
1.  Introduction
Some of the most intense electromagnetic waves ever observed in the inner magnetosphere are quasi-paral-
lel whistler-mode lower-band chorus waves (Cattell et al., 2008; Cully et al., 2011; Zhang et al., 2018, 2019), 
excited below half the electron gyrofrequency by the thermal anisotropy of substorm-injected electrons 
(Artemyev et al., 2016; Kennel, 1966; Li et al., 2010; Tsurutani & Smith, 1974), and subsequently growing 
nonlinearly to large amplitudes (Demekhov & Trakhtengerts, 2008; Lu et al., 2019; Nunn, 1974; Omura 
et al., 2013; Tao et al., 2017). The generation of chorus waves and their feedback on particles leads to a 
relaxation of the unstable anisotropic electron distribution (Gary & Wang, 1996). But it can also result in 
electron acceleration up to mega-electron volt (Artemyev et al., 2016; Thorne et al., 2013) and/or in micro-
burst electron precipitation (Breneman et al., 2017; Oliven & Gurnett, 1968), which have been modeled 
by quasi-linear diffusion codes under the assumption of sufficiently low amplitude or incoherent waves 
(Thorne et al., 2005, 2013). However, the high amplitude and coherency of many chorus wave packets (Cat-
tell et al., 2008; Tsurutani et al., 2020) can lead to much faster nonlinear processes of electron acceleration 
or precipitation (Albert et al., 2013; Zhang et al., 2019), which can be evaluated by dedicated particle codes 
(Chen et al., 2020; Kubota & Omura, 2018; Saito et al., 2012; Tao et al., 2012). The observed fine structure 
of most chorus wave packets—including their limited size, amplitude modulations, and large phase and 
frequency jumps between sub-packets (Santolík et al., 2014; Zhang, Mourenas, et al., 2020; Zhang, Agapitov, 
et al., 2020; Tsurutani et al., 2020)—can strongly affect both the magnitude and timescale of such nonlinear 
acceleration and precipitation processes (Kubota & Omura, 2018; Mourenas et al., 2018; Tao et al., 2013; 
Zhang, Agapitov, et al., 2020).

Abstract  Most lower-band chorus waves observed in the inner magnetosphere propagate under 
the form of moderately intense short wave packets with fast frequency and phase variations. Therefore, 
understanding the formation mechanism of such short wave packets is crucial for accurately modeling 
electron nonlinear acceleration or precipitation into the atmosphere by these waves. We compare chorus 
wave statistics from the Van Allen Probes with predictions from a simple model of short wave packet 
generation by wave superposition with resonance nonoverlap, as well as with results from Vlasov Hybrid 
Simulations of chorus wave generation in an inhomogeneous magnetic field in the presence of one or 
two simultaneous triggering waves. We show that the observed moderate amplitude short chorus wave 
packets can be formed by a superposition of two or more waves generated near the magnetic equator with 
a sufficiently large frequency difference.

Plain Language Summary  Electromagnetic chorus waves are ubiquitous in the inner 
magnetosphere. Recent satellite observations show that they mainly propagate under the form of 
moderately intense short wave packets with very fast frequency variations and may lead to strong electron 
nonlinear acceleration or precipitation into the atmosphere. Understanding how such short wave packets 
are formed is crucial for accurately modeling their effects on electrons trapped in the Earth's radiation 
belts. We suggest that this fine structure of chorus waves can be explained by a superposition of two or 
more waves sufficiently separated in frequency. This conjecture is tested and confirmed by numerical 
simulations of chorus generation near the geomagnetic equator in the presence of either one or two 
simultaneous trigger pulses; the latter simulation produces many more short and moderate amplitude 
wave packets with fast frequency variations, as in observations.
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Therefore, understanding the formation of short chorus wave packets 
with fast frequency and phase variations, which represent the over-
whelming majority of the wave power (Zhang et al., 2019; Zhang, Moure-
nas, et al., 2020; Zhang, Agapitov, et al., 2020), is an important step to-
ward a comprehensive modeling of chorus waves effects on radiation belt 
electrons, including their nonlinear acceleration or precipitation into the 
atmosphere (Albert et al., 2013; Breneman et al., 2017; Chen et al., 2020; 
Kubota & Omura, 2018; Mourenas et al., 2018; Saito et al., 2012). In the 
present letter, we compare statistical Van Allen Probes observations of 
chorus wave properties with predictions from a simple model of short 
wave packet generation by wave superposition with resonance nonover-
lap, and then with results from Vlasov Hybrid Simulations of chorus 
wave generation by one or two simultaneous trigger waves in an inho-
mogeneous magnetic field. This allows us to show that most short chorus 
wave packets observed in the outer radiation belt are likely formed by a 
superposition of two or more intense waves generated with a sufficiently 
large frequency difference near the magnetic equator.

2.  A Scheme of Realistic Chorus Wave Packet 
Generation
Typical examples of long and short lower-band chorus wave packets ob-
served near the magnetic equator by the Van Allen Probes at L ∼ 4.5–5.5 
in the outer radiation belt are provided in Figures 1a and 1c. Hereafter, we 
use waveform data from the continuous burst mode of the Electric and 
Magnetic Field Instrument Suite and Integrated Science (EMFISIS) on 
board the Van Allen Probes (Kletzing et al., 2013), lasting 6 s during each 
capture at a cadence of 35,000 samples/s. We select quasi-parallel (wave 
normal angle < 25°) lower-band chorus wave packets observed outside 
the plasmasphere in their generation region at magnetic latitudes < 6°, 
with a peak full wave amplitude Bw,peak > 50 pT and packet boundaries set 
at the nearest dip in Bw, where Bw drops below 50 pT, or when it reaches 
10 pT if its minimum is lower. Packet length β is the number of wave 
periods within a packet. The average frequency sweep rate ∂f/∂t inside a 
packet is calculated by linear regression, using wave half-periods deter-
mined between all successive zero crossings of one transverse component 
of the wave amplitude (Zhang, Mourenas, et al., 2020).

Some of the wave packets in Figure 1 could be explained by the nonlin-
ear amplitude modulation of a single wave at the trapping frequency ωtr, 
which may form packets of length βtr = ω/ωtr (Morales & O'Neil, 1972; 
Tao et al., 2017; Trakhtengerts et al., 2004), with
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where γ is the Lorentz factor, B0 is the background magnetic field strength, and V⊥ is the transverse velocity 
of cyclotron resonant electrons. In Equation 1, we consider typical parameters near the magnetic equator at 
L ∼ 5 (Agapitov et al., 2018): an electron plasma frequency to gyrofrequency ratio Ωpe/Ωce ∼ 5, normalized 
average frequencies of wave packets ω/Ωce ≃ 0.2−0.3 independently of β in our statistics, and a transverse 
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Figure 1.  (a) and (c) Typical examples of long and short lower-band 
chorus wave packets of length β observed by the Van Allen Probes in the 
outer radiation belt (L ∼ 4.5−5.5), showing the full wave amplitude Bw 
envelope (in red) and one transverse component (in black). (b) and (d) 
Similar chorus wave packets obtained in Vlasov Hybrid Simulations using 
realistic parameters at L = 5 and either a single triggering wave of 10 pT 
amplitude at ω1 = 0.3 Ωce, or two triggering waves of 10 pT amplitudes at 
ω1 = 0.3Ωce and at ω2 = 0.36Ωce for the second triggering wave (artificial 
sideband). Detailed simulation parameters are provided in Section 3.
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energy of most resonant electrons E⊥ ≤ 100 keV. For such realistic parameters, Equation 1 gives packet 

lengths    1/2
, ,13(50pT / )tr tr min w peakB .

During their nonlinear generation near the geomagnetic equator, chorus waves experience a frequency 

drift | / | ( . / ) / ( / ),  f t V Vtr R g 0 4 2 1
2 2   (with V∥,R being the parallel velocity of resonant electrons 

and Vg being the wave group velocity), leading to the formation of rising or falling tones (Cully et al., 2011; 
Macúšová et al., 2010; Nunn, 1974; Nunn et al., 2009; Omura et al., 2008). This nonlinear frequency sweep 
rate can be rewritten as a function of βtr, giving simply:
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and an upper limit (∂f/∂t)NL[kHz/s] < 0.2 Bw,peak[pT] at L ∼ 5.

Figure 2 shows chorus wave packets statistics in the (Bw,peak, β) space, obtained from Van Allen Probes wave-
form measurements in 2012–2018 (Zhang, Mourenas, et al., 2020). Short wave packets with β < βtr,min ∼ 10, 
moderate amplitudes Bw,peak ∼ 60–200 pT, and frequency sweep rates ∂f/∂t ∼ 50–400 kHz/s significantly larg-
er than (∂f/∂t)NL represent the majority of the observed chorus packets. Such short wave packets and their 
huge sweep rates apparently cannot be explained by nonlinear trapping in a single wave. Instead, they could 
simply result from a superposition of two waves, leading to wave amplitude modulation at the frequency 
difference Δω (Tao et al., 2013; Zhang, Mourenas, et al., 2020).

Since the linear growth rate of whistler-mode chorus waves is usually significant over a finite frequen-
cy range around the main wave corresponding to the highest growth rate (Artemyev et  al.,  2016; Ken-
nel,  1966), additional waves are expected to be generated around this main wave. This is confirmed by 
numerical simulations, which also show the simultaneous presence of rising tones at different frequencies 
after their nonlinear generation in close succession (Katoh & Omura, 2013, 2016), as in various observations 
(Li et al., 2011; Nunn et al., 2009). Van Allen Probes statistics of lower-band chorus waves also suggest the 
common presence of secondary waves of similar amplitudes as the primary wave, which may allow the 
formation of short wave packets (Zhang, Mourenas, et al., 2020; Zhang, Agapitov, et al., 2020).

However, the substantial growth of a second wave at a frequency close to the first wave may be hampered 
by a disturbance of its nonlinear resonant current (Omura et al., 2013) caused by the first wave field when 
their frequency difference is sufficiently small to allow resonance overlap (Chirikov, 1979). The resulting 
stochastization of electron trajectories (Chirikov, 1979; Escande, 1985) can prevent the nonlinear growth 
of the second wave up to significant amplitudes—except in the special case of sideband waves directly 
generated through resonance with particles trapped by the first wave and located extremely close to it 
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Figure 2.  Distribution in (β, Bw,peak) parameter space of observed lower-band (0.1 < ω/Ωce < 0.5) chorus wave packet 
sweep rates ∂f/∂t based on Van Allen probes statistics, separately for rising and falling tones. The upper limit βmax from 
Equation 9 for the presence of two independent waves at L ∼ 5 is plotted as a purple line for Bw2 ∼ Bw1 ∼ Bw,peak/2. The 
lower limit βtr,min of packets that may be produced by nonlinear trapping-induced amplitude modulation is indicated 
by a dashed blue line. Black curves show contour levels of packet occurrences (0.0005, 0.005, 0.01, and 0.02 toward the 
left).
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(Nunn, 1974, 1986). As a result, two independent waves should develop nonlinearly only if the correspond-
ing two resonances are nonoverlapping (Chirikov, 1979). This condition of nonoverlap of two resonances 
at ω1 and ω2 = ω + Δω corresponds to a minimum frequency difference Δω > Δωmin for the simultaneous 
presence of two waves of similar, significant amplitudes.

Let us consider typical parameters near the geomagnetic equator at L = 4.5–5.5 in the outer radiation belt, 
with Ωpe/Ωce ≃ 4–6, lower-band chorus wave normalized average frequency ω/Ωce = (ω1 + ω2)/2Ωce ≃ 0.2−0.4 
(Agapitov et al., 2018), a frequency difference Δω/ω < 0.3, and a wave amplitude to background magnetic 
field ratio Bw/B0 ≤ 0.25% (Zhang et al., 2019; Zhang, Mourenas, et al., 2020). We focus on cyclotron reso-
nance with the most intense quasi-parallel chorus waves mainly observed in the dawn sector (Artemyev 
et al., 2016; Cattell et al., 2008; Zhang et al., 2018). The nonoverlap condition (Chirikov, 1979) can then be 
rewritten as
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where p∥ is the parallel electron momentum and Δp∥ is the sum of the half widths of the two islands of 
trapped electron trajectories near cyclotron resonance with first and second waves of amplitudes Bw1 and 
Bw2, respectively (Karimabadi et al., 1990; Tao et al., 2013), given by
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when the conditions for nonlinear chorus wave growth are satisfied near the geomagnetic equator [that 
is, for a sufficiently weak geomagnetic field inhomogeneity, see Omura et al. (2008)]. This finally yields a 
nonoverlap condition
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During disturbed periods, frequent injections at L ∼ 4.5−5.5 of ∼1−100  keV electrons from the plasma 
sheet, with larger transverse than parallel temperature, provide chorus wave excitation through cyclotron 
resonance (Kennel, 1966; Li et al., 2010; Tsurutani & Smith, 1974). Resonant electrons have a parallel mo-
mentum   

1/2 3/2
, (Ω / Ω )(Ω / ) (1 / Ω )R e ce pe ce cep m c . We further assume that most of the free energy 

for wave growth is provided by electrons with p⊥ > p∥,R, as found in numerical simulations of chorus wave 
generation (Omura et al., 2008; Tao et al., 2017). A simple comparison of cyclotron resonance diffusion 
surfaces and constant energy surfaces also shows that the strongest energy transfer from electrons to wave 
occurs for p⊥ > p∥,R (Horne & Thorne, 2003; Summers et al., 1998). Accordingly, the minimum value Δωmin 
of Δω allowing a substantial growth of two independent waves can be estimated by taking p⊥ = p∥,R in 
Equation 5, giving
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Wave packets resulting from wave superposition have peak amplitudes Bw,peak ≃ Bw1 + Bw2, and they require 
Bw2 ≃ Bw1 for their minimum full amplitude to decrease to low levels. Therefore, we can rewrite Equation 6 
using only Bw,peak as
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For typical chorus wave packet parameters ω/Ωce  <  0.45 and Bw,peak ∼ 100 pT at L ∼ 5 (Zhang, Moure-
nas, et  al.,  2020), Equation  7 yields a threshold of Δω/ω  >  Δωmin/ω ∼ 0.06 and Δωmin/Ωce ∼ 0.03. This 
approximate theoretical threshold is in good agreement with the minimum frequency differences inferred 
both from statistics of fast frequency variations observed inside chorus wave packets and from spectral 
analysis of long wave packets measured by the Van Allen Probes (Crabtree et al., 2017; Zhang, Mourenas, 
et al., 2020). We also checked in Vlasov hybrid simulations (Nunn, 2005; Nunn et al., 2009) that adding a 
very strong 50–100 pT second trigger wave nearby a primary trigger wave indeed leads to a near-suppression 
of nonlinear wave growth between these two waves (and sometimes below and above them) as compared 
with a situation without this second wave, in agreement with the width Δωmin of resonance overlap with the 
second wave given by Equation 6 (see Figures S1 and S2).

It is worth noting that the threshold for nonoverlapping resonance of two nearby waves of similar ampli-
tudes corresponds to a condition
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for the length β of wave packets resulting from wave superposition and amplitude modulation at the fre-
quency difference Δω (Tao et al., 2013; Zhang, Mourenas, et al., 2020). At L ∼ 5, this gives a threshold
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Figure 2 shows that the region defined by β < βmax (below the purple line) recovers well the (β, Bw,peak) 
domain of moderate amplitude short packets with large sweep rates ∂f/∂t ∼ 40−400 kHz/s > (∂f/∂t)NL ob-
tained from Van Allen Probes statistics (Zhang, Mourenas, et al., 2020). Such short packets represent the 
overwhelming majority of the observed packets. Their huge frequency sweep rates correspond to moderate 
amplitudes (Bw,peak ∼ 60−200 pT) and, therefore, cannot be explained by the usual theory of nonlinear cho-
rus wave growth (Cully et al., 2011; Macúšová et al., 2010; Nunn et al., 2009; Omura et al., 2008). The dis-
tribution of these short packets is very similar for rising and falling frequencies. Both the strong amplitude 
modulation and the large positive and negative sweep rates ∂f/∂t of these short wave packets could be due 
to some kind of wave superposition (Zhang, Mourenas, et al., 2020). A superposition of two waves of slowly 
varying amplitudes with a frequency difference Δf can indeed lead to a very large |∂f/∂t|∼ (Δf)2 ∼ f2/β2 inside 
packets of sufficiently small β, whatever the packet amplitude (Zhang, Mourenas, et al., 2020).

The good agreement between theoretical thresholds (7)–(9) and statistical observations of chorus packets 
confirms the suggestion, based on theoretical considerations, that an independent secondary wave needs 
to satisfy condition (7) of nonoverlapping resonance with the first wave to grow to significant amplitude 
without experiencing a disturbance of its nonlinear resonant current caused by the first wave field. For 
short packets with β < βmax (below the purple line in Figure 2), the jump in frequency and phase between 
packets will also tend to detrap resonant electrons and limit nonlinear growth, explaining the moderate 
peak amplitudes Bw,peak ∼ 60−200 pT of most observed chorus wave packets (Zhang et al., 2019; Zhang, 
Agapitov, et al., 2020).

Alternatively, a short packet could be formed if a first wave starts growing nonlinearly before being quenched 
by a second wave that starts growing just after it, with Δω < Δωmin. However (i) the strongest first wave is 
more likely to quench the growth of the weak second wave before this occurs, and (ii) waves would need to 
start growing less than 10 wave periods (∼ 10 ms) after each other in general to form the observed dominant 
population of short packets, which should rarely happen except for unrealistically high temperature aniso-
tropy of energetic electrons (Li et al., 2010, 2011; Tao et al., 2020).

3.  Numerical Simulations
To check the above conjectures, we use one or two chorus keydown triggering waves with small amplitudes 
∼10 pT in a Vlasov Hybrid Simulation (VHS) code, in one spatial dimension along the inhomogeneous mag-
netic field, assuming parallel propagating waves starting from the equator (Nunn, 2005; Nunn et al., 2009). 
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The simulation box in the code goes from z = −6000 km to z = +6000 km. The triggering signal is intro-
duced at z = −6000 km. The simulation with two-wave triggering signals is intended to mimic a more realis-
tic situation, where chorus waves are excited by an anisotropic electron distribution at different frequencies 
(Artemyev et al., 2016; Katoh & Omura, 2013; Kennel, 1966), and not only at one unique frequency.

We adopt realistic initial conditions at L = 5 in the outer radiation belt, with an electron gyrofrequency 
of 6.7 kHz, a cold plasma density Ne = 5.4 cm−3 near 0–6 MLT at L ∼ 5–6 in the trough [see Figure 3 
from Sheeley et al. (2001)], and two hot electron populations: a first bi-Maxwellian with 3 × 10−4 times 
the cold density, temperatures T⊥ = 44 keV and T∥ = 15 keV and a second bi-Maxwellian with 9.8 × 10−3 
times the cold density, T⊥ = 192 keV and T∥ = 60 keV, corresponding to a realistic, moderate tempera-
ture anisotropy T⊥/T∥≃ 3 (Li et al., 2010). The maximum linear growth rate at equator is ∼260 dB/s at 
a frequency slightly above the first triggering wave frequency, coinciding with triggered chorus. The 
first triggering wave is at the base frequency ω1 = 0.3 Ωce (f = 2 kHz), with/without a second triggering 
wave at ω2 = ω1 + Δω = 0.36 Ωce (f = 2.4 kHz), corresponding to chorus frequencies often encountered 
near the equator (Agapitov et al., 2018) and cyclotron resonant electrons parallel energies ≃ 19−30 keV. 
A statistical analysis of long chorus packets (Zhang, Mourenas, et al., 2020) and various event studies 
(Crabtree et al., 2017; Li et al., 2011) have provided observational evidence of the common presence of 
waves with a frequency difference Δω/ω ≈ 1/4−1/7. Accordingly, we selected a typical realistic frequen-
cy difference between triggering waves Δω/ω ≃ 1/5.5 > Δωmin/ω such that these two waves separately 
trap resonant particles, allowing their nonlinear growth and subsequent wave superposition. Simulation 
results should not strongly depend on the initial Δω between triggering waves, because the actual Δω(t) 
between chorus waves varies substantially and dynamically during a simulation [see Figures 4a–4c and 
Figure S3 (bottom)].
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Figure 3.  (a) VHS code results for one triggering wave at ω1 = 0.3Ωce with the amplitude of 10 pT at L = 5. Normalized 
sweep rate |∂f/∂t|/f2 of wave packets obtained within the generation region in the simulation, at the equator (white 
points) and slightly away from the equator (magenta squares), as a function of packet length β. Corresponding 
statistical results from Van Allen Probes 2012–2018 observations are displayed in colors, with the median |∂f/∂t|/
f2 shown by a black curve. A gray line shows β = 10. (b) Same as (a) for two triggering waves of 10 pT amplitudes at 
ω1 = 0.3Ωce and ω2 = 0.36Ωce. A solid blue line shows the median |∂f/∂t|/f2 from the simulation. (c) Fraction of wave 
packets with ∂f/∂t > 40 kHz/s as a function of  1/2

,w peakB  in pT1/2 in Van Allen Probes observations (black curve) and 
in two-wave (solid blue curve) and one-wave (dashed dark blue curve) simulations. The corresponding approximate 
threshold (9) is shown by a vertical dashed-dotted black line. (d) Probability distributions of wave packets from Van 
Allen Probes observations (black) and from two-wave (solid blue) and one-wave (dashed blue) simulations as a function 
of β.
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Figures 3a and 3b show the results of the simulations, compared with 
statistical results from Van Allen Probes observations of chorus waves 
at L ≃ 4.5−5.5. Wave packets from the simulations (see two typical ex-
amples in Figures 1b and 1d), their length β, and their frequency sweep 
rate ∂f/∂t, are determined in the same way as for packets from Van Allen 
Probes observations. After nonlinear growth, rising tone chorus waves 
reach peak amplitudes of ∼60–200 pT and frequencies up to ω/Ωce ∼0.4, 
with a very similar distribution of Bw,peak in both simulations.

In Figure 3a, the simulation with only one keydown triggering wave pro-
duces only a small percentage of short wave packets with β < 10, and 
most packets have average frequency sweep rates ∂f/∂t smaller than 
∼40−50 kHz/s (see Figures 3c and 3d). Normalized sweep rates |∂f/∂t|/f2 
are plotted in Figure 3a, showing a clear trend |∂f/∂t|/f2 ∼ 1/β2 independ-
ent of frequency in both observations and simulation, despite the wide 
range of chorus wave frequencies. Most packets in the one-wave simula-
tion have a size β ≃ 10–25 that corresponds to the packet length βtr expect-
ed from nonlinear trapping-induced amplitude modulation alone, given 
by Equation 1 for Bw,peak ∼ 50−200 pT, ω/Ωce ≃ 0.28−0.4, and transverse 
resonant electron energies ∼20−100 keV. However, the spectrum of this 
1-wave simulation (see Figure S3) sometimes shows some wave superpo-
sition with Δω/ω ∼ 1/10, suggesting that its less frequent shorter packets 
with β ≃ 6−9 may have been produced by a combination of nonlinear 
amplitude modulation and wave superposition, allowing to reach β < βtr.

In stark contrast, the simulation with two keydown triggering waves 
generates a much larger fraction of short wave packets with β < 10 and 
∂f/∂t > 40 kHz/s in Figures 3b–3d, significantly improving the agreement 
with Van Allen Probes statistics. Figure 3d shows that the percentage of 
short wave packets with β < 10 is doubled to ∼60% in the two-wave sim-
ulation as compared with the 1-wave simulation, bringing the simulated 
wave packet distribution closer to the observed distribution where they 
represent ∼ 80% of the packets. In Figure 3b, the median |∂f/∂t|/f2 is very 
similar in the two-wave simulation (blue curve) and in Van Allen Probes 
statistics (black curve) over a wide range 3 ≤ β ≤ 300. For β < 25, both 
the two-wave simulation and Van Allen Probes observations show that 
the median sweep rate varies like ∂f/∂t ∼ f2/β2. For packets with β ≥ βtr,min 
≃ 10, this may be due to nonlinear effects (Omura et  al.,  2008; Nunn 
et al., 2009; Demekhov & Trakhtengerts, 2008), and the median sweep 
rate in the simulation agrees with the nonlinear sweep rate (∂f/∂t)NL given 
by Equations 1 and 2 for ω/Ωce ≃ 0.35−0.4 and Bw,peak ∼ 50 − 200 pT. For 
shorter packets with β < βtr,min ≃ 10, the frequency sweep rate is likely 
mainly due to wave superposition and, indeed, its median value in the 
two-wave simulation is close to the expected ∂f/∂t ∼ (Δf)2 ∼ f2/β2 for ω/Ωce 

∼ 0.35 (Zhang, Mourenas, et al., 2020). However, wave superposition and nonlinear modulation probably 
combine their effects over the whole β < 25 range.

Based on Equation 9, short chorus wave packets with large sweep rates ∂f/∂t > 40 kHz/s due to wave super-
position should be mainly found when  1/2

, 220w peakB  pT1/2 for Bw,peak > 50 pT, in both Van Allen Probes 
observations and the simulations. Figure 3c shows the fraction of wave packets with ∂f/∂t > 40 kHz/s as a 
function of  1/2

,w peakB  for Van Allen Probes observations (black) and in two-wave (solid blue) and one-wave 
(dashed blue) simulations. Figure 3c demonstrates that, in both observations and simulations, most wave 
packets with large sweep rates are found below the threshold  1/2

, 220w peakB  pT1/2. Below this threshold, 
the fraction of packets with large sweep rates is strongly (∼ 3 times) increased in the two-wave simulation 
as compared with the one-wave simulation, reaching a good agreement with observations. This increase is 
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Figure 4.  (a)–(d) Wave spectra (top) obtained in the equatorial chorus 
generation region from the simulation with two triggering waves, with 
corresponding waveforms (bottom) in the same format as in Figure 1. The 
boundaries of short wave packets with β ∼ 4–10 and ∂f/∂t > 40 kHz/s are 
indicated by vertical black lines.
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likely due to wave superposition, since Equation 1 suggests that nonlinear effects become important only 
when  1/2

, 100w peakB  pT1/2 for Bw,peak > 50 pT at L ∼ 5. Another two-wave simulation performed with differ-
ent initial frequencies and Δω/ω between triggering waves gave very similar results as in Figures 3c and 3d 
(see Figure S5), showing the robustness of the present results.

However, the two-wave simulation still produces a slightly smaller proportion of short packets with β < 10 
than in Van Allen Probe observations. This difference may be related to the more limited feedback of gener-
ated waves on the electron distribution and subsequent wave generation in the simulations than in reality. 
In the magnetosphere, the electron distribution is modified by earlier wave–particle interactions (Gary & 
Wang, 1996), whereas in the VHS simulation box, outgoing particles are simply replaced by particles from 
the initial distribution, leading to more regular wave growth and probably underestimating the turbulence 
level.

Fast Fourier Transform (FFT) spectra from the simulation with two keydown triggering waves inside the 
chorus generation region are provided in Figure  4 (the full spectrum is provided in Figure  S3). We use 
256-point FFT windows with 30% overlap between adjacent windows. Many short packets are produced 
in the presence of two simultaneous, long duration rising tones reaching larger frequency differences than 
in the one-wave simulation. Over time scales much longer than the duration (<0.01 s) of short packets (or 
subpackets), such long rising tones of moderate average amplitudes have sweep rates ∂f/∂t ∼ 5−10 kHz/s 
in agreement with the expected nonlinear sweep rate (∂f/∂t)NL. Short wave packets with β ∼ 4–10 and 
∂f/∂t > 40–100 kHz/s inside the packets are only observed when two (sometimes three) waves reach sim-
ilarly high amplitudes at a sufficient distance in frequency Δf  >  150  Hz to satisfy the threshold condi-
tion Δω/ω > 0.06 for resonance nonoverlap from Equation 7. The superposition of these two waves leads 
to amplitude modulation, strong variations of frequency and phase near packet edges (Zhang, Mourenas, 
et al., 2020; Zhang, Agapitov, et al., 2020), and the formation of packets of length β ∼ ω/Δω (Tao et al., 2013; 
Zhang, Mourenas, et al., 2020). The calculated length β of most packets in Figure 4 is indeed roughly equal 
to ω/Δω. There are nearly as many rising and falling frequency short packets, in agreement with observa-
tions (see Figure S4).

4.  Conclusions

In this paper, we first showed that lower-band chorus short wave packets with high frequency sweep 
rates observed in large quantities in Van Allen Probes statistics mostly occur below a threshold size cor-
responding to a criterion of resonance nonoverlap for two superposed waves. Since such short packets 
can be formed by wave superposition, we used two simultaneous triggering waves in a Vlasov simulation 
to check their effect on chorus wave packet generation. As compared with a simulation with only one 
triggering wave, the simulation with two triggering waves produces a much larger fraction of short wave 
packets with large sweep rates, as in statistical observations from the Van Allen Probes (Zhang, Moure-
nas, et al., 2020). The two-wave simulation often allows to generate two or more intense chorus waves 
with similar amplitudes at sufficiently different frequencies to form short (β < 10) wave packets via wave 
superposition, recovering both the huge sweep rates ∂f/∂t ∼40−400 kHz/s of the observed short packets 
(Zhang, Mourenas, et al., 2020) and their moderate peak amplitudes ∼60−200 pT. The variation of the 
median sweep rate ∂f/∂t as a function of packet length β is also similar in the two-wave simulation and 
in Van Allen Probes observations over a wide β range (3 < β < 300), much wider than in the one-wave 
simulation. This demonstrates the importance of wave superposition in the formation of realistic chorus 
wave packets.

The present results highlight the variability of wave amplitude, frequency, and phase, inside most generated 
chorus wave packets in both observations and simulations. All these features need to be properly taken into 
account when modeling the effects of such waves on radiation belt electrons. While their high amplitudes 
can lead to much faster nonlinear acceleration or precipitation than in quasi-linear diffusion codes (Albert 
et al., 2013; Demekhov et al., 2009; Kubota & Omura, 2018; Vainchtein et al., 2018; Zhang et al., 2019), 
their frequency/phase and amplitude variability can strongly limit the magnitude of such nonlinear effects 
(Zhang, Agapitov, et al., 2020), leading to an intermediate regime (Mourenas et al., 2018; Zhang, Agapitov, 
et al., 2020) that requires further investigations.

NUNN ET AL.

10.1029/2020GL092178

8 of 10



Geophysical Research Letters

Data Availability Statement
Van Allen Probes EMFISIS data are obtained from https://emfisis.physics.uiowa.edu/data/.
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