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Transitions between Rydberg states in two-color corotating circularly polarized laser pulses
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We present a study of higher-order Raman (�, V , and S) transitions between Rydberg states involving
the absorption and emission of at least three photons in the interaction of two-color corotating circularly
polarized laser pulses with the hydrogen atom. Our analysis is based on results of numerical solutions of the
corresponding time-dependent Schrödinger equation. The results for the interaction with (ω, 2ω) fields show
that the simultaneous interaction with both fields results in an excited state distribution over a broad range of
magnetic quantum numbers. Indications of the impact of the �,V , and S transitions are found via the analysis of
final distributions resulting from the preparation of the atom in specific Rydberg states. Furthermore, we show
that similar mechanisms for the redistribution of population between Rydberg states are present in two-color
fields with larger differences in the central frequencies, i.e., (ω, 3ω) and (ω, 4ω) fields.
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I. INTRODUCTION

The irradiation of atoms with two-color circularly polar-
ized intense laser pulses has recently generated much interest
in strong-field physics. The superposition of the two fields at
different wavelengths with either co- or counterrotating polar-
ization gives rise to optical wave forms much different from
those of a single-color laser field. This results in new prospects
and capabilities for fundamental strong-field processes, such
as excitation, ionization, and high-order harmonic generation.
For example, in high-order harmonic generation the applica-
tion of a bicircular laser field has recently enabled the efficient
phase-matched generation of circularly polarized harmonics
at multiples of the driver wavelengths up to the extreme-
ultraviolet and soft x-ray regimes [1–16], initially motivated
by earlier work from about two decades ago [17,18]. In strong-
field ionization by a bicircular laser pulse, the production of
electron vortices [19,20] and spin-polarized electrons [21,22],
the control of electron rescattering [23,24], the impact of
excited states [25–27], the retrieval of target structure [28],
the role of interferences [29,30], and the temporal resolution
of the electron emission [31,32] have been analyzed.

The relative helicity of the two applied circularly polar-
ized laser pulses has a significant effect on the manifold of
accessible excited states during the interaction. Initially, it has
been shown [25] that opposite photon polarization in counter-
rotating fields increases the probability for resonant-enhanced
ionization as compared to the case of corotating fields. More
recently, it has been studied [27] how the quantum selection
rules for (multi-)photon absorption result in the selective pop-
ulation of excited states in atoms. Surprisingly, the results of
the numerical simulations of the time-dependent Schrödinger
equation in the case of corotating fields, however, also re-
vealed population in states with orbital angular momentum
and magnetic quantum numbers that are not accessible via
sole absorption of photons from the two fields. It has been

proposed that these states are populated via Raman-like tran-
sitions involving the absorption and emission of photons from
both laser fields [27]. Let us assume without loss of generality
that the two corotating fields have central frequencies ω and
2ω and are both left-handed circularly polarized, giving rise to
selection rules of �m = −1 for the absorption and �m = +1
for the emission of a photon from either one of these fields. As
shown in Fig. 1 (right column) the absorption of one photon
at frequency 2ω (blue arrows) along with the emission of
two photons at ω (red arrows) in a �, V , or S- results in a
total change of magnetic quantum of �m = +1. Analogously,
photon emission at 2ω along with photon absorption at ω

gives rise to �m = −1 (Fig. 1, left column). Consequently,
�, V , and S- can lead to a redistribution of population in
Rydberg states, also beyond the manifold of states accessible
by absorption only.

Changing and controlling the population in atomic energy
levels via � and V transitions are well-known quantum me-
chanical processes which involve either one or two optical
fields. Exemplary applications based on this phenomenon
are coherent population trapping [33,34], inversion-free
lasing [35], stimulated Raman adiabatic passage [36,37],
electromagnetic-induced transparency [38,39], interference
stabilization [40,41], and population trapping [42,43]. In all
these applications the absorption and emission steps each
involve one photon, i.e., in total a second-order process. In
contrast the redistribution in the Rydberg states by corotating
bicircular (ω, 2ω) laser fields relies on third-order processes
requiring three photons, two at the longer wavelength and one
at the shorter wavelength, leading to the transitions shown in
Fig. 1.

The results of our previous study [27] indicated a redistri-
bution during the population of Rydberg states by bicircular
laser pulses, which can be controlled via the relative intensity
of the two fields. In the present work we extend the analy-
sis of the redistribution schemes. For our studies we make
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FIG. 1. Schemes for � (upper row), V (middle row), and S
(lower row) transitions between Rydberg atomic states at central
frequencies ω (red arrows) and 2ω (blue arrows) changing the mag-
netic quantum number by �m = −1 (left panels) or �m = +1 (right
panels). The two applied corotating circularly polarized fields are
assumed to be left-handed polarized.

use of results of numerical solutions of the time-dependent
Schrödinger equation (TDSE) for the interaction of the hydro-
gen atom with intense bichromatic circularly polarized laser
pulses. The paper is organized as follows: We first outline
the methods used to solve the time-dependent Schrödinger
equation and obtain the populations in the excited states in
Sec. II. We then further establish the effects of the simul-
taneous presence of both fields on the excitation of atoms
in corotating bicircular pulses at frequencies ω and 2ω in
Sec. III A. By selecting the initial state of the atom in Sec. III B
we analyze which kind of transitions are effective in the redis-
tribution of population in the Rydberg states. In Sec. III C we
provide indications that redistribution via even higher-order
transitions occur in corotating circularly polarized fields with
larger differences of the central frequencies. We end with a
brief summary in Sec. IV.

II. NUMERICAL METHODS

We consider the interaction of the hydrogen atom with two
circularly polarized intense laser pulses at different central
frequencies ω1 and ω2. The corresponding TDSE in dipole
approximation and velocity gauge is given by (we use Hartree
atomic units e = me = h̄ = 1, if not stated otherwise) the fol-
lowing:

i
∂

∂t
�(r, t ) =

[
−∇2

2
− −iA(t ) · ∇

c
− 1

r

]
�(r, t ), (1)

where A(t ) is the total vector potential of the two laser pulses:
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and c is the speed of light, where I� is the peak intensity and
N� denotes the number of cycles. Without loss of general-
ization, in our study we have chosen corotating left-handed
circularly polarized pulses, i.e., εω1 = εω2 = −1.

To solve the TDSE numerically we expand the wave func-
tion � in spherical harmonics up to lmax = 45 and mmax = 45.
The radius is discretized using the fourth-order finite differ-
ence method with a grid spacing of 0.1 a.u. and a maximum
radius of 750 a.u. with exterior complex scaling on the outer
38 a.u. of the grid. In time the wave function is propagated
using the Crank-Nicolson method with a time step of 0.05 a.u.
We have performed numerical calculations in which the cen-
tral wavelength of one laser pulse is set at 267 nm, while the
central wavelength of the second laser pulse is varied, namely,
534, 800, and 1068 nm. The number of cycles was chosen
such that the pulse durations of the two pulses were the same.
The initial state of the hydrogen atom was varied and the final
state population was obtained by projecting the wave function
at the end of the pulse onto the numerical bound ground and
excited states on the grid.

III. RESULTS AND DISCUSSION

A. Population distribution in time-delayed
bicircular corotating pulses

In the interaction with circularly polarized laser pulses the
selection rules for the orbital angular momentum and mag-
netic quantum numbers limit the manifold of excited states
accessible by absorption of photons [25,27]. In multiphoton
absorption in each transition the magnetic quantum number
is changed either by �m = +1 (right-handed circular polar-
ization) or �m = −1 (left-handed circular polarization). In
Fig. 2 we compare the distribution in the excited states of
the hydrogen atom as a function of the magnetic quantum
number (summed over n and � with n � 4) by single circularly
polarized pulses at 267 nm [panel (a)] and 534 nm [panel
(b)] with that due to the interaction with the superposition
of the two pulses [panel (c)]. The pulse durations of the two
pulses were chosen to be the same and in the superposition the
maxima of the field were chosen to coincide.

The distributions induced by the individual pulses are lim-
ited to narrow ranges in m, in agreement with the excitation
via absorption of three photons at 267 nm and six or seven
photons at 534 nm. The total photon energies at the central fre-
quency are 13.92 eV (three photons at 267 nm and six photons
at 534 nm) and 16.24 eV (seven photons at 534 nm). As-
suming that the Rydberg states approximatively shift with the
ponderomotive energy, which is 0.333 eV (267 nm, 5 × 1013

W/cm2) and 2.663 eV (534 nm, 1 × 1014 W/cm2) at peak
intensity, respectively, the maxima of the population distribu-
tions are in agreement with an excitation near the center of the
pulse.
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FIG. 2. Comparison of excited state distributions as a function of
the magnetic quantum number m (summed over n and � with n � 4)
for excitation with (a) a circularly polarized laser pulse at 267 nm
(20 cycles, 5 × 1013 W/cm2), (b) a circularly polarized laser pulse at
534 nm (10 cycles, 1 × 1014 W/cm2), and (c) a corotating bicircular
laser pulse.

In contrast, the distribution is much broader for the interac-
tion with the bicircular laser pulse. The states with magnetic
quantum numbers between m = −3 and m = −7 are accessi-

FIG. 3. Excitation probability in states with the magnetic quan-
tum number m (summed over n and � with n � 4) for two corotating
circularly polarized pulses at 267 nm (20 cycles, 5 × 1013 W/cm2)
and 534 nm (10 cycles, 1 × 1014 W/cm2) as a function of time delay
between the pulses. At negative (positive) time delays the 267-nm
(534-nm) pulse precedes.

ble via the combined absorption of photons from both fields.
However, the results also reveal population in states with
m > −3, which cannot be populated just via photon ab-
sorption alone. We have previously proposed [27] that a
redistribution of population between Rydberg states with dif-
ferent magnetic quantum numbers via Raman-type transitions
involving three photons (cf., Fig. 1) is effective when both
pulses are present.

The interpretation that the populations in the states outside
of m = −3 are only populated when both pulses overlap in
time is confirmed by the results in Fig. 3, which show the
population distributions as a function of the magnetic quan-
tum number and the time delay between the two pulses. The
pulse parameters were kept the same as for the simulations
in Fig. 2(c). When the pulses do not overlap, i.e., for de-
lays |�t | > 11 fs, the population is concentrated in m = −3
in agreement with an excitation by the 267-nm laser pulse
without impact of the preceding (positive time delays) or sub-
sequent (negative time delays) 534-nm laser pulse. In contrast,
once the pulses overlap in time there appears population in
states with m values larger and smaller than −3. Furthermore,
the range in m over which the population extends, as well as
the magnitude of population outside of m = −3 itself, gets
larger the more the pulses overlap.

B. Transitions between Rydberg states

The results so far indicate that the simultaneous presence
of both pulses is required for the population of excited states
with magnetic quantum numbers other than m = −3 (and
m = −6 and −7). Next, we analyze if any of the transitions
for the redistribution between Rydberg states, shown in Fig. 1,
are effective mechanisms in the bicircular pulse. To this end,
we consider that the hydrogen atom is initially prepared in
a specific Rydberg state. While the processes can proceed
via virtual states, the transition probabilities are larger when
intermediate real states are involved. For two of the transitions
(V and S) there is first an emission of one or two photons at the
smaller photon energy and, hence, intermediate bound states
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FIG. 4. Excitation probability as a function of the magnetic quantum number (summed over n and � with n � 4, upper row) and as function
of principal and orbital angular momentum quantum numbers (summed over m, lower row) for two corotating circularly polarized pulses at
267 nm (20 cycles, 5 × 1013 W/cm2) and 534 nm (10 cycles, 1 × 1014 W/cm2). Results are obtained for initial states prepared in n0 = 7 and
�0 = 3, m0 = −3 (a), (e); �0 = 4, m0 = −4 (b), (f); �0 = 5, m0 = −5 (c), (g); and �0 = 6, m0 = −6 (d), (h).

at lower energies must be accessible to make the transition
effective. Furthermore, we expect that there remains some
population in these lower-lying states at the end of the pulse.

For theV mechanism [Fig. 1(b)] the transition to the lowest
intermediate state is associated with an energy exchange of
�E = −2ω ≈ −4.64 eV (for the bicircular pulse used in the
present analysis), and �m = +1 (for a total change of �m =
−1) or �m = +2 (for a total change of �m = +1). Assuming
that the initial Rydberg state shifts with the ponderomotive
energy during the pulse while the lowest-lying intermediate
states may shift less in energy, the states at the n = 2 level
in the hydrogen atom must be accessible for the V transition
to be effective. Similarly, the S transition to the lower inter-
mediate state is associated with �E = −ω ≈ −2.32 eV and
�� = �m = +1 (for a total change in m of +1 or −1). There-
fore, it is most likely that the transition occurs via states at the
n = 3 level. Due to the restriction in orbital angular momen-
tum (� < n) and magnetic quantum numbers (|m| < n) the
accessibility of the intermediate lower-lying states depends
on the quantum numbers of the initially prepared Rydberg
state, which allows us to test the presence of the redistribution
mechanisms proposed in Fig. 1.

To this end we have performed a series of calculations in
which initially the hydrogen atom is prepared in specific Ry-
dberg states, namely (n0 = 7, �0 = 3, m0 = −3) to (n0 = 7,
�0 = 6, m0 = −6), changing �0 by 1 and m0 by −1. The dis-
tributions as functions of magnetic quantum numbers and as
functions of principal and orbital angular momentum quantum
numbers at the end of the interaction with the same bicircular
pulse as in Fig. 2(c) are presented in Fig. 4. The population
in states with magnetic quantum numbers larger than that of
the initial state clearly depends on the choice of the initial
state. While for �0 = 3 and m0 = −3 there is a redistribution
over a range of states up to m = 1, the range gets smaller as
�0 (smaller m0) of the initial state increases. The ranges of
the distributions indicate that for most of the cases there is a
sequence of transitions occurring. In general, the type of tran-
sition (�,V , S) may change from step to step in the sequence.

For the initial state �0 = 3 and m0 = −3 [Figs. 4(a) and
4(e)], the total change in m is 4, indicating a sequence of
up to four transitions. Any of the final states, except those
with m = 1, can be accessed by any one of the three transi-
tions shown in Fig. 1. For the V transition the process likely
proceeds via n = 2 states with � = −1, 0, and 1, and this
transition is therefore not resonant for the final step into the
m = 1 states, since the required intermediate state with m = 2
does not exist in the n = 2 manifold of states. The other two
pathways (� and S) are both allowed for each transition in the
sequence. Another indication that the V and S pathways are
effective in the redistribution is the remaining populations in
the intermediate (n = 2, � = 1) and (n = 3, � = 2) states of
these pathways at the end of the pulse.

For the next initial state [�0 = 4, m0 = −4; Figs. 4(b)
and 4(f)], the range of populated m states indicates again a
sequence of up to four transitions. In this case it is, however,
unlikely that the first transition in the sequence to m = −3
occurs via the V or S pathway since the required intermediate
states with m = −3 (in the n = 3 manifold) and m = −2
states (in the n = 2 manifold) do not exist. This agrees with
the reduced overall probability of redistribution over the Ryd-
berg states with magnetic quantum numbers larger than that
of the initial state as well as with the lower population in
the intermediate states (n = 2 and 3) required for the V and
S transitions in the sequence beyond the first step.

The trend of reduced probability in the redistribution to
states with larger magnetic quantum numbers continues as the
quantum numbers of the initial state are changed to larger
absolute values in �0 and m0. In the final example consid-
ered (�0 = 6, m0 = −6; Figs. 4(d) and 4(h)], the transfer of
population to the m = −5 state can occur via the � pathway
only. This pathway, however, appears to be effective for just
one step in the change of the magnetic quantum number with
rather low probability only. This may indicate that the V and
S transitions via bound states with lower energy are overall
more probable than the � transition via the continuum states
in the redistribution of population between Rydberg states.
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The last part of our interpretation about the relative effi-
ciency of the different types of transitions agrees with the
observations for the redistribution into states with magnetic
quantum numbers smaller than that of the initial state. Except
for the (�0 = 3, m0 = −3) initial state, the V and S transitions
are not open for a change of �m = −1 since the required
intermediate states in the n = 2 and n = 3 manifolds do not
exist. Due to the restriction in pathways we observe popula-
tion in just one (or two) states with smaller magnetic quantum
numbers. Since the � transition is the only �m = −1 path-
way for all initial states with �0 � 4, the results confirm that
the probability for this transition is small and independent
of the values of the orbital angular momentum and magnetic
quantum numbers.

There are a few more interesting features in the (n, �)
distributions in Fig. 4 (lower row), which we will discuss now.
These features are not closely related to the main focus of
the article, namely, the three-photon �, V , and S transitions
involving both fields. First, we note that the final distribu-
tions in the �0 channel are spread over all available principal
quantum numbers n. We interpret this result primarily as an
indication of the presence of one-pulse � transitions through
the continuum, consisting of the absorption of a photon fol-
lowed by the emission of one photon from one of the two
fields. In these transitions the changes in orbital angular mo-
mentum and magnetic quantum number are given by �� = 0
and ±2 and �m = 0. Therefore, the population in the �0 + 2
channels in some of the final distributions is another indicator
for the presence of these kinds of transitions. This process was
previously analyzed in the context of interference stabilization
[40,41] and population trapping [42,43] in strong fields. In the
final distributions we further note the population in the ground
state. Each of the initial Rydberg states considered in this set
of calculations is within the manifold of states that can be
reached from the ground state via sole absorption of photons
from the two fields. Therefore, it is likely that the ground-state
population is due to the inverse process, namely, the deexcita-
tion from the initial Rydberg state via the stimulated emission
of photons.

C. Higher-order transitions in (ω, pω) corotating
circularly polarized pulses

The population of Rydberg states with magnetic quantum
numbers in corotating bicircular (ω, 2ω) fields that are not ac-
cessible via absorption of photons from the initial states raises
the question if similar distributions occur in corotating circu-
larly polarized (ω, pω) fields with p > 2 as well. To answer
this question we have performed additional calculations for
the superposition of one pulse at 267 nm and a second pulse
at 800 and 1068 nm, respectively. In each case the pulse dura-
tions of the two pulses were chosen to be same and the centers
of the pulses were chosen to coincide. The pulses at the longer
wavelength had a peak intensity of 1 × 1014 W/cm2, while
the peak intensity of the 267-nm pulse was 5 × 1013 W/cm2,
as in the (ω, 2ω) studies above. In test calculations we have
found that sole application of each of the pulses at the long
wavelengths does not produce any significant population in
the excited states.

FIG. 5. Comparison of normalized excitation probabilities in
states with the magnetic quantum number m (summed over n and �

with n � 4) for two corotating circularly polarized pulses at 267 nm
(30 cycles, 5 × 1013 W/cm2), 534 nm (15 cycles, 1 × 1014 W/cm2),
800 nm (10 cycles, 1 × 1014 W/cm2), and 1068 nm (7.5 cycles,
1 × 1014 W/cm2).

From the comparison of the results for the normalized
excitation probabilities as a function of the magnetic quantum
number at the end of the pulse with that of the (ω, 2ω) case
in Fig. 5, it is seen that the range of states as a function of
the magnetic quantum number and the relative redistribution
probability increase with changes from p = 2 to p = 4. Thus,
higher-order transitions involving the emission and absorption
of more than three photons are likely effective in the excita-
tion of hydrogen atoms with (ω, pω) fields. The number of
possible pathways increases with increases of p, and changes
in the magnetic quantum number up to �m = ±(p− 1) are
possible in the individual transitions.

As in the case of the (ω, 2ω) field, we have performed
additional series of calculations by preparing the hydrogen
atom in specific Rydberg states. The final distributions over
the magnetic quantum numbers for the interaction with the
superposition of corotating left-handed circularly polarized
fields at 267 and 800 nm are shown in Fig. 6. The distributions
are obtained for initial states ranging from (n0 = 10, �0 = 3,
m0 = −3) to (n0 = 10, �0 = 9, m0 = −9), changing �0 by 2
and m0 by −2. The distributions show the same trends as those
in Fig. 4. The range of populated magnetic quantum states
decreases and the overall redistribution probability over the
Rydberg states decreases as �0 increases (smaller m0). These
features indicate that an interpretation similar to that for the
(ω, 2ω) field holds. As �0 increases, transitions that involve
photons from both fields and that proceed via lower-lying
states are stepwise excluded, which provides an explanation
for the observed features.

IV. SUMMARY

We have studied the distribution of population in Rydberg
states induced by the superposition of two-color corotating
circularly polarized laser fields. Using the solutions of the
time-dependent Schrödinger equation it is shown that the
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FIG. 6. Excitation probability as a function of magnetic quantum number (summed over n and � with n � 4) and as a function of principal
and orbital angular momentum quantum numbers (summed over m, lower row) for two corotating circularly polarized pulses at 267 nm (30
cycles, 5 × 1013 W/cm2) and 800 nm (10 cycles, 1 × 1014 W/cm2). Results are obtained for initial states prepared in n0 = 10 and �0 = 3,
m0 = −3 (a); �0 = 5, m0 = −5 (b); �0 = 7, m0 = −7 (c); and �0 = 9, m0 = −9 (d).

simultaneous interaction with both fields leads to a distri-
bution in states over a broad range of magnetic quantum
numbers, in contrast to narrow distributions if only one of
the two fields is present. Since the range extends beyond that
accessible via absorption of photons from the two fields, we
have proposed that higher-order Raman (�, V , S) transitions,
involving absorption and emission of at least three photons
from the two fields, are effective mechanisms in the redistri-
bution of population between Rydberg states.

By selecting specific Rydberg states in the numerical cal-
culations it has been found that the distributions over the
orbital angular momentum and magnetic quantum numbers
depend on the initial state. The changes in the distributions
have been interpreted as indications of the presence of the
higher-order Raman transitions. Specifically, the elimination
of the V and S pathways via lower-lying states leads to
a significant decrease in the overall redistribution probabil-
ity and the range of populated � and m states in the final
distribution.

While the presence of the proposed transitions is supported
by the present results, we note that the overall excitation and
redistribution probabilities are rather low. This is related to the
fact that the competing process of ionization, i.e., transitions
to the continuum, has a much higher probability. Indeed, in
all calculations presented in this work the ionization proba-
bility is typically by a couple of orders of magnitude larger
than the total redistributed excitation probability. It is likely
that the ratio between excitation and ionization can be con-
trolled to some degree via the various laser parameters, such

as the intensity ratio (as shown in Ref. [27]), the relative
wavelengths, the relative carrier-to-envelope phase, and the
pulse durations of the two fields as well as the time delay
in between them. This is, however, beyond the scope of the
present work, in which we have provided an analysis of the
basic mechanisms behind the redistribution. Although the ef-
ficiency of the control may be limited in view of the number
of competing pathways (ionization, direct excitation, and �,
V , and S transitions), we note that the impact of the carrier-
to-envelope phase on bound-bound transitions [44,45] and
coherent control protocols to prepare specific Rydberg states
[46,47] have been studied recently. To this end, it can be useful
to further analyze qualitatively and quantitatively each of the
transitions separately using other theoretical approaches, e.g.,
via lowest-order perturbation theory.

Finally, we have shown that redistribution mechanisms
are also present in (ω, 3ω) and (ω, 4ω) fields. The range of
populated m states increases as the difference in the central
frequencies of the two fields gets larger. This is in agreement
with the increase in the change of magnetic quantum num-
bers in higher-order Raman transitions in (ω, pω) fields with
p > 2. Results of calculations starting from specific initial
Rydberg states support the conclusions drawn for the (ω, 2ω)
case.
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