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ABSTRACT. Sparse representation of a single measurement vector (SMV) has
been explored in a variety of compressive sensing applications. Recently, SMV
models have been extended to solve multiple measurement vectors (MMYV)
problems, where the underlying signal is assumed to have joint sparse struc-
tures. To circumvent the NP-hardness of the {9 minimization problem, many
deterministic MMV algorithms solve the convex relaxed models with limited ef-
ficiency. In this paper, we develop stochastic greedy algorithms for solving the
joint sparse MMV reconstruction problem. In particular, we propose the MMV
Stochastic Iterative Hard Thresholding (MStoIHT) and MMV Stochastic Gra-
dient Matching Pursuit (MStoGradMP) algorithms, and we also utilize the
mini-batching technique to further improve their performance. Convergence
analysis indicates that the proposed algorithms are able to converge faster
than their SMV counterparts, i.e., concatenated StolHT and StoGradMP, un-
der certain conditions. Numerical experiments have illustrated the superior
effectiveness of the proposed algorithms over their SMV counterparts.
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1. Introduction. Reconstruction of sparse signals from limited measurements has
been studied extensively with a variety of applications in various imaging sciences,
machine learning, computer vision and so on. The major problem is to recon-
struct a signal which is sparse by itself or in some transformed domain from a small
number of measurements (or observations). Let x € R™ be the signal to be recon-
structed. Then the sparse signal reconstruction problem can be formulated as an
{y constrained minimization problem
(1) min F(x), st. [x[, <k,

x€eR”™
where the sparsity ||x||, counts the number of nonzero elements in x. Here F(x)
is a loss function measuring the discrepancy between the acquired measurements
y € R™ (m <« n) and the measurements predicted by the estimated solution. In
particular, if the measurements are linearly related to the underlying signal, i.e.,
there exists a sensing matrix A € R™*™ such that y = Ax+n where n is the Gauss-
ian noise, then the least squares loss function is widely used: F(x) = 3 ||y — Ax||§.
Then (1) becomes a single measurement vector (SMV) sparse signal reconstruction
problem [11]. The choice of F' depends on the generation mechanism of the measure-
ments. Since the measurements are often generated in real time in many imaging
techniques, it becomes significantly important in practice to reconstruct a collection
of sparse signals, expressed as a signal matrix, from multiple measurement vectors
(MMYV). More precisely, the signal matrix X € R"*% with k (k < n) nonzero rows
can be obtained by solving the following MMV model
(2) min F(X), st X0 <k,
where | X||, , stands for the row-sparsity of X which counts nonzero rows in X.
In the MMV literature, the column size L of X typically represents the number of
snapshots of a signal. Note that it is possible that certain columns of X have more
zero components than zero rows of X. The MMV sparse reconstruction problem
was first introduced in magnetoencephalography (MEG) imaging [11], and has been
extended to other applications [21, 4, 29, 30, 28, 13, 25].

Many SMV algorithms can be applied to solve MMV problems. The most
straightforward way is to use SMV algorithms to reconstruct each signal vector
sequentially or simultaneously via parallel computing, and then concatenate all
resultant signals to form the estimated signal matrix. We call these types of algo-
rithms, concatenated SMV algorithms. On the other hand, the MMV problem can
be converted to an SMV one by column-wise stacking the unknown signal matrix
X as a vector and introducing a block diagonal matrix as the new sensing matrix
A. However, neither approach fully takes advantage of the joint sparse structure
of the underlying signal matrix, and lack computational efficiency as well. In this
paper, we develop MMV algorithms without concatenation of the SMV results or
vectorization of the unknown signal matrix.

Since the £y term in (1) and (2) is non-convex and non-differentiable, many classi-
cal convex optimization algorithms fail to produce a satisfactory solution. To handle
the NP-hardness of the problem, many convex relaxation methods and their MMV
extensions have been developed, e.g., the fs-regularized M-FOCUSS [11] and the
{1-regularized MMV extensions of the alternating direction method of multipliers
[26, 22]. By exploiting the relationship between the measurements and the correct
atoms, multiple signal classification (MUSIC) [38, 17] and its improved variants
[23, 24] have been developed. However, in the rank defective cases when the rank
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of the measurement matrix is much smaller than the desired row-sparsity level, the
MUSIC type of methods will mostly fail to identify the correct atoms. The third
category of algorithms for solving the ¢, constrained problem is the class of greedy
algorithms that seek the sparsest solution by updating the support iteratively. SMV
greedy algorithms include Orthogonal Matching Pursuit (OMP) [37, 39] and its RIP
condition discussion [42], simultaneous OMP (S-OMP) [10, 40], Compressive Sam-
pling Matching Pursuit (CoSaMP) [32], Regularized OMP (ROMP) [33], Subspace-
Pursuit (SP) [12], Iterative Hard-Thresholding (IHT) [7], Normalized THT [8], Hard
Thresholding Pursuit (HTP) [18], gradient hard thresholding [41], and conjugate
gradient IHT (CGIHT) [6]. It has been shown that CoSaMP and IHT are more
efficient than the convex relaxation methods with strong recovery guarantees [32].
Greedy algorithms have also been extended to cosparse analysis to find the nearest
cosparse subspace to a vector [20]. However, most of these algorithms work for com-
pressive sensing applications where F' is a least squares loss function. Recently, the
Gradient Matching Pursuit (GradMP) [36] has been proposed to extend CoSaMP
to handle more general loss functions. To further improve efficiency and consider
the non-convex objective function case, Stochastic IHT (StoIHT) and Stochastic
GradMP (StoGradMP) have been proposed [35]. Nevertheless, concatenated ex-
tension of the aforementioned SMV greedy algorithms to the MMV versions will
result in limited performance especially for large data sets. Using the row sparsity,
MMYV extensions of SMV greedy algorithms have been developed, e.g., M-OMP, M-
SP, M-CoSaMP and M-HTP in [5] and references therein. Based on countable and
uncountable set of measurements, a class of models consider infinite measurements
vectors (IMV) broader than MMV which have been proposed in [31].

In this paper, we propose the MMV Stochastic ITHT (MStoIHT) and the MMV
Stochastic GradMP (MStoGradMP) algorithms for solving the general MMV joint
sparse recovery problem (2). To accelerate convergence, the mini-batching tech-
nique is applied to the proposed algorithms. We also theoretically show that under
certain conditions the proposed algorithms converge faster than their SMV con-
catenated counterparts, i.e., CStolHT and CStoGradMP. Note that CStoIHT and
CStoGradMP may fail to converge to a joint sparse solution without the colum-
nwise separability of the objective function. The naming rule for the algorithms
follows: initial C - concatenated, initial M - MMV initial B - batched. A large va-
riety of numerical experiments on joint sparse matrix recovery and video sequence
recovery have demonstrated the superior performance of the proposed algorithms
over their SMV counterparts in terms of running time and accuracy. Please refer to
[15] for our more recent work on MStoGradMP applied to solve the hyperspectral
diffuse optical tomography imaging problem, which has shown the great potential
of stochastic greedy algorithms on recovering large-scale data with joint sparsity.

Organization. The rest of the paper is organized as follows. Preliminary knowl-
edge and notation clarifications are provided in Section 2. Section 3 presents the
concatenated SMV algorithms, and the proposed stochastic greedy algorithms, i.e.,
MStoIHT and MStoGradMP, in detail. Section 4 discusses how to apply the mini-
batching technique to accelerate the proposed algorithms. Convergence analysis
is provided in Section 5. By choosing the widely used least squares loss function
as F, joint sparse signal recovery in distributed compressive sensing is discussed
in Section 6. Extensive numerical results are shown in Section 7. Finally, some
concluding remarks are made in Section 8.
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2. Preliminaries. To make the paper self-contained, we first introduce some use-
ful notation and definitions, and then briefly describe the related algorithms, i.e.,
StoIHT and StoGradMP. Let [m] = {1,2,...,m} and |Q| be the number of elements
in the set Q. Consider a finite atom set D = {d;,...,dy} (a.k.a. the dictionary)
with each atom d; € R™.

2.1. Vector and matrix sparsity. Assume that a vector x € R™ can be written

as a linear combination of d;’s, i.e., x = Zf\il a;d; = Da with D = [dy,...,dy]
and a = (ay,...,ay)T. Then the support of x with respect to o and D is defined
by

supp,, p(x) = {i € [N] : a; # 0} := supp(a).
The fp-norm of x with respect to D is defined as the minimal support size
Ixllo,p = min{|T| : x = aid;, T C [N]}.
ieT
Since absolute homogeneity does not hold in general, i.e., ||vx|,p = [/ p

holds if and only if |y| = 1, this £p-norm is not a norm. Here the smallest support
supp,, p(x) is called the support of x with respect to D, denoted by suppp(x). Thus

[ suppp (%)] = [[x[lo p -

Note that the support may not be unique if D is over-complete in that there could
be multiple representations of x with respect to the atom set D due to the linear
dependence of the atoms in D. In this paper, we assume that D is chosen so that the
support of any arbitrary vector is unique, e.g., D is chosen as the standard basis in
a Euclidean space or a learned basis. Furthermore, Donoho defines a general class
of unconditional basis in [14], e.g., the wavelet basis, which requires the unique
representation and thereby is also applicable to our MMV algorithms. Without
this uniqueness representation guarantee, we could either restrict the solution set
or take a transformation of the unknown variable.

The vector x is called k-sparse with respect to D if |[x[|, , < k. For a subset
I’ C [N], we denote the set of atoms from D with indices restricted to I by Dr, and
denote the subspace of R™ spanned by the atoms in Dr by Rp.. Given a vector
w € R", we use Prw to denote the orthogonal projection of w onto the subspace
R(Dr).

We extend vector sparsity and define the row sparsity for a matrix X € R"*% as
follows

L
11,0, = min{|Q2] : 2 = UlsuppD(X,j)},
j=
where X. ; is the j-th column of X. Here the minimal common support {2 is called
the (row-wise) joint support of X with respect to D, denoted by suppf,(X), which
satisfies | suppp (X)| = || X[, o p- The matrix X is called k-row sparse with respect
to D if all columns of X share a joint support of size at most &k with respect to D,
Le, [Xl,0p <k

2.2. Functions defined on a matrix space. Given a function f : R"*l — R,
the matrix derivative is defined by concatenating gradients [27]

of [ of
®) X [axi,j

} —[Vxof - VxS,
nXxL
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where X ; is the (4, j)-th entry of X. Notice that

X015 = 11X,
i=1

where X . is the i-th row vector of X, and Tr(-) is the trace operator to add
up all the diagonal entries of a matrix. The inner product for any two matrices
U,V € R is defined as (U, V) = Tr(UTV). Note that the equality

L
15 =D 1505 = Tr(x"X),
j=1

U+ VIE = Uz +IVIE+2(U,V)
and the Cauchy-Schwartz inequality
(UV) <|Ullp Vg

still hold. By generalizing the concepts in [35], we define the D-restricted strong
convexity property and the strong smoothness property (a.k.a. the Lipschitz condi-
tion on the gradient) for the functions defined on a matrix space. It is worth noting
the variants of these two concepts have been used to study the convergence of the
projected gradient descent algorithm [1].

Definition 2.1. The function f : R — R satisfies the D-restricted strong
convexity (D-RSC) if there exists p, > 0 such that

(@) FX) — 50— (X

for X', X € R™*L with | supp),(X) U supph, (X')| < k.

P 2
(X), X' = X ) > P& |1 x" = X]I3.

Definition 2.2. The function f : R"XL — R satisfies the D-restricted strong
smoothness (D-RSS) if there exists pj” > 0 such that

<l IIX = X'l
F

5) 7200 - %)

for X', X € R™*L with |supp),(X) U supph,(X')| < k.

2.3. Related work. Many stochastic greedy algorithms based on matching pursuit
and hard thresholding have been proposed to solve the SMV problem. In partic-
ular, GradMP generalizes CoSaMP to handle general convex objective functions
[36]. Motivated by the success of stochastic convex optimization, StolHT (see Al-
gorithm 1) and StoGradMP (see Algorithm 2) have been later proposed to solve
the £y constrained SMV problem [35]

(6) ilelﬁgl M Zfl , subject to ||x[[op < K,

At each iteration of StolHT, one component function ﬁ : R™ — R is first randomly
selected with probability p(z). Here the input discrete probability distribution p(i)’s
satisfy vail p(i) = 1, and p(¢) > 0,4 = 1,..., M. Next, in the “Proxy” step,
gradient descent along the selected component is performed. Then the last two
steps, i.e., “Identify” and “Estimate”, essentially project the gradient descent result
to its best k-sparse approximation. Given w = (wy,...,w,)? and n > 1, the best
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k-sparse approximation operator acted on w and 7, denoted by approx,(w,n),
constructs an index set I’ with |I'| = k such that

(7) [Prw —wlly <nllw —well,, We) = argmin |w —yl|,.

yER(Dr)
IT|<k
Thus, if I'* = argminp, p|<, [|[W — Prwl,, we have [[w — Prw||, < n||w — Pr-w],,
and w(y) defined in (7) becomes the best k-sparse approximation of w in the
subspace R(Dr«). In particular, if n > 1 and D = {e; : « = 1,2,...,n} with
e = [O,...,(l),...,O]T, then approx,(w,n) returns the index set of the first k
3

largest entries of w in absolute value, i.e.,

approxy,(w, 1) = {i1, ... i : Jwiy | > ... > Jwi, | > ... > |wi, |} =T,
Then the projection Prw reads as in componentwise form
w; ifjeT,
(Pf(w))j = R
0 ifjér.
| xt+1_xtH

2 < e and 5 M fi(xh) <
€, where € > 0 is a small tolerance. It is well known that the first stopping criteria
is more robust in practice [9].

There are two widely used stopping criteria: 3]

Algorithm 1 Stochastic Iterative Hard Thresholding (StoIHT)

Input: k,v,n,p(i),e.
Output: X = x’.
Initialize: x° = 0.
fort=0,1,2,...,T do
Randomly select an index i; € {1,2,..., M} with probability p(i)
Proxy: b? = x! — meit (x?)
Identify: T'* = approx,(bt,n).
Estimate: x'™ = Pr«(b?).
If the stopping criteria are met, exit.
end for

Different from StoIlHT, StoGradMP involves gradient matching, i.e., seeking the
best k-sparse approximation of the gradient rather than the solution. At the so-
lution estimation step, the original problem is restricted to the components from
the estimated support. It has been empirically shown that StoGradMP converges
faster than StoIHT due to the more accurate estimation of the support [35]. But
StoGradMP requires that the sparsity level k is no more than n/2.

3. Proposed stochastic greedy algorithms. In this section, we present con-
catenated SMV algorithms, and develop stochastic greedy algorithms for MMV
problems based on StolHT and StoGradMP. Suppose that there are M differen-
tiable and convex functions f; : R™** — R that satisfy the D-restricted strong
smoothness property (see Definition 2.2), and their mean

LM
(8) F(X):MZfi(X)

INVERSE PROBLEMS AND IMAGING VoLuME 15, No. 1 (2021), 79-107



STOCHASTIC GREEDY ALGORITHMS FOR MMV 85

Algorithm 2 Stochastic Gradient Matching Pursuit (StoGradMP)

Input: k,11,12,p(4),€.
Output: X = x'.
Initialize: x° =0, A = (.
fort=0,1,2,...,T do
Randomly select an index i; € {1,2,..., M} with probability p(i;)
Calculate the gradient r' = V f;, (x)
I' = approxy (r', 1)
r=TuUA
bt = argmin, & Y fi(x), x € R(Dp)
A = approx;, (b, 7o)
Xt+1 — PA(bt)
If the stopping criteria are met, exit.
end for

satisfies the D-restricted strong convexity property (see Definition 2.1). These as-
sumptions will be used extensively throughout the entire paper. Consider the row-
sparsity constrained MMV problem

M
o1 .
9) min oo ;:1 fi(X), subject to [ X[, op <k

By vectorizing X, i.e., rewriting X as a vector x € R"* by columnwise stacking,
we can relaz (9) to a sparsity constrained SMV problem of the form (6) where
the sparsity level k is replaced by kL. Since [x[|p < kL does not necessarily
guarantee || X||, , » < k, the solution to the relaxed problem may not be the same
as the vectorization of the solution to (9). On the other hand, the iterative stochastic
algorithms such as StolHT and StoGradMP, can be developed to the concatenated
versions for solving (9) under the following assumption on the objective function

fi's.

Definition 3.1. Each component f; of the objective function F' in (9) is columnwise
separable, in the sense that a collection of functions g; ; : R™ — R exist with

L
(10) FX) =D gij(X;), i=1...,M.
j=1
In this case, the objective function can be rewritten as
L | M L
m P =3 (3 Do) = S Fx)
j=1 i=1 J=1

which implies that minimizing F' with respect to X can be reduced to minimizing
Fj for j =1,..., L individually.

Under this assumption, the concatenated algorithms, i.e., CStoIHT in Algo-
rithm 3 and CStoGradMP in Algorithm 4, can be applied to solve (9), which es-
sentially reconstruct each column of X by solving the SMV problem (6). Notice
that the outer loops of CStolHT and CStoGradMP can be executed in a parallel
manner on a multi-core computer, when the order of the inner loop and the outer
loop in Algorithm 3 can be swapped. Note that although a joint support is not
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enforced at each iteration, the paralleled version of CStoIHT and CStoGradMP can
still yield joint sparse results with guaranteed convergence (see Theorem 5.5 and
Theorem 5.9). However, if the sparsity level k is very large, then the support sets
of X. ;’s are prone to overlap less initially which results in the less accurate esti-
mation of the joint support and larger errors in the initial iterates. In addition, for
some nonlinear function f;(X) which can not be separated as a sum of functions
for columns of X, it will be challenging to find an appropriate objective function

for the corresponding SMV problem.

Algorithm 3 Concatenated Stochastic Tterative Hard Thresholding (CStoIHT)

Input: k,v,n,p(i),e.
Output: X = X?.
Initialize: X° =0 ¢ R**L.
for j=1,...,L do
fort=0,1,2,...,7 do
Randomly select an index i; € {1,2,..., M} with probability p(i;)
Proxy: b* = X!, — ngihj(Xﬁj)
Identify: T'* = approx,(bt, 7).
Estimate: ijl = Pr:(b").
If the stopping criteria are met, exit.
end for
end for

Algorithm 4 Concatenated Stochastic Gradient Matching Pursuit (CStoGradMP)

Input: k,TLl, 72, p(1), €.
Output: X = X
Initialize: X% =0 ¢ R"™X, A = ().
for j=1,...,L do
fort=0,1,2,...,7 do
Randomly select an index i; € {1,2,..., M} with probability p(i;)
Calculate the gradient r* = Vg, ;(X!;)
E = approxy (r',m)
I'=TUA
b’ = argmin, 47 Zf\il 9i.;(x), x€R(Dg)
A = approx,, (bt, 72)
X" =Py (b)
If the stopping criteria are met, exit.
end for
end for

To circumvent the aforementioned issues, we first propose the MMV Stochastic
Iterative Hard Thresholding algorithm (MStoIHT) detailed in Algorithm 5. Com-
pared to StoIHT, MStoIHT replaces the gradient by the matrix derivative (3). The
second significant difference lies in the “Identify” and “Estimate” steps, especially
the operator approx,(-,-). Now we extend the operator approx,(:,-) from sparse
vectors to row-sparse matrices. Given X € R™* L and 5 > 1, the best k-row sparse
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approximation operator acted on X and n, denoted by approx},(X,n), constructs a
row index set I' such that
HPFX,] - X7]||2 < n HX,J - (X])k”Q ) .7 = 17 e La

where (X. ;)i is the best k-sparse approximation of the column vector X.; with
respect to D. Note that we can choose I' as the union of all I';’s if I'; is the index
set satisfying the inequality with a specified index j. In particular, if D = {e; : i =
1,...,n} and n = 1, approx},(X, 1) returns the row index set of the first k largest
{5 row norms in X, i.e.,

approxy (X, 1) = {i1, ...,k : | Xiy ll2 > ... > || X5, 2} =T
By abusing the notation, we define Px(X) to be the projection of X onto the
subspace of all row-sparse matrices with row indices restricted to I'. Therefore, we

have P=X = [PzX.; ... PpX.r].Due to the common support I, the projection
Pr(X) can also be written as in row-wise form
X,. ifjeT,
(12) (PF(X))]‘. - e -
' 0 if j¢T.

Here Py(X) returns a k-row sparse matrix, whose nonzero rows correspond to the
k rows of X with largest {5 row norms.

Algorithm 5 MMV Stochastic Iterative Hard Thresholding (MStoIHT)

Input: k,~v,n,p(i),e.
Output: X = X?.
Initialize: X° = 0.
fort=0,1,2,...,T do
Randomly select an index i; € {1,2,..., M} with probability p(i;)

Proxy: B! = Xt — M;(Z.t) 8fi5§<Xt)

Identify: I'* = approx} (B, 7).

Estimate: X'*! = P (B?).

If the stopping criteria are met, exit.
end for

Next, we propose the MMV Stochastic Gradient Matching Pursuit (MStoGrad
MP) detailed in Algorithm 6, where the two gradient matching steps involve the
operator approxj(-,-). The stopping criteria in all proposed algorithms can be set
as the same as those in Algorithm 1 and Algorithm 2. Here we choose the stopping
criterion: || X' — X*|| /[ X*||z <&, where € > 0 is a small tolerance.

4. Batched acceleration. To accelerate computations and improve performance,
we apply the mini-batching technique to obtain batched variants of Algorithms 5
and 6. We first partition the index set {1,2,..., M} into a collection of equal-sized
batches 71, ...,7q where the batch size |7;| =b for alli =1,2,...,[M/b] := d. For
simplicity, we assume that M /b is an integer. Similar to the approach in [34], we

reformulate (8) as

d
(13) PO =23 (3 500 ) = 53 R,
i i i=1
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Algorithm 6 MMV Stochastic Gradient Matching Pursuit (MStoGradMP)

Input: k, 7, 72, p(1), €.
Output: X = X°¢.
Initialize: X° =0, A = 0.
fort=0,1,2,...,7 do
Randomly select an index i; € {1,2,..., M} with probability p(i;)

. . _0fi, (XY
Calculate the generalized gradient R! = i
I' = approx, (R',m)
Ir=TuUA

B' = argminy F(X), X € R(Dj)

A = approx},(B*, n2)

Xt =Py (BY)

If the stopping criteria are met, exit.
end for

That is, ﬁ is the average of the i-th batch of component functions {f;};e-,. Based
on this new formulation, we get the batched version of Algorithm 5, which is termed
as BMStoIHT, described in Algorithm 7. Here the input probability p(i) satisfies

d
1 . . .
gZp(z) =1 and p(i)>0,i=1,....d.
i=1
Likewise, we get a batched version of MStoGradMP, termed as BMStoGradMP,
which is detailed in Algorithm 8. Note that f., in Algorithms 7 and 8 is the 74-th
7 t ~
component function defined in (13), and afgigfx) is the derivative of f,, defined in
(3). Tt is empirically shown in Section 7 that the increase of the batch size greatly
speeds up the convergence of both algorithms, which is more obvious in BMStoIHT.
As a by-product, mini-batching can also improve the recovery accuracy based on
our experiments. However, there is a trade-off between the batch size and the
performance improvement as mentioned in [34].

Algorithm 7 Batched MMV Stochastic Iterative Hard Thresholding (BMStoIHT)

Input: k,v,n, b and p(i).
Output: X = X*.
Initialize: X° = 0.
fort=0,1,2,...,7 do
Randomly select a batch index 7 C {1,2,...,d} of size b with probability
p(7e) o
Proxy: B! = Xt — dp?ﬂ) afTaté(Xl)
Identify I'* = approx} (B, n).
Estimate X'*! = Pr«(B?).
If the stopping criteria are met, exit.
end for

5. Convergence analysis. In this section, we provide the convergence guarantees
for the proposed MStoIHT and MStoGradMP, together with their SMV counter-
parts, i.e., CStolHT and CStoGradMP. To simplify the discussion, the result at the
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Algorithm 8 Batched MMV Stochastic Gradient Matching Pursuit (BM-
StoGradMP)

Input: &, 711,12, b and p(i).
Output: X = X?.
Initialize: X° =0, A = 0.
fort=0,1,2,...,7 do
Randomly select a batch index 7 C {1,2,...,d} of size b with probability
p(7t)
Calculate the generalized gradient R! =
I' = approxy, (R',m)
T=TUA
B! = argminy F(X), X € span(Dy)
A = approx},(B*, n2)
Xt+1 =P " ( Bt)
If the stopping criteria are met, exit.
end for

Ofr (X"
o0X

t-th iteration of CStoIHT/CStoGradMP refers to the result obtained after ¢ inner
iterations and L outer iterations of Algorithm 3/Algorithm 4, or equivalently the
maximum number of inner iterations is set as t. Furthermore, all convergence re-
sults can be extended to their batched versions, i.e., BStoI[HT and BMStoGradMP.
Comparison of contraction coefficients shows that the proposed algorithms have
faster convergence under the D-RSC, D-RSS and columnwise separability of the
objective function (see Definition 3.1). Similar to Section 3, we consider the model
(9) under the following assumptions.

Assumption 1. The objective function F(X) = 2 Zf\il fi(X) : R™E 5 R satis-

fies

(a) fi is columnwise separable with differentiable and convexr functions g;; that
satisfy (10) and D-RSS in vector form, i.e., there exists pi (i,§) > 0 such that

(14) IVgi,5(w) = Vgi;(W)ly < pif (0,7) [w — %,
for all vectors w,w € R™ with | suppp(w) Usuppp(W)| < k.

(b) E = . 9i satisfies D-RSC in vector form, i.e., there exists p; ; > 0 such
that

(15) B (%) — Fy(w) — (VE; (w), @ — w) > 50 @ — w2

2
for all vectors w,w € R™ with | suppp(w) Usuppp(W)| < k.

Similar to [35], the D-RSS property (a) and D-RSC property (b) in this assump-
tion can guarantee the uniqueness of the solution to (9).

Lemma 5.1. If Assumption (a) is satisfied, then f; satisfies D-RSS with constant

OE 1<ja<XLP;r(i7j) fori=1,....M.
Lemma 5.2. If Assumption (b) is satisfied, then F(X) satisfies D-RSC with con-
stant py, = min Pr.j-

1<j<L
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The proofs of Lemma 5.1 and Lemma 5.2 are straightforward, which can be found
in the Appendix. Throughout the paper, we denote

4o
L Py (7'a])
g = 58 Mp()
+
(16) Py = 25, P ),
M
i=1

where pj (i, j) is the D-RSS constant for g; ; defined in Assumption (a).

5.1. MStoIHT. By replacing the ¢5-norm and vector inner product with the Frobe-
nius norm and the matrix inner product respectively and using the properties of
inner product in Section 2, we get similar convergence results for MStoIHT in [35]
in the following theorem. Here we skip the proof which is a straightforward matrix
extension of [35, Appendix BJ.

Theorem 5.3 (MStolHT). Let X* be a feasible solution of (9) and X° be the initial
solution. Assume that F(X) = ﬁzzj\il fi(X) satisfies the D-RSC with constant
pr. in (4) and f; satisfies D-RSS with constant p (i) in (5). Then at the (t +1)-th
iteration, the expectation of the recovery error of Algorithm 5 is bounded by

O x*

1—-k’

where the contraction coefficient k and the tolerance parameter ox+ are

(18)

(17) E|| X" -

B SfitHHXO—X*

T

M
K= 2\/1 — 7 (2 = yosk) Py + 4| (02 — 1) (1 + 920z, > pa(i) — 27,03k>,
=1

v = i v (2 s [P 000, + v Tm ] )
1<i<M
Here Pq is defined in (12) and
pr(t) ey A L +
(19) ap = max e Ak = max ol (i), o = 37 Zpk 0)

Thus Algorithm 7 converges linearly if k < 1. In particular, if n =~ =1, then

(20) n:2\/172p§k+a3kpgk.

Remark. From (18), one can see that the tolerance parameter ox« increases as
the step size v grows which implies that the step size cannot be too large. The
contraction coefficient x which controls the convergence speed depends on the D-
RSC and D-RSS constants. In addition, in the simplest case when n =~ =1 and
p(i) is a uniform distribution, one can see that s decreases if either the D-RSC
constant pg; increases or the maximum of all D-RSS constants p;'k (7) decreases
according to (20). That implies that the proposed algorithms will converge fast
when each component function of the objective has either a small D-RSS constant
or a large D-RSC constant in this case.
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5.2. CStoIHT. To solve the problem (9), CStoIHT uses StoIHT to reconstruct
each column of X separately and then concatenate all column vectors to form a
matrix. To analyze the convergence of CStoIHT, we first derive an upper bound

for E|X.; = X7,];
our proof we look for the contraction coefficient of F ||X.7j — X*JH; rather than
E||X.; — X[, as in [35].

following the proof outline in [35, Appendix B]. Note that in

Lemma 5.4. Let X* be a feasible solution of (9) and X° be the initial solution.
Under the Assumptions, there exist kj,0; > 0 such that the expectation of the
recovery error squared at the t-th iteration of Algorithm 3 for estimating the j-th
column of X* is bounded by
9

1-— Kj ’

where X,tyj is the approzimation of X, at the t-th iteration of StolHT with the
initial guess X,?j, i.e., the result at the t-th inner iteration and j-th outer iteration

x |2 *
(21) B X5 = X7, < w5 XY - X+

of Algorithm 3 with the initial guess X°. Here I is the set of all indices iy,. ..,
randomly selected at or before the t-th step of the algorithm.

Proof. Due to the separable form of f; in (10), we consider L problems of the form

M
1 .
(22) H‘lnllnﬂzghj(w)? ||W||O7D Ska J :17"'7La
1=1

where g; ; are given in (10). This relaxation is valid since X*; is also a feasible
solution of (22) if X* is a feasible solution of (9). Let w' = X', w* = X,
o= =

u = Wtfw*fi_’]) Vif'Wt *Vif'W* +H7PVZW*
| T P50 = Vi) + |5 PaTa )|
= U1 + ug,
and
2
0= =) = w = V)|
Mp(ir) 2
Let
2
* Y *
= = 1) | = s (T o) = T )|
v 2
2 *
— =1 ||—L—Vgi
2 = 0 = )| g Vs

The inequality (a + b)? < 2a? + 2b? yields that v < 2v; + 2ve. Similar to [35,
Appendix B], we can show that solving 2% — 2uz — v < 0 leads to z < u +vu? + v.
Thus the inequality a + b < v/2a2 + 2b2 yields

x? < 2u% + 2(u? +v) = 4u® + 20 < 8(u? + u3) + vy + duy.
By taking the conditional expectation E;, ;,_, on both sides, we obtain
Eit|[t_1sc2 < 8Eit|1t_1u§ + 8Eit|1t_1u§ +4E;,1,_, (v1 +v2)
<8(1—(2y~— ’YQOZSk,j)P;k,j) [w' — W*H;
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8+2 2
l% 7) ‘7 4.7 *
* i W22 el 1PV ()l
_ _ *]|2
+4(n* —1)(1+ ’YQOZSk,jP;rk,j = 2Yp31,5) Hwt AP

A2 (p* - 1)
min;, M2 (p(ir))?

* 2
Eit ||v.gitaj(w )HQ

2
2

*

= (8(1 — (27 = 2Pask)pa;) + 407 — V(1 + v ask o5y — 2w§k,]—)) [w' —w

472 *\ 12 2 %\ 12
oo (2B PV sl + 0 = DB, 1905wl

=y [[w' = w4 o
= £y ||wh = w05

In the second inequality, the respective upper bounds for Ej, It_lu% and Ej;,| It_lug
are obtained by using the Corollary 8 of [35]. Here p,_; is defined in (15), ay ; and
74 ; are defined in (16). Therefore

Br W+t = | < By ot =l o
which implies that

B [ = 2 R X0 = X2

] P

for j =1,..., L. Here the contraction coefficient is

(23)  Kj =8(1 = (2y — v askj)pa;) + 407 — V(1 + 2 sk P4 ; — 27P3.5);

and the tolerance parameter is

(24)
42

2 2
1gll<nMM (p(it))

g =

(2B, 1PV g, W) 3+ (7 = Vi, [V gics(w)I3)

In particular, if v =1 =1 and p(i) = 1/M, then

=38(1— 2pgy, ; + 3k jpgk,j)’

8 M
j*MZWWwa
=1
O

Theorem 5.5 (CStolHT). Let X* be a feasible solution of (9) and X© be the initial
solution. Under Assumptions, the expectation of the recovery error at the (t+ 1)-th
iteration of Algorithm 3 is bounded by

(25) E|| X" — X, <

At+l HXO _

Ft0

where X' is the approzimation of X* at the t-th iteration of Algorithm 3 with the
initial guess X©.. Here the contraction coefficient & and the tolerance parameter &
1 — max k;’

J
k= /[max kj,
1<5<L
1<;<L

are defined as
where k; is the contraction coefficient for each StoIHT defined in (23).

L
E:j 105

Q)
I
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Proof. For each j = 1,2,..., L, StolHT with the initial guess X°; generates X_tjl
after t iterations, i.e., the result at the (¢ 4+ 1)-th inner iteration and j-th outer
iteration of Algorithm 3. Then the expectation of the recovery error squared is
bounded by

gj
1-— I{j ’
where x; and o; are defined in Lemma 5.4. Note that x; depends only on the
constants in the D-RSC and D-RSS properties of the objective function or its com-
ponent function g; ; while o; depends on the feasible solution X*;. By combining
all L components of X!, we get

BIXI = X, < mt X - X2

o+

B[ X" - x|, < \/E [ Xt+ — X*||%
L 2

=\ 2 EIIX = X5,
j=1
= t+1 || v0 « |12 9

<\ 2 (A HXJ_XJQ+1,Kj
j=1

IN

2 ZL—IUJ'
(jmax ;)X — X*||% + —

1<j<L 1 —maxi<j<r K;

t4+1 L o
< ( /max ij) HXO—X* 25=1%
1<5<L

1— max &,
=R [0 x| 45

1<G<L
In particular, if v =n =1, then

k= /max k; =,/ max 8(1 — 205, . + a3k Py
R 125 ( P3k,; 3k,1p3/w)

= 2‘6\/1%%(1 — 2033, + Q3k.iP3p 5)-

T

O

Remark. Firstly, MStoIHT can converge without the Assumptions while CStolHT
may not converge to a joint sparse solution without Assumptions, since the joint
sparsity is not enforced at each iteration of CStoIHT. Secondly, under Assumptions,
if pgjq = ... = pa and p3+k’1 =...= pé”k’L, Lemmas 5.1 and 5.2 yield & = v/2k,
where £ is defined Theorem 5.3.

5.3. MStoGradMP. By using the same proof techniques as in Theorem 5.3, we
can get the following convergence result for MStoGradMP.

Theorem 5.6 (MStoGradMP). Let X* be a feasible solution of (9) and X° be
the initial solution. Assume that F(X) = 2 Zi\il fi(X) satisfies the D-RSC with
constant p,, in (4) and f; satisfies D-RSS with constant p (i) in (5). At the (t+1)-
th iteration of Algorithm 6, the expectation of the recovery error is bounded by

(26) BJ|X* = X||, < R X0 — X 4+ 2

3
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where

(2nf — 1) -1
k= (14 1) Oé4k<\/ P4k: n 1+7h>7
1

P4k772 n
1 ofi
PP Pk TN R S

Here p =  max Mp(i), p= In1<n Mp(i) and ay, pi, p are defined in (19). Thus

Algomthm 6 cmwerges linearly if k < 1. In particular, if ;. = n2 = 1 and p(i) =
1/M, then

o 2¢/aur(pi), — Pp)

R =

Pak
5.4. CStoGradMP. Similar to CStolHT, we start the convergence analysis for
CStoGradMP by finding the contraction coefficient for the expectation of recovery
error squared at each iteration of CStoGradMP.

Lemma 5.7. Let X* be a feasible solution of (13) and X° be the initial solu-
tion. Under Assumptions, the expectation of the recovery error squared at the t-th
iteration of Algorithm /j for estimating the j-th column of X* is bounded by

(28) Ey, [ = X752 < BBy, [|Pe(bt — X7 + &,
where
By = — ki
24,5 — Qak,j
(29) . 2E;, E; | PeVai (X))

Ok (2Pay j — Cag) | guglM b 2(p())*

Here oy, ; and Py, are defined in (16), and I; is the set of all indices iy, ..., i,
randomly selected at or before the t-th step of the algorithm.

Proof. Consider the problem (22). Following the proof in [35, Appendix C], we can
get
. 2 _ . 112
||Pf‘(blt - X.,j)HZ <2(1—(2y- 72044k,j),04k,j) ||bt - X~,jH2
2v2 2
+ 2Ei HfPFVQiJ(X',ﬁHT

2
2, M)

Here we use the inequality (a + b)? < 2a? + 2b% for a,b € R and the expectation
inequality (EX)? < E(X?). Then we have

b = 755 = [[Pa(b’ = X))[f; + [P (b — X))l
<201 - (27— Yamg)en,) [ = X315
22 BT ENTE
min_M2(p(i)) 2Ei [PeVgss (XI5 + Pee(b" = X2 -
1<i<M
Moving the first term on the right hand side to the left hand side leads to
X+ 2vy° 2 1 . 2
Hbt 2 S ¢1£m<nM M2(p(i)) in HPT“VQW'(X j)Hz + g HPAC(bt - X~,j)||2’
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where ¢ = 2py; (27 — Y?auk ;) — 1. Maximizing ¢ with respect to v yields v =
1/oug ; and Pmax = (2/’21“ — oup j)/auk,j. By choosing the optimal value of v and
taking the expectation with respect to I; on the both sides of the above inequality,
we get (28). O

Similarly, using the inequality EX < \/FE(X?) and the fact that a < b+ ¢ yields
a? < 2b%2+2¢2, we are able to get the following result, which is different from Lemma
3 in [35] in that we consider the expectation for the ¢3-norm squared here rather
than that for the ¢5-norm.

Lemma 5.8. Let X* be a feasible solution of (13) and X° be the initial solu-
tion. Under Assumptions, the expectation of the recovery error squared at the t-th
iteration of Algorithm 4 for estimating the j-th column of X* is bounded by

* 2 « |12
(30) Ei, [[Pre (b’ = X2, < Ba || X1, — X[, + &,
where 1y is the index randomly selected at the t-th iteration of the CStoGradMP and

2 =Dpf —nipg.. 2 —1
Pz =4 max Mp(i) 5 iy A o )
<i< M Pak,j m

i

. 2
o 2,70 :
=8| ————— | max ||[PaVg;(X))],-
Pk, ; 1511“1\417(2) 122
Theorem 5.9 (CStoGradMP). Let X* be a feasible solution of (13) and X° be
the initial solution. Under Assumptions, at the (t + 1)-th iteration of Algorithm /,

there exist K, > 0 such that the expectation of the recovery error is bounded by
(32) B X = X7|| < RHIXO - X + 7,

where X_t’j is the approzimation of X7, at the t-th iteration of CStoGradMP with
the initial guess X,?j.

Proof. At the t-th iteration of Algorithm 4, we have

B e [ S (P e ]

where bfk) is the best k-sparse approximation of b? with respect to the atom set D.
Therefore, we get

2 . (|2
XI5 = X, < X5 = bt 4 bt = X
<2 X7 -y + 2[|bt - X2l

< (2+23) b* - X7 5.

Next we establish the relationships among various expectations
By, | X550 = X 4|2 < 2+ 203) By, [|b! — X7
< 2+ 203) (Bu B, ||Pe (b = X7)[[3 +€1)
< @+ 208 (BoFn X1 = X[ +&) + 2+ 20006
=y | X2 = X255 + o
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where the first inequality is guaranteed by Lemma 5.7 and the second inequality
is guaranteed by Lemma 5.8. Here the contraction coefficient x; and the tolerance
parameter o; are defined by

ki = (2+4203)B182, o5 = (2+213)B1& + (2+ 213,

where (1, are defined in (29) and 3, & are defined in (31). Then similar to the
proof of Theorem 5.5, we can derive that

BT - X, <R X0 - X

rto

where

K= /[/max k;, and o=
1<j<L

In particular, if my =ne =1, p(i) = 1/M, ouk,; = qak, pzk}j = p;fk and Pak,j = Pak
for j=1,..., L, then we have

o777 (Pj{k - /)Zk)

R=44/ — - .
Py (2P, — Q)

If, in addition, aur = py;, then we have k = 2k, where the contraction coeflicient
k for MStoGradMP is given in (27), which implies that MStoGradMP converges
faster than CStoGradMP in this case due to the smaller contraction coefficient.
Compared with MStoIHT, MStoGradMP has even larger convergence improvement
in terms of recovery accuracy and running time. O

Remark. Convergence analysis in this section provides useful theoretical tools to
compare the proposed MMV stochastic greedy algorithms and their SMV coun-
terparts. First, we provide general guarantees via contraction coefficients for all
proposed algorithms in Theorems 5.3, 5.5, 5.6 and 5.9. Since the contraction coef-
ficient controls the convergence speed of each algorithm, it can provide theoretical
guidance on parameter selection in such type of stochastic greedy algorithms. Sec-
ond, the complicated form of x and A can be simplified in some special cases,
e.g., the case when n = 1. Lastly, the relationship x = &/v/2 indicates why
MStoIHT /MStoGradMP performs better than CStoIHT/CStoGradMP in expec-
tation.

6. Distributed compressive sensing application. In this section, we show that
the objective function commonly used in the distributed compressive sensing prob-
lem satisfies the D-RSC and D-RSS properties, which paves the theoretical foun-
dation for using the proposed algorithms in this application. Suppose that there
are L underlying signals x; € R™ for j = 1,2,...,L, and their measurements are
generated by

yi=AVx; j=1,2... L

where AU) € R™*" (m < n) is the measurement matrix (a.k.a. the sensing ma-
trix). For discussion simplicity, we assume all measurement matrices are the same,

ie, AU = A = [A.4,...,A. ,]. By concatenating all vectors as a matrix, we
rewrite the above equation as Y = AX where Y = [y1,...,yz] € R™*L and
X =[xy,...,x1] € R?*L,
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Now assume that the atom set is finite and denote D = {di,...,dy} with
the corresponding dictionary D = [dy,...,dy]. Consider the following distributed
compressive sensing model with common sparse supports [3]

L
1 2
H}}ﬂ%;Hw — Ax;l;
st. x;=D0; supp(d;) =QC{1,2,...,N}.

(33)

Here the objective function has the form
1 2
4 F(X)=—|Y - AX|%.
(34) (X) = 5 Y — AX|2

Then F(X) can be written as F(X) = - Zi\il fi(X), where M = m/b and

n

L
1 1
(35) ? Z Z Ai,kaJ) 2% Y5, — Ai.. XHQ
J=1 k=1

The above expression shows that f;’s satisfy the Assumption (a) and thereby the
concatenated algorithms in Section 3 can be applied. We first compute the partial
derivative. For s =1,2,...,nand t =1,2,..., L, we have

0 i n 0Xy
(;tX it 2bz2 (ZAl Xk — w) ];Ai,k 8XI::Z
% > (Z Ai o Xj — Ym) > A ik,
k=1
% (Z Ai o Xt — Yz‘,t) Aj s
k=1

Here 6, ; = 1 if i = j and zero otherwise. Thus the generalized gradient of f;(X)
with respect to X has the form

ofi(X) _110fi(X)] _ 1 v, , « +
aX = g |: aXsﬁt y = EAZ,(ALX }/Z,')'

Lemma 6.1. If the sensing matric A € R™*"™ satisfies the Restricted Isometry
Property (RIP), i.e., there exists 6, > 0 such that

(1= &) lxll3 < Ax]5 < (1 + &) [1x13

for any k-sparse vector x € R™, then the function F(X) defined in (34) satisfies the
D-restricted strong convexity property.

Proof. Let X € R™*% with k nonzero rows, which implies that each column of X
has at most k nonzero components. By the RIP of A, we have

2 2 2
(1 =) [|X 515 < 1AX 51z < (14 0) [ X5l 5
for j =1,..., L. Note that || X% = Z§:1 HX]||§ Thus we get

(1 =60 |1 X17 < [AX 7 < (1+80) [1X] -
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For any two X, X’ € R™*L with |supp’,(X) Usupph(X’)| < k, we have
OF (X)
0X

1 2 2 L 7 ’
= o= (IV = AX'|5 = Y = AX][}) - (- AT(AX - Y), X' - X))

F(X') — F(X) - < X X>

1 2 1 2
Z%HA(X/—X)HFZ - Xz

Thus F(X) satisfies the D-restricted strong convexity property with p, = =%

2m

Lemma 6.2. If the sensing matriz A € R™*" satisfies the following property: for
any k-sparse vector x € R™, there exists 0, > 0 such that

*|| rop A x|y < (14 0k) [Ixl

where A, . is formed by extracting rows of A with row indices in the i-th batch
index set ;. Then the function f;(X) defined in (35) satisfies the D-restricted
strong smoothness property.

Proof. Let X € R™ ! have k nonzero rows. Then for j =1,..., L, we have
1
EHA‘IZ';fATi:-X J||2 1+5k) ”X j||27
which implies that
P AT A X < (148 1X]

For any two X, X' € R”XL with | supp’, (X) U suppp (X')| < k, we have
Hafi(X) _0fi(X)

0X 0X

F

- s AL (AL X =i — AT (AL X =Y

= AT ALK = X< (461X~ X
Therefore f;(X) satisfies the D-restricted strong convexity with p) (i) = 1 + 6. O

By Lemma 6.1, Lemma 6.2 and the convergence analysis in Section 5, the con-
traction coefficient in the proposed algorithms depends on the coefficient in the RIP
condition, whose infimum for some special type of matrices are available [19]. In
addition, the convergence guarantees of all proposed algorithms in terms of the RIP
constant for the distributed compressive sensing can be obtained by plugging the
expression of p; and p, in the proofs of Lemmas 6.1 and 6.2 into , kK and ¥ in
Theorems 5.3, 5.5, 5.6, and 5.9.

7. Numerical experiments. In this section, we conduct a variety of numerical
experiments to validate the effectiveness of the proposed algorithms. More specif-
ically, our tests include reconstruction of row sparse signals from a linear system
and joint sparse video sequence recovery. To compare different results quantita-
tively, we use the relative error defined as ReErr = || X' — X*|| . /|| X*| -, where X*
is the ground truth and X! is the estimation of X* at the t-th iteration. Regard-
ing the computational efficiency, we also record the running time which counts all
the computation time over a specified number of iterations excluding data load-
ing or generation. Here we record the running time by using the commands tic
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and toc in Matlab. To assess the concatenated SMV algorithms, i.e., CStolHT and
CStoGradMP, we apply the SMV algorithm sequentially to the same sensing matrix
and all columns of the measurement matrix Y, and save all intermediate approxi-
mations of each column of X for further computation of the relative error. In all
tests, we use the discrete uniform distribution, i.e., p(i) = 1/M for i =1,2,..., M
in the non-batched versions and p(i) = 1/d for i = 1,2,...,d in the batched ver-
sions. The parameter 7 is fixed as 1. By default, each algorithm is stopped when
either the relative error between two subsequent approximations of X* reaches the
tolerance or the maximum number of iterations is achieved. All our experiments
are performed in a desktop with an Intel® Xeon® CPU E5-2650 v4 @ 2.2GHz and
64GB RAM in double precision. The algorithms are implemented in Matlab 2016a
running on Windows 10.

7.1. Joint sparse matrix recovery. In the first set of experiments, we compare
the proposed algorithms and their concatenated SMV counterparts in terms of re-
construction error and running time. In particular, we investigate the impact of
the sparsity level k, and the number of underlying signals L to be reconstructed on
the performance of BCStoIHT, BMStoIHT, BCStoGradMP and BMStoGradMP, in
terms of relative error and the running time. To reduce randomness in the results,
we run 50 trials for each test with fixed parameters and then take the average over
the number of trials. Note that since different trials may take different number of
iterations to reach the desired accuracy, we only count the common iterations when
comparing the reconstruction error and the runtime.

First, we compare CStolHT and MStoIHT in both non-batched and batched
versions, and fix the maximum number of iterations as 1000, the stopping criteria
tolerance ¢ = 107% and v = 1 in both algorithms. To start with, we create a
sensing matrix A € R'00%290 where each entry follows the normal distribution with
zero mean and variance of 1/100 and each column of A is normalized by dividing its
fo-norm. In this way, it can be shown that the spark of A, i.e., the smallest number
of linearly dependent columns of A, is 100 with probability one [16]. To create
a signal matrix X* € R209%40 we first generate a Gaussian distributed random
matrix of size 200 x 40, and then randomly zero out (200 — k) rows where k is the
row sparsity of X*. The measurement matrix Y is created by AX for the noise-free
cases. By choosing the sparsity level k& € {10,20} and the batch size b € {1,10}, we
obtain the results shown in Figure 1. Since the initial guess for the signal matrix is
set a zero matrix, all the error curves start with the point (0,1). Notice that to show
the computational efficiency, we use the running time in seconds as the horizonal
axis rather than the number of iterations. It can be seen that as the sparsity level
grows, i.e., the signal matrix is less joint sparse, more running time (or iterations)
is required to achieve the provided tolerance in terms of the relative reconstruction
error. Meanwhile, as the batch size increases, BMStolHT performs better than
the sequential BCStoIHT. With large sparsity levels, the inaccurate joint support
obtained in the concatenated SMV algorithms cause large relative errors in the first
few iterations (see Figure 1).

Next, we fix the sparsity level k£ as 5 and choose the number of signals as L €
{40,80}. Figure 2 compares the results obtained by BCStoIHT and BMStoIHT
when the batch size is 1 and 10. In general, BMStoIHT takes less running time
than its sequential concatenated SMV counterpart. We can see that mini-batching
significantly improves the reconstruction accuracy and reduces the running time
of BMStoIHT. After a large number of tests, we also find that the computational
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FiGure 2. Comparison of BCStoIHT and BMStoIHT for various

numbers of signals to be reconstructed. From left to right: batch
sizes are 1 and 10.

time of BMStoIHT is almost linear with respect to the number of signals to be
reconstructed. More numerical experiments can be found in our more recent work
on the hyperspectral diffuse optical imaging [15]. Lastly, to test the robustness to
noise, we add the Gaussian noise with zero mean and standard deviation (a.k.a.
noise level) o € {0.04,0.08} to the measurement matrix Y. The relative errors for
all BCStolHT and BMStoIHT results versus running time are shown in Figure 3.
It is worth noting that the change of sparsity and noise levels have insignificant
impact on the running time, which explains that the curve corresponding to the
same algorithm stops almost at the same horizontal coordinate in Figure 1 and
Figure 3. By contrast, the running time grows as the number of signals to be
recovered increases which suggests that the endpoint of each curve has different
horizontal coordinates in Figure 2.

In the second set of tests, we compare CStoGradMP and MStoGradMP in non-
batched and batched versions. It is known that StoGradMP usually converges much
faster than StolHT, which is also true for the developed MMV versions. We fix the
maximum number of iterations as 30, the stopping criteria tolerance ¢ = 1075,
~v = 1, and the batch size as 1 (non-batched version). Similar to the previous tests,
we create a 100 x 200 random matrix whose columns are normalized, and fix the
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number of signals L = 40. Figure 4 shows the results obtained by CStoGradMP
and MStoGradMP with sparsity level k € {70,90}. Note that for better visualiza-
tion, we skip the starting point (0,1) for all relative error plots, and use the base
10 logarithmic scale for the horizontal axis of running time since the MStoGradMP
takes much less running time than CStoGradMP after the same number of itera-
tions. Unlike StoIHT and MStoIHT, both CStoGradMP and MStoGradMP require
that the sparsity level is no more than n/2, i.e., 100 in our case. As the sparsity
k increases, the operator pinv for computing the pseudo-inverse matrix becomes
more computationally expensive for matrices with more columns than their rank,
which results in the significant growth of running time. For sparse signal matri-
ces, StoGradMP performs better than StolHT in terms of convergence. Next, we
set the number of signals as 20,80, and get the results shown in Figure 5. It
can be seen that MStoGradMP always takes less running time with even higher
accuracy than the sequential CStoGradMP. We also discovered that the computa-
tion speedup of MStoIHT is almost constant with respect to the number of signals
to be reconstructed. The robustness comparison is shown in Figure 6, where the
noise level ranges in {0.04,0.08}. Furthermore, it is empirically shown that the
BMStoGradMP performs much better than BMStoIHT considering their respective
convergence behavior and robustness.

Lastly, we compare our proposed BMStoIHT and BMStoGradMP with the M-
FOCUSS [11], and state-of-the-art MMV greedy algorithms [5] including M-OMP,
M-SP, M-CoSaMP and M-HTP, using the previous noise-free data set with £ = 10,
L = 40, the maximum number of iterations as 100 and the stopping criteria tolerance
e = 107°. The batch size for both BMStoIHT and BMStoGradMP is fixed as 20.
The reconstruction errors and running times for all methods are listed in Table 1,
which shows that BMStoGradMP can achieve comparable reconstruction accuracy
as M-OMP, M-SP, M-CoSaMP and M-HTP but with the least running time.

7.2. Joint Sparse Video Sequence Recovery. In this set of experiments, we
compare the proposed Algorithm 8, the split Bregman algorithm for constrained
MMV problem (SBC) [22, Algorithm 2], M-FOCUSS, M-OMP, M-SP, M-CoSaMP
and M-HTP, on joint sparse video sequence reconstruction. Note that SBC is based
on /;-minimization rather than fyp-norm constrained least-squares. We first down-
load a candle video consisting of 75 frames from the Dynamic Texture Toolbox
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in http://www.vision. jhu.edu/code/. In order to make the test video sequence
possess a joint sparse structure, we extract 11 frames of the original data, i.e.,
frames 1 to 7, 29, 37, 69 and 70, each of which is of size 80 x 30. Then we create a
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Method Error Runtime (sec.)
BMStoIHT 5.64 x 10~ 0.0184
BMStoGradMP 1.05 x 10~15 0.0023
M-FOCUSS  3.80 x 103 0.0190
M-OMP 7.45 x 10716 0.0492
M-SP 6.17 x 10716 0.0217
M-CoSaMP 8.22 x 10716 0.0218
M-HTP 5.33 x 10716 0.0912

TABLE 1. Comparison of the proposed algorithms and other MMV algorithms.

Method Error Runtime (sec.)
BMStoGradMP 3.09 x 10~ 1° 2.56 x 10~7
M-FOCUSS 3.21 x 1073 0.2452
M-OMP 2.51 x 10716 0.0743
M-SP 2.06 x 1016 0.1297
M-CoSaMP 4.07 x 10~16 0.0115
M-HTP 5.72 x 1072 0.0134
SBC 1.19 x 108 6.28 x 104

TABLE 2. Performance comparison on joint sparse video recovery.

data matrix X € R2400X11 whose columns are a vectorization of all video frames.
To further obtain a sparse representation of X, K-SVD [2] is applied to obtain a
dictionary ¥ € R2400%30 for X. The K-SVD dictionary ¥ and the support of the
corresponding coefficient matrix © for the extracted 11 frames are shown in Fig-
ure 7 (a) and (b). Some selected columns of the dictionary ¥, namely atoms, are
reshaped as an image of size 80 x 30 illustrated in Figure 7 (c) and (d). It can
be seen that these 11 frames are nearly joint sparse under the learned dictionary.
The relative error of using this K-SVD dictionary ¥ to represent the data matrix
X is % = 0.0870. A Gaussian random matrix ® € R0*2490 with zero mean
and unit variance is set as a sensing matrix, which is used to measure this data
matrix. That is, the measurements Y € R60%!! are generated via Y = ®X. Given
the measurements Y and the new sparse representation dictionary A = &V, we
then apply Algorithm 8 and SBC to recover the joint sparse coefficient matrix ©.
In Algorithm 8, the sparsity level k is set as 10, and the block size b is set as 3,
which implies that there are d = 20 blocks. In addition, we set 173 = 172 = 1. Both
StoGradMP and SBC stop when the residual error reaches a tolerance threshold
7 =105, ie., |[|[Y — AO|r < 7. In Table 2, we compare the reconstruction error,
ie., |Y — A8||r/||Y |y, and running time for all methods being compared. One
can see that the proposed Algorithm 8 is faster than all other comparing methods
with relatively high accuracy.

8. Conclusions. In this paper, we study the MMV joint sparse signal reconstruc-
tion problem, which is of great importance in a large amount of signal processing
applications. One straightforward way is to columnwise concatenate results ob-
tained by solving the SMV sparse signal recovery problem. However, concatenated
SMYV algorithms may not enforce joint sparsity of the approximated solutions. To
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FIGURE 7. (a) K-SVD dictionary learned from the total 75 frames
from the candle video. (b) Support of sparse coefficient matrix for
extracted 11 frames. The sparse coefficient matrix has non-zero
entries on white area. (c-d) Some columns of the learned K-SVD
dictionary.

address this issue, we propose two stochastic greedy algorithms, MStolHT and
MStoGradMP, together with their respective accelerated versions by applying the
mini-batching technique. Our convergence analysis has shown that the proposed al-
gorithms converge faster than their concatenated SMV counterparts. Moreover, we
theoretically justify the applicability of the proposed algorithms to the distributed
compressive sensing problem. To the best of our knowledge, this is the first work to
use the term “concatenated SMV algorithms” with theoretical discussions on their
convergence. A variety of numerical experiments on linear systems and video recov-
ery have demonstrated that the proposed algorithms outperform the concatenated
SMYV algorithms in terms of efficiency, accuracy and robustness to the noise.

Appendix.

A. Proof of lemma 5.1.

Proof. For any X', X € R™L with |supph(X) U suppp(X')| < k, all columns of
X" and X are k-sparse and |suppp (X. ;) Usuppp (X' ;)| < k. By (3) and D-RSS of
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each g; j, we have fori=1,..., M
0 ) < 2
HaXfi(X) - anfi(X/) - = ; ||v9i,j(X‘,j) - Vgi,j(X(,j)’|2
< max pp (7) | X = X'||p = (0) | X = X' .

1<5<L

B. Proof of lemma 5.2.

Proof. Similar to the previous lemma, for any X', X € R™*% with |supp},(X) U
suppp (X’)| < k, we have

9 /

F(X') = F(X) = (5 F(X), X' = X)
L

0X

o~ o~

L
1 _
Fi(X!;) = Fj(X. ;) — I Y (VF(X.;), X! ;= X.;)
=1

Sl

j=1

1 < Pp 2
k,j
j=1
i 2
> M X - X,
where p; = 1<mjigL Pr.j- O
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