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Robust Power and Cadence Tracking on a
Motorized FES Cycle with an Unknown
Time-Varying Input Delay
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Abstract—Functional electrical stimulation (FES) induced
cycling is a common rehabilitative technique applied for those
with a movement disorder. An FES cycle system is a nonlinear
switched dynamic system that has a potentially destabilizing
input delay between stimulation and the resulting muscle force.
In this paper, a dual objective control system for a nonlinear,
uncertain, switched FES cycle system with an unknown time-
varying input delay is developed and a Lyapunov-like dwell-
time analysis is performed to yield exponential power tracking
to an ultimate bound and global exponential cadence tracking.
Preliminary experimental results for a single healthy individual
are provided and demonstrate average power and cadence
tracking errors of -0.05 + 0.80 W and -0.05 + 1.20 RPM,
respectively, for a target power of 10 W and a target cadence
of 50 RPM.

Index Terms—Functional electrical stimulation (FES), input
delay, switched systems, power tracking, rehabilitation robotics,
Lyapunov methods.

I. INTRODUCTION

A common rehabilitative therapy for those with lower limb
movement disorders is stationary Functional Electrical Stim-
ulation (FES) cycling [1]. There are numerous health benefits
associated with FES-induced cycling, such as promoting ben-
eficial changes in the neuromuscular system and facilitating
nervous system reorganization [2], improved physiological
motor control [3], and many more [1]. However, closed-
loop control of FES-cycling is challenging because it deals
with uncertain switched nonlinear dynamics [1], uncertain
nonlinear muscle activation dynamics [4], fatigue causes the
dynamics to be time-varying [5], and FES-induced forces
yield a potentially destabilizing time-varying input delay [5].

Over the last two decades, research in closed-loop
torque/power tracking investigated increasing the power out-
put (PO) of FES cycling. Prior torque tracking results have
utilized discretized average torque tracking [6], tracking
when it is efficient kinematically [7], and instantaneous
torque tracking [8]-[11]. However, none of these prior results

*Department of Mechanical and Aerospace Engineering, University of
Florida, Gainesville FL 32611-6250, USA Email: {brendoncallen, kimber-
lyjstubbs, wdixon} @ufl.edu

This research is supported in part by the National Defense Science
and Engineering Graduate Fellowship Program, the Assistant Secretary of
Defense for Health Affairs, through the Congressionally Directed Medical
Research Program under Award No. W81XWH1910330, and NSF award
number 1762829. Any opinions, findings and conclusions, or recommen-
dations expressed in this material are those of the author(s) and do not
necessarily reflect the views of the sponsoring agency.

978-1-7281-7447-1/20/$31.00 ©2020 IEEE

have accounted for the FES-induced input delay, which can
potentially lead to instability or reduce efficiency [5].

To compensate for the delayed response of muscle to
an FES input, controllers have recently been developed
for leg extension exercises [12]-[14], and cadence track-
ing in FES-cycling in the authors’ prior results in [15]-
[17]. A unique aspect to coordinated exercises, such as
FES cycling, is that both the delay after the application
and removal of stimulation should be considered to ensure
muscle contractions occur when it is kinematically efficient
and to mitigate/eliminate potential undesired antagonistic
muscle forces [15]-[17]. The aforementioned results on FES
delayed systems have all had control objectives of position
and/or cadence tracking. Further health benefits could be
achieved by increasing the PO by implementing a power
tracking control objective. PO and efficiency increases for
FES cycling are desired to cultivate fatigue resistant muscle
fibers, which can delay fatigue, and reverse muscle atrophy
[18] in addition to other health benefits [11]. However, to
date no FES delayed system has included power tracking as
a control objective.

Non-FES related input delayed systems have been studied
extensively (cf. [19]-[23] etc.), but few of these studies
have considered input delays of a switched system [21]-
[23]. These non-FES input delayed systems, however, do
not provide compensation for critical FES specific factors.
For example, the stimulation must be properly timed to
yield effective agonist muscle contractions and to reduce
antagonistic muscle forces by developing state and delay
dependent switching conditions.

In this paper, a dual objective control system is developed
for simultaneous power and cadence tracking of a nonlinear,
switched, uncertain FES cycle system with an unknown
time-varying input delay. To allow for instantaneous power
tracking, a running integral is employed, which can more
accurately compensate for rider asymmetries [11]. A state
and delay dependent trigger condition is developed to sched-
ule the activation and deactivation of the FES for each
muscle group so that contractions occur in kinematically
efficient regions of the crank. The motor is used to regulate
the cadence, similar to clinical practice, but the power is
regulated via FES to ensure the participant is contributing a
desired amount of effort and to increase the PO. However,
FES is not always active, which results in periods where
the power objective is not being controlled. The existence
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of uncontrolled regions requires the development of dwell-
time conditions to achieve the power tracking objective.
Therefore, a Lyapunov-based switched systems analysis is
provided, which includes a dwell-time analysis to yield
global exponential cadence tracking and exponential torque
tracking to an ultimate bound. An initial assessment of
the developed controller was provided by a preliminary
experiment on a single healthy individual'. This experiment
demonstrated an average cadence and power tracking error of
—0.05%1.20 revolutions per minute (RPM) and —0.054-0.80
Watts (W), respectively, for a desired cadence trajectory of
50 RPM and a target power of 10 W.

II. DYNAMICS

A. Cycle-Rider Dynamics

Throughout the paper, delayed functions are defined as
poa) ht=7@) t=7()=1
T 0 t—7(t) <ty

where the time and initial time are denoted by ¢,y € R>,
respectively. There exists an unknown time-varying delay [5],
known as the electromechanical delay and denoted by 7 :
R>o — S, between the application (removal) of stimulation
and the onset (elimination) of muscle force. The set of all
possible delay values is denoted by S C R [4]. The uncertain,
nonlinear motorized cycle rider dynamics are [15], [16]?

M(q)G+V(g:4)4+G(q)+ P(g,q) +beg+d(t)
= Z bm(qu; )um<t_7-)+beue()a
——

meM ()

Tm(4,4,7:t)

ey
where ¢ : R>9 — @, ¢: R>9 — R, and G : R>o — R denote
the measurable crank angle, measurable angular velocity
(cadence), and unmeasured acceleration, respectively. The
set @ C R denotes all possible crank angles. The inertial,
gravitational, and centripetal-Coriolis effects are denoted as
M:Q — Ry, G: Q@ —=>R andV : QxR — R,
respectively. The rider’s passive viscoelastic tissue forces are
denoted by P : @ x R — R. The cycle’s viscous damping
effect is denoted by b, € R-( and the system disturbances
are denoted by d : R>g — R. The system inputs are
from FES-induced muscle contractions and an electric motor,
which are denoted by 7,,, : @ X R x S x R>¢g — R and
Te : R>o — R, respectively.

The uncertain muscle control effectiveness is denoted by
bm : @ X R x Rsg — Ry, ¥Ym € M in (1). The set M £
{RQ, RH, RG, LQ, LH, LG} contains the right (R) and
left (L) gluteal (G), quadriceps femoris (Q), and hamstring
(H) muscle groups. The delayed FES input (i.e., pulse width)

! Additional experiments are currently stymied due to Covid-19.
2For notational brevity, all explicit dependence on time, ¢, within the
terms g(t), ¢(t), ¢(¢t), and 7(t) is suppressed.

is represented by U, r
defined as

:SXxRsp —- R, Vm € M and

Um, T £ kmam,T ((J‘m QT) U, (2)

where k,, € Ryg, Ym € M are selectable constants. The
subsequently designed FES control input is represented by
u:R>9 = R. In (2), oy 7 (¢r,¢r), Vm € M denotes the
delayed switching signals, which indicate the muscle groups
that were stimulated at £ — 7. To compensate for the delay,
state-dependent FES switching signals, denoted by o, : Q X
R — {0, 1}, ¥m € M, are designed to activate/deactivate
each muscle in more efficient regions of the crank, and are
defined as

17 Q(X E Q’H’L
om (0,0) =4 1, q3€Qm » 3)
0, otherwise

where ¢o,q3 : @ x R — R represents trigger conditions
and are defined as g, = f1(g,q) and gz = f2(q,q). The
functions f1, fo : @ x R — R, use the fact the delay can
be bounded such that 7 < 7 < 7, where 7,7 € Ry are
known constants [12], [13]. The trigger conditions determine
when to activate/deactivate the stimulation of each muscle
group such that FES-induced muscle contractions occur over
the entire FES region and simultaneously reduce/eliminate
residual torques occuring in antagonistic muscles. The ef-
ficient regions of the cycle for each muscle is denoted by
9,, C Q, YVm € M and is defined in [1] as

Om £ {QEQ|Tm(Q)>5m}7 4)

vm € M, where T,, : Q@ — R represents the torque
transfer ratio and a selectable lower threshold is denoted
by €,, € (0, max(7;,)]. By the definition in (4), a muscle
contraction in a particular muscle’s FES region will effi-
ciently contribute to forward pedaling, that is, positive crank
motion. The entire FES region, denoted by Qrgg, is defined
as Qrgs = UM {9 }. Non-efficient regions of the crank

cycle are called kinematic deadzones and are defined as
QKDZ - Q\ QFE'S'

The motor control effectiveness is a known constant and
is denoted by b, € R+ in (1). The electric motor’s input
(i.e., current), denoted by u. : R>g — R, is defined as

Ue (t) = keucad (t) ) (5)

where u.qq : R>0 — R denotes the subsequently designed
motor control input and k. € R is a selectable constant.
Substituting (2) and (5) into (1) yields3

Bm,TUT + Bettcaqa = Mi+Vqg+G+P+bg+d, (6)

A
where B,,, =

B, £ b.k,.
The switched system in (6) has the following properties
[1]. Property: 1 c,,, < M < cps, where ¢, cpr € Ry are

EmeM bm (¢, 4:t) kmOm,r (¢r,4¢-) and

3All functional dependencies are hereafter suppressed, for notational
brevity, unless required for clarity of exposition.

3408

Authorized licensed use limited to: University of Florida. Downloaded on May 26,2021 at 02:16:46 UTC from IEEE Xplore. Restrictions apply.



known constants. Property: 2 |V| < cy|¢|, where ¢y € R<g
is a known constant Property: 3 |G| < ¢, where ¢ € R
is a known constant. Property: 4 |P| < cp1 + ¢pa|q|, where
cp1, cpaz € Ry are known constants. Property: 5 b.¢ <
cclgl, where ¢, € Ry is a known constant. Property: 6
|d| < ¢4, where ¢4 € Rsq is a known constant. Property:
7 %M = V. Property: 8 The muscle control effectiveness
b, is lower and upper bounded Vm € M, and thus, when

> omer >0, ¢ < Bp,r <cp, where ¢y, cp € Ry are
meM
known constants. Property: 9 The delay estimate error is

bounded such that #+ — 7 < 7, where 7 € R+ is a known
constants and 7 € Ry is a constant estimate of the delay.
[12], [13].

B. Torque Dynamics

The dynamics in (6) are rewritten as
Tm + Te = Tp + T, (7)

where 7, and 7. denote the torque by the rider’s passive
effects and the cycle about the crank axis, respectively. An
auxiliary term, denoted by 7.5 : R>9 — R, is defined as

Test £ Tp + 7. (8)

When no stimulation is applied 7.5t = 7.. Assumption 1.
The auxiliary term and disturbances are sufficiently smooth
such that Tes, Test, d € Loo [11]. Assumption 2. As
detailed in [11], preliminary testing (see Section V for
more information) can be used to generate an estimate of
Test> denoted by 7. : R>o — R, that is continuously
differentiable such that the estimation error, 7.5 : R>0 — R,
defined as

~ A~
Test = Test — Tests (9)

can be bounded by a known constant, c.s;€ R>g, such that
|Test| < cCest- Assumption 3. The system in (6) does not
escape to infinity during the time interval [to, t]*], where ¢]*
is the first time instant that muscle forces are present in the
system.
The muscle torque, 7,, : R>g — R, can be estimated as
Tm £ Test — Te, (10)
where the estimation error of the muscle torque, 7, : R>og —
R, is defined as

T = T — T

>

Y

By substituting (8) into (7) and then using (9)-(11), 7, =
Test> and thus |7, | < cese. Therefore, the torque contribution
of the muscles can be separated from that of the motor with
the same precision that the passive rider and cycle dynamics
can be estimated.

III. CONTROL DEVELOPMENT
A. Cadence Error System

One control objective is for the cycle crank to track a
desired cadence. The measurable position tracking error is
denoted by e; : R>9 — R and defined as

e1 £ qa— g, 12)

where the desired trajectory, denoted by gq : R>9 — R,
is sufficiently smooth such that g5 < cq0, ga < cq1, and
Ga < cq2, Where cq, cq1cq2 € Rso are known constants.
The measurable cadence tracking error is defined as é¢; £
dq—q. A measurable auxiliary tracking error, denoted by es :
R>o — R, is designed to facilitate the subsequent analysis
and is defined as

ex = é + ajer, (13)

where a; € R is a selectable constant. The composite ca-
dence and position open-loop error system is determined by
taking the derivative of (13), multiplying by M, substituting
in (6), adding and subtracting ey, using (12) and (13), and
using the fact that 7, = BT u, to yield

Meé;, = x1—e1—Ves — Ty — Beticad, 14

where x1 = M (Gq + a1é1)+V (Ga + c1e1)+G+P+beg+
d + e1. Based on the subsequent stability analysis and (14),
the motor controller is designed as

teas = g (nea + (ka + o [yl + K l1®) sem e2) = 7).
15)

where k1, kTg, ks, ks € Rsq are selectable constants, y £
€1 ey } , and sgn (-) denotes the signum function. The
cadence closed-loop error system is obtained by substituting

(15) into (14) and using (11) to yield

Mé2 = X*€17V€271€162

(16)
= (ko + s Ll + R 1y sen (e2)

where x £ x1 + 7. Using Properties 1-6 and Assumption
2, x can be upper bounded by

2
IX| < e+ eyl +esllyll”, (17)

where c1, co, c3 € Rs( are known constants.

B. Torque Error System

The integral torque tracking objective is denoted by ej :
R x R>¢ — R and defined as [24]

o5 2 / (T (6) — 7 (8)) d6, (18)

to
where 7, ¢ : R>o — R denotes the desired torque trajectory
that can be bounded by 7,4 < c¢ro and 7,4 < cr1.
The form of (18) is designed to facilitate the subsequent
stability analysis by allowing the torque controller to directly
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influence the closed-loop torque error system [24]. Applying

Leibniz’s Rule to (18) yields
€3 = Tm,d(t) — Tm (1), (19)

which represents the instantaneous torque tracking error. To
inject a delay-free input term into the closed-loop torque

error system, an auxiliary error signal, denoted by e4 : R X
R>o — R, is defined as
t
o —/ u (0) db. (20)
t—7

To facilitate the subsequent analysis, an auxiliary torque
tracking error, denoted by r : R x R — R, is defined as

r £ ages + aseq, 21)

where ag,a3 € R. are selectable constants. Taking the
derivative of (21), substituting (7)-(10), using the fact that
T 2 B, +ur, and adding and subtracting cvp By, -u+ yields
the open-loop torque error system

—ur) —ozu+ (a3 — 2By 1) Uz,

(22)
where Yo £ Tm,d — Test and can be upper bounded by
Ix2| < c4, where ¢4 € R+ is a known constant. Based on the
subsequent stability analysis and (22), the motor controller
is designed as

7= qoxa + a2 B (uz

u = kgr, 23)

where ks € Ry is a selectable constant. Substituting (23)
into (22) yields the closed-loop torque error system

T = agXx2 + agksBp , (7"? - ?".,-) — agksr

(24)
+ (a3 — ag By 1) ksrz.

To facilitate the subsequent stability analysis Lyapunov-
Krasovskii functionals, denoted by @1, @2 : R x R>g —
R>q, are defined as

1

Q25

t
(37650&24’51&)1)]17 / AT(G)QCZ&, (25)

st [ [ro

where €1, wq,ws € Ry are selectable constants.

% dfds, (26)

IV. STABILITY ANALYSIS

The torque error system must be analyzed for the case
when the muscles are producing forces (B,, » > 0) and the
case when the muscles are not producing forces (B, » = 0)
along with the analysis of switching between the two cases.
For safety and user-comfort, the following initial condition
is defined

[I2(t0) | <, @27

where 71 € Ry is a user-defined constant to limit FES
intensity. Theorems 1-3 establish the decay rate, growth rate,
and boundedness of the torque error system and FES con-
troller. The proof of Theorems 1-3 use a common Lyapunov

function candidate to first establish the decay rate for the
torque error system when the muscle forces are present
and a growth rate otherwise, and to establish an ultimate
bound on the integral torque error system. The first two
theorems assume that ||z(-)|| <,V - [to,t), where v € R-¢
is a known constant. Theorem 3 establishes that provided
(27) is satisfied, then [|z(-)]] < - [to,t). To facilitate
the subsequent analysis, sw1tch1ng times are denoted by
{ti},i € {m,e},n € {0,1,2,..}, which denote the
instants in time when B,, , becomes nonzero (i = m) and
the instants when B,,,  becomes zero (i = e).

Theorem 4 establishes exponential stability of the position
and cadence error systems and boundedness of the motor
control input.

Let V; : RXRXRZ()XRZO —>R>0 and Vo : RxR —
R+ o denote positive definite, continuously differentiable Lya-
punov function candidates defined as

1 1
Vi £ or? 4 Jwiel + Qi + Qs (28)
al o 1o
‘/2 = 561 + §M€2. (29)
The Lyapunov function candidates can be bounded as
Mlzl® < Vi< Xe =, (30)
Bullyl® < Vo < Ballyll®, (31)

where Bl,ﬁg,)\l,Ag € Ry are known constants and de-

fined as 3, £ mm(27 2) By & max(2, 2) AN 2
min (%, %) Ao £ max (1 —) y is defined after (15), and

the composite error vector z € R xR xR>¢ xR is defined
as

2y e va VG| (32)

To facilitate the subsequent analysis, auxiliary constants
01,02, A\, A3, Ay, v, 01,02 € Ry are defined as

5, £ min (iagks, 3,::12 - "Jéfs,
(33)
2w 1
3‘?‘(0&370;]&24*61&)1)’ 37 )
02 S o+ kg (510.)1 + wg) , (34)
AL MAET A (35)
A3 2101, A2 A1, (36)
v £ e (>‘4Atmaac) (1 — €Xp ( )‘3Atmzn)) (37)
)\72 (1 — €xXp ()‘4Atfnaz)) )
N a3c?
2 38
U1 ks O[3I€S, ( )
a (aocq + kscbagf'T)Z
vy = ) (39)

452

where €5 € R+ is a selectable constant and 7° € Ryq is a
known constant. The minimum allowable dwell-time when
muscle forces are present and the maximum allowable dwell-

time without muscle forces, denoted by At™. = AtS

min’ max
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R+ ¢, respectively, must be defined in such a way to ensure
they can be met. Let {t!},i € {FES, KDZ}, n €
{0,1,2, ...}, denote the known times the crank enters Qppg
(leaves Qi pz) or Qxpz (leaves Qrgg), respectively, for
the n-th time. Although, the delay is unknown, by the design
of the switching condition in (3), it is known that muscle
forces are present throughout the entire FES region of the
crank cycle. Therefore, the following dwell-time conditions
are defined

At 2 min ((EPZ —FES) wn, (40)
Atfnax = max (tgfls - twlfDZ) 7vn~ (41)

Therefore, after the FES regions are designed, the dwell-time
conditions manifest themselves as a minimum and maximum
allowable cadence.

Theorem 1. For B, . > 0, the integral torque tracking
error in (18) is uniformly ultimately bounded in the sense
that

Iz < 32 [z ()1 exp (< As (¢ = £7))
i, (L—exp (“As (E—17)))
Vit € [t t8), ¥n, provided that ||z(-)|] < v, V- € [to, 1),

n»’n
Assumptions 1 and 2 are satisfied, and the following gain

conditions are satisfied:

(42)

3A2 k2
ay > cpas, we> T apk <1, (43)
€1
7T < @ (depan — 2a3 — dejwy — dwsa) . (44)

Proof available upon request.

Theorem 2. For B,, . = 0, the integral torque tracking
error in (18) can be upper bounded in the sense that

32 1= (I exp (A (2 — £,))
—3 (L—exp (A (E - 17)))
Vt € [te,tm ), Vn, provided that ||z(-)|| < v, V- € [to, ),

Assumptions 1 and 2 are satisfied, and the gain conditions
in (43) and (44) are satisfied.

2
=@ < )

Proof available upon request.

Theorem 3. The integral torque tracking error in (18) is
ultimately bounded in the sense that

limsup ||z ()] = \/72 = A{ "es,

t—o0

(46)

where c5 € (0, )\172) is a known constant and the integral
torque tracking error is bounded for all time in the sense
that

Izl <7, (47)

Yt € [to,00), provided the initial condition in (27) is met,
Assumptions 1-3 are satisfied, and the gain conditions in
(43) and (44) are satisfied in addition to the following gain
conditions

AsAt

min > A AL

max)

(48)

v

- = M\~
1= exp (—N) tes 1Y%

(49)

% 'Y]? exp ()‘4 Atfnaw)
) (50)

V2

YW (1 — €xXp ()‘4At$naw)) <

Proof available upon request.
Now, Theorem 4 is employed to establish the exponential
decay rate of the cadence error system Vt.

Theorem 4. The composite position and cadence error y is
globally exponentially stable in the sense that

Iyl < 1/ 2y el ex (—m“(“’” (t - to>) ,

22
(51
Yt € [to, 00), provided the following gain conditions are met
ke > c1, k3 > ca, k4 > cs, (52)

where c1, co, and c3 are introduced in (17).
Proof available upon request.

V. EXPERIMENT

To validate the controllers in (15) and (23), experiments
were performed on an able-bodied participant. The partic-
ipant provided written informed consent approved by the
University of Florida Institutional Review Board. Similar to
active therapy, the participant was shown the integral torque
tracking error plot in real time (i.e., e3(t)) and was instructed
to contribute to the control objective by attempting to min-
imize the error as stimulation was provided as required. A
FES cycle testbed similar to [1] was used.

A preliminary experiment was used to estimate the rider’s
passive dynamics, 7. To start the experimental protocol, an
exponential cadence ramp from 0 to 50 RPM was performed
by the motor controller in (15). Upon reaching 50 RPM,
the FES controller in (23) was applied and an exponential
ramp was applied on the power trajectory from O to the
desired power (10 W). The experimental protocol lasted
for 120 seconds. Although the FES controller in (23) is
designed using a torque-based error system, the results will
be converted to the measured power, P : R>o — R, by using
P £ #,.4. To determine the range of crank angles at which
to stimulate each muscle, the torque transfer ratio’s lower
threshold values were utilized in addition to (3).

A. Results/Discussion

For clarity, to visualize the results, a 2.4 second (approx-
imately 2 cycles) moving average filter was applied to the
measured power, P. Figure 1 depicts the subject’s cadence
and power tracking performance throughout the experiment.
FES was applied over 81% of the duration of the experiment.
The controllers demonstrated an average cadence error of -
0.05 £ 1.20 RPM and an average power error of -0.05 £ 0.80
W, with a target cadence and power tracking of 50 RPM and
10 W. These preliminary experimental results successfully
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Fig. 1. The desired versus the actual cadence and power.

demonstrate the ability of the controllers in (15) and (23) to
achieve 0.1% and 0.5% cadence and power tracking errors
despite unknown disturbances, uncertainty in the lower limb
dynamics, and an unknown time-varying FES input delay,
for a single healthy participant.

VI. CONCLUSION

A dual objective control system is developed to track ca-
dence and power. A running torque integral is utilized to have
real-time torque tracking. The cadence and power are tracked
by using the motor and FES, respectively. To compensate
for the FES-induced input delay, switching conditions and
an auxiliary tracking error (that injects a delay-free FES
input into the dynamics) were developed. A Lyapunov-
based analysis was performed to guarantee global exponen-
tial cadence tracking and exponential power tracking to an
ultimate bound. A preliminary experiment was conducted on
a single healthy individual to demonstrate the performance
of the designed controllers. More thorough experiments will
be performed to better quantify the performance of the
controller and future efforts will seek additional methods to
improve PO during FES cycling.
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