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1. Introduction

In this paper we evaluate effect of the presence of biological liquid in bone tissue on the overall elastic properties. For
this goal we combine micromechanical model for dry bone developed by Sevostianov & Kachanov (2000) and Salgueroet al.,
(2014) and replacement relations that link elastic properties of dry and saturated porous materials (Sevostianov &
Kachanov, 2008).

Cortical bone is a heterogeneous material with hierarchical microstructure which is anisotropic at the macroscale. Most
of the experimental works report orthotropic elastic properties of cortical bone (Ashman, Cowin, Van Buskirk & Rice, 1984;
Bernard, Grimal & Laugier, 2013; Katz et al., 1984; Pithioux, Lasaygues & Chabrand, 2002; Rho, 1996; Van Buskirk, Cowin
& Ward, 1981) which can be approximated as transversely isotropic with good accuracy (Berteau et al., 2014; Granke et al.,
2011; Lang, 1969, 1970; Yoon & Katz, 1976).

Several models have been proposed in literature to evaluate mechanical properties of dry cortical bone. Stech (1967) pro-
posed to adopt the approach used for long fiber reinforced composites and modeled cortical bone as a set of parallel
cylindrical pores surrounded by layered bone tissue without any pores within the lamellae. Katz (1981) considered the
effect of hierarchical structure of cortical bone on the effective elastic constants and accounted for both - the porous
space modeled as a set of parallel Haversian canals and the microstructure of the dense mineralized tissue. Sevostianov
& Kachanov (2000) proposed more sophisticated model based on the description of microstructure given by Martin &
Burr (1989) and Currey (1984) (see also later book of Currey, 2002) that includes Haversian canals, osteocyte lacunae, Volk-
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man’s canals and canaliculi was taken into account. They used compliance contribution tensors (see book of Kachanov &
Sevostianov, 2018) for pores of different shapes to estimate the overall elastic constants of osteonal cortical bone in a mi-
cromechanical model approach. However, the properties of the bone dense tissue were assumed to be isotropic. Dong &
Guo (2006) modeled cortical bone as a set of parallel circular Haversian canals embedded in a transversely-isotropic matrix.
Martinez-Reina, Dominguez & Garcia-Aznar (2011) extended this model to include system of canaliculi on the second level.
The most important aspect of this model is its ability to vary the mineral content of bone. Salguero et al. (2014) and Gao &
Sevostianov (2016) extended the model of Sevostianov & Kachanov (2000) to the case of anisotropic dense tissue and con-
sidered the full set of pores existing in the cortical bone and accounted for their shapes. Modeling of the dense bone tissue
as a combination of collagen fibers and crystals of hydroxyapatite has been considered in papers of (Hellmich & Ulm, 2002;
Hellmich, Ulm & Dormieux, 2004; Nikolov & Raabe, 2008; Parnell, Vu, Grimal & Naili, 2012).

For the wet bone, bulk biological fluid fills the porous space (Turov et al., 2006). Fluid produces substantial im-
pact on the mechanical properties and electrical conductivity (Casas & Sevostianov, 2013). A clear understanding of the
role of saturation is yet to study. The most widely used approach to quantify the influence of pore fluids is replace-
ment (or substitution theory first proposed by Gassmann (1951) (see (Sevostianov, 2020) for the comprehensive litera-
ture review). Cowin (1999) has applied isotropic poroelasticity model (Biot, 1941) to wet bone tissue. Isotropic poroe-
lastic model, however, cannot explain the variability of measured wave velocities (Cardoso, Teboul, Sedel, Oddou & Me-
unier, 2003). Yoon & Cowin (2008a) modeled the modulus of elasticity for a single osteonal lamellae. They viewed the
hydroxyapatite and collagen in the bone matrix as anisotropic poroelastic material. Yoon & Cowin (2008b) further de-
veloped the theory and evaluated the anisotropic poroelastic constants of a single osteon at the vascular porosity and
lacunae-canaliculi porosity level from two perspectives: drained and saturated. This model allows one to distinguish be-
tween deformation-driven fluid movements (Cowin, 1999; Cowin & Sadegh, 1991) and the effect of liquid bound within
closed pores (Hellmich, Celundova & Ulm, 2009). Martinez-Reina et al. (2011) accounted for the effects of water within the
pores and compared the model of Yoon & Cowin (2008b) with experimental measurements of Tommasini, Nasser, Hu &
Jepsen (2008). Faingold et al. (2014) studied the effect of saturation on the mechanical properties and structure of osteonal
lamellar bone on three length scales, from the mineralized fibril level up to the osteonal level, using atomic force microscopy,
nanoindentation and microindentation. They also observed that the anisotropy ratio, defined as the ratio of Young’s moduli
in directions parallel and perpendicular to the bone axis is lower under wet conditions than under drained ones. In con-
trast, Guidoni, Swain & Jdager (2010) reported no change and other authors (Seto, Gupta, Zaslansky, Wagner & Fratzl, 2008;
Spiesz, Roschger & Zysset, 2012; Wolfram, Wilke & Zysset, 2010) observed an increase of this ratio with saturation. It is still
an open question, whether the anisotropy ratios of dry and wet bones are the same.

In the present work, we use replacement relations to relate overall properties of drained and fully saturated cortical bone
and estimate effect of the saturation on the elastic stiffness and anisotropy. We evaluate extent of anisotropy using three
Thomsen’s parameters (Thomsen, 1986) widely used in geophysics to describe transversely isotropic materials.

2. Elastic properties of cortical bone
2.1. Modeling of the microstructure

We model the cortical bone, following Sevostianov & Kachanov (2000) and Salguero et al. (2014) as a porous material
comprised of three main systems of pores: Haversian canals, osteocyte lacunae, osteocyte canaliculi and Volkman's canals.
Such a description is in accordance with the data of Currey (2002) and Fung (1993), Martin & Burr (1989). Haversian canals
are modeled as a system of parallel vertical cylindrical pores in which their axes of geometrical symmetry coincide with
the axes of the material symmetry of the hydroxyapatite-collagen matrix. The osteocyte lacunae, are represented by oblate
spheroidal cavities randomly oriented in a plane of transverse-isotropy (planes normal to Haversian canals). Canaliculi and
Volkman'’s canals are treated together as a set of thin horizontal cylindrical pores, with the axis of rotation perpendicular
to the axis of transverse-isotropy (i.e. they are laying in planes of transvers-isotropy and are randomly oriented in these
planes.

Haversian and Volkmann’s canals typically constitute up to 16% of the total volume of cortical bone (Bousson et al.,
2004; Kingsmill, Gray, Moles & Boyde, 2007; Thomas, Feik & Clement, 2005). The overall porosity produced by osteocyte
lacunae and canaliculi in cortical bone has been reported in a range of values: 2-3.3% (Hesse et al., 2014a; 2014b; 2015;
Schneider et al., 2007); 4.5% (Benalla, Palacio-Mancheno, Fritton, Cardoso & Cowin, 2014); 9-16.4% (Lin & Xu, 2011); 13.5%,
17.6%, 19% and 23% (Ashique et al., 2017; Ciani, Doty & Fritton, 2009; Kameo, Adachi, Sato & Hojo, 2010; Sharma et al., 2012).
In our analysis, we first use the data of Hesse et al. (2015) for comparison with the experimental data of Granke et al. (2011).
After that, we consider a wide range of porosities and examine the influence of porosity on the effective elastic moduli and
anisotropy ratio.

2.2. Elastic properties of dry bone
For drained bone, we treat the pores as empty ones embedded in the dense tissue that represents a combination of

collagen fibers-protein and hydroxyapatite crystals-mineral (Katz, 1980). Mineralized tissue possesses transversally isotropic
mechanical properties (Currey & Zioupos, 2001). In other words, we evaluate each type of pore individually, then we sum
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their contributions. The individual pore contributions for the effective elasticity are characterized by compliance contribution
tensor.

Compliance contribution tensors have been first introduced in the context of ellipsoidal pores and cracks by Horii
& Nemat-Nasser (1983). For the general case of elastic inhomogeneities, compliance and stiffness contribution tensors
were introduced and calculated (for ellipsoidal shapes) by Sevostianov & Kachanov (1999). Sevostianov, Yilmaz, Kushch &
Levin (2005) calculated components of this tensor for a spheroidal inhomogeneity embedded in a TI material. In the context
of the effective elastic stiffness, the average, over representative volume V strain can be expressed as a sum:

0

V
0 _w o " 0
ik, + A&ij = Siju0i + 7 Hiju O (2.1)

%
where S?jk,is the stiffness tensor of the matrix, Hyy, is stiffness contribution tensor of the inhomogeneity, V; is the volume
of the inhomogeneity, and akol is the “remotely applied” stress (tractions on dV have the form t;|5, = ol.o.nj, where 08 is a

j
constant tensor and n; is the outward unit vector normal to dV). For an ellipsoidal inhomogeneity, its stiffness contribution

tensor is expressed in terms of Hill tensor Py, (Hill, 1963; Walpole, 1966) as

N -1
H:[(s1—s°) 1+C°:(1—P:c°)] (2.2)
Hill's tensor Ppprs is related to the second gradient of the Green’s tensor Gij(x —¥') as

0 Wmg®=X)
3X(p Vi 8Xi)

8,']'25

Pmpij(x) = (23)
where parentheses at subscripts denote symmetrization with respect to m<«p and i<j, so that tensor Pyp; has the same
symmetry as the tensor of elastic constants. The expressions for the components of this tensor for a spheroidal inhomo-
geneity in a transversely-isotropic material were derived by Sevostianov et al. (2005). Components of this tensor for four
types of pores forming microstructure of cortical bone are given in the Appendix.

In the case of multiple inhomogeneities, if the interaction between them is ignored, the extra compliance produced by
the inhomogeneities is given by " H(™. If concentration of the inhomogeneities is higher than 0.15, the interaction cannot

m

be neglected (Sevostianov & Sabina, 2007). In this case one of the approximate homogenization techniques has to be used.
The most widely used schemes - effective media approaches (self-consistent and differential) or effective field schemes
(Mori-Tanaka-Benveniste and Maxwell schemes) have their own bounds of applicability. The detailed analysis is given in
the book of Kachanov & Sevostianov (2018). According to this analysis, the most appropriate homogenization method for
anisotropic multiphase materials is Maxwell scheme in the interpretation of Sevostianov & Giraud (2013), who reformulated
the Maxwell method, using the concept of property contribution tensors, as follows.

Let us cut a representative element (RVE) of volume V from a composite and place it into the matrix material. Ef-
fect produced by this element is described either by the sum of compliance contribution tensors of the inhomogeneities
%ZV,—H,— or by the compliance contribution tensor H, of the entire RVE considered as an individual inhomogeneity with

1
homogenized unknown properties. Equating these two quantities we have the general equation for the Maxwell scheme:

V. 1
79Hef =7 > ViH;. (2.4)
i

The right hand side of the equation is known, however, the left hand side reflects combined effect (1) of overall proper-
ties of the RVE 2 and (2) of its shape. The main challenge in solving Eq. (2.4) is the separation of these effects that can be
done analytically only in the case of the ellipsoidal shape of €2, when according to Eq. (2.2)

-1 -1

seff —s0 4 Vl Z\/iﬂ(i) - Qq , (2.5)
Q <
1

where

Qe=C":(J-Py:C° (2.6)
is second Hill's tensor of the domain 2. Sevostianov (2014) proposed a method of evaluation of the shape of Q2 that was
numerically validated by Kushch & Sevostianov (2016). For a prolate spheroid in a transversely isotropic material, in par-
ticular, the aspect ratio of 2 is given by the ratio of the sums of the components of Hill's tensors for individual inhomo-
VP

i -
2 ViP333

geneities:

2.3. Evaluation of the properties of saturated bone using replacement relations

Note that Hill’s tensorsP and Q depend only on the inhomogeneity shape (and elastic properties of the surrounding
material), but not on its elastic constants. Thus, these equations written for two inhomogeneities “A” and “B” having the
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Fig. 1. The predicted saturated longitudinal mesoscopic elastic moduli of the cortical bone as a function of dry ones of the cortical bone assuming that
only one partial porosity exists. The partial porosity either produced by Haversian canals, produced by Volkman'’s canals and canaliculi, or produced by
osteocyte lacunae.

Table 1

The transversely isotropic elastic constants of fresh human
femoral bone matrix calculated based on ultrasound testing done
by Granke et al. (2011).

Cm(GPa)  CI (GPa)  CM (GPa)  CI (GPa) I (GPa)
26.8 35.1 153 73 58

same shape but different elastic constants (and placed in the same matrix) will contain the same Q and P. Excluding P and
Q from them yields the following replacement relation (Sevostianov & Kachanov, 2007):

Hy'—Hy'=(Sa—S0) ' — (S5—S0)" (2.7)
In particular, if material “B” is a pore, the above relation takes the form:
Hy' —H,), = (S —So)”" (2.8)

Using these relations allows one to express effective elastic properties of a saturated material in terms of dry material.
In particular, Maxwell scheme yields the following relations for the effective compliance tensors of dry porous material and
material with filled pores

Siry = So + PHyore : [] — 9Qq : Hpore] ' (2.9)
Sefr=So+@Ha: [] — $Qq : H]™! (2.10)
Replacement relation (2.8) yields then:
_ _17-1
Serr=So+®[(Sa—S0) " + P (Sary —S0) '] (211)

Fig. 1. illustrates the connection between components of the elastic stiffness tensors of dry and saturated porous mate-
rials when entire porosity is associated with one type of pores only (either ¢y, ¢y, or ¢;) and bulk modulus of the liquid
is K=2.25 GPa. The overall elastic stiffness of saturated material is higher than those of the dry material. The ratio Cfﬁt/C‘lj]
is mainly affected by porosity produced by Haversian canals; the ratio c;;t/c§3 is mainly affected by the porosity due to
lacunae. Note, that, as shown by Chen, Sevostianov, Giraud & Grgic (2017), relation (2.11) completely coincides with the
replacement relations used in geophysics (Brown & Korringa, 1975; Ciz & Shapiro, 2007; Gassmann, 1951).

3. Results and discussion
We now compare the results of the modeling with experimental data of Granke et al. (2011). Elastic stiffnesses of the

bone matrix are given in Table 1. These values have been determined by Granke et al. (2011) from the wave velocities
measured by pulse transmission method. The porosity was measured by Synchrotron micro CT.
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Fig. 2. Comparison of the predicted saturated and dry longitudinal mesoscopic elastic moduli of the cortical bone with experimental data of
Granke et al. (2011).
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Fig. 3. Comparison of the predicted saturated and dry shear mesoscopic elastic moduli of the cortical bone with experimental data of Granke et al. (2011).

The accuracy of the prediction is evaluated using The Root Mean Square Error (RMSE) values:

CEXP
RMSE = ZZ ” k___Titk ) . 100% j = dry or saturated (3.1)
k 1 i=1 "k

where C’ are predicted elastic coefficients of dry or saturated bone and CEX” their experimentally measured counterparts.
Fig. 2 illustrates comparison of the predictions of our model for normal stiffnesses with the experimental data of
Granke et al. (2011) under assumption that porosity due to the osteocyte lacunae is 2.8% and aspect ratio of the lacu-
nae is 0.3. The RMSE values are 0.0817 for C“, 0.0450 for 3§, 0.0519 for ng, 0.0162 for G54, 0.0353 for C§’3, and 0.0164 for
GY¥. Generally, the normal effective stiffnesses of saturated bone are in better agreement with the experimental data than
corresponding stiffnesses of the dry bone. Fig. 3 shows comparison with the experimental data for shear stiffnesses of the
dry bone (the experimental data for saturated bone are not available). The RMSE values are 0.030 for C24, 0.0265 for C55,

and 0.0201 for C

Fig. 4 111ustrates the extent of anisotropy measured in terms of Thomsen's parameters & = nggﬁ and y = CGG&Z“
(Thomsen, 1986) for dry and saturated cortical bone. The anisotropy ratio is found to be lower in saturated model com-
pared to the dry ones. The result is in good agreement with the previous study (Faingold et al., 2014). The difference in the

extent of anisotropy between the dry and saturated bone becomes more noticeable as the overall porosity increases.
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Fig. 4. omparison of the predicted mesoscopic Thomsen’s parameters of the saturated and dry cortical bone, as overall porosity increases.

0.3 T T
o 02F .
8
?E) 0.1
g ’ —o— £ dif g,
=5 —a— " dif g,
_; 0.0 B é:'ldif¢5l,(
é £ dif 4,
S -0.1 g~ ——g'dif g, 7
= = —a— 5 dif ¢,

ook ’\H\E:s -—

03 ) 1 . 1 .

0.0 0.1 0.2 0.3

Partial porosity

Fig. 5. The effect of the variation of the partial porosities on mesoscopic anisotropic Thomsen’s parameters of dry bone (¢9) and that of saturated bone
(850[).

Fig. 5 illustrates effect of variation of partial porosities on the Thomsen’s parameter ¢ for dry and saturated specimens.
We can observe that, as partial porosities produced by Haversian canals and canaliculi increases, both ¢ and & increase
and ¢ is always larger than . However, as lacunae porosity increase, both €? and 5% decrease, and ¢ is always lower
than . This confirms that Thomsen’s parameter ¢ is more sensitive to changes in porosity under dry condition.

Carter, Thomas, Clement & Cooper (2013a) reported that lacunae were more flattened in the anterior and posterior re-
gions than in the medial and lateral regions. They also found that cortical bone, in the age group under 50 years old,
is characterized by flatter and less equant lacunae than those in the older group, which are more equal in dimensions
(Carter et al. (2013a). Elongation does not appear affected in the older group. Therefore, we investigated the effect of the
Lacunae shape on the ratio of €5 to ¢

Fig. 6 illustrates the effect of the aspect ratio on the saturated and dry normal effective elastic stiffnesses of the cortical
bone and the ratio of the saturated elastic modulus to dry one. The aspect ratio increases from 0.1 to 10. The lacunae
porosity is set to be 0.1. From the Fig. 6(a), we can observe that the curves of the saturated and the dry normal elastic moduli
of the cortical bone G§¢* and C% will rise before it declines. But the curves of 3§ and C§’3 are monotonously ascending as
aspect ratio increases. The ratio of the saturated elastic modulus to dry one C{‘]’f /Cf] is not monotonous yet, as seen from
Fig. 6(b).

Fig. 7 shows the effect of the lacunae shape on Thomsen’s parameters £ and &5, The aspect ratio increases from 0.1 to
10. Lacunae porosity is set to 0.1. Both, &¢ and £5%, monotonously decrease as aspect ratio increases. It also can be observed
that 57 is smaller than & when aspect ratio is less than 1.
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Fig. 6. The effect of the aspect ratio of lacunae pore on the saturated and dry longitudinal mesoscopic elastic moduli of the cortical bone and on the ratio

of the saturated longitudinal mesoscopic elastic moduli to dry ones. (a) C%, G¥, C4;, and Gg'; (b) Gj3/C{, and G&'/CY,. Lacunae porosity is set to 0.1.
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Fig. 7. The effect of the aspect ratio of lacunae pore on Thomsen’s parameters ¢¢ and &%, Lacunae porosity is set to 0.1.

4. Concluding remarks

This paper focuses on the effect of saturation on the elastic moduli and anisotropy ratio of cortical bone. We used
Maxwell homogenization scheme to express elastic stiffnesses of fluid saturated bone in terms of the stiffnesses of dry
bone, solid skeleton, and properties of the liquid. This model accounts for the effect of pore arrangement and shape. The
effect of fluid flow in different pores on the moduli of saturated bone is out of scope of the present study and constitutes
the next step.

It is observed that the stiffnesses of the saturated bone are higher than the ones of dry bone in contrast with the
statement of Faingold et al. (2014). Note, however, that we did not account for possible changes in the properties of the
bone solid phase associated with the saturation process. We compared the effect of the variation of the partial porosities on
effective elastic moduli of bone under dry and saturated condition and verified the model against the experimental data of
Granke et al. (2011). All the saturated normal elastic stiffnesses of the saturated bone fit better with experimental date than
those of dry bone. The anisotropy ratio, as measured by Thomsen’s parameters, is found to be lower in saturated bone than
in the dry ones. We also illustrated effect of variation of partial porosities on Thomsen’s parameters. When aspect ratio of
lacunae is 0.3, extent of anisotropy decreases as lacunae porosity increases. In the context of the effect of the lacunae shape
on the Thomsen’s parameter ¢, €5 is smaller than ¢ when the aspect ratio of the lacunae is less than 1.
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Appendix A. Components of the compliance contribution tensor for different pores

Tables A1 and A2.

Appendix B. Compliance contribution tensor of a spheroidal pore in a transversely-isotropic material

The expressions for the components of the compliance contribution tensor for spheroidal inhomogeneity in a
transversely-isotropic material were calculated by Sevostianov et al. (2005).

We consider a spheroidal pore (or inhomogeneity that is much softer than the surrounding material) with semi-axes
a, = a; = a and as, and aspect ratio y = %3 The x3 axis of the spheroid (m being a unit vector along it) coincides with the
axis of transverse isotropy of the matrix. Compliance contribution tensor can be calculated as tensor inverse to

-1
Hiju = [C,'ijn (]mnkl - Pmnrscgkl)] (A1)
where Hill's tensor Pmprs is calculated as

0 aGm)('(X*X’)
Pryii () = —— f —2 2 = “dx’
mpl]( ) ax(pé axl{)
We write tensor Py, in the form

Pyt = P1 Ty + P2 + PsTy + PaTiy + PsTiy + PeTy (A2)
where basic tensors lel‘d are given by (see Kunin (1983), Walpole (1984), Kanaun and Levin (2008)):

1 2 3
Tz](kl) = 6;j0u. T,;,d) = (6b;j + Ouby; — 6i6i) /2. T,;»k,) = Ommy,
4 5
lekl) = mm;0y, T,jk,) = (Bgemym; + Ogmem;j + Opmym; + 0mym;) /4,
6
Tu(kl) = mmjmm (A3)

with 6;; = §;; —m;m; and m is a unit vector along the axis of transverse symmetry.

Table A1
Components of the compliance contribution tensor (GPa—') for three main microstructural elements of cortical
bone.

Single cylinder normal to the plane of isotropy

Single cylinder laying in the plane of
(Haversian canal)  Single oblate spheroid (lacuna) isotropy (Volkman'’s canal & canaliculus

Hi111 0.1706 0.0755 0.1480

Hs333 0.0417 0.2488 0.0536

Hi122 —0.0495 —-0.0212 —0.0408

Hiiss —0.0152 —0.0296 —-0.0185

Hiz12 0.1100 0.0484 0.0944

His1s 0.0685 0.1019 0.0720
Table A2

Components of X Hjjy (GPa~1) for three systems of pores in cortical bone (¢ is partial
volume fraction of Haversian canals, ¢y is volume fraction of Volkman’s canals and
canaliculi, and ¢, is partial volume fraction of osteocyte lacunae).

Haversian canals Osteocyte lacunae  Volkman's canals & canaliculi

SHy  0.1706 ¢, 0.0755 ¢ 0.1480 ¢
$Hiyyss  0.0417 ¢, 0.2488 ¢ 0.0536 ¢,
SHip  —0.0495 ¢, ~0.0212 ¢ ~0.0408 ¢,
SHys  —0.0152 ¢y —0.0296 ¢ —0.0185 ¢,
SHiz;  0.1100 ¢, 0.0484 ¢ 0.0944 ¢,

THisis  0.0685 ¢ 0.1019 ¢4 0.0720 ¢,
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Coefficients p; are as follows

D1 =

[T

3 3

T
> by~ A" p2=7% Z 2bg — Aqag)J\?,
q=1 q=1

3
pr=pi= - Y il - v AdY),
q=1

3
ps =7 3 [@bg — Al 1y — e (19 — AP /v?) + @],
q=1
3
i (A4)
=1

and shape factors (functions of the aspect ratio y) are

1 1—u?)du
](11) Aqy2 I ( ) = )%21 |:2 _ A, )\.g In (Aq +1 ):|
S [y (1= y2)u2][Ag + (1 - Agu?] Y Ag—1
(q) uzdu 2 (}\.q +1> }
h = 22| A4In —2 A5
S T o 0@ (- A "[ BV (#2)

where Aq = y/,/y?% — Aq and where coefficients a;, b, c;, d; and A; depend on elastic stiffnesses as follows:

1
a= [(Cra12 — Cuan ) (G333 — AiCaszs) + (Cuizs + Cozz3)’ ]

b,

1
o [(Ca323 — AiCirn ) (G333 — AlGazs) + A1 (Cuass + Cozs )|

o]

1
& (Cr133 + (323) (G323 — AlCi212)

1
d = 8—[(C2323 = Al ) (Gaszs — AiCia12)

3
&1 = 4mCinGCunCion [ (Aj-A)
J=13#D
= G323/Cion2 (A.6)

and where A, and A; are roots of the quadratic equation (Elliott and Mott, 1948)
CimCa323A% + (Chias + 2C1133Ca323 — CrimC333)A + Co323Ca333 = 0 (A7)

In particular for strongly prolate spheroidal inhomogeneity (y — oo),

](11) 2: ](‘Z)/V -0 (A.8)
and
3 1 3 3 1 3 1
q;bq:m§q§cq=0§q;dq=E:;(bq—Aqaq)Zm (A9)

Substitution of (3.4.21) and (3.4.17) into (3.4.12) leads to the following coefficients of representation of tensor P in the
standard tensor basis:

1 1 1
0 _ .p0 — - .0 _ 2
P =5a6+6) 2 20016 TG s = Y/6

p=pi=p2=0

In particular, if the matrix material is isotropic, we recover known result (Sevostianov and Kachanov, 1999)
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2—kK

Py = Pppp = T

)

4 -3k —K
- P =P = — P, =
gu P2 =Pon = g0 Pz
1
Pi313 = Py3p3 = BT Ps333 = Py133 = Pyp33 = P33y = P33pn = 0

Where u is the shear modulus and « is connected with the Poisson’s ratio v as k = [2(1177”)]

For inhomogeneities not aligned with the symmetry axis of the matrix, like Volkman’s canals and canaliculi, we use
analytical approximation for components of tensor Hyy, following approach proposed by Saadat et al. (2012). We first find
the best isotropic approximation for a transversely isotropic tensor of elastic stiffness C (see Fedorov, 1968) given by

10818k + Go (8ixdyj + 8id;) (A11)
where
Go = (3Cikik — Giikk) /30, Ao = Gk — Cikik) /15 (A12)

Using this best fit isotropy, we can calculate the components of the compliance contribution tensor for a spheroidal
inclusion with semi axis a; = a; = a, and a3 embedded in the matrix characterized by elastic constants Gy and Aq. For a

6
pore or very soft inclusion coefficients in the representation H = " h,T® take the form (Sevostianov et al., 2006)

k=1
h1 — K(fo—fl) .
2Go (4K — V[ 2k (fo— fr) — (4 = D fZ]’
1
"= e — @ fo— KAl
ha = hy = — 2k fo — fo+ 2k f1) .
T T 4Gk - D2k (fo - f) - k- DR
s = — 2
> T AGo[fo + 4]’
he — 4k —1 -6k fo+2fo— 2k fi (A13)
4Go(4k — )| 2k (fo - fi) — (4 = 1) 3]
where
M+ G . vil-g) . y? 2 B
K= her2G T gy T 4(y2_1)z[(2V +1)g-3] (A14)

and the shape factor g is expressed in terms of the aspect ratio y = as/a as follows

12
L__ arctan 4 . oblate shape (y < 1)
gy =1V v (A15)
1 .Y +y2-1

| ,  prolate shape (y > 1)
2ryvi-1 vy =yri-1

The best isotropic approximation for the elastic constants in Table 1 is provided by Gy = 6.940GPa and Ay = 15.407 GPa.
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