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Abstract. We revisit the classical problem of optimal payment of dividends and determine the degree to which
the diffusion approximation serves as a valid approximation of the classical risk model for this
problem. Our results parallel some of those in Bauerle [Math. Finance, 14 (2004), pp. 99-113],
but we obtain sharper results because we use a different technique for obtaining them. Specifically,
Béauerle uses probabilistic techniques and relies on convergence in distribution of the underlying
processes. By contrast, we use comparison results from the theory of differential equations, and
these methods allow us to determine the rate of convergence of the value functions in question.
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1. Introduction. A long-standing problem in insurance mathematics is optimal payment
of dividends; see, for example, the survey by Avanzi [1]. In this paper, we are concerned
about the degree to which the diffusion approximation serves as a valid approximation of the
classical risk model when optimizing dividend payments. Gerber, Shiu, and Smith [16] address
approximations to the dividend problem. Also, Béuerle [3] considers the scaled dividend
problem and proves that, as the scaling factor increases without bound, the value function
converges to the one under the diffusion approximation.

We, now, compare the model and techniques used and the results obtained by Béauerle [3]
with the corresponding items in our work. Bauerle [3] considers the case for which the rate
of dividend payments is bounded, which corresponds to a classical continuous-time control
problem. While we use the same diffusion scaling, we, on the other hand, do not restrict the
dividend rate to be bounded, which leads to a singular control problem. Moreover, Bauerle
[3] uses probabilistic techniques and relies on convergence in distribution of the underlying
processes under Skorokhod’s J1 topology. This procedure has two main components: (1)
showing that any limit point on any arbitrary sequence of controls in the prelimit problem
does not perform better than the value function, and (2) showing that a candidate control for
the prelimit problem attains the value function. For the first component, the proof uses tight-
ness arguments, heavily utilizing the continuity of the underlying processes and the uniform
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30 A. COHEN AND V.R. YOUNG

boundedness of the control. Due to the singular control considered here, the compactness and
tightness arguments used by Biuerle [3] are not valid for our work." By contrast, we rely on
the closed-form expression of the limiting value function and use comparison results from the
theory of differential equations; these methods allow us to determine the rate of convergence
of the value functions in question; see Theorem 3.4. Another issue we address is the rate
of convergence of the difference between the value function in the prelimit problem and the
payoff function in the prelimit problem using the optimal threshold from the limiting problem:;
see Theorem 3.8. The importance of this result stems from the fact that the latter thresh-
old admits a closed form, unlike for the prelimit problem. Finally, Bauerle [3] also includes
proportional reinsurance, but we omit reinsurance in the interest of simplicity.

The background for the comparison principle we are using is introduced in Cohen and
Young [10]. In that paper, the authors provide the rate of convergence of the probability
of ruin in the Cramér—Lundberg model to its diffusion approximation. The present paper
shows that this method can be elevated from the uncontrolled problem to an optimal control
problem, which on top of this is a singular control problem. Additionally, the comparison
principles enables us to compare the value functions for different policies.

The remainder of the paper is organized as follows. In section 2, we present the Cramér-
Lundberg (CL) model and state results from Azcue and Muler [2] that we use to bound our
value function. Then, in section 3, we scale the CL model and show that, as the scaling factor
increases without bound, the resulting value function converges to the one under the diffusion
approximation, and we determine the rate of that convergence. In that section, we also show
that, if the insurer uses the optimal strategy under the diffusion approximation but for the
scaled CL risk model, then doing so is e-optimal, and we specify the order of € relative to the
scaling factor.

2. Classical risk model and Azcue and Muler [2].

2.1. CL model with dividends. Consider an insurer whose surplus process U = {U;}+>0
before paying dividends is described by a CL model, that is, the insurer receives premium
income at a constant rate ¢ and pays claims according to a compound Poisson process. Specif-
ically,

N
(2.1) Uy=a+ct—)Y Y

i=1
in which Uy = « > 0 is the initial surplus, N = {N;};>0 is a homogeneous Poisson process
with intensity A > 0, and the claim sizes Y7, Y3, . . . are independent and identically distributed,

1To bypass this issue, one may use the time-stretching method, introduced by Meyer and Zheng in [23] and
extensively used by Kurtz [20, 18, 19], Kushner and Martins [22, 21], Budhiraja and Ghosh [4] and Budhiraja
and Ross [5, 6], Costantini and Kurtz [11, 12], and Cohen [7, 8]. The basic idea of this method is that time
is stretched in accordance with the singular controls, so that the stretched underlying processes are uniformly
Lipschitz continuous. Hence, tightness is attained under the J1 topology. Finally, time is shrunk in accordance
with the limiting stretched control. The payoff/cost of the shrunken processes are, then, compared with the
value function. Recently, Cohen [9] showed that by working with the weak-M1 topology instead of the J1
topology, the time transformations are unnecessary since they are embedded in the definition of the parametric
representation, which define the weak-M1 topology. Hence, one may pursue a probabilistic proof under this
topology to get convergence. However, this result does not provide a rate of convergence.
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positive random variables, independent of V. All random variables are defined on a common
probability space (Q,}" , IP) with the natural filtration F = {F;};>0 induced by the random
variables.

Let Fy denote the common cumulative distribution function of {Y;};en, and assume that
Y has finite moment generating function My (s) = E(eys) for s in a neighborhood of 0; thus,
E(Yk) < oo for k=1,2,.... Finally, assume that the premium rate c¢ satisfies ¢ > AEY, and
write ¢ = (1 + #)AEY with positive relative risk loading 6 > 0.

The insurer pays dividends to its shareholders according to a process D = {D;}>0 in
which Dy equals the cumulative dividends paid on or before time ¢, with Dg_ = 0. A dividend
strategy D is admissible if D is nondecreasing and is predictable with respect to the filtration
F.

The surplus process X = {X;};>¢ after paying dividends is given by

N
(2.2) Xt:x+ct—Z)§—Dt

i=1
in which Xy = x > 0 is the initial surplus. Define the time of ruin 7 by
(2.3) T =inf{t > 0: X; < 0}.

The insurer seeks to maximize the expected payoff of discounted dividends between now and
the time of ruin, with corresponding value function V' defined by

/ 676tht
0

in which § > 0 is the discount rate, and the supremum is taken over admissible dividend
strategies.

Gerber [14] shows that the optimal dividend strategy for the problem in (2.4) is a band
strategy. A band strategy reduces to a barrier strategy if the initial surplus is less than the
lowest band or if claim sizes are exponentially distributed. From Theorem 2.45 of Schmidli [24],
the value function V is the minimal nonnegative solution of the following integro-differential
variational inequality on R*:

(2.4) V(z) = S%pE

ngx]

(2.5) min | (A + 0)v(x) — cvz(x) — )\/ v(x — y)dFy (y), vg(x) — 1| = 0.

0
Furthermore, Theorem 2.39 of Schmidli [24] states that V' is differentiable from the left and
from the right on (0, 00), and (2.5) holds separately for both left and right derivatives.

2.2. Results from Azcue and Muler [2]. We look for bounds for the value function V'
as sub- and super-solutions of (2.5), after we scale the CL model in section 3.1. To that end,
define the operator F, acting on u € C! (R*), by the variational inequality in (2.5), that is,

F(.T, U($)7 Ux(x)v u())

(26) = min [(A + 8)u(z) — cug(z) — A /Oxu@c — )dFy (), u(z) — 1

© 2021 Asaf Cohen and Virginia R. Young
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We say that a function u € C! (R+) is a subsolution of F' = 0 if

F(x,u(:c),ux(x),u()) <0
for all z > 0. Similarly, we say that a function v € Cl(R+) is a supersolution of F' = 0 if

F(z,v(z),vg(z),v(-)) >0

v

for all x > 0.

We state results from sections 4 and 5 of Azcue and Muler [2] as they apply to the model
in this paper. They state their results for viscosity sub- and super-solutions because they
control surplus via reinsurance; however, their results also apply to our no-reinsurance model
with classical sub- and super-solutions. First, Azcue and Muler [2] prove a comparison result
for functions that satisfy the following conditions:

1. u: RT — R is locally Lipschitz.

2. If 0 <z <y, then u(y) —u(z) >y — x.

3. There exists a constant k£ > 0 such that u(z) < x + k for all z > 0.
They note that the value function in (2.4) satisfies these three conditions.

Proposition 4.2 of Azcue and Muler [2] shows that if u is a subsolution and if v is a
supersolution of F' = 0, both satisfying Conditions 1, 2, and 3 with %(0) < v(0), then u < v
on RT. Because the value function is a solution of F' = 0 and, hence, a supersolution of F' = 0,
we will use this result in section 3.2 to find a lower bound of the value function.

Proposition 5.1 of Azcue and Muler [2] shows that if v is an absolutely continuous super-
solution of F' = 0 satisfying Condition 3, then V < v on RT. We will use this result in section
3.2 to find an upper bound of the value function.

3. Asymptotic analysis.

3.1. Scaled model and diffusion approximation. Next, we scale the CL model by n > 0,
as in Cohen and Young [10]. In the scaled system, define \,, = n), so n large is essentially
equivalent to A large. Scale the claim severity by defining Y,, = Y/y/n; thus, the variance
of total claims during [0,] is invariant under the scaling, that is, A\,E(Y;?) = AE(Y2) for all
n > 0. Finally, define the premium rate by ¢, = ¢+ (y/n—1)AEY’; thus, ¢,—\,EY;,, = ¢c—AEY is
also invariant under the scaling. We can also write ¢, = (1/n+6)AEY in which ¢ = (1+60)\EY;
moreover, we can write ¢, = (1+6,,)\,EY;, in which 6,, = 6/y/n. The diffusion approximation
of the scaled surplus process before dividends is, therefore,

(3.1) (cn — MEYy)dt + \/AE(Y;2) dBy = (c — AEY)dt + 1/ AE(Y2) dB;
= OXEY dt + \/ NE(Y2) dB;

for some standard Brownian motion B = {B;};>0. Note that the diffusion approximation of
the scaled CL model is independent of n. See Iglehart [17], Bauerle [3], Gerber, Shiu, and
Smith [16], and Schmidli [25] for more information about this scaling.

Let V,, denote the value function under the scaled CL model. We wish to bound V,,
by modifying Vp via functions of order (’)(n_l/ 2) in which Vp is the value function when

© 2021 Asaf Cohen and Virginia R. Young
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uncontrolled surplus follows the diffusion approximation in (3.1). Thus, first, we digress to
compute Vp, which uniquely solves the following free-boundary problem:

dv(z) = OAEY v, (x) + % /\IE(YQ)’Um(x), 0<z<bp,
v(0) =0, wvg(bp) =1, vz(bp)=0,

with Vp(z) = Vp(bp) + (z —bp) for z > bp. See Gerber and Shiu [15] for a thorough analysis
of Vp’s problem. Via a straightforward application of techniques from ordinary differential
equations, we obtain

(3.2)

e’YlI — 6_7233

(3.3) Vp(z) = { MNP + ype=72b0
Vp(bp) + (x — bp), x > bp,

ngngv

in which 0 < 1 < 79 are given by

(3.4) Y = AE(1Y2) [—HAIEY + \/(9AEY)2 =+ 25)\E(Y2)}
and
(3.5) Yo = )\IE(le) {QAEY + \/(HAEY)Q + 25)\E(Y2) ] ,

and the free boundary bp equals

2 ’Y2>
3.6 bp = In{=]).
(3.6) P Y1+ 72 (’71

By using the expression for bp in (3.6), we rewrite Vp as follows:

7172
1 (fﬂ) 12 (e’ylx _ e—’yzdf)’ 0<xz<bp,

(3.7) Vp(z) = { 72\

ONEY

T—i—(l’—bp), x> bp.
From the second line in (3.7), we observe

HNEY

(3.8) Vp(bp) = 5

the present value of a continuous perpetuity, discounted at rate §, paying at the rate OAEY,
the risk loading in the premium. Also, Vp(z) > x for all > 0, from which it follows that

OAEY
(3.9) —— >bn,

an inequality that will be useful later.

Remark 3.1. Because the diffusion in (3.1) approximates the CL risk process in (2.1) with
A, Y, and creplaced by A, Y, and ¢, respectively, researchers often say that Vp approximates
V. In Theorem 3.4 in the next section, we quantify the degree to which Vp approximates V.

© 2021 Asaf Cohen and Virginia R. Young
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3.2. Approximating V,, by Vp to order O(n_1/2). In this section, we bound V,, by
modifying Vp via functions of order O(n_l/ 2) and by using Propositions 4.2 and 5.1 of Azcue
and Muler [2], as they apply to the scaled problem. Note that Vp plus or minus a constant
satisfies the three conditions of Azcue and Muler [2] that we list in section 2.2.

Throughout this section, let F), denote the operator in (2.6), with ¢, A, and Y replaced by
Cn, An, and Yy, respectively, and write F;, as follows:

Fp(z,u(x), uz(x),u(-)) = min {Gn(:n,u(x),ux(x),u(-)), Ug () — 1}
in which the operator G, is as defined by
Gn(x,u(az),ul«@),u())
t

vnz
= (nA + O)u(z) — A(Vn + 0)EY uy(z) — n)\/o u(x - ﬁ)dFy(t).

(3.10)

Recall that F;, evaluated at the value function V,, is identically 0.
In the next proposition, we modify Vp by a constant of order O(n_l/ 2) to obtain a lower
bound of V,,. In Appendix A, we present the background calculation that inspired this bound.

Proposition 3.2. Assume there exists € > 0 such that
(3.11) E(eY) < oo.
Then, there exists ¢ = q(¢) > 0 and N = N(g) > 0, such that, for alln > N and all z > 0,
(3.12) Vp(z) — ~L <V (x).

B

Proof. First, note that

(3.13) Vp(0) < Vu(0).

q q
——=——<0
vn vn
Thus, by Proposition 4.2 in Azcue and Muler [2], to prove inequality (3.12), it suffices to show

that there exists ¢ > 0 such that Vp — ¢/y/n is a subsolution of F,, = 0.
G, is linear with respect to u, u,, and u(-); thus,

G (2, VD(z) — ¢/v/n, Vh(2), V() — ¢/v/n)

= Gy (2, Vp(x), Vh(x), V() — % Gn(2,1,0,1)

= Gn(z,Vp(z), V)(2), V() — % (6 + nASy (d)),
in which d = /nz and Sy (d) := P(Y > d). Note that there is N = N(g) > 0 such that

(3.14) E(Y?’G%Y) < .

© 2021 Asaf Cohen and Virginia R. Young
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Now, from (A.5) in the appendix, for n > N, we can bound G,, evaluated at Vp — ¢/y/n on
[0,bp] as follows:

(3.15) Gn(z,Vp(z) — ¢/vn, V) (2),Vp() — q/v/n) < i\/% - %(5 + nASy (d)) <

in which the positive constant A is defined in (A.4). Choose ¢ = ¢(IN) so that

AA —gb
Vn

AA
(3.16) qz=—-
5
(Because A in (A.4) depends on N, ¢’s lower bound in (3.16) depends on N.) Then, AA — ¢é
is nonpositive, and inequality (3.15) implies that G,, evaluated at Vp — g/+/n is negative on
[0,bp].
Because V},(z) = 1 for all z > bp, it follows that, for all z > 0 and for all n > max (N, qz),

Fu(z, Vb (@) = ¢/vn, Vp(2), VD () — ¢/v/n) <0 = Fy (2, Va(x), V;(2), Va()).

We have shown that Vp — ¢/+/n is a subsolution of F,, = 0, and Proposition 4.2 in Azcue and
Muler [2] implies the bound of V,, in (3.12). [ ]

In the next proposition, we provide an upper bound of V,,, and we use Proposition 5.1 in
Azcue and Muler [2] to prove the proposition.

Proposition 3.3. Assume there exists € > 0 such that

(3.17) supE(es(de) ‘ Y >d) < .
a>0

Then, there exists p = p(e) > 0 and N’ = N'(g) > 0 such that, for alln > N’ and all x > 0,

(3.18) V() < Vp(z) + 2.

< NG
Proof. By Proposition 5.1 of Azcue and Muler [2], because Vp + p/+/n is absolutely con-
tinuous and because Vp(x) + p/y/n < x + k for some k > 0 and for all x > 0, to prove the
bound in (3.18), it is enough to show that Vp + p/\/n is a supersolution of F,, = 0.
First, notice that by the condition (3.17), there is N > 0, such that

22 (y—d
(3.19) supE((Y—d)2eﬁ(Y )‘Y>d) < oo
d>0
and
2
(3.20) ]E(Y?’eﬁy) < o0,

Y172

Second, evaluate G, at Vp + p/+/n on [0,bp]. Let d = \/nz and C = (’yl + 'yQ) (%) e,

© 2021 Asaf Cohen and Virginia R. Young
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then, via a calculation similar to the one in Appendix A, we have

(3821) Gn (=, Vo(@) + 2=, Vh(@), V() + —=)

Vi v
= Gn(ﬁ% Vp(2), Vi (), Vp()) + % Gp(x,1,0,1)

/ (1—w)? 73671$E<Y e )—l—'y e VQxIE(Y:se%Y) dw
QC\f !

N )\Sé(d) { — Vi(n +3)EY —dY > d)

+/1<1 —w)E[vl(Y e Vi 2y —a)evi Y ]Y > d,]dw}
0
+ % (6 + nASy(d))
DL RC - 1+ B - dY > )
—/1(1 —W)E[’Yz(y A en D 2y _g2e w0 ‘Y > d]dw}.
0

Choose p so that pC' > (y1 + 72) supgso E(Y — d|Y > d), this supremum is finite because of
the bound in (3.19). Furthermore, the bound in (3.20) implies that there exists N’ > N such
that, if n > N’, then the expression in (3.21) is nonnegative. Also, V/, > 1 on [0,bp], so F),
evaluated at Vp + p/4/n is nonnegative on [0, bp].

Next, evaluate G, at Vp + p/y/n on (bp,o0). Again, let d = y/nz; then, after simplifying,

Gn(ﬂc, Vo (z) + %,Vg(az),vp(o n %)

ONEY P
= Gn(a?,x—bp,l,-—bp) + <5 + \/ﬁ> Gn(z,1,0,1)
ONEY p—EY —dY >d)
_5{(x_bD)+\f}+ )\Sy(d){é—bp—i- \/ﬁ >0

in which the inequality follows from (3.9) and from choosing p > sup o E(Y — d|Y > d).
Also, V}, =1 on (bp,o0); thus, F,, evaluated at Vp + p/+/n equals zero on (bp, oc).

We have shown that Vp +p/+/n is a supersolution of F,, = 0, and Proposition 5.1 in Azcue
and Muler [2] implies the bound of V,, in (3.18). [ |

In the following theorem, we show that V,, converges to Vp at a rate of order O(n_l/ 2).

Theorem 3.4. If (3.11) and (3.17) hold, then there exists C' > 0 such that, for all n >
max(N,N') and x > 0,

(3.22) V() — Vi (2)] <

sl

© 2021 Asaf Cohen and Virginia R. Young



Downloaded 05/25/21 to 68.42.72.7. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

OPTIMAL DIVIDEND PROBLEM: ASYMPTOTIC ANALYSIS 37

Proof. From Propositions 3.2 and 3.3, it follows that

q p
Vi — —= < Vp(lx) £V —
b(e) ~ < < Vale) < Vole) + 2
with ¢ > 0 and p > 0 given in the proofs of those propositions. Subtracting Vp(z) from each
side yields

q p
—— <V —V < =,
Jn n(z) = V(@) < NG
Thus, if we set C’ = max(q, p), inequality (3.22) follows. [ |

Remark 3.5. Our assumption that the moment generating function of Y is finite in a
neighborhood of 0 stems from the fact that we estimate GG, for the function Vp, which includes
an exponential term. Although our techniques cannot handle random variables with infinite
moment generating functions (for example, Pareto and lognormal), observe that not only do
we prove convergence, we also provide the rate of convergence. Specifically, Theorem 3.4
asserts that the rate of convergence of V,, to Vp is of order O(n‘l/ 2) and, moreover, that
the convergences is uniform over z € [0,00). By using probabilistic techniques and relying
on convergence in distribution of the underlying processes, Theorem 3.6 in Béuerle [3] proves
the pointwise convergence lim,,_,~ V;,(2) = Vp(x) without estimating the rate of convergence,
but, as mentioned in the introduction, these techniques are only valid for the case of bounded
rates of dividend payments. We leave determining the rate of convergence in more general
setups for future research.

We end this section with an example in which we calculate C’ in Theorem 3.4.

Ezample 3.6. Let Y ~ Gamma(2,1) with probability density function fy(y) = ye ¥ for
y >0, A =10, § = 0.07, and 6 = 0.10, which is the example Azcue and Muler [2] consider in
section 10.1 of their paper. Azcue and Muler [2] give the following value function for n = 1;
note that V] embodies a nonbarrier band strategy:

x + 2.119, 0 <z < 1.803,
(3.23) Vi(z) = < 0.0944e~ 1488252 _ 9 431¢=0:079355z 4 1] 9570039567 1 803, < x < 10.22,
x + 2.456, x > 10.22.

For this example, 1 = 0.03894, v2 = 0.08561, and bp = 12.650. In (3.14), we may set N =1,
from which it follows that
1
A= {,Y;,ewlbDE(ys) A E(ySew‘/)} — 0.04651
and gives ¢ = AA/0 = 1004 = 4.651. Also,

2+d
supE(Y —d|Y > d) =sup —— =2,
dz% ( | ) dzg 1+d
which implies that we can set
Y172
Y1+
p>2 <71> " 9687
Y2

It follows that C’ = max(q,p) = 4.651.

© 2021 Asaf Cohen and Virginia R. Young
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The numerical scheme for computing V,, for n € N is prescribed on pages 95-96 in Schmidli
[24]. For completeness, we describe it here. From Gerber [14], we know that the optimal policy
is a band policy. Now, for the initial capital z = 0, either (a) dividends are paid, in which
case V,,(0) = A(y/n + 0)/(n\ + 9); or, (b) no dividends are paid immediately and there is
a value by = inf{x > 0 : V/(z) = 1} > 0, and when surplus lies in the band [0, by], no
dividends are paid. The value function in this case would be derived by taking a solution
of Gy (z,u(z),uz(z),u(-)) = 0 on [0,by] with the initial condition u(0) = 1 and by setting
Vo(z) = u(z) /ug(by) for x € [0, bg]. Then, one repeats this process on [by, ).

In our case, assume that dividends are paid in the band that includes x = 0; then, by
differentiating the integro-differential equation G, = 0 twice, one obtains the differential
equation

0 = ndu(z) + 2(v/nd — A0n)ug(z) + (= 3An — AA/n + 0) uge ()

which implies the general form of the solution u(z) = Z?:l a;e®®. By substituting this ansatz
into G,, = 0 and by using the initial condition u(0) = 1, one obtains, for n = 1,

’LL(LU) — 5'94798360.039567([ o 5.0587316_0'079355$ + 0.1107486_1'48825x.

However, the minimum of u, is attained at x = 0. Hence, u(z)/u(by) < 1 for any by > 0.
Therefore, we deduce that dividends are paid on the band that includes z = 0. That is,
Vi(z) = x + A(y/n+ 60)/(nA + ) in a neighborhood of z = 0. To find the first band’s upper
threshold by, we define for any b > 0 the function V(z) : [b,00) — R such that V}* solves the
integro-differential equation with the initial condition V’(b) = V1(b) = b+ A(v/n+0)/(nA+0).
Then, we set
bo = argmin (V) (z) = 1,
z>b

and b; equals the value of x for which (Vlbo)x(az) = 1. The latter is the upper bound of the
second band from the bottom. In our case, by = 1.80303 and b; = 10.2162. Above = = by, it
is always optimal to pay dividends. In conclusion, V; is given by (3.23).

We repeated this procedure for n = 4, 9, and 25 and obtained the following value functions:

x + 1.66, 0<x<0.63,
Vi(z) = < 0.04413e~298832 _ 10.07¢0-0082368z 110 8631e0-039254z (0,63 < z < 10.8,
x 4 1.799, x> 10.8.
x + 0.94746, 0 <z < 0.266,
Vo(z) = < 0.073e448837 _ 10.257¢70-083422 | 1084100394157 (0266 < x < 13.243,
x + 1.66343, x > 13.24343.
x4 0.51043, 0 <z < 0.105,
Vos(x) = { 0.04413e~ 748837 _ 1().51¢~0-008428162 4 10 8600397 0.105 < = < 12.11,
x + 1.537, x> 12.11.

The comparison between these three V;,’s and the respective bounds Vp+p/y/n and Vp—q//n
is illustrated in Figure 1.
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Figure 1. For Ezample 3.6 the three graphs on the left-hand side are of V,, (solid line) and Vp + % and
Vb — - (dashed). On the right-hand side the function Vi, — Vp is in solid and the dashed boundaries are

N
and—%.

p

N

3.3. O(n~1/2)-optimality for using the barrier bp for the scaled CL model. In this
section, we show that using bp as a barrier strategy for the scaled CL model, in place of the
optimal band strategy, is (’)(n_l/ 2)—op‘cimal. Specifically, we show that there exists C” > 0
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and N > 0 such that n > N implies

C//
}Vn(ﬂf) - VD’n(l')| < %
for all > 0, in which Vp, denotes the (expected) payoff function for the scaled problem
when we use the barrier bp. From Lemma 2.48 of Schmidli [24], we know that there is a
unique solution g, € C!'(R+) of the integro-differential equation G, = 0 with ¢,(0) = 1.
Moreover, the proof of this lemma shows that g, is strictly increasing. We use g, to construct
an expression for Vp ,, as follows:

9n(7)
(3.24) Vpn(z) = { 9n(bD)’
Vpn(bp) + (z — bp), x> bp.

OSbeDa

Note that Vp ., € CH(RT) with V},, (bp) = 1.

We connect Vp ,, and V;, via VD because (1) Vp, and Vp are (expected) payoff functions
for two different problems (scaled CL model versus its diffusion approximation) but with the
same barrier bp, and (2) we have a demonstrated relationship between Vp and V;, in (3.22)
in Theorem 3.4. We begin by proving a theorem that is parallel to Theorem 3.4, but, first,
we prove a comparison lemma for G,, on [0,bp], which we use to prove the parallel theorem.

Lemma 3.7. Suppose u,v € C*([0,bp]) satisfying the following conditions:

(i) u(0) < v(0).

(i) Gp(z,u(x), us(x),u(-)) < Gn(z,v(x),vz(x),v(:)) for all z € (0,bp).

(iii) uz(bp) = vy(bp).
Then, u < v on [0,bp].

Proof. Suppose, on the contrary, that u(x) > v(x) for some value of z € (0,bp]|. Then,
there exists xg € (0,bp] at which u — v achieves a positive maximum, with wu,(xg) = vz(xo).
Note that condition (iii) of the lemma ensures u,(xg) = v, (zo) if o equals the endpoint bp.
Then,

0< Gy (mo,v(ajo),vx(xo),v()) -Gy (a:o,u(xg),ux(xo),u(-))

Vno
= (nA + 6)v(zo) — A(Vn + 0)EY vy (o) — n)\/o v(:co ! )dFy(t)

7

Vo
— (nA + &)u(zo) + A(Vn + 0)EY ug (o) + n)\/o u(mo _ ! )dFy(t)

vn
= (nA+6) (v(zo) — u(wo)) — nA /0\/%0 (v(mo - \;ﬁ) - u(mo - \/tﬁ>> dFy(t)
= —(nASy (v/nzo) + 6) (u(zo) — v(zo))

o [T (o) vtow) = (w0~ =) = o0 =) ) ) areto

<0,
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in which the inequality follows because u — v achieves a positive maximum at xg. Thus, we
have a contradiction, so u < v on [0, bp]. [ ]

In the following theorem, we use Lemma 3.7 to show that Vp, converges to Vp at
a rate of order O(n_l/ 2). Theorem 3.7 in Bauerle [3] proves the pointwise convergence
limy, ;00 Vp n(2) = Vp(x) without estimating the rate of convergence.

Theorem 3.8. If (3.11) and (3.17) hold, then there exists C' > 0 such that, for all n >
max(N,N') and z > 0,

C/
(3.25) [VDn(z) = Vp(z)| < NGk

Proof. Note that Vp, < V,, on R" because they are payoff functions for the same problem,
and V,, is the maximum as the value function. Also, from Proposition 3.3, there exists p > 0
such that V;, < Vp + p/y/n on R*; thus, Vp, < Vp +p/y/n on RT.

Next, compare Vp — ¢/y/n and Vp,, on [0,bp] for ¢ > 0 given in Proposition 3.2. In the
proof of that proposition, we show that G,, evaluated at Vp — ¢/+/n is negative on [0,bp],
and the construction in (3.24) shows that G,, evaluated at Vp,, is zero on [0,bp]. Because
u = Vp—q/y/nand v = Vp , satisfy the conditions of Lemma 3.7, we deduce that Vp—q//n <
Vb, on [0,bp]. Furthermore, because Vp , and Vp — ¢/4/n have slope identically equal to 1
for z > bp, we deduce Vp — ¢/v/n < Vp, on R*.

Thus, if we set C' = max(q, p), as in the proof of Theorem 3.4, inequality (3.25) follows. W

The following theorem is the main result of this section.

Theorem 3.9. If (3.11) and (3.17) hold, then the barrier strategy with barrier bp is O(n_1/2)—
optimal for the scaled problem. Specifically, then there exists C"” > 0 such that, for all
n > max(N,N’) and x > 0,

Cl/

Proof. If we set C" = 2C’, then (3.26) follows from (3.22), (3.25), and the triangle in-

equality. |

Remark 3.10. Theorem 3.9 proves the (’)(n_l/ 2)—optimality of using the optimal barrier
for the diffusion approximation (namely, bp) in place of the optimal band strategy for the
n-scaled problem. This result supports the common practice in the mathematical finance and
insurance literature of using the diffusion approximation in place of the classical risk model.

Although Theorem 3.9 proves that using the barrier strategy with barrier bp is (’)(nil/ 2)—
optimal for V,,’s problem, we do not know that the barriers of V,,’s band strategy converge to
bp; in fact, it does not appear to be true generally. Indeed, consider the gamma example on
pages 95 and 96 of Schmidli [24]: V'(x) = 1 in a neighborhood of = = 0, so we hypothesize
that, as n — oo, the smallest barrier goes to 0.

We end this paper with an example: let Y ~ Exp(1), which implies Y,, is exponentially
distributed with mean 1/y/n. As is well known, the optimal dividend strategy for V,,’s problem
is a barrier strategy; see, for example, Chapter 10 of Gerber [13] or Avanzi [1]. Moreover, we
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have explicit expressions for the value function V,, and for its corresponding barrier b,, and
it is the latter in which we are interested. From equation (2.28) in Avanzi [1], the optimal
barrier equals

(3.27) b, = 1 In (T%(ﬁ-ﬁ))
1

in which

(3.28) r = Wiwe) [\/(\/ﬁw +6)% + 4ndx — (vVaAd — 5)}

and

1
(3.29) ry = N NEY)) [\/(\/ﬁw +6)% + 4n6A + (VAo — 5)} .

It is easy to see that

lim 71 = % [\/92 T A5/N — 9} _——
and
li_>m ro = % [\/92—1-45//\—}—9} =

in which 77 and 7, are given in (3.4) and (3.5), respectively. Thus,

1 3 2
im by, = In (’%) - In <72> — bp,
N0 Y1+ 72 V1 Y1+ 72 Y1
as expected, and the rate of convergence is of order (’)(n_l/ 2). Indeed,
1 1 73 Vv —ry
— X In| 5 )+n{—=
rit+re y1+72 i Vn 4y
L n 77% (\/ﬁ — TQ) —1In (PY%> .
r2(Vn+r1) "

+ X
71+ 72
Because In(73/7?) converges to In(y2/4?) as n — oo, it follows that |In(r2/r?)| is uniformly

bounded over n. Also, ln(%) is of order (’)(nfl/ 2). Hence, it suffices to estimate the

|bn - bD| S

following terms:

1 1
rL+r2 Y1+
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Starting with the first term, there exists a constant C > 0 such that for any n > 0,

1 1 Vn+0 1
— =\ —
ritre Mt ‘\/ﬁ\/()\9+5/\/ﬁ)2+4>\6 V(A2 +4X5
< 1 B 1
T VOV 4N /(A0)2 + 48
1 A0
NN VTN ey
C
< %

Next,

(BE) - () () o ) )

The first term on the right side is of order O(n_l/ 2). The estimations for the last two terms
are similar; hence, we provide details only for the last one:

‘ln<r2>': m( Jn ‘\/(A9+5/\/ﬁ)2+45/\+/\9—5/\/ﬁ>|
72 Vvn+0 V(A0)2 + 45X + 20
gln(1+jﬁ>+

n VN +3/ )2+ 45N+ N0 — 3/ \/n
V(A0)2 + 45X + 0 '

The right side is bounded from above by Cln(1 + C/y/n) for some positive constant C,

independent of n, and this bound is of order (’)(n_l/ 2).

Appendix A. G,, evaluated at Vp on [0, bp]. In this appendix, we present the cal-
culations that inspired Proposition 3.2. Recall that

B, (), up(2), u(-)) = min { Gy (2, u(e), u (), u(")), u(w) 1}
in which the operator G,, is defined in (3.10). We now evaluate G, at Vp for 0 < x < bp:

G (z,Vp(z), Vh(x), V("))

_ A{ /OOO [n (vD(:v) ~Vp(z- %))

— VREY V},(z) + (i Vp(z) — 9Eyvlg(x)>] dFy (t)

+/Oo nVp (- \;H)dFy(t)}

nT

(A1)
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in which we extend Vp(z) to = < 0 via the first expression in (3.3). Note that Vp(x) < 0 for
x < 0, which implies that the second integral above is nonpositive. In the first integral, we
write Vp(z) = (e — ¢772%) /C in which C' equals

y1—72

O = (71 —i—’yg) (ﬁ) Y1+72 .

The first integral is linear in Vp and, hence, equals the difference of two integrals: one with
e /C replacing Vp(x), and the second with e=72% /C replacing Vp(z). We obtain the second
of these integrals from the first one by substituting —v, for ~;; thus, we show the details only
for ~;:

0

n > T 71 (I*L) 1 T 1 Y1z Y1z
ol et —e vr/ — 7 EYyeM® + — € 12— EY y1e™ dFy(t)
0 n n

o 242
- _gevw/o [e—wt/\/ﬁ _ (1 - j/l;l + 721771)] dFy (t)

3 1 -
_ 7 " 1— 2 E |:Y3 %Y] d

in which the first and second equalities, respectively, follow from the identities

5 1 E(Y?)
~ —0EYy = ——=
A " 2
and
" CL‘2 " iL‘n+1 1 -
(A.2) e :1+x—|—§—|—~-—i—ﬁ+ py /O(l—w)e dw.

A similar analysis for e772*/C' yields that the first integral on the right side of (A.1) equals
3 1 —y1w 3 1 w
(A3) _h eNe (1 — W)Q E [YSG%Y} dw + T2 e~ 2T (1 . w)2 E [Yge%y} dw.

2CVn 0 2CVn 0

Because of the bound in (3.11), we can rewrite and bound the first integral in (A.1) on [0, bp]
as follows: for n > N, in which N is such that inequality (3.14) holds,

1 ! N« Yow
W / (1—w)? {’yf’ﬁwE(Yi’)e NG Y) _i_,y%e—wzx]E(Y:ae%Y)}dw
n Jo
1
2C\/n

1
- 6C/n

Thus, for n > N and z € [0,bp], we have

<

1
/ (1 —w)? {7l PE(r?) + VSIE(Y%%Y) } o
0

2 A
{'yi)’e%bDE(Y3) + VS’E(Y?’e;QﬁY)} = —.

(A.4) v

(A-5) G (2, Vp(), Vh(2), Vi (")) <

4x
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