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Let @, be the cube of side length one centered at the origin in
R™, and let F be an affine (n —d)-dimensional subspace of R™
having distance to the origin less than or equal to %, where
0 < d < n. We show that the (n — d)-dimensional volume of
the section @, NF is bounded below by a value ¢(d) depending
only on the codimension d but not on the ambient dimension n
or a particular subspace F'. In the case of hyperplanes, d = 1,
we show that ¢(1) = 1—17 is a possible choice. We also consider
a complex analogue of this problem for a hyperplane section
of the polydisc.
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1. Introduction and main results

The hyperplane conjecture, a.k.a. slicing problem and the Busemann-Petty problem

gave a new impetus to study the volume of sections of convex bodies by linear subspaces
and to estimate these quantities. The Busemann-Petty problem has been solved, and
the reader may consult Koldobsky’s book [17]. In the case of the slicing problem only
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partial results are known, cf. Bourgain [7], Milman and Pajor [24], Klartag [15]. For a
comprehensive description of results related to the slicing problem see the book [8]. The
study of sections of convex bodies is a very active area with applications in functional
analysis, probability and computer science.

It is difficult to find the volume of maximal sections or minimal central sections of
specific convex bodies by hyperplanes or, more generally, by k-codimensional subspaces.
This is true even for classical bodies like the [j-balls, 0 < p < oo, or the regular n-
simplex. For the n-cube, the maximal hyperplane section was found by Ball [1] in a
celebrated paper in 1986. He extended his result to k-codimensional sections of the n-
cube in Ball [2]. The best lower estimate for central cubic sections was known before, cf.
Hadwiger [11], Hensley [13] and Vaaler [31]. For central slabs of the cube of small width,
optimal lower estimates were given by Barthe and Koldobsky [4]. The case of the cube
is important for many problems in the area where it is a conjectured extremal case or
provides a counterexample. Ball’s result immediately provided a counterexample to the
Busemann-Petty problem in high dimensions. Further, the cube has maximal volume
ratio among all symmetric convex bodies, as shown by Ball [3].

Concerning the n-simplex, Webb [34] determined the maximal section through the
centroid, using techniques of Ball. In the case of the /j-balls, 0 < p < oo, the minimal
k-codimensional central sections for p > 2 and the maximal k-codimensional sections for
p < 2 were established by Meyer and Pajor [23]. The minimal central hyperplane section
for 0 < p < 2 is the one perpendicular to the main diagonal, as shown by Koldobsky
[16]. The case of the maximal hyperplane section for p > 2 is open. In this case, the
perpendicular direction of the maximal hyperplane section of [} has to depend both on
p and n, as shown by Oleszkiewicz [27].

The results mentioned so far concern central sections through the origin in the case
of symmetric convex bodies or through the centroid for general convex bodies. For non-
central sections, not too many results are known. Moody, Stone, Zach and Zvavitch [25]
showed that the maximal hyperplane section of the n-cube of unit volume at almost
maximal possible distance from the origin, namely between \/n — 1/2 and /n/2, is the
one perpendicular to the main diagonal. They also solved the case of non-central line
sections of the cube. For small dimensions, n = 2,3, the extremal hyperplane sections
for all possible distances from the origin were calculated in Konig and Koldobsky [18].

In this paper, we establish non-trivial lower estimates for non-central sections of the
n-cube by k-codimensional sections in the situation where the distance from the origin
guarantees a non-void intersection. We also consider the complex case of the polydisc
in C". To formulate our results precisely, we start with a few definitions.

Consider a cube of a unit volume in the space K", where K € {R, C}. As mentioned,
the sections of the cube by linear subspaces are classical objects of study in convex ge-
ometry, and precise estimates of their maximal and minimal volume are known. Namely,
let ||-||, and |-| denote the supremum and the euclidean norm on K", respectively, where
K € {R, C}. For volume calculations, we identify C™ with R?" and use the volume there.
Let
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Qn = {z e K" | ||z], <a}

be the n-dimensional cube (polydisc) of volume 1, ie. a =1/2if K=R and o« = 1/y/7
if K = C. In the real case, for any linear subspace of E C R™ of dimension n — d,

1 < vol,_4(Qn,NE) <2%2,

The lower estimate is due to Vaaler [31], and the upper one to Ball [2]. In the complex
case, Oleszkiewicz and Pelczynski [28] proved that for codimension 1, 1 < vola,—2(Q, N
E) < 2. Less is known about the non-central sections which are the subject of the current
paper.

Let us discuss the real case first. Fix a subspace £ C R™ and consider sections of the
cube by subspaces parallel to E. More precisely, for a vector v € E-+, consider a function

®(E,v) :=vol,—q(Qn N (E +v)).

Brunn’s theorem asserts that ® is an even function achieving the maximal value at
the origin. This, in combination with Ball’s theorem, provides an upper bound for the
function @ for all E and v. If [v| > 1, then a non-trivial lower bound for this function
is impossible to achieve. Indeed, if £ is orthogonal to one of the basic vectors e;, and
v = te; with t > 1, then Q,,N(E+v) = @. Note that ®(E, te;) is discontinuous at ¢ = 1.
A discontinuity of this type does not occur in the corresponding case of the [}}-balls for
0 < p < oo since these convex bodies are strictly convex. Our first main result provides
a non-trivial lower estimate for the volume ®(FE, v) of the cubic section for all E and v
as long as |v| < % Moreover, this estimate is independent of the ambient dimension n
and the space F.

Theorem 1.1. For any d € N, there is ¢(d) > 0 such that for any n > d and any (n —d)-
dimensional affine subspace F C R™ whose distance to the origin is smaller than or equal
to 1/2,

vol,—q(Qn N F) > e(d).

As the discussion above shows, the distance 1/2 is the maximal possible one.

The value of the bound e(d) can be traced from the proof of Theorem 1.1. We believe,
however, that this value is quite far from the best possible. A better bound can be
obtained for the sections of codimension 1, i.e., whenever d = n — 1. We will present this
bound in the unified way for both real and complex scalars.

To this end, let us introduce some notation. Given a vector a € K™ of length |a| =1
and t € K, we introduce the hyperplane section of the cube

S(a,t) :={x K" | |z||, < a, (z,a) =at} =Q,NH
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where H = {at - a} + a*, and its volume

— _ Jvola(S(a,t) , K=R
A(a,t) == Ak (a,t) = {V012n12(5(a,t)) , K=C } .

For a = (aj);?:l € K", let a* denote the decreasing rearrangement of the sequence
(laj])j=,- Since the volume is invariant under coordinate permutations and sign changes
(rotation of coordinate discs in the complex case), we have A(a,t) = A(a*, |t|). Therefore
we will assume in the following that a = (a;)}_;, a; > 0 and ¢ > 0.

By Corollary 5 of Konig and Koldobsky [20] we have that

2 2
A <y/——,K=R A < K=
(a,t) < ”1—1—t2 , and (a,t) < TTe° C,

so that A(a,1) <1 always holds.
As in the general case, if the distance parameter ¢ is strictly bigger than 1, the non-

central hyperplane H = {at - a} + a* might not intersect @,, and A(a,t) might be 0.
Assume that ¢ € [0,1]. Our second main result gives explicit bounds for A(a,t) which
are independent of the dimension n of the cube and of the direction a.

Theorem 1.2. Let a € K™ with |a] = 1. Then

1
1= < 0.06011 < Ag(a,1) <1,
1

Clearly, the lower bounds are not optimal. However, they cannot be improved by more
than a factor of ~ 5.2 in the real case and by a factor of ~ 7.3 in the complex case, see
Remark 6.1.

In the rest of the paper, we prove Theorems 1.1 and 1.2. The proof of Theorem 1.1
is contained in Section 2. In the course of it, we represent the function ®(E,v) as the
density fx of the projection of a random vector uniformly distributed in @,, onto the
space E+. We use both the geometric and the probabilistic definition of this function
passing several times from one to another throughout the proof. If the space F is almost
orthogonal to a coordinate vector and v is almost parallel to it, we derive the desired
estimate by analyzing the characteristic function of fx and using the log-concavity of this
density. The analysis of the characteristic function relies in turn on its representation as
the difference of characteristic functions of some other sections of the cube. The opposite
case splits into two separate subcases. If the vector v is incompressible, i.e., far from any
low-dimensional coordinate subspace, we prove the required bound probabilistically. If
this vector is compressible, we rely on the previous analysis to reduce the bound to a
similar geometric problem but in dimension depending only on d. The estimate in this
case can be obtained directly.
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We start preparing the ground for proving Theorem 1.2 in Section 3. In this section,
we use the Fourier transform to represent the volume of a hyperplane section as a certain
integral over the product of n euclidean spheres S¥~! with respect to the Haar measure.
Here, k = 3 in the real case, and k = 4 in the complex case. The estimate of these integrals
requires a lower bound for the probability that | Z?:1 a;U;| > 1 wherea = (a1,...,a,) €
S~ 1 and Uy, ...,U, are independent random vectors uniformly distributed in S¥=1. A
similar problem with U; being scalar random variables has been extensively studied
because of its importance in computer science, see e.g., [5,6,14,26] and the references
therein. However, the methods used there do not seem to be suitable to the vector-
valued random variables. In Section 4, we develop a new method based on estimates of
the Laplace transform and duality of Orlicz spaces. This method may be of independent
interest as it is applicable to a broader class of random vectors. The probability itself
is estimated in Section 5. Finally, in Section 6, we apply the toolkit created in three
previous sections to complete the proof of Theorem 1.2.

Acknowledgment. The first author is grateful to S. Kwapienn [22] for indicating the
basic idea of the first proof of Proposition 5.1, citing ideas which go back to Burkholder
[9], and for providing the reference to Veraar’s paper [32]. Proposition 5.1 is an important
step in the proof of Theorem 1.2.

Part of this work was done when the second author visited Weizmann Institute of
Science. He is grateful to the Institute for its hospitality and for the excellent working
conditions. He is also thankful to Ofer Zeitouni for helpful discussions.

We also thank A. Koldobsky for discussions on the contents of this paper.

2. A lower bound for all codimensions

In this section, we prove Theorem 1.1. Let F C R"™ be an affine subspace whose
distance to the origin is 1/2. We will represent F' as F' = %v + E, where F C R" is an
(n — d)-dimensional linear subspace, and v € E+, |v| = 1. Denote by P : R™ — R™ the
orthogonal projection onto E=.

The strategy of the proof will depend on the position of the space E and the magnitude
of the largest coordinate of v. We start from the case when E is almost orthogonal to a
coordinate vector and v is almost parallel to this vector.

Lemma 2.1. For any d < n, there exists €1(d), d1(d) such that if |Pe1| > 1 — 61(d) and

_ Pey
V= Pl then

vol, 4 (Qn n (%u + E)) > 21 (d).

Proof. Assume for a moment that e; L E, and thus v = e;. Then @, N (%v + E) is a
central section of the (n — 1)-dimensional face of @,, containing %el. In this case,
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vol,, g (Qn N (;v + E)) >1

by Vaaler’s theorem [31]. This means that we can assume that |Pe;| < 1 for the rest of
the proof.

A random point £ € @, can be considered as a random vector of density 1 in the
cube. In this probabilistic interpretation, the volume of the section vol,_4(Qn, N (E +w))
is the density of the random vector P¢ distributed in E1 at the point v € E+. It would
be more convenient to consider this random vector distributed in R? instead. To this
end, notice that the singular value decomposition of P yields the existence of a d X n
matrix R satisfying

P=R'R, RR" =1,

Therefore, fx(u) = vol,_4(Qn N (E + u)) can be viewed as the density of the vector R¢
in R4, We will use the geometric and the probabilistic interpretation interchangeably
throughout the proof.

The Fourier transform of the random variable X = R{ can be written as

R L R O |
Rd

j=1

for t € R? where we used the normalization by 27 for convenience. By the Fourier
inversion formula,

fx (;) — [ explin (o, )ouc(e) dt = — [ cont(v. )t/
J

R4

Hence,

1 7 sin((R
2fx (51)) = —/cos v, t) H R@jf’ dt

st 161 +1)(Rei,t) ) ™ sin((Re
L (( <Rel?2> ! )HQ (),
R4 j=
sin a1~ 1) (Ren,t)) ™ in((Re
=7 e <Lze1,2> )HQ o
Rd J=

Define d x d matrices A, A_ : R — R? by
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—1/2

A—lilzRRTnRRT
+ = <|Rel| >(€1)( e1) +j;( ej)(Rej)

As |Reyi| = |Pey| < 1, the matrix A_ is well-defined. Then

Ajrl|(Rel)L = A:I\(Rel)L = id|(ge, )t

and so
—1/2
1 1 =
det(Ay) = — = — = | (1 + |Res])* + Req, Re;)
det(A7")  |ATRe| JZ:; !
= (2+2|Rey|) V2.
Similarly,
—1/2
1 1 2 =
det(A_) = = = | (1 —|Re1)?+> (Rei,R
A= G T ARy (T IRl ; er, Bes)”

= (2 —2|Rey|) V2.

Using the change of variables in the integrals above, we can write

1 1 sin( 0 t))
2 — 1 (A J’
rx (50) =5 (e +1) et /H
d
1 1 sin((n;
- — 1) det(A ]’ t,
md <|R€1 ) /H (nj,t)

where

01 = (|R71€1\ + 1)A+R€1, m (|Re )A 1'2617
0; = Ay Rej, for j > 1, n; = A_Rej, for j > 1.

Note that

> 6,6] = ninf =1Ia
j=1 j=1

This allows to view both integrals above as the volumes of certain sections of @,, by
(n — d)-dimensional linear subspaces. More precisely,
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sin( 0 t))
/ H J’ )t = vol,_q(Qn N Ey)
Rd J=1

and
/H sin ”J’ ) it = vol,_a(Qn 1 B)
TI],

for some linear subspaces Fp, E5 C R™. This can be easily checked using the Fourier
inversion formula as above. A theorem of Vaaler [31] asserts that the volume of any
central section of the unit cube is at least 1, and a theorem of Ball [2] states that it does
not exceed (v/2)¢. Therefore,

2fx (%v) > <|R% + 1> det(Ay) — (V2)? (IR;I - 1) det(A_)

1 2 (V2) 1/2
=——(1+|Re ————(1—|Re > e1(d),
\/§|R€1|( | 1‘) |R€1‘ ( ‘ 1|) 1( )
for some e1(d) > 0 whenever |Pe;| = |Rei| > 1 — 01(d) for an appropriately small

d(d)>0. O

The previous lemma provided a lower bound for the volume of the section if the vector

Pe;
[Pei]”

v has the form We will now extend this bound to the vectors which are close to

this one.

Lemma 2.2. For any d € N, there exist 02(d),ea(d) such that if |Per| > 1 — 61(d) and

v= |PP i, then for anwaEL with w L v, |w] < d2(d),

vol,,_q4 (Qn (—u +w + E)) > e9(d).

wl-a (Qun (504 ) 2 aia)

Also, applying the same lemma to the linear subspace E := span(w, E), we get

V0ly_q <Qn N (%v + E)) >e1(d—1).

Define the function h: R — R by

h(z) = vol,_q4 (Qn N (%v + xmw‘ + E)) .

Proof. By Lemma 2.1,
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Then the previous inequalities read h(0) > e1(d), [g h(x)dz > e1(d —1). Assume that
h(Jw|) < h(0)/2. Since the function h is even and log-concave, this implies h(k|w|) <
27 I*I1(0) for all k € Z, and hence

e1(d—-1)< /h(m) dz < 4wl - h(0) < 4|w| - vol,_q (Q, N E) < 4|w| - (V2)4,
R

where we used Ball’s theorem [2] in the last inequality. This means that the statement
of the lemma holds with

81(d — 1)
A(v2)?

since for |w| < d2(d) we would get a contradiction to our assumption. Thus A(|w|) >
h(0)/2 > e2(d), so the proof is complete. O

El(d)
2

52(6[) = and 82(d) =

We summarize Lemmas 2.1 and 2.2 in the following corollary.

Corollary 2.3. For any d € N, there exist 63(d),e3(d) such that if v € B+, |v| =1 and
|v]| o = 1 —03(d) then

s (@0 (o4 ) 2

Proof. Without loss of generality, assume that v; = (v,e1) > 1 — 4, where 6 = d3(d) will
be chosen later. Then

|Pe1| > (Pey,v) = {e1,v) > 1—0,

and

P€1
‘P61|

< |v— Pei|+ ‘Pel -

\Pel|
< (02 =2 (v, Pey) + |Pey [2)? + (1 — | Pey))
<(2-2(1-6)2 404

This means that choosing § small enough, we can ensure that the conditions of Lemma 2.2
are satisfied. O

Let X = P&, where £ is a random vector uniformly distributed in Q,,. The density fx
of the vector X is even and log-concave, so the set D :={y € E*+ : fx(y) > fx(3v)}
is convex and symmetric. We need the following simple lemma which would allow us to
reduce the estimate of the density of a multi-dimensional projection to a bound on a
probability of a half-space.



10 H. Kénig, M. Rudelson / Advances in Mathematics 360 (2020) 106929

Lemma 2.4. Let
D := {y €eET: fx(y) > fx Gv)}

Let S C E* be a supporting hyperplane to D at v in E*, and write S = Tu + L, where
L is a linear subspace of B+, u € E+ N S™ ! satisfies w L L, and 7 > 0. Then 7 < %
and

fi (v) = max (Fx(ru @ Plle ) > 1))
for some ¢(d) > 0.

Proof. The inequalities 7 < 1 and fx(iv) > fx(ru) follow immediately from Tu € S
and the convexity of D.
To prove the other inequality, denote v = P({£,u) > 7) and set

K::{yEEL: <y,u>27and|y|§\/g}.

Note that E | X|? = E |P¢|* = > |Pe;PEE; = 4 Using Markov’s inequality, we get

]P’(XGK)>P(<X,u)>T)—IP’<|X|<\/g) 2v- = 2%.

For any y € K, fx(y) < fx(iv) since K C E*\ D. Therefore

Ix (%v) > P‘Ejfdi(ef{l)().

As volg(K) < (\/d/l/)dvold(Bg) < C(d)v=%2, the lemma follows. O

To use Lemma 2.4, we have to bound P({£,u) > 7) for a unit vector u € S™~ 1.
This bound is obtained differently depending on whether the vector u is close to a low-
dimensional space. We consider the case when it is far from such spaces, i.e., it has
enough mass supported on small coordinates. The opposite case will be considered in
the proof of Theorem 1.1.

Lemma 2.5. Let u € S™7 Y, and let € be a random vector uniformly distributed in Q,,. For
any € > 0, there exist 5,1 > 0 such that if Js = {j : |uj| <4} and 3 ;. ;. uf > e? then

P((u) > 1) = 7.
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Proof. Denote Y = > ., &§u;, Z = Z]@ﬂs &uj, where &,...,§, are ii.d. random

variables uniformly distributed in [—3, 1].

Let g be the standard normal random variable. By the Berry-Esseen theorem,

|uj]
>1) > P( >1)— e
P(Y &u2)2P( /) uf-g21) - cmax -
j€JTs J€Js 2jes; Uj
1 )
>P<g>—)—c—>ﬁ>0
€ €
if 6 = (e) is chosen sufficiently small. Hence,
1
P((§u) > ) > P(Y >1and 2> 0) > 75 =1,
since Y and Z are independent. The lemma is proved. O
Having proved these lemmas, we can derive Theorem 1.1.
Proof of Theorem 1.1. Recall that
1 1
VOln—d (Qn (_U + E)) = fX (5”) 3

where X = P and £ is a random vector uniformly distributed in Q.
Let v and 7 be as in Lemma 2.4. Take

e3(d)
2

and choose the corresponding ¢ from Lemma 2.5. Define Js as in this lemma. If
> e Ui > €, then by Lemmas 2.4 and 2.5

i (57) 2 @ (P& 1) 2 7)™ 2 a0

as 7 €0, 3].

Assume now that >°..; uf < € If |lufl, > 1 — e3(d), then the statement of the
theorem follows from Corollary 2.3 since fx(3v) > fx(tu) > fx(3u). Thus, we can
assume that

ull, <1 —e3(d). (2.1)

We will use the inequality

Ix <%v> > c(d) (P((&u) > 7))1+d/2 > o(d) (]P’ (<§’u> . %>)1+d/2



12 H. Kénig, M. Rudelson / Advances in Mathematics 360 (2020) 106929

again. This shows that to prove the theorem, it is enough to bound P ((5 ,u) > %) from
below by a quantity depending only on d.
Decompose (§,u) =Y +Z where Y =3, ; &uj, Z = ZMJ& &;u; as above. Then

1 1 1 1

1

J¢Js
where
; 1
wjziuj and 0= ———.
Y Zji']a U? 2 \/ ZJ'&EJs u?
Note that

k= )\ sl = [ € [n] ¢ [yl > 6} <672

where § depends only on d. To simplify the notation, assume that [n] \ Js = [k]. We can
recast P(3_ ;¢ w; = 0) as

P(Z gjw; > 0) = voli(Qr N (wi + Ow)),
Ji¢Js
where Q; = [—3,1]%, w € S*~! is the vector with coordinates w;, j € [k], and wi =
{y € R* . (y,w) > 0} is a half-space orthogonal to w. Previously, we reformulated
a geometric problem of bounding the volumes of non-central sections of the cube in a
probabilistic language. Here, we reduce it back to a similar geometric problem but in
dimension k which depends only on d and codimension 1.
By our assumption,

<77
T2V — €2

and, in view of (2.1), we have

Therefore,
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voly, (Qr, N (wi + fw))
> voly, (conv (Qk Nwt, ﬁw) n (wi + 9w)>

1—es(d
(o () ) (o e )
> (1 11__538(2‘”)]6; (@)kVOI(QkﬂwJ‘)

where the last inequality follows from Vaaler’s theorem [31]. Recalling that e = /e3(d)/2
and k depends only on d, we see that the quantity above is positive and depends only
on d as well. This completes the proof of the theorem. O

3. Volume formulas

To prove Theorem 1.2, we start with the following known volume formulas.

Proposition 3.1. Let a € RY, |a| =1, t > 0. Then

Agr(a,t) :% / H sincf;z;s) cos(ts) ds , (3.1)
Ac % / 1;[ s) Jo(ts) s ds , ji(x) ;:2‘]1;“7) . (3.2)

Here Jy and Ji denote the standard Bessel functions.

Formula (3.1) whose multidimensional version was used in the previous section can
be found in Ball’s paper [1] on cubic sections, equation (3.2) in Oleszkiewicz and Pel-
czynski [28]. The case t = 0 of (3.1) goes back to Pdlya [29]. A Fourier analytic proof of
Proposition 3.1 is outlined in Kénig and Koldobsky [18], [19].

Due to the oscillating character of the integrands in (3.1) and (3.2), it is difficult to
find non-trivial lower bounds for A(a,t) using these equations. Therefore we first prove
different formulas for A(a,t).

Proposition 3.2. Let (2, P) be a probability space and U; : @ — SK=1 CRF, j=1,--- ,n
be a sequence of independent, random vectors uniformly distributed on the sphere S*~1,
where k =3 if K =R and k =4 if K = C. Then for any a € R, |a| =1 andt >0
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dPP
(a) Agr(a,t) = —F
‘Zj:l a;Uj|
|27 aUj| >t
dP
() Ac(at)= L
‘Zj:l a;Uj|?

|71 a; Uil >t

Proof. (a) Let m denote the normalized Lebesgue surface measure on S*~1 C R* for
k € N, k > 2. Then for any fixed vector e € S*~1

) " cos(tcos(¢)) sin(p)*2dp
/ exp(Zt <eu >) dm(u) = fo foﬂ Sin(¢)k72 do = 35—1(15) s

Sk—1
. E_q k Jgfl(t) . .
]gfl(t) =22"'T(5) K= t > 0. Again, Ji _; denote the standard Bessel functions of

index % — 1. In particular, for kK =3 and k =4

/exp(it <e,u>)dm(u) = sint(t) , /exp(it <e,u>)dm(u) =ji(t) . (3.3)

S2 S3

We may assume that a has at least two non-zero coordinates a; since otherwise the
formulas in (a) and (b) just state 1 =1if ¢t <1and 0=0if ¢t > 1. By (3.3)

II sina;s) _ / exp(is < e,y aju; >) dm(u)---dm(uy) . (3.4)
j=1 @58 (52)n i=1

This is O(%) as s — oo, therefore Lebesgue-integrable on (0, 00). Since (3.4) holds for
all e € S?, we may integrate over e. Using (3.3) again, we find

a | Z?:l ajuj|s

H Sin(;jS) _ sin(] 2y 5usl3) dm(u) , dm(u) := Hdm(uj) :

(SQ)W,

s F_qaju;
The factor | Z?:1 a;u;| results from the necessary normalization % € S2. Hence,
i

=1 @jUj
using Proposition 3.1,

Ar(a,t) = g/ / (] 2y a51515) cos(ts) dm(u) | ds

0 \(s2)n

= / 27 sinf| 3 4i39) cos(ts) ds | dm(u)

™ |Z?:1 a;u;ls

(s2)"
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d
_ / _ dm) (3.5)
| Zj:l aju;|
(82)m, 1 7-1 ajus|>t
using that
2 [ sin(As) 0, 0<A<t
= ts) ds = ’ . 3.6
77/ As cos(ts) ds {% , A>t>0} (36)
0
Note that m(] Z;‘L=1 a;u;| = t) = 0 since a has at least two non-zero coordinates. The

integral in (3.6) is only conditionally convergent, which requires justification of inter-
changing the order of integration in (3.5). This is allowed if

Jim / 2 / S350 9018) ) ds | dm(u) = 0 (3.7)

N—oo T | 3051 ajugls
(§n \ N

is shown. We have in terms of the Sine integral Si, Si(z) := 2 [ ) gt x € R that

0 t
2 OOsin(AS) ds = Si((t_A)Nzr_ASi((tJrA)N) , 0<A<t
- P cos(ts) ds = ﬂ—Si((A—t)I:’T)—Si((AH)N) , A>t>0
N

and hence

cos(ts) ds | dm(u)

oo,
2 J el
(SQ)" m | Z?:l aJuJ |S

1 n
= S — - - Wi )N

/ =y sl Gl KP SLL
(52)m,| S, ajug|<t =1

— Si | (t+ |Zajuj|)N dm(u)
j=1

1

+ —
7| Z?:l aju;|
(82| X7y ajus]>t

=8| (] Zajuj\ —t)N
j=1

= Si | (t+1D _aju; )N || dm(u)
j=1

Since for all b € 52 and 5 > 0
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1
dm(w) _ 1/(Ibl2 + B +2BJblv) "% dv = {

@, 0<B<Ib -
b+ Bui| 2
S2 —1

b
% . B>1b>0

and since the Si-function is bounded in modulus by 2, the two integrands involving the
Si-function are bounded in modulus by an integrable function independent of N. Since
for any ¢ > 0 we have that limy_,, Si(cN) = 7, the integrands converge to 0 pointwise.
By the Lebesgue theorem, (3.7) follows and (3.5) is proven.

(b) Using (3.3), we find similarly as in (a)

[T silass) = / 3103 aguls) dm(u)  dm(a) = T dm(uy),

Jj=1 (S3)n

and by Proposition 3.1

Ac(a,t):%/ /j1(|zajuj\s)J0(ts)dm(u) s ds
) -

(S3)m Jj=1
17 &
= 3 J1(| Zajuj\s) Jo(ts) s ds | dm(u)
(83)n 0 Jj=1
r - dm(u
- / TS agusls) Jo(ts) ds __dm(y)
— |2 51 ajugl
(s3)m  \0 Jj=1

dm(u)
| 25— agus*
(83, 1225 ajuy|=>t
since by Gradstein, Ryshik [10], 6.51.
Ji A
/Jl(As) Jo(ts) dSZ{O , 0< <t}, (3.9)

1
) T 5, A>t>0

which is a conditionally convergent integral. To justify exchanging the order of integration
in (3.8), we employ the product formula for Bessel functions

T

To(u) Jo(v) = %/Jo(\/uQ 02 T 2uvcos(d) ) dé, wv R,

0

cf. Watson [33], 11.1. Since J} = —Jp, differentiating this with respect to u, inserting
u = As, v = ts and integrating with respect to s yields that for all N, At > 0
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N
/Jl(As)Jo(ts) ds
0

™ N
|1 55 A+ tcos(¢)
= 770/ O/Jl(\/A + 12 4+ 2At cos(¢)s)ds NZEFSEE y
- A+t cos
_ ;/(1—JO(\/A2+t2+2Atcos(¢)N)) A2+t;+(;(j:1(€(ﬁ())s(¢)d¢
0

2 |A + tcos(¢)] .
T / A2 + 2 + 2 At cos(g) d = I(4,1)

where we also used that |.Jy| < 1 holds. Since

A +tcos(¢) B ¢ —t 2\
/ A2 52+ 2Atcos(d = 5 + arctan( +ttan(§))> =:U(¢),

Z
we find for A > ¢ that I(A t)=%,I1(A,A) = § and for A < ¢ that I(A,t) = 22U(¢y) <
<

= where cos(¢g) = —£. Thus I(A,t)

5 2 which implies using (3.9)

SN

/Jl(As) Jo(ts) ds| <
N

Moreover lim oo f;o J1(As) Jo(ts) ds = 0 pointwise and f(sg " T ”;EZ)UJIQ < 00, SO

that we find similarly as in part (a)

o0

A}i_r>noo / /J1(| z;ajuﬂs) Jo(ts) ds | dm(u) =0,
j=

(s2)n

and (3.8) follows. We basically replaced the Si-function in part (a) by [, Ji(t) dt
1 — Jo(z).

Formulas (3.5) and (3.8) yield a concrete realization of the formulas in Proposition 3.2
involving independent, uniformly distributed random vectors on S*~! for k = 3,4. O

4. Exponential estimates and Orlicz spaces duality

To prove Theorem 1.2, we use lower estimates for the probability that certain
quadratic forms of random variables on spheres S¥~! are non-negative. In this section,
we develop a new method of estimating such probabilities. The estimate itself will be ob-
tained in the next section. Our bound relies on the estimate of the norm of the quadratic
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form in the Orlicz space whose Orlicz function is of an exponential type. The Orlicz
function we use is close to the ¥; function used in the large deviations theory. The lower
bound on probability is obtained in terms of the norm of the indicator function in the
dual of this Orlicz space.

We start with a simple lemma showing that a random vector uniformly distributed
over the sphere is subgaussian.

Lemma 4.1. Let U be a random vector uniformly distributed in S*=1. Then the vector U
is (1/Vk)-subgaussian, i.e.,

2
vy € R Eexp((U,y)) < Eexp (%g) 7

where g € R denotes the standard normal random variable.

Proof. Due to the rotational invariance, we can assume that y = Ae; for some A > 0.
Notice that for any p € N,

E (U, e1)? <k PE g*. (4.1)

Indeed, denoting by ¢*) the standard Gaussian vector in R¥, we can write
2 (k) » (k)2 2p
Eg? =E(¢®,e1) =Elg®[-EU,er)

and E [¢g(F) 2P > (E |g?®)|2)P = kP by Jensen’s inequality. Decomposing e** into Taylor
series and using (4.1), we derive that

E exp(A (U, e1)) < E exp (%g) .

The result follows. 0O

The next lemma provides an estimate of the Laplace transform of the relevant
quadratic form.

Lemma 4.2. Let Uy, ..., U, be i.i.d. random vectors uniformly distributed in S*~'. Let
a=(ay,...,a,) € S" ', and define

S = Z aiQ; <UZ,UJ>

1<i<j<n

Then for any X € (—\/k/2,/k/2),

s oa2\ ~k/2
" < -z .
Foxp <A<JE S?)l/?) : <1 K )
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Proof. To simplify the notation, let us estimate E exp(\S). Since S is a quadratic form
of subgaussian vectors Uy, . .., Uy, such estimate can be derived from the Hanson-Wright
inequality, see Hanson and Wright [12] and Rudelson and Vershynin [30]. However, the
bound obtained in this way would be too loose for our purposes. Instead, we will use the
specific information about this quadratic form to obtain a tighter bound.

Our argument is based on a Laplace transform estimate as in [30]. Let g§k), e ,gﬁlk)
be independent standard Gaussian vectors in R*. By Lemma 4.1

E exp((Un,y)) < Eexp <% <g’(Lk)’y>) '

Using this inequality with fixed Uy, ...,U,_1, we get

Eexp(AS)=Eexp | A Z a;a; (Ui, Uj) + <)\ Z a;a;U;, Un>

1<i<j<n—1 1<i<j<n—1

(k)
<Eexp | A Z a;a; <Ui, U]> + <)\ Z aiajUi7 %>

1<i<j<n—1 1<i<j<n—1

Repeating the same argument for other Uj;, we obtain

E exp(AS) < Eexp % S oy (s,

1<i<j<n
k
A
= [Eexp T Z aia;9i9; )
1<i<j<n
where ¢1,. .., g, are i.i.d. N(0, 1) random variables. To derive the last equality, we notice

that < ggk), g](-k)> is the sum of % i.i.d. random variables distributed like g;g;. The previous
inequality can be rewritten as

E exp(AS) < {]E exp (%(gW)TBg("))} k, (4.2)

where g™ = (g1,---,9n) € R™ is the standard Gaussian vector, and B is a symmetric
n x n matrix with the entries b; ; = a;a; when ¢ # j and 0 otherwise, i.e.,

B =aa" — diag(a?,...,a2).

Denote the eigenvalues of B by pq > -+ > p,. Then by interlacing pg > 0> pg > -+ >
- Also,
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1/2

p1 < ||Bllyg = Za?a? , and Z'“j = tr(B) = 0.
i#£] j

By the rotational invariance, we have

A P n A -1/2
Eexp(Qk( (n))TBg(n)> = Eexp ﬂzﬂjg? H< TJ>

j=1 j=1
provided that 24 < 1 for all j € [n]. Since
1/2
1
il < IBllgs = Vak | 1 > ala}|  =VaR(ES?), (4.3)
1<i<j<n
this restriction is satisfied if we assume that
A
C%' (ES2)"2 <1. (4.4)

Assume that this restriction holds. Recall that 0 > po > -+ > uy,, and Z?:z i =
—u1. Applying the inequality

H 14+y;) >1+Zyj

=2

valid for all ya, ...y, € (—1,1) having the same sign, we derive that
i )\,U,j )\[1,1 - )\[LJ )\,Ufl )\‘LLl
_ 2% _ AP _ et} 1220 [ 2t
I1 (1 2 ) (1 2 =25 2 T
j=1 j=2
_ (A
k
In combination with (4.3), this yields

2\ —1/2 —1/2
A2 .2E 5?2
s g < (- () e (-2

Taking into account (4.2), it shows that if (4.4) holds, then

2 9R g2\ k/2
E exp(AS) < <1 - %) .

The result follows if we replace A by A/(E S?)'/2 in the inequality above. O
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We now use the duality of Orlicz norms to estimate the probability that S > 0.

Lemma 4.3. Let Y be a real-valued random variable. Let A € (0,1), and let0 < ¢ <EY,.
Assume that E exp(A\Yy) < co. Then

oo (cfue(eo ) 4]

for any

1

0<t< .
SUS Eexp(Wy) —Ag—1

Proof. Let t > 0. Define the functions L, M : (0,00) — (0,00) by
L(z)=t(e® —x—1), M(x)=(t+z)log (1+ %) —z, x€(0,00).
Then L and M are Orlicz functions. Denote by |[-||, the norm in the Orlicz space Xr.

Then the dual norm is ||-|| ;.
If ¢ satisfies the assumption of the lemma, then E L(AY,) < 1, and so

1

Y. < —.
¥l < 5

Hence, by duality of Orlicz norms,
1
¢ <E(Y: - Lo.00) < Y2l - 10,000 (V)] < N 120,000 (¥)[ 1 »

or

%1(07m)(Y)“M > 1. This inequality reads

1 1 1 1
1<||—1 Y = — | 1 1+— ) ——| -P(Y
> H)\q (0,00)( )HM |:(t+ )\Q) og ( + )\qt> )‘Q:| ( > 0)7

which proves the lemma. O

In order to apply Lemma 4.3, we need an upper bound for E exp(AYy). This is our
next task.

Lemma 4.4. Let Y be a real-valued random variable such that EY = 0. Then for any
A>0,

1
E exp(AYy) < Eexp(A\Y) + 1 E exp(—AY).
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Proof. Denote p = P(Y > 0). Then

Eexp(AY}) = Eexp(AY) + (1 — p) — Efexp(AY)1(_o0,0)(Y)]-

We can estimate the last term from below by Cauchy-Schwarz inequality:

(1=p)* = (E10)(¥)”
E[eXP()\Y)l( 50,0)(Y)] - E[exp(=AY)1(_o0,0) (V)]
< Elexp(AY)1(—o0,0)(Y)] - Eexp(—=AY).
This implies that
Eexp(A\Y}) <Eexp(AY)+1—p— (1—p)*(E exp(—)\Y))fl

The proof finishes by maximizing this expression over p € R. O

Remark 4.5. If E exp(—AY) > 2, the maximum of the function above is attained outside
of the interval [0, 1]. In this case one can obtain a better bound

Eexp(AY)) < Eexp(AY) — (E exp(—AY))f1 +1
by taking p = 0. However, we are not going to use this improvement.
5. Tail estimates

To estimate A(a, 1) from below, we need a lower estimate of P(| Z?:1 a;U;| > 1) and
tail estimates for the random vectors Z;;l a;U; in Proposition 3.2.

Proposition 5.1. Let (Uj)?:1 be a sequence of independent random wvectors uniformly

distributed on the sphere S*~1 C R¥ for k > 2. Let a € R%, |a| = 1. Then

2\/_ 3
P(» ajUj|>1) > ——F =y .
Z 3+ 1

For k = 3,4 we have the better numerical estimates
P(> aU;| >1)>01268 , k=3,
j=1

n
P(1> ajU;| >1)>01407 , k=4.
j=1
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Remark 5.2. (a) In the case of the Rademacher variables (r;)7_;, Oleszkiewicz [20]
showed that

- 1
P(Izamlzl)zl—o

holds. His beautiful scalar proof does not seem to generalize to our case of spherical

variables.
(b) The estimate of Proposition 5.1 is not optimal. It is unclear whether the minimum
occurs for a™ = ﬁ(l, -+, 1). In the Rademacher case, k = 1, this is not true, as Zhubr

showed around 1995 for n = 9 (unpublished). For & > 2 and n — oo, a™ yields that no
better lower bound than the following is possible: By the central limit theorem

n

1 1
%ZUj - N(0,%), 2= —1dy

(NE

with density function f(z) = (2k ) exp(——\x| ). Therefore

k)2 k
k—1 k-1 _F o2
nhm P(— E Uj| >1)=|5"""| (27r> /r exp( 5" ) dr
1

k /sgfl exp(—s) ds =: ¢(k)
5

The sequence (¢(k))k>2 is increasing, with

1 1
B(2) = = ~0.3679 < ¢(3) ~ 0.3916 < ¢(4) = e% ~ 0.4060 and lim (k) = 3 .
—00

@

Proof of Proposition 5.1. (a) Let S := >3, aia; < U;,Uj >. Since | 7, a;U;|* =
1428,

Since E(U;) = 0, E(S) = 0. By Proposition 2.3 of Veraar’s paper [32] on lower probability
estimates for centered random variables we have the estimate

]E(52>2

P(S>0) > (2v3-3) E(51) -

We claim that (3 4+ %) E(S%)? > E(S*) so that the statement of Proposition 5.1 for
general k (not being 3 or 4)
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P(S=0) =

will follow.

(b) To prove the claim, we calculate E(S?) and E(S%).

ZZazajalam (< U, U; >< U, Up, >) .

1<j l<m

The expectation terms on the right are non-zero only if i =1 < j = m. Thus

E(S?) = Z a?a? E(< U;,U; >%) = (% Z a?a? )

1<i<j<n 1<i<j<n
since E(< U;, U; >?) = [qoo1 v} dm(v) = £ [qus [0]* dm(v) = +.
For E(S%), we have to evaluate E(H?Zl < U;,,Uj, >) with 4y < j;, 1 =1,2,3,4. By
the independence of the variables U}, this is non-zero only if products of squares, fourth
powers or cyclic combinations show up in the index combinations, yielding cases such as

1
E(< U, Uz >2< U3, Uy >?) = E(< Uy, Uz >?) E(< Us, Uy >?) = o

1
E(< U1, Uy >2< U1, Us >*) = E(< Uy, Uz >?) E(< U1, Us >%) = k2’

Jo cos(t)* sin(t)*"2dt 3
Josin@®)k2dt  k(k+2)’

E(< Uy, Uy >%) = / v} dm(v) =
Sk}—l

or

E(< Uy, Uz >< Uz, U3 >< U3, Uy >< Uy, Uy >) = ( / 11% dm(v))3 =
gk—1
Each product of squares < U;,U; >2< Uj, Uy, >2 with i < j, | < m and (i,5) # (I, m)

occurs (;1) = 6 times and each cyclic combination 4! = 24 times in the fourth power
expansion of S. Therefore

6
i 2

1<j,l<m,(¢,7)#(l,m)

E(5%) =

=N

a; a;

. N

ata?, k+2 Za

24
+ﬁ( Z ajalajal, ) .

i<j<l<m

Expanding (_,;_; a;a3) (Yo afaz,), besides cases of equalities of indices, increasing
index combinations 5h0w up 6 times, namely i < j <l <m,l<m<i<j,i<k<j<l,
i<k<l<j, k<i<j<l k<i<l<jwhich implies 24 (ZZ<]<l<ma12a2-a12a12n) <
4 (i a;a3)?. Hence
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4 1 3 3
4 < 1 = 22 (= - 4,4
E(S)—(3+k) L Z Qi d; (k2 k(k+2)) Z Qi d;

1<i<j<n 1<i<j<n
4 1 2 2 4 2\2
<@+ |2 Z aja | =@+7) E(S%)?.
1<i<j<n

This proves the claim for general k. To prove the better numerical estimates for k = 3, 4,
we use an Orlicz-space duality instead of the Lo — Lo-duality employed by Veraar.

(c) Using the Lemmas of the previous section, we now prove the better estimates for
P(|3°7_, a;Uj| > 1) = P(S > 0) in the cases k = 3,4. Set

S

Combining Lemmas 4.2 and 4.4, we obtain

2)2 —k/2
)

Eexp(A\Y,) < Z (1 - —

for any A € (0,4/k/2). Also, since E S = 0,

gy, _L EISl 1@ 1 1 N1 [Tk
T 2(ESH)2 = 2\ ESH “2\3+4/k)  2V3k+4

where we used Holder’s inequality and the moment estimate from part (b). Hence,

Lemma 4.3 can be applied with

1 and t= !
2V 3k +4 - 2\ —k/2 '
' F0-3) o

q:

Substituting these values in the estimate of Lemma 4.3, and using a numerical maxi-
mization of the right hand side estimate, we obtain the desired lower bounds 0.1268 with
A= 0.7111 for k£ = 3 and 0.1407 with A =~ 0.7508 for k =4. O

Remark 5.3. At the limit £ — oo, our approach yields a bound
P(S >0) > 0.205475,

which is about % better than the bound % —1 ~ 0.154700 following from Veraar’s
inequality. For k > 100, our lower bound is greater than 0.2.

We will now consider the upper tail of | Z?zl a;U;|. A bound for the upper tail follows
directly from Lemma 4.1 and the Hanson-Wright inequality. Yet, as we strive for good
constants, we need a tighter estimate.
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Proposition 5.4. (Uj);‘:l be a sequence of independent, random vectors uniformly dis-
tributed on the sphere S*~! for k € N, k > 2. Let a € R%, |a] = 1. Then for any
t>1

- E ok
P> aU;| >t) <t* exp(; — 51&2) .

=1

Proof. The Khintchine inequality for the variables (Uj) states for any p > 2

1
I Z“jUjHLP(Sk*l) < bplal = by = \/; ( F(é) ’

Jj=1

cf. Konig and Kwapieri [21], Theorem 3. The constants b, ; are the best possible. We
find for ¢ > 0

/expc|ZaJU\ d]P’—Z /|Za] S|P dP

Sk—1

mO
SZHmek_fk()'

m=0

We evaluate fi(c) explicitly. For 0 < ¢ < %, we have

Therefore for any fixed ¢ > 1

P(S " 0,05 > ) explet?) < /exp(c|2ajUj|2) AP = fu(c) |

J=1 Sk—1 j=1

P(1> " a;Uj] > 1) < fulc) exp(—ct?) =: gi(c) .

j=1

For a given ¢t > 1, g is minimal for ¢ = %(1 — t%) This yields

" E ok
P(|) a;U; > 1) < tkexp(§ -5t O

Jj=1
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6. A lower bound for hyperplane sections

In this section, we prove Theorem 1.2.
We first consider the real case. By Proposition 3.2

dP

Ag(a,1) = v
r(a.1) |1 a;U5)

[>°7—1 a;Uj121

where the (U. j)?:l are independent random vectors uniformly distributed on the sphere
52 C R3. Hence

1 n
1
AR(a,l) :/ ]P)(l < |ZCLJ’UJ“ < g) ds
0 J=1
/]P’(lﬁ |31 a;Us] <)
= 2 dv
1
FPO<[Y0 aU;] <)
v g Ui < v
2/ — 3;)21 ) dv
t

for any ¢ > 1. By Proposition 5.4 for k = 3, P(| 3_7_, a;U;| > v) < v3exp(3 — 3v?), and
by Proposition 5.1 for k = 3, P(| Z;‘L:1 a;U;| > 1) > 0.1268 := pg. Choose ty > 1 such
that ¢ exp(2 — 242) = po, to ~ 1.9182. Then for ¢ = ¢

(oo}
P " oa;Ui|>1)—P " a; Uil > v
AR(CL71)2/ (122521 a;U;] ) i (1225-1 a;U;] )dv
v
to
P(Yj U= [ 3 3
i—1 ;U5 =2
> Jﬁltoj / - /Uexp(§ - 5112) dv
to
po 1 3 3, Do 1 3 1
P —— =t )=—(1- == 0.06011 > — > —
25 " 3oPg gt = o) > Z50 17
which is the claim of Theorem 1.2 in the real case.
In the complex case, by Proposition 3.2
dP
Ac(a,1) = 3
|Z;L:1 a;Uj|?

[2°7—1 a;U;121

where the (U;)7_, now are independent uniformly distributed random vectors on S% C
R*. Thus
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1 n
Ac(a,1) = /IP’(l <> U < %) ds
0

Jj=1

V3

, [PUSIZEotI<o),
1

o0

P(1< a;U;| <wv
\231] | )dv

~—

for any t > 1. By Propositions 5.4 and 5.1 for k = 4, P(] Z La;U;| > v) < vlexp(2 —
v?) and P(] Zj 1a;U;| > 1) > 0.1407 := p;. Choose t; > 1 with t{exp(2 — 2t?) = py,
t1 ~ 1.7657. Then for t = t;

P35 a;U51 > 1)
t2
1

Ac(a,1) > — 2/vexp(2 —20%) dv

ty

p 1 2 D1 1 1
>= — = 2—2t 1-— —
> - 52— 2) = (1 55) > 003789 >

which proves Theorem 1.2 also in the complex case of the polydisc sections.

Remark 6.1. The estimates of Theorem 1.2 cannot be improved by more than a factor
of ~ 5.1 in the real case and by a factor of ~ 7.1 in the complex case. Indeed, consider
the diagonal directions. Let a™ := ﬁ(l, --+,1) € R, |a™| = 1. For n = 2,3 the vectors
a’? € R? and a® € R? yield the minimal values of hyperplane sections Ag(a,1), |a| =1
in Q2 and in Q3,
6v3—9
Ar(a?,1) =v2—1~0.4142 > Ag(a®,1) = fT ~ 0.3481,

cf. Konig, Koldobsky [18]. It is unclear whether A(a™,1) provides the minimal value of
hyperplane section volumes in @, for n > 3. Actually, the sequence (A(a™, 1)), is
decreasing with

oo

2 6
lim Agr(a™,1) = — /exp ——) cos(s) ds =/ —5 ~0.3084 .
n— 00 s e

0

Therefore no improvement of the lower bound beyond \/% ~ 5.1-0.06011 is possible
in the real case. In the complex case

lim Ac(a”,1)

n—oo

l\')|’—‘

7 2
/exp ()sds:e—2f:0.2707.
0



H. Kénig, M. Rudelson / Advances in Mathematics 360 (2020) 106929 29

References

[1] K. Ball, Cube slicing in R™, Proc. Amer. Math. Soc. 97 (1986) 465-473.

[2] K. Ball, Volumes of sections of cubes and related problems, in: Geometric Aspects of Functional
Analysis, in: Lecture Notes in Math., vol. 1376, Springer, Berlin, 1989, pp. 251-260.

[3] K. Ball, Volume ratios and a reverse isoperimetric inequality, J. Lond. Math. Soc. 44 (1991) 351-359.

[4] F. Barthe, A. Koldobsky, Extremal slabs in the cube and the Laplace transform, Adv. Math. 174
(2003) 89-114.

[5] A. Ben-Tal, A. Nemirovski, C. Roos, Robust solutions of uncertain quadratic and conic-quadratic
problems, STAM J. Optim. 13 (2) (2002) 535-560.

[6] R.B. Boppana, R. Holzman, Tomaszewski’s problem on randomly signed sums: breaking the 3/8
barrier, Electron. J. Combin. 24 (3) (2017) P3.40.

[7] J. Bourgain, On the distribution of polynomials in high-dimensional convex sets, in: Geometric
Aspects of Functional Analysis, in: Lecture Notes in Math., vol. 1469, Springer, Berlin, 1991,
pp. 127-137.

[8] S. Brazitikos, A. Giannopoulos, P. Valettas, B.H. Vritsiou, Geometry of Isotropic Convex Bodies,
Mathematical Surveys and Monographs, vol. 196, American Mathematical Society, Providence, RI,
2014.

[9] D.L. Burkholder, Independent sequences with the Stein property, Ann. Math. Stat. 39 (1968)
1282-1288.

[10] I.S. Gradstein, I.M. Ryshik, Table of Series, Products and Integrals, VEB Deutscher Verlag der
Wissensch, 1957.

[11] H. Hadwiger, Gitterperiodische Punktmengen und Isoperimetrie, Monatsh. Math. 76 (1972)
410-418.

[12] D.L. Hanson, E.T. Wright, A bound on tail probabilities for quadratic forms in independent random
variables, Ann. Math. Stat. 42 (1971) 1079-1083.

[13] D. Hensley, Slicing the cube in R™ and probability, Proc. Amer. Math. Soc. 73 (1979) 95-100.

[14] R. Holzman, D.J. Kleitman, On the product of sign vectors and unit vectors, Combinatorica 12 (3)
(1992) 303-316.

[15] B. Klartag, An isomorphic version of the slicing problem, J. Funct. Anal. 218 (2005) 372-394.

[16] A. Koldobsky, An application of the Fourier transform to sections of star bodies, Israel J. Math.
106 (1998) 157-164.

[17] A. Koldobsky, Fourier Analysis in Convex Geometry, Amer. Math. Soc., Providence, 2005.

[18] H. Konig, A. Koldobsky, Volumes of low-dimensional slabs and sections in the cube, Adv. in Appl.
Math. 47 (2011) 894-907.

[19] H. Kénig, A. Koldobsky, Minimal volume of slabs in the complex cube, Proc. Amer. Math. Soc. 140
(2012) 1709-1717.

[20] H. Konig, A. Koldobsky, On the maximal perimeter of sections of the cube, Adv. Math. 346 (2019)
773-804.

[21] H. Konig, S. Kwapieri, Best Khintchine type inequalities for sums of independent, rotationally
invariant random vectors, Positivity 5 (2001) 115-152.

[22] S. Kwapieni, Personal communication.

[23] M. Meyer, A. Pajor, Sections of the unit ball of I7, J. Funct. Anal. 80 (1988) 109-123.

[24] V. Milman, A. Pajor, Isotropic position and inertia ellipsoids and zonoids of the unit ball of a
normed n-dimensional space, in: Geometric Aspects of Functional Analysis, in: Lecture Notes in
Math., vol. 1376, Springer, Berlin, 1989, pp. 64-104.

[25] J. Moody, C. Stone, D. Zach, A. Zvavitch, A Remark on Extremal Non-central Sections of the Unit
Cube, Asympt. Geometr. Anal., Fields Inst. Comm., vol. 68, Springer, New York, 2013, pp. 211-228.

[26] K. Oleszkiewicz, On the Stein property of Rademacher sequences, Probab. Math. Statist. 16 (1996)
127-130.

[27] K. Oleszkiewicz, On p-pseudostable random variables, Rosenthal spaces and Iy ball slicing, in:
Geometric Aspects of Functional Analysis, in: Lecture Notes in Math., vol. 1807, Springer, Berlin,
2003, pp. 188-210.

[28] K. Oleszkiewicz, A. Pelczynski, Polydisc slicing in C™, Studia Math. 142 (2000) 281-294.

[29] G. Pélya, Berechnung eines bestimmten Integrals, Math. Ann. 74 (1913) 204-212.

[30] M. Rudelson, R. Vershynin, Hanson-Wright inequality and sub-Gaussian concentration, Electron.
Commun. Probab. 18 (2013) 82.

[31] J.D. Vaaler, A geometric inequality with applications to linear forms, Pacific J. Math. 83 (1979)
543-553.


http://refhub.elsevier.com/S0001-8708(19)30544-4/bib9D5ED678FE57BCCA610140957AFAB571s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibC9512565EF6194CA664DC41EC0DE7A53s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibC9512565EF6194CA664DC41EC0DE7A53s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibBBD97B00C539801E32317AB550867EC4s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib3B16C9D4C4C856CE7FFF405E3B6C43ABs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib3B16C9D4C4C856CE7FFF405E3B6C43ABs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib69199B0ACA5EBCFDDCFC5F237A9FFF6Bs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib69199B0ACA5EBCFDDCFC5F237A9FFF6Bs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib1BAA5A77AEFF33338948C1E0C4466462s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib1BAA5A77AEFF33338948C1E0C4466462s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibB0D8913D4DFB85C2325C0773FF52AE98s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibB0D8913D4DFB85C2325C0773FF52AE98s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibB0D8913D4DFB85C2325C0773FF52AE98s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib616B6822202DB6F8692A218F835ABC53s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib616B6822202DB6F8692A218F835ABC53s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib616B6822202DB6F8692A218F835ABC53s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib4682EA748B744D6208E982D032DED00Ds1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib4682EA748B744D6208E982D032DED00Ds1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibF214A7D42E0DE5875D55189E01E2E187s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib4BF3FD6A0C4F4AC570903654C28FB2BBs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib4BF3FD6A0C4F4AC570903654C28FB2BBs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib4BD2241A3A809D3CC2BB28E951CC183As1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib4BD2241A3A809D3CC2BB28E951CC183As1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA64CF5823262686E1A28B2245BE34CE0s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib69E1AAFECCC558D92F93BCF86FB913F5s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib69E1AAFECCC558D92F93BCF86FB913F5s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibBF0F421F56747130F44922167FDF7618s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA1BBA9704DA78D22C74F1C2B0ACF4213s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA1BBA9704DA78D22C74F1C2B0ACF4213s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA5F3C6A11B03839D46AF9FB43C97C188s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib9E1883B775E927DF763960847052A11Ds1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib9E1883B775E927DF763960847052A11Ds1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib646D4517CBFEAF4D61FD33DE91F2E8B4s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib646D4517CBFEAF4D61FD33DE91F2E8B4s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA19F22452D92EA681B3C747DD0AE0352s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA19F22452D92EA681B3C747DD0AE0352s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib0D30DE29BEF5580DD7B8E985AC89A2FBs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib0D30DE29BEF5580DD7B8E985AC89A2FBs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib3BEAF58EA3488C19B83B5C453735A7A7s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA5628A5862A5D21B828356188C300B52s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA5628A5862A5D21B828356188C300B52s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibA5628A5862A5D21B828356188C300B52s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib1581202E9E4C4E9ADF99C69E758903C2s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib1581202E9E4C4E9ADF99C69E758903C2s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibF186217753C37B9B9F958D906208506Es1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bibF186217753C37B9B9F958D906208506Es1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib00594A175CE5A58F286D91CA0A6F15A2s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib00594A175CE5A58F286D91CA0A6F15A2s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib00594A175CE5A58F286D91CA0A6F15A2s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib7457CDD15D09BFC6C4DBB5D2B6F87390s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib44C29EDB103A2872F519AD0C9A0FDAAAs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib3DF8A820012C09FD73447AB491A0C15Cs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib3DF8A820012C09FD73447AB491A0C15Cs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib296F6ADD78D1C46DCBF74AD8EB8814A2s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib296F6ADD78D1C46DCBF74AD8EB8814A2s1

30 H. Kénig, M. Rudelson / Advances in Mathematics 360 (2020) 106929

[32] M. Veraar, A note on optimal probability lower bounds for centered random variables, Colloq. Math.
113 (2008) 231-240.

[33] G. Watson, A Treatise on the Theory of Bessel Functions, second edition, Cambridge Univ. Press,
1952.

[34] S. Webb, Central slices of the regular simplex, Geom. Dedicata 61 (1996) 19-28.


http://refhub.elsevier.com/S0001-8708(19)30544-4/bib5206560A306A2E085A437FD258EB57CEs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib5206560A306A2E085A437FD258EB57CEs1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib61E9C06EA9A85A5088A499DF6458D276s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib61E9C06EA9A85A5088A499DF6458D276s1
http://refhub.elsevier.com/S0001-8708(19)30544-4/bib485C47A81EB6E3998EC05ACA48EDA184s1

	On the volume of non-central sections of a cube
	1 Introduction and main results
	2 A lower bound for all codimensions
	3 Volume formulas
	4 Exponential estimates and Orlicz spaces duality
	5 Tail estimates
	6 A lower bound for hyperplane sections
	References


