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1 Introduction

The von Neumann entropy provides a quantitative measure of entanglement in a quan-
tum system. In the special case of a thermal ensemble specified by a Hamiltonian, the
von Neumann entropy reduces to the standard statistical mechanics entropy. In quantum
field theory, the thermal entropy may be obtained directly from the partition function
computed by standard functional integral methods, whereas the methods for calculating
the entanglement entropy of a general subsystem are much less systematic, even in free
field theories.

Quantum field theory does provide, however, a reasonably systematic method for eval-
uating the Rényi entropy [1]

Sulp) = 1—, nTx(p") (1.1)

when v is an integer n greater than 1, by replicating the functional integral representation
for p, the density matrix, n times. The von Neumann entropy

S(p) = —Tr(plnp) (1.2)



is then obtained by taking the v — 1 limit of the Rényi entropy:
S(p) = lim S, (p). (1.3)

Before taking such a limit, note that even though the Rényi entropy S, is well-defined
for both integer and non-integer v, it is directly computed by replicating the functional
integrals only when v is an integer n > 1. Therefore, one needs to determine the full
function S, from the set of its integer values {S,,n = 2,3,---}, via some kind of analytic
continuation. In practice, one achieves this analytic continuation by finding a locally
holomorphic function S, of v € C that takes the values S,, = S,,(p) for all integers n > 1
and has suitable asymptotic behaviors as v — 0o as required by Carlson’s theorem.! If such
a function S, is found, Carlson’s theorem guarantees its uniqueness and thus we obtain
Su(p) = Su.

This replica method has been applied extensively to the calculation of the entangle-
ment entropy in many quantum systems, including quantum field theories and conformal
field theories (CFTs). For example, the entanglement entropy of a single interval of length
L in the vacuum state of a two-dimensional CF'T on an infinite line is given by the univer-
sal formula

S(p)= 5 n (f) , (1.4)

where c is the central charge and ¢ is a UV cutoff with dimension of length.

In this paper, we present an alternative method for extracting the von Neumann en-
tropy from the Rényi entropies S, (p) for integer n > 1. Our method does not rely on a
direct analytic continuation in the variable n. Instead, the starting point is that once we
know the traces of powers of the density matrix

Ru(p) = Tr(p"), (1.5)

we are allowed to define a generating function of an auxiliary variable z for these R, (p):

G(z;p)=—"Tr (p In 11__22/)) = i %(Tr(p"“) = 1). (1.6)

n=1

For a density matrix p, the series is absolutely convergent in the unit disc |z| < 1. Choosing
the branch cut of the logarithm to lie along the positive real axis, the function G(z; p) may
be analytically continued from the unit disc to a holomorphic function in the cut plane
C\ [1,00). The limit of this analytically continued function as z — —oo, which is well
within the domain of holomorphicity, gives the von Neumann entropy:

S(p) = lim_G(zp), (1.7)

Z—r—00

as may be verified directly from the definition (1.6). The existence of the analytically
continued function in z beyond the unit disc may be seen from (1.6) as well. It may also be

!Carlson’s theorem states that a function f(v) that is holomorphic in v for Re(r) > 1, vanishes for
positive integer v, is bounded by |f()| < C ! for Re(v) > 1 with constant C, \, and satisfies this bound
with some A < 7 on Re(v) = 1, must vanish identically for all v. See [2, 3].



verified by rewriting the generating function in terms of a Mdébius transformed variable w:

G(z;p) = fTr(pln{l— 1*P)}>’ w=—>

z—1

(1.8)

Its Taylor series in powers of w is
o &
k)
=Y f% F (1.9)
k=1

where
k _1\m
) = ilp(1 - ] = 30

m=0

Tr(p™th). (1.10)
The first few terms of the series written in terms of R,, = Tr(p") are

1
+5(1 =38Ry +3R3 — Ry)w® +--- . (1.11)

For a density matrix p, the Taylor series is absolutely convergent in the unit disc |w| < 1.

1
G(2:p) = (1= Ro)w + 5 (1= 2Ry + R3)w?

Transforming back to the z variable, this provides explicitly the analytic continued function
in Re(z) < 1/2. An advantage of working with the w variable is that we may obtain the
von Neumann entropy directly by taking the w — 1 limit:

S(p) = lim G(z; p). (1.12)

This may be written explicitly as a series:
o] f 1
ZT (1—-Ry)+ 2(1—2R2+R3)+3(1—3R2+3R3—R4)+'” (1.13)

which provides an exact expression for evaluating the von Neumann entropy from R, =
Tr(p™) with integer n > 1.

In addition to extracting the von Neumann entropy, it is worth noting that R,(p) =
Tr(p”) for arbitrary powers v € Rt may be evaluated by using similar generating functions
as well, whenever the corresponding trace is convergent.

Our method is related to the resolvent method used in e.g. [4, 5]. One advantage of our
method is that it can be applied directly to numerical calculations as we will demonstrate
using eq. (1.13) shortly.

It is worth noting that numerical calculations of the von Neumann entropy from Rényi
entropies have previously been carried out, for example by applying the rational interpo-
lation method used in [6, 7]. Such rational interpolations rely on making choices for the
degrees of the constituent polynomials of the rational interpolating function; in particular,
it has been noted in [6, 7] that rational interpolations can unpredictably fail when the
interpolating function happens to have a pole near n = 1. In comparison, our method
(when applied numerically) has the advantage of being completely systematic and reliable,
leading to computations that converge to the value of the von Neumann entropy without

needing to arbitrarily choose parameters.?

2The disadvantage is that our method is often numerically slower than the rational interpolation method
(when the latter works) in reaching the same accuracy.



The remainder of this paper is organized as follows. In section 2 we follow the procedure
described above to recover the von Neumann entropy in the simple case of a single interval,
whose solution by analytic continuation in n is immediate. In section 3, we use our method
to evaluate the von Neumann entropy of two intervals in the small cross ratio limit in 2d
CFT starting from R,(p) = Tr(p"), and reproduce the results of [8] for this system in
the same limit. In section 4, we set up the basis for numerical calculations of the von
Neumann entropy using the generating function. In section 5, we present numerical results
for the entanglement entropy in the two-interval example but now for finite values of the
cross ratio. In section 6, we present numerical results for the entanglement entropy of
one interval in a two-dimensional CF'T at finite temperature. In section 7, we analyze in
detail the rate of convergence of the Taylor series for the generating function in the Mobius
transformed variable w at w = 1. We conclude and comment on a few open questions in
section 8.

2 Analytical calculation for one interval

We now apply the method to our first example: to extract the von Neumann entropy of
one interval of length L in the vacuum state of a two-dimensional CFT on an infinite line,

Sn(p) = g (1 + le) In (f) (2.1)

for integer n > 1. Here cis the central charge and ¢ is a UV cutoff. This is an example where

from its Rényi entropies

direct analytic continuation in n is obvious, but it is nonetheless interesting to see how our
method works here. This example also serves as a starting point for more complicated
examples such as the one to be analyzed in the following section.

To apply our method, we start by rewriting eq. (2.1) as

sion) )
Ralp) =) = ()7 = el (2:2)

€

where for convenience we have defined

c. L
= —In—. 2.3
y=gln- (2.3)

We use these R, (p) values for integer n to form the generating function
oo
(i) =2,

[ n+1 _”_l)y — 1} . (2.4)

Combining e with 2™ and expanding the remaining exponential in powers of y, we obtain

G(z;p)=In(l —2)+e¥ i ) Z (2.5)

n=1 =0 It n+1
=In(l - z) —i—e_yz F (ze™Y), (2.6)
j= 0



where we have defined the sum

o0 n

Fi(z) = zzln(anrl)J (2.7)

for nonnegative integer j. We will eventually take z — —o0, so we need to find the behavior
of the sum (2.7) in this limit. To do this, we use the partial fraction decomposition

RN S o U 28)
nin+1)F  n = (n+1)8 '
and perform the sum (2.7) in terms of the polylogarithm function defined by
o0 zn
Lis(z) = ns’ (2.9)
n=1
obtaining
Fj(z) = j + Lii(2 —*ZLIS (2.10)

To find the behavior of Fj(z) as z — —oo, we need the behavior of the polylogarithm
as z — —o0o, which is given by the Sommerfeld expansion

__ 9l—2m m
Lls 9 Z 1 82_ 2773 i(i) ) [ln(—z)]s_zm—i-O(Z*l). (2.11)

From this we find
Fi(2) =j —In(—2) + O(z1) (2.12)

as z — —oo. Substituting this into eq. (2.6), we obtain as z — —oo

G(z;p)=In(l —2)+e¥ 3 :jj [] —In(—ze™) + (’)(z_l)} (2.13)
7=0

=In(—2) +y —In(—2ze7¥) + Oz (2.14)

ol (2.15)

Taking the z — —oo limit, we obtain the von Neumann entropy

S(p) = lim G(z;p) =2y = ¢ lné (2.16)

2Z——00 3

as expected.

3 Analytical calculation for two intervals

We now apply our method to calculate the entanglement entropy of two disjoint intervals in
the vacuum state of a two-dimensional CFT on an infinite line. Let us call the two-interval
subsystem A U B, where A = [z, 23] and B = [x3,24]. The cross ratio is then defined as

v 331256347 (3.1)
T13T24




with z;; = z; —x;. We will focus on the small  limit, where R,,(p) = Tr(p") was calculated
in [8, 9] and given by

Tr(p") = <371223334>

€

§(5—n) n—1 1

1+N(4n2> 721(;(81“@) b

where € is a UV cutoff, a/2 is the lowest dimension in the operator spectrum of the CFT,

(3.2)

N is the multiplicity of the lowest-dimensional operators, and --- denotes higher order
corrections. For examples, we have N' = 2 for a free boson and NV = 1 for the Ising model.
For notational simplicity, let us define

12234

c
= 6 h’l 62 (33)
and write the sum in eq. (3.2) in a different but equivalent way, leading to
( 1 ) T « n—1 e
N\ =—n

2a
soo7h
/=1 (Sll’l N )

At the leading order O(2°), the form of Tr(p™) is similar to that of a single interval
studied in section 2, and therefore the von Neumann entropy may be extracted by the same
steps, resulting in

C. T12T34

Sap =2y+0(z") = gln

+O(%). (3.5)

We now work at the subleading order O(z®). As our method deals with Tr(p") in a
completely linear way, we may focus on the O(z®) term in eq. (3.4). To extract the von
Neumann entropy at this order, we define the generating function at order x®

Glzip) = 3 el L gn ! (3.6)
ZpP) = —er 2 2007 .
n=1 " (n+1)% =1 (sm n’%)
where we have removed a multiplicative factor A" (%) for notational simplicity.?
Our aim is to evaluate this function and analytically continue it to z = —oo. To this

end we begin by deriving an integral representation.

3.1 Integral representation for G

We first combine e~ with 2" in eq. (3.6) and expand the remaining exponential in powers
of y as in section 2, obtaining
- 14

(ze™ yA
= X n+12“+uzl(smw)2a'

(3.7)
+1

3We may also strip off the “easy factor” e(%ﬁ-lfnfl)y from the generating function (3.6). This factor is
easy to analytically continue in n and was separately treated in section 2. It is not completely obvious that
stripping it off would lead to the correct final answer for the von Neumann entropy, but it actually does
(as one may check as in footnote 4), suggesting that our method has a broader regime of applicability than
what might be expected from its derivation in section 1.



We now use the expansion proposed in [9] for the functions

( u )m =3 pula) u (3.8)

sSinu k=0

where pr(a) is a polynomial in « of degree k. The radius of convergence of this Taylor
expansion in u is m, where the first singularity away from u = 0 is located. Substituting
u=ml/(n+ 1), we obtain the following sum

eV X 1

727% Z*Z n+1]+2k2 (r0)20—2k—1" (3.9)

2241 iy terms of an integral over an auxiliary

Using a representation for the factor (m/)
variable ¢, which is convergent for all values Re(ar) > 1, and obtaining the factor (m¢)% by

applying a derivative in t of order 2k, we have

¢ 1 1 o di 2a—1 & 77rt€
Z(M)?a—%—l _F(Za—l)/o 7! () Ze (8.10)

(=1

Carrying out the finite geometric sum over ¢, and substituting the result into the expres-
sion (3.9), we get the following integral representation for G(z; p):

_ (ze7Y) o
Hy(z,t) =eY Z n+1]+2k(1—e tm, (3.12)

One verifies that the above integral representation converges absolutely for Re(a) > %
Indeed, for fixed |z| < 1 and large t, the function Hy(z,t) and all its derivatives tend to
a finite limit, so that exponential convergence of the integral in eq. (3.11) is assured as
t — oo. Furthermore, the functions Hy(z,t) vanish linearly at ¢ = 0, so that the ratio
Hy(z,t)/(e™ —1) and derivatives of the ratio inside the integral in eq. (3.11) are integrable
at t =0.

We may rewrite eq. (3.12) conveniently using F}j(z) defined by eq. (2.7):
(z,t) =eY Z { jrok(ze™Y) = Fiiop (ze_y_”t)] . (3.13)

Again Fjio,(2) may be expressed in terms of the polylogarithm according to eq. (2.10).

3.2 Analytic continuation to z —+ —oo

To compute the limit of G(z; p) as z — —o0, we need the behavior of Fj o (2) as z — —oo0,
which is given by eq. (2.12):

Fiiop(2) = j+ 2k —In(—2) + O(z7 ). (3.14)



In this limit, eq. (3.13) becomes®

Hi(z,1) —e—yzgf [~ In(ze™) + In(2e7¥"™) + O(= 1) (3.15)
7=0
= —mt+0(z1). (3.16)

As a result, the evaluation of G(z;p) in this limit reduces to

lim G(z;p) Zpk (3.17)

Z—r—00

where the coefficients gi(«) are given by the following integral representation

gr(a) = 1“(2041_1) /OOO % el (gt)% (Wt_l) : (3.18)

The integral is absolutely convergent for all Re(a) > % To evaluate it, we shall use analytic
continuation in « to complex values Re(a) > k + % such that we may integrate by parts
2k times (with vanishing boundary terms), and obtain the following expression

ge(@) = 772220 — 2k — 1)¢ (200 — 2K). (3.19)

For fixed o and k + 3 > Re(a), the sign of gi(a) alternates as a function of k and its
magnitude grows with k. Thus the sum (3.17) is an asymptotic expansion with alternating
coefficients, which we will evaluate in the next subsection using a procedure similar to
Borel resummation.

3.3 Matching with previous results

To make contact with the results of Calabrese, Cardy, and Tonni in [8], we begin by using
the functional relation of the Riemann (-function
2I(s )
@m)

to express ((2a — 2k) in terms of ((2k — 2« + 1), and then use the standard integral
representation

((1-s)=

() (3.20)

< dt 8
r = — .21
(16 = [ F 7 (3:21)
for ((2k — 2a + 1), to recast g(«) as follows:
2 ket /°° dt 0 ka1
- Z(_ t 3.22
o) = 2= sintra) 7 D (3.22)
Substituting this representation into (3.17), we find
lim G(z:p) = 2sin(mra) /Oo Zpk )k g2h2ectL, (3.23)
z——00 T 0 —10t

4The dependence on y drops out in eq. (3.16), leaving us with what we would have obtained if we had

stripped off the “easy factor” e(n+1 n=1)y from the generating function (3.6), thus confirming our claim in
footnote 3.



The sum over k is easily recognized in terms of the defining relation (3.8) of pp(«):

;) pa(a)(=)Fe2h20 — (smhlt)?a (3.24)

Substituting this into (3.23), we find a much simplified integral representation:

.~ 2sin(ma) [ dt O t
1 G(z;p) = - . 3.25
z—}r—noo (Z, p) ™ /0 €2t —1 0t (sinh t)?oz ( )

The integral may be simplified upon integrating by parts, and we obtain

sin(ma) t

B 0o

The integral is absolutely convergent for —1 < Re(a) < 0 and may be evaluated exactly

for this range of parameters:

- t _ VT —a — 1 a
/0 e < 2) T(a+1). (3.27)

Applying the reflection formula for the I'-function

g <_a - 1> B (o + g;rcos(my)’ (3.28)

we see that the pre-factor cot(ma)) cancels both the pre-factor sin(ma) in (3.26) and the
factor cos(ma) from the reflection formula, and we find

lim Gz p) = — Y@+ D) (3.29)

oo AM(a+3)

Restoring the multiplicative factor N/ (%)o‘ that we ignored near the beginning of the cal-
culation, and combining this with the leading order result (3.5), we find the von Neumann
entropy of two intervals

¢, X12%34 Vrl(a+1) (w)a
Sap==1 -N - + 3.30
AB =30 T AM(a+3) \4 (3:30)
where --- denotes higher order corrections. Note that the first term is simply Sa + Sp,

so the remaining terms give —Iap where I4p is the mutual information. This coincides
exactly with the result of [8] obtained by direct analytic continuation in n.

4 Setup of the numerical method

While the application of our method in various examples of conformal field theory is highly
nontrivial, it turns out that the numerical application of our method provides promising
approximations in a variety of complicated models. In the present section, we shall establish
the numerical procedure for the next two sections.



Given our generating function

oo _k 00 L
Gl =Y o (mi —1) =y W (4.1)
k=1 k=1
where we have defined
fk) =T (p"1) =1, (4.2)

the goal is to find the von Neumann entropy via the limit

S= lim G(zp). (4.3)

Z—>—00
Similarly, for two disjoint regions A and B, we are often given

Tr pit ! Ty it
flk) = —A—75——1 (4.4)
Trpap

but are interested in the mutual information
IABI—f/(O)ISA—l-SB—SAUg. (4.5)

We conjecture® that our method applies to the mutual information as well. In other words,
we expect to be able to use the same generating function (4.1) with f(k) given by eq. (4.4)
and obtain the mutual information

Iy = _lim_Glz:p). (4.6)

where p can be thought of as the density matrix on AU B.
The Mobius transformation

z w
) z =

T 4.7
maps z = 1 to w = oo and z = oo to w = 1, allowing us to rewrite the generating

function as
w

) = Gy ) = 3 LW (L) (49)
w) = G(z(w); p) = |l —) . .
P =k \w-1

Supposing that G(z;p) has singularities within [z7, zo] with 1 < 21 < 25 < 00, h(w) would
have singularities within [w(z2),w(z1)] with 1 < w(z2) < w(z1) < oo. Therefore we have
mapped a difficult problem of evaluating G(z;p) well outside its radius of convergence
(which is z1) to an easy one of evaluating h(1).

The radius of convergence for h(w) is w(z2), so in the worst scenario of zo = oo we
would evaluate h(1) at the edge of the radius of convergence. If z9 is finite, we would
evaluate h(1) as an absolutely convergent series. The value of z; is equal to the inverse of

5We have not yet found a general proof of this conjecture, but it is certainly plausible given the broader
regime of applicability noted in footnote 3. Furthermore, this conjecture will be numerically verified in
section 5.2.

~10 -



the smallest eigenvalue pmin of the density matrix p. Therefore we reorganize the terms
in (4.8) as a manifest Taylor series in w:

=, f(k)
=) fi} (4.9)
k=1
where
k
3 _ k1 _ (_1)mk| m+1
) =1 =) = 32 i T (£10)
may be determined as a linear combination of f(1), f(2), ---, f(k).

Numerically it is straightforward to evaluate (4.9) by truncating the Taylor series at
some large order kpax. Therefore by knowing the Rényi entropies up to order kpax + 1, we
can numerically estimate the von Neumann entropy with good precision.

In all the field theory examples that we will consider below, the sum (4.9) exhibits stable
power-law behaviors at large k. In other words, f (k)/k =~ Ck™P with some power p > 1
at large k. Intuitively, this is because in a quantum field theory, the smallest eigenvalue
Pmin — 0 in the continuum limit and we are therefore evaluating the sum (4.9) at the
edge of its radius of convergence, leading to power-law convergence. We will determine the
power p numerically in each example below, and give an interpretation of this power in

section 7.

5 Numerical studies of two intervals

Many two-dimensional CF'Ts may be constructed in terms of the free field theory of scalar
bosons using the Coulomb gas representation and bosonization. For those theories the
basic building blocks are the CFTs of a free boson with central charge ¢ = 1, which
are further distinguished by the compactification radius. In this case, the von Neumann
entropies for the union of two intervals on an infinite line are characterized by the cross
ratio x, as well as a universal critical exponent 7, which is proportional to the square of
the compactification radius.

For finite x and 7 in a free boson CFT, the general form of Tr(p™) was derived in [9]:

2
€7 T13224

() = e )é(n_")mﬂc,n» (51)

T12L34L14723

where € is a UV cutoff and ¢, is a non-universal, model-dependent coefficient with ¢; =
1 [10]. In our numerical calculations below, we will choose ¢,, = 1 for simplicity and choose
a reasonable value of €.° Note F,(x,7) is defined as

©(0[nT)e(0[T/n)
SIUIYIE.

SWe need to implement the cutoff and non-universal coefficient in a physical way; in particular, bounds

]:n(%ﬁ) =

(5.2)

on Rényi entropies such as Tr(p") < 1 should not be violated.

- 11 -



for generic integers n > 1. The Riemann-Siegel theta function ©(z|T") is defined as

Oz = Z explimm! - T - m + 2mim' - 2], (5.3)
mezn—1

where I" is an (n — 1) x (n — 1) matrix with elements

. n—1
s = El sin (Wk)ﬁk/n cos {M(T - s)}, (5.4)
Lyt n "
and ( )
B F,(1-x _ 9.
By — W’ Fy(l') = ZFI(ya 1 Y; 1& l’), (55)

with 9 F} being the hypergeometric function. Note that (5.2) is manifestly invariant under
n <> 1/n. Currently, the analytic continuation of the von Neumann entropy for general
finite  and 7 is not analytically known. But given our method, one can calculate the von
Neumann entropy with high accuracy numerically.

In the following two subsections, we will present the numerical studies of two intervals
in the small x or the decompactification 17 — oo limit, where analytic perturbative expan-
sions are available for comparison with our method. We will look at the general case of
finite x, 1 in the third subsection.

Numerical calculations of the von Neumann entropy in this example were previously
carried out in [7] using the rational interpolation method. Our results below agree with
those obtained from rational interpolations. As we mentioned in the Introduction, our
numerical method has the advantage of being more systematic and reliable, although at
the cost of being often slower.

5.1 Two intervals at small cross ratio
For general n # 1,7 F,(z) has the following small = expansion [8, 9]:

T n-! 1

Falz) =1+ ()QSZ(n) b, sy =N

5 . %a (5.6)
An? 2 j=1 [sin(rj /n)]
where « is twice the lowest operator dimension in the CFT, N denotes its multiplicity, and
.-+ denotes higher-order terms. For a free boson, we have o = min[n,1/n] and N’ = 2. We
will numerically calculate the von Neumann entropy and confirm its small z expansion
1 RV N 1
(9612%343?143323) _N(JJ) vrl(a+1) (5.7)

SAuB = Cl + = In
1 3 62.%'131'24 4

4T (a+3)

where ¢} is minus the n-derivative of ¢, at n = 1, which is determined by matching Saup
to S4 + Sp in the limit of x91, z43 < 31, x42. This small x expansion of the von Neumann
entropy agrees with our analytical calculation in section 3.

"For the special case of = 1, we have F,(z) = 1 instead of the small 2 expansion (5.6).

- 12 —



15k * a=0.10
* a=0.30
a=0.50 * x=0.10
a=0.70 * x=0.25
* a=0.90 x=0.50
— a=0.10 — x=0.10
— a=0.30 — x=0.25
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a=0.70 0.0 L L L L L
0.0 0.2 0.4 0.6 0.8 1.0
a=0.90
X a

Figure 1. Numerical studies of the von Neumann entropy S4p for two intervals to first order in the
small cross ratio expansion. The solid continuous curves are plotted by the analytical result (5.7).
The points are plotted by our numerical procedure, each of which is calculated up to kpax = 400.
Left: we fix the values of « and plot Sy p as function of = (up to z = 0.5). Right: we fix the values
of = and plot S4p as function of a. We have chosen the cutoff to be €2 = 0.3 in all cases, and one
can always choose a smaller € which has the effect of raising the curves.

To set up the numerics, we model the system of two disjoint intervals A = [z, 2] and
B = [x3,74] on an infinite line® with |z12| = r = |x34|, and set the distance between the
centers of A and B to be L = 14. In this case, the cross-ratio is

2
T12%34 T

v L (5.8)
Note also that |x14| = L+ 7 = L(1 4+ v/z) and |ze3| = L — r = L(1 — y/z). Thus we may
rewrite the “easy factor” in front of F,(z,n) in eq. (5.1) in terms of z, L.

We have performed the numerical calculation with many choices of numerical constants.
For example, with = 0.25, a = n = 0.295, and € = 0.3, the result is Saup ~ 1.216
by summing up to kmax = 800, within 1072 of the answer Saup ~ 1.224 approximated
by (5.7). The sum (4.9) exhibits a stable power p ~ 1.744, with around 102 relative
error. We have probed more regimes in the parameter space; see figure 1, where we have
plotted the entanglement entropies calculated by our numerical procedure compared with
the analytical result given by (5.7).

Furthermore, the second order contribution in z given in [8] can be numerically evalu-
ated, even though we are not aware of an explicit analytic continuation® to n ~ 1. In this

case, we use

Fplz) =1+ (x)a@(n) + ( T >2a34(n) T (5.9)

4n? 4n?
where
n—1 n—1 n—1 s w(ja—g2) s mJ3 2a
n sin —=—22 gin —42
n n
s4(n) = = g E g . —! - ——
() 2 {Linmsmﬂm—ﬂ«a)smmsmﬂ(m%}
Ja=73+1 jz=j2+1 ja=1 n n n
sin %% sin 7”(]3;]2) 2a
+2 s mhe i T(Ja—33) i T(Ja—J2) ;. i3 - (5.10)
sin ~£2 sin sin sin =2
n n n n

8A similar calculation can be carried out on a circle as in the XXZ spin-chain model reported in [11].
9However, the holographic case was studied in [12-14].

~13 -



Note that the second order terms only start contributing at n > 4. Now again with z =
0.25, a = 0.295, and €2 = 0.3, the result is Syup = 1.105 by summing up to kmax = 70. In
particular, the second order correction to the entanglement entropy is negative as suggested
by the last minus sign in (5.7). Since we are currently unaware of an analytical calculation
at second order in x for the free boson, we do not have a way to analytically confirm our
numerical results in general, but our numerical study is consistent with the holographic
case [12].

5.2 Two intervals in the decompactification limit

We now consider a different limit [9] than the small z case. In the decompactification limit
17 — 00, we have for each fixed value of x
,,7n—1

=

where Fj,/,, is defined as in eq. (5.5). To see F,,(0,1) = 1 in the n — oo limit, we note that
both the numerator and the denominator go to infinity.
We will use the symmetry n <> 1/7 to study the result for n < 1 instead:

p~(=1) 2

fn(fa 77) = Hz;ll Fk/n(:ﬂ)Fk/n(l - x)

(5.12)

For the decompactification regime, our numerical result will be tested against the von
Neumann entropy approximated by the following expansion [9]

Di(z)+ Di(1 —x)

5.13
5 +o (5.13)

1
SAuB(T] < 1) ~ SK/B + §1n7] —
where SY5 is the von Neumann entropy computed from (5.1) without J,,(z,7), and

100
Dl(x) = — /_wo df% In F(z). (5.14)
We have studied various cases; see figure 2. For example, with x = 0.25, n = 0.295, and
€2 = 0.1 (where it is best approximated [9, 11]), we get Saup ~ 1.584 by summing up
to kmax = 400, which is very close to the analytical answer Saup =~ 1.608 approximated
by (5.13). The sum has a stable power p ~ 1.695, with around 1073 relative error.

Note that even with the same choices of numerical constants, the small x expansion
would not in general agree with the decompactification limit, which was already indicated
in [8]. This is expected as we are not in the exact limit of either x — 0 or n — 0.

Finally, we may also study the mutual information in the decompactification limit,
where we consider the following generating function

1 1)

1 1
2 5(n—=3) 2 —gn—5
fln—1) = ( € ) (693135'324> - 1 (5.15)

T12T34 T12234214223 Fnlx,m)
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Figure 2. Numerical studies of the von Neumann entropy Sap for two intervals in the decompact-
ification limit. Solid continuous curves are plotted according to (5.13). Each point is calculated by
our numerical method up to kyax = 250. Left: We fix the values of 1 and plot Sap as function of
z. Right: We fix the values of z and plot Sap as function of . We have chosen the cutoff to be
€2 = 0.1 in all cases.

1.2

2.0

1.0 1 * n=0.20

08l 1+ n=030 o .« x=0.25
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Figure 3. Numerical studies of the mutual information I4p for two intervals in the decompactifi-
cation limit. Solid continuous curves are plotted according to (5.17). Each point is calculated by
our numerical method up to kmyayx = 200, with the cutoff set as €2 = 1. Left: We fix the values of 7
and plot I4p as function of . Right: We fix the values of x and plot I4p as function of 7.

that according to (4.5) should give the mutual information
Iap =S4+ Sp— SaB. (5.16)

The mutual information is approximated in [9] by

1 Di(zx)+Di(1—x
Inp(n< 1)~ IV — ~Inn+ 1(@) 21( )7

5 (5.17)

where again I'/5 is the mutual information computed from (5.15) without F,(x,7). See
figure 3 for our numerical results. As an example, if we take x = 0.25, n = 0.295, and
€2 = 1, we find numerically Iap ~ 0.456 by summing up to kpax = 400, within 1075
of (5.16) as well as the answer approximated by (5.17). The sum exhibits a stable power

p =~ 2.457, within 1% relative error.

5.3 Two intervals at finite cross ratio and compactification radius

For the most general case of finite z and 7, one need to evaluate directly the Riemann-Siegel
theta function in (5.1) and (5.2) numerically. In this case, an analytical expression for the
von Neumann entropy is not yet known.
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We start with (5.2) which we reproduce here for convenience

©(0[nT)O(0[T/n)
[©0IT))?

The expression has a symmetry under 7 <> 1/7.

Folx,n) =

(5.18)

To obtain more accurate results in our numerical procedure, one would need to evaluate
higher dimensional matrices within the Riemann-Siegel theta function for specific choices
of x and 7. This is difficult'? to deal with numerically for kpay > 1. Our approach is to
use the identity

1
o0l) =% (1] ﬁk/n) oI/, (5.19)
to rewrite (5.18) in the following way [9]:

w1 O0)eOnT)
TT7=1 (@) Fioyn (1 — )

Fala,m) =1 (5:20)

We use this formula to perform the numerical calculation. For example, with x = 0.25,
n =0.295, and € = 1, summing up to kmax = 15 we get Saup ~ 0.747.

6 Numerical studies of one interval at finite temperature and length

Our next nontrivial example is a single interval at finite temperature and finite length.
This example was studied for a 2D free Dirac fermion on a circle using bosonization in [17].
For such a finite system we would need to consider periodic boundary conditions for both
space and imaginary time, corresponding to finite size and finite temperature, respectively.
Setting the spatial size to 1, the two dimensional Euclidean theory thus lives on a torus
defined by z ~ z + 1 and z ~ z + 7, with 7 = i3 for temperature 3~'. We use £ to denote
the length of the interval. Using Tr(p™) calculated in [17], we find that the generating

function is given by

L (2men(n)® 5 10, (K ) 2
fomn= 1 [B@m | oome " 61

2

where € is the UV cutoff'! and v is determined by the boundary condition for the fermion.
In particular, we will study the case of ¥ = 3 that corresponds to the Neveu-Schwarz
(NS-NS) sector. Note that n(7) is the Dedekind eta function defined as

) = %ﬁ (1—q") (6.2)

OFor efforts on computing efficiently the higher dimensional Riemann-Siegel theta function, see [15, 16].
HNote that one should keep at least e < § for the procedure to be physical. Otherwise, we would be
probing states beyond the UV cutoff.
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where ¢ = €?™7. The Jacobi theta functions #; and 5 are defined as

91(2‘7_)5 _Z (_1)n7%e(nJr%)21'7rTe(2nJr1)7riz7 Z|T E Z en iTT 2n7rzz (63)

An exact analytic expression for the von Neumann entropy in this case was derived
n [18] (see also [19]); it is'?

5= 1108 20 1 g [ gy 0012 1912 C1/2) —CiBf2)

5 e (6.4)

where o and ( are the Weierstrass sigma function and zeta function with periods 1 and
i. Numerically, we take 8 = 2, { = 0.5, and ¢ = 0.1. By summing up to kpax = 700
for (6.1), we get S4 ~ 0.3926, which is within 2 x 1073 of the analytical answer S ~ 0.3933
from (6.4), with a power p ~ 1.856, within 10~ 2 relative error.

This von Neumann entropy is also known in high-temperature and low-temperature
expansions [17]. For the high-temperature expansion, the von Neumann entropy is

1 B =, (1—e
H _
S’A—31n<msmh > E In
7er coth Wél o 1)

)l
+ 2
Z sinh %l

Note that the first term reproduces the infinite length, finite temperature von Neumann
entropy [10, 20, 21]

2#%6—27r%)(1 _ e—27r§e—27r%)

(1-— 67%%)2

(6.5)

H .
= —In (| —sinh — 6.6
S n<ﬂ_€sm ), (6.6)

which is universal. Numerically, we take the choices of 8 = 0.9, £ = 0.5, and ¢ = 0.1.
By summing up to kmax = 700 for (6.1), we get Sa ~ 0.580, which is within 1072 of
the analytical answer Sa ~ 0.582 from (6.5), with a stable power p ~ 1.873, within 1072
relative error.

For the low-temperature expansion, the von Neumann entropy is

1 1 1 o] (1 o 627ri€e—27r,3m)(1 . e—Qﬂiﬁe—Zﬂﬂm)
L _ .
SA = g In (7re sin 7r€> + § mzz:l In (1 _ e—2w,6'm)2

2 (1)t (1 — il cot 7T€l>
+ 2; l sinh 73 ' (6.7)

Similarly, we see that the first term reproduces the finite size, zero temperature von Neu-

mann entropy [10, 20, 21]

3 e

which again is universal. Numerically, we take the choices of § = 10, £ = 0.5, and ¢ = 0.1.
By summing up to kmax = 700 for (6.1), we get Sx =~ 0.385, which is within 1073 of

st = L (1 sin ﬁ), (6.8)

12The expression here is for a 2D Dirac fermion and is twice the result derived in [18] for a chiral fermion.
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B B

Figure 4. Numerical studies of a single interval A at finite temperature and length. We fix the
interval length ¢ = 0.5 and the cutoff ¢ = 0.1, and plot S4 as a function of 5. Each point is
calculated by our numerical procedure up to kpax = 200. Left: the dark blue curve is plotted by
the exact analytic expression (6.4) derived in [18], and it fits our numerical points well. Right:
the same numerical points are shown with the high-temperature and low-temperature expansions.
The blue curve is plotted by the high-temperature expansion (6.5). The green curve is plotted by
the low-temperature expansion (6.7). One can see that the high-temperature expansion fits our
numerical points well in the plot, but their deviation increases slowly for larger 5 not shown here.

the analytic result S4 ~ 0.386 from (6.7), with a stable power p ~ 1.922, within 1073
relative error.

We have numerically interpolated between the two regimes using the generating func-
tion, and compared the result with the exact analytic expression (6.4); see figure 4.

7 Power-law convergence of the generating function

The various field theory examples that we have considered so far all exhibit power-law
convergence at w = 1 of the series (4.9). In other words, we have
),

(7.1)

at large k& with a power p that depends on each specific example. This leads to a natural
question: what type of eigenvalue distributions for a density matrix p would exhibit such
power-law behaviors?

To answer this question, we define the eigenvalue distribution P(z) so that the number
of eigenvalues within a small range [z, + dz] is P(x)dx. We may rewrite Tr(p") in terms
of P(x):

1
Te(p") = / dzP(z)z". (7.2)
0
In particular, Tr p = 1 means

/01 dxP(z)x = 1. (7.3)

In the case of a finite-dimensional density matrix with eigenvalues {p;}, we have P(z) =

> 0(z = pi).
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Using eq. (7.2), we may write eq. (4.10) as

Flk) = /0 ' deP(x)e(1 — o). (7.4)

We would like to find the behavior of this integral for large k. We expect the integral to
be dominated by small z when k is large, due to the presence of (1 — z)F.

Let us therefore consider a power-law ansatz for the behavior of the eigenvalue distri-
bution P(x) near zero eigenvalue:

P(z) ~ 27, as x — 0. (7.5)

Convergence of the integral in eq. (7.3) then requires v > —2. Substituting this into
eq. (7.4), we find at large k

. 1
7k N/o e (1 — 2)F = F(llf(z 22(1;2) - k71+2 TG0k (76)

This is indeed a power law for large k. Comparing it with our definition of the power p in
eq. (7.1), we find

p="+3. (7.7)

As we mentioned previously, eq. (7.3) requires v > —2, giving p > 1, which is precisely the
necessary and sufficient condition for the sum (4.9) to converge at w = 1.

Eq. (7.7) describes how the power-law behavior of the sum (4.9) is related to the small
eigenvalue behavior of the eigenvalue distribution P(z). Therefore, using the power p that
we have determined numerically in the field theory examples studied in previous sections,
we may now predict that their eigenvalue distribution P(x) must scale like 2P~3 for small
eigenvalue .

As we alluded to briefly in section 4, this power-law convergence is closely related to
the infinite-dimensional Hilbert space of quantum field theories. Let us use {p;} to denote
the eigenvalues of the density matrix. The generating function (1.6) becomes

Glaip) == 3 [piin L2, (78)

1

It has branch cuts along z € [1,1/pmin] Where ppin is the smallest eigenvalue of the density

matrix p. After the Mobius transformation to w, the branch cuts are along w € [#, 00).

A necessary condition for the series (4.9) to be power-law convergent at w = 1 is that

1 _
1—pmin -
true for density matrices in continuous quantum field theories with infinite-dimensional

its radius of convergence must be 1. This means 1, or pmin = 0.3 This is

Hilbert spaces.

131t is manifest from eq. (7.8) that in order to have power-law convergence, it does not help for some of
the eigenvalues to be precisely zero; instead, there must be an accumulation of eigenvalues near zero.
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8 Discussion

In this paper we have shown that the von Neumann entropy may be obtained by assembling
the traces Tr(p™) for all positive integers n into a generating function of an auxiliary
complex parameter z, analytically continuing in z, and then taking the limit as z — —o0.
Our construction demonstrates that the analytic continuation in z exists when p is a density
matrix. We showed how the procedure may be carried out analytically for the cases of one
interval and of two colinear intervals in certain limits, and we demonstrated that a simple
variant of the method also leads to numerical evaluations of the von Neumann entropy in
a practical, reliable way.

Many open questions and future directions for investigation remain. Most of the cases
that we studied were selected because they are simple enough to exhibit the method clearly,
but complicated enough so that the standard replica “analytic continuation” in n is not
automatic. Firstly, it is urgent to see whether our method can analytically produce the
von Neumann entropy in cases that have eluded direct analytic continuation in n. One
such case is the example of two intervals at finite cross ratio for a free boson with a general
compactification radius. Another interesting example involves the contributions of replica
non-symmetric saddle point solutions in holography, which are difficult to analytically
continue in 7 but have been shown in [22] to give important enhanced corrections to the
Ryu-Takayanagi formula [23, 24] at holographic entanglement phase transitions.

Secondly, our method appears to have a broader regime of applicability than what
might be expected from our derivation — in particular, the method often applies to parts
of Tr(p") with “easy factors” stripped off (as in footnote 3) and we also conjecture that
it applies to the mutual information (as in section 4). It would be very interesting to
understand precisely how broadly our method applies and why.

Finally, an alternative starting point for the replica method, which recently appeared

1/n

in [3], is from the functions Tr(p"/™) instead of Tr(p™). It will be interesting to see whether

our method can be adapted to handle such cases as well.
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