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Abstract

We consider the exit problem for a one-dimensional system with random switching near an
unstable equilibrium point of the averaged drift. In the infinite switching rate limit, we show
that the exit time satisfies a limit theorem with a logarithmic deterministic term and a random
correction converging in distribution. Thus this setting is in the universality class of the unstable
equilibrium exit under small white-noise perturbations.
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1 Introduction and Main result

In [Kif81], [Eiz84], [Day95], [Bak08], [Bak10], [Bakl1], [AB11], [BC12], [Bak12], [BPG], [BPG13],
[BP18], exit problems for processes in neighborhoods of unstable equilibria under the influence
of white noise of small magnitude e were studied. Among other results, it was obtained (under
various additional sets of technical assumptions in [Day95], [Bak08], [Bak11], [AB11]) that if the
origin is a hyperbolic critical point of a smooth vector field b, with simple leading eigenvalue A > 0
of the linearization, then for any initial condition belonging to the stable manifold of the origin,
the time 7. when the solution of the Ito SDE
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AX(t) = b(X.(£))dt + e (X (£))dW (¢), (1.1)

with nondegenerate smooth diffusion matrix o exits a small neighborhood U of the origin satisfies
the following limit theorem: there are numbers Dy such that

1.1 1
(Xs(Tg), Te — Xln g) i> (qB7 DB —+ XIH|N|> ) g — O, (12)
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where g1 are the points where the invariant curve associated with the eigenvalue A intersects the
boundary of U, B and N are independent random variables, B is 1/2-Bernoulli, N is standard
Gaussian.

It is clear that such an asymptotic result for solutions of an SDE must describe the asymptotic
behavior for a whole class of systems that are well approximated by this kind of SDE or its
exemplar one-dimensional additive noise linear version

AX(t) = AX-(t)dt + edW.

In fact, it was shown in [Bak12] that the exit times for Glauber dynamics for the Curie-Weiss
mean field model belong to the universality class associated with (1.2), i.e., they satisfy a similar
limit theorem under the infinite system size limit, with limiting distribution being In|N| up to
scaling and translation. These results were used in [BC12] in the context of decision/reaction
times in psychology.

It is interesting to explore this universality class further and study processes of totally dif-
ferent nature that exhibit similar behavior. In this paper, we study a family of processes with
random switching, also known under the names of hybrid systems, piecewise deterministic Markov
processes (PDMP), and random evolutions. The bibliography on these processes is growing. In-
terestingly, they were introduced and rediscovered many times by different groups of researchers.
Here we give just a few references to works of some of these groups: [Kac74], [Dav93], [Her03],
[Ani08], [FGRCO09], [YZ10], [BLBMZ12], [BH12], [LMR15], [Mall5].

In general, these processes are defined by a family of vector fields and a collection of rates of
switching between those vector fields. At each time the system is in the state where it evolves
along one of the vector fields from the family. At random times, the system jumps between states
switching active vector fields from one to another according to the prescribed Markovian rates.

In the limit of infinite switching rates, the evolution can be effectively described by the law of
large numbers through the averaging of the vector fields involved. Omne can also state a central
limit theorem and, moreover, a functional central limit theorem for such systems on a finite time
interval, see, e.g., [Ani08, Chapter 4].

More interesting questions involve the behavior of such systems over unbounded time intervals.
In this paper, we study a class of switching processes on time scales logarithmic in the switching
rate p and show that it belongs to the universality class associated with (1.2). We consider
processes driven intermittently by two vector fields in one dimension. The main condition on these
vector fields is that their average defines an unstable critical point. The exit from a neighborhood
of that unstable equilibrium takes a logarithmically long time in the switching rate pu. Thus,
similarly to the situation in [Bakl12], the usual techniques of weak convergence on finite time
horizon are not sufficient for obtaining the desired universality result and have to be supplemented
with additional arguments.

Let us now describe the system we are interested in and our main result more formally. Let
fi, f-1 € C*(R) with a; = f{(0) and a_; = f",(0). We also define

F(z) = 5(fi(@) + f-1(2)), z€R, (1.3)
and require that a = F'(0) = (a1 +a—1)/2 > 0. Furthermore, we require that | f1(0)| = |f-1(0)] >
0 and sgn(F(x)) = sgn(x), where sgn(z) = z/|z| for z # 0 and sgn(0) = 0. We will study the
dynamics driven by these functions on a finite segment [— R, R] for some R > 0, so without loss
of generality we will assume that the functions fi; and their first two derivatives are bounded.
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An example of such pair of functions is given by fi1(z) = e**, f_1(z) = —e~** for x € [-R, R]
and a > 0.

Let (o1')¢>0 be a homogeneous, rate 1 > 0, right continuous Markov process on the state space
{+1,—1} with an arbitrary initial distribution on {41, —1} at time 0. The realizations of this
process almost surely make finitely many switches between 1 and —1 on any finite time interval,
so omitting the exceptional set, we can work on a probability space (2, F, P) that guarantees
that the number of switches is locally finite for all realizations.

We will study the random trajectories (');>¢ defined by

The paths of the stochastic process (z}');>¢ are continuous. They switch between the dynamics
governed by f; and f_; intermittently, being controlled by the Markov chain (o});>0. For any
r > 0, we define the exit time from the interval [—r,r]:

TH(r) = inf{t: |z}'| > r}.

Our main result describes the joint asymptotic behavior of the exit time 7/ (r) and exit location

:vﬁ i(ry S f1 = 00 The sign of 2" can be interpreted as a decision between two alternative

directions of exit made by the system by the time 7#(r). Let us define

K(r)_/or <%x)_$> dz, r#0. (1.4)

Let us also define D(0) to be arbitrary and

T (r)

, r#0.

D(r) = K(r) + 281! +10g(\/%a/|f1(0)|)

a

Theorem 1.1. For any r > 0, as pu — oo,
" n 1 d 1
iy T'(r) = - logp) == (r-sgnN, ——log|N|+ D(rsgnN) | .

where N is a standard Gaussian random variable.

Our strategy for the proof of Theorem 1.1 consists of studying the asymptotic exit time of
(2} )i>0 from the interval [—u”, u7] for v € (1/4,1/2), then the remaining time to hit the boundary
{r,—r}. In Lemma 2.4, we show that up to an additive constant depending on a and |f1(0)| (the
last term in the definition of D), the time needed to exit [—u?, 7] is —1log|N| + 1/%7 log 11,
after which the process becomes deterministic in the limit 1 — oo, and is driven by F', see Lemma
2.6. By Lemma 2.5, the process driven by F and started from {u7, —p7} requires K (r - sgn N) +
logfam + Zlog pu time to hit {r, —r}, depending on the sign of exit direction sgn N. Summing up
the two contributions to 7#(r), the terms +7 log y1 cancel, and we obtain Theorem 1.1.
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2 Proof

For brevity, throughout this section, we will often omit j in the notation and use oy = o}, x; = x}’,

7(r) = 7#(r), etc.
By Taylor’s theorem, there are functions R;, R—; : R — R such that

fo(x) =0 f1(0) + acz + Ro(x), xz€R, o €{l,—1}, (2.1)
and |R,(z)] < c27122, where
c= max sup|f’(z). (2.2)
oe{-1,1} zeRr

The generator of the Markov process (o, 2¢) on any bounded, smooth function g : {—1,1} x
R — R is given by
Lg(o,z) = fo(z)0z9(0,x) + u(g(—0,2) — g(o,2)). (2.3)
Applying (2.3) to the functions g(o,2) = ¢ and g(o,2) = ox we obtain by Proposition 1.7 in
[EK86, Chapter 4] that the processes

t
Zt:Zf:crt—l—Zu/ ogds,
0

¢ ¢
Zy = Z!' = oy — / Jo.(zs)osds + 2u/ osrsds (2.4)
0 0

are local martingales with quadratic variations [Z], = 4B(t), where B(t) = |{s € [0,1] : 05 # 0_s}|
denotes the number of jumps of o up to time ¢ > 0, and

Zi=4 > |wl

s€[0,t]: osFo_¢

Moreover, the true martingale property also follows since there is a constant C' > 0 such that
|z¢| < Ct for all t > 0 due to our assumptions on fi;. Note that (B(t)):>o is a rate pu Poisson
process.

Integration of (2.1) and substitution of (2.4) gives for any ¢ € [0, c0)

Ty = / fo.(xs)ds = / (05f1(0) + axs + (ag, — a)xs + Ry, (x5)) ds
w . t B t
= a/o xsds + 2 (Zy — ov) —i—/o (ap, — a)zsds —i—/o Ry, (xs)ds.

Noting that a,, — a = (Aa/2)os with Aa = a; — a_1, we can use (2.4) to rewrite this as

t ¢ ¢
f1(0) Aa/ Aa, - /
- Jds Zi— 29 (w)osds + 227, — o (5)ds.
T4 a/ox 4+ = o (Zy Ut)—|—4u Ofs(x Jo S+4M( L — o) + ORs(x) s

The variation of constants formula gives for any ¢ € [0, 00)

t ¢
xp = e <f12—(/?)/ e~ ¥d(Z —0)s + ﬁ—;/ e~ fo(x5)0sds
0 0

t t
+&/ e~ d(Z — ox)s +/ e R, (xs)ds) . (2.5)
4p Jo 0
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Lemma 2.1. Suppose there is a sequence of stopping times 0% with respect to the natural filtration
of o satisfying
or 5 00, as [t — oo.

Then as @ — oo, the random variable

I
S / (2P — o), (2.6)
Vi Jo
converges in distribution to N'(0,2a71).

Proof. By the alternating series test, f09u e~ %do, exists and belongs to the interval (—2,2).

Consequently, p~1/2 J»Oe“ e *dogs — 0 as u — oo. Therefore, we only need to study convergence
in distribution of the part with the martingale integrator.

For the rest of the proof, we follow the ideas in the proof of [Bak12, Lemmas 3.1, 3.2]. First,
we define a martingale

tAOH
V=V = / A (2.7)
0

with quadratic variation [V]; = OMM e~245d[Z]s. Then we define a time-changed martingale

Up = U} = V) for t € [0,2a7"], where

g(s) = _W,

and g(2a~!') = co. We will prove that for any ¢ € [0,2a7!], the quadratic variation of U satisfies

s€[0,2a71),

p UL Bt g — o (2.8)
Then, by [Bak12, Theorem 3.1], which is just a specific case of Theorem 1.4 in [EK86, Chapter
7), u~Y2U; converges to N(0,t) in distribution for any ¢ € [0,2a7'] as u — oco. Therefore,

Ve =U 4 N(0,2a71) as 1 — oo.
It remains to prove (2.8). For all t € [0,2a™1],

U= > Hs) (2.9)

s:8<g(t)NOH
o(s)#o(s—)

for H(s) = 4e=2%. We claim that for any non-increasing function H(-),

9(t)
wt Z H(s) R / H(s)ds, p— o0. (2.10)
s:s<g(t)NOH 0
o(s)#o(s—)

To prove this relation, we first note that it holds for H(s) = 1 ;(s), for any h > 0, since the
Law of Large Numbers implies

. . P g(t)
S e =i Bl A hAe B g0 ah= [T Lg(s)ds.
s:5<g(t)NOH 0
o(s)#(s—)



Using this and approximating monotone functions with sums of indicator functions, we ob-
tain (2.10) which, combined with (2.9), gives (2.8) and completes the proof of the lemma. O

For any v > 0 we can define 0" = inf{¢ : |z;| > = 7}. Note that for u large enough to ensure
w7 <r, we have 0" < 7H(r).

Lemma 2.2. The random variables

o+
JH = / e~ ¥d(Z — ox)s (2.11)
0

satisfy
P(|J#| > p=2*1/2) 50 (2.12)

for any § < v as p — oo. Consequently, the sequence (u='/2J") converges to zero in probability
as fL — 0o.

Proof. For any t > 0, we use integration by parts to write

t t
/ e d(ox)s = e oy + a/ e Yosxsds,
0 0

0“
/ e “d(ox)s
0

For the other term of J including the martingale integrator, we can apply Chebyshev inequality
followed by Proposition 6.1 in [EK86, Chapter 2]

HH oH 2 oH
P < / e—astS > /1’_5+1/2> < /1426_1E (/ e—astS> _ /1426_1E [/ e—2asd[Z]S
0 0 0

Since the quadratic variation [Z]sxgu is stochastically dominated by 4427 B(s), by the Campbell
formula in the second step

or B
/ e—2asd[Z]s
0

1

oo
< e_“9“|09u3:9u| + a/ e Ylosrs|ds <2u7 7.
0

1—2v

E )
2a

e 4
<E {/ 6_2“54u_27dB(s)] =
0

which multiplied by x2°~! converges to zero. O

Lemma 2.3. If0<~v < %, then 0* 5 oo as [t — o0o.

Proof. We need to check that for an arbitrary 7' > 0, P(6* < T) — 0 as u — oco. Recalling the
definition of V' in (2.7) and estimating



by Campbell’s formula, then using the Chebyshev inequality and the martingale property of
V2 —[V] (see Proposition 6.1 in [EK86, Chapter 2]), we obtain

1 ol E[V]on 2pat
— v/2-1/4
P <2u V| > > < i S g O (2.13)
as v < 3. By (2.12), we also have
1
P (—|J“| > ,ﬂ/“/‘l) — 0. (2.14)
W

On the set {0" < T}, we can use (2.5) and (2.2) to see that if p is large enough to guarantee
SUPge{—1,1},me[—p—,u— ] |f<7(x)| < 2|f1(0)|7 then

o+ o*
f1_(0)/ e d(Z —0o)s —i—/ e ¥Ry (zs)ds
2iJo 0

,Uzi’y — |x‘9“| = ea“}H

Aa [ A
+ _CL efanaS(xs)ost_F 4_aJ#
"

4p
<o (1400 ) o 4 O %1 15Ol (B
L 2a 2ua n

Therefore, on the set {* < T} N {ﬁ V| < p=/2-1/4, %|Jﬂ| < u*'v/2*1/4}7

11O 4 [£1(0)Ad] IAaluﬂ/zfm
1 2a 2ua 4

< e (|f1<o>|w/“/4 +

that is impossible for large y and v < 1. Combining this with (2.13) and (2.14), we complete
the proof. O

Lemma 2.4. If% <7< %, then
1/2 — 1
(Sgn(:veu), 0" — ulogu) o (Sgn(H), ——10g|H|>, fr = 00,
a a

where H is a random variable with Law(H) = N(0, f1(0)?(2a)~1).

Proof. Using (2.5) at time 6#, and introducing

_ L0 Aa [ Aa

ey (s)osds +
= [ e 2

where I** was defined in (2.6) and J* in (2.11), we obtain

H* Jr(2.15)

I“—i-\/_/ e "R, (x5)ds +

1/2 — 1
9“=ulogu——log|H“| (2.16)
a a

and
sgn(zgn) = sgn H". (2.17)



The first term on the right-hand side of (2.15) converges in distribution to H by Lemma 2.1. The
second term converges to 0 almost surely due to

w2 = 0.

Vi < VE 9
a

9}"
/ e Ry, (vs)ds
0

Since f,_ (25) and o, are bounded, the third term on the right-hand side of (2.15) converges to 0
almost surely, and the fourth term converges to zero in probability by Lemma 2.2. Since the
distribution of H has no atom at 0, the only point of discontinuity of functions x — log|z| and
x — sgnz, the lemma follows now from (2.16) and (2.17). O

Now, we consider the exit time from the fixed interval [—r,7]. We define n; = xguyt, 0, = Tpu it
and the exit time
vir)y=inf{t > 0: |np:| > r}.

Recalling (1.3), we define (S*);>0 as the flow associated with the ODE
z = F(2).

Note that (S*) preserves the sign of the initial condition. For § # 0 we introduce ¢(d,7) to be the
only solution of |S§| = r.

Lemma 2.5. For any r # 0,

. 1 r
%1_1}(1) (t(&, r)— - log 5) = K(r),

where & approaches zero from the right if r > 0, and from the left if r < 0, and K(r) is given
in (1.4).

Proof. By separation of variables,
" dx " 1 1 "1
tor)= | — = S |
6= [ 7%, (7 a) v |
" 1 1 1 r
= —— — — |Jdz+ —log-.
/5 (F(a:) ax) x+a &5
Letting 6 — 0 and using F'(0) = a, we complete the proof. O

Lemma 2.6. There is ro > 0 such that for any r € (0,7¢)

sup In: — S'nol B0 as 1L — 00,
0<t<t(no,rsgn(no))

Proof. Choosing g(o,x) = f_,(x), we obtain for |x| < R

Lg(o,x) = fo(x)fL,(x) + 200G (2),



where G(z) = 3(fi(z) — f-1(z)) > 0. By Proposition 1.7 in [EK86, Chapter 4], the process
Z'(t) = —g(op,m) + fot Lg(c%,ns)ds is a martingale.
We will only prove

P
( sup e — Stn0|> Lisgn(no)=a} — 0, 1 — 0, (2.18)
0<t<t(no,r-sgn(no))
for « = 1. The case of & = —1 is treated similarly.

The rest of the proof follows closely the proof of [Bakl2, Lemma 3.6]. We define A(t) =
— S'ng. Since for t > 0,

¢
77t—770+/ F(ns ds—|—/ o.G(ns)ds
0
t
770—770+/F
0
t

Aft) = / (F(ns) — F(S'mo))ds + / o Gln.)ds

Using the Lipschitz constant L(r) of F on [—r, 7], we obtain on the event {sgn(ny) = 1} for any

t < t(no,r) =t(n=7,7)
tAv(r)
/ oG (ns)ds
0

Note that by the definition of Z’, we have 2u fot o G(ns)ds = Z'(t)+f—o1 () fo Jor (ns)fL 5 (ns)ds.
Defining A1 (r) = sup,e(1,-1},2¢[—r [fo(2)] and Aa(r) = sup,eqr 1} 2ej—ry [fo(2 ) #(2)], we

can bound
tAv(r)
/ 0,G(ns)ds
0

for any ¢ € [0,¢(no, r)] on the event {sgn(ny) = 1}. We claim that if § < 1/2, then

we have

tAv(r)
A A ()| < L(r)/o IA(s)[ds + (2.19)

< sup 1Z"(s)] + A1(r) + A2(r)(t(n0, 7) Av(r))

s<t(lmol,r)Av(r)

2p

p <(2u)1 sup  |Z'(s)| > p70, sen(no) = 1) =0, p— o0

s<t(no,m)Av(r)

The quadratic variation process [Z']; < 4A%(r)(B(t + 1) — B(7)) is stochastically dominated by
4A%(r) times a rate pu Poisson process. Using the Chebyshev inequality followed by Burkholder—
Davis—Gundy inequality [DM82, Thm. 92, Chap. 7], we have with some C' > 0

P ( sup |Z(s)] > 2pp0, sgn(no) = > < CpPP-VE [z [[ ", (Vw,r)}

5<t(no,r)Aw(r)
< Cp*P VAAT () E[B(t (7, r) + 1) — B(7)]
= OO 443 (r) (", 7)



which converges to zero by Lemma 2.5 as p — oo, whenever § < 1/2. We conclude that for any

r>0
t(no,r)Av(r)
P / oG (ns)ds
0

For 7y > 0, on the event

t(no,m0)Av(ro)
/ o1 Gln,)ds
0

Gronwall’s inequality applied to (2.19) implies that there is C' > 0 such that for ¢ < t(no, o),

> 1%, sgn(ng) = 1) — 0.

< w0, sgn(ny) = 1} :

IA(t A v(rg))| < eklrottmoro) =6 < oy yLro)/a;, =3 (2.20)

Since F’(0) = a, we can choose 79 so small such that vL(rg)/a < 1/2. Consequently, for some
0 < 1/2, we have p =8 —yL(rp)/a > 0 so that the right hand side in the bound above converges
to 0. For any r € (0,rp), we conclude using (2.20) at ¢ = v(rg) that P(v(rg) < t(no,r),sgn(ny) =
1) — 0. Now, using (2.20) at s < t(no,r) < t(u=7,70), we have

P V(T‘O) 2 t(n07 'f'), Sup |A(S)| > C/J,_p, Sgn(’l’]o) = 1 — O7
s<t(no,r)
which implies (2.18) for a = 1. O

Combining Lemmas 2.4, 2.5 and 2.6, we conclude

Lemma 2.7. For any r € (0,79)

logr

1 1
<x7(r),7'(7”) - %log,u> S (r.sgn(H),—alog|H| + » +K(r-sgnH)> as ji — 0.

Now let us consider the exit time from an arbitrary interval.

Lemma 2.8. Forr € (0,70), define 0y = x(yy4¢. Then, for any T >0,

sup |n; — S'nol £0 as 1L — 00,
0<t<T

The proof follows the same steps as the proof of Lemma 2.6, however easier as the time horizon
is fixed this time. Our main result follows from Lemmas 2.7 and 2.8.
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