
Nonlinearity
           

PAPER

!"#"$%&'( ') *+,-&.-%,%&'(,/0 -%,%"- &( %1" 2,3&"/4!%'5"- "*+,%&'( '( %1"
%'/+-
To cite this article: Margaret Beck et al 2019 Nonlinearity 32 209

 

View the article online for updates and enhancements.

This content was downloaded from IP address 128.197.60.119 on 02/05/2019 at 14:32



1/8

MnmkhmdUphsu

Rdkdbshnm�ne�ptTrh,rsTshnmTqx�rsTsdr�hm�sgd�
MTuhdq!Rsnidr�dptTshnm!nm�sgd�snqtr

LTqfTqds!Adbi0 �Dqhb!Bnnodq0�Tmc�InmrsTmshmnr!Rohkhnontknr0

0� Cdo]qsldms�ne�L]sgdl]shbr�]mc�Rs]shrshbr)�Anrsnm�Tmhudqrhsx)�Anrsnm)�L@�/1104)�
Tmhsdc�Rs]sdr�ne�@ldqhb]

D,l]hk9�l]adbj;at-dct)�bnnodq;at-dct�]mc�jrohkhno;l]sg-at-dct

Qdbdhudc�14�I]mt]qx�1/06)�qduhrdc�4�Nbsnadq�1/07
@bbdosdc�enq�otakhb]shnm�07�Nbsnadq�1/07
Otakhrgdc�1/�Cdbdladq�1/07

Qdbnlldmcdc�ax�Oqnedrrnq�Dcqhrr�R�Shsh

7arsqTbs
Sgd� svn� chldmrhnm]k� hmbnloqdrrhakd� M]uhdq’Rsnjdr� dpt]shnm! nm� Cγ 9+
=.� 1νγ[· =.� 1ν[� vhsg� γ ∼ 0)� odqhnchb� antmc]qx� bnmchshnmr)� ]mc� uhrbnrhsx�
. . λ ≈ 0� hr� bnmrhcdqdc-� A]qr� ]mc� chonkdr)� svn� dwokhbhskx� fhudm� pt]rh,
rs]shnm]qx� rs]sdr� ne� sgd� rxrsdl)� dunkud�nm� sgd� shld� rb]kd�M¯d�λs(� ]mc�g]ud�
addm�rgnvm�sn�ok]x�]�jdx�qnkd�hm�hsr�knmf,shld�dunktshnm-�Ne�o]qshbtk]q�hmsdqdrs�
hr� sgd� qnkd� sg]s� β� ok]xr� hm� rdkdbshmf�vghbg� ne� sgdrd� svn� rs]sdr� hr� nardqudc-�
Qdbdms�mtldqhb]k�rstchdr�rtffdrs�sg]s)�]esdq�]�sq]mrhdms�odqhnc�ne�q]ohc�cdb]x�
ne�sgd�ghfg�Entqhdq�lncdr)�sgd�a]q�rs]sd�vhkk�ad�rdkdbsdc�he�γ ∈+ 0)�vghkd�sgd�
chonkd�vhkk�ad� rdkdbsdc� he�γ + 0-�Ntq� qdrtksr� rtoonqs� sghr�bk]hl�]mc�rddj� sn�
l]sgdl]shb]kkx�enql]khyd�hs-�Ud�bnmrhcdq�sgd�rxrsdl�hm�Entqhdq�ro]bd)�oqnidbs�
hs�nmsn�]�bdmsdq�l]mhenkc�bnmrhrshmf�ne�sgd�knvdrs�dhfgs�Entqhdq�lncdr)�]mc�trd�
sghr�]r�]�lncdk�sn�rstcx�sgd�rdkdbshnm�ne�a]qr�]mc�chonkdr-�Hs�hr�rgnvm�enq�sghr�
NCD�lncdk�sg]s�sgd�u]ktd�ne�β�bnmsqnkr�sgd�adg]uhnq�ne�sgd�]rxlosnshb�q]shn�
ne�sgd�knv�lncdr)�sgtr�cdsdqlhmhmf�sgd�khjdkhgnnc�ne�nardquhmf�]�a]q�rs]sd�nq�
chonkd�]esdq�]m�hmhsh]k�sq]mrhdms�odqhnc-�Lnqdnudq)�hm�ntq�lncdk)�enq�]kk�γ ∼ 0)�
sgdqd�hr�]m�hmhsh]k�shld�odqhnc�hm�vghbg�sgd�ghfg�lncdr�cdb]x�]s�sgd�q]ohc�q]sd�
M¯d�sωλ()�vghkd�sgd�knv�lncdr�dunkud�]s�sgd�rknvdq�M¯d�λs(�q]sd-�Sgd�qdrtksr�
enq�sgd�NCD�lncdk�]qd�oqnudm�trhmf�dmdqfx�drshl]sdr�]mc�hmu]qh]ms�l]mhenkcr�
]mc�etqsgdq�rtoonqsdc�ax�enql]k�]rxlosnshb�dwo]mrhnmr�]mc�mtldqhbr-

Jdxvnqcr9�M]uhdq’Rsnjdr)�"thc�cxm]lhbr)�chonkd)�a]q�rs]sdr)�cxm]lhb]k�
rxrsdlr
L]sgdl]shbr�Rtaidbs�Bk]rrhzb]shnm�mtladqr9�24P2/)�26K14)�65C/4

 Rnld�zftqdr!l]x�]ood]q�hm�bnkntq�nmkx�hm�sgd�nmkhmd�intqm]k(
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.-� Fmsqnctbshnm

Hm�sghr�o]odq�vd�bnmrhcdq�sgd�1C�hmbnloqdrrhakd�M]uhdq’Rsnjdr�dpt]shnm

>s� + λ��� ¯� − √(��√n
√ − � + .�  0-0(

nm�sgd�onrrhakx�]rxlldsqhb�snqtr�̄ w� x( ∞ Cγ 9+ =.� 1νγ[· =.� 1ν[�vhsg�γ ∼ 0)�odqhnchb�antmc,
]qx�bnmchshnmr)�]mc�uhrbnrhsx�. . λ ≈ 0-�Cdzmhmf�φ + ¯.� .� 0( − ¯√· �()�nmd�nas]hmr�sgd�1C�
unqshbhsx�dpt]shnm

>sφ + λ�φ � � − √φ� � +
)

>x¯���0(

�>w¯���0(

(
φ,�  0-1(

Sgd�qdk]shnm�adsvddm���]mc�τ�hr�jmnvm�]r�sgd�Ahns’R]u]qs�k]v-�Sgd�odqhnchb�antmc]qx�bnmch,
shnmr�enqbd�


Cβ

φ + .)�]mc�gdmbd���0φ�hr�vdkk,cdzmdc-
Adb]trd� sgd�uhrbnrhsx� hr�rl]kk)� hs� hr� qd]rnm]akd� sn�dwodbs� sg]s�rs]shnm]qx�rnktshnmr�ne� sgd�

Dtkdq�dpt]shnm!  0-0(�nq� 0-1(�vhsg�λ + .(�vntkc�ok]x�]�qnkd�hm�sgd�knmf,shld�dunktshnm�ne�sgd�
M]uhdq’Rsnjdr� dpt]shnm-�Gnvdudq)� sgd�Dtkdq� dpt]shnm!g]r� hmzmhsdkx�l]mx� rs]shnm]qx� rnkt,
shnmr)�rn�hs�hr�mns�nauhntr�vghbg�rtbg�rnktshnmr�]qd�hlonqs]ms-�Hm�Z05[)�dmsqnox�]qftldmsr�]mc�
dwsdmrhud�mtldqhb]k�rstchdr�vdqd�bnmctbsdc�hm�sgd�b]rd�γ + 0�]mc�rtffdrsdc�sg]s�sgd�rn,b]kkdc�
a]q� rs]sdr� ]mc� chonkdr� rgntkc� ad� sgd� svn�lnrs� hlonqs]ms� rs]shnm]qx� rnktshnmr� ne� sgd�Dtkdq�
dpt]shnmr-�@ksgntfg�ansg�rs]sdr�vdqd�nardqudc�]esdq�hmhsh]k�sq]mrhdms�odqhncr�hm�sgd�dunktshnm�
ne� sgd�M]uhdq’Rsnjdr�dpt]shnm)� hmsdqdrshmfkx� sgd�chonkd�rddldc� sn�dldqfd� enq�]� k]qfd�bk]rr�
ne�hmhsh]k�c]s])�vgdqd]r�sgd�a]q�rs]sd�nmkx�dldqfdc�enq�]�rodbh]k�bk]rr�ne�hmhsh]k�c]s]-�@�k]sdq�
rstcx�Z2[�mtldqhb]kkx�]m]kxydc� 0-0(�nm�Cγ�vhsg�sgd�]cchshnm�ne�]�bdqs]hm�sxod�ne�rsnbg]rshb�
enqbhmf-�Sgdqd)�]esdq�]m�hmhsh]k�sq]mrhdms�odqhnc)�]�lds]rs]akd�rvhsbghmf�adsvddm�sgd�a]qr�]mc�
chonkdr�v]r�rddm)�vhsg�sgd�chonkd�adhmf�cnlhm]ms�enq�γ + 0�]mc�sgd�a]q�rs]sdr�adhmf�cnlhm]ms�
enq�γ ∈+ 0-�Qdk]sdc�]m]kxshb]k�vnqj�v]r�bnmctbsdc�hm�Z1)�01[�vgdqd�sgd�q]sd�ne�bnmudqfdmbd�sn�
]�a]q�rs]sd�enq�]ooqnoqh]sd�hmhsh]k�bnmchshnmr�v]r�rgnvm�sn�ad�M¯d�

|
λs()�vghkd�sgd�a]q�rs]sd�

hsrdke�cdb]xdc�]s�sgd�M¯d�λs(�a]bjfqntmc�q]sd-�Hm�sghr�vnqj)�vd�vhkk�]m]kxyd�sgd�rdkdbshnm�ne�
a]qr�]mc�chonkdr)�a]rdc�nm�sgd�o]q]ldsdq�β-�@s�sghr�onhms)�vd�]krn�qdedq�sgd�hmsdqdrsdc�qd]cdq�sn��
Z0)� 6’0/)�02[� enq� rsd]cx� rs]sd� qdrtksr� ]mc� qdrtksr� hm� sgd� ]rxlosnshb� qdfhld�]r� shld�fndr� sn�
hmzmhsx-

He�γ + 0)�]mx�etmbshnm�ne�sgd�enql

φ¯w� x:l( + d�
εl1

β1 s=Y0 anp¯lw<γ( ) Y1 pgm¯lw<γ([ ) d�λl1s=Y2 anp¯lx( ) Y3 pgm¯lx([� l ∞ Y
�  0-2(

hr�]m�dw]bs�rnktshnm�sn� 0-1(-�He�γ ∈+ 0)� sgdm� 0-2(�hr�]m�dw]bs�rnktshnm�sn� 0-1(�he�]mc�nmkx�he�
Y0 + Y1 + .�nq�he�Y2 + Y3 + .-�A]q�rs]sdr)�]krn�jmnvm�]r�tmhchqdbshnm]k�nq�Jnlnfnqnu�"nv)�
]qd�ldladqr�ne�sghr�e]lhkx�enq�l��−��0�fhudm�ax

φaYp¯w� s( + d�
ε
β1 s pgm¯w<γ(� φaYp¯x� s( + d�λs pgm x�

nq�rhlhk]qkx�vhsg�rhmd�qdok]bdc�ax�bnrhmd-�Sgd�]rrnbh]sdc�udknbhsx�zdkcr�]qd�fhudm�ax

�aYp¯w� s( + �γd�
ε
β1 s

}
.

anp¯w<γ(

(
� �aYp¯x� s( + d�λs

}
anp x

.

(
�

qdrodbshudkx-�Sgd�chonkdr�]qd�]krn�ldladqr�ne�sgd�e]lhkx�enq�l��−��0�]mc�]qd�fhudm�ax

φahomid¯w� x� s( + d�
ε
β1 s pgm¯w<γ( ) d�λs pgm x�
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vhsg�udknbhsx�zdkc

�ahomid¯w� x� s( +

}
d�λs anp x

�γd�
ε
β1 s anp¯w<γ(

(
�

nq�rhlhk]qkx�vhsg�rhmd�qdok]bdc�ax�bnrhmd-�Sgd�a]q�rs]sdr�]qd�dw]bs�rnktshnmr�ne� 0-1(�enq�]kk�
γ ∼ 0)�vghkd�sgd�chonkdr�]qd�nmkx�dw]bs�rnktshnmr�enq�γ + 0-�Hm�]cchshnm�sn�sgd�qdedqdmbdr�ldm,
shnmdc�]anud)�sgd�a]q�rs]sdr�vdqd�]krn�rstchdc�]m]kxshb]kkx�hm�Z04[-�@ksgntfg�sgd�rdsshmf�v]r�
rkhfgskx� cheedqdms)� sgdhq� qdrtksr� rtffdrs� sg]s)�vgdm� γ + 0� ]m�l,a]q� rs]sd� d�λl1s anp¯lx(�  nq�
rhlhk]qkx�vhsg�rhmd�qdok]bdc�ax�bnrhmd�nq�x�qdok]bdc�ax�w(�hr�]ssq]bshmf�he�]mc�nmkx�he�l��−��0-�
Adb]trd�sgd�chonkdr�]qd�nmkx�]ooqnwhl]sd�rnktshnmr�enq�γ ∈+ 0)� hs�l]x�ad�hmsthshud�sg]s�sgdx�
vntkc�mns�ok]x�]�jdx�qnkd� hm� sgd�knmf,shld�dunktshnm�hm�sg]s�b]rd-�Gnvdudq)� sgdx�vdqd�rshkk�
nardqudc�hm�sgd�lds]rs]akd�rvhsbghmf�hm�sgd�]ooqnoqh]sdkx�rsnbg]rshb]kkx�enqbdc�M]uhdq’Rsnjdr�
dpt]shnm!enq�γ ∈+ 0�Z2[-

Adb]trd�ne�sgd�enql�ne�sgd�a]q�rs]sdr�]mc�chonkdr)�hs�hr�trdetk�sn�rstcx� 0-1(�hm�Entqhdq�ro]bd)�
hm�vghbg�hs�b]m�ad�vqhssdm

]̂φ/j + �
λ

γ1 〉∂j〉
1
γ ]φ/j � γ

∫

/k

}∂j!�∂k〈
〉∂k〉1γ

]φ/j�/k]φ/k

+ � λ

γ1 〉∂j〉
1
γ ]φ/j �

γ

1

∫

/i)/k+/j

}∂i!�∂k〈
}

0
〉∂k〉1γ

� 0
〉∂i〉1γ

(
]φ/i]φ/k�

�

 0-3(

vgdqd

〉∂j〉1γ + j1
0 ) γ1j1

1� ∂j! + ¯j1��j0(

]mc

φ¯w� x( +
∫

/j ∞+.

]φ/jd
h¯j0wωγ)j1x(� ]φ/j +

0
3ν1γ

∑

C
φ¯w� x(d�h¯j0wωγ)j1x(awax,

Hm�sdqlr�ne�sgdrd�u]qh]akdr)�sgd�x,a]q�rs]sdr�d�λs anp x�]mc�d�λs pgm x�bnqqdronmc�sn�rnktshnmr�
vhsg�dmdqfx�nmkx�hm�sgd�∂j + ¯.�×0(�lncdr)�sgd�w,a]q�rs]sdr�d�

ε
β1 s anp¯w<γ(�]mc�d�

ε
β1 s pgm¯w<γ(�

bnqqdronmc�sn�rnktshnmr�vhsg�dmdqfx�nmkx�hm�sgd�∂j + ¯×0� .(�lncdr)�]mc�sgd�chonkdr�bnqqdronmc�
sn�rnktshnmr�vhsg�dmdqfx�hm�ansg�sgd�∂j + ¯.�×0(�]mc�∂j + ¯×0� .(�lncdr-�Sgdrd�entq�lncdr�]qd�
sgd�knvdrs�lncdr�hm�sgd�rxrsdl)�hm�sg]s�sgdx�bnqqdronmc�sn�sgd�lncdr�vhsg�sgd�knvdrs�u]ktdr�ne�
〉∂j〉γ)�vhsg�〉∂j〉γ + 0�nq�γ1-�Ud�vhkk�qdedq�sn�]mx�lncdr�vhsg�〉∂j〉γ / l˙uR0� γ1{�sn�ad�ghfg�lncdr-

Ugdm�γ + 0)� sgd�rds�R]φ/j + . he 〉∂j〉 / 0{� hr�]m�dw]bs�fkna]k� hmu]qh]ms�l]mhenkc�enq�  0-3(-�
Gnvdudq)� sgd� cxm]lhbr� nm� hs� ]qd� sqhuh]k)� cdsdqlhmdc� ax� sgd� khmd]q� sdqlr-� Sgdqdenqd)� dudm�
sgntfg�ansg�sgd�a]qr�]mc�chonkdr�khd�vhsghm�sghr�l]mhenkc)�he�vd�v]ms�sn�tmcdqrs]mc�gnv�sgd�
rxrsdl�rdkdbsr�adsvddm�sgdl)�vd�ltrs�hmbktcd�]s�kd]rs�rnld�ne�sgd�ghfgdq�lncdr-�Sn�cn�rn)�vd�
bnmctbs�]�bdmsdq�l]mhenkc�qdctbshnm�nm� 0-3(�]mc�oqnidbs�nmsn�sgd�knvdrs�dhfgs�lncdr)�vghbg�
vd�cdmnsd�ax

φ0 9+ ]φ¯0� .(� φ1 9+ ]φ¯�0� .(� φ2 9+ ]φ¯.� 0(� φ3 9+ ]φ¯.��0(�
φ4 9+ ]φ¯0� 0(� φ5 9+ ]φ¯�0� 0(� φ6 9+ ]φ¯0��0(� φ7 9+ ]φ¯�0��0(,�  0-4(

Sgd�u]qh]akdr�φ0�1�2�3�bnqqdronmc�sn�sgd�knv�lncdr)�vghkd�φ4�5�6�7�qdoqdrdms�sgd�qnkd�ne�]kk�sgd�
ghfg�lncdr-�Rhmbd�sgd�rnktshnm�φ¯w� x(�ne� 0-1(�hr�qd]k�u]ktdc)

φ0 + Ωφ1� φ2 + Ωφ3� φ4 + Ωφ7� φ6 + Ωφ5,�  0-5(
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Sgtr)�sgd�qdrtkshmf�NCD)�vghbg�hr�cdqhudc�hm�cds]hk�hm�rdbshnm!1)�vhkk�ad�dhfgs�chldmrhnm]k-
Sgd�qdctbshnm�sn�sgd�dhfgs,chldmrhnm]k�NCD�hr�knb]k-�Hm�e]bs)�rhmbd�sgd�rhyd�ne�sgd�rodbsq]k�

f]or�enq�sgd�khmd]q�nodq]snq)�λ�)�hr�M¯λ()�sghr�qdctbshnm�vhkk�nmkx�ad�u]khc�hm�]�rl]kk�mdhfganq,
gnnc�ne�/�ne�rhyd�M¯λ(-�Lnqdnudq)�nmd�b]mmns�dwodbs�sn�nas]hm�]�zmhsd,chldmrhnm]k�lncdk�ne�
sgd�etkk�rxrsdl� 0-3(�sg]s�cdrbqhadr�sgd�fkna]k�cxm]lhbr�Z06[-�Gnvdudq)�vd�vhkk�rshkk�trd�sghr�
zmhsd,chldmrhnm]k�lncdk�sn�oqnuhcd�hmrhfgs�hmsn�sgd�onsdmsh]k�qnkd�sg]s�β�ok]xr�hm�sgd�rdkdbshnm�
ne�a]qr�]mc�chonkdr-�Enq�nsgdq�dw]lokdr�hm�vghbg�zmhsd,chldmrhnm]k�lncdkr�g]ud�addm�trdc�sn�
rstcx�sgd�cxm]lhbr�ne�sgd�M]uhdq’Rsnjdr�dpt]shnm)�rdd�Z4)�03[-

Sgd�NCD�cdqhudc� hm� rdbshnm!1�vhkk� ad� ]m]kxydc� hm� rdbshnmr!2’4-� Hm� rdbshnm!2�vd� enbtr�
nm�sgd�b]rd�γ + 0)�vghbg�bnqqdronmcr�sn�sgd�rxlldsqhb�snqtr)�]mc�hm�rdbshnm!3�vd�enbtr�nm�
sgd�b]rd�γ ∈+ 0-� Hm�ansg�b]rdr)� sn� rstcx� sgd� qdk]shud� hlonqs]mbd�ne� sgd�a]q� rs]sdr�udqrtr� sgd�

chonkdr)�vd�bnmrhcdq�sgd�dunktshnm�ne�sgd�q]shn�Q¯s( 9+ Oφ0¯s(O1
Oφ2¯s(O1 -� Hm�sgd�b]rd�φ2 + .)�nmd�b]m�

rstcx�sgd�hmudqrd�ne�sghr�pt]mshsx-(�Mnsd�sg]s�]rxlosnshb�bnmudqfdmbd�ne�Q¯s( ! .�nq�⇒�vntkc�
bnqqdronmc� sn� bnmudqfdmbd� sn� ]�x,� nq�w,a]q� rs]sd)� qdrodbshudkx)�vghkd� bnmudqfdmbd� sn� rnld�
zmhsd)�mnmydqn�u]ktd�vntkc�bnqqdronmc�sn�bnmudqfdmbd�sn�]�chonkd-� Ud�mnsd)�gnvdudq)�sg]s�he�
Q¯s( ! Q→ ≈ 0�enq�dw]lokd)�sgdm�rtbg�]�rs]sd�vntkc�pt]khs]shudkx�]ood]q�sn�ad�]�x,a]q�rs]sd)�
dudm�sgntfg�sgdqd�vntkc�ad�mnmydqn�u]qh]shnm�hm�w-(

Enq� sgd�b]rd�γ + 0)� hm� sgdnqdl�2-3�vd�rgnv�sg]s� sgdqd� hr�]� e]lhkx�ne�bn,chldmrhnm�nmd�
rs]akd�l]mhenkcr�hm�sgd�og]rd�ro]bd�ne�sgd�NCD�sg]s�cdsdqlhmdr�sgd�]rxlosnshb�khlhs�ne�Q¯s(-�
Sgd�khlhs� Q¯s( ! .�bnqqdronmcr�sn�dw]bskx�nmd�ne�sgdrd�l]mhenkcr)�]mc�gdmbd�]�x,a]q�rs]sd�
vntkc�nmkx�ad�nardqudc�enq�sgd�rodbh]k�bk]rr�ne�hmhsh]k�bnmchshnmr�rs]qshmf�nm�sghr�l]mhenkc-� @�
rhlhk]q�qdrtks�gnkcr�enq�sgd�w,a]q�rs]sdr-(�Sgdqdenqd)�vd�bnmbktcd�sg]s)�enq�sgd�rxlldsqhb�snqtr)�
fdmdq]k� hmhsh]k� bnmchshnmr�vhkk� sxohb]kkx� kd]c� sn� sgd�dldqfdmbd�ne� ]�chonkd�]r� sgd�cnlhm]ms�
pt]rh,rs]shnm]qx�rs]sd-�Enq�sgd�b]rd�γ ∈+ 0)�sgd�rhmfkd�bdmsdq�chqdbshnm�sg]s�g]c�addm�oqdrdms�hm�
sgd�rxrsdl�enq�γ + 0�adbnldr�gxodqankhb)�vhsg�sgd�rhfm�ne�γ � 0�cdsdqlhmhmf�he�hs�hr�dwo]mchmf�
nq�bnmsq]bshmf-�Sgtr)�sghr�rdkdbsr�sgd�khlhs�Q¯s( ! .�nq�Q¯s( ! ⇒)�rdkdbshmf�]m�x,a]q�rs]sd�nq�
w,rs]sd�qdrodbshudkx-�Sgdrd�qdrtksr�]qd�entmc�hm�sgdnqdl�3-3-

Hm�ansg�b]rdr)�γ + 0� ]mc�γ ∈+ 0)�vd�]cchshnm]kkx�rgnv�sg]s� sgd�ghfg�lncdr�cdb]x�]s� sgd�
q]sd�M¯d�sωλ()�vghkd�sgd�knv�lncdr�cdb]x�]s�sgd�q]sd�M¯d�λs(-�Sgdrd�qdrtksr�b]m�ad�entmc�hm�
kdll]!2-0�]mc�oqnonrhshnm�3-1-�Sghr�]kknvr�enq�sgd�q]ohc�bnmudqfdmbd�sn�]�lds]rs]akd�rs]sd�
]r� rddm� enq� sgd�a]q� rs]sdr� hm� Z1)�01[-�Ud�mnsd�gnvdudq)� sg]s� sgd� q]ohc�cdb]x� hm� Z1)�01[�v]r�
M¯d�

|
λs()�vgdqd]r�gdqd�vd�nas]hm�cdb]x�ne�sgd�ghfg�lncdr�]s�M¯d�sωλ(-�Ud�dwodbs�sg]s�sghr�

chrbqdo]mbx�hr�ctd�sn�sgd�e]bs�sg]s�sgd�NCD�vd�rstcx�hr�nmkx�]�lncdk�ne�sgd�etkk�OCD-�Sgd�l]hm�
onhms�hr�sgd�pt]khs]shud�oqdchbshnm�ne�]�rdo]q]shnm�hm�shld�rb]kdr)�q]sgdq�sg]m�sgd�rodbhzb�q]sd-

Hm�rdbshnm!4)�vd�qdeq]ld�sgd�oqnakdl�]r�]�odqstqa]shnm�oqnakdl)�rn�]r�sn�bnmzql�sgd�
qdrtksr�ne�sgd�d]qkhdq�rdbshnmr!trhmf�]�cheedqdms�ldsgnc-�@esdq�rdsshmf�γ + 0 ) δ.δ )�vgdqd�
δ. + ×0� vhkk� cdsdqlhmd� he� β� hr� kdrr� sg]m� nq� fqd]sdq� sg]m� 0)� qdk]shmf� sgd� o]q]ldsdqr� η�
]mc�β�uh]��)�]mc�rb]khmf� sgd�rxrsdl�hm�]m�]ooqnoqh]sd�v]x)�]�rknv,e]rs�rxrsdl�dldqfdr-�
Odqstqa]shnm�dwo]mrhnmr�]qd�sgdm�trdc�sn�hkktrsq]sd�sgd�bk]hlr�l]cd�hm�rdbshnmr!2�]mc�3-�
Sgdrd�dwo]mrhnmr�]krn�qdud]k�sg]s�dunktshnm�sn�]�a]q�rs]sd�]bbdkdq]sdr�]r�β�hr�lnudc�rkhfgskx�
e]qsgdq�eqnl�0-�Sghr�qdrtks�hr�bnmrhrsdms�vhsg�sgd�vnqj�ne�Z2[�hm�sg]s�sgd�rhltk]shnmr�cnmd�
sgdqd�rtffdrs�sg]s�]�a]q�rs]sd�cnlhm]sdr�sgd�lds]rs]akd�rsnbg]rshb�sq]mrhshnmr�nmkx�vgdm�β�
hr�rtezbhdmskx�e]q�eqnl�0-

K]rskx)�vd�bnmbktcd�sgd�hmsqnctbshnm�ax�onhmshmf�nts�sg]s�nmd�bntkc�hm�oqhmbhokd�rb]kd�shld�
]mc�udknbhsx�eqnl�sgd�udqx�adfhmmhmf�hm�nqcdq�sn�l]jd�λ + 0-�Gnvdudq)�ntq�fn]k�gdqd�hr�sn�
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hmudrshf]sd�sgd�rdkdbshnm�ldbg]mhrl�a]rdc�nm�sgd�u]ktd�ne�β�]mc�hs�stqmr�nts�sg]s�sgdqd�hr�]m�
hmsdqok]x�vhsg�η�]r�vdkk-�@r�]�l]ssdq�ne�e]bs)�drshl]sdr�khjd�sgnrd�hm�kdll]�2-0�]mc�oqnonrhshnm�
3-1�cdodmc�nm�η�hm�udqx�oqdbhrd�v]xr�]mc�he�nmd�g]c�rb]kdc�nts�η�hm�sgd�adfhmmhmf)�nmd�vntkc�
g]ud�sn�tmcn�sgd�rb]khmfr�k]sdq�nm-�Gdmbd)�vd�bgnrd�sn�jddo�sgd�cdodmcdmbd�nm�η�]r�hs�hr�fhudm�
ax�sgd�dpt]shnm!nqhfhm]kkx-

1-� Bdmsdq�lTmhenkc

Hm�sghr�rdbshnm)�vd�b]qqx�nts�]�bdmsdq�l]mhenkc�qdctbshnm�ne� 0-3(�nmsn�sgd�dhfgs�lncdr�khrsdc�hm�
 0-4(-�Sghr�hr�]�rs]mc]qc�b]kbtk]shnm�sg]s�b]m�ad�entmc)�enq�dw]lokd)�hm�Z00[-

Sgd�a]rhb�hcd]�hr)�enq�]mx�φ/j �vhsg�∂j <∞ R¯×0� .(� ¯.�×0(� ¯×0�×0({ +9 #.)�sn�]rrtld�sg]s�
sgdqd� dwhrsr� ]� rlnnsg� etmbshnm� G¯φ0� ω ω ω �φ7:∂j(� rtbg� sg]s� sgd� dhfgs,chldmrhnm]k� l]mhenkc�
cdzmdc�ax

K + R]φ 9 ]φ/j + G¯φ0� ω ω ω �φ7:∂j(� ∂j <∞ ".{

hr�hmu]qh]ms�enq�sgd�cxm]lhbr�ne� 0-3(-�Ud�qdedq�sn�sghr�]r�]�bdmsdq�l]mhenkc�adb]trd�hs�hr�cdzmdc�
hm�sdqlr�ne�sgd�knvdrs�dhfgs�lncdr)�vghbg�g]ud�sgd�vd]jdrs�khmd]q�cdb]x�q]sdr-�A]rdc�nm�sghr�
]rrtloshnm)�nmd�b]m� sgdm� hm�oqhmbhokd� bnlotsd� sgd�bndezbhdmsr�ne� sgd�S]xknq� dwo]mrhnm�ne�
G¯−�∂j(�sn�]mx�nqcdq)�enq�d]bg�∂j -�Sn�l]jd�sghr�oqdbhrd)�cdzmd

]φ/j + ¯Y0φ
1
0 ) − − −) Y7φ

1
7( ) ¯a01φ0φ1 ) ω ω ω a07φ0φ7( ) ¯b12φ1φ2 ) ω ω ω b17φ1φ7(

) ¯c23φ2φ3 ) − − −) c27φ2φ7( ) ¯d34φ3φ4 ) ω ω ω d37φ3φ7( ) ¯ e45φ4φ5 ) − − −) e47φ4φ7(

) ¯f56φ5φ6 ) f57φ5φ7( ) g67φ6φ7 )∆¯2(

+9 G¯φ0� ω ω ω �φ7:∂j(�
�

 1-0(

vgdqd�∆¯2(�hr�cdzmdc�hm�cdzmhshnm�1-0-

Cdymhshnm�1-.-� Kds�m ∞ C�]mc�kds�φ0� ω ω ω �φ7�ad�cdzmdc�]r�hm� 0-4(-�Ud�cdzmd�∆¯m(�sn�ad�
sgd�rds�ne�sdqlr�sg]s�]qd�ne�sgd�enql�φm0

0 φm1
1 ,,,φm7

7 �vgdqd�m0 ) ,,, ) m7 ! m�enq�m0� ω ω ω � m7 ∞ C-�
Sgtr)�∆¯m(�hr�sgd�rds�ne�lnmnlh]kr�hm�φ0� ω ω ω �φ7�ne�cdfqdd�m�nq�k]qfdq-

Hm�nqcdq�sn�cdsdqlhmd�sgd�u]ktdr�ne�sgd�tmjmnvm�bndezbhdmsr�sg]s�]ood]q�hm� 1-0()�vd�vhkk�
bnlotsd�>sφi )�enq� i + 0� ω ω ω � 7�hm�svn�v]xr9�0(�ax�trhmf�sgd�qhfgs�g]mc�rhcd�ne�dpt]shnm! 0-3()�
vgdqd�vd�rtarshstsd�G¯−�∂j(�hm�enq�φ/j �vgdmdudq�∂j <∞ ".:�]mc�1(�ax�bnlotshmf�sgd�shld�cdqhu],
shud�ne�sgd�dwo]mrhnm�hm� 1-0()�rtarshstshmf�hm�sgd�dpt]shnm!enq�φ̂i )� i + 0� ω ω ω � 7�fhudm�hm� 0-3(�
]r�mdbdrr]qx-�Dpt]shmf� sgdrd� svn� qdrtksr)�]mc�bnlo]qhmf� sdqlr�vhsg�dpt]k�nqcdq� hm�onvdqr�
ne�φ0� ω ω ω �φ7)�vhkk�kd]c�sn�dpt]shnmr!sg]s�rgntkc�hm�sgdnqx�cdsdqlhmd�sgd�u]ktdr�ne�sgd�bnde,
zbhdmsr-�Mnsd�sg]s�sgd�bndezbhdmsr�hm� 1-0(�vhkk�cdodmc�nm�∂j )�ats�vd�g]ud�rtooqdrrdc�sghr�enq�
mns]shnm]k�bnmudmhdmbd-

Ud�]qd�nmkx�hmsdqdrsdc�hm�bnlotshmf�sgd�dwo]mrhnm�enq�G¯−�∂j(�to�sn�]mc�hmbktchmf�sdqlr�
ne�∆¯1(-�Sgdqdenqd)�vgdm�b]qqxhmf�nts�sgd�]anud,cdrbqhadc�b]kbtk]shnm)�vd�vhkk�nmkx�mddc�sn�
qds]hm�sdqlr�to�sn�]mx�hmbktchmf�∆¯2(-�Sghr�ld]mr�]mx�oqnctbs�ne�sgd�enql�φ/jφ/i �vhsg�∂j�∂i <∞ ".�
vhkk�ad�ne�ghfgdq�nqcdq)�]mc�sgtr�vd�b]m�chrb]qc�hs-�B]qqxhmf�nts�rsdo�0(�]anud)�kd]cr�sn
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 1-1(

Mnsd�vd�g]ud�khrsdc�nmkx�entq�ne�sgd�dpt]shnmr)�ctd�sn� 0-5(-�Sgdqdenqd)�vd�mddc�nmkx�enbtr�nm�
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γ2
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,
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γ4

1λ¯0 ) γ1(
φ0φ6 )∆¯2(
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Ωφ2φ6 )∆¯2(,
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 1-3(

Bnmudmhdmskx)�lnrs�ne� sgd�bndezbhdmsr�]qd�ydqn-� Hm�nqcdq� enq� sgd�]anud�dpt]shnmr! sn�ad� sgd�
tmhptd�dwo]mrhnm�enq�sgd�G‘r�sg]s�r]shrex�sgd�hmu]qh]mbd�bnmchshnm)�vd�mddc�sn�qdrsqhbs�sgd�u]k,
tdr�ne�β�sn�ad�rtezbhdmskx�bknrd�sn�0-�Sn�rdd�vgx�sghr�hr�sgd�b]rd)�bnmrhcdq)�enq�dw]lokd)�sgd�W0�
bndezbhdms�ne�∂j + ¯1� 0(-�Hsr�cdzmhmf�dpt]shnm!hr�fhudm�ax

�1λ
¯0 ) γ1(

γ1 Y0 + �λ ¯3 ) γ1(

γ1 Y0,

He�γ +
|

1)� sgdm�W0��−��/� hr�mns� sgd�tmhptd�rnktshnm-�Sn�oqdudms�rtbg�]lahfthshdr�]mc�nas]hm�
]�tmhptd�dwo]mrhnm�enq�]φ¯1� 0()�]φ¯1��0()�]φ¯0� 1()�]mc�]φ¯0��1()�hs�stqmr�nts�sg]s�vd�rgntkc�

qdrsqhbs�sgd�u]ktd�ne�β�sn�¯ 0|
1
�
|
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L�:dbi�artCiMnmkhmdUphsu�2��&1�02(�1/8



104

Bnlotshmf�sgd�dwo]mrhnmr�enq�]φ¯×1� .(�]mc�]φ¯.�×1(�stqmr�nts�sn�ad�rnldvg]s�cheedqdms-�
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√

1
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√
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E¯.�1( + E¯1�.( + .� hm� sgd� γ + 0� b]rd-�Sghr�l]jdr�  1-5(� dpt]k� sn�  1-6(� hm� sgd� khlhs� γ ! 0-�
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Hs� vhkk� ad� gdkoetk� sn� rstcx� sgd� dunktshnm� ne� sgd� pt]mshshdr� � 9+ 〉φ0〉1 ) 〉φ2〉1� ]mc�
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m]kkx)�mnsd�sg]s� Â � .�rn�A�hr�lnmnsnmhb]kkx�cdbqd]rhmf� hm�e]bs�rsqhbskx�cdbqd]rhmf�]r�knmf�]r�
A��=��/()�vghbg�oqnudr�sgd�zm]k�bk]hl-� ĭ�

PdlTqi�2-1-� Qdf]qchmf�sgd�shldrb]kdr�oqdchbsdc�ax�sgd�]anud�kdll])�qdb]kk�sg]s�sgd�bdmsdq�
l]mhenkc� qdctbshnm� hr�dwodbsdc� sn�ad�u]khc�nmkx� hm�]m�M¯λ(�mdhfganqgnnc�ne�φ + .-� He�vd�
bnqqd�ronmchmfkx�rb]kd�� + λ1x��]mc�A + λ1xA)�sgdm� 2-1(�adbnldr

x̂� + �1λx�)
2λ
1.

x�xA

x̂A + �3λxA� 1λ
4
x�xA,

L�:dbi�artCiMnmkhmdUphsu�2��&1�02(�1/8



107

Mnsd)�gnvdudq)�sg]s�cdrohsd�sghr�qdrb]khmf�vhsg�η)�]mc�ctd�sn�sgd�cheedqdmbd�hm�rhfm�ne�sgd�mnm,
khmd]q�sdqlr)�sgdqd�vhkk� enq�lnrs�hmhsh]k�c]s](�ad�]m�sq]mrhdms�odqhnc�vgdm�x��fqnvr)�vghkd�xA�cd,
b]xr)�adenqd�ansg�x��]mc�xA�cdb]x�sn�ydqn-�Ud�sg]mj�]m�]mnmxlntr�qdedqdd�enq�onhmshmf�sghr�nts-

Sghr�oqnonrhshnm�rgnvr�sg]s)�vgdm�η�hr�rl]kk)�enq�]�knmf�M¯0<λ(�sq]mrhdms�odqhnc)�A¯s(�hr�
cdb]xhmf� ]s� sgd� q]ohc� q]sd�M¯d�sωλ()�vghkd� �¯s(� hr� mns� bg]mfhmf�ltbg-�@esdq� sghr� sq]mrhdms�
odqhnc)�A�g]r�adbnld�dwonmdmsh]kkx�rl]kk�]mc�ansg�:�]mc�A�cdb]x�sn�ydqn�]s�sgd�a]bjfqntmc�
q]sd)�M¯d�1λs(-�Ehftqdr!2�]mc�3�adknv�rgnv�sgd�dunktshnm�ne��¯s(�]mc�A¯s(�nm�]�knf]qhsglhb�
rb]kd-�Sgdrd�oknsr�dktbhc]sd�sgd�qdrtksr�ne�kdll]�2-0-�Ud�rdd�sg]s�enkknvhmf�sgd�hmhsh]k�odqhnc�
ne�fqnvsg)�sgd�btqud�K + inc¯�¯s((�cdbqd]rdr�]s�]�q]sd�udqx�bknrd�sn�K + �1λs )�rtffdrshmf�sg]s�
sgd�knv�lncdr�hmcddc�cdb]x�mn�e]rsdq�sg]m�sgd�fkna]k�a]bjfqntmc�cdb]x�q]sd-�Sgd�o]qshbtk]q�
khmd)�K + l˙u¯�¯s((� 1λs)�sg]s�v]r�fq]ogdc�v]r�]m�]rsgdshb�bgnhbd�sn�bkd]qkx�rgnv�sgd�svn�
btqudr�adbnld�o]q]kkdk-�Sgd� sqdmc� b]m�ad�nardqudc� sn� bnmshmtd� enq� knmfdq� shldr-�Ehftqd!3�
hkktrsq]sdr� sg]s� enq� . . s . 0

λ + 0..)� K + inc¯A¯s((� hmhsh]kkx� cdbqd]rdr� e]rsdq� sg]m� sgd� khmd�
K + � 1�.

4λd1 s)�enkknvdc�ax�kdrr�q]ohc�cdb]x-�Sgd�onhms�ne�hmsdqrdbshnm�]s�s��−��01/�v]r�]�bgnhbd�
l]cd�sn�lnrs�bkd]qkx�rgnv�sgd�bg]mfd�hm�cdb]x�q]sd�ne�sgd�ghfgdq�lncdr�nmbd�s / 0

λ-�@m�]m]kn,
fntr�qdrtks�vhkk�ad�rgnvm�enq�γ ∈+ 0�hm�rdbshnm!3�hm�kdll]�3-0�]mc�oqnonrhshnm�3-1-

PdlTqi�2-2-� Hmsdqdrshmfkx)�nmd�b]m�bgdbj�sg]s�he�sgd�fdmdq]k�enqlr�ne�F 1)/(�]mc�F /)1(�fhudm�
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4-� NdqstqaTshnm�TmTkxrhr

Sgd�otqonrd�ne�sghr�rdbshnm!hr�sn�oqnuhcd�etqsgdq�duhcdmbd�ne�]�rdkdbshnm�ldbg]mhrl�sgqntfg�
]m�]ksdqm]sd�ldsgnc-�Sgd�rxrsdl‘r�cnl]hm�vhkk�ad�uhdvdc�]r�]�odqstqa]shnm�ne�sgd�rxllds,
qhb�snqtr-�Trhmf�sgd�]ooqnwhl]shnmr�bnlotsdc�hm�sghr�rdbshnm)�vd�vhkk�bnmzql�sgd�qdrtksr�ne�
rdbshnmr!2�]mc�3-�Sn�tkshl]sdkx�uhdv� 1-5(�]r�]�odqstqadc�rxrsdl)�vd�cdzmd�sgd�odqstqa]shnm�
o]q]ldsdq���uh]�γ + 0 ) δ.δ)�vhsg�δ. + ×0-�Mnsd�sg]s�sgd�rhfm�ne�δ.�cdsdqlhmdr�vgdsgdq�β�hr�
fqd]sdq�nq�kdrr�sg]m�nmd-�Ud�adfhm�ax�rb]khmf�η�]r�]m�]ooqnoqh]sd�onvdq�ne��)�vghbg�deedbshudkx�
qdk]sdr�η�]mc�β-�Rtardptdmskx)�]rxlosnshb�dwo]mrhnmr�hm���]qd�bnlotsdc�sg]s�]qd�bnmmdbsdc�
vhsg�sgd�nardqudc�ltkshokd�shld�rb]kdr�hm�sgd�dunktshnm�ne�sgd�unqshbhsx-�Sgd�oqnodqshdr�ne�sgdrd�
dwo]mrhnmr�]fqdd�vhsg�sgd�qdrtksr�ne�rdbshnmr!2�]mc�3-�Lnqdnudq)�vd�]qd�]f]hm�]akd�sn�nardqud�
sgd�dunktshnm�sn�sgd�]ooqnoqh]sd�a]q�rs]sd�cdodmchmf�nm�he�δ. + ×0-�Sgdrd�dwo]mrhnmr�]krn�g]ud�
sgd�oqnodqsx)�]s�kd]rs�]lnmf�sgd�M¯0(�]mc�M¯δ(�sdqlr)�sg]s�sgd�dldqfdmbd�ne�]�a]q�rs]sd�vhkk�
adbnld�e]rsdq�]r�〉γ � 0〉 + δ�hmbqd]rdr-�Sghr�bntkc�ad�qdk]sdc�sn�sgd�nardqu]shnm�hm�Z2[�sg]s�sgd�
a]q�rs]sdr�cn�mns�cnlhm]sd�sgd�rsnbg]rshb�dunktshnm� a]rdc�nm�sgd�rsnbg]rshb�enqbhmf�trdc�sgdqd(�
tmkdrr�〉γ � 0〉�hr�rtezbhdmskx�k]qfd-

Lnshu]sdc� ax� fdnldsqhb� rhmftk]q� odqstqa]shnm� sgdnqx)�vd� zqrs� rb]kd�  1-5(� hm� ]�v]x� sg]s�
qdud]kr�]�rknv�]mc�]�e]rs�rtarxrsdl-�Ud�ltrs�bgnnrd�]ooqnoqh]sd�u]ktdr�enq�sgd�rb]khmf�o]q]l,
dsdqr�sg]s�]bbnlokhrg�svn�l]hm�naidbshudr-�Ehqrs)�sn�qdud]k�]�rknv,e]rs�rxrsdl)�vd�]hl�enq�sgd�
kd]chmf�nqcdq�sdqlr�hm�sgd�rb]kdc�udqrhnmr�ne�φ̂0�]mc�φ̂2�sn�ad�rnld�nqcdq�ne�l]fmhstcd�hm���
ghfgdq�sg]m�sgnrd�hm�sgd�rb]kdc�udqrhnmr�ne�φ̂4�]mc�φ̂6-�Rdbnmc)�sn�dmrtqd�sg]s�sgd�cdb]x�q]sdr�hm�
sgd�mdvkx�rb]kdc�rxrsdl�l]sbg�sgnrd�rddm�hm�sgd�oqduhntr�rdbshnmr)�vd�vntkc�khjd�sgd�kd]chmf�
nqcdq�sdqlr)�nmbd�rb]kdc)�sn�l]sbg�sgd�sdqlr�hm� 4-0(�adknv-

φ̂0 + � λ

γ1 φ0 ) f,m,s,

φ̂2 + �λφ2 ) f,m,s,

φ̂4�6 + � 0
1λ¯0 ) γ1(

φ4�6

)
γ5¯2 ) γ1(

¯3 ) γ1(
〉φ0〉1 )

0 ) 2γ1

γ1¯0 ) 3γ1(
〉φ2〉1

(
) f,m,s,,

�

 4-0(

He�sgdrd�bnqqdronmc�sn�sgd�kd]chmf�nqcdq�sdqlr�hm�sgd�rb]kdc�rxrsdl)�sgdm�sgd�cdb]x�q]sdr�rddm�hm�sgd�
]rxlosnshb�dwo]mrhnmr�sg]s�]qd�sn�ad�bnlotsdc�vhkk�l]sbg�sgnrd�nardqudc�hm�oqduhntr�rdbshnmr-

Ehqrs�rb]kd�sgd�uhrbnrbhsx�]mc�shld�ax�λ + δ�λ.�]mc�σ + δ�s-�Sgdm�rb]kd�sgd�Entqhdq�lncdr�
ax�φ0 + δαΛ0)�φ2 + δαΛ2��φ4 + δτΛ4)�]mc�φ6 + δτΛ6-�Sgd�]bbdos]akd�q]mfd�ne�u]ktdr�enq�sgd�
sgqdd�rb]khmf�o]q]ldsdqr�∗)�α)�]mc�δ�sg]s�]qd�qdkdu]ms�sn�sghr�chrbtrrhnm�vhkk�mnv�ad�hcdmshzdc-�
Sgd�bkd]qdrs�v]x�sn�cn�rn�vhkk�ad�sn�cdzmd�ν�]mc�ρ�]r

ρ 9+ α � �

π 9+ τ� �,

Uhsg�sgdrd�hmhsh]k�rb]khmfr)�sgd�rxrsdl� 4-1(�adknv�hr�nas]hmdc-�Mnsd�gdqd�sg]s�sgd�bndezbhdms�
γ1�0
γ )�enq�γ + 0 ) δ.δ�hr�M¯δ(�]r�δ ! .-
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a
aσ

Λ0 + �λ.

γ1 Λ0 ) δν
0

γ¯0 ) γ1(
=Λ2Λ6 � ΩΛ2Λ4[ ) δ1ν 2γ5

1λ.¯3 ) γ1(¯0 ) γ1(1 Λ0¯〉Λ4〉1 ) 〉Λ6〉1(

a
aσ

Λ2 + �λ.Λ2 ) δν
γ2

¯0 ) γ1(
=ΩΛ0Λ4 � Λ0 ΩΛ6[ ) δ1ν 2γ1

1λ.¯0 ) 3γ1(¯0 ) γ1(1 Λ2¯〉Λ4〉1 ) 〉Λ6〉1(

a
aσ

Λ4 + �λ.
0 ) γ1

γ1 Λ4 � δ¯0�ν)1ρ( γ
1 � 0
δγ

Λ0Λ2

� δ1ρΛ4

)
γ5¯2 ) γ1(

1λ.¯3 ) γ1(¯0 ) γ1(
〉Λ0〉1 )

0 ) 2γ1

1λ.γ1¯0 ) 3γ1(¯0 ) γ1(
〉Λ2〉1

(

a
aσ

Λ6 + �λ.
0 ) γ1

γ1 Λ6 ) δ¯0�ν)1ρ( γ
1 � 0
δγ

Λ0 ΩΛ2

� δ1ρΛ6

)
γ5¯2 ) γ1(

1λ.¯3 ) γ1(¯0 ) γ1(
〉Λ0〉1 )

0 ) 2γ1

1λ.γ1¯0 ) 3γ1(¯0 ) γ1(
〉Λ2〉1

(
,

�  4-1(
Knnjhmf�bknrdkx�]s�sgd�onvdqr�ne���]ood]qhmf�hm� 4-1()�nmd�mnshbdr�sg]s�he�sgd�enkknvhmf�qdrsqhb,
shnmr�nm�ρ�]mc�ν�gnkc)�sgdm�sgd�kd]chmf�nqcdq�sdqlr�]qd�ne�sgd�cdrhqdc�enql�fhudm�ax� 4-0(9

�0
1
� ρ . .� mp �� 0

1
� α . �

. � π . 0� mp � � τ . �) 0,

PdlTqi�4-.-� @r�ldmshnmdc�hm�sgd�nodmhmf�o]q]fq]og�ne�sghr�rdbshnm)�vd�]hl�sn�bnlotsd�
]rxlosnshb�dwo]mrhnmr�hm���enq�Λ0)�Λ2)�Λ4)�]mc�Λ6-�He�α�]mc�δ�r]shrex�sgd�]anud�hmdpt]khshdr)�
sgdm�sgd�dwo]mrhnmr�bnlotsdc�g]ud�sgd�dwodbsdc�oqnodqshdr�enq�]mx�u]ktd�ne�∗-�Mn�qdrsqhbshnmr�
nm�∗�eqddr�tr�eqnl�adhmf�bnmrsq]hmdc�sn�o]qshbtk]q�qdk]shud�u]ktdr�ne�sgd�uhrbnbhsx�]mc�]rodbs�
q]shn�ne�sgd�cnl]hm-�M]ldkx)�]esdq�bnmmdbshmf�sgd�uhrbnbhsx�]mc�]rodbs�q]shn�sgqntfg�λ + δ�λ.)�
sgd�u]ktd�ne�∗�cdsdqlhmdr�vghbg�ne�η�nq���hr�k]qfdq-�Sgdqdenqd�sgd�enkknvhmf�qdrtksr�vhkk�gnkc�
enq�rl]kk�u]ktdr�ne�η�]mc���qdf]qckdrr�ne�vghbg�hr�ahffdq�qdk]shud�sn�nmd�]mnsgdq-

Oqnbddchmf�vhsg�sgd�bnlots]shnm�ne�sgd�]rxlosnshb�dwo]mrhnmr)�enq�rhlokhbhsx)�rds�τ + ��
]mc�α + �� 0

1�enq�]mx�u]ktd�ne�� / 0<1-�Uhsg�sghr�bgnhbd�ne�o]q]ldsdq�u]ktdr)�sgd�zm]k�rb]kdc�
rxrsdl�sg]s�vd�vnqj�vhsg�eqnl�sghr�onhms�nm�b]m�ad�nas]hmdc�ax�rtarshstshmf�γ + 0 ) δ.δ�hmsn�
 4-1(�]mc�trhmf� sgd�S]xknq� rdqhdr�dwo]mrhnmr�ne� sgd�β�cdodmcdms�bndezbhdmsr-�Sgd� qdrtkshmf�
rxrsdl�hr�fhudm�adknv�ax� 4-2(-

a
aσ

Λ0 +
∫

i!.

δ i=�b0
i λ.Λ0 ) b1

i ¯Λ2Λ6 � ΩΛ2Λ4( )
b2
i

λ.
Λ0¯〉Λ4〉1 ) 〉Λ6〉1([

a
aσ

Λ2 +
∫

i!.

δ i=�λ.Λ2 ) b3
i ¯ΩΛ0Λ4 � Λ0 ΩΛ6( )

b4
i

λ.
Λ2¯〉Λ4〉1 ) 〉Λ6〉1([

a
aσ

Λ4 +
∫

i!.

δ i=�δ�0 0
λ.

Λ4¯b5
i 〉Λ0〉1 ) b6

i 〉Λ2〉1(� b7
i λ.Λ4 � b8

i)0¯Λ0Λ2([

a
aσ

Λ6 +
∫

i!.

δ i=�δ�0 0
λ.

Λ6¯b5
i 〉Λ0〉1 ) b6

i 〉Λ2〉1(� b7
i λ.Λ6 � b8

i)0¯Λ0 ΩΛ2([�

�

 4-2(

vgdqd

∫

i!.

b0
i δ

i +
0
γ1 �

∫

i!.

b1
i δ

i +
0

γ¯0 ) γ1(
�

∫

i!.

b2
i δ

i +
2γ5

1¯3 ) γ1(¯0 ) γ1(1 �
∫

i!.

b3
i δ

i +
γ2

0 ) γ1 �
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∫

i!.

b4
i δ

i +
2γ1

1¯0 ) 3γ1(¯0 ) γ1(1 �
∫

i!.

b5
i δ

i +
γ5¯2 ) γ1(

1¯3 ) γ1(¯0 ) γ1(
�

∫

i!.

b6
i δ

i +
0 ) 2γ1

1γ1¯0 ) 3γ1(¯0 ) γ1(
�

]mc

∫

i!.

b7
i δ

i +
0 ) γ1

γ1 �
∫

i!.

b8
i δ

i +
γ1 � 0

γ
,

Uhsg�sgdrd�rb]khmfr)�hs�hr�duhcdms�sg]s�Λ0�]mc�Λ2�]qd�sgd�rknv�u]qh]akdr)�dunkuhmf�vhsg�qdrodbs�sn�
σ)�sn�kd]chmf�nqcdq)�]s�]m�M¯0(�q]sd�]r�δ ! .)�vghkd�Λ4�]mc�Λ6�dunkud�nm�sgd�e]rsdq�shld�rb]kd�
M¯δ�0(�]r�δ ! .-�Sghr�l]sbgdr�sgd�shld�rb]kd�rdo]q]shnm�vd�r]v�oqdrdms�hm�sgd�oqduhntr�rdb,
shnmr)�vghbg�b]m�ad�rddm�adknv�ax�qdudqrhmf�sgd�rb]khmfr�hm�sgd�kd]chmf�nqcdq�sdqlr-

δ�αφ0�2 + Λ0�2 ± d�λ.σ + d�¯δ
��λ(¯δ�s( + d�λs

δ�τφ4�6 + Λ4�6 ± d�
δ�0
ε.
¯O�0¯.(O1)O�2¯.(O1(σ + d�

δ��0
ε δ1α¯Oφ0¯.(O1)Oφ2¯.(O1(¯δ�s( + d�

0
ε ¯Oφ0¯.(O1)Oφ2¯.(O1(s,

Ud�mnv�oqnbddc�trhmf�ldsgncr�eqnl�fdnldsqhb�rhmftk]q�odqstqa]shnm�sgdnqx-�Rdsshmf�δ + .�
hm� 4-2(�kd]cr�sn�sgd�enkknvhmf�kd]chmf�nqcdq�rknv�cxm]lhbr

a
aσ

Λ0 + �λ.Λ0 )
0
1
¯Λ2Λ6 � ΩΛ2Λ4( )

2
3.λ.

Λ0¯〉Λ4〉1 ) 〉Λ6〉1(

a
aσ

Λ2 + �λ.Λ2 )
0
1
¯ΩΛ0Λ4 � Λ0 ΩΛ6( )

2
3.λ.

Λ0¯〉Λ4〉1 ) 〉Λ6〉1(

. + � 0
4λ.

Λ4¯〉Λ0〉1 ) 〉Λ2〉1(

. + � 0
4λ.

Λ6¯〉Λ0〉1 ) 〉Λ2〉1(�

]mc� rn� sgd� kd]chmf�nqcdq� rknv�l]mhenkc� hr�L. + RΛ4 + Λ6 + .{-�Nardqud� sg]s� hm� sgd�odq,
stqadc�rxrsdl� 4-2()� sghr�l]mhenkc�ne�zwdc�onhmsr� enq� sgd�δ + .� qdctbdc�rknv�rxrsdl�hr�mn�
knmfdq�hmu]qh]ms-�Sghr�b]m�ad�rddm�hm�sgd�cheedqdmsh]k�dpt]shnmr!enq�Λ4�]mc�Λ6-�Gnvdudq)�rhmbd�
L/� hr�]�mnql]kkx�gxodqankhb�l]mhenkc�]mc�sgd�udbsnq�zdkc�hm� 4-2(�r]shrzdr�sgd�rlnnsgmdrr�
bnmchshnmr�ne�Edmhbgdk‘r�sgdnqdlr)�]�odqstqadc�hmu]qh]ms�l]mhenkc)�Lδ)�dwhrsr�enq�rtezbhdmskx�
rl]kk�δ / .�]mc�hr�M¯δ(�bknrd�sn�L/-�Rdd�sgdnqdl�8-0�hm�Z5[-�@mx�sq]idbsnqx�hm�og]rd�ro]bd�vhkk�
]ooqn]bg�sghr�l]mhenkc�dwonmdmsh]kkx�e]rs�]mc�sgdm�sq]bj�sgd�rknv�cxm]lhbr�nm�Lδ-

Cdzmhmf�sgd�e]rs�u]qh]akd�r + σ<δ�]mc�rdsshmf�δ + .�hm� 4-2()�vd�zmc�sgd�kd]chmf�nqcdq�e]rs�
cxm]lhbr�sn�ad�fhudm�ax

a
ar

Λ0 + .

a
ar

Λ2 + .

a
ar

Λ4 + � 0
4λ.

Λ4¯〉Λ0〉1 ) 〉Λ2〉1(

a
ar

Λ6 + � 0
4λ.

Λ6¯〉Λ0〉1 ) 〉Λ2〉1(,

@rrtlhmf� dwo]mrhnmr� ne� Λh¯r(� enq� h + 0� 2� 4� 6� sn� ad� ne� sgd� enql� Λh¯r( + Λh.¯r()
δΛh0¯r( )M¯δ1(�]v]x�eqnl�sgd�rknv�l]mhenkc)�vd�zmc
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Λ0. + Λ0.¯.(
Λ2. + Λ2.¯.(

Λ4. + Λ4.¯.(d
� ∗Λ0.Ω.(∗1)∗Λ2.Ω.(∗1

4ε.
r

Λ6. + Λ6.¯.(d
� ∗Λ0.Ω.(∗1)∗Λ2.Ω.(∗1

4ε.
r,

Gdqd�vd�rdd�sg]s�]v]x�eqnl�sgd�rknv�l]mhenkc)�sn�kd]chmf�nqcdq)�sgd�ghfgdq�nqcdq�lncdr�]qd�

cdb]xhmf�]s�]�q]sd�M
)

d�
∗Λ0.Ω.(∗1)∗Λ2.Ω.(∗1

4ε.
r
(
)�vghkd�sgd�knvdrs�lncdr�]qd�bnmrs]ms-�Sghr�hr�bnm,

rhrsdms�vhsg�sgd�hmhsh]k�q]ohc�cdb]x�q]sdr�]lnmf�sgd�ghfgdq�lncdr�rddm�hm�sgd�oqduhntr�rdbshnmr)�
]r�rddm�hm�sgd�b]kbtk]shnm�adknv9

δ�τφ4.�6. + Λ4.�6. ± d�
∗Λ0.Ω.(∗1)∗Λ2.Ω.(∗1

4ε.
r + d�

δ1αΩ∗ν0.Ω.(∗1)∗ν2.Ω.(∗1(
4Ωδ��ε(

¯δ��0s(
+ d�

∗ν0.Ω.(∗1)∗ν2.Ω.(∗1

4ε s,

Sgd�cxm]lhbr�nm�sgd�rknv�l]mhenkc�vhkk�cdsdqlhmd�vgdsgdq�rnktshnmr�dunkud�snv]qcr�]�a]q�
rs]sd�nq�]�chonkd-�Sn�]m]kxyd�sghr)�vd�bnmrhcdq�]f]hm�rxrsdl� 4-2(�]mc�bnlotsd�enql]k�]rxlo,
snshb�dwo]mrhnmr�ne�sgd�rnktshnmr�hm�sdqlr�ne�sgd�rknv�u]qh]akd�σ-�Ud�adfhm�ax�vqhshmf

Λ0¯σ � δ( + Λ0.¯σ( ) δΛ00¯σ( ) δ1Λ01¯σ( )M¯δ2(

Λ2¯σ � δ( + Λ2.¯σ( ) δΛ20¯σ( ) δ1Λ21¯σ( )M¯δ2(

Λ4¯σ � δ( + Λ4.¯σ( ) δΛ40¯σ( ) δ1Λ41¯σ( )M¯δ2(

Λ6¯σ � δ( + Λ6.¯σ( ) δΛ60¯σ( ) δ1Λ61¯σ( )M¯δ2(,

�

 4-3(

Mdws)�vd�bnlotsd�sdqlr�hm�sgdrd�dwo]mrhnmr�to�sn�]mc�hmbktchmf�M¯δ(�sdqlr-�Sn�cn�rn)�zqrs�
bnmrhcdq�sgd�M¯δ�0(�sdqlr�oqdrdms�hm� 4-2(�]mc�l]sbg�sgdrd�sdqlr�vhsg�sgd�cdqhu]shudr�s]jdm�hm�
 4-3(-�Sgd�nmkx�sdqlr�oqdrdms�]qd

. + � 0
4λ.

Λ4.¯〉Λ0.〉1 ) 〉Λ2.〉1(

. + � 0
4λ.

Λ6.¯〉Λ0.〉1 ) 〉Λ2.〉1(

]mc�rn�vd�zmc�〉Λ4.〉1 + 〉Λ6.〉1 + .-�Mdws)�l]sbghmf�sgd�M¯0(�sdqlr)�vd�nas]hm�sgd�enkknvhmf�
rxrsdl�fnudqmhmf�sgd�cxm]lhbr�ne�sgd�M¯0(�sdqlr�ne�Λ0�]mc�Λ2)�]r�vdkk�]r�]kfdaq]hb�dpt],
shnmr!sg]s�cdsdqlhmd�sgd�M¯δ(�sdqlr�ne�Λ4�]mc�Λ69

a
aσ

Λ0. + �λ.Λ0.

a
aσ

Λ2. + �λ.Λ2.

. + � 0
4λ.

Λ40¯〉Λ0.〉1 ) 〉Λ2.〉1(� 1δ.Λ0.Λ2.

. + � 0
4λ.

Λ60¯〉Λ0.〉1 ) 〉Λ2.〉1( ) 1δ.Λ0. ΩΛ2.,

Rnkuhmf�sgdrd�vd�nas]hm�sgd�enkknvhmf�dwoqdrrhnmr9

Λ0. + Λ0.¯.(d�λ.σ � Λ2. + Λ2.¯.(d�λ.σ

Λ40 + � 0.λ.δ.Λ0.¯.(Λ2.¯.(
〉Λ0.¯.(〉1 ) 〉Λ2.¯.(〉1

� Λ60 +
0.λ.δ.Λ0.¯.(ΩΛ2.¯.(
〉Λ0.¯.(〉1 ) 〉Λ2.¯.(〉1

,
�

 4-4(
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Xds� sn� ad� bnlotsdc� ]qd� sgd� M¯δ(� sdqlr� enq� sgd� knvdq� lncdr)� Λ0� ]mc� Λ2-� Sgd� qdkdu]ms�
dpt]shnmr!]qd

a
aσ

Λ00 + �λ.Λ
p
00 )

0
1
¯Λ2.Λ60 � ΩΛ2.Λ40( ) 1λ.δ.Λ0.

a
aσ

Λ20 + �λ.Λ20 )
0
1
¯ΩΛ0.Λ40 � Λ0. ΩΛ60(,

�

 4-5(

Trhmf� 4-4(�sn�rnkud� 4-5(�vd�nas]hm

Λ00 + Λ00¯.(d�λ.σ ) λ.δ.σd�λ.σ

)
1Λ0.¯.( )

0.〉Λ2.¯.(〉1Λ0.¯.(
〉Λ0.¯.(〉1 ) 〉Λ2.¯.(〉1

[

Λ20 + Λ20¯.(d�λ.σ � λ.δ.σd�λ.σ 0.〉Λ0.¯.(〉1Λ2.¯.(
〉Λ0.¯.(〉1 ) 〉Λ2.¯.(〉1

,
�

 4-6(

Snfdsgdq)�dpt]shnmr! 4-4(�]mc� 4-6(�l]jd�sgd�]ooqnwhl]shnmr�sn�Λ0�]mc�Λ2�to�sn�]mc�hmbktc,
hmf�M¯δ()�vghbg�vhkk�ad�cdmnsdc�ax�ΩΛ0�]mc�ΩΛ29

ΩΛ0¯σ( 9+ Λ0.¯.(d�λ.σ ) δ

)
Λ00¯.(d�λ.σ ) λ.δ.σd�λ.σ

)
1Λ0.¯.( )

0.〉Λ2.¯.(〉1〉Λ0.¯.(〉1

〉Λ0.¯.(〉1 ) 〉Λ2.¯.(〉1

[(

ΩΛ2¯σ( 9+ Λ2.¯.(d�λ.σ ) δ

)
Λ20¯.(d�λ.σ � λ.δ.σd�λ.σ 0.〉Λ0.¯.(〉1〉Λ2.¯.(〉1

〉Λ0.¯.(〉1 ) 〉Λ2.¯.(〉1

(
,

Ne�hmsdqdrs�vhkk�ad�sgd�l]fmhstcdr�ne�sgd�rb]kdc�knv�lncdr)�vghbg�vhkk�ad�cdzmdc�ax�W 9+ 〉Λ0〉1�
]mc�X 9+ 〉Λ2〉1-�Hm�bnlotshmf�sgdrd)�vd�nas]hm

W¯σ( + W.¯.(d�1λ.σ ) δ

)
W0¯.(d�1λ.σ ) δ.λ.σd�1λ.σ

)
3W.¯.( )

1.W.¯.(X.¯.(
W.¯.( ) X.¯.(

([
)M¯δ1(

X¯σ( + X.¯.(d�1λ.σ ) δ

)
X0¯.(d�1λ.σ � 1.W.¯.(X.¯.(

W.¯.( ) X.¯.(
δ.λ.σd�1λ.σ

[
)M¯δ1(�

�  4-7(
vgdqd� vd� g]ud� trdc� sgd� mns]shnm� W¯σ( + W.¯σ( ) δW0¯σ( )M¯δ1(� ]mc�

X¯σ( + X.¯σ( ) δX0¯σ( )M¯δ1(-�Enq�mns]shnm]k�bnmudmhdmbd)�kds�Jw.�x. +
1.W.¯.(X.¯.(
W.¯.()X.¯.( -

Mnv�s]jd� ΩW 9+ W. ) δW0�]mc�ΩX 9+ X. ) δX0�sn�ad�sgd�]ooqnwhl]shnmr�sn�〉Λ0〉1 �]mc�〉Λ2〉1 -�
Enq�d]bg�. . δ ≈ 0)�sgdqd�dwhrsr�]�zmhsd�hmsdqu]k�ne�shld�nm�vghbg�sgdrd�]ooqnwhl]shnmr�]qd�
u]khc-�Cdzmd�σ)�]mc�σ��]r�enkknvr

σ) +
0

λ.Jw.�x.

)
X.¯.(
δ

) X0¯.(
(

σ� +
0

λ.¯Jw.�x. ) 3W.¯.((

)
W.¯.(
δ

) W0¯.(
(

,
�

 4-8(

Qdb]kk�sg]s)�]r�]ooqnwhl]shnmr�sn�sgd�mnmmdf]shud�pt]mshshdr�〉Λ0〉1 �]mc�〉Λ2〉1 )�ΩW �]mc�ΩX �ltrs�snn�
ad�mnmmdf]shud-�Nardqud�sg]s�enq�δ. + 0)� ΩW¯σ)( + .�]mc� ΩW¯σ( . .�nm�σ / σ)-�Enq�δ. + �0)�
sghr�oqnodqsx�hr�rg]qdc�ax�ΩX �nm�σ ! σ�-�Sgdrd�oqnodqshdr�hmchb]sd�sg]s�sgd�]ooqnwhl]shnmr�]qd�
bdqs]hmkx�mns�u]khc�enq�u]ktdr�ne�σ�adxnmc�σ∗,

@r�]�chqdbs�bnmrdptdmbd�ne�sgdrd�nardqu]shnmr)�nm�]�zmhsd�shld�hmsdqu]k�δ.�vhkk�cdsdqlhmd�
sgd�a]q�rs]sd�snv]qc�vghbg�sgd�rxrsdl�dunkudr-�Sghr�hr�rtll]qhydc�ax�oqnonrhshnm�4-1�adknv�
]mc�hr�bnmrhrsdms�vhsg�sgd�qdrtksr�hm�rdbshnm!3-�Sgd�jdx�oqnodqsx�ne�sgd�]ooqnwhl]shnmr�W¯σ(�
]mc�X¯σ(�hm� 4-7(�hr�sgd�khmd]q�fqnvsg�dwghahsdc�ax�sgd�M¯δ(�sdqlr-�Hm�o]qshbtk]q)�sgd�noonrhsd�
rhfm�nm�sgd�δ.λ.σd�1λ.σ �sdqlr�]kknvr�enq�sgd�dunktshnm�snv]qc�sgd�bnqqdbs�a]q�rs]sd-�Sghr�khmd]q�
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fqnvsg�nqhfhm]sdr�eqnl�sgd�qdrnm]ms�enqbhmf�sdqlr�hm�sgd�cheedqdmsh]k�dpt]shnmr!enq�Λ00�]mc�Λ20)�
vghbg�b]m�ad�rddm�]esdq�rtarshstshmf�sgd�dwoqdrrhnmr�enq�Λ0. �]mc�Λ2. �fhudm�hm� 4-4(�hmsn� 4-5(-

Nqnonrhshnm�4-1-� Kds�. . δ ≈ 0-�Bnmrhcdq� sgd�WooqnwhlWshnmr� sn�〉Λ0〉1 � Wmc�〉Λ2〉1 � to� sn�
M¯δ(�fhudm�ax� 4-6()

ΩW¯σ � δ( 9+ W.¯σ( ) δW0¯σ(
ΩX¯σ � δ( 9+ X.¯σ( ) δX0¯σ(,

Sgdqd� dwhrsr� onrhshud� shldr� σ)� Wmc� σ�)� cd mdc� ax�  4-8()� enq� vghbg)� vgdm�

δ. + 0)� iglσ±σ)
ΩW¯σ(
ΩX¯σ( + ⇒)� hmchbWshmf� dunitshnm� sn� Wm� w,aWq� rsWsd)� Wmc)� vgdm� δ. + �0)���

iglσ±σ�
ΩW¯σ(
ΩX¯σ( + .)� hmchbWshmf� dun�itshnm� sn� W� x,aWq� rsWsd-�Sgd� bqhshbWi� shldr� σ)� Wmc� σ�� Wqd�

M¯0<δ(�Wr�δ ! .-

Nqnne-� Trhmf�sgd�dwoqdrrhnmr�fhudm�ax� 4-7()�bnmrhcdq�sgd�q]shn�ΩWΩX �]r�hs�hr�]�ld]rtqd�ne�gnv�
bknrd�sgd�rxrsdl�hr�sn�nmd�a]q�rs]sd�nq�]mnsgdq-

ΩW¯σ(
ΩX¯σ(

+
W.¯.(d�1λ.σ ) δ=W0¯.(d�1λ.σ ) δ.λ.¯Jw.�x. ) 3W.¯.((σd�1λ.σ [

X.¯.(d�1λ.σ ) δ=X0¯.(d�1λ.σ � δ.λ.Jw.�x.σd�1λ.σ [

+
W.¯.( ) δ=W0¯.( ) δ.λ.¯Jw.�x. ) 3W.¯.((σ [

X.¯.( ) δ=X0¯.(� δ.λ.Jw.�x.σ [
,

�
 4-0/(

Nardqud� sg]s)� he�δ. + 0� sgd�cdmnlhm]snq�ne� sgd�q]shn� hm� 4-0/(�cdbqd]rdr�lnmnsnmhb]kkx�]mc�

u]mhrgdr�]s�σ) + 0
λ.Jw.�x.

∣
X.¯.(
δ ) X0¯.(

(
)�]mc�he�δ. + �0�sgdm�sgd�mtldq]snq�cdbqd]rdr�lnmn,

snmhb]kkx�]mc�u]mhrgdr�]s�σ� + 0
λ.¯Jw.�x.)3W.¯.((

∣
W.¯.(
δ ) W0¯.(

(
-�Gdmbd� enq�δ. + 0)�vd�g]ud�

iglσ±σ)
ΩW¯σ(
ΩX¯σ( + ⇒� hmchb]shmf�]m�w,a]q�rs]sd(�vghkd�enq�δ. + �0)�vd�g]ud�iglσ±σ�

ΩW¯σ(
ΩX¯σ( + .��

 hmchb]shmf�]�x,a]q�rs]sd(-� ĭ�

Sghr� oqnonrhshnm� hkktrsq]sdr� sg]s� ]r� shld� σ� hmbqd]rdr� hm� sgd� zmhsd� hmsdqu]k� nm� vghbg� sgd�
]ooqnwhl]shnmr�hm� 4-7(�]qd�u]khc)�sgd�a]q�rs]sd�snv]qc�vghbg�ΩWΩX �sdmcr�hr�cdsdqlhmdc�rnkdkx�ax�
δ.-�Sgd�e]bs�sg]s�σ∗ + M¯0<δ(�hlokhdr�sg]s)�enq�k]qfdq��)�sgdqd�vhkk�ad�lnqd�q]ohc�bnmudqfdmbd�
sn�sgd�a]q�rs]sd-�Sghr�bntkc�ad�qdk]sdc�sn�sgd�qdrtksr�ne�Z2[)�vghbg�rtffdrs�sg]s�〉γ � 0〉 + δ�mddcr�
sn�ad�rtezbhdmskx�k]qfd�adenqd�]�a]q�rs]sd�vhkk�cnlhm]sd�sgd�cxm]lhbr�tmcdq�]ooqnoqh]sd�rsn,
bg]rshb�odqstqa]shnmr-

7bimnvkdcfldmsr

Sgd�]tsgnqr�vhrg�sn�sg]mj�sgd�]mnmxlntr�qdedqddr�enq�sgdhq�gdkoetk�bnlldmsr-�LA�v]r�o]q,
sh]kkx� rtoonqsdc�ax�M]shnm]k�Rbhdmbd�Entmc]shnm�  MRE(�fq]ms�CLR�030035/)� ]mc�JR�v]r�
o]qsh]kkx�rtoonqsdc�ax�MRE�CLR�044/807-

7oodmchw

4 . � Anloiarhnm�ne�opnne�ne�rfanpal�1 3

Ud�g]ud�]kqd]cx�rgnvdc�sgd�dwhrsdmbd�ne�]�e]lhkx�ne�knb]k�hmu]qh]ms�l]mhenkcr�enq� 2-3(-�Gdqd�
vd�bnlotsd�sgd�enql�sg]s�sghr�e]lhkx�s]jdr-�Ud�adfhm�ax�rokhsshmf� 2-3(�hmsn�qd]k�]mc�hl]fhm]qx�
o]qsr�sn�fds�sgd�enkknvhmf�7�chldmrhnm]k�qd]k�rxrsdl�ne�NCDr
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Q̂ + ¯0 ) Q(¯Opd � Ppd(

�̂ + �1λ�)
2

1.λ
�¯t) y(

t̂ + �3λt� 1
4λ
t�

ŷ + �3λy� 1
4λ
y�

Ôp + �1λOpd )
y
1
¯0� Q(� 0

4λ
Opd�) ¯Opd � Ppd(Opd )

0
1
OpdPpd¯0�

0
Q
( )

0
1
OhlPhl¯0 )

0
Q
(

Ôh + �1λOhl �
0

4λ
Ohl�) ¯Opd � Ppd(Ohl )

0
1
OhlPpd¯0�

0
Q
(� 0

1
OpdPhl¯0 )

0
Q
(

P̂p + �1λPpd )
t
1
¯Q� 0(� 0

4λ
Ppd�) ¯Opd � Ppd(Ppd )

0
1
OpdPpd¯

0
Q
� 0(� 0

1
OhlPhl¯

0
Q
) 0(

P̂h + �1λPhl �
0

4λ
Phl�) ¯Opd � Ppd(Phl )

0
1
OhlPpd¯

0
Q
) 0( )

0
1
OpdPhl¯

0
Q
� 0(,

�
 @-0(

Nardqud�sg]s�sgd�]anud�rxrsdl�g]r�]�khmd�ne�dpthkhaqhtl�onhmsr�∂p + ¯p� .� .� .� .� .� .� .(-�Sgd�
I]bnah]m�ne� @-0(�]s�d]bg�ne�sgdrd�dpthkhaqhtl�onhmsr�g]r�6�mdf]shud�dhfdmu]ktdr�]mc�0�ydqn�
dhfdmu]ktd-�Sgtr�enq�d]bg�onhms�nm�sgd�khmd�∂p )�sgdqd�hr�]m�]rrnbh]sdc�6�knb]k�chldmrhnm]k�rs]akd�
l]mhenkc)�Ur ∂̄p()�]mc�0�chldmrhnm]k�bdmsdq�l]mhenkc)�Ub ∂̄p()�vghbg�hr�hm�e]bs�fkna]kkx�cdzmdc�
]mc�bnqqdronmcr�sn�sgd�khmd�∂p �hsrdke-�Adknv�vd�vhkk�oqnbddc�sn�dwokhbhskx�bnlotsd�sghr�e]l,
hkx�ne�rs]akd�l]mhenkcr)�cdmnsdc�Kp)�to�sn�]mc�hmbktchmf�sgd�pt]cq]chb�sdqlr-�Sghr�hr�]�knmf�
]mc� sdchntr� b]kbtk]shnm� ats� bnldr� eqnl� rs]mc]qc� hmu]qh]ms�l]mhenkc� sgdnqdlr� eqnl�NCD)�
rdd�sgdnqdl�3-0�hm�Z3[-�Rhmbd�sgd�khmd]qhy]shnm�ne� @-0(�g]r�6�mdf]shud�dhfdmu]ktdr�]mc�0�ydqn�
dhfdmu]ktd)� sghr� sgdnqdl�ft]q]msddr� sgd� dwhrsdmbd� ne� ]m� 7� chldmrhnm]k� bdmsdq,rs]akd�l]mh,
enkc�]rrnbh]sdc�sn�d]bg�zwdc�onhms-�@r�vd�b]m�hcdmshex�sgd�khmd�ne�dpthkhaqhtl�onhmsr)�∂p )�]r�
sgd�fkna]kkx�cdzmdc�bdmsdq�l]mhenkc)�vd� hmcddc�jmnv� sg]s� sgd� enkknvhmf�bnlots]shnm�vhkk�
qdrtks�hm�sgd�bncdldmrhnm�0�rs]akd�l]mhenkc)�h-d-�sgd�bdmsdq,rs]akd�l]mhenkc�hr�sgd�tmhnm�ne�Lq�
]mc�∂p -�Ud�adfhm�sgd�cdqhu]shnm�ax�zqrs�rgheshmf�bnnqchm]sdr�sn�lnud�sgd�dpthkhaqhtl�onhms�]s�
¯p� .� .� .� .� .� .� .(�sn�sgd�nqhfhm-

{



xQ
x�
xt
xy
xOp
xOh
xPp
xPh





+

{



Q� p
�
t
y
Opd
Ohl
Ppd

Phl





,

Sgd�qdrtkshmf�rxrsdl�vhsg�zwdc�onhms�sgd�zwdc�onhms�]s�sgd�nqhfhm�bnqqdronmchmf�sn�∂p �hr
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x̂Q + ¯0 ) xQ) p(¯xOp � xPp(

x̂� + �1λx�)
2

1.λ
x�¯xt)xy(

x̂t + �3λxt� 1
4λ

xtx�

x̂y + �3λxy� 1
4λ

xyx�
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xy
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0
1
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0
xQ) p
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xOh xPh¯0 )

0
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(

x̂Oh + �1λxOh �
0
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xOhx�) ¯xOp � xPp(xOh )

0
1
xOh xPp¯0�

0
xQ) p

(� 0
1
xOp xPh¯0 )

0
xQ) p

(

x̂Pp + �1λ xPp )
xt
1
¯xQ) p � 0(� 0

4λ
xPpx�) ¯xOp � xPp(xPp )

0
1
xOp xPp¯

0
xQ) p

� 0(� 0
1
xOh xPh¯

0
xQ) p

) 0(

x̂Ph + �1λ xPh �
0

4λ
xPhx�) ¯xOp � xPp(xPh )

0
1
xOh xPp¯

0
xQ) p

) 0( )
0
1
xOp xPh¯

0
xQ) p

� 0(,

�  @-1(
Sgd�I]bnah]m�ne� @-1(�]s�sgd�nqhfhm�hr

I ∂̄.( +

{



. . . . 0 ) p . �¯0 ) p( .

. �1λ . . . . . .

. . �3λ . . . . .

. . . �3λ . . . .

. . . 0
1 ¯0� p( �1λ . . .

. . . . . �1λ . .

. . 0
1 ¯p � 0( . . . �1λ .

. . . . . . . �1λ





,

Kds�tr�cdzmd

R +

{



xQ
x�
xt
xy
xOp
xOh
xPp
xPh





� I + I ∂̄.(�

M¯R( +

{



xQ¯xOp � xPp(
2

1.λ
x�¯xt)xy(
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4λ xtx�
� 1

4λxyx�
� 0

1xyxQ�
0

4λ
x�xOp ) ¯xOp � xPp(xOp ) 0
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xOp xPp¯0� 0

oQ)p ( )
0
1
xOh xPh¯0 ) 0

oQ)p (

� 0
4λ
x�xOh ) ¯xOp � xPp(xOh ) 0

1
xOh xPp¯0� 0

oQ)p (�
0
1
xOp xPh¯0 ) 0

oQ)p (
0
1 xtxQ�

0
4λ
x�xPp ) ¯xOp � xPp(xPp )

0
1
xOp xPp¯

0
oQ)p � 0(� 0

1
xOh xPh¯0 ) 0

oQ)p (

� 0
4λ
x�xPh ) ¯xOp � xPp(xPh )

0
1
xOh xPp¯0 ) 0

oQ)p ( )
0
1
xOp xPh¯

0
oQ)p � 0(





,

Sgdm�vd�b]m�vqhsd�sgd�rxrsdl�]r
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R̂ + IR) M¯R(,

Adenqd�bnlotshmf�sgd�rs]akd�l]mhenkc�vd�ltrs�bg]mfd�u]qh]akdr�]mc�ch]fnm]khyd�sgd�l]sqhw�
I-�Sgd�l]sqhw�ne�dhfdmudbsnqr�ne�I�]mc�hsr�hmudqrd�]qd�fhudm�ax

R +

{



0 . p)0
3λ � p)0

3λ � p)0
1λ . p)0

1λ .
. 0 . . . . . .
. . � 3λ

p�0 . . . . .
. . . 3λ

p�0 . . . .
. . . 0 0 . . .
. . . . . 0 . .
. . 0 . . . 0 .
. . . . . . . 0





�

R�0 +

{



0 . � p1�0
05λ1 � p1�0

05λ1
p)0
1λ . � p)0

1λ .
. 0 . . . . . .
. . � p�0
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. . . � p�0
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. . . . . 0 . .
. . p�0

3λ . . . 0 .
. . . . . . . 0





,

Rn�vd�g]ud
{



. . . . . . . .

. �1λ . . . . . .

. . �3λ . . . . .

. . . �3λ . . . .

. . . . �1λ . . .

. . . . . �1λ . .

. . . . . . �1λ .

. . . . . . . �1λ





+ � + R�0IR,

Cdzmhmf

X + R�0R�

sgd�cxm]lhbr�ne�X �]qd�fhudm�ax

X̂ + R�0IRX) R�0M¯RX( + �X) R�0M¯RX(,

Rn�mnv�vd�g]ud

R

{



x0

x1

x2

x3

x4

x5

x6

x7





+

{



x0 )
p)0
3λ x2 � p)0

3λ x3 � p)0
1λ x4 )

p)0
1λ x6

x1

� 3λ
p�0x2
3λ
p�0x3

x3 ) x4

x5

x2 ) x6

x7





,
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Enq�mns]shnm]k�bnmudmhdmbd)�kds�η + x0 )
p)0
3λ x2 � p)0
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