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ABSTRACT ARTICLE HISTORY
In this manuscript, we consider a non-local porous medium equation Received 18 December 2019
with non-local diffusion effects given by a fractional heat operator Accepted 24 July 2020
Ou = d1v(uVsp), KEYWORDS
op=—(—A)p+ ub, Existence of weak solutions;

nonlocal space time
in two space dimensions for > 1,4 <s < 1. Global in Darcy law

time existence of weak solutions is shown by employing a
time semi-discretization of the equations, an energy inequal-
ity and the Div-Curl lemma.

1. Introduction

In this manuscript, we study existence of weak solutions to a porous medium equation
with non-local diffusion effects:
O = div(uVp), (1)
ap=—(=Ayp+ul.
Here u(x,t) > 0 denotes the density function and p(x,t) > 0 the pressure. We analyze
the problem when x € R2, % < s< 1and f > 1. The model describes the time evolution
of a density function u that evolves under the continuity equation

O = div(uv),

where the velocity is conservative, v = Vp, and p is related to u* by the inverse of the
fractional heat operator 9, + (—A)".

Problem (1) is the parabolic-parabolic version of a parabolic-elliptic problem recently
studied in [1]. In [1], the authors proved the existence of sign-changing weak solutions to

A = div(|u| V7 (u|™ *u)). (2)
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For m =g+ 1 and o = 2 — 25 Eq. (2) reads as
du = divuVp), p=(-A) v, 0<s<1.

The presence of 0,p makes our system quite different from (2). For example, techniques
such as maximum principle and Stroock-Varopoulos inequality do not work. We over-
come these significant shortcomings with the introduction of ad-hoc regularization
terms, together with suitable compact embeddings and moment estimates. See later for
a more detailed explanation.

A linear parabolic-elliptic version of (1)

Ou=div(uVp), p=(-A)"u, 0<s<1, (3)

was studied by the first author and collaborators in a series of papers: existence of weak
solutions for (3) is proven in [2-4] and Holder regularity in [5]. The case s=1 also
appeared in [6] as a model for superconductivity.

Systems (3) and (1) are reminiscent to a well-studied macroscopic model proposed
for phase segregation in particle systems with long range interaction:

{ O = Au + div(a(u)Vp),

p=Kx*u. (4)

Any system that exhibits coexistence of different densities (e.g., fluid and vapor or fluid
and solid) has equilibrium configurations that segregate into different regions; the surface
of these regions are minimizers of a free energy functional. The relaxation to equilibrium
of the density function u(x, t) can be described in general by nonlinear integro-differential
equations of type (4). One example is the model proposed in [7], in which the mobility is
o(u) := u(1 — u) and the kernel K is bounded, symmetric and compactly supported. Such
model describes the hydrodynamic (or mean-field) limit of a microscopic model under-
going phase segregation with particles interacting under a short-range and long-range Kac
potential. Several other variants of (4) are present in the literature [7-11]. We also mention
[12] for the study of a deterministic particle method for heat and Fokker-Planck equations
of porous media type where the non-locality appears in the coefficients. The long time
behavior of weak solutions to (1) was studied in [13]. There the authors show algebraic
decay in time toward the stationary solutions ¥ =0 and Vp = 0.

The condition that the pressure satisfies a parabolic equation introduces non-trivial
complications in the analysis of (1). The non-local structure prevents the equation from
having a comparison principle. Moreover, maximum principle does not give useful
insights, since at any point of maximum for u we only know that J,u < uAp. We over-
come the lack of comparison and maximum principles with the introduction of several
regularizations. Stampacchia’s truncation arguments yield non-negativity of the solutions
and the Div-Curl lemma will be used to identify the limit for u”.

The main result of this manuscript is summarized in the following theorem:

Theorem 1. Let > 1,1 <s< 1. Moreover let uy,p;, : R* — [0, +o0) be functions
such that w;, € L! ﬂLﬂﬁ(Rz),pm € L'NH'(R?). There exist functions u,p:R*x
[0,00) — [0, + 00) such that for every T>0
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u € L>*(0, T, L' N LA(R?)) N LA (R? x (0, T)),
pe LOC(O T H1 NLY(R?)) NL*(0, T, HSTH(R?)),

du € L0, T, W " F5 (R2)),  ap € LI+V/(0, T, (1> N LA (R2))),

which satisfy the following weak formulation to (1):

p+1)

T T f1 2
L (Oru, )dt + L JRZ“VP Vdxdt =0 Y e LT(0,T; WHFT (R?)),

JT@p, Y)dt + JTJ (=A)'p — uPYdxdt =0 Wy e LPF(0, T; L N LFHY(R?)),
0 0 JR?

2(8+1)

t—0

as well as the mass conservation relation
J u(x, t)dx = J uin(x)dx, t>0.
R? R2

The starting point about our analysis is the observation that

b
H[u,p] == Lz <ﬂf+ IVp )

is a Lyapunov functional for (1) and satisfies the bound
T
Hiu, p] +J J [(—A)"*Vpdxdt = H[utin, pin].
0 JR?

Indeed, formal computations show that
d ub Pul1
o JRZ = 1dx <d1v(qu) = 1> Jszu Vpdx.

Testing the equation for p against Ap we obtain

J wﬁ-wdx:ij /¥ dx +j [(—=A)*Vp|*dx,
R2 dt Jpz 2 R2

which leads to

iH[u,p] +J (=A)*VplPdx=0  t>0.
dt R2

limu(t) = wy, in W b7 (R?), %inap(t) =pi in (> NLFFYR?)Y,

(5)

(6)

(7)

The major difficulty, in the approximation process, is the identification of the limit of
uP. The energy inequality (7) provides plenty of information for the pressure p, but
only uniform integrability in L°(L¥) for u. At the moment it is unclear to the authors
how to use the bounds for Vp to get useful bounds for Vu or u. To overcome the lack

of compactness we employ the Div-Curl Lemma (see [14]) to the vector fields

(.]'g = (ug) - uSVPE)’ Vb = (atpﬁ, VPE)’

where (4, p®) is a suitable approximate solution to (1). The argument yields

Ue-ve—U-V weakly in L'(R? x (0,T)),
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where U, V are the weak limits of U V¥, respectively. Strong convergence of p* and
standard result in compensated compactness theory [15] yield strong convergence
for u®.

The application of the Div-Curl Lemma brings two restrictions on the system. The
first one concerns the lower bound for s, s > %, the second one the dimension. It is
unclear how to remove such restrictions, as they seem necessary to fulfill the integrabil-
ity and compactness constraints on the quantities U*, V*. The assumptions on s, 5, and
d are not satisfactory from the point of view of a general theory for weak solutions. As
such, Theorem 1 is a first step to understand the complete behavior of (1). Most inter-
esting, however, is the fact that the addition of a nonstationary term in the pressure
equation radically changes the behavior of the system and calls for a different analytical
setting than in [3, 11]. We also point out that the successful use of the Div-Curl
Lemma, a tool commonly employed in the study of fluid-dynamic systems, in the ana-
lysis of nonlocal diffusion equations is (to our best knowledge) a novelty and an unex-
pected connection between the two fields. Uniqueness of weak solutions is an important
open question for our system. We expect it to hold for short time straightforwardly. For
long time the only available result so far is the one in [13], in which the authors show a
weak-strong uniqueness result: if there exists a strong solution, then any weak solution
with the same initial data coincides with it.

Existence of a solution for =1 appears to be out of reach with the present tech-
nique, as several other terms will lack compactness.

The article is organized as follows: in Section 2, we show two preliminary technical
lemmas, and in Section 3 the proof of the main theorem.

2. Some technical results

Lemma 1 . Let g:[0,00) — [0,00) be a continuous, nondecreasing function such that
lim, . g(r) = oo. For k € (0,p],1 < p < 2 define the functional space Vg, , as

Vs i= WHAR) N2 gll)) = {f € W) s | fGa gl < oc .

Then Vg, is compactly embedded in L1(R?) for any max{x,1} < g < 22Tpp'

Proof. Let {f,} be a uniformly bounded sequence in Vj , ,. We first notice that there
exists a subsequence, still denoted with f, such that

f, — f weakly in WhP(R?) — L#/P)(R?).

Denote with By the ball of center x=0 and radius R. Since W"?(Bg) is compactly
embedded in L9(Bg) for any 1 < g < ZZTPP, there exists a subsequence of f,, still denoted
with f,, such that

2
fa — f strongly in L9(Bg) forany 1 <g< %

Thanks to a Cantor diagonal argument, the subsequence f,, can be chosen to be inde-
pendent of R. The uniform bound for f, in Vg, , and Fatou’s Lemma imply
that f € Vg . p.
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Next we show that |f, — f|* strongly in L'(IR?) : for n big enough
| = sras= | s | 16— prax
R? By B,
Ry ) S0 ST <

by choosing R big enough. Interpolation between L?/?~) and L™ !} implies that for
any g with max{x,1} < g < ZZTPP the sequence f, strongly converges to fin L1(R?). O

<%y
)

Lemma 2. Define n(x) = (1+ |x|2)70(/2

nr(x) = n(x/R). For s >0 we have

with o >4 and for every R>1 we set
Tim (=AY ngl i~ = 0.
—00

Proof. The result is a consequence of the scaling property of the fractional Laplacian:

(=AY = g (A

3. Proof of the main theorem

Define the spaces

1p

2 1 2 B
X :=LF1(R?), Y:=¢ge W 7 (R%) : lg| 7 ydx < oo p,
RZ
Y={uel, (R*) : u>0ae inR?} uvfley}

p(x) = /1 + |x].

Thanks to Sobolev’s embedding and Lemma 1:

where

1 2 1
Y — L1(R*)  continuously for —;ﬁ <g< (['))B—i_l ), (8)
1 2 1
Y < LI(R*)  compactly for b <g< (ffj—l ) )

In particular, the embedding ¥ — X is compact.
For every measurable function g: R* — R U{*oo} we denote by g, := max{g,0}
and g_ := min{g,0} its positive and negative part, respectively.

For given constants g,,0,,7,¢ > 0, functions u* € Y and p* € H*(R?) such that
u*,p* >0 ae. in R%, consider the time-discrete problem

J <u —v ¢+uVp-Vo + Ql|Vuﬁ_1|%71Vuﬁ_l Vo + su%d)y) dx=0 Vo€,
R?

T
(10)
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p—r

=+ (AP —oAp— v = 0. (11)

We divide the proof of Theorem 1 into several steps: we first show existence of solution
to (10, 11) by Leray-Schauder fixed point theorem. Then we perform the limits
& — 0,7 — 0,0, — 0 and ¢, — 0 (in this order). The last limit is the most compli-
cated because we need compactness for u without relying on the
term QIL§2|VM/‘*1|/ITIVL¢/’*1 - Vdx.

3.1. Existence for (10)-(11)

For given constants o,7,&> 0,0 € [0,1], functions z € X,u* € Y and p* € H*(R?)
such that u*, p* > 0 a.e. in R?, consider the linear problem in the variable w:

J (e (|W|%w - u*) ¢+ 02 'Vp - V)dx + Qlj VWl V- Vi

» | R (12)

4 gJ Wl wdydx =0 Vo € v,
R2

B

[ o=+ (a1 a0+ 0p Ty -0 )ax 0wy e Hi(E2)
(13)

We first solve (13). We have that 7 e L*(R?). Lax-Milgram Lemma yields the exist-
ence of a unique solution p € H'(R?). Standard elliptic regularity results imply that p €
H?*(IR?) and consequently Vp € LI(R?) for every g > 2.

We now solve (12). Since 277 € L*f(R?) and Vp € L1(R?) for every q > 2, the linear
mapping

peY— J (—r‘lu*d) + Jz‘f‘Vp . Vq,’))dx eR

R

is continuous. The nonlinear operator A : Y — Y’ defined by
(A[w], ¢) = J ! |w|?’;*/ljwqbdx + QIJ |Vw|%_1Vw -Vdx + SJ |w|%_1wqbydx
R? R? R?

for every ¢ € Y is strictly monotone, coercive, hemicontinuous. Therefore, the standard
theory of monotone operators [16] yields the existence of a unique solution w € Y
to (12).

We can now define the mapping

F:(z,0) e Xx[0,1] — weX,

where (w,p) € Y x H*(R?) is the unique solution to (12, 13). Clearly F(-,0) is a con-
stant mapping. Moreover F is continuous and also compact due to the compact embed-
ding ¥ — X, see Lemma 1.

Next, we show that any fixed point is nonnegative and uniformly bounded in . We
use a Stampacchia truncation argument. This method is generally used in nonlinear
elliptic problems to show positivity, boundedness and higher regularity via the choice of
particular test functions. In our case, by choosing ¢ = w_ and ) = p_ as test functions,
we get
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J T Hw_ |%dx + J Q1|Vw_|(ﬁ+l)/ﬁdx + SJ |w_|(ﬁ+l)/ﬁydx =0,
R? R? R?
| 07+ () + el p-Pas <o

from which it follows that w,p >0 ae. in R The nonnegativity of w and the
H*(IR?)-regularity of p allow for the formulation

J (‘E*l(u . lf)(,l') + o-qu . qu)dx + QIJ |vuﬁ71‘l/l371vu/371 -V dx
" " (14)
—l-SJ ubDBpydx =0 Vo ey,

R?
T p—p )+ (A p— M — = in R?, (15)

where we defined u = wr,
We now search for uniform bounds with respect to g: choosing ¢ = uP=1 in (14) leads to

J (r_l(u - u*)uﬁ_1 + QIJ |Vuﬁ_1|<ﬁ+1)/ﬁdx + SJ
R2 R? R?

= O—(ﬁﬁ_l) JRZ uP Apdx.

uwz_l)/ﬁydx = —o‘J uVp - Vulldx

R2

On the other hand, multiplying (15) by cAp € L?(R?) and integrating in R? yields
O'J uP Apdx = O'J (z7Hp — p*) + (—A)’p — oAp)Apdx
R2 R?

= —’L'_IGJ (Vp — Vp*) - Vpdx — GJ [(—A)*Vp|*dx — O'QZJ (Ap)*dx.
R2 R2 R2
Given that
(u—w ) =PI — )/ (Vp—Vp")-Vp > [VplP /2 VP2,

we deduce

1 4 —1 .
—J u—+aﬁ—\Vp\2 dx—I—QlJ |Vuﬂ_1|(ﬁ+l)/ﬁdx+sj ull =17y
R? 2 R? 2

T p I
DT cayivppass o | apras (16)
R2 ﬂ R?

B
-\ _
< %JR (“‘ﬁ) + aﬂz—ﬁl |vP*|2> dx.

The above estimate yields a bound for w = u#~! in Y which is uniform in ¢. Together
with the embedding Y — X we have that u belongs to X, with ||u||y bounded uni-
formly with respect to o. Leray-Schauder fixed point theorem yields the existence of a
fixed point w = uf~! € Y for F(-, 1), i.e. a solution (u,p) € Y5 x H*(R?) to

+

J Lo ¢dx —|—J uVp - Vdx + Qlj [Vl Y
R T R? R? (17)
+8J uPVbgpydx =0 Vo ey,

RZ
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p—p
T
such that u,p > 0 a.e. in R? and (16) holds for ¢ =1:

1 Fop—1 o1 .
J Z+L|Vp|2 dx+Q1J |Vu/“|/f7dx+sj ull =D/bydx
RZ 2ﬂ RZ RZ

+ (—=A)’p — 9,Ap — uf = in R?, (18)

T p

_ =B _
JR2|(_A)S/ZVP|2dx + Qz(ﬁ 1) JRZ (Ap)de < lJRZ <(u—) + u |VP*|2> dx.

p—1
- ; e\ B T2

B
(19)
3.2. The limit ¢ — 0
The next step is to take the lim, ¢ in (17)-(19).

The uniform bound of wf~!' in W-U+P/F(R?) (see (19)) and Sobolev’s embedding
insure that for every R > 0 there exists a subsequence u(*® of u(®) such that

(&R)

u®® —u strongly in L1(Bg), 1<g<2(f+1). R>0,

The function u is the weak limit of u(® in L>(#*1V(R?). By a Cantor diagonal argument
we can find a subsequence (not relabeled) of u® such that

u® — u strongly in L1(Bg), 1<g<2(f+1), ReN,
as well as ul®) — u a.e. in R2. As a consequence
u®) — uf strongly inL?(Bg), ') — ustronglyinL?*(Bg), R > 0. (20)
Going back to the limit in (18) and (17) we have that as ¢ — 0

J ()P ydx — J ubydx, Wy € C*(R?),
RZ

RZ

J u(ﬂ)Vp(£)~V¢dx—>J J uVp-Vdx, Vo e CF(R?),
R2

R2JR?

where we used (20) for the first limit, and (20) together with Vp(®) — Vp in
1?/0=9)(R?) to obtain the second limit (remember that p(®) is relatively weakly compact
in H'™(R?)). Summarizing, taking the limit ¢ — 0 in (17, 18) and subsequently
employing a standard density argument we get

j (N — u)p + uVp -V + 0|Vl /I IVub1 Vh)dx =0 Y € WHT(RY), (21)
R2

T p—p )+ (-A)p—0,Ap—uP =0  in R% (22)
Moreover u,p > 0 a.e. in R? and

1 W -1 2 g
- —+—1V dx+gj Vul =T dx
TJW(B 2p | P|> : u%2| |

B=1[ \ o, &B-1 2o L[ (@) B-1
+ JRJ( AP VpPds+ 25 JRZ(Ap) deTJW( b |Vp|>dx.

(23)
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Let Gs(x) = min{x/d,1} for every x > 0. By testing (22) against G(p) € L?>(R?) and
exploiting the fact that [..Gs(p)(—A)’pdx > 0 one deduces the estimate

J Gs(p)pdx < J Gs(p)p*dx + rj Gs(p)uldx < J prdx + ‘EJ udx < C.
R? R? R? R? R?

Taking the limit 6 — 0 in the above inequality (by monotone convergence)
yields p € L'(R?).

Let 5z as in the statement of Lemma 2. Multiplying (22) by g, integrating in R? and
integrating by parts leads to

e = | Pt espne - pl-a) s, @1

R?

Since ||(—A)*ng||~ — 0 as R — 0o (see Lemma 2) and p € L'(R?), the bound for the
mass of p follows

J pdx = J prdx + ’EJ uPdx.
R2 R? R?

At this point, we have proved the existence of sequences (ux).ny C H' (R?), (pi)gen C
H?(IR?) such that uy = uin, po = pin» and for k > 1 uy, pr > 0 ace. in R,

J (v Mg — ue1) P + w Vpr - Vp)dx + QIJ |Vuf71|1/ﬁ_1Vuf71 -Vdx =0
R2 R2 (25)
V¢ € H'(R?),

T pr — pr_1) + (=AY pr — 0,Apx — uf =0 in R?, (26)

with the estimates

p
1 W, b1 2 J B—1(14+)/p
- —+—1V dx+o Vu dx
TJRZ<H 5 pk) v

E _A)S/2 2 a(f-1) 2 l (ukfl)/’) E 2>
#5 | Jeariepa SEED ] o d"ffJRz( G g IVl s

(27)
J prdx = J Pr—1dx + TJ ufdx. (28)
R? R? R?

Choose T>0 arbitrary. Define N = T/t,ul?(t) = uoxqoy(t) + S UX((k—1)z, ke (£)>
p(t) = poxqoy(t) + EkN:IPkX((k—l)T,kr](t)' Moreover define the backward finite differ-
ence w.r.t. time D, as

Df(t) = ' (f(t) = f(t—7)),  telnT]
We can rewrite (25)-(28) with the new notation. For all ¢ € L*(0, T; H(R?)) N
7 (0, T; W_(Rz)) and Y € L*(0, T; H'(R?)) we have

T
|| [ (@) + 0005 V)t
0 JR? T (29)

+@1J J IV (PG ()P g dxdt = 0,
0 JR?
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T
J JW((DTp“))w<<—A>S/2p<f>><<—A>S/2w>+@2w“>W— WY y)dx =0, (30)

0
(v) B —1 t
J <(” ) +ﬁ—|Vp“>|2>dx+91“ |V ()| DB gy
R? 0 Jr?

i 2
t t
0(f = )” (A dxdt’ + = “ (= A2V Pdxdt (31)
ﬁ 0 JR? 0 Jr?
(“m)ﬁ B—1 2
< A V in d >
[ {5 )
J p(T)(t)dx<J pmdx+Ct  te0,T], (32)
R? R2

where the constant in (32) only depends on the entropy at initial time.

3.3. The limit t — 0

We first estimate the time derivative of the density function. Let R > 0 arbitrary, Qp 1 =
Br x (0, T). For any ¢ € C(Qg,1)

T
J J (Dtu“))(bdxdt’
o F T
< J J WOV . Vb ddt +g1j J VOV G (DY ddt
0 JR? 0 JR?
& Ol ) 2
< 00l o 6 o masoen 1901,

+allVE T IVl
L7 (R?) LP (R
SO, ottt

0, ;W B nw 2+1-9B(R?))
using (31). This yields
||D.u? | B o8 < C(T). (33)

L2(0, (W 7w "2 0=95(R?)))

In particular,

1 2
D . <CTR), VR>0, i=madP Tl 2B 1 gy
12(0, T; W 751 (BR)) B 2+(1-3)p

The compact Sobolev embedding WU2(F+1/B(By), — [2F+1)/F~<(Bg), valid for every
€ > 0, allows us to apply Aubin-Lions Lemma in the version of [17] and obtain, for
any R > 0, the existence of a subsequence u(®®) of u(*) such that

4R oy, strongly in L*(0, T; L*(Bg)).

The limit function u is unique and coincides with the weak-* limit of u(¥ in
L>(0, T; LP(R?)). A Cantor diagonal argument allows us to find a subsequence of u(*)
(which we denote again with u(*)) such that

u™ — u  strongly in L'(0, T; L' (Bg)), VR € N,
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and
u® = u ae in R? x [0, T]. (35)

Since u(™ € L>®(0, T, LF(R?)) ﬂL (0 T, L2+ (R?)), a straightforward interpolation
yields

. 3P+ -2
||“( )| v ey <6 r= 2[3 : (36)
Since r > f5, thanks to (35) it follows
u™ — u strongly in LP(0, T; L(Bg)), VR > 0. (37)

Hence as 1 — 0:
T T
J J () ydxdt — J J uPpdxdt, for all y € CO(R? x (0, T)).
0 JR? 0 JR?
Moreover directly from (31)
()Pt —~ wP1 weakly in LHV/B(0, T; W (BHD/B(R?)),
u® —u  weakly* in L®(0, T; LF(R?)).
From (33), (37) it follows
D.u'” — du  weakly in L2(0, T; (W1 o whe Sff(Rz)))
Since p(® is uniformly bounded in L>(0, T, L'(R?)) and Vp'? is uniformly bounded in
L>(0, T, L*(R?)), Gagliardo-Nirenberg and the entropy inequality (31) yield
||P(T)||Loc(o, T,H\(RY) T ||P(T)||L2(o, ri(r2) V| |P(T)||L2(o, rmry)) < G (38)
where C only depends on the initial data. Hence there exists a subsequence of p*)
(which we denote again with p(?)) such that
pD —p weakly in L?(0, T; H**'(R?)),
p—*p  weakly* in L®(0, T, H'(R?)).

In particular,
Pl 0,7, (r2y) + 1Pl 200, 7, 1 2y < C- (39)
Also, by Sobolev’s embedding,
VplY — Vp weakly in L2(0, T; L/ 175 (R2)).
The strong convergence u(® — u in L?(0, T; L¥(Bg)) for every R> 0, the weak conver-

gence of Vp(? in L2(0, T; L (=%} (R?)), and the assumption s > 7 imply
T

T
J J u<f>vP<f>-v¢dxdt—>J
RZ

0 0

J uVp - Vodxdt, for allgp € CH(R* x (0,T)).
RZ

Let us look at the discrete time derivatives of the pressure function. Thanks to (36) we
have
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T
JO JRZ(“(T>)ﬂ¢dde’ < ||<u<r))ﬁ||L'//f(]R2><(0,T))||lp||L'/('*/‘J(R2><(O,T))
< C(Q1)||¢||L'/(r—ﬂ)(R2x(o, 7))’

while (31) implies

T
J J (—A)Sp(f)lpdxdt‘—i-gz
RZ

0

T
J JRZAP(T)‘//dxdt‘ < CllYl2 w2 w0, 1))-

0

We deduce

T
[/ [0 pasat| < Cleplicicnisenior (40)

It follows
Dp™ — 8p weakly in (LN L7C"P(R? x (0,T)))". (41)

Since p(® is bounded in L*(0, T, H'(R?)) and D,p'” is bounded in (L2 N L/0~F(R? x
(0,T)))’, we can invoke Aubin-Lions lemma to deduce, for every R € IN, the existence
of a subsequence p(®®) of p(*) such that p(®®) — p strongly in L'(0, T, L' (Bg)), for every
Re€ N. A Cantor’s diagonal argument yields the existence of a subsequence of p(*
(which we call again p(?)) such that

p'Y — p strongly in L'(0, T,L'(Br)) VYReN, p — paein R2 (42)

At this point we can take the limit 7 — 0 in (29) and (30), which yields (after a suitable
density argument)

T T T
J <8tu,¢>dt+J J qu~V¢dxdt+Q1J
R?

0 0 0
p
Vo € 12(0, T; Whs0-a7(R2)) A LT (0, T; W'T (R2)),

J |V VPP Y pdxdt = 0
R?

(43)

T T

jOT<atp, s + |

0

|| (ayp = uhypasis o, |

0
Yy € L2 N L7H(R? x (0, T)),

where r = 3/32;/?72 is defined in (36).

JKZ WApdxdt =0 44)

Thanks to the lower weak semicontinuity of the I” norm we deduce from (31) the
following entropy inequality:

t

bop- b BT
J LAt Y1) PO QIJ J |Vu T dxdt’ +MJ J (Ap)*dxdt
=2\ P 2p 0 JR2 p 0 JR?

E’ AN/ 2,2 , M E P
+5 |J Jcarpas SJR2< B 2P |mel)dx'

Furthermore, thanks to the a.e. convergence of p(¥) (42) we can apply Fatou’s Lemma in
(32) and get

(45)
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J p(t)dx < j pindx + Ct, t €0, T]. (46)
RZ RZ

3.4. The limit ¢, — 0

From the entropy inequality (45) and the mass conservation (46) we deduce the follow-
ing p,— uniform bounds:

||u||L°°(0, T.L2(R?) T H” ||er/+;1(0 T;Wl,/%l(RZ)) < C(py, T), (47)

||P||Lw(o, T:H!(R?) T 1211220, T.H1(R?) T \/EHAPHLZ(O, Ti2(RY) < C(T). (48)
Moreover, from (43), (44), (47), (48) we deduce p,—uniform bounds for the time deriv-
atives of u, p:

16eu]] M ey T [|9ep]]

200, T;(W" F nw I 095 (R2)) L0, TH{IAOLH(R?)) < AT py). 49)

Estimates (47)-(49) and the compact Sobolev embeddings wh(B+1)/ ﬁ(Q) —
LN/ B-D=¢(Q), I+ (Q) «— WL (1=97¢(Q), valid for every bounded open Q C R2
and € > 0, allow us to apply Aubin-Lions Lemma and deduce, for every R € IN, the
existence of subsequences u(P>R), p(P2R) of 4(r2) p<”2> such that

uP»® — 4 strongly in L'(0, T;L'(Bg)), p"*»® — p strongly in L'(0, T;L'(Bg)),
for every R € IN. Once again, a Cantor diagonal argument allows us to find subsequen-
ces (not relabeled) of u(r2), p<p2) such that
u?) — 4 strongly in L'(0, T; L'(Bg)), p"¥?) — p strongly in L'(0, T;L'(Bg)),

for every R € IN. Bounds (47), (48) also imply (up to subsequences) the following weak
convergence relations

ulP) —~*y  weakly —* in L®(0, T; L*(R?)),

V(u®))P~t — vub1 weakly in LO+B/6(0, T; LI+A/B(R2)),
plP)—*p  weakly —* in L=(0, T; H'(R?)),

p) — p  weakly in L?(0, T; H"'(R?)).

Thanks to the convergence relations stated above, taking the limit p, — 0 in (43), (44)
is at this point straightforward and leads to

T T T
j (Ovu, Pp)dt + J J uVp - V¢ dxdt + QIJ j (Vb1 Y g dxdt =0
0 0 JR? 0 JR?
vql) c LZ(O, T, W1;2+(1/is)/f(R2>) N Ll%fﬁ(o’ T7 W l;glf(Rz)))
(50)

T T
J O, y)dt +J J ((—A)'p — uypdxdt = 0
0 0 Jr2 (51)
Yy € L* N LPH(R? x (0,T)),
where r = 3[;2;;‘2 is defined in (36).
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The same convergence relations yield

Bop— t ”
J i f-1 IVp|* |dx + o, J J IVl VT dxdt
r2\ B 2p 0 Jr2

(52)
p—1( /212 g0 gt (uin)ﬂ p—1 2)
— —A)""Vp| dxd ——+———|Vpul|" | dx.
- B JOJRZK ) plrddt < Jla2< B - 2p Vel *

We also point out that (46) holds true also after taking the limit p, — 0.

3.5. The limit ¢; —0

In the rest of the article, we denote p, with p.
As a preliminary step, we are going to prove a uniform bound for Vp(#). By interpol-
ation we obtain

J
||vp(p)||Lq(R2><(0,T)) < ||vp(p)||L°C(0, T;LZ(R2))||VP || 9(0, T-LTS(R2))’

with 1 :%—f— “72‘)2(175), 0 < A< 1. The assumption s > Bf allows for the choice g >
2(f + 1)/ such that (1 — 1)q < 2 and, therefore,

9) |4 -2
IV | zsmeqmenio,m) < CHVEP Mo, razep I VO 26, mzzi-o gy Ve € [0,0),

for some €y > 0. Since Vp#) is bounded in L?(0, T; H(R?)), by Sobolev’s embedding it
is also bounded in L%(0,T;L*(~%)(R?)). Together with the uniform bound in
L>(0, T; L*(R?*)), we conclude

36() > 0 : ||Vp(p>||L2(/f+1)//§+((R2X(O, T)) S C VG € [0, 60). (53)

Now we wish to prove a uniform bound for u(¥) in L/+1(R? x (0, T)). Let us choose ¢ =
P, = ul®) in (50), (51), respectively, and sum the resulting equations. We obtain

T T T
J J (u<ﬂ>)ﬁ+1dxdtzj J u<ﬂ>(—A)sp(ﬂ)dxdt+J J ul? |Vple) ? dxdt
0 JR? 0 JR? 0 JR?

: (54)
+J ul?) (T)pt)(T)dx — J UinPindX + pJ J V() ) dxdt.
R2 R 0 Jr?
Let us bound the terms on the right-hand side of (54) by using bounds (46), (52).
Applying Holder and Gagliardo-Nirenberg inequalities yields

T
J J u(p)(_A)Sp(mdxdt
R2

0

< lu®], . o ll(=A)pP)
< s TP

< C||“(p)||Loc(o, T;L/?(RZ))HP(IJ)H%Z(O, T;HHS(RZ))HP ||Loc 0, ;L (R2))
<C,

for some o € [0, 1]. Let us then consider
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T
J JRZU(p)|VP(p>|2dth < ||“(p)||L/‘+1(R2><(O, T))||VP(p)||i2</f+1>/ﬁ(R2x<o, T))

0
< C||“(p>||Lﬂ+l(R2x(o, 1))

thanks to (53). Next we notice that

. <p)(T)P(p)(T)dx < ||“(p)||L°°(o, T;LZ(RZ))||p(p)||L°°(0, rew2) < C

Finally, Gagliardo-Nirenberg inequality allows us to write

T
pj V@) ) Tp dds

0 JR
< pl|V(ul >f“\|”ﬂ VP )] g
5 ®ex0,1) L7 (R2x(0,T))
1
< Cp||V (ul)F~ 1||é£i . T))np@||Lm<o,T.,L1(Rz>>|rp [P
<G ’

for some o € [0,1]. From (54) we conclude

N5 ooy < Crllu® s rexo,m) + Co

which implies, via Young’s inequality,
||”(p)||L/f+1(R2x(o,T)) <C (55)

Next we find a suitable bound for u”Vpl). Since ul® and Vp) are bounded
in L>*(0, T; L/(R?)) and L>(0, T; L*(R?)), respectively, then u(”)Vp<p) is bounded in
L>(0, T; L?*!/?+F)(R?)). On the other hand, u”) and Vp\¥) are also bounded in
LAY(0, T; LAY (R?)) and L*(0, T; L% ('~ S(Rz)), respectlvely, so ulPVpl) is also
bounded in L2F+1)/(B+3) (o, T, [2(B+1)/C+1=9(B+1)(R2)). A straightforward interpolations
leads to

14V @] sipianpe <cC. (56)
L (B+2)(B+3) (R 2><(0,T))

Now we prove the strong convergence of p(*). From (52), (55) it follows that
||atP(p)||L(/f+1)//f(o, renpn )y < C (57)

From (52) and (57) we deduce via Aubin-Lions Lemma and a Cantor diagonal argu-
ment that, up to subsequences,

p”) — p strongly in L'(Bg x (0,T)), VR > 0.
Bound (55) implies that, up to subsequences,

u?) — u  weakly in LFT1(R? x (0, T)),

0 58
(u®)f — v weakly in LﬁT(RZ x (0, 7)), Y

for some function v € L%(R2 x (0,T)). We are now going to show that v=uf ae.
in R? x (0,T).
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Let us now consider the vector fields
Ul = ), —ul)vpl)), v = (9p), vpl).

z<1+ﬁ><(1+s>ﬁ+z>>’ _ (1 ___(B2)(p13)
(B+2)(B+3) N 2(1+p)((1+s)B+2)
that 7,,;, = min{m, 7,7} = 7. Let Q C R? bounded open smooth domain.

Bound (56) means that ()9, p(*) is bounded in L%(Q x (0,T)), for i=1, 2, while
u?) is bounded in L™(Q x (0, T)) thanks to (55). In particular Ui(p ) is bounded in
L%(Q x (0,T)) for i=0, 1, 2.

On the other hand, (52) and (55) imply that 9;p¥) is bounded in L™(Q x (0, T)),
while 9,p") is bounded in L™(Q x (0,T)) for i=1, 2 thanks to (53) and the trivial

relation 7; = 7, < 2(/3_;1) which holds thanks to the hypothesis s > % It follows that

V,»(p) is bounded in L™ (Q x (0, T)) for i=0, 1, 2.
Next we notice that

1+8

-1
Let To="5> m:nz:( ) . It is easy to see

div(, ) U = div, <p|Vuﬁ71|l/ﬁ_1Vuﬁ71> — 0 strongly in W% (Q x (0, T))

thanks to (52). On the other hand, curlV®) = 0 since V) is a gradient field.
Therefore, we are able to apply [14, Thr. 1.1] and deduce that
U .ve ~U.v in D(Qx (0,T)),

where U, V are the weak limits of U*), V(¥), respectively. This implies, being U*) - V(¢)
bounded in L'(Q x (0,T)),

u(p)atp(m _ u(ﬂ)|vp(/J)|2 — udyp —ulP)Vpl) . Vp in D'(Q x (0,T)), (59)

where u, u?)Vp() are the weak limits of u®),ulP)Vp(¥), respectively. However, we
know that pl®) — p strongly in L'(Qx (0,T)), while Vp( is bounded in
L2F0/B+e(R2 x (0, T)) and L2(0, T; H(R?)) thanks to (52), (53). Therefore, Gagliardo-
Nirenberg inequality allows us to deduce Vp(#) — Vp strongly in L2FV/F(Q x (0, T)).
It follows

u(ﬂ)|vp(ﬂ)|2 — u|Vp[%, u(ﬂ)vp(ﬂ) — uVp. (60)

From the relations above and (59) we deduce
uPop) — udp in D(Qx (0,T)). (61)
Again, the local-in-space strong convergence of p*) and the known uniform bounds for
p) in L>(0, T; L'(R?)) and L?(0, T; H'**(R?)) imply via Gagliardo-Nirenberg inequal-
ity that (—A)’p?) — (—=A)’p strongly in L*(Q x (0,T)). This fact, together with the
weak convergence u(”) — u in LF*'(R? x (0, T)) and relation f > 2, implies that
ulP) (—=A)p?) — u(—A)’p in Dr(Q x (0,T)). (62)

Summing (61), (62), employing (51) and the uniform bound for ul®) in Lﬁ“(R2 X
(0,T)) leads to

WY~ wyin M(Q % (0, T)), (63)
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where v is the weak limit of (4(”))? and M(Q x (0,T)) is the space of Radon measures,
i.e., the dual of C°(Q x (0,T)).

We are going to show that (63) implies the a.e. convergence of u'?) in R? x (0, T).
Define the truncation operator Ty as Tx(x) = min{x, k} for every x > 0,k € N. Let ¢ €
C'(R* x (0,T)), ¢ > 0 in R* x (0, T) arbitrary. Relation (63) implies

T T
[ [ o pasde < || oy g — |
R? 0 JR?

0 0

T
J uvepdxdt as p — 0,
R?

and so
T o T
J J ul®) Ty (u))’ pdxdt < J J uvdxdt. (64)
0 JR? 0 JR?
On the other hand [15, Thr. 10.19] implies
T T -
J J ul®) Ty (u®))’ pdxdt > uTi () pdxdt. (65)
0 JR? 0 JR?

The weak lower semicontinuity of the L' norm yields

T I T
J J [Tu(u)f — vldsds < liminf | |Tk(u<ﬂ>)’f—(u<ﬂ>)/f|dxdt
R2 R?

0 p=0 Jo J
<2lim 1an NP dxdt
=0 e >k}
—hm 1an ﬁ+1dxdt
kom0 e >k}
The uniform bound for 4 in LA*1(R? x (0, T)) implies

T
lim J J |Tk( NP — y|dxdt = 0,
R?

k—o0 0

which implies T (u(?))? — v weakly in L/%l(R2 x (0,T)) as k — oo, and so

JT JR uT(ul0) pdxdt — J

0 0

T
J uvepdxdt as k — oo. (66)
RZ

From (64)-(66) we deduce

T
lim J J P T (u®)f — uT(u))P)pdxdt = 0,
RZ

k—00 0

which easily implies

T
lim lim J J (0 — u) (T (Y — Ty (™)) paxdt = 0. 67)
RZ

k—o00 p, p'—0 Jq
However, elementary computations yield

0< (x =M@ = L)) < (x = ))(Ter (0" = Ten(0)'™") for xy >0, keN,

which implies that the sequence
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T
ar = lim J J u® — N (T ()P = T ()P pdxdt
R2

P P'—0 Jo

is nondecreasing and nonnegative. Moreover limy_ ., ax = 0 thanks to (67). Therefore,
ai = 0 for every k € I\, that is

T
lim J J W — ) (Te(u?)) — To(u®)P)pdxdt = 0, ke N,

P> p'—0 0

In particular

P> p'—0

lim JJ (ul?) — u(p’))((u(ﬂ)yf _ (u(/’/>)/’))¢dxdt -0, ke N, (68)
M, <k}

where we defined M, , = max(ul), ul)).
It is easy to prove the elementary relation

B _ b
xX—y
which, together with (68), leads to

> max(x ), xy>0, x#y,

p>p'—0

lim JJ (ul?) — u<p’>)2Mg_p}¢dxdt =0, ke N. (69)
M, <k} ’

Fix € € (0,1) arbitrary. Let us consider
T
J )2 pdxdt = “ () — u?)\ pdxdt
0 JR? {M, >k}

+ JJ (u® — u?)) pdxdt + (u' — ul?))? pdxdt
ﬂ p/<€}

{5<Mp,p’ Sk}

T
<4 J (,Z)dxdt—f—Ze J J ¢dxdt
{u(/’ >k} 0 Jr?

+ (ul) — u(”/))zMﬁ;} pdxdt
{6<M /,r<k}
T
< 4k1ﬁJ (v )ﬁ+1¢>dxdt+zezj J Pdxdt
0 JR?

1
ef-1

{u(/’) >k}

{e<M /<k}(u<p) - u(/”))zMﬁ;} pdxdt.

+

From (69) and the uniform bound for 4 in LA*1(R? x (0, T)) we deduce

T
lim j J (u® — ) pdxdt < C( + k'P).
R?

p>p'—0 Jo

Since the left-hand side of the above inequality does not depend on ¢, k, we conclude

T
lim J J (u® — u?) ) pdxdt = 0. (70)
p>p'—0 J)o JR2

By choosing ¢ € C?(R* x (0,T)),¢ > 0 such that $ =1 on Qg =B x (R"!,T—R)
for R > 2/T arbitrary (where By is the ball of R? with center 0 and radius R) we
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conclude from (70) that u® is a Cauchy sequence in L?(Qg) (and, therefore, strongly
convergent in such space) for every R > 2/T. In particular, for every R> 0 there exists
a subsequence u(”®) of u(®) that is a.e. convergent in Q. A Cantor diagonal argument
yields the existence of a subsequence (not relabeled) of u?) that is a.e. convergent in Qg
for every R € IN, and, therefore, u'?) — u a.e. in R? x (0, T).

The a.e. convergence of u'?) and the boundedness of u?) in LA*!(R? x (0, T)) imply

) — u#  weakly in Lﬂ/Lfl(R2 x (0,T)). (71)
Finally, since u'?) is bounded in L*!(R% x (0,T)) (see (55)), while Vp(¥), ph/(F+1)
v(u(p))ﬁ—l are bounded in L(0, T; LZ(RZ))’L(ﬂH)//ﬁ(RZ x (0, T)) (from (52)), we deduce

JT@W), ¢>dt'

0

T T
SRR
0 JR?

0
< ||u(p>||L/z+1(RzX(0, T>)||VP(”)||Loe(o, @) [V @l Lm0, 102007670 (m2))

—11
+ p| |V(u(p))ﬂ | |L(//f/i1)//i(R2><(O, T)) | |V¢‘ |L(/’+1)//f(R2><(0, T))
S C||¢||L(/f+1)//f(0) T;Wl»(ﬁ+1)//fﬁW1>2(/”1)/(/‘*1)(RZ))'

j 19 () P17 et
RZ

As a consequence
[10: | s (0, Ty(Wh B+ /saw 20/ (r2yyy < G
and so
ou?) — du  weakly in LFTY(0, T; (WhBHD/E o w2+ 1D/(B-D (R2))"y, (72)
Putting the previous limit relations together allow us to take the limit p — 0 inside

(50), (51) and obtain a solution to (5, 6) (after a suitable density argument). Finally, we
show the mass conservation property. Define the cutoff

|x| <R
|x| > 2R R>0

>

(cosm(|x|/R—1)+1) R<|x| <2R

nr(x) =

N —=O

Let Y € C![0, T) arbitrary. Choosing ¢(x,t) = Y (t)ng(x) inside (5) yields

'] et @asae o)

0

UinNpdx
R2

uVp - Vnpdxdt

R?

< ||u||L/f+1(R2><(O,T))||vp||L°°(O,T;L2(R2))||V”R||L%<RZ)||¢||L%(O’T)'

Since u € LF*1(R? x (0, T)) and Vp € L=(0, T; L*(R?)), it follows

JT JRZ ung (x)y' (t)dxdt + lp(o)JRzumanx

0 o
< ClIVingllpsgn Wl g1 < CRZ5|Y| g
LF(0,T) LF(0

(73)
,T)
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with 6 = ﬁ > 0. Choosing /' <0 in [0, T], taking the limit R — oo inside (73) and

applying the monotone convergence theorem yields u € L3°(0, oo; L' (IR?)) (since T>0

loc
is arbitrary). At this point we can apply the dominated convergence theorem to take the

limit R — oo inside (73) with € C}([0, T)) arbitrary and deduce

T
—J J udxy/ (t)dt = x//(o)J Uipdx, >0,
0 JR? R?
implying that the mass [,.udx is constant in time. This concludes the proof of
Theorem 1.
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