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Abstract

A characterization of a semilinear elliptic partial differential equation (PDE) on a bounded domain in R"™
is given in terms of an infinite-dimensional dynamical system. The dynamical system is on the space of
boundary data for the PDE. This is a novel approach to elliptic problems that enables the use of dynamical
systems tools in studying the corresponding PDE. The dynamical system is ill-posed, meaning solutions do
not exist forwards or backwards in time for generic initial data. We offer a framework in which this ill-posed
system can be analyzed. This can be viewed as generalizing the theory of spatial dynamics, which applies
to the case of an infinite cylindrical domain.
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1. Introduction

A standard trick in dynamical systems is to write the differential equation u,, + F(u) = 0 as a first-order
system

Uy =

vy = —F(u).

This allows for the application of dynamical systems methods, such as phase plane analysis, exponential
dichotomies, and the Evans function; see, for instance, [1] and references therein for a modern perspective.

Similarly, on an infinite cylindrical domain Q = R x ' C R", the semilinear partial differential equation
Au + F(u) = 0 can be written in the form

(1)

where (z,y) € R x ' and A, denotes the Laplacian on the cross-section ' C R"~!. In this case the phase
space is infinite-dimensional, and the analysis requires more care. In particular, the equation is ill-posed
both forwards and backwards in time. As a result, it is nontrivial to prove existence of solutions. The idea
of rewriting the semilinear PDE as an evolution equation along the cylindrical direction is the basis of the
area now known as Spatial Dynamics, see 2,13, 4, 15,16, 17, 18,19, 110, [11, 12, [13, [14].
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In this paper we extend this correspondence to general Euclidean domains. That is, we obtain the analog
of (1) for a bounded domain £ which is smoothly contracted to a point through a one-parameter family
{:}. In this case ¢ becomes the dynamical variable with respect to which we study the evolution of the
boundary data. While similar in spirit to the cylindrical case described above, the analysis is complicated by
the nontrivial geometry and the fact that the resulting system of equations becomes singular as the domain
degenerates to a point.

Outline of the paper

In Section [2 we motivate our general construction and results by studying harmonic functions in R3,
where the computations can be done explicitly. In SectionBlwe present the general framework and state all of
the major results. Section [l contains some geometric preliminaries that will be needed for our analysis. The
infinite-dimensional dynamical system is studied in Section [5, where we prove its equivalence to the original
semilinear PDE. Finally, in Section [l we describe exponential dichotomies for the linearized dynamical
system, in particular proving that the unstable dichotomy subspace (if it exists) coincides with the space of
Cauchy data of weak solutions to the PDE.
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2. A motivating example: harmonic functions in R3

Suppose that u(r, 0, ¢) is a harmonic function in R3. Let €; = {z : |z| < t} C R?, and consider the
functions

FO) =t ), o(t) = Snir, ),

which are in C°°(S?) for t > 0. We refer to the pair (f(t),g(t)) as the Cauchy data (or boundary data) of
u on the surface 9Q; = {z € R3 : |z| = t}. Note that f(t) is just the function u evaluated at radius r = t.
We have introduced the new variable ¢ to emphasize that we are viewing this as an evolutionary variable,
rather than a spatial coordinate.
Differentiating f with respect to t, we obtain
df  Ou

dt — or =9(0).

r=t

To differentiate g we use the formula Au = wyy+2r 1w, +r"2Ag2u, where A g2 denotes the Laplace—Beltrami

operator on the sphere:
1 2 sin@g + L &
sin 6 00 00 sin? 6 0¢?

Aga f =
Since Au = 0, it follows that
dg 0%u

1 2
a o2 = —t—QASZf(t) - ;g(t)

20u 1
r=t

and so for all t > 0, f and g satisfy the linear system

20 (A )0

2

r=t



The operator appearing on the right-hand side of (2) has spectrum unbounded in both directions. As a
result, the system is ill-posed, meaning one cannot expect a solution to exist forward or backward in time
for generic initial data. However, this system admits an exponential dichotomy—that is, a splitting of the
phase space into two subspaces, both infinite-dimensional, on which solutions exists forward and backward
in time, respectively.

To see this, we first rescale f and g, multiplying them by appropriate powers of ¢, namely t*f(t) and
titeg(t), where a is a real constant to be determined. We then reparametrize by defining a new variable
7 = logt, resulting in the functions

flr) =€ f(en), G(r) = e T7g(en),

which are defined for all 7 € R. It follows from (2) that

#(0)-(a, 1) ®

for all 7 € R. The eigenvalues of the operator matrix on the right-hand side are

JE (2a—1) £ /A + 1

1
2
where 0 = pg < p1 < p2 < --- are the distinct eigenvalues of —Ag2. These are given by p; = (I + 1) for

integers { > 0. The corresponding eigenfunctions are the spherical harmonics Y;"*(0, ¢) for —I < m <[,
hence p; has multiplicity 27 + 1. It follows that

Vz+ =a+l, vy, =a—-1-1,
with the corresponding solutions to (3]) given by
(-E-;L(T)’gl—tn(T)) — (e(aJrl)'rYlm, le(aJrl)TYlm)

(£ (5800 (1)) = (0770787, (14 Dl =07ypm)
for —I <'m < I. Undoing the scaling and reparametrization yields

(fltn(t)agltn(t)) = (tl}/lm, ltl_li/lm)
(fl;n(t)agl:n(t)) = (t_l—lylm’ —(+ 1)t_l_2Ylm)_

Observe that the pair ( fl;(t),g;n(t)) is precisely the Cauchy data on 9€; of the harmonic function
u(r,0,¢) = r'Y;™(0, ¢). Similarly, (fl:n (1), gl:n(t)) is the Cauchy data of u(r, 0, ¢) = r=1=1Y;™(0, ¢).

For any 79 € R, the unstable subspace of (3), denoted E“(7g), consists of functions (%,go) with the
property that there exists a solution (f(7),§(7)) to (@) that is defined for all 7 < 7y, satisfies the terminial
condition (f(ro),ﬁ(m)) = (%,ﬁo), and decays exponentially as 7 — —oco. Similarly, the stable subspace of
@), E*(r), consists of functions (fo, o) with the property that there exists a solution (f(7), (7)) to &)
that is defined for all 7 > 7, satisfies the initial condition (f(TO), 9(m0)) = (fo, Jo), and decays exponentially
as 7 — oo. To determine the stable and unstable subspaces, we must identify the solutions (fﬁ,@fn) for
which the corresponding spatial eigenvalue I/li is negative, and those for which it is positive, respectively.
This depends on the scaling parameter «, which has not yet been specified. We seek « so that the unstable
subspace corresponds to the Cauchy data of all harmonic functions that are bounded at the origin. This
will be the case if ul+ > 0 and v; < 0 for all /. This is equivalent to v; <0 < Vg_, and so any « € (0,1) will
suffice.

In summary, we have seen that for 0 < a < 1 the system (8) admits an exponential dichotomy such that:
1) the unstable subspace E¥(7) consists of the Cauchy data on the surface {r = ¢”} of harmonic functions
that are bounded at the origin; and 2) the stable subspace E*(7) consists of the Cauchy data on {r = e"}
of harmonic functions that decay at infinity.



Remark 2.1. A similar analysis carries through in the planar case, and an exponential dichotomy arises
in the same manner. However, the situation is complicated by the fact that the evolution equation has a
two-dimensional center subspace, corresponding to the harmonic functions 1 and logr. While log r blows up
as r — 0, it does so very slowly, in the sense that r®logr — 0 for any « > 0. On the other hand, if a < 0,
then both r* and r®logr are unbounded at the origin. As a result, no choice of « is able to distinguish
(in terms of growth or decay) logr from a constant function. Therefore, the stable and unstable subspaces

do not admit the same interpretation as in the higher-dimensional case. This phenomenon will be observed
again below; see Corollary [6.5] and Remark [6.6]

The main objective of this paper is to generalize the preceding constructions to semilinear elliptic equa-
tions on R".

3. Definitions and results

We generalize (L) by considering a smooth family of domains {€2;} in R™ and describing the time evolution
of the quantities ulyq, and du/ 81/’ 00, where u: R™ — R solves the semilinear equation

Au+ F(z,u) = 0. (4)
We first describe the types of domains §2; to which our method applies. We let
Q= {z € R" 1 y(z) < 7}, (5)
for a suitable function ¥ : R™ — R. We assume the following for the remainder of the paper.

Hypothesis 3.1. The function ¢ has the following properties:
1. ¢ € C3(R™,R);
2. 1) has a nondegenerate minimum at x = 0, with ¢ (0) = 0;
3. ¥ has no other critical points;
4. 4 is proper (i.e. preimages of compact sets are compact).

These assumptions on ¢ are motivated by the example ¢ (z) = |z|?, which satisfies Hypothesis B.1 and
leads to the family of domains €, = {x : |z| < t}. In general, the nondegeneracy of ¢ ensures the domains
shrink to a point in a sufficiently regular manner at ¢ — 0. By the Morse lemma there exist coordinates
(y1,- - .,Yn) near the origin such that Q; = {y% +oy2 < t2}; see [15]. In this sense any function 1) satisfying
Hypothesis [3.1] locally resembles |x|2.

For any 0 < a < b < oo we define

Y ={zeR":¢x) < b2}, Qup={zeR": a’ < () < b2}, (6)

so that {2 is diffeomorphic to an open ball and Q, ; is diffeomorphic to an annulus. A case of particular
interest is a = 0, where the domain is a punctured ball, Qg = Q3 \ {0}.

To understand the evolution of u and its normal derivative restricted to 9€);, we need a smooth param-
eterization of the domains. For convenience we define a fixed “reference domain” € by

D=0 ={zxeR":¢Y(z) < 1}. (7)

The dynamical system we formulate is defined on the boundary, 9Q = {& € R™ : ¢)(x) = 1}. This is related
to each 9 by a family of diffeomorphisms {¢:} whose existence is established in Section [4.1]

Lemma 3.2. Suppose ¢ satisfies Hypothesis[3.1, and define {Q:}1s0 by (B). Then there exists a family of
diffeomorphisms {p+}e=0 on R™ such that o1(Q) = Q for each t > 0, and

Ps O Pt = Pst

for any s,t > 0. In particular, ¢1 = id.



It follows that p4(Q;) = Qg for any s,¢ > 0. The family {y;}:~0 satisfies a group property with respect
to the multiplicative group of positive real numbers. Perhaps more naturally, it can be viewed as an additive
group with respect to the variable 7 = logt, because Yexp(r;) © Pexp(ra) = Pexp(ri+72)-

The flow {:} is generated by a nonautonomous vector field X, satisfying

X(pu(a),t) = Sionlo) 3)

for any z € R™ and ¢t > 0. We define a function o: R™\ {0} — R as follows. If x # 0, then 2 € 9, for some
t > 0, namely t = t(z) = /¢ (z). Using this, we let

o(z) = X(z,t(x)) - va, (9)

where v, denotes the outward unit normal to 0€)(,) at the point x. This function can in fact be computed
directly from ; see ([26). Next, for each ¢t > 0 we define a function o;: 9Q — R by

oi(y) = oee(y))- (10)
This measures the normal speed at which a point y € 92 moves under the flow, since

L0u®) Vo) = X (@)D Vi) = 0 0)) = 0uly).

At any point € R™ and t > 0 we denote the tangential component of X (x,t) by v(x,t), so we have the
decomposition X (z,t) = (X(z,t) - vz )vs + ¥(, t) into normal and tangential components. If ¢ = ¢(z), this
simplifies to

X(z,t) = o(z)vy +y(x,1). (11)

In the following sections we will always have = = ¢ (y) for some y € 052, and hence t = t(z).
We next define the Cauchy data of a solution to (). For u € C*(Q)) we define functions f: (0,00) —
C1(99) and g: (0,00) — C°(09) by

PO =ulol), 90) = S(auly), yeon (12)
then combine these to form the trace,
Trou = (f(t),9(t)) . (13)

Observe that f(t) is just the restriction of u to 9, pulled back to 9Q via the diffeomorphism ¢;, and
similarly for g(¢). The advantage of f and g is that their domains are t-independent.

Now suppose that u is a solution to (4). If u is suitably smooth, one can show (see Section [5.3)) that f
and g satisfy the system of equations

d

d—J; =Tif +oug

; (14)
d—j ~0iFi(f) = Lef + (Ty — o1 Hy)g,

where H; = Hpq, © ‘pt‘aﬂ’ with Hpq, denoting the mean curvature of 9§, and F;(f): 02 — R is defined
by Fi(f)(y) = F(ei(y), f(t)(y)). Additionally, T} and L; are the differential operators

Tif = [y - V7% (fop,")] 0w (15)
Lif = div?® [oV7% (f o o7 )] o 1. (16)

5



In ([I5), V?? denotes the tangential part of the gradient, computed as

ou
VY = Vu — — 17
u U=V (17)
for any function u defined in a neighborhood of 9€2;. It is easily seen that this only depends on the restriction
Uy, - The tangential divergence, divagt, is minus the formal adjoint of V% . For any vector field Y defined
in a neighborhood of 9§; we can write
(divY)| 0, = div?? (YOO) + (Y - v)Hoo, +v- V.Y (18)
where Y% =Y — (Y - v)v is the tangential part of Y. In particular, when Y is tangential to 99, we have
Y -v=0,hencev-V,Y =-Y -V,v, and so divP*y =divY + YV - V..
To make the notion of a solution to (I4)) precise, we define the Hilbert spaces

H=H*00) @ HV?(0Q), H'=H*09)® H'/?00). (19)

Definition 3.3. Let J C Ry = (0,00) be an open interval. The pair (f,g) is said to be a solution to (14)
on J if
(f.9) € COLH)NCHILH)NCOT, H),  Filf) € Line(J, L*(09)),

and (f, g) satisfies (I4) on J with values in H. Here J denotes the closure of J in R, so (0,T) = (0, T for
any T' < oo.

We also need to define the notion of a weak solution to the semilinear problem ().

Definition 3.4. Let  C R™ be a bounded domain with Lipschitz boundary (such as Qg5 or €, for some
0<a<b<oo). A function u is said to be a weak solution to (@) on Q if u € H(Q), F(-,u) € L*(Q), and

/ Vu - Vo= / F(,u)v  for all v € Hy(Q). (20)
Q Q

We then say that u is a weak solution on Qg if it is a weak solution on €, for all a € (0,b). Finally, u is
a weak solution on R™ (resp. R™ \ {0}) if it is a weak solution on €, (resp. Q) for all b > 0.

Remark 3.5. More generally, (20) makes sense for any F(-,u) € H~1(£2). For instance, this will be the case
if F' satisfies a uniform growth assumption |F(z,z)| < C|z|"+2/("=2) for all x € Q and z € R. However,
the stronger condition F(-,u) € L?*(f) is needed in the proof of Theorem B.6] to ensure that u € HZ . (Q4.5),
and hence Tryu = (f(t),g(t)) € H! for a <t < b.

We can now state our first result relating the boundary data (f, g) to u. It says that the PDE (4) on the
deleted ball Qg 7 = Qrp \ {0} is equivalent to the ODE ([14)) on the interval (0,T).

Theorem 3.6. Suppose 0 < T < co. If u is a weak solution to 4) on Qo r, then (f,g) = Tryu is a solution
to (14) on (0,T). Conversely, if (f,g) solves [14) on (0,T), then there exists a weak solution u to &) on
Qo r with Tryu = (f,g) for allt € (0,T).

Remark 3.7. It follows immediately that a weak solution to (4) on R™ \ {0} is equivalent to a solution
to (I4)) on (0,00). Note that both definitions are local, and involve no boundedness or decay assumptions
about the behavior of solutions near ¢ = 0 or ¢ = oo.

In general we are interested in solutions to () on the ball Qr, not Qo,r. This requires a further
assumption on the asymptotic behavior of f(¢) and ¢(t) as t — 0, in order to rule out solutions that are
singular at a point. An example of such a solution is u(x) = ||>~", which is harmonic on R™\ {0} but is not
contained in H{ _(R™) on account of its singular behavior at the origin. The following result can therefore
be viewed as a kind of removable singularity theorem.
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Theorem 3.8. If (f, g) solves ([I4) on (0,T), and there exists p € (0, %) such that

PN O prr200) + P g(0) | -2 00 (21)

is bounded near t = 0, then there exists a weak solution u to {l) on Qr with Tryu = (f,g) for allt € (0,T).
Conversely, if u is a weak solution to (&) on Qr, then (f,g) = Triu is a solution of (I4) on (0,T), with

2 F Ol e o0y + 2 9@ 172 00) = 0 (22)
ast — 0, provided n > 3. When n = 2 we have
PN O mrrzo0) + ' PlgE g-1/2(00) = 0 (23)

for any p € (0,1).

In other words, a weak solution on the punctured ball g7 can be extended to a weak solution on
the entire ball Qr if (f,g) = Tr; u satisfies the bound (21), in which case it necessarily satisfies the decay
condition (22). In the special case that u satisfies a linear differential equation, we obtain the stronger result
that || f(t)ll g1/2(00) and [|g(t)[| g-1/2(50) are bounded near ¢ = 0; see Lemma [6.4]

In this sense the semilinear elliptic equation (4) is equivalent to the dynamical system (I4]). This
correspondence allows us to apply dynamical systems methods to the study of ([14). A guide as to what
can be achieved with this approach comes from the literature of the area known as spatial dynamics, as
discussed in the introduction. There are challenges, however, in applying the techniques of spatial dynamics
in our setup.

Spatial dynamics was initiated by the paper of Kirchgéssner [6]. The goal of his paper is to establish
the existence of a small amplitude solution of a semilinear elliptic equation on a cylindrical domain, which
addresses problems that arise in fluid flow. The strategy is to restrict the dynamical system (L) to a
center manifold. Even though (I)) is ill-posed, a center manifold theorem can nevertheless be proved, and
a reduction to the center manifold leads to a finite-dimensional system, to which bifurcation theory can be
applied. This approach can establish the presence of solutions that bifurcate from the trivial (zero) solution.

The underlying picture to keep in mind is the dynamics near a fixed point in the infinite-dimensional
phase space H. Although the dynamics is not well-posed in either forward or backward time, the splitting
of the spectrum, which is unbounded in both directions, into the right and left half planes can be used
to get well-posedness in one time direction on appropriate complementing subspaces. Results have been
established in this situation which show that there is a splitting into stable/unstable/center manifolds, see
[16, [17].

Many generalizations of Kirchgéssner’s work have since appeared, notably the work of Mielke [8], who
was able to characterize all small bounded solutions in a center-type manifold. An important advance was
made by Peterhof, Sandstede and Scheel [11], who were the first to consider the behavior near a non-trivial
solution. They start with a traveling wave solution and consider nearby solutions specifically in the case
of time-dependent forcing. They introduce a new approach in their use of the Lyapunov—Schmidt method
as an alternative to the center manifold reduction. A key part of their approach is to establish exponential
dichotomies as * — £00. These are then used to construct stable and unstable manifolds of the fixed point
that represents the traveling wave in the infinite-dimensional phase space. A Melnikov method is finally
used to establish when these manifolds intersect.

At the heart of all these pieces of work is the notion that the underlying dynamical system generates
a bi-semigroup; see [16]. The characterization of the dynamics in terms of invariant manifolds can be cast
somewhat generally—see [16, [17] as well as [11].

4. Geometric preliminaries

4.1. The vector field

The family of diffeomorphisms in Lemma [B.2] arises as the flow of a suitably chosen vector field. It is
more convenient to construct the flow with respect to the variable 7 = logt. This flow, which we denote @,

7



is generated by an autonomous vector field X. To ‘motivate our construction we assume that the flow exists
and thus obtain some restrictions on the form of X, which we then use to construct it explicitly.

If such a flow exists, the fact that @; maps 0Q = {z : ¢¥(2) = 1} t0 exp(r) = {z : ¥(2) = €*"} would
imply ¥(3-(2)) = €2715(x), hence

Vip- X = 2. (24)

Since V4/|V1| defines a unit normal along each 9€);, we conclude that the normal component of X must
have magnitude

~ 2
.9 _ 2w
IVl VY
and so X must be of the form v
X = 21/)—1/} + tangential part.

V]2
The system of equations ([14)) is simplified by choosing a purely normal flow. However, the normal component

of X is in general not differentiable at the origin. Therefore, we must include a tangential component in the
vector field X in order to obtain a sufficiently smooth flow.

Lemma 4.1. There exists a C' vector field X satisfying 24), with X (0) = 0 and VX (0) = I.

The vector field X is not uniquely determined—one can add any tangential vector field that is supported
away from the origin without changing the above properties. In particular, one can assume that
= \Y
K=o Y0
VY

outside an arbitrarily small neighborhood of the origin.

Proof. Since ([24) determines the normal component of X , we just need to specify the tangential part. For
this we take the tangential projection of the vector field x — z. Since the vector field Vi)/|V| is normal
to each of the 9, this projection is given by

o) — o ETE)

S e

We then define
Vy
[Vy[?
where x is a smooth cut-off function that equals 1 in a small neighborhood of the origin.
Near the origin, where x = 1, we have

o () — (o V)
Ao =1 T e

X =2

+ X7,

Since 1 is C?, we can write
1
V(@) = 5 (Az,z) + O(||*)

and
Vi (z) = Az + O(|z|*)

where the Hessian A = V21(0) is positive definite. It follows that

200~ (@ V@)
X(e) WOk

for 2 close to 0, and so X is differentiable, with V)N((O) =1. O
8

Vi(z) = O(|zf?) (25)




Now let @, denote the flow generated by the vector field X that was constructed in Lemma 1] It
follows that ¢, is defined locally (i.e. for small 7) at each point z € R™ and is differentiable in . We now
prove that this is defined globally.

Lemma 4.2. The flow @, is defined for all T € R, and satisfies .(Q) = Q

exp(T)-

Proof. Fix x € R™ and let J C R denote the maximal interval of existence for ¢, (). Using (24) we compute

d;‘izp(@(x)) =V X = 2(§,(2))

for 7 € J. Tt follows that (@, (7)) = ce?", with ¢ = ¥(@o(x)) = ¥(x), and so (P, (x)) = 1 (x)e?". Since 1)
is proper, this implies that @, (z) remains bounded for finite 7, and hence is defined for all 7 € R. Recalling
the definition of ; from (5), the equality (@, (z)) = ¥ (x)e?” implies

P (2) € Qexp(ry == Y(3:(2)) < ¥ <= P(z) <1 <=2z €Q.
This completes the proof. O
To finish the proof of Lemma [3.2] we simply translate the above results from the variable 7 to t.
Proof of Lemmal3.2. For each t > 0 define ¢; = Prog¢. From Lemma [4.2] we obtain
©t(2) = Progt(2) = Q.

Moreover, for any t1,ts > 0 we have

©t, O Pty = Plogty © Plogts = Plogti+logts = Plog(trts) = Ptita
as claimed. 0

We conclude this section by giving an explicit formula for the function ¢ defined in (9). For any z € R™
we have

X(pu(e)st) = S@) = & Bogelw) = 7 K (u(a),
and so X (z,t) = t "' X (z). Using the fact that v, = Vi)(z)/|Vip(z)| and t(z) = \/1(z), we obtain

V@) T V)

4.2. Aymptotics

We now study the asymptotic behavior of p; and Dy; as t — 0. This will be used in Section [4.5] where
we describe the t-dependence of the Sobolev spaces H?(€;) and H*(0).

Lemma 4.3. For each x € Q there exists T € R"™ such that
lot(z) — 12| < CF?
as t — 0, for some constant C that does not depend on x. Moreover, if x # 0, then T # 0.

Proof. We start by deriving a uniform bound on @, (m)._Since ¢ has a nondegenerate minimum at z = 0,
there is a constant ¢ > 0 so that ¥ (x) > ¢|z|? for all z € Q. Using the fact that ¢(x) < 1 for x € Q, we thus
obtain

¢ (@)|* < (@ (2) = ¥(x) < (27)

for any 7 < 0.



Next, recalling the definition of the flow ¢,, we compute

L) = e (X(@r @) ~ Bel@) = Bla, 7).

It follows from Lemma 4.1l and ([27) that
|E(:c,7)| < C’e*T|gZT T |2 <(C'e”

hence E(z,-) is integrable on (—oo,0]. Therefore, using the fact that go(z) = x, we have

x—e "o, /Emsds—/ E:I:sds—/ E(z,s)d
Go(z) = €7 (x—/_ooo E(m,s)ds—i—/_; Bz, 5) ds).

The desired asymptotic result follows from setting

0
E::C—/ E(z,s)ds

and then observing that the remaining term satisfies

-,
‘ / E(z,s)ds
— 00
because |E(z, s)| < Ce® uniformly in z.
To complete the proof, suppose that z = 0, and hence ‘@T(:E)’ < Ce?. Since v has a critical point at
x = 0, it satisfies 1 (z) < C’|z|? for some positive constant C’. As in (27)), we obtain

P(2)e? = (3. (x)) < C'| 3 ()]

and so

< Ce"

This implies
P(z)e?™ < C"@T(:E)’2 < C?C'e*.
and hence ¢ (z) < C?C’e?". Letting 7 — —o0, we obtain 1 (z) = 0, and so z = 0. O

In other words, the trajectories of the flow are asymptotic to straight lines for small . We now use this
to prove that the functions {o:} defined in (10) converge uniformly as ¢ — 0.

Lemma 4.4. There is a positive function og: 00 — R such that oy — og uniformly ast — 0.

Proof. Let A = V?(0). For small z we have
1
Y(@) = 5 (A, ) + O(|=*)

and
V()] = |Ax] + O(|=f).
Combining this with (26]), we see that

ola) = 2 0@ _ V2UARD) o

Vi(a) — |Az]
Now let y € 992 From Lemma 3] we have ¢, (y) = t§ + O(t?) for some nonzero y € R", and so
2 (A4y,7)
= = t).
oi(y) = olee(y)) g o(t)

We thus define o¢(y) = +/2(Ay,7y)/|Ay|. Since the constant C' in Lemma 4.3 is independent of z, we
conclude that oy — o¢ uniformly on 0. O

10



We next consider the Jacobian matrix Deg:(x) and its determinant.
Lemma 4.5. There exist positive constants ci,co such that
at" < det(Dyy(z)) < cot™
for all x € Q and sufficiently small t > 0.

Proof. Differentiating the flow equation

d -

= 5r(@) = X(r(2))

with respect to z, we find that D@, (x) satisfies the linear system

d

—DGr(z) = [VX(5-(2))] D& (). (28)

Using Jacobi’s formula we obtain

L logdet(Dp (x)) = tr (D (2) " [VX (G- (2))] D (1))
= (V- D)@ ().
From Lemma 4.1 and (27), the divergence satisfies
(V- X)(Fn (@) = n+ O,
Since log det(D&g(z)) = 0, we find that
nt — C <logdet(Dg.(x)) < nt+C
for all 7 <0, where C' does not depend on x. It follows that
e e < det(D,(z)) < eenT
uniformly in x. O
Lemma 4.6. For each x € Q there exists an invertible matriz M (x) such that
| Dgt(x) — tM(2)|| < C¥

ast — 0, for some constant C that does not depend on x. Moreover, |M(x)|| and |M(x)~!|| are bounded
above uniformly in x.

Proof. Using ([28) we find that

4 D@ (a) = e (vfc(@(x)) - 1) DG, (). (29)

Integrating from 7 to 0 and using the fact that Dgg(z) = I, we obtain
0 ~
H677D<p7(x)H <1 +/ HVX((,DS(,T)) — IH HeiSDgos(x)H ds.

From Lemma [4.1] and (27) we have
|vX@ @) -1 < cem,

11



where C' does not depend on x. It follows from Gronwall’s inequality that

|e™"D@r(x)|| < exp {/O CeSdS} <e¢ (30)

for any 7 < 0.
Now define

E(z,7) = e (VX(Zr(2)) — ) DGr ().

It follows from (BQ) that E(z,-) is integrable on (—o0, 0], so we can integrate (28)) to obtain
0 T
Dg,(x) =€ <I — / E(x,s)ds Jr/ E(x,s) ds> .

0
M(x):I—/ E(x,s)ds.

— 00

We thus define

Bounding the remaining term as in the proof of Lemma [4.3] it follows that HDcpt( ) — tM(x H < Ct%.
In particular, this implies t 1Dy, (z) — M(x) as t — 0. From the estimate in Lemma [£.5] we see that
det(t~1 Dy (x)) is bounded away from zero, and so the limit M (z) is invertible. O

4.3. Mean curvature and the first variation of area

The rate of change of the area of 0€); is related to its mean curvature. The mean curvature of a
hypersurface is defined to be the divergence of the outward unit normal, and so for 92; we have

tim, =5 (57): &

In the radial case, where 1 (z) = |z|?, one simply has Hypq, = (n — 1)/t for all x € 9Q;. An overview of
mean curvature and level set methods can be found in [18].

To study the ¢t = 0 limit of (I4), we must understand the asymptotic behavior of the function H; =
Haq, © pt|,q,- Using the nondegeneracy assumption imposed on v in Hypothesis B.1] we can control the
mean curvature for small £.

Lemma 4.7. There is a function Hy: 02 — R such that tHy — Hy uniformly as t — 0.
Proof. Calculating the divergence of V)/|V1)|, we find

) (VU vw»
Hoa, = |w|< Y- v1/’<|vw| Vol

Vi(z) = Az + O(2?)

Near the origin we have

and

V3(z) = A+ O(x).

It follows that
1 <A2.T,A.T>
H trA— —+ 1).

Now let y € 992 From Lemma 3] we have o, (y) = t7 + O(t?) for some nonzero y € R", and so

() = Hoo,(20) = § = (m—%)w(n.
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We thus define

1 (A%y, Ay)
HO(y) = m (tI'A - |A@\|2 )

so that tH:(y) = Ho(y) + O(t), where the error term is uniform in y. This completes the proof. O

Next, let dpy and dp denote the surface measures on 9€2; and 912, respectively, and let a;: 92 — R denote
the Radon-Nikodym derivative of the pulled-back measure ¢} du; with respect to du, so that ¢ du: = a: du.
By definition, this means

/ w dji :/ (wo pt)ar dp (32)
o a0

for any measurable function w on 9€;. This can be computed explicitly as the Jacobian determinant
| det(D?)|, where ¢?: 9 — 98 denotes the restriction of ¢; to the boundary of the reference domain.

Lemma 4.8. The function a; satisfies

d
% = Q¢ |:0’th + (diVaQt ’y) o (pti|

for allt > 0.

The proof can be found in [19, Section 1.3]. Using this, we can describe the asymptotic behavior of the
area function a;. This is a more delicate quantity than the total area of 0€);, and is quite sensitive to the
behavior of the vector field X near the origin.

Lemma 4.9. There exist positive constants c1 and ca so that
at" !t < a(y) < et (33)
for all y € 0Q and t > 0 sufficiently small.

Proof. Writing X = ov + v and using (I8]), we obtain

(div X)| 5, = div??* v + 0 Hoq, +v -V, X,

and hence
orHy + (diant *y) oy = (O’H@Qt + div? fy) RN
=(divX —v-V,X)o ;.

From Lemma 1 we have VX = I + O(|#|). This implies div X = n + O(|z]) and v - V, X = 1 + O(|x|),
hence divX —v -V, X = (n— 1)+ O(|z|). Since X (x,t) =t~ X (z), we obtain
n—1 O] n-1

ath—l—(diantv)Ogot: ; + : == +O(1),

using Lemma [4.3] to bound ¢;(y) for y € 9. Therefore

n—lic<l%<n—1

C
t Tap dt Tt +

uniformly on 012, and the result follows. O
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4.4. The coarea formula

When relating a function v and its boundary data f(¢) and g(t), we will make frequent use of the coarea
formula. This allows us to relate the integral of u over a given domain to the integrals of u over the level sets
of a sufficiently smooth function. It can be viewed as a generalization to the nonradial case of the standard
formula for integration in polar coordinates.

Suppose ¥: R" — R is smooth. Sard’s theorem implies that for almost every ¢ € R, the level set
U~L(t) is a smooth hypersurface. Let du; denote the induced measure on W~1(¢). Defining the region
Oy = {a < ¥(x) < b}, the coarea formula says that

b
/ w|VU| = / </ wd,ut> dt
Qa,b a w—1(t)

for any measurable function w that is either nonnegative or integrable [20]. In fact, if dy,; is suitably
interpreted, one only requires the function ¥ to be Lipschitz; see [21] for a general version of this result. If
w/|V¥| is nonnegative or integrable, we have

b
w
w = ——dyy | dt.
/Qa,b /a </I/1(t) VY| t)

To relate this to the domain Q,;, = {a* < ¥(z) < b?} defined in (), we let ¥ = /i and calculate
VU = Vi /(2y/4). Comparing with (26), we have |[V¥| = ¢!, and so the coarea formula yields

b
/ w = / (/ ow dut) dt.
Qap a o

Finally, using the fact that o, = 0 0 ¢;|, and recalling the definition of a; from (32]), we obtain

|BQ

/Qa’b w= /ab (/(m ot(w o vi)at d,u) dt. (34)

Note that all of the integrals on the right-hand side are computed on the fixed hypersurface 0.

4.5. Scaling of Sobolev norms

The diffeomorphisms ¢;: Q@ — Q; induce maps H*(Q:) — H*(Q) and H*(0Q4) — H?®(0N) via the
pullback, u > u o ;. To prove Theorem [B.8 we will need estimates on the norms of these maps for small ¢.

Lemma 4.10. There exist constants c; and co such that the following estimates hold for small t:
et ?|luo gyl 2 < llullraga,) < cat™?|Jwo orl|L2q)

for all w € L?(€Y),
et 2w o il iy < |l < cot™* Hwo il piq)

for all uw € H' (),

et 2| fll200) < ||f o e 2gon,) < et V2| £l 200
for all f € L?(09), and

a2l omy < 1001 s ony < ™ 1 s oy
for all f € HY(0R).
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More precisely, for any T > 0 there exist constants ¢;(T') and c2(T") such that the above estimates hold
for all t € (0, 7.

Proof. For the L?(Q;) estimate we compute

/ UZ:/(UO@t)Qdet(D%)
Q Q

and then apply Lemma 4.5 The L?(0f)) estimate is obtained similarly, writing

12
/ (fopit) dut=/ fPardu
o9 o9
and then using (33)).

For the H'(£);) estimate we first compute V(uo ;) = (Dy)T (Vu) o ;. It follows from Lemma [4.6] that
clt’(Vu) o @t‘ < |V(uwopy)| < czt‘(Vu) o @t’ (35)

and so the norm of the gradient

IVultaay = [ 1Val = [ (V)0 ] det(Dge)
Q. Q
satisfies the estimate
tn—2 v 2 < v 2 < tn—2 v 2 36
€1 [V (uo ‘Pt)HL?(Q) <| UHL?(Qt) =62 |V (uo ‘Pt)”m(sz)- (36)
Combining this with the L?(€);) estimate, we have

||U||%{1(Qt) = ||U||%2(Qt) + HVUH%Z(Qt)
< (t"IIU o illFaiq) + 1" 2IV(uo <Pt)||%2(sz))

< cat™? ([l @illfage + V(o @)l 3o

= ot |lu o @il Fi (g

and
el gy = e (#llwo @illfey + "2V (e @)ll3z )
> ert” (JJuo eillfa) + V(e ¢)ll3zg))
= art"[Juo il F(q)
as desired.

Finally, for the H 1(89) estimate, we recall that the tangential gradient V9 f is given by Vo f =
Vf— (0 f /Ov)v, where f is any extension of f to a neighborhood of Q. Choosing an extension f with
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df /v =0, we use ([B) to compute

[V (f o ‘Pt_l)H;(aszt) :/ (VO (f 0 o) [Pdpue

o,

= / V(Foer )| dp
o0,
C .

< [ |(VHoer!du
t= Joq,
C .

= | |Vl ardp
t* Joq

< Ct"—3/ IV f|” du
o0

= Ct" VP 113200

where in the last line we have used the fact that VoL =V f for this particular choice of f. Similarly,
choosing an extension f of f so that Vo (fo ;') = V(fop; ') on 9, we find that

[9°%(F 0 0 12omy 2 €21V lic0n

for some different constant C'. Combining this with the already obtained estimate for the L?(9€)) norm, the
result follows. O

5. Evolution of the boundary data

In this section we prove Theorems [3.6] and [B.8] which say that the partial differential equation (&) is
equivalent to the system of ordinary differential equations (14) for the boundary data. Aside from issues
of regularity, the proof of Theorem [3.6] consists of direct computations using integration by parts and the
coarea formula ([B4). The proof of Theorem [B.8] on the other hand, is more involved, and requires a detailed
understanding of the geometry of the level sets 9€2; as t — 0.

5.1. An approximation argument
To prove the second statement in Theorem [3.6] we need to reconstruct the function u € H} (Qo,7) from
its Cauchy data (f(t),g(t)) for 0 < ¢t < T. This is made possible by the following result.

Proposition 5.1. Suppose Q C R™ is a bounded domain, with Lipschitz boundary 0. Then C1([a,b], C*(09Q))
is dense in C°([a,b], H1(0S2)) N C*([a, b], L*(0R)).

That is, if f € C%([a,b], H*(0Q))NC*([a, b], L?(09)), there exist approximating functions f. € C*([a, b], C*(9))
such that
1fe(®) = F Ol ag) + IFEE) = F' (Bl L2 (90) = O

uniformly in ¢ as € — 0. The main ingredient in the proof is the following lemma, which combines a standard
mollification argument in local coordinates with a version of Kolmogorov’s compactness criteria; cf. [22,123].

Lemma 5.2. Suppose f € H*(0RQ), with k € {0,1}. There exist functions f. € C1(0Q) such that ||f. —
fllax@o0) — 0 as e = 0. Moreover, the convergence of fe to f is uniform on precompact sets of H*(09Q).
That is, if S C H*(0Q) has compact closure, then for any § > 0 there exists eg > 0 such that

ll.fe — f||Hk'(aQ) <46

foralle <€y and all f € S.
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The density of C1(9Q) in L?(9Q) and H*(99) is standard. The key to the proof of the above lemma is to
construct the approximating functions f. in an explicit way that yields uniform convergence on precompact
subsets of H*(09).

Proof. We first recall the definition of H*(9€2) for a Lipschitz domain, following [24]: There exist two finite
collections of open sets, {W;} and {Q;}, such that 0Q C U;W;, QN W; = Q; N W for each j, and each €,
is given (after a rigid motion) by the hypograph of a Lipschitz function ¢j: R"™! — R. By this we mean
that there is a rigid motion x; of R" so that

ki () ={z = (@', 2,) €eR" 1 z,, < ((2)}.

Let {¢;} be a partition of unity subordinate to the covering {W;}. Given a function f: 0 — R, we define
functions f;: R"™! — R by

Fi@") = (6,f) (551 (2, ¢5(a))). (37)
We then define the H*(9Q) Sobolev norm by
£l e 00) = Z £ 1l e -1y (38)
J

We are now ready to define the mollification of f € H¥(0Q). We start by inverting [37) as follows. If
z € 00N W;, then k;(z) = (2/,¢;(")) for a unique 2’ € R"~!, namely 2/ = Prj(x), where P: R" — R"~!
denotes projection onto the first n — 1 components. It follows that (¢;f)(z) = f; (Pnj(z)) for any = €
o1 N Wj, and so

f@) =" fi(Prj(x))
J
for each x € 9. Now, letting 1. denote the standard mollifier in R*~! we set

fel@) =Y (e f;)(Prj(x).

J

It follows from (B8) and standard properties of 7. that

I fellzrxo0) < Cllf lm+ (o0 (39)
for some constant C' that does not depend on f or €, and
[ fe = fllea0) = 0 (40)

as € — 0. This completes the first part of the proof.
We prove the second claim by contradiction. Suppose there exists a number g > 0, a sequence of positive
numbers €, tending to zero, and functions f(") € S such that

I£E = £ a0y > b0
for all n. Using (39) we obtain
So < |I£m — f(n)”Hk(aQ)
< £ — fe ey + W fen = Flar@ay + 11 — £ o0
<A+ O = FNmroa) + 1fen = Fllar o)

for any function f € H*(09Q). Since | fe, — fll i+ (a0) — 0 as n — oo, we have

o n do
lim inf || f — F N o0y > T30
which shows that f(™ has no convergent subsequences, contradicting the hypothesis on S. o
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We are now ready to prove the proposition.

Proof of Proposition[51l Given f € C°([a,b], H1(02)) N C([a,b], L?(09)), we use the construction of
Lemma [5.2] to define f. pointwise in t, i.e. fe(t) = f(t)e for each ¢ € [a,b]. It follows from (B9)) that
fe € C%a,b], H*(0Q)) for each €, and (4Q) implies that f.(t) — f(t) in H'(9N) for each t. Since
{f(t) : t € [a,b]} is a compact subset of H(d1), the convergence is in fact uniform in ¢, hence f. — f in
C%([a, b], H'(09)). Moreover, since

’ fe(t+h) - fe(t)
h

for any h > 0, we conclude that f. is differentiable in ¢, with

(fe)/ - (f/)e € CO([aa b]a L2(8Q))

— 1)

(e <o)

L2(8) L2(8)

and f!(t) — f'(t) in L?(09Q), where the convergence is again uniform in t. O

5.2. Preliminary constructions

We now use Proposition [5.1] to reconstruct u from its Cauchy data.
First suppose f € C°([a,b],C°(0Q)) for some 0 < a < b < oo. For each x € Q, there is a unique

t € (a,b) and y € 9 such that x = ¢;(y), namely t = /p(z) and y = o, '(x). Thus we can define a
continuous function u: Q4 — R by

u(x) = £(t) (e} (). (41)
We first relate the integrability properties of u to those of f.

Lemma 5.3. There exists a constant C' = C(a,b) such that ||ul[2(q, ) < Cllfllco(a),z2(00)) for all f €
C%([a,b],C°(00)). Therefore, the map f — u in (1) extends uniquely to a bounded operator C°([a, b], L*(09)) —
L2(Qap)-

Proof. Let f € C%a,b],C°(09)). From the definition of u and the coarea formula ([34) we have

/QM u? = /ab </6Q o f(t)ay du) dt

< C sup [[f(®)I72(00);
a<t<b

since o; and a; are bounded uniformly for ¢ € [a,b]. The existence of a unique bounded extension follows
from the density of C%([a, b], C°(09)) in C°([a,b], L*(dN)), using Proposition [(.1l O

We next examine the differentiability properties of u.

Lemma 5.4. If f € C°([a,b], H(0Q)) N C*([a,b], L2(09)), then u € H*(Qup) and the weak derivative is
given by

d
Vu‘agt = Vo (fo @;1) +o <d—‘£ ) gp;l — . VO (f o gptl)> € L*(0%%) (42)

fora <t<b.
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Proof. We again use a density argument based on Proposition[5.1l If f € C°([a, b], C*(9Q2))NCY([a,b], C°(0Q)),
then u € C*(Qq). Differentiating the equation f = u o ¢, we obtain

af

= e

= ('y-Vqumeu) o ¢y
_ Ju
(v s o™ o
and so the normal derivative of v can be computed in terms of f as
ou df _
w7 (dt ot =1V (fopr 1)) '
Decomposing Vu into normal and tangential components along 0€;,
ou
— 7o
Vu|69t =V&rtu+ 51/,

we arrive at (42]).
Next, using (42), Lemma [£.10] and the fact that o and v are uniformly bounded on £, we find that

L2(89) ( H

for some constant C' = C(a, b). It then follows from the coarea formula, as in the proof of Lemma [5.3] that

H o, L2(69)

+ 1 F O 21 602 )

a<t<b

d
[Vl 20, < C sup (Hd—{ FIFOlm an)

L2(89)
The result now follows from Proposition [5.1] O

We are now ready to prove the main result of this section, which will allow us to describe a weak solution
to (4) in terms of its restriction to each hypersurface 9.

Lemma 5.5. If f € C°([a,b], H3/%(0Q)) N C([a, b], H'/?(0)) N C?([a,b], H'/?(0N)), and g is defined by

then

b
d
/ Vu~Vv:f/ / (vow) Ltf+—g+Jthngtg azdp | dt (43)
Quy a \Joa dt

for any v € H} (Qap)-

Proof. It suffices to consider v € C§°(4,5). The coarea formula yields

b
/ Vu-Vu = / </ o(Vu - Vv)dut) dt.
Qap a o

On 0% we use (42) and the definition of g to write

Vu - V| yq, = Vo (fop,t): VaQtv—i-g—(gogpt .
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For the tangential part we compute

/ oV (fopr)  VOMudpy, = - / odiv®® oV (f o)) din
09, o0,

- 7/ (v o @) (Lef)ag dp. (44)
o

For the normal part we have

v 1 v
f e o (o)

d
B /ag [a(v o 1) = (7 V)0 %} gar dp.

The first term on the right-hand side can be written as

‘ d d da
/BQ E(U o @y)gar dy = = m(u o pi)gar du — /BQ(U o (,Dt)d_?at dp — /BQ(U ° wt)gd—tt dp.

We use the first variation of area formula (Lemma [4.8)) to obtain

da .
/m(v ° sot)gd—; dp = /89(1) ° p¢) {Uth + (div®? y) o sot} gasdp

and then apply the divergence theorem to the last term to find

/ [(v div?? v) o Sﬁt:| gaydp = / vdiv?® y (go ;) dus
el O
- 7/ v [0V (go g ) + (g0 e t) VO] dpss
0

—~ [ wopd@gadu— [ [(v- V") o] gacdn
o0 o0

It follows that
ov _ d d
/ o5 (gog; ) dus = — | (vog)gas du—/ (o) 2 4 0,Hg — Thg b ardp. (45)
EIo 81/ dt o0 o0 dt

The result follows from adding (44)) and (45]), then integrating from a to b. The first term from the right-hand
side of (48) integrates to zero because v vanishes on 99, and 9. O

5.8. Proof of Theorem[3.6

First assume that u solves (&) on Qo r, in the sense of Definition 3.4l This means F(-,u) € L*(Qq 1),
and hence Au € L?(Q, 1), for any a € (0,T). Elliptic regularity (for instance [24, Theorem 4.16]) implies
that u € H?(Qqup) for any 0 < a < b < T, and so Tryu € H' = H3/2(0Q) @ HY/?(99Q) for t € (0,T).
Since t + (u o @t)’Q is continuous in H? for t € (0,T), we in fact have Tr,u € C°((0,7T),H"'). Next
observe that ¢t — (u o @t)‘ﬂ is differentiable in H* for ¢ € (0,7), and continuous for ¢ € (0,7]. Similarly,
t — A(uowy)|, is differentiable in L? for ¢ € (0,T') and continuous for ¢ € (0, T]. It follows from [25, Lemma
3.2] that Tr,u € C*((0,7),H) N C°((0,T],H). Finally, the coarea formula implies (as in Lemma [(5.3) that
Fi(f) € L*([a, T], L?(09)) for any a € (0,T). Therefore (f,g) = Tr; u satisfies the regularity conditions in
Definition [3.3] We next show that it satisfies the differential equation (I4).

Taking the normal component of (42), we obtain

1 (4 _ _
=0 1(d_J;°<Ptl_’Y'Vaﬂt (fOQDtl));
o0
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hence

df _ ou
i (V'Vagt (fo; Y +U$) ot =11 f + org.

This verifies the first equation of (I4)). Next, using (43]) and the definition of a weak solution to Au+F(z,u) =
0, we compute
/ F(~,u)v:/ Vu - Vv
Qa,b Qa,b

b
d
:—/ (/ ('UO(,Dt) {Ltf—i-d—i—i-Uthg—Ttg} atdu) df
a o0

for any v € Hj(Q4,5). Comparing with

/QM Pl u) = /ab </6Qt o Pz, u) dﬂ> dt
_ /ab (/m(v o o) Fy (f)as du) dt,

d
oy (f) = — {Ltf + d_i +oHig — Ttg}

which is the second equation of (I4]). The completes the first half of the proof.

Now assume (f, g) satisfies (I4]) on (0,7, in the sense of Definition .3l Define u by (4L). We must show
that u is a weak solution to (&) on o 7, i.e. u is a weak solution on Q,p for any 0 <a <b=T.

For any such a and b we have

we find that

£ € C%a,b], H¥2(09)) N C°([a, b], H/*(02)),
g € C%la,b], H/2(0Q)) N C°([a, b], H'/2(8Q)),
Fi(f) € L*([a,b], L*(09)).

In particular, f € C°([a,b], H}(992)) and g € C°([a, b], L?(99)), so Lemmas [5.3 and 5.4 imply u € H*(Qq.p).
Moreover, it follows from the coarea formula that F(-,u) € L?(Qqp).
Let v € H}(Q4). Using {@3) and the coarea formula as in the first half of the proof, we obtain

b
/Qa,b F(u)v = /a (/BQ(U o @t)UtFt(f)atd,u) dt
b
= */ </ (v o) {Ltf+ % + o Hg — Ttg} ag du> dt
a o0 t

= / Vu - Vo,
Qa,b

which says that u is a weak solution to () on €, . This completes the proof of Theorem [3.61

5.4. Proof of Theorem[3.8

It is easier to obtain estimates for the H~'/2(0Q) norm of a;g(t), rather than the norm of g(¢) alone.
The results obtained below are related to the estimates given in Theorem B.8 by the following lemma.

Lemma 5.6. Let a be a positive, continuous function on 0S2. Then
(mina)||gll g-1/2(00) < llagllg-1/200) < (maxa)l|gll g-1/2(00)
for all g € H=1/2(0Q).
21



Proof. Tt suffices to consider smooth g. We compute
Jagln o0y = s | [ aas du] 7 € (00 and 171y =1}
—sup{ [ agfdu £ € CO0). Il msiam) =1 and f9 > 0}
)

< Sup{(maxa) /(:mgfdu 1 f e C(0Q), | fllgri200) =1 and fg > 0}
= (maxa>”g||H1/2(6Q)'

Replacing a with a~! and g with ag, we obtain

N9l z-172(80) = la™ (ag) |l r-1/2(00) < (maX@_UHGQHHﬂﬂ(aQ) = llagll 17200

mina
which completes the proof. O

Combining this with Lemma [4.9] we see that there are constants ¢; and ¢y such that
it Ngllr-12000) < llagllu-17200) < c2t™ gl m-1/2(00) (46)

for all g € H~1/2(99) and sufficiently small ¢ > 0.

Keeping (46) in mind, we begin the proof of Theorem [3.8

First assume that (f,g) is a solution to (I4) on (0,7) satisfying the bound (2I)). Let u be the corre-
sponding weak solution to (4) on Qo 7, which exists by Theorem [3.6. We must prove that u € H*(Q7), and
u is in fact a weak solution on 7. To that end, let b =T

From (21) we obtain || f(2)[|7 g0y < Ct~?" for some constant C. Computing as in the proof of Lemmal.3]
and using Lemmas [4.4] and [4.9] we find

b
/Q u2:/ IV f ()72 00)dt
ab @

b
< C/ 21 gt
<,

where C' does not depend on a, since n — 2p — 1 > —1. It follows from the monotone convergence theorem

that
/ u? = lim u? < C,
Q0 a—0t Qap

sou € L2(Q).
We next show that u € H(£2,). Since u is a weak solution on €, for any a > 0, Green’s first identity
implies

2 _wF(,u)) = u@
/Q (1 ) /65 ) (47)

ou ou
/mtual/ Mt /m(UO(Pt)(aVOSDt)Gt 1%

= [ Ft)g(t)ardp
o9

On any 02 we have
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and so (2I) implies that

<N Ol a1z 00 lacg (Ol g-1/2(00)

ou
u—dp
/mzt ov

is bounded near t = 0. It follows that

<K

/ ou
w2l
09., OV

for some constant K that does not depend on a. Together with (47), this implies

IVullZza,,) < lullz@, o IFC 0l @, ) + K,

and so || Vul|2. (@) < €, with ' independent of a. The monotone convergence theorem now implies

/ |Vul? = lim/ |Vul* < C
Q0 a—0+ Qav

hence u € H'(Q) as was claimed.
Finally, we prove that u is a weak solution to (4) on €. Let v € C§°(€2). Since u is a weak solution on
Q4. and v vanishes on 92, Green’s first identity implies

/ Vu - Vv = / F(~,u)vf/ v@ dpig. (48)
Qap Qa b o0, OV

Since Vu - Vv € LY(€), we can apply the dominated convergence theorem to the functions (Vu - Vov)&,,
to obtain

a,b

a—0t

lim Vu~Vv:/ Vu - Vo.
Qa,b Qb

It similarly follows that

lim Flu) = /Q F(-,u)v.

T+
a—0 Qv

The boundary term in (48)) can be written adl

0
/ Ua—u dput :/ (vowr)g(t)ar dp
aQ, oV o0

and so, using Lemma [4.10] and the boundedness of the Sobolev trace map, we obtain

- o —
aQtUaV He| = [V O Pellg1/2(00) 10tg (L) | H-1/2(502)

< Cllvopdlla@llacg® m-1/200)
< Ct2)|0]| o llaeg (B) || 172 002)-

Since v and Vv are bounded, we have ||v|| g1 (q,) < Ct™/? for some constant C (which depends on v), hence

"ol ) lacg (Ol a-1/200) < Cllarg(®)lla-1/2(00) < CFF,

1Here we write t instead of a for the domain Qq4,p, to avoid confusion with the area function at.
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which tends to 0 as t — 0 because p > 0. Therefore, taking the limit of (48] as a — 0T, we obtain

/VU'V’U:/ F(-,u)v
Qp Qp

and so u is a weak solution on €. This completes the first half of the proof.

Next, assume that u € H!(Qr) is a weak solution to (£), and let (f,g) denote the associated solution to
(@4) on (0,T), which exists by Theorem [3.6] Using Lemma [4.10/ and the boundedness of the Sobolev trace
map H'(Q) — H/2(09), we obtain

1f @)l sr1200) < Clliuo @il oy < C "2 ||ull g (a,)- (49)

Elliptic regularity implies u € H2(£;) for any t < T, so both u and Vu are contained in H!(Q;).
For n > 2, the Sobolev embedding theorem implies u € L2 ("=2)(Q;), hence u? € L™ ("=2)(Q;). Holder’s

inequality then yields
| o<l
Q

(n—2)/n
_ ( |u|2n/(n—2)> |Qt|2/n
Q4

(n=2)/n
|u|2n/(n2)> )

Ln/(n=2)(Qy) ||1||Ln/2((2t)

< Ct? (
Q

In the last line we have used the fact that |Q;] < Ct", which can be obtained by choosing u = 1 in
Lemma [£10l Similarly estimating the integral of |[Vu|? over ; and then combining with (49), we see that

(n—2)/2n (n—2)/2n
Q¢ Q

By the absolute continuity of the Lebesgue integral, we see that the right-hand side tends to 0 as ¢ — 0.
This verifies the first term in ([22).
For the second term in (22), we let v € H(Q), and calculate

ou _
/ g(t)vay du = / 8_(v SR 1) dyut
90 aQ, oV
- /Q [Vu-V(vopy ) = F(,u)(vow )]
< IVullzz@lIV (0 0 07 Lz + IFCw)lz@ollo o o7 22
<C (tn/2_1HVUHLZ(Qt)HVUHLZ(Q) + t"/2||F('aU)||L2(fzt>||v||L2(ﬂ>)

< C (027 Vul o) + P () 20 ) ol o)

2O mr2o0) < C

where we used the fact that u is a weak solution in the second line, and Lemma [4.10] in the penultimate
line. It follows that

t=" | acg (Ol -172(00) < C (M Vull 2 + 1FCw)llz2a,) (50)

so we just need to show that the right-hand side vanishes in the ¢ = 0 limit.
Applying the Sobolev embedding theorem to Vu € H'(£2;), as was done for u above, we obtain

(n—2)/2n
CVuley < ([ 1wupren) T S0
Qs
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For the remaining term in (50) we simply observe that F(-,u) € L?(£;) for each ¢, and so

/ |F(-,u))*> =0
Q

as t — 0. This establishes ([22), and thus completes the proof of Theorem 3.8 in the case n > 2.

For the case n = 2, we return to (49), with u € H?({) for any t < T. Now the Sobolev embedding
theorem implies u and Vu are contained in L%(£2;) for any 2 < ¢ < oo; see, for instance |26, Corollary 9.14].
We then compute

/ u2 < HU2HLG/2(Qt) ||1||Lq/(q—2)(gt)
Qy

2/q
= (/ |u|q) Q| (@=2)/a
Q
2/q
< ot2a=2)/a (/ |u|q) ,
< o,

(o)™« ()]

The right-hand side tends to 0 as ¢ — 0, so we obtain the first term in (23) with p = % € (0,1]. For the
second term in (23) we use (B0) with n = 2 to obtain

and similarly for Vu, to obtain

29 ()| rrr2(00) < C

= largO)ll-1200) < C (I Vull Lz, + 1FC w)llz2@0)) -

2/q
[ 19u? < e ( / |Vu|Q) ,
Q Q
1/q
( / |Vu|q) 20 | -

This shows that the second term in (23]) tends to zero for any p = 1 — % € [0,1), and thus completes the
proof of Theorem [3.8]

and then observe that

hence

t2/97 | arg(t) || gr-1/2(p0) < C

6. Exponential dichotomies

In this final section we discuss exponential dichotomies for the linearization of (4). We first define what
is meant by an exponential dichotomy for the dynamical system (B4]) corresponding to the linearized PDE
(BI). Next, we explore some consequences of this idea. In particular, we prove that, if a dichotomy exists,
then the unstable subspace coincides with the space of Cauchy data for the linear PDE.

The linear dynamical system (54]) does not satisfy the sufficient conditions given in [11] for the existence
of an exponential dichotomy except when the domain is radial, i.e. Q; = {z : |z| < t}. This case is studied
in detail in |27], where the existence of an exponential dichotomy is proven. The general case will be the
subject of future investigations. For now we simply motivate the concept of an exponential dichotomy by
describing some of its consequences for elliptic boundary value problems.

We conclude by giving a dynamical interpretation of an eigenvalue problem, observing that eigenvalues
correspond to nontrivial intersections of the unstable subspace with a fixed subspace of ‘H that encodes the
boundary conditions.
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6.1. Dichotomy subspaces
Suppose that @ solves ([4), with the linearized equation Au + D, F(z,%)u = 0. More generally, consider

Au =V (x)u. (51)

The linearized equation, as well as the eigenvalue equation Au + D, F(x,%)u = Au, can be written in
this form. This is a special case of M), with F(z,u) = —V(z)u, and hence is equivalent, in the sense of
Theorems 3.6 and B.8] to the linear system

d f _ Tt ¢ f
E (g) B (Ut‘/:f - Lt Tt - O'th) (g) ’ (52)

where we have defined V; =V o gpt|69: o — R.

The system (52)) is ill-posed, in the sense that solutions do not necessarily exist for given initial data.
In [11] it was shown that the corresponding equation (1) for the channel problem admits an exponential
dichotomy. That is, H = HY?(9Q) @ H~/2(9Q) splits into two subspaces, both infinite-dimensional,
on which the system admits solutions forwards and backwards in time, respectively. However, (62) does
not admit an exponential dichotomy because, as seen in the example in Section [2, the solutions decay or
grow polynomially, rather than exponentially, in t. We will instead consider dichotomies for a suitably
reparameterized and rescaled version of the system.

We let t = €7, and then define

fr) = e f(e7), G(r) = e g(en) (53)

for some constant « to be determined. The scaling parameter a will be used to ensure that the asymptotic
operator, i.e. the limit of the right-hand side of (54]) as t — 0, does not have spectrum on the imaginary
axis. A direct computation shows that if (f,g) solves (52)), then

diT <9 - <t2(jt‘2t—TtLt) 1 +a+t(01t“t - ath)) (9 : (54)

For convenience we set k = (f, §).

Definition 6.1. The system (54) is said to admit an exponential dichotomy on the half line (—oo, 0] if there
exists a continuous family of projections P": (—oo,0] — B(H) and constants K,n",n* > 0 such that, for

every 79 < 0 and z € H there exists a solution h*(7; 79, z) of (B4, defined for 7 < ¢, such that
o hi(10370,2) = P(m0)z,
. ||EU(T;T0,Z)|‘H < Ke"' (7770 || 2|4 for all T < 7o,
o 1*(7;70,2) € R(P%(7)) for all T < 70,
and a solution h® (1370, 2) of (B4), defined for 79 < 7 < 0, such that
° ES(To;To,Z) = P%(19)z,
o [[15(ri7m0,2) |3 < Ke” (07|23 for all 7 < 7 < 0,
. ES(T;TO, z) € R(P*(7)) for all 1o <7 <0,

where P*(1) = I — P%(7).
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In other words, for any terminal data in the range of P“(7), the system can be solved backwards in 7,
with the solution decaying exponentially as 7 — —oo, and similarly for initial data in the range of P*(7).
For any 7 < 0 we define the stable and unstable subspaces

E*(r) = R(P*(7)), E"(r) = R(P"(r)). (55)

Undoing the scaling (53)) and the change of variables t = e, we define

(1) = { (o), t™1~*Gl1og1)) : (llogt), Gllogt)) € E*(logt) } (56)

for ¢ > 0, and similarly for E*(¢). Thus for any to € (0,1] and (fo,g0) € E"(to) there exists a solution
(f(t),g(t)) to (B2), defined for 0 < t < tg, with (f(t0), 9(to)) = (fo,g90) and

Y—a

I/, ta)],, < & <ti) 1o t0g0) |, (57)

The implications of this estimate for the corresponding solution « to the linear PDE (51) depend on the
scaling parameter « and its relation to the growth and decay rates n* and n°. This will be explored in detail
in the following section.

6.2. Relation to the Cauchy data space
Assuming the existence of an exponential dichotomy, we now prove that for an appropriate choice of «
the unstable subspace E*(t) corresponds to the space of Cauchy data of weak solutions to (5I)) on ;. For
t >0 let
Ki={uec H Q) : Au= V(x)u on 4},

where the equality Au = V(z)u on € is meant in a distributional sense. Since K is a subset of {u €
H'(Q) : Au € L?(Q)}, the trace map Tr; (defined in (I3)) can be applied, and we have Try; u € H'/2(0Q)®
H=1/2(0Q) for each u € K;. We thus define

Try(Ky) = {Tryu:u e K} CH.

Theorem 6.2. Assume that (54)) admits an exponential dichotomy on (—o0,0], and that V is of class
Cc/2LY in a neighborhood of the origin. If o < n* + 5 — 1, then E*(t) C Tri(Ky) for each t > 0. If
a > —n®, then Try(K:) C EY(t) for each t > 0. Therefore, the two spaces coincide if

—ns<a<n“+g—1. (58)

To prove that E*(t) C Tr;(K};), we must show that any solution (f, g) to (62) having sufficient decay at
t = 0 corresponds to a solution u to (&1). Thus suppose (f(to),g(to)) € E*(to) for some ty > 0. It follows
from (57)) that

£ O r172000) + gl g-172000) < CET 7
for all ¢ < tg. The inequality a < § —1+n" implies a—n* <n—2+n"—a, a—n* < 5 andn—2+n"—a > 0.
Therefore, there exists a number

E)ﬂ[a—n“,n—2+nu—o¢].

p€(0,2

For this choice of p we have that

PO 20y + 1P HgE) -1/2(00)

is bounded near ¢ = 0. It follows from Theorem B.8 that (f(t),g(¢)) = Tryu for some u € K}, completing
the proof that E*(tg) C Try, (K, ).

To prove the reverse inclusion, Tr;(K;) C E¥(t), we use the fact that any solution to (52) having sufficient
decay at t = 0 is necessarily contained in the unstable subspace.
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Lemma 6.3. Suppose h is a solution to (B4)) and satisfies the estimate H?L(T)H < Ce® =) for all T < 19,
for some oo > —n®. Then h(m) € E*(19).

That is, any solution iNL(T) that does not blow up too rapidly as 7 — —oo must be contained in the
unstable subspace, so it in fact decays with rate n*.

Proof. Choosing z = h(rg) in Definition 6.1} there exists a solution h* to (54) with h(ry) = P%(7)z,
satisfying the estimate ||h%(7)|] < Ke? (7=70)|z|| for 7 < 79. Now define h*(7) = h(1) — h*(7). It follows
that h® is also a solution to (B4) for 7 < 79, with

I7*(7)]| < Cex ) 4 K|zl (7770, (59)

Moreover, since h*(t) € R(P*(r)), we have h*(t) = (I — P*(7))h(r) € R(P*(r)). Now let 7. < 7. Since

h#(7) solves (54) for 7 > 7., and has initial condition 2*(r,), it must be the unique forward-in-time solution
whose existence is guaranteed by the exponential dichotomy. Therefore it satisfies the estimate

1R (r)I| < Kem TR ()|
for 7 > 7.. Using (B9) to bound ||ES(T*)||, we have

[ ()| < K () (el 4 [z =)

Taking the limit 7. — —oo and using the fact that n° + a > 0, we obtain 715(70) =0. O

We also require the following improved version of Theorem [3.8

Lemma 6.4. Suppose u solves (B1)) on Qr, with the potential V' of class CcL/21Y i a neighborhood of the
origin. Then || f ()|l g1/200) and [[9(t)|| g-1/2(a0) are bounded near t = 0.

Proof. The smoothness of V allows us to use elliptic regularity (for instance [24, Theorem 4.16]) to conclude
that u € H?T"/21(Q;) for sufficiently small ¢. It follows from the Sobolev inequalities that u € CU7(€)
for some 7 € (0,1). In particular, u and Vu are uniformly bounded in a neighborhood of the origin, and so
llull g1,y < Ct™2. The result now follows from estimates (49) and (50). O

Now consider Tr; u € Try(K;). We have that || f ()| g1/2(90) and [|g(t)|| g-1/2(90) are bounded as t — 0.
Therefore h(r) = (e°Tf(e7),e1+)7g(eT)) satisfies the bound [R(7)||3 < Ce®™. Since a > —n°, Lemma[6.3
implies h(7) € E*(7), hence h(t) = (f(t), g(t)) € E*(t). This completes the proof of Theorem [6.2)

Note that the rates n* and n° depend implicitly on «, as the latter parameter appears in the rescaled
system of equations (B4). To verify (GB8) one must therefore understand this dependence.

Corollary 6.5. Supposen > 2. If0 < a < §—1 and (54) has an exponential dichotomy with rates n** > 0,
then (B8) is satisfied, and hence E*(t) = Try(K:) for each t > 0.

Remark 6.6. When n = 2 there is no a that satisfies this condition. This is not a shortcoming of the
method of proof, but rather indicates a fundamental difference between the cases n = 2 and n > 2. This
was seen earlier when studying harmonic functions on the plane. As observed above in Remark 2.1] there is
no choice of « for which E%(t) = Tr,(K).

6.3. Application to an eigenvalue problem
Finally, we use Corollary [6.5] to give a dynamical interpretation of the eigenvalue problem

—Au+Vu=Xu (60)
with Dirichlet boundary conditions. To do so we define the Dirichlet subspace
D=1{(0,9): g € H'?(0Q)} C H. (61)
The following result is then an immediate consequence of Corollary [6.5]
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Corollary 6.7. Assuming the hypotheses of Corollary[6.3, X is an eigenvalue of the Dirichlet problem (60)
on Q if and only if the unstable subspace E"(t) intersects the Dirichlet subspace D nontrivially. Moreover,
the geometric multiplicity of X equals dim (E"(t) N'D).

Other boundary conditions (Neumann, Robin, etc.) can be characterized in a similar way by changing
D accordingly; see [28, [25] for details.

Our construction thus gives a dynamical perspective on elliptic eigenvalue problems, similar to the
Evans function [1], which counts intersections between stable and unstable subspaces. (While traditionally
developed for problems in one spatial dimension, some progress has been made on extending the Evans
function to channel domains; see |29, 130, [31, 132, 133].)

This is also closely related to the Maslov index, a symplectic winding number that counts intersections
of Lagrangian subspaces in a symplectic Hilbert space; see |28, 125, 134, [35].

References

References

[1] T. Kapitula, K. Promislow, |[Spectral and dynamical stability of nonlinear waves, Vol. 185 of Applied Mathematical Sci-
ences, Springer, New York, 2013, with a foreword by Christopher K. R. T. Jones. doi:10.1007/978-1-4614-6995-7.
URL https://doi.org/10.1007/978-1-4614-6995-7

[2] C. J. Amick, [Semilinear elliptic eigenvalue problems on an infinite strip with an application to stratified fluids, Ann.
Scuola Norm. Sup. Pisa ClL. Sci. (4) 11 (3) (1984) 441-499.

URL http://www.numdam.org/item?id=ASNSP_1984_4_11_3_441_0

[3] M. Beck, B. Sandstede, K. Zumbrun, Nonlinear stability of time-periodic viscous shocks, Arch. Ration. Mech. Anal.
196 (3) (2010) 1011-1076. [doi:10.1007/s00205-009-0274-1|
URL https://doi.org/10.1007/s00205-009-0274-1

[4] A. Doelman, B. Sandstede, A. Scheel, G. Schneider, The dynamics of modulated wave trains, Mem. Amer. Math. Soc.
199 (934) (2009) viii+105. |doi:10.1090/memo/0934!

URL https://doi.org/10.1090/memo/0934

[5] R. Gardner, Existence of multidimensional travelling wave solutions of an initial-boundary value problem, J. Differential
Equations 61 (3) (1986) 335-379. [doi:10.1016/0022-0396(86)90111-7.

URL https://doi.org/10.1016/0022-0396(86)90111-7

[6] K. Kirchgéssner, Wave-solutions of reversible systems and applications, J. Differential Equations 45 (1) (1982) 113-127.
doi:10.1016/0022-0396(82)90058-4 .,

URL https://doi.org/10.1016/0022-0396(82)90058-4

[7] Y. Latushkin, A. Pogan, The dichotomy theorem for evolution bi-families, J. Differential Equations 245 (8) (2008) 2267—
2306. doi:10.1016/j.jde.2008.01.023.

URL https://doi.org/10.1016/5. jde.2008.01.023

[8] A. Mielke, |A reduction principle for nonautonomous systems in infinite-dimensional spaces, J. Differential Equations
65 (1) (1986) 68-88. [doi:10.1016/0022-0396(86)90042-2,

URL https://doi.org/10.1016/0022-0396 (86)90042-2

[9] A. Mielke, Reduction of quasilinear elliptic equations in cylindrical domains with applications, Math. Methods Appl. Sci.
10 (1) (1988) 51-66. doi :10.1002/mma. 1670100105,

URL https://doi.org/10.1002/mma.1670100105

[10] A. Mielke, [Locally invariant manifolds for quasilinear parabolic equations, Rocky Mountain J. Math. 21 (2) (1991) 707—
714, current directions in nonlinear partial differential equations (Provo, UT, 1987). |doi:10.1216/rmjm/1181072962.
URL https://doi.org/10.1216/rmjm/1181072962

[11] D. Peterhof, B. Sandstede, A. Scheel, Exponential dichotomies for solitary-wave solutions of semilinear elliptic equations on infinite cylinde:
J. Differential Equations 140 (2) (1997) 266-308. /doi:10.1006/jdeq.1997.3303.
URL http://dx.doi.org/10.1006/jdeq.1997.3303

[12] B. Sandstede, |Stability of travelling waves, in: Handbook of dynamical systems, Vol. 2, North-Holland, Amsterdam, 2002,
pp- 983-1055. [doi:10.1016/51874-575X(02)80039-X.
URL https://doi.org/10.1016/51874-575X(02)80039-X

[13] B. Sandstede, A. Scheel, |On the structure of spectra of modulated travelling waves, Math. Nachr. 232 (2001) 39-93.
doi:10.1002/1522-2616(200112)232:1<39: : AID-MANA39>3.3.C0;2-X.
URL https://doi.org/10.1002/1522-2616(200112)232:1<39: : ATD-MANA39>3.3.C0;2-X

[14] A. Scheel, Radially symmetric patterns of reaction-diffusion systems, Mem. Amer. Math. Soc. 165 (786) (2003) viii+86.
doi:10.1090/memo/0786.
URL https://doi.org/10.1090/memo/0786

[15] J. Milnor, Morse theory, Annals of Mathematics Studies, No. 51, Princeton University Press, Princeton, N.J., 1963.

[16] M. S. ElBialy, Stable and unstable manifolds for hyperbolic bi-semigroups, Journal of Functional Analysis 262 (5) (2012)
2516-2560.

29


https://doi.org/10.1007/978-1-4614-6995-7
http://dx.doi.org/10.1007/978-1-4614-6995-7
https://doi.org/10.1007/978-1-4614-6995-7
http://www.numdam.org/item?id=ASNSP_1984_4_11_3_441_0
http://www.numdam.org/item?id=ASNSP_1984_4_11_3_441_0
https://doi.org/10.1007/s00205-009-0274-1
http://dx.doi.org/10.1007/s00205-009-0274-1
https://doi.org/10.1007/s00205-009-0274-1
https://doi.org/10.1090/memo/0934
http://dx.doi.org/10.1090/memo/0934
https://doi.org/10.1090/memo/0934
https://doi.org/10.1016/0022-0396(86)90111-7
http://dx.doi.org/10.1016/0022-0396(86)90111-7
https://doi.org/10.1016/0022-0396(86)90111-7
https://doi.org/10.1016/0022-0396(82)90058-4
http://dx.doi.org/10.1016/0022-0396(82)90058-4
https://doi.org/10.1016/0022-0396(82)90058-4
https://doi.org/10.1016/j.jde.2008.01.023
http://dx.doi.org/10.1016/j.jde.2008.01.023
https://doi.org/10.1016/j.jde.2008.01.023
https://doi.org/10.1016/0022-0396(86)90042-2
http://dx.doi.org/10.1016/0022-0396(86)90042-2
https://doi.org/10.1016/0022-0396(86)90042-2
https://doi.org/10.1002/mma.1670100105
http://dx.doi.org/10.1002/mma.1670100105
https://doi.org/10.1002/mma.1670100105
https://doi.org/10.1216/rmjm/1181072962
http://dx.doi.org/10.1216/rmjm/1181072962
https://doi.org/10.1216/rmjm/1181072962
http://dx.doi.org/10.1006/jdeq.1997.3303
http://dx.doi.org/10.1006/jdeq.1997.3303
http://dx.doi.org/10.1006/jdeq.1997.3303
https://doi.org/10.1016/S1874-575X(02)80039-X
http://dx.doi.org/10.1016/S1874-575X(02)80039-X
https://doi.org/10.1016/S1874-575X(02)80039-X
https://doi.org/10.1090/memo/0786
http://dx.doi.org/10.1090/memo/0786
https://doi.org/10.1090/memo/0786

[17] T. Gallay, A center-stable manifold theorem for differential equations in Banach spaces, Communications in Mathematical
Physics 152 (2) (1993) 249-268.

[18] T. H. Colding, W. P. Minicozzi, II, |Level set method for motion by mean curvature, Notices Amer. Math. Soc. 63 (10)
(2016) 1148-1153.

URL https://doi.org/10.1090/noti1439

[19] T. H. Colding, W. P. Minicozzi, II,|A _course in minimal surfaces, Vol. 121 of Graduate Studies in Mathematics, American
Mathematical Society, Providence, RI, 2011. |doi:10.1090/gsm/121.

URL http://dx.doi.org/10.1090/gsm/121

[20] I. Chavel, Riemannian geometry, 2nd Edition, Vol. 98 of Cambridge Studies in Advanced Mathematics, Cambridge Uni-
versity Press, Cambridge, 2006, a modern introduction.
URL https://doi.org/10.1017/CB09780511616822

[21] L. C. Evans, R. F. Gariepy, Measure theory and fine properties of functions, Studies in Advanced Mathematics, CRC
Press, Boca Raton, FL, 1992.

[22] A. Kolmogorov, Uber Kompaktheit der Funktionenmengen bei der Konvergenz im Mittel, in: Nachrichten von der
Gesellschaft der Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse, Weidmannsche Buchhandlung, Berlin,
1931, pp. 60-63.

[23] J. Wloka, Partial differential equations, Cambridge University Press, Cambridge, 1987. |[doi:10.1017/CB09781139171755
URL https://doi.org/10.1017/CB09781139171755

[24] W. McLean, Strongly elliptic systems and boundary integral equations, Cambridge University Press, Cambridge, 2000.

[25] G. Cox, C. K. R. T. Jones, J. L. Marzuola, |A Morse index theorem for elliptic operators on bounded domains, Comm.
Partial Differential Equations 40 (8) (2015) 1467-1497. |doi:10.1080/03605302.2015.1025979.

URL http://dx.doi.org.libproxy.lib.unc.edu/10.1080/03605302.2015.1025979

[26] H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Universitext, Springer, New York, 2011.

[27] M. Beck, G. Cox, C. Jones, Y. Latushkin, A. Sukhtayev, Exponential dichotomies for elliptic PDE on radial domains,
preprint.

[28] G. Cox, C.K.R.T. Jones, Y. Latushkin, A. Sukhtayev,|The Morse and Maslov indices for multidimensional Schrodinger operators with ma
Trans. Amer. Math. Soc. 368 (11) (2016) 8145-8207. |[doi:10.1090/tran/6801
URL https://doi.org/10.1090/tran/6801

[29] J. Deng, S. Nii, Infinite-dimensional Evans function theory for elliptic eigenvalue problems in a channel, J. Differential
Equations 225 (1) (2006) 57-89. |[doi:10.1016/j.jde.2005.09.007.

URL http://dx.doi.org/10.1016/j.jde.2005.09.007

[30] J. Deng, S. Nii, An infinite-dimensional Evans function theory for elliptic boundary value problems| J. Differential Equa-
tions 244 (4) (2008) 753-765. [doi:10.1016/]. jde.2007.10.037|
URL http://dx.doi.org/10.1016/j.jde.2007.10.037

[31] F. Gesztesy, Y. Latushkin, K. Zumbrun, Derivatives of (modified) Fredholm determinants and stability of standing and traveling waves,
J. Math. Pures Appl. (9) 90 (2) (2008) 160-200. doi:10.1016/j.matpur.2008.04.001.

URL https://doi.org/10.1016/j.matpur.2008.04.001

[32] Y. Latushkin, A. Pogan, [The infinite dimensional Evans function, J. Funct. Anal. 268 (6) (2015) 1509-1586.
doi:10.1016/j.jfa.2014.11.020.

URL https://doi.org/10.1016/5.jfa.2014.11.020

[33] M. Oh, B. Sandstede, Evans functions for periodic waves on infinite cylindrical domains, J. Differential Equations 248 (3)
(2010) 544-555. |doi:10.1016/j.jde.2009.08.003,

URL https://doi.org/10.1016/5. jde.2009.08.003

[34] J. Deng, C. Jones, [Multi-dimensional Morse index theorems and a symplectic view of elliptic boundary value problems)
Trans. Amer. Math. Soc. 363 (3) (2011) 1487-1508. |doi:10.1090/S0002-9947-2010-05129-3.

URL http://dx.doi.org/10.1090/50002-9947-2010-05129-3

[35] Y. Latushkin, S. Sukhtaiev, The Maslov index and the spectra of second order elliptic operators, Adv. Math. 329 (2018)
422-486. doi:10.1016/j.aim.2018.02.027.

URL https://doi.org/10.1016/j.aim.2018.02.027

30


https://doi.org/10.1090/noti1439
https://doi.org/10.1090/noti1439
http://dx.doi.org/10.1090/gsm/121
http://dx.doi.org/10.1090/gsm/121
http://dx.doi.org/10.1090/gsm/121
https://doi.org/10.1017/CBO9780511616822
https://doi.org/10.1017/CBO9780511616822
https://doi.org/10.1017/CBO9781139171755
http://dx.doi.org/10.1017/CBO9781139171755
https://doi.org/10.1017/CBO9781139171755
http://dx.doi.org.libproxy.lib.unc.edu/10.1080/03605302.2015.1025979
http://dx.doi.org/10.1080/03605302.2015.1025979
http://dx.doi.org.libproxy.lib.unc.edu/10.1080/03605302.2015.1025979
https://doi.org/10.1090/tran/6801
http://dx.doi.org/10.1090/tran/6801
https://doi.org/10.1090/tran/6801
http://dx.doi.org/10.1016/j.jde.2005.09.007
http://dx.doi.org/10.1016/j.jde.2005.09.007
http://dx.doi.org/10.1016/j.jde.2005.09.007
http://dx.doi.org/10.1016/j.jde.2007.10.037
http://dx.doi.org/10.1016/j.jde.2007.10.037
http://dx.doi.org/10.1016/j.jde.2007.10.037
https://doi.org/10.1016/j.matpur.2008.04.001
http://dx.doi.org/10.1016/j.matpur.2008.04.001
https://doi.org/10.1016/j.matpur.2008.04.001
https://doi.org/10.1016/j.jfa.2014.11.020
http://dx.doi.org/10.1016/j.jfa.2014.11.020
https://doi.org/10.1016/j.jfa.2014.11.020
https://doi.org/10.1016/j.jde.2009.08.003
http://dx.doi.org/10.1016/j.jde.2009.08.003
https://doi.org/10.1016/j.jde.2009.08.003
http://dx.doi.org/10.1090/S0002-9947-2010-05129-3
http://dx.doi.org/10.1090/S0002-9947-2010-05129-3
http://dx.doi.org/10.1090/S0002-9947-2010-05129-3
https://doi.org/10.1016/j.aim.2018.02.027
http://dx.doi.org/10.1016/j.aim.2018.02.027
https://doi.org/10.1016/j.aim.2018.02.027

	1 Introduction
	2 A motivating example: harmonic functions in R3
	3 Definitions and results
	4 Geometric preliminaries
	4.1 The vector field
	4.2 Aymptotics
	4.3 Mean curvature and the first variation of area
	4.4 The coarea formula
	4.5 Scaling of Sobolev norms

	5 Evolution of the boundary data
	5.1 An approximation argument
	5.2 Preliminary constructions
	5.3 Proof of Theorem 3.6
	5.4 Proof of Theorem 3.8

	6 Exponential dichotomies
	6.1 Dichotomy subspaces
	6.2 Relation to the Cauchy data space
	6.3 Application to an eigenvalue problem


