, )s* dtds = / e M) m+ D", A > C(m, B). (8-14)
0o Jo 0

The left-hand side can be computed:

o] eﬂ*al—a—m—l o
Lh.s. of (8-14) = f —(/
0 m+1 0

3 ( m+1 )(m—k)' (ap)da )da (8-15)
~ m—k+1 s Pk—1(0 1 .

k
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The integral (8-15) is indeed finite for large enough A > C(B,, m). The right-hand side is given by
00 ﬂ,akfotfmfl
rh.s. of (8-14) = / ————— () do. (8-16)
0 m+ 1

By Lemma 8.6 the two coincide. g

Lemma 8.8. Fort' <s <t eRy, i < j,we have
/ / (47177;17_,,)8,-]7%2 0S 4np’ ) dndiy = 77,{,/- (8-17)
t'<ti<s Js<tr<t
Remark 8 9. The integral (8-17) converges absolutely in operator norm. This is seen by writing
SiiPh—1, S5 = (SijPs—1,) (P, — SS”}.), and by using the bounds from Lemmas 8.1(a) and 8.5(a).
Proof. For T > 0, the operator S; jP,Si“} has an integral kernel

n
P(r, Sij(y = ¥) = (p(r, y2 — y2))* [ [ oz, 3 = 3,
i=3
where p denotes the two-dimensional heat kernel. From this and (p(z, y))2 #p(%, y), we have
SUP,S* = 47” exp( TV22 D Vlz) Recall that P7 := j(t, B.) exp( 4V2 — 5> i3 Vlz) We

obtain
Lh.s. of (8-17) = dme~ 7 V2—'3" DY %VZ/ / it — )t — 1) it — 1) drydt.
t'<ti<s Js<th<t
The desired result now follows from (8-12). Il

8C. Proof of Theorem 1.1. We begin with a quantitative bound on D(i’j ),

Lemma 8.10. For (z 7)) = (G, j)i—, € Dgm(n,m), t € Ry and 1 > 2, we have

e -1 —
”,DI(I,J)HOp < C(]Og(ﬁ A %)) m2e*C (ﬂ'_H)t(C/ log " I (8-18)

Proof. To simplify notation, we index the incoming and outgoing operators by 0 and by m: Q(O) =Py Sj; Iz
5’;? = 8i,,jnPr,» we will index the diagonal mediating operators by half integers: %? = 47177;Z
€ (3 +2Z) N (0, m), and index the off-diagonal mediating operators by integers: QW .=

a € ZN (0, m). Under this notation,

*
Pra Sia+lja+1 >

712

,Dl(i,—j)) :/ QO (1/2 ... g gz, (1-17%)
(1)

In general, integrals like the one on the right-hand side of (1-17) should be defined as operator-
valued integrals. Here we appeal to a simpler alternative definition. Recall from (2-1)-(2-2), (2-3),
and (8-6) that each ng) has an integral kernel. Accordingly, for each u, u’ € .#?(R*"), we interpret

' [s o oW Q&}{? .-+ QY 4T i) as an integral over %, (1) x (R2")2m+1 by expressing each Q% by its
kernel Our subsequent analysis implies that this integral is absolutely convergent for each u, u’ € £2(R>"),
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and therefore (1-17’) defines an operator on L%(R*). Since all the kernels are positive (see (2-1), (2-2),
(2-3), and (8-6)), we have

-
[, D )| = [fu, f QY QU ... o d7 u)

Elll(t)
g/ (u’, I1 ng)u> d?:/ <|u’|, I1 ng)|u|>d?. (8-19)
S (1) acA i (1) acA
We now seek to bound (8-19). An undesirable feature of (8-19) is the constraint 7o+ 712 +. ..+ 7, =1

from X, (t). To break such a constraint, fix A > 2. In (8-19), multiply and divide by e and use
Zn(®) C (Ugenfra = ﬁ}) N (0, 1)?"*+! to obtain

-
1D o <Y Fu. F, :=( sup e‘kﬂ*fugimuop) [ (8-20)
T€[

13
acA el a’'cA\{a)

t
/ e BT an )dr
0

op

To bound the “sup” term in (8-20), forgo the exponential factor (i.e., e T L 1), and use the bound on
1o llop from Lemmas 8.1(a), 8.2(a), and 8.5(a). We have

(t/m)~'/? fora=0,m,
sup e T Q(,a) lop <C 1§ (t/m)~! for a € ZN(0, m),
el (1/m)~ (oA 1) 2O forae (142)n0.m),
12 fora=0,m,
< CmeCUIHAI L 4—1 for a € ZN(0, m), (8-21)
1= (log(57 /%) forae (34+2)N(0,m).

Moving on, to bound the integral terms in (8-20), for a’ € {0, m}U ((%Z) N0, m)), we forgo the exponential
factor, and use the bound from Lemma 8.1(a) to get

t t
U SPridr| < / 195 lopde < Ci'2fora’ =0, m, (822)
0 op 0
t t
|[omratur] < ["10e g0
0 op 0
-1
< C(log(sg A5)~ €U fora’ € (542) N (0, m). (8-23)

The bound (8-23) gives a useful logarithmic decay in t — 0, but has an undesirable exponential growth in
t — co. We will also need a bound that does not exhibit the exponential growth. For a’ € (%Z) N (0, m),
we use the fact that an ) is an integral operator with a positive kernel to write

t
/ e T QW dr

0

<
op

© /
/ e T oWdr
0

op
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The last expression is a Laplace transform, and has been evaluated in Lemmas 8.2(b) and 8.5(b), whereby

t
/ e P QWdr
0

< ||sijg_m*3,j£||op fora’ e (0,m)NZ,
oo |IToap =B oy fora’ € (0,m)N (L +2).

Here (i < j) # (k < £) corresponds to the index a’. Using the bounds on ||S;;G.S;, llop from Lemma 5.1
and the bound || (J_-3g, — B < 1/log A (see (1-22)) we have

t
/ e—kﬁ,‘[ an )dT

0

(8-24)

<C 1 fora’ € (0,m)NZ,
o |dogn)™' fora’ e ©,m)n(L+2).

Fora € %Z, inserting the bounds (8-21)—(8-22), (8-24) into (8-20) gives

F, < Cme;\C(ﬂ,Jrl)z(log(zszrl N %))fzfué% (log)\)m71C2m+l.

For a ¢ %Z, in (8-20), use the bound (8-21) for the sup term, use (8-23) for a’ = % and use (8-22) and
(8-24) for other a’. This gives

=122 fora e {0, m)

AC (Bt 1)t t 1\\~!
F“ g Cme (log(lm—H A E)) { t—1+1/2+1/2 foraeZn (0, m)

} (10g )\‘)m—lczm#—l .
Inserting these bounds on F, into (8-20), we conclude the desired result (8-18). O
Proof of Theorem 1.1(a). Sum the bound (8-18) over (i, j) € Dgm(n), and note that

|Dgm(n, m)| < (n(n —1)/2)"

(see (1-13)). In the result, choosing A = Cn? for some large but fixed C < 0o, we have

o0

IDPE" ™ oy < Ym0 (log (5557 A 1) 27D exp(CeS™ (B, + D) (8-25)
m=1

< Cn?exp(eC™ (B, + 1)C1). (8-26)

This verifies that DPgm(") defines a bounded operator on LR,
To show the semigroup property, we fix s < ¢t € R, and calculate

(Py 4 DPE) (P, + DPEM™),

which boils down to calculating

’PS’PthS'? PSD[(l_’Sj )7 Dgl,])Ptfs’ Dfl,])’D;l_’sl )7
for (i, j) € Dgm(n, m) and (i’, j') € Dgm(n, m’). To streamline notation, we relabel the time variables
as tfy ;=710 + ...+ Tx/2—1, and set

m—1

—
L) (7Y - — J J
B(l J) (t ) T 7)[1 Sl?';jl (4H7D12—t1) (l_[ Sikjk 7D’ZkJrl_tZk Sl?']z+1jk+1 (47Tpf2k+2—12k+1 )>8imjm Pl_th ‘
k=1
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Using (1-17’) and the semigroup property of P,, we have PyP;_; = P4,

P, D) = / BNy dr, (8-27)
(s,0)2’

— —

DD = / B (@) dr, (8-28)
(0,5)2"

— R s o

pIpT) = f BNy dr, (8-29)

Q2m,2m’ (S’t)

where
(a,b)k< :={?e(a,b)k:a <t <--- <t <b},

Qs ) ={feO. D cn<s<ny < <nge <t}

and (i”, j”) is obtained by concatenating (i, j) and (i, j'), i.e.,

1 g mAm’ . . . . ./ ./ . .
(@, 7" = G GO = (G < J0s ey G < Jm)s GL < JDs ooy G < ).
Such an index is not necessarily in Dgm(n), because we could have (i,, < jm) = (i{ < j;). When this
happens, applying Lemma 8.8 with (i, j) = (i, j,») and with (¢, t) > (t2_1, fomi2) gives

= A G o o
DD = / BU V(@) di, (8-29°)

Qom—1,2m'—1(8,0)

n

% . . . % .
where (i, j"') is obtained by removing (i < j{) from (i”, j"), i.e.,

¥4 il . . . . . . . .
Q" j") = (1 < j1) oo (i < jm)s (2 < j2) -, (im < jw)) € Dgm(n).
— ——>
Summing (8-27)—(8-29), (8-29”) over (i, j), (i’, j') € Dgm(n) verifies the desired semigroup property:

Dgm(n)

PsPr_s + (PSDFS + D?gm(")'Pt,S + 'D?gm(")DP ng(n).

EN) = P+ DY

We now turn to norm continuity. Given the semigroup property, it suffices to show continuity at
t = 0. The heat semigroup P; is indeed continuous at t = 0. As for D?gm("), we have D(])) gmin) . _ 0, and

from (8-25), lim, ¢ || D™ llop = 0.

Proof of Theorem 1.1(b). Given (7-6), proving part (b) amounts to showing P, + DPE"" = ¢~1%.
Equivalently, for fixed u, u’' € Z2(R*") and for f(t) := (', (P, + D ™ )u) and g(t) := (', e~ Hu),
the goal is to show f(¢) = g(¢) for all + >> 0. Both functions are continuous since P; + DPgm(") and e~
are norm-continuous. Further, by (8-26) and from o (H) C [—C (n, 8,), 00) we have

1P+ D2 lop + e [lop < C 1, B.) exp(C (n, B1).

Hence it suffices to match the Laplace transforms of f(¢) and g(¢) for sufficiently large values A > C (n, B,)
of the Laplace variable.
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To evaluate the Laplace transform of f(¢) = (u’, (P; +D})gm("))u), assume for amoment u(x), u’(x) >0,
integrate (1-17’) (viewed as in integral operator) against e Mu' (X)u(x’) overt € R, and x, x’ € R*", and

- .
sum the result over all (i, j) € Dgm(n). This gives

/ooe‘“f(t)dtzfooe‘“ﬂdt+ Z <u’,(
0 0

—

(i,j)eDgm(n)

I / ” e QW dt)u>, (8-30)
0

acA

where, the operator Q'

are indexed as described in the preceding. In deriving (8-30), we have exchanged
sums and integrals, which is justified because each Qt(a) has a positive kernel, and u(x’), u’(x) > 0 under
the current assumption. On the right-hand side of (8-30), the Laplace transforms fooo et Q;a)

evaluated as in Lemmas 8.1(b), 8.2(b), and 8.5(b). Putting together the expressions from these lemmas,

dt are

and comparing the result to (3-12), we now have
x o.¢]
/ e M f(t)dt = (', (ths. of (1-23)| .= )u) = (u', R_u) = / e Mg(t)dt.
0 0

For general u,u’ € £>(R*), the preceding calculation done for (u(x), u’(x")) — (Ju(x)|, |u’'(x")|)
guarantees the relevant integrability, and justifies the exchange of sums and integrals.
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