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The paper studies an Allen—Cahn-type equation defined on a time-dependent surface as a model of phase
separation with order-disorder transition in a thin material layer. By a formal inner-outer expansion, it
is shown that the limiting behavior of the solution is a geodesic mean curvature type flow in reference
coordinates. A geometrically unfitted finite element method, known as a trace FEM, is considered for the
numerical solution of the equation. The paper provides full stability analysis and convergence analysis that

accounts for interpolation errors and an approximate recovery of the geometry.

1. Introduction

Phase separation may happen in thin material layers such as poly-
mer films, lipid bilayers, binary alloy interfaces or biophotonic nanos-
tructures. One example of such essentially 2D phenomenon is the
lipid rafts formation in a multi-component plasma membrane, while
the membrane is advected by an extracellular fluid flow and exhibit
tangential motion due to the membrane lateral fluidity [1,2]. In this
and some other applications the thin layer is compliant so that a con-
tinuum based model represents it by a surface underdoing radial and
lateral deformations. Motivated by these examples we adopt the model
of Allen and Cahn [3] to describe the phase evolution on a surface
with a prescribed material motion. The model uses a smooth indicator
function u (order parameter) to characterize ordered / disordered states
and a transition region. This renders the model as a diffusive interface
approach.

Before applying a numerical method to the derived Allen-Cahn type
equation, the paper addresses well-posedness of the problem and the
limiting behavior of u when the width of the transition region tends
to zero. The latter is done here by extending the standard technique
of inner (with respect to the transition layer) and outer expansions
for the solution. In a steady domain the asymptotic behavior is well
known to be the mean curvature flow [4] for the limit sharp interface
(or the mean geodesic curvature flow on surfaces [5]). In the case of
the deforming surface I'(f) we obtain that for each time ¢ the material
velocity of the sharp interface is defined by (instantaneous) geodesic
mean curvature, which can be also seen as a mean curvature type flow
in reference coordinates.

The main focus of the paper is a finite element analysis of the
Allen-Cahn type equation posed on an evolving surface. The paper
introduces a geometrically unfitted finite element method, known as
a trace FEM [6,7], to discretize the problem. The method considers a

* Corresponding author.

sharp representation of I'(r) (e.g., as a zero level of a level set function)
and uses degrees of freedom tailored to an ambient tetrahedral mesh,
which can be chosen independent of the surface and its evolution. The
numerical approach benefits from the embedding I'(f) ¢ R® by using
tangential calculus to define surface differential operators. Tangential
calculus assumes an extension of functions from I'(¢) to its (narrow)
neighborhood. The latter is also used here to define a time-stepping
numerical procedure following the ideas from [8,9]. We prove stability
and error estimates for the numerical method. The error analysis ac-
counts for all types of discretization errors, e.g., those resulting from
the time stepping, polynomial interpolation and the geometric consis-
tency error due to a possible inexact integration over I'(r). Besides the
difficulties associated with time-dependent domains and the treatment
of tangential quantities, the current analysis is complicated by the
following factor. While in a stationary domain (e.g., in a non-compliant
material surface) the Allen—-Cahn model defines the evolution of the or-
der parameter as the L2-gradient flow of the Ginzburg-Landau energy
functional, such minimization property fails to hold for time-dependent
domains.

Computational methods and numerical analysis for Allen-Cahn type
equations in planar and volumetric domains have received much atten-
tion in the literature, see e.g. [10-14] among recent publications. At
the same time, numerical treatment of surface Allen-Cahn equations
is a relatively recent topic in the literature. Work has been done
on developing a closest point finite difference method [15], a mesh
free method [16], and finite elements methods (FEMs) [5,17-19] as
the most versatile and mathematically sound approach. Among those
papers [5] allows deformation of the surface due to line tension forces
and applies a (fitted) FEM on a triangulated surface. The authors
of [18] applied unfitted (trace) FEM to phase-field models on stationary
surfaces. Numerical analysis for equations governing phase separation
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on (evolving) surfaces is largely an open topic. Another two closely
related studies [20,21] deal with FEMs for the Cahn-Hilliard equation
on a time-dependent surface: in [20] the authors develop numerical
analysis of a fitted FEM and [21] applies the trace FEM. Trace FEM is a
member of a large family of geometrically unfitted finite element meth-
ods along with such as XFEM [22], immersed interface FEM [23] and
cutFEM [24], the most closely related approach. For the later approach,
other authors considered stabilized space-time formulations [25,26]
and semi-Lagrangian type methods [27] to integrate in time PDEs posed
on evolving surfaces.

The outline of the paper is as follows. In Section 2, we introduce the
model. The weak formulation of the problem and its well-posedness
are discussed in Section 4. An asymptotic behavior of the solution
to the problem is studied in Section 3. After necessary preliminaries,
the numerical method is introduced in Section 5. Error and stability
analyses are carried out in Section 6. Section 7 supplements the paper
with numerical examples.

2. Allen-Cahn equation on an evolving surface

Consider a material surface I'(f) ¢ R?, ¢ € [0,T], with density dis-
tribution p : I'(f) - R. Assume [I'(¢) is passively advected by a smooth
velocity field w = w(x, ), x € R3, and for all times I'(¢) stays smooth,
closed (oI'(t) = ¥), connected and orientable. We are interested in a
phase separation process on I'(f) with a transition between order and
disorder states. The state of matter at x € I'(r) is characterized by a
smooth indicator function u(x,t), u : I'(t) = [—1,1], with u ~ —1 in the
less ordered phase and u ~ 1 in the more ordered phase.

To describe an evolution of phases, we follow the classical approach
of Allen and Cahn [3] and assume that an instantaneous change in the
order per area s(tf) C I'(r) is proportional to the variation of the total
specific free energy for s(7):

o
puds:—/ Cp ew)
s(t) s()

ou
where ¢, is a positive kinetic coefficient, and the energy density is given
by

dt

ds, 21

ew) = p (eizF(m + |Vru|2> ,

where V u is the tangential gradient of u ( cf. definition in (2.7)).
The energy of a homogeneous state F(u) has a double-well form of
Ginzburg-Landau potential to allow for phase separation, and ¢ is a
characteristic width of a transition region between phases. Further we
choose F(u) = (1 — u?)*/4.

Application of the surface Reynolds transport theorem (also known
as the Leibniz formula for evolving surfaces, e.g., [28]) to (2.1) gives

((pu) + pudivyw)ds = _/ de(u) ds.

Ck
s(t) s(t) 6u

By f we denote the material derivative of a smooth function f defined
on I'(t) for t € [0,T] and div, stands for the surface divergence ( cf.
(2.7)). Computing the functional derivative of F(u) with respect to u,
f(u) = F'(u), and varying s(¢) for every fixed I'(¢), ¢t € [0, T] leads to the
Allen-Cahn equation on the deforming surface:

(;;u) +pudivyw = —ck(e_zpf(u) —divp(pVyu) on I'(r), t€(0,T). (2.2)

Likewise, the conservation of mass and the surface Reynolds transport
theorem yield the identity

p+pdivpw=0 on I'(?). (2.3)

Thanks to (2.3), the surface Allen—-Cahn equation (2.2) can be written
in the equivalent form

u=—c <e’2f(u) -1 divr(eru)> on I'(t), t € (0,T). (2.4)
P
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The equation should be complemented with the initial condition u(x, 0)
= uy(x), x € I'(0), describing the state of matter at time 7 = 0.

Egs. (2.2) or (2.4) are solved for the order parameter u with given
p satisfying (2.3). In this paper, we assume p = const. In practice, this
assumption is plausible for surfaces with initially homogeneous density
distribution and exhibiting small or area-preserving deformations. The
latter is characterized by divyw = 0 and is a valid assumption for
several types of biological membranes, such as lipid mono- or bi-
layers [29,30]. Due to this assumption, the model (slightly) simplifies
to the following system of equation and initial condition:

{

Ay is the Laplace-Beltrami operator and we set ¢, = 1.

We close this section by noting the analogy between Allen-Cahn
Egs. (2.2) or (2.4) and those describing the compressible two-phase
fluid flow (in the Euclidean space) with phase transition; see [31].

i=—e2fu+Aru on I'(D), 1 €(0,T),
on I'(0),

(2.5)
u = u

2.1. Preliminaries

We need more precise assumptions for the evolution of I'(¢). To
formulate them, assume that w and [}, are sufficiently smooth such that
for all y € I}y the ODE system

P00 =y 200 =w@.00, 1€10.T],

has a unique solution x := ®@(y,t) € I'(t), which defines the Lagrangian
mapping @ : I, —» I'(t). The inverse mapping is given by @~!(x,?) :=
y € Iy, x € I'(t). With the help of @, we define the bijection ¥ between
Iy x [0,T], with I, := I'(0), and the space-time manifold

¢:= |J roxtn. ¢cr
1€(0,T)
as follows

Y. Iyx[0,T] =G YOt =@y, (2.6)

We assume ¥ is a C*-diffeomorphism between these manifolds.

For I'(t), consider a signed distance function ¢(r) (positive in the
exterior and negative in the interior of I'(r)). Let O45(G) be a tubulate
s-neighborhood of I

050 = {(x,n) eR* : |p(x,n| < 6}.

The above assumptions imply that for sufficiently small § > 0 it holds
¢ € C?(0;(0) and the normal projection onto I'(t), p : O5(G) — I'(t)
is well defined for each t € [0, T]. We fix such 6 and further often skip
it in notation O(Q) = O,(G). Likewise, we shall write O5(I'(z)) to denote
a 8-neighborhood of I'(r) in R® and O(I'(1)) = O4(I'(1)) for § as above.
For every fixed ¢t € [0,T], the gradient of ¢ defines in O(I'(¥)) normal
direction to I'(r) with n = V¢ being the outward normal vector on I'(¢),
here and below V is spacial gradient in R3.

For a smooth u defined on ¢, a function u¢ denotes the extension of
u to O(Q) along spatial normal directions to the level-sets of ¢, it holds
Vu® - Ve = 0 in O(G), u® = u on G, and u°(x) = u°(p(x)) in OC). The
extension u¢ is smooth once ¢ and u are both smooth. Further, we use
the same notation u for the function on ¢ and its extension to O(Q).

Once a function u on G is identified with its extension on ©O(Q),
one can write the surface differential operators arising in the model,
in terms of tangential calculus:
Vru=(I-nxn")Vy,

divpw=tr (I-nxn")Vw), Apu=div .V u

(2.7)

Furthermore, one can expand the intrinsic surface quantity & in Eulerian
terms:

a—u+w-Vu.

5 (2.8)

u=
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Identity (2.8) allows us to rewrite (2.5) as follows:

a—M+W~Vu=

o - 2fw)+Aru on (1),

te(0,T], (2.9)

Vu-Vo=0 in OU(®)

subject to u = uy on I'(0). This formulation will be useful for the
design of a finite element method in Section 5. We note that equalities
(2.7)-(2.8) are valid for any smooth extension (not necessarily a normal
one).

3. Asymptotic analysis

In this section, we study an asymptotic behavior of u solving (2.5)
when ¢ goes to zero. Our analysis follows the inner-outer expansion
arguments, which are now standard for phase-field equations defined
on Euclidean domains in R?, d 2,3, [32-34] and also has been
used recently to study sharp interface limits of two phase-field models
defined on surfaces [28,35].

We assume ¢ > 1, sufficiently large such that the separation of phases
happened and u exhibits an inner layer (diffuse interface) of width O(e).
Consider the central line of the diffuse interface defined as the zero
level of u, y(t) := {x € I'(t) : u(x,t) = 0}. For all 1 € (t,,T) we assume
that y(¢) is a smooth closed curve on I'(¢). The interior and exterior
domains with respect to y(¢) are denoted by I'*(r) := {x € I'(¢) : *u(x,
1) > 0}.

Outer expansion. Denote by u* the order parameter restricted to I'*.
Following, e.g., [33] we assume that away from the interfacial layer
around y (), both u* can be expanded in the form

UEX, 1) = uy (X, 1) + U (X, 1) + -, 3.1

with smooth uf(x, t). Substituting (3.1) into (2.5) and using the Taylor
expansion for f(u), f(u*) = f(u3) +ef'(uy)uy + -, yield

+ +
(g (%, 1) + gty (%, 1) + ) = Ap (u5 (%, 1) + euT (X, 1) + )

+ e (fWE) +ef @uy + ) = 0.

Considering the leading order term with respect to £ — 0 gives f (ug') =
0. Therefore, away from the layer it holds

ug(x, ) = =+l. (3.2)

Inner expansion. Denote by d, the signed geodesic distance on I'(?)
for any fixed ¢, and +d,(x) > 0 for x € I'*. Consider the inner layer
U,(y(1)), which we define as an O(e) neighborhood of y(r): U, (y(?)) :=
{(xeI'® : |d,®| < ¢ye}, with sufficiently large ¢, independent of .
We assume ¢ to be sufficiently small such that the geodesic closest point
projection q(x) : U.(y() — () is well-defined so that (q(x),d,(x))
is the local (time dependent) coordinate system in U, (y(¢)). In U, (y(1))
the conormal directions are defined by the tangential vector field m =
Vrd,. For x € y(1), m(x) is a unit conormal of y(r) pointing into I'*(¢).

Following [33,34], we introduce a fast variable in U (y(r)) by re-
scaling the coordinate in the conormal direction & = dVEx , and represent
u(x,t) as

u(x,r) = a(x, &, 1) for x € U (y(1)), (3.3)

where (1) @ U.(y(t)) X (—cg,¢p) — R is defined as i(y,&,1) = u(x,1)
for x € U.(y(1) such that q(y) = q(x) and ¢ = d,(x)/e. Given the new
variables we find the identities:

Vyu=Vid+eogim, Apu= A+ e 200+ e 0zidrd,, (3.9

where for the second equality we used m - Vi = 0 and divym = 4,d,
(same identities in terms of fast and slow surface variables are deduced

by slightly different arguments in [35] and [36]). Denoting by i the
material derivative of i(y, & ) we also compute

ii=ii+eoad,. (3.5)
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We assume that i in the layer can be expanded
#(x, 8,0 = dy(x, &, 1) + el (X, &, 1) + -+,

with smooth i, i, ... . Substituting this in (2.5), using (3.4)-(3.5) and
Taylor expansion for f (i), i.e. (i) = f(iy)+ & f’ ()i, + -, we find that
O(¢7?) order terms give

= 0pelig + £ () = 0. (3.6)
Accounting for O(e~') order terms we obtain
9l <d’, - A,—dy> —2Vrd, - V [ (0ziig) = sty + [ (dg)iiy = 0. (3.7)

To proceed we need conditions on i, for ¢ - oo (which can be allowed
if e = 0).

Matching conditions. We now have a representation of the solution
in the narrow layer around y(¢) and another representation valid away
from the interface. Following [33,34] we consider matching conditions
between these two representations. We formulate the conditions below,
while details of derivation can be found in [37]. Denote uf(x,t) =
limg_, ¢ uf(x + sm,t) when x € y(¢f) and € — 0, and similar we define
v rua'(x, t) for x € y(¢). The matching conditions read:

fig(x, &, 1) = ug (x,1), as & —» +o0, ££ 50 (3.8)

i (x,&,1) = uli(x, )+ ém- Vruoi(x,t), as & — +oo, £ =0 (3.9

0zl (X, &, ) =m - Vpuoi(x, 1), as & — +oo0, £ - 0. (3.10)
From condition (3.8) and (3.2) it follows that

lim iy = +1. (3.11)

E—+o0

This and i,(x,0,7) = 0 supplies Eq. (3.6) with necessary boundary
conditions. For f (i) = —ii, + 123 it provides us with the unique solution

(X, &, 1) = tanh(¢/V/2).

In particular, we see that &, does not depend on (x, ). This simplifies
equation (3.7) to

9:d <d’, - Ard7> — Ogelly + f' ()it = 0.

We multiply the above identity by 9,4, and integrate it for £ € (—co, co0).
This leads to
o
o <d7 - Ard,> —/ (@:)0zzity — f'(Hg)ity 1dE = 0. (3.12)
—0

where ¢ := [ (9,ily)*d¢ is a positive constant that can be interpreted
as interface tension coefficient. Now let us take a further look into
matching conditions (3.8)—(3.10). The first one implies f’(iiy) = f (i) =
0 for & - +co. Since m - Vl-ua'(x, t) = 0, from (3.9) and (3.10) we also
see that || is bounded and dii; = 0 for £ — +oo. Using these limit
values for the integration by parts, we obtain

/_ Oglig[0zetty — f' ()i 1dE = /_ OgligOggity — Og f ()it d&
= / [0:40 — [ (ig)0;01,d& = 0,
where for the last equality we use (3.6). Eq. (3.12) reduces to

d, - Apd, =0. (3.13)

Consider the limiting interface y(r) as the zero level of the order-
parameter as ¢ — 0. Eq. (3.13) for the signed distance function
describes the evolution of y(f) on the passively advected material
surface I'(7). The quantity 4,d, = k, is the geodesic curvature of y()
on I'(¢) satisfying that K,(x) is positive when I'(¢)~ is convex at x. While

a;y = 0 corresponds to the passive evolution along material trajectories,

dy = Kg can be seen as an active evolution or a mean curvature

type flow in the reference (Lagrangian) coordinates. The (tangential)
geometric motion of the sharp interface is defined by the conormal

velocity of y(r) given by m - w — «,.

8
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4. Weak formulation and well-posedness

Consider a slightly more general problem:

i+au—Apu+e2fw)=0 on I(), (4.1)
ux,0) =u, for x e (), 4.2)
with an L*®(G) function a, and let a,, := ||| = Following [10] we

consider a modified double-well potential F such that for some M > 1

GBM?%-1D)x—-2M3, x> M,
F'(x)=fx)=3x(x2-1), x € [-M, M], (4.3)
GBM2 - Dx+2M3, x<-M.

Function f(x) satisfies the following growth conditions with L = 3M?
-1

[fGOl < Lix|,  f(x)x = —x, (4.4)
and Lipschitz condition:
—ISMSL, Vx,y€R, x#y. (4.5)

x=y

Given our assumptions on the evolution of I'(¢), the scalar product

T
(u,v)y = / / uvdsdt
0o Jro

induces a norm || - ||, on L%(G) equivalent to the standard L*(G)-norm.
Besides standard Lebesgue spaces LY(G), 1 < g < oo, and Sobolev
spaces H*(G), k = 1,2, ..., we need the following analogues of standard
Bochner spaces:

H={ueL*G) : |Vyully <o},
LY ={u€ L*(G) : ess sup |[Vrullpzryy < o},
1€[0,T1]

with (u,0)y = (, )y + (Vru, Vo),

W={uely :ael’©), luly = IIullzﬂm + llall;

L2y
From [20,38] we know that H is a Hilbert space and smooth functions
are everywhere dense in H and W.

Exploiting the smoothness properties of the mapping ¥ between I')x
(0,T) and G one shows (cf. [20,38]) that the following isomorphisms
hold algebraically and topologically: H =~ L*(0,T; H'(I'y)) and W =
L®O,T; H'(I'y)) n H'(0,T; L*(I'y)).

We consider the following weak formulation of (4.1): For u, €
H'(I), find u € W such that u(0) = u, and

(i1, V) + (au + €2 f(u), V)g + (Vru, Vyv)y =0, forallve H. (4.6)

Lemma 4.1. The week formulation (4.6) is well posed.

Proof. A standard approach to the analysis of Allen-Cahn type equa-
tions solvability is based on the energy minimization principle, which
does not hold in the case of equations posed in the evolving do-
main. Hence we consider a different argument. For & = uo¥ €
L®0,T; H{(I'y) n H'(0,T; L*(I'y)), v € L*(0,T; H'(I'y)) we rewrite
(4.6) in the reference cylinder S=r 0% (0,T):

.
/ / {@+ai+e2 f@)0+(VF) TV i 0 (Vo F)Y Vo) pdidt =0,
0 I,
4.7)

for all & € L*(0,T; H'(I'y)). Here u € C'(8), V¥ € C'(85)¥? are such
that 4 > 0 and V[ ¥(V¥)" is uniformly bounded on S. Therefore, the
problem (4.7) can be formulated to fit an abstract framework from [39]:
Find & € L*(0,T; H'(I'y)) n H'(0,T; L?>(I'y)) such that 4(0) = u, €
HY(I'y) and

Mi +Ba+y@ =0 in H'(I'y) forae. te[0,T], (4.8)

151
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where operators M € L(L*(I), B € L(H'(I'y), H-'(I'y)) and y :
HY(I'y) = L*(I'y) are defined by the identities

V) TVra (VW) TV rouds,
Iy

y(@) = (ai + €2 fF@)p,

M = pid, (Bi,0)=

for all € L*(I), &,0 € H'(I'y). It is easy to verify that M is positive
definite, B is such that

(Bv,v) > ¢ lv]?

. N .
HI(Ty) with some ¢, >0, é >0,

- &, (4.9)

(o)’

and y is continuous and, thanks to (4.4) and (4.5),

<G+ Gl

2 2 . A A
[lyIl 2y I with some C, >0, C, >0,

() =y (W), v = W2y = —Collv - w||2L:(1.0), with some €, > 0,
(4.10)

for all v,w € H'(I'y).
Problem (4.8)-(4.10) is well posed ([39, Theorem 2.1]) and so is
4.6). O

5. Discretization method

To set up a numerical method, one needs to define a time-stepping
procedure, spatial discretization approach and a practical way of han-
dling surface integrals and derivatives. The approach taken here bene-
fits from the embedding of I'(r) in R for all ¢ € [0, T], which allows to
use tangential calculus in an ambient (bulk) functional space (rather
than computations in intrinsic time-dependent surface coordinates).
The bulk space supports well-defined traces of functions on I'(r) and
functions from the bulk space are further approximated in a standard
time-independent finite element space. Our time-stepping procedure
exploits an observation made earlier in Section 2.1 that a function on
I'(t) can be identified with its smooth extension to a neighborhood
of the surface. Finally, the geometry representation is based on the
implicit definition of I',(r), an approximation of I'(r), as a zero level of
a finite element function. Altogether, this approach resembles the trace
finite element method for partial differential equations on evolving
surfaces introduced and analyzed in [8,9] for the diffusion problem on
I'(t). The approach is also known as a hybrid FD in time — trace FEM in
space, since a (standard) finite difference scheme is adopted for treating
the time dependence and an unfitted finite element method is used in
space.

We start with explaining the time-stepping method.

5.1. Time-stepping scheme

Consider a uniformly distributed time nodes ¢, = ndt, n =0,..., N,
with the uniform time step 4r = T/N. It is crucial to assume that At is
sufficiently small that

r@,)col, ) n=1,..N. .1)

Recall that O(I'(1)) is a neighborhood of the surface, where the normal
projection on I'(r) is well defined, and so are the extensions of surface
quantities.

Using the notation u” for an approximation to u(z,), and ¢" = ¢(z,),
we consider the following semi-implicit first order method for the
Eulerian formulation (2.9) of the Allen—Cahn surface problem:

ut — un—l - 1
(1+ﬁsAt)T +W"-Vu"—Aru"=—e f@"") on I,,
Vu'-V¢" =0 in OU(t,)).

(5.2)
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Here g, > 0 is a stabilization parameter as suggested in [10] to allow
the explicit treatment of the non-linear part on the right-hand side of
(5.2). This leads to a linear problem with respect to " on each time
step. More important is that the function «"~! is well-defined on I'(t,)
through its extension. Indeed, if one considers (5.2) with index shifted
n — n—1, i.e. Eq. (5.2) written for the previous time step, then the
second equation defines the extension of u"~! to O(I'(t,_,)) and because
of (5.1) it defines an extension to I'(t,) C O(I'(t,_;)). Therefore, all
terms in (5.2) on the current step are well defined.

For a finite element method, we shall need the integral formulation
of (5.2), where we enforce the second equation weakly, as a constraint:
Any smooth u" solving (5.2) satisfies

n _ ,n—1
/ ((1+ﬁSAt)%+w"-Vu")vds+/
I

) I,

Vru" -Vyvds

fwMHods,
ra,)

+p/ (Vu" - V" (Vo -Vp")dx = —e~ (5.3)
O (1))
for all sufficiently smooth test functions v : O(I'(t,)) > R. p > 0 is an
augmentation parameter for the normal extension condition.

Let w; = w — (w - n)n be the tangential part of w. We need the
integration by parts identity:

(Wg - Vyuv —wp - Vyou)ds
ra

—l/ (divywpuvds
2 ra)

for sufficiently smooth u,v such that n- Vu = n- Vo = 0 (recall that
n=Vg¢on ).

1
-Vuywds = =
(w-Vuwuvds 2

o (5.4)

5.2. Finite element method

To reduce the repeated use of generic but unspecified constants,
further in the paper we write x < y to state that the inequality x < cy
holds for quantities x, y with a constant ¢, which is independent of the
mesh parameters h, At, time instance 7, and the position of I" and I,
in the bulk mesh. Similarly we give sense to x > y.

Consider a family {7},},-( of shape-regular consistent triangulations
of the bulk domain 2, with maxrer, diam(7T') < h. The bulk triangula-
tion supports a standard finite element space of piecewise polynomial
continuous functions of a fixed degree k > 1:

V, = {0, € C(Q) : vyls € PL(S),VS €T} (5.5)

We next approximate the sign distance function ¢ by a finite element
distance function ¢, of degree g, i.e. ¢, € V}, for k = ¢, such that

I = dnll Lo@cray + AV = Pl Looray) S R, Y1e[0,T], (5.6)

where we need to assume ¢ € C7t1((G)). Following [40], we also
assume that V¢, (x,1) # 0 in O(I'(1)), t € [0,T], and that on every time
interval I, = [t,_;,1,] there holds

n—1>

™" = @hll oy S Atllw - Nl (5.7a)
IV = V@il iy S A (IW-nllgy, + IVOW -l ;) for n=1,..., N,

(5.7b)

where $hx) = ¢,(x,1,), n=0,....N, and 19l eo,z,

for v defined on I'(¥).
We now introduce the “discrete” surfaces Iy as the zero level of s

= supseq, 10l Loo(rayys

I = {xeR’ : ¢!(x)=0}

Thanks to (5.6) it approximates the original surface I' in the following
sense

dist(I, (1)) = max [¢"(¥)| = max |¢"(x) = ¢, (X)| < 19" = B[l 1) S ht
&b, €Ly

(5.8)
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For the normal vector to Iy, ny =V, /IVgil, and the extended normal
vector to I'(z,), n" = V¢", the following consistency bound follows from
(5.6):

/() — "] S [V — V" ()| S h?, xeT]. (5.9)

For practical reasons, the finite element method does not look for
an extension of the discrete solution to the whole neighborhood O(G).
Instead it provides an extension to a narrow band around I’ For each
n, the extension band consists of all tetrahedra on a §, distance from
ry, for

8, 1= ¢sllw il At (5.10)

and ¢; > 1, an O(1) mesh-independent constant. More precisely, we

define the mesh-dependent narrow band as
O,I;) = U {§ D SET, :|¢h(x)] <6, for some x € S}.

We also need a subdomain of O,(I;) only consisting of tetrahedra
intersected by I'”,

orr=J{Se : snrp#0}.

Since dist(I'", I'(t,)) S h?*!, the narrow band width 6, and A can be as-
sumed small enough such that

Op(I;) C O(I'(t,)). (5.11)

This and (5.10) implies the restriction on the time step of the form

At < co(csllw-mllg ;)7 =0(1), n=1,...,N, (5.12)

with some ¢, sufficiently small, but independent of A, At and n. On one
time step from ¢, to t,, the surface may travel up to At|lw - nl|, I,
distance in normal directions, which is thus the maximum distance
from I} to I ;!"1. Therefore, c¢; can be taken sufficiently large, but
independent of A, such that

O (I}7) C O (5.13)

To see this, one applies (5.10) to determine §,_;, which in turn defines
O, h"“ ). This condition is the discrete analog of (5.1) and it is essential
for the well-posedness of the finite element formulation below.

Next we define test and trial finite element spaces of degree m > 1
as restrictions of the time-independent bulk space V), k = m, on all
tetrahedra from ouy):

Vi={veCOu}) : vE PS), VS €T, SCcOU)}, m>1

(5.14)

We further use V}' as test and trial spaces in the integral formulation
(5.3), where we use identity (5.4) and replace I'(t,) by I, O(I'(1,)) by
O(I'". The resulting FE formulation reads: For a given 4 € V find
u';, S V;, n=1,...,N, solving

n n—1

" Yn 1

1 At) —— =

/F;{( FhAN Tt 5
—(divrhweT)u;'luh) }dsh

+/” Vrh";','vrh”hdsh +pn/ n(nZ'V";)(n;
Iy OpI

e n e n
(wT . V,-huhuh - w5 Vrhvhuh

- Vuy)dx

=—¢" Azf(uz_l)vh dsy, (5.15)
for all v, € V,;'. Here n;, = Vd)’;z/quSZl in (9,,(1";"), p, > 0 is a pa-
rameter, w’(x) = w(p"(x)) is a lifted data on ry from I'(7,). The
terms involving «"~! are well-defined thanks to condition (5.13). With
suitable restrictions on problem parameters the last term on the left-
hand side of (5.15) ensures the whole bilinear form is elliptic on V;
see (6.12). Therefore, on each time step we obtain a FE solution defined
in 0,(I7)) (not just on I and this can be seen as an implicit extension
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procedure). As discussed in many places in the literature, see, e.g. [8],
this term also stabilizes the problem algebraically, i.e. the resulting
systems of algebraic equations are well-conditioned independent on
how the surface I, cuts through the ambient triangulation.

We finally note that an accurate integration over I'' may be not
feasible using standard quadrature rules for higher than second order
surface representation, i.e. for ¢ > 1. More sophisticated numerical
integration techniques should be applied as discussed in the literature
[41-46].

6. Analysis of the finite element method

In this section we address stability and error analysis of the finite
element formulation (5.15). For a proper control of the geometric error,
the analysis requires the following mild restriction on the mesh step,

¥ < A (6.1)

We recall that ¢ > 1 is the degree of geometry approximation from
(5.6).

We shall need the following two lemmas from [8]. The result of the
first lemma allows the control of the L? norm of v;, € V,! in the narrow
band by its L?> norm on I, and a term similar to the normal volume
stabilization in (5.15). While the second lemma provides control over
the L? norm of the extension of a FE function on I} by its values on
F;:‘l. That lemma is essential for applying a Gronwall type argument
later.

Lemma 6.1. Assume conditions (5.10) and (5.12) are satisfied, then for
any v, € V,' it holds

1013, ) S G WORIT + G+ BP0 - VORI, o (6.2)

Lemma 6.2. In addition to (5.10) and (5.12) assume (6.1) is satisfied.
Assume Vy, is a subset of H' (O,(I'7™")) that supports the following inequal-
ities:

IVolls < Ch™'lolls,  IVollp < CID || SI7HIVolls,

Iy~ Vollp <CID || S| Imj =" - Vol (6.3)

forallveVv, SeT, Sc Oh(F;,"l), where D is a subdomain in S, and
C depends only on the shape-regularity of S. Then for any v € V,, it holds

||u||i;s<1+«:1Az>||u||2 + 038,18,y + B I - Vol (6.4)

oury

for some ¢, and c, independent of h, At and n.

Proof. For V), = V; the result is found as Lemma 9 in [8]. The exa-
mination of the proof reveals that inequalities in (6.3) are the only
assumptions required to extend the result from V" to a more general
subset of H' (0,(I7™h). O

6.1. Stability analysis

In addition to (5.12), we need another O(1) restriction on the time
step:

At < (4&,)7" with &, : \ ldivr, Willoo, - (6.5)

1
— ma
2 n=0,...,

From the definition of &,, smoothness of w, and geometry approxima-
tion condition (5.6), it follows that

Sh

The normal volume stabilization parameter p, in (5.15) should be
chosen to satisfy:

<1. (6.6)

pn > C,(8, + 1) (6.7)
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with some sufficiently large, but independent of Ar and h, constant
C, > 0. Recalling that §, < 4t (see (5.10)) we see that (6.7) leads an
O((4t + h)~™!) lower bound on p,. For the stabilization parameter f, we
assume

B >28, +e 2L+ 1. (6.8)

It is noted already in [10] that the stabilization term with g, ~ 2 in-
troduces the consistency error of the same order as the explicit treat-
ment of f. With the help of (5.10) and (6.7) we obtain the inequality

28,16,y + )71 < caesllw - n| 4, ;.

00,0y

Using this, estimate (6.4) for C, large enough, i.e. such that C, > ¢,¢;
”W ° n”oo; we get
||U,,|| <+ clAz)||u,,||r,, L+ Pt Aty V|2 Vo, eVl

o 1)
(6.9)

For the sake of convenience, we define the bilinear form on
HY(O,(I'M) x H'(O,(I1)):

a,(u, v) :=%/ ((w;.Vrhu)u—(w;~vrhu)u—(divrhw;)uu) ds
r”
h

+ / (Vrhu)~(Vrhu)ds+pn/ (nh Vu)(nh Vu)d x.
ri’z’ h( h)

(6.10)
Because of obvious cancellations, a,(v,, v,) satisfy the lower bound:

2 2
ay(Ups0) 2 IV, Uh” §h||Uh||rn + p,lini, - VU””(?;,(I':)’ Vo, € V).

(6.11)

The low bound (6.11) and condition (6.5) imply that the bilinear form
on the left-hand side of (5.15) is positive definite,

/ 1+ 8,4 1+ﬂ
ry

ym tui ds+a,(vy,vy) > ————
From (6.2) it follows that the square root of the right-hand side in
(6.12) defines a norm on V. Hence, due to the Lax—Milgram lemma,
the problem in each time step of (5.15) is well-posed.
We next derive an a priori estimate for the finite element solution
to (5.15).

A h”
(6.12)

2
+ ”VF Uh”rn + pn”nz ’ Vvh”@h(rz)-

Theorem 6.3. Assume conditions (5.10), (5.12), (6.1), (6.5), (6.7), and
(6.8), then the solution of (5.15) satisfies the following stability estimate:

.
2 -2 k2

2, + Are /F(u;;)ds,,+m§ (||v,huh||rk + dtpylinf - Vi ) <
' n k=1 "

k=1,...,N
(6.13)

where ¢, is independent of At, h, n and position of I, in the mesh, but
depends on u, £, and M.

Proof. We test (5.15) with v;, = ”Z to arrive at the equality
1+ /3
. (|| ||2

1+ﬁ At _ _
=— 1||2n— /f(u;; Dl ds),.

From the Taylor expansion we get

- / Sy dsyy = / F@)™) = Fw))dsy - / Fe ! ds,
l';: rhn l“;:
1o,
n 2

gy =70 + . )

(6.14)

n n—1,2
Uy )dsy

with some ¢ € .
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We bound a,,(uZ,uZ) from below through (6.11) and further use
(4.4), (4.5), (6.9), and (6.14) to arrive at

(1 + 4B, = 28))lu, IIZFZ + 240V - IIZth +24tp,|Inj, - Vuf,lléh(,hn)
+ 24te7? / Ful)ds,
-
h
-2 n—12 n—1 n—1y2
< (1+ At(B, +2¢7%) [(1 + At ”r;—' + Atp,_ I~ - Vul ||0h(r:_l)]

+ 2Ats’2/ Fi™Yds, — (14 4B, — e 2 L)) luh — i~ |14, (6.15)
rh" h
Using (6.8) simplifies the above estimate to

Iy + 28005 1 1+ 2810, 05 VG, 1, + 2406 /rnF(uZ)dsh

ORI
h
< n—1)2 n—1 n—12
< +cdn [nuh [ L s

+ 24167 / F™dsy, (6.16)
o

h

where the constant ¢ is independent of 4, Ar and n.

We further estimate the F-term on the right-hand side employing
Lemma 6.2 and the elementary inequality | (\/F()C)) | < C=2M for
almost all x € R: *

/ Fl sy = I Far DR,
m h
h
-1 —1 —1y112
+ 281Gy + W7 I VAF@GDI

< (1+4c 4 /r"_lF(uZ‘l)dsh + c3pn_1At||(nZ—1 . Vu;"-l)llz
h

<+ Anlly/FaiH|)?

-1
i
ORIy

with ¢, and ¢; independent of problem parameters. Substituting this
into (6.16) we obtain the estimate

||u;’l||?,;z + 24|V, ufy ||2th +24tp, |0 - Vu, ||§9h(r:) + ZAIS_Z/FnF(uZ)dsh
h

<(1+c4r) <||u;-1 ||2th +24tp,_y 0=t v

CA
+241e” / F(ugl)dsh> .
!

with some ¢ independent of h, At and n. Applying discrete Gronwall
inequality proves the theorem. []

We now proceed with a consistency estimate and further combine
it and interpolation bounds with the above stability analysis to arrive
at an error estimate in the energy norm. Thanks to the hybrid (FD in
time — FE in space) structure of the discretization method, geometric
and interpolation error estimates will be computed on each time step
for a ‘steady’ surface I'. This allows re-using the consistency and error
bounds from [7,47].

6.2. Consistency estimate

For parameter p, we earlier required the lower bound (6.7). For
optimal order consistency we now assume a similar upper bound:
pn S (h+6,)7". (6.17)

Substituting in (5.15) u" = u(t,) for the smooth solution u(r) of (2.9) we
obtain

n _ ,n—1
/ (1+ p,At) <i> v,ds+a,W",v,) + € / f(u"_l)vh ds
rz at r

= Eg(uh), Vo, eV, (6.18)
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with €/(v,) collecting consistency terms due to geometric errors, time
derivative approximation and nonlinear term, i.e.

1
£g(uh)=/ (l+ﬂSAt)( )uh dsh—/ u, (1,05 ds
ry ra,)

1

+p,,/ ((; —n") - Vu")(m}, - Vo, )dx
[CAG]

ut —
At

L
1 e n e n 1 0t e n
+ = Wi Ve u'v, —wi - Ve vuu'ds, — = w-Vu'v, —w-Voju'ds
2Jr " " 2 Jray

L,

+% / div (wpu"v) ds — % / divp, (W§)u" v, ds),
ra,) I

L,

+/ Vrhu”~V,-huhdsh—/ Vou" -V ds
' ra,)

h

N

+g-2/ f(u”'l)vhdsh—s'z/ " ds,
r ra,)

1.

s

where vi is the lifting of v, to I'(t,) as defined in Section 2.1. An

estimate for consistency terms is given in the following lemma.
Lemma 6.4. Let u € W>*(G). The consistency error satisfies the bound

1
[EC()] S (A1 + hD)lull 2 g <”Uh||1‘: Vol + o NI - Vvh)lloh(p;)> .

(6.19)

Proof. The required estimate for I, ..., I, is found in [8]. The last term
I5 gets estimated as

2
els| =

/ (@™ = fW") vy ds),
ry

f@"h ds
I(ty,)

+/ S, ds;, —
Iy

<L / / F@ = vy ds)
" "

1

< Latugll Lo @gpllopllrn + Lilull eo(ogy h?* lopll
1

S (4t + h7* )||u||W2<oo(g)||Uh||1";:-

(u™t —u") vh) dsp, +

Here we have used p,ds,(x) = ds(p(x)), X € ry, with ||1—Mh||oo,r; < hatl
(cf. [47D. O

6.3. Error estimate in the energy norm

Denote the error function by E" =" —u}, E" € H Lo, ). From
(5.15) and (6.18) we get the error equation, for v, € Vh":

n _ en—1
/ (1+ﬁgAt)<—IE I >vhds
m : At
h

(6.20)
+a,(E", v) + 5—2/ F"™ = f@ v, ds = EL).
I
h
We assume u" sufficiently smooth in O,(I}) so that the nodal inter-
polant u} € V' is well-defined. We split E” into finite element and
approximation parts,

E" = (" —u}) + W] —up).

—_—— N —
e" e;"

From (6.20) we get

_ on—1
/ (1 + B, A1)
-

1
€h
At
h

+e? / (@ = @Yo, ds = E1vy) + ER ),
F;

) v, ds +a,(ep, vy)
(6.21)
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for any v, € V', and
e — en 1
E(vy) =—(1 + ﬂth)/ —— | vpds, —a,(e",vy)
-2 / (Fah - f(u,‘l))vh ds.
o
h

An estimate for these interpolation terms is given in the following
lemma. Further we assume ¢ sufficiently smooth to support functions
from Wt (G).

Lemma 6.5. Assume u € W™t (C), then it holds

1€7 @l S A" Nlullymerco Aol + 11V, opllpn)- (6.22)

Proof. We only need to estimate the third term of £](vj,). The required

bound for other terms is given in [8]. We make use of the following
local trace inequality, cf. [47-49]:

1 1
lWllsnrr < e 2 Nlolls + A2 ([ Vollg).  ve H'(S), SeT/, (6.23)

with some ¢ independent of v, T, h, and position of I'}' in S. We need
interpolation properties of polynomials and their traces [47,50]:

I0° = villoqcry) + RIV
for v € H™\(I'(z,)).

+1
= vplloparmy S AN N gt o,

(6.24)
With the help of (4.4), (6.23), and (6.24) we estimate
/ @™ = f@y Y, ds| < L / @' =", | ds
r r
-1
r ||Uh||r;f

l
S h™ (||e"’l loqrm + h||Ve'! ||(9r(r};’)> lopll o

L
Shz2 (hm+] ||u||Hm+l(@r(rn—l))) ||Uh||r”
<n (hm+7 [lzellyy me1, oc’(g)) ||Uh||r” < ! lleellyymer, oo(g)”UhHF”v O

Now we are prepared to prove the main result of the paper. Let

ud =u) € ¥ be a nodal interpolant to u® € O(I).

h

Theorem 6.6. Assume (5.6)—(5.7b), (5.10), (5.12), (6.1), (6.5), (6.7),
(6.8), and (6.17). Solution u to (2.5) is such that u € W"t1-=(G). For up,
n=1,..., N, the finite element solution of (5.15), u" = u(t,), and the error
function E" = uy —u" the following estimate holds:

S exple t,)llull? (A% 4 pPmintmaly,

n
n2 k2
IE" 17 +Atkz1 V7, B I W)

(6.25)

with ¢ independent of h, At, n and the position of the surface in the back-
ground mesh.

Proof. Letting v, = 2Ate2 in (6.21) gives
1+ ,40) (eI, = e~ 12, + llef = €~ 12, ) +24ra, €] )
267241 /r (S - f(u';;l))e; ds = 2A1(EN () + EL(ED)).
h
The nonlinear term is estimated using (4.5):
2 [ G- v as <2 [ L i ds < e I + i)
; ;

Dropping out the third term, using the lower bound (6.11) for a, and
applying (6.9) to bound ||e/~ '||2n yields

-2 n 2
(U4 (B, =28 = > L)ADI, I, + 2400V, &1,

+241p, 0}, - Ve, (rpy ~ 241E ) + EL(E)

Computers and Mathematics with Applications 90 (2021) 148-158

<+ B+ 20N + ¢, AD)|ef” 1||F" 1

pur At~ Ver 12

opr) (6.26)

To estimate the interpolation and consistency terms, we apply Young’s
inequality to the right-hand sides of (6.19) and (6.22) yielding

2MEL(e}) < ¢ At(AP + h29)||ul|?
A
2

At
2UENE) < e b Wl + 5 (leh I + ||vrhe,,||rhn),

W2 (G)
(e + 109 1, €512, + ol - VIR, 1) )

with a constant ¢ independent of h, A7, n and of the position of the
surface in the background mesh. By substituting above estimates in
(6.26) we get

1+ (B, — 28, — L - 1)At)||eZ||2n +At|V e ||2,, + ppAt|n) - Ve
<L+ (B, + e 20) A1 + ¢ A et % 2

(A% + h*9 4+ B>™).

13,

1 —12
+pn,,At||n" - Ve, ”0(

- 1 - )

Al e g

Using lower bound (6.8) for g, leads to
e + A1V 1, €4 T + Aty - VLG, ) < (1 4edDli~ I,

+Atp, | |Inf~t - Vel 1|| + cAt |Jull? (A% + %7 + h2'"),

(9 (r" l) W'"+1°°(§)

with a constant ¢ independent of h, A7, n and of the position of
the surface in the background mesh. Applying the discrete Gronwall
inequality proves the theorem. []

7. Numerical experiments

In this section, we present results of several numerical experiments,
which illustrate the finite element method performance and analysis.
In numerical examples we consider rigid surface motions or small
oscillations of a surface, which is consistent with our assumption of
small or area-preserving deformations. All experiments are done using
the finite element package DROPS [51]. To build computation mesh,
we use the combination of uniform subdivision into cubes with side
length  and the Kuhn subdivision of each cube into 6 tetrahedra. This
provides us with a shape regular bulk triangulation 7,. The temporal
grid is uniform in all experiments, 1, = nAr with 4t = L. We use
piecewise linear bulk finite element space V, (e.g., (5.5) with m = 1)
for both finite element level set function and for the definition of test
and trial spaces in (5.14). This leads to geometry approximation (5.6)
with ¢ =1,

Example 1. In the first example, we consider the Allen-Cahn equa-

tion on a sphere moving with constant velocity w = (2,0,0)”. The
corresponding level set function is given by
(x = %0(0)” + (v =y + (2 = (1) = 1, 7.1)

with the center xy(t) = (xy, ¥y, zg)] = wt. We consider the Allen-Cahn
equation with nonzero right hand side term:

i+ (divpwiu — Apu— 2 f(u) = g(x) on I'(t) (7.2)

such that solution is known explicitly:

u= l(1 —0.8¢740) <\/§(y— Yo) + 1> .
2 p 4

We set ¢ = 0.1, T = 0.1. According to (6.8) we need p, of order
£72, so we set f, 0.2¢72 in all further examples. We observed
that in practice the stabilization term cannot be completely omitted
without server restrictions on the time step. We do not study however
the optimal choice of parameter f,. The computational domain is
Q = [-2,2]% it contains I'(r) (and Ir,(m) at all times ¢+ € [0,T].
The error is measured in the L?(0,T; H' (I, (1)) and L®(0,T; L*(I, (t)))
surface norms. The former is computed with the help of the composite
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€ | [texace(T) = une(T)]
04 0.0112
] 0.2 0.0072
0.1 0.0028

L
0.04

Fig. 7.1. Example 2: Approximation to a mean curvature flow for varying e. The error between the true and numerical solution is shown at final time 7" = 0.125.

Table 7.1
L*(H")- and L®(L*)-norm error in Experiment 1 with backward Euler.

L*(H")-norm of the error

h=1/2 h=1/4 h=1/8 h=1/16 eoc,,
At =T /64 5.3-107" 5.2-107" 5.1-107! 5.1-107" -
At =T /256 2.5-107! 1.9-107! 1.7-107! 1.7-107! 1.60
At =T /1024 2.0-107! 1.1-107! 6.6-1072 5.0-1072 1.74
At = T /4096 1.9-107! 9.8-1072 5.0-1072 2.7-1072 0.91
eoc, — 0.98 0.98 0.90
€0C, ., — 1.47 1.55 1.30
L®(L*)-norm of the error

h=1/2 h=1/4 h=1/8 h=1/16 eoc,,
At =T /64 8.4- 107! 8.5- 107! 8.6- 107! 8.6- 107! -
At =T /256 2.4-107! 24-107! 2.4-107! 2.4-107! 1.81
At =T /1024 9.5-1072 6.1-1072 6.1-1072 6.1-1072 1.99
At = T /4096 8.8- 1072 2.5-1072 1.5-1072 1.5-102 2.02
eoc, — 1.81 0.72 0.01
€0C,., — 1.81 1.98 2.00

trapezoidal quadrature rule in time and the latter is approximate by
max,_; n 1 - |l L0 Table 7.1 shows the results of experiment.
To study the convergence rates, we apply successive refinements in
space and in time. The “experimental orders of convergence”(eoc)
in space and time are then defined as eoc = log,(e,/e,), where e,
and e, are corresponding error norms. In particular, eoc, stands for
the convergence order in space, when time is fixed. Likewise, eoc,,
shows convergence order in time per two refining steps; and eoc,..
indicates the order for the simultaneous space and time refinement.
From Table 7.1, we can see that in L? (0,T; Hl(I"h(t))) norm the error
converges with the first order both in space and time (this agrees with
our analysis), while the L* ((0,T; L*(I, (+)) ) norm of the error reduces
approximately four times if the mesh size is reduced two times and the
time step is reduced four times. The observed rates are optimal for our
choice of the finite element space and time-stepping scheme.

Example 2. We now consider the Allen-Cahn equation on a sphere of
varying radius R(¢). The level set function of the sphere is given by

d=x>+y*+ 22— R

It defines a pulsation of the sphere. We are interested in the numerical
solution approximation of a geodesic curvature type flow defined by
(3.13). The phase separation curve C(¢) is initially a circle with radius
ro < R(0). Due to the axial symmetry, for all ¢ € [0,7,,;,), C(¢) is a circle
of radius r(t), where r(¢) solves the ODE (cf. Appendix)
2 _R2 N
rR? R
Our reference solution is computed by the direct integration of
(7.3) with a higher order Runge-Kutta method. We next solve the
Allen-Cahn equation on the sphere and compare the radius of the zero
level-set of the numerical solution with the reference solution. In this
test, we set R(t) = \/ﬁ, with § = % and n = 16x. We choose the

final time T = 0.125 and 6t ~ 3.9063 x 107%. We set u, = tanh(d, (x)/€)

ro= R,. (7.3)

where dc,(x) is the signed (geodesic) distance function to the circle C(0)
with radius r, on the initial sphere. We compute the numerical solution
for several values of ¢ = 0.4,0.2,0.1. The averaged radius evolution
recovered from the finite element solution to the Allen-Cahn equation
is shown in Fig. 7.1. We can see that results are in a good agreement
with the reference solution, and converge to the true solution for
decreasing e.

Example 3. In this example, we consider the surface Allen-Cahn equa-
tion (2.5) on a deforming manifold of a general shape. The initial
manifold is given (as in [52]) by

rO)={xeR|(x-222+y*+22=1}
The velocity field that deforms the surface is
w(x, 1) = (10x cos(1001), 20y sin(1001), 20z cos(1001)) .

In this example, we choose a slightly different f(u) = u*(1 —u?) so that
solution is in the interval [0, 1]. The initial function y, is defined in each
node by a random number from [0, 1] using the uniform distribution.

In this example, we set a = 1, € = 0.01, T = 0.04 and Q = [-2,2]°.
We use the same bulk triangulation and spaces as in Example 1 and
At = T /1024. Fig. 7.2 shows the (approximated) manifold and snapshots
of the discrete solution u;, at several time instances. In general, we
note that the evolution of u in this example is similar to what is
found on the stationary surface I'(0) with surface FEM in [17]: the fast
decomposition phase follows by the formation of phases with a narrow
transition region (diffuse interface) between phases. As expected for
the mean curvature motion, the interface tends to straightening, second
phase regions are rounding and shrinking.
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Appendix

We give a brief derivation of (7.3). On a sphere of a varying radius
R(1) consider a circle C(r) of radius r(r) (see Fig. 7.3). Assume that the
circle evolves according to the geodesic curvature flow given by (3.13).
The geodesic curvature can be computed as the curvature of the circle
projection on the tangential planes:

1 R2 -2
K, =—cosf = ———.
sy rR
This determines the co-normal velocity of C(r), while the normal veloc-
ity is given by R,. Therefore, the material velocity of the points on C(r)
is given by

R2 —p2

R (A.4)

m + R/n.
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Fig. 7.2. Example 3: solutions for ¢ = kAt with k = 0,32,256,512,768, 1024.
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