%

Mathematics in Engineering, 3(1): 1-25.

e

DOI:10.3934/mine.2021010
M ; N€ ‘V’V" Received: 27 March 2020

Accepted: 23 October 2020
http://www.aimspress.com/journal/mine Published: 09 November 2020

Research article

The shape of a free boundary driven by a line of fast diffusion’

Luis A. Caffarelli' and Jean-Michel Roquejoffre**

! The University of Texas at Austin, Mathematics Department RLM 8.100, 2515 Speedway Stop
C1200, Austin, Texas 78712-1202, U.S.A.

2 Institut de Mathématiques de Toulouse (UMR CNRS 5219), Université Toulouse III, 118 route de
Narbonne, 31062 Toulouse cedex, France

T This contribution is part of the Special Issue: Contemporary PDEs between theory and
modeling—Dedicated to Sandro Salsa, on the occasion of his 70th birthday
Guest Editor: Gianmaria Verzini
Link: www.aimspress.com/mine/article/5753/special-articles

* Correspondence: Email: jean-michel.roquejoffre @math.univ-toulouse.fr.

Abstract: We complete the description, initiated in [6], of a free boundary traveling at constant speed
in a half plane, where the propagation is controlled by a line having a large diffusion on its own.
The main result of this work is that the free boundary is asymptotic to a line at infinity, whose angle
to the horizontal is dictated by the velocity of the wave on the line. This helps understanding some
counter-intuitive simulations of [7].
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1. Introduction

1.1. Model and question

The system under study involves an unknown real ¢ > 0, an unknown function u(x,y) defined in
R? := R x R_, and an unknown curve I' C R? satisfying


http://www.aimspress.com/journal/mine
http://dx.doi.org/10.3934/mine.2021010
www.aimspress.com/mine/article/5753/special-articles

—dAu+cou= 0 (x,y)e{u>0}
Vul= 1 ((x,y) €I :=0{u> 0}
(1.1)
—Duy, +cOu+1/uu,= 0 forxeR,y=0
u(—oco,y) = 1, uniformlyinye€ R_
u(+oo,y) = 0 pointwiseiny € R_

Note that the convergence of u to 1 to the left, and O to the right, are not requested to hold in the
same sense. This is not entirely innocent, we will explain why in more detail below. We will also be
interested in a (seemingly) more complex version of (1.1). We look for a real ¢ > 0, a function u(x),
defined for x € R, a function v(x, y) defined in R? := R, X R_, and a curve I € R? such that

—dAv+co,v= 0 (x,y)ef{v>0}
Vvl= 1 ((x,y) el :=0d{v>0}

—Duy, +cou+ 1/uu—v 0 forxeR,y=0
vw= pu—v forxeR,y=0andv(x,0)>0
u(—o0) = 1/u, u(+o00) 0
v(—oo,y) = 1 uniformly with respecttoy < 0
v(+00,y) = 0 pointwise with respect toy < 0.

(1.2)

We ask for the global shape of the free boundary I'. Before that, we ask about the existence of a
solution (¢, I', u) to (1.1), and of a solution (¢, I', u, v) to (1.2), this indeed deserves some thought, as the
condition at —co is rather strong.

Systems (1.1) and (1.2) arise from a class of models proposed by H. Berestycki, L. Rossi and
the second author to model the speed-up of biological invasions by lines of fast diffusion, see for
instance [3] or [4]. The two-dimensional lower half-plane (that was called “the field” in the afore-
mentionned references), in which reaction-diffusion phenomena occur, interacts with the x axis (“the
road”) which has a much faster diffusion D of its own. In Model (1.2), u(x) the density of individuals
on the road, and v(, x, y) the density of individuals in the field. The road yields the fraction uu to the
field, and retrieves the fraction vv in exchange; the converse process occurs for the field. Model (1.1) is
obtained from (1.2) by forcing pu = v on the road, so that the sole unknown is v(x, y), and the exchange

term is replaced by — (and v has been renamed u). In the sequel, Model (1.2) will be called the “model

with two species” (that is, the density on the road and in the field may be different), while Model (1.1)
will be called “Model with one species”. Also note that, in both models, the unknown functions are
travelling waves of an evolution problem where the term cd,u (resp. cd,v) is replaced by d,u (resp.
0,v). This is explained in more detail in [6], where the study of (1.1) and (1.2) was initiated.

1.2. Results

Theorem 1.1. (Existence for the model with one species) Assume D > d. System (1.1) has a solution
(¢ > 0,1, u) with u globally Lipschitz, and we have 8,u < 0. Moreover

— T is an analytic curve, as well as a locally Lipschitz graph in the y variable:

I'={(e(y),y), y <0} (1.3)
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— I'n{y = 0} is nonempty, assume (0,0) € I'. There is &y > 0 such that

2
[0B,(0) =y = 9(x), =80 S X< 0} 9(0) = =57+ 0,m0() (1.4)

Theorem 1.2. (Existence for the model with two species) System (1.2) has a solution (¢ > 0,T",u,v)
such that the function v is globally Lipschitz, and we have d,v < 0. Moreover

— T'is an analytic curve, as well as a locally Lipschitz graph in the y variable:

I'={(e(). ), y <0} (1.5)

— I'n{y = 0} is nonempty, assume (0,0) € I'. There is 1 > 0 and &y > 0 such that
I'N B, (0) ={y=¢(x), —e0 <x <0}, &(x) = Ax + 0150(|x]). (1.6)

The main question of this work, namely, how I' looks like, is addressed in the following theorem.
Both models with one species and model with two species are concerned. Let ¢y be the speed of the
basic travelling wave ¢g(x):

—¢y +cody= 0(xeR)
lim,,_do(x) = 1, ¢o(x) =0(x € R+) (1.7)
[¢O]x:0 = 0, [¢6]x:0 = 1.

In what follows, we stress the dependence on D of the velocity, free boundary and solution of the PDE
by denoting them c¢, I'p, up, vp.

Theorem 1.3. In both models (1.1) and (1.2), there is Dy > 0 such that, for every D > Dy we have
cp > ¢o. Let ap be given by sinap = &. If op is given by (1.4) we have
Cp

lim ¢}, (y) = —cotanay. (1.8)
y——00

In other words, I'p, has an asymptotic direction, which is a line making the angle ap with the
horizontal. We have a more precise version of Theorem 1.3:

1
Theorem 1.4. Assume that @ < g For every w € (0, ECD sin ap), we have
¢p(y) = —cotanap + O(e). (1.9

Thus there is a straight line making the angle ap with the horizontal that is asymptotic to I'p at
infinity, and the distance between the two shrinks exponentially fast.

1.3. Underlying question, comments, organisation of the paper

Let us be more specific about the question that we wish to explore here. We want to account for
a loss of monotonicity phenomenon for u (Model (1.1)) or v (Model (1.2)) in the y variable, a study
that was initiated in [6]. This phenomenon was discovered numerically by A.-C. Coulon in her PhD
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thesis [7]. There, she provided simuations for the evolution system (notice that the propagation takes
place fory > 0):
Ot — Doxxu = vv(t, x,0) — pu xeR
ov—dAv=f(v) (x,y) e RxXR, (1.10)
ov(t,x,0) = pu(t,x,t)—w(t,x,0) xeR.

The figures below account for some of her results; the parameters are
f» =v—13 D=10, u(0,x)=1_1;3(x), »0,x,y)=0.

The top figure represents the levels set 0.5 of v at times 10, 20, 30, 40, while the bottom figure represents
the shape of v(40, x, y).
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The surprise is the location of the leading edge of the invasion front: rather than being located on
the road, as one would have expected (especially for large D), it sits a little further in the field. This
entails a counter-intuitive loss of monotonicity. As working directly with the reaction-diffusion (1.10)
has not resulted in a significant outcome so far, the idea was to replace the reaction-diffusion model
by a free boundary problem, that may be seen as an extreme instance of reaction-diffusion. Using this
idea, a first explanation of the location of the leading edge is provided in [6]. The conclusions are
included in Theorems 1.1 and 1.2.

The goal of the paper is, as already announced, to account for the global shape of the free boundary.
We claim that it will provide a good theoretical explanation of A.-C. Coulon’s numerics. Indeed it may
be expected (although it is not a totally trivial statement) that the solution of (1.10) will converge to
a travelling wave. As the underlying situation is that of an invasion, it is reasonable to assume that
no individuals (if we refer, as was the initial motivation, to a biological invasion) are present ahead of
the front. This is why we impose the seemingly stringent, but reasonable from the modelling point of
view, condition at —oo. Theorem 1.3 shows that it entails a very specific behaviour.

Let us explain the consequences of our results on the understanding of the model. Theorems 1.1
to 1.3 put together depict a free boundary whose leading edge is in the lower half plane and which,
after a possibly nonempty but finite set of turns, becomes asymptotic to a line that goes to the right
of the lower half plane. This is in good qualitative agreement with the upper two-thirds of the picture
presented here, the lower third accounting for the fact (still to be described in mathematically rigorous
terms) that the free boundary bends in order to connect to a front propagating downwards, which is
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logical as we start from a solution that is compactly supported. Let us, however, point out that the
analogy should not be pushed further than what is reasonable, as the logistic nonlinearity displays —
and this is especially true for the model (1.10) — more counter-intuitive oddities of its own, see [5].

Some additional mathematical comments are in order. The first one is that we have put some effort
in proving existence theorems. The reason is that we could not entirely rely on our previous study [6]
for that: Although the leading edge was analysed, we had chosen to wipe out the additional difficulties
coming from the study in the whole lower half-plane, by studying a model in a strip of finite length
with Neumann conditions at the bottom. While the study of the leading edge is purely local, and will
not need any more development, the condition xl_i)mm u(x,y) = 1 (resp. xl_i)moo u(x,y) = 1) uniformly in

y € R_ requires some additional care, that is presented in Section 3.

Theorem 1.3 is hardly incidental. It is in fact a general feature in reaction-diffusion equations in
the plane. The heuristic explanation is the following: looking down very far in the lower half plane,
we may think that the free boundary I'j, propagates like the 1D wave in its normal direction, that is,
V. = co. On the other hand, it propagates with speed cp horizontally: this imposes the angle «p.
For a rigorous proof of that, we take the inspiration from previous works on conical-shaped waves
for reaction-diffusion equations in the plane. A first systematic study may be found in [2], while the
stability of these objects is studied in [9]. Further qualitative properties are derived in [10]. Solutions
of the one phase free boundary problem for cd,u —Au = 0 are classified by Hamel and Monneau in [8].
One of their results will play an important role in the proof of Theorem 1.3, this will be explained in
detail in Section 4.

Although this work is clearly aimed at understanding the situation for large D (the case D < d
poses interesting technical questions in for the one species model) we have not really provided a
systematic study of the limit D — +4oco. This will be the object of a forthcoming paper. Another
interesting question is whether the free boundary has turning points. While the simulations cleary
point at convexity properties of the sub-level sets, we do not, at this stage, have real hints of what may
be true.

The paper is organised as follows. In Section 2, we provide some universal bounds on the velocities,
in therms of the diffusion on the road D. In Section 3, we construct the wave for the one species model
and prove Theorem 1.2. In Section 4, we indicate the necessary modifications for the two-species
model. In Section 5, we prove the exponential convergence of the level sets.

2. The one species model: Bounds on the velocity in a truncated problem

Solutions to (1.1) will be constructed through a suitable approximation in a finitely wide cylinder;
we set

>t =R x (-L,0),
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from (a trivial modification of) [6], for L > 1, there is a solution (Cg, Fg, ué) to the auxiliary problem

—dAu+coau= 0 (x,y)eZln{u>0)

Vul= 1 ((x,y) €Tl :=0{u>0}nxk
—Duy +cOu+1/puy, = 0 forxeR,y=0 2.1
u(=oo,y) = 1, u(+oo,y)=(-y-L)"
ulx,—-L)= 1.
In biological terms, this means that the boundary {y = —L} is lethal for the individuals. The limit

at x = +oo, namely the function (1 — y — L)*, is of course not chosen at random, it solves the one-
dimensional free boundary problem
—u"' = 0 in(-L,0)N{u>0}
Wwl= 1 on 8((—L, 0)N {u> 0}) (that is, at y = 1 — L)
u(-L)= 1.

To ensure the maximum chance to retrieve, in the end, a solution that converges to 1 uniformly in y as
x — —oo, we have imposed the Dirichlet condition u = 1 at the bottom of the cylinder.

2.1. Exponential solutions

At this point, we need to make a short recollection of what the exponential solutions of the linear
problem are. System (2.1), linearised around 0, reads

—dAu+coau= 0 (x,y)ext
—Du, +cOu+1/uu, = 0 forxeR,y=0 2.2)
ulx,-L)y= 0
u(~00,y) = 0.

It has exponential solutions that decay to 0 as x — —oo, i.e., solutions of the form y/%(x,y) = e**h(y)
(we have to put here the dependence on L and D. If L = +co we may choose the function 4 as an
exponential in y. We have

Wh(x,y) = e*sh(B(y + L)),

so that the exponents % and S5 satisfy

—d@*+)+ca= 0
(2.3)

—-Da? + ca + écotanh(ﬂL) = 0.
u

Three types of limits will be considered.
Case 1. The limit D > L > 1, ¢ bounded. We expect 85 to go to 0 as D — +co, so that

1
Bicotanh(B5L) ~ I
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Then (2.3) yields estimates of the form

1 c
ap~ |—=. BhH~ : 2.4
D JLD Bp d~GDL (2.4)

It is to be noted that these equivalents may be pushed up to ¢ = o( VD).
Case 2. The limit D > L > 1, ¢ > VD. This time we expect B to go to infinity as D — +oo, so that

cotanh(B5) — 1.

We have

64~(£§f”,/%~44§%f7 (2.5)

We have here a first occurrence of the critical order of magnitude ¢ o« VD.
Case 3. The limit L > D > 1, ¢ > 1. We expect that L35 will go to infinity, so that cotanh(B5) — 1.
In this setting, we have the estimates (2.5).

2.2. Universal upper bound

In the construction of a travelling wave for (1.1), the first task is to bound the velocity from above.
We will prove straight away the upper bound that will serve us in the later section, namely that ¢}
cannot exceed a (possibly large) multiple of VD.

Theorem 2.1. There is K > 0, independent of D and L, such that
¢k < KVD. (2.6)
Proof. Assume ¢ > VD > L > 1, so that (2.5) hold for a4 and 5. Set
Up(%,y) = 1=y (x, ).

The function % vanishes on the curve E%L whose equation is
_ 1 2L
X = —aﬁln ShﬁD (y +2L).
D

In particular, for y = —L we have

1
X = —ﬁln sh(B-L). (2.7)
D

Translate the solution uk(x,y) of (1.1) so that the leftmost point of I' is located at the vertical of the
origin. Then, from (2.7), EZDL lies entirely to the left of I';. By the maximum principle we have

ub(x,y) = ub(x,y).

Now, translate u} as much as this allows it to remain under u},. If A% is the maximum amount by which
one may translate uj;, there is a contact point (xJ;, y5;) between ufy(x, y) and ub(x — A5, y).
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Still from (2.7), we have y% > —L. So, it now depends on whether we have y5 = 0 or y& € (=L, 0).
In the first case, let I’k intersect the line {y = 0} at the point (%5, 0). If x5 = %5, we have d,u5(x5,0) = 0
but we also have
O (x5, 0) < Oub (x5, 0) < 0,

an impossibility. If not, we have x5 < %5 and this time we have
ttp(xp, 0) = Ay (xp, 0), Drattp(xp, 0) 2 Datty (x5, 0), Byt (x5, 0) < Byuay (x5, 0),

the last inequality because of the Hopf lemma. This prevents the Wentzell relation from holding at
(x5,0). So, the only possibility left is y5 < 0. By the strong maximum principle, the point (xk, y5) is
on the free boundary I's. We have

L,.L L 2L a?l(xk-aL 2L L
Oyt xp, Yp) = =By € 5 ChBE (v, + 2L),
that is,
L, L L 2L a2Ll(xk-aL 2L, L 2L
10yup (x5, Yp)| = Bp e 2 BShBE (v, + 2L) = By,

because ub (x5, y5) = 0. Thus, if D is sufficiently large, (2.5) implies
Vg (x5, yp)l > 1,

contradicting the free boundary relation for u%. This proves the theorem. O

2.3. Universal lower bound
Theorem 2.2. There is Ly > 0 such that the velocity c& in Model (2.1) satisfies

lim CL = 400,
D
D—+o

uniformly with respect to L > L.

The proof of Theorem 2.2 will be by contradiction. From now on, and until this has been proved
wrong, we assume that, cg is bounded, both with respect to L and D. Recall that I'L, the free boundary,
is an analytic graph {x = ¢%(y)}. Moreover, from [6], we may always assume that it intersects the line
{x = 0}, so that we may always assume gof)(O) = 0. Define )'cg as the last x such that, for all y € (—L, 0),
then (x,y) ¢ I's. Our main step is to prove that the front goes far to the left of the domain, this is
expressed by the following lemma.

Lemma 2.3. There is g > 0 universal such that

7b < —qVD. (2.8)
Proof. Recall that we have
—=(0) >
dy

For every x < 0, let y5(x) be the first y such that x = ¢%5(y). We will prove that

lim yE(~e VD) = 0, uniformly in D > 2 and L > 2, (2.9)
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which implies Lemma 2.3. Assume (2.9) does not hold, and consider ¢, > 0 such that, for a sequence
(D, L,),, going to +oo, and a sequence (&,), going to 0 as n — +oo0, we have

yg’;(«% VDn) < _60-

Obviously, we must assume the boundedness from below of the sequence (&, VD,,),. For every n set

X, = (=8, VD, =60/2), X, = (—£,/D,,, 0).

For &, to be chosen small in due time, the segment (X, X,,) is at distance at least 6o/2 from the free
boundary. By nondegeneracy (recall the boundedness of (clL)’; )n), there is go > 0 universal such that, for
all n:

u (X) 2 go on [X,,, X, ]. (2.10)

On the other hand, recall that @,uf)’;(x, 0) < 1, this follows from [6]. So, the equation for uf;; (x,0)
reads, simply
Dty (x,0) < OD™), u(0,0) = u,(0,0) = 0.

Thus we have
' (—£, VD,,0) < O(e,).

This yields, for n large enough, the existence of 6; > 0, universal, such that
dyu (x,0) < =6}, x € (&9 YDy, &4 VD). 2.11)

This comes from the Hopf boundary lemma. So now, we now write the equation for ulL); (x,0) as

o(1)

Oty (%,0) = == (x,0) =

VD

Integrating this equation on (—&y VD, 0) and invoking (2.11) allows us to find a small constant 6; > 0
such that

O, ur (x,0) S
”’"T < —50, 1 (0,0) = d.uy (0,0) = 0.

Ly /
uD”(_SO Dn’ 0) < _66/’
a contradiction. O

Proof of Theorem 2.2. Recall that we have still assumed the boundedness of (cLD':l),l. In order to allevite
the notations a little, we omit the index ,. Integration of (2.1) over X’ yields

+00
(1/p + L)ch = f Oyuk, — f |0, 1 (x, —L)|dx. (2.12)
Ff) —00

This expression has to be handled with care, because each integral, taken separately, diverges. We will
see, however, that there is much less nonsense in (2.12) than it carries at first sight. The curve Ff) has
an upper branch, that we call Fg’ ,» and that connects (0, 0) to X5; the latter point being a turning point.
The lower branch, called Ff)’_, connects XlL) to (400, —L + 1), in other words it is asymptotic to the line

{y = —L + 1} as x goes to +00. We decompose (2.12) into

(fu+Dch
.X'D +00
- f Byt — f 10,00 (x, —L)|dx+( f Byl — f 19,165 (x. —L)|dx)
rIﬁ,+ - rlb,+ xlb
= [— T+

Mathematics in Engineering Volume 3, Issue 1, 1-25.



10

Let us remark that ﬁyué(x, —L) > —1 for all x € R. Indeed, the function ué(x, y) being decreasing in
x, it is larger than (1 — L — y)*. So, we have uf(x,—L) > —1. Now, the graph I'’; has a discrete set
of turning points, due to its analyticity. Away from these turning points, for x > x%, there is a finite
number of y's: y; > y2 > ...y, such that (x,y;) € Ff) for 1 < i < np. The point (x,y,) has already
been counted in the integration over Ff)’ ,» and so does not need to be counted again. Notice then that,
if x is not the abscissa of a turning point, then np (or np — 2) is even, because of the configuration of
I'E. So, u,(x,y:) = uy(x,ys1) = 1 for 1 <i < np(x)—2: it suffices to consider the sole point (x, y,,y) in
the computation of I, however at this point we also have d,ul, = 1. Therefore we end up with I > 0.
Of course the integral giving Il converges, but we do not even have to bother to prove it.
From Lemma 2.3, we have

1>CVD,

for some universal C > 0. We already saw that Il was nonnegative, so let us deal with II. By
nondegeneracy, there is A > 0 universal such that

up(6,y) 2 1= Ayp(x,y),  x<xp—1.

Notice that we do not change anything if, in Z, we integrate up to x5 — 1 instead of x5. We deduce,
because y5(x, —L) = 0 and uk(x,—L) = 1:

Ayub(x, —L) > =AdWh(x,~L), x < xp—1.

This implies
I < O(1) + O(c VDL)'*.
This yields
L

‘D > 4 _ O(L)I/Z
VDL VL VDL
for a universal g, as soon as we choose D > L > 1. This is an obvious contradiction. Now, note that,
because of the Dirichlet condition at y = —L, the sequence (clL))L, for fixed D, is increasing. This ends
the proof of the theorem. O

’

3. The one species model: Construction and properties of the free boundary

3.1. Global solutions of the free boundary problem in the plane

In this short section we recall a result of Hamel and Monneau that we will use to analyse the
behaviour of the free boundary at infinity. Consider a solution (¢ > 0,I,u) of the free boundary
problem in the whole plane

“Au+cou= 0 inQ:={u>0}
[Vul= 1 onl :=0Q.

The result is a classification of the solutions of (3.1) having certain additional properties. We rephrase
it here to avoid any confusion, since the function u in [8] corresponds to 1 — u in our notations.

3.1

Theorem 3.1. (Hamel-Monneau [8], Theorem 1.6) Assume that

1). Tis a C"! curve with globally bounded curvature,
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2). RA\Q has no bounded connected component,
3). we have
liminf wu(X)=1. 3.2)

d(X,I)—>+00,XeQ

Then ¢ > c( and, if we set
sine = =2, (3.3)
c
either u is the tilted one-dimensional solution ¢o(y cos @ + xsina), or u is a conical front with angle
a to the horizontal, that is, the unique solution u,(x,y) of (3.1) such that U is asymptotic to the cone
oC,, with

Co=1{(x,y) eR_XR: ﬁ < —cotana}. 3.4)
y

Note that the fact that u, is unique is not exactly trivial, it is given by Theorem 1.3 of [8]. Let us
already notice that Properties 1 and 2 of this theorem are satisfied by the solution (cf), Ff), ug) of (2.1):
Property 1 is clear, and Property 2 is readily granted by the monotonicity in x. Property 3 will be a
little more involved to check.

3.2. Construction of a solution in the whole half-plane

From then on, we fix D > 0 large enough so that Theorem 2.2 holds. Pick L, such that cg’ > Cp,
this implies cg > cf)‘) > ¢(. Notice that we have almost all the elements for the proof of Theorem 1.1,
we just need, in addition, to control where the free boundary meets the line {y = 0}. Since we have this
freedom, we assume I'k to intersect the line {y = 0} at the origin. Let X5 = (x5, 7%5) the point of '}
that is furthest to the left, our sole real task will be to prove that X5 cannot escape too far as L — +oo.
Indeed, we notice that the property

lim ub(x,y) =1, uniformly with respecttoy < 0and L > L (3.5)

holds easily. Indeed, from the maximum principle we have

1> ub(x,y) > (11—, (3.6)

Lo
for all y < ED’ as it is a subsolution to the equation for u in the plane and on the line {y = 0}, and
below ulL) on the bottom line and also the vertical segment {x = 0, —L < y < 0}. Hence, at that point, we
have almost everything for the construction of the wave in the whole half-plane, except the attachment
property.

Lemma 3.2. There is a constant Kp, > 0 independent of L such that |X5| < Kp.

Proof. Let us first assume that

lim y% = —co.
L—>+ooyD

Translate I'; and u so that X5 becomes the new origin, the free boundary I'; meets therefore the
horizontal line at the point (-5, —y%). Up to a subsequence the triple (c5,T'%, ub) converges to a

(o)

solution (cjy), I'y, uy) of the free boundary problem (3.1) in the whole plane. Moreover, the origin is its
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leftmost point. So, we may slide ¢y from x = —oo to the first point where it touches u}), this can only
be at I'j, thus at the origin. But then we have

$0(0) = 0,u;,(0,0) = -1,

a contradiction with the Hopf Lemma. So this scenario is impossible, and the family (¥5).57, is
bounded as L — oo.
To prove that the family (%), is bounded, we consider

L > 21lim sup(-y%),

L—+c
and integrate the equation for u5 on X; = R x (—L,0), we obtain
1 L L L T
=)cph = oyup, + Oyup(x,—Lydx =1+ 1I.
L ring; {u(x,~L)>0}

From (3.6) and elliptic estimates, we have

1
(—+
M

|0,uy(x, —L)| < Ce,

moreover the choice of L implies that the rightmost point of {u(x, —L) > 0 is at the left of the origin.
Hence 1 is uniformly bounded with respect to L. On the other hand we have

=L
I 2 —)CD,

which, from the uniform boundedness of cg in Theorem 2.1, yields the boundedness of the family

()_CIL))LZLO- o
Proof of Theorem 1.1. We send L to infinity, a sequence (cg”,l"f)”, ug”),, will converge to a solution

(cp,I'p,up) of (1.1). Because of Lemma 3.2, the free boundary I', meets the line {y = 0} at a point
(—Xp,0) and the expansion (1.4) is granted by Theorem 1.4 of [6]. Notice also that the uniform limit
at —oo is also granted because of (3.6). So, to finish the proof of the theorem, it remains to prove that,
for all y < 0, the positivity set of u only extends to a finite range. Such were it not the case, the limit

uy(x) = lim up(x,y)
X—+00
would exist and be nonzero. It would solve the free boundary problem
—(upy)” = 0 on the positivity set, |(uy)’| = 1 at the free boundary points.

This only allows for u3(y) = (y + a)”, a contradiction to the bounedness of u}. m|

3.3. The tail at infinity

Let (¢p, I'p, up) the solution constructed in Theorem 1.1 as one of the limits L — +o0 of (ck, 'k, ub),
with
l—‘D = {(SDD(Y),)’), y < O}’
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where ¢p is a smooth, locally Lipschitz function. Theorem 2.2 readily implies the first part of Theorem
1.3, that is

lim cp = +oo,
D—+oo

simply because c5 < c¢p. The only use of this result that we are going to make in this section is that
there exists Dy > 0 such that cp > ¢ for all D > Dy, which is the first part of Theorem 1.3. And so,
we drop the indexes p in the rest of this section, for the simple reason that the dependence with respect
to D will not appear anymore. To prove the second part of Theorem 1.3, we apply Theorem 3.1 to any
sequence of translates of u:

Un(X,y) = u(@(yn) + X, Yn + ), (3.7)

to infer that any possible limit of u, is the one-dimensional wave, tilted in the correct direction.
Properties 1 and 2 of the theorem being readily true, we concentrate on Property 3. The main step will
be to prove that ¢ is in fact globally Lipschitz in (any sub-plane of) the half plane, once this is done a
suitably designed Hamel-Monneau type [8] subsolution, placed under u, will give the property.

Proposition 3.3. The function ¢ is globally Lipschitz in (—oo, y,], for any y, < O.

Proof. Note that the lemma is trivially false if we inisist in making y vary on the whole half-line. Also,
as will be clear from the proof, the value of y, will play no role as soon as it remains a little away
from 0. So, we will assume for definiteness yo = —1. The main step of the proposition consists in
proving that no point of I' N {y < —1} may have a horizontal tangent. Assume that there is such a point
Xo = (¢(30),0), yo < —1. Translate u and I" so that it becomes the origin, still denoting them by I" and
u. In a neighbourhood of 0 of size, say, p > 0, I' may be written (recall that it is an analytic curve) as

I'Nn B, = {(x,¥(x), |x| < p}.

We have y(0) = ¢'(0) = 0. Two cases have to be distinguished. The first one is ¢ = 0 in [—p, p].
By analyticity and Cauchy-Kovalevskaya’s Theorem, this implies that ¢ is defined and equal to O on
the whole line; actually this case may happen only if X; is a point at infinity, that is, u is a limit of
translations of infinite size. But then we have

u(x,y) =y oru(x,y) =y,

depending on whether the positivity set of u is above or below I'. This is in contradiction with the
boundedness of u. The other case is  nonconstant in [—p, p], so that u is nonconstant either in B,. By
analyticity again, u has an expansion of the following type, in a neighbourhood of the origin:

u(x,y) = x" + yP(x) + yzR(x, y), (3.8)

with n > 2, the functions P and R being smooth in their arguments. Because d,u it maximal at the

origin, we have u,,(0,0) # 0 from the Hopf Lemma. Consider the situation where we have, for instance
uy(0,0) = -1, u,,(0,0) = B > 0. We have therefore

P(x) = =1 + Bx + O(x?),

and
xl’l

—1+B8x+ 0(x?)

Y(x) =
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Inside B, we also have

Vu(x,y) = ( ! 4 y(2B + O(x) + y0,0(x,y) )

—1 +2Bx + O(x*) + 0,()*R)(x, y)

so that

n—1 n
w(x,wx»):( nat + 00 )

—1 +2Bx + O(x?)

This implies, because n > 2:
IVu(x, y(xX)* = (1 = 2B8x + O(x*))* + O(x* ) = 1 — 4Bx + O(x?).

Thus the free boundary relation cannot be satisfied in B, except at the origin.

We note that these situations exhaust what can happen on I'. Indeed, if there is a sequence (X)),
of I', going to infinity, such that the tangent to I' at X,, makes an angle «, with the horizontal, with
lim a, = 0, the usual translation and compactness argument yields a solution of the free boundary

n—+00

problem (3.1), where the tangent at the origin is horizontal. Once again we are in one of he above two
cases, that are impossible. O

The last step is to check a property that will imply Property 3 for any limiting translation of (I, u)
of the form (3.7). This is the goal of the next proposition.

Proposition 3.4. We have
lim inf u(x,y) =1. (3.9

u(x,y)>0,y——00,d((x,y),I)—+00

Proof. We use the notations of Theorem 3.1. Assume for definiteness that the leftmost point of I is
located at X; = (0, y;) with y; < 0. Pick X € Q, call M > 0 its distance to I, and also set Xy = (xp, —N),
both M and N will be assumed to be large, independently of one another. From Proposition 3.3 we
claim the existence of a cone Cy (the notation is given by (3.4)), the angle f > 0 depending on the
Lipschitz constant of ¢, but independent of M and N, and a point X,y € Q, such that

1). we have d(Xyn,T) > Vinf(M, N),
2). we have X € Xy + Cg,
3). the upper branch of Xy, + 0Cs meets the line of fast diffusion {y = 0} at a point (x5, 0) with

Xy < —yinf(M, N), (3.10)

v > 0 independent of M and N.

Two cases have to be distinguished, depending on whether X is below (see Figure 1) or above (see
Figure 2) its projection onto I (or, if the projection is not unique, the projection that we have selected).
Note that, in the first case, there is C > 0, once again independent of M and N, such that

N=>CM,

in such a case we have inf(M, N) = M. We now translate the origin to X;;y. Note that the line of fast
diffusion becomes the line {y = N}. Consider a smooth, nonpositive, concave, even function @ ()
such that
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1). we have ¢ x(0) =0,

2). wehave ~,0) < e

3). we have |¢), \(¥)| = 2cotang if [y| > \inf(M, N).
Let 'y, v be the graph
Ty = {(x,)) € R-X R : x = —inf(M, N) + o ()}
It meets the line of fast diffusion at a point X,y that satisfies an estimate of the form
Xyun — xyny < yinf(M, N), (3.11)

with a universal y > 0, possibly different from that of (3.10).

Figure 2. X above I".

Pick now any small £ > 0 and consider the function
+
u(x,y) = (1= 5)(1 = om0

We claim that u < u in 'y vy N {y < N}. Indeed, recall that we have

Iim wu(x,N)=1,

X—=XM N~
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this is a simple consequence of the uniform convergence of u(x,.) to 1 as x — —oo in the original
variables, the fact that (x,;y, N) is at the left of the leftmost point of I', and (3.11), and the fact that
u <1-e¢ Inside 'y y N{y < N}, we have

—Au + co,u

(_go;l:I,N + /7.()0;‘/”\,2 —A- C)/le’l(X—‘PM,N(V)

IA

1
———— —4icotan’B + A — c)/le/l(x—#’M,N(y)
( nf(M, N) B

< 0 assoon as A is small enough and M, N large enough.

Therefore, u < u, so that we have, if we still call X the original point X translated by X, v:

M(X) >1 - e—/l(M— Vinf(M,N))

which is the sought for estimate. O

Proof of Theorem 1.2. Proposition 3.3 proves that any limit of a sequence of translations (u,), in (3.4)
satisfies the assumptions of Theorem 3.1. Therefore it is either a conical front u, (Case 1), a tilted
one-dimensional wave ¢y(y cos @ — x sin @) (Case 2), or a tilted wave ¢o(y cos @ + x sin @) (Case 3). We
wish to prove that only Case 3 survives. Let us consider the set T of turning points of I, that is, the set
of all points (¢(y), y) such that ¢’(y) = 0. From the analyticity of I, T is discrete:

T = {(¢(yn); yn), n € N}.

If we manage to prove that it is finite we are done because this excludes Case 1 trivially, and Case 2
because u(x,y) — 1 as x — —oo, uniformly in y. So, assume that 7 is infinite. We claim the existence
of two sequences of T, decreasing to —oo, (y;)n, i € {1, 2}, such that

e wehavey! = ~<y2<y) foralln,
e we have lim (y2 -y, )= lim (y} —y}) = +o0,
n—+oo n—+o0o

such that, if we set x', = ¢(y') we have

lim M(Xf,l + x,y;, y) = ua/(x’ )’)’

n—+00

uniformly on compact sets in (x,y). Indeed, there is Ny € N such that 7 may be organised in disjoint
clusters

T ={JAw vy <zif 00),)) € Avt, (9(2),2) € A,

neN

each A, having at most N, elements, and

lim ( min y— max z): +00.

n—+oo\(y,0(y))€A, (z.p(2))€An
This is because of the fact that u, has a finite number of turning points and that the convergence of
u to its limits implies the convergence of the free boundaries in C' norms. We claim that (x!, y!) and
(x2,y?) cannot be in two consecutive clusters, because of the orientation of C,. So, if Al is the cluster
of (x,y'), let A> be a cluster in-between. Let (x>, y?) be the leftmost point of A3, From the definition of
A2, there is R, — +oo such that (x2,y?) is the leftmost point of T in Bg (x2,y?). Let uw(x,y) be a limit
of translations of u with the sequence of points (x,31, yfl), it does not converge to any of the functions
prescribed by Theorem 3.1, which is a contradiction. This finishes the proof of Theorem 1.2. O

Mathematics in Engineering Volume 3, Issue 1, 1-25.



17

4. The model with two species

The first thing one must understand is (1.2) in the truncated cylinder X, namely

—-dAv+cdv= 0 (x,y)€eZtn{yv>0}
V= 1 ((x,y) el :=0d{v>0}nXt

-Du”" +cu' +1/uvy= 0 forxeR,y=0

dvy(x,0) = pu(x) —v(x,0) forxeR @D
v(—oo,y) = 1’ V("‘Oo’y) = (1 -y- L)+
v(x,—-L)= 1.
4.1. Exponential solutions
System (4.1), linearised around 0, reads
—dAv+cdv= 0 (x,y)eXt
-Du” +cu' +1/uvy= 0 forxeR,y=0 4.2)
dvy(x,0) = pu(x) —v(x,0) forxeR ’
vix,-L)= 0
v(=00,y) = 0.
The solutions that decay to 0 as x — —oo are looked for under the form
L L akx L
(Pp(X), Yp(x, y)) = e“2*(1, ysh(Bp(y + L)),
so that the exponents oy and % satisfy
—d@*+p*) +ca= 0
h(BL
-Da? + ca + M = 0. 4.3
sh + dpch(BL)

Once again we consider types of limits.
Case 1. The limit D > L > 1, ¢ bounded. We expect 85 to go to 0 as D — +co, so that

dBch(BL) 1

sh(BL) + dBch(BL) ~ L

Then (4.3) yields estimates of the form

L | H* Lo / c V1
aD LD, ﬁD d\/ﬁ (44)

And, once again, the estimate may be pushed up to ¢ = o( VD).
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Case 2. The limit D > L > 1, ¢ > V/D. This time we expect B to go to infinity as D — +oo, so that

dBeh(BL)
sh(BL) + dBch(BL)

We have

. c 1/3 . 1 c 2/3
o~ (g5) - B~ ;(ﬁ) - )

Case 3. The limit L > D > 1, ¢ > 1. We expect that LB% will go to infinity, so that
dfjch(BL)
sh(BL) + dBch(BL)

— 1. In this setting, we have the estimates (4.5).

4.2. Estimates on the velocity

Let (c5,T5, vE) a solution to (4.1), we may infer its existence from a once again slight modification
of Theorem 1.1 of [6]. We assume that it meets the line {y = 0} at the point (0, 0).

Theorem 4.1. There is a constant K > 0, independent of L and D, such that

¢k < KVD. (4.6)
Moreover there is Ly > 0 such that we have
Jim ck = +oo, 4.7

uniformly in L > L.

Proof. That of (4.6) is similar to that of Theorems 2.1, one compares (ug, Vlb) to
1
(Eg(x)’ Zé(-x’ )’)) = (/._l - ¢%)(X), 1 - wlL)(-x’ )7))

As for (4.7), the only point to prove is that, under the assumption that (cf)0 )p is bounded, the width L

being large but fixed, then the leftmost point of I';, denoted by ()'CLDO, yg‘)) satisfies

i < -5, VD. (4.8)

Once this is proved, the proof of the theorem proceeds much as that of Theorem 2.2, using in particular
estimates (4.4) for the linear exponentials. So, assume (4.8) to be false, that. is, there are two diverging
positive sequences (D)), and (x,),, and a positive constant d, such that

lim == =0, min{y<0: (x,y) eTY} < —dp (4.9)

n—+o0o A /Dn X=X,

By nondegeneracy, there is y > 0 such that

v(x, _d_zo) > vy for x < x,,. (4.10)
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Choose another sequence (x),), such that

/
n

. Xn .
Iim — = lim — =0.
n—+oo _x;l n—+oo ),

Then we have

. L
Jim fl oo -0 = 0.

just by integrating the ODE for ug‘l But then, the Robin condition 0}"’3 +v§‘l = o(1) on (—x,, —x,)x{0},
together with (4.10) and the Hopf Lemma, yields the existence of y’ > 0 such that

Lo ’ ’
an(x, 0) >y for —x, < x < x,.

. L
The equation for u;; becomes
n

’

_(ugl)’/ + CDnLO(Mg(iI)’ < ﬂl(_xm())(x) - %1(—)6;!, —xn),

as soon as n is large enough. This implies up, Ly(—x;,) < 0, contradiction. O
From then on, the rest of the study of the two species model parallels exactly that of the one species
model.

5. Exponential convergence

In this section, we assume that all the requirements on the coefficients are fulfilled, and we drop the
index p for the velocity c, the free boundary I' and the solution u. Theorem 1.4 is proved by deriving
a differential ineqaulity for ¢, exploiting Theorem 1.3 and the fact that ¢’ as a limit at infinity. This
allows indeed to write the free boundary problem for u in a suitable perturbative form, and translate
the double Dirichlet and Neumann boundary condition into the sought for differential inequality.

In the whole section, the considerations will be rigorously identical for the one species model or the
two species model, except the global estimate in Proposition 5.2 below, where the computations are
slightly different - but left to the reader. Thus we will concentrate on the one species model (1.1).

Recall from [1] that I' is an analytic graph. Theorem 1.3 readily implies

Proposition 5.1. We have
lim ¢”(y) = lim ¢”(y) = 0.
y——00 y—>—00
This entails the following improvement of Proposition 3.4.
Proposition 5.2. There is p > 0 such that , if u(x,y) > 0 we have
I/l(.x, y) > 1 - e—pdist((x,y),r).

Proof. For € > 0 consider ¥ .(y) smooth whose derivative i, satisfies

1
Y0 =¢'(y) ify<-—
E

|
V) =-e if-—5y<y<0
—& <yYL(y) <0 everywhere,
ly”| <& everywhere.
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Note that this function exists due to Theorem 1.3 and Proposition 5.1. For p > 0 consider

a(x,y) = ep(x—wg(y)),

it can be estimated by e 94U for 3 suitable 5, > 0, because of Theorem 1.3 again. In the lower
half plane we have

—dAil + cd,il = (—d(p Y+ pW)) + c)pef’<x-%0‘>) > 0if p € (0, ¢) and if & small enough.
On the line we have, on the same pattern:

1
(—D@xx +co, + —6y)171 = (—pD +c- E)pe“”‘ > 0if p € (0, %) and if & small enough.
Ju o

And so, as soon as p € (0, %) and & > 0 is small enough, the function u := (1 — &)" is a sub-solution

to the equations for « in the region {u > 0}, moreover d{iz > 0} coincides I" sufficiently far in the lower
half plane. The maximum principle implies the proposition. O
Proof of Theorem 1.4. From now on, translate the origin so that we are in the following situation:
I’ N R? is the graph

{(x, ¢(x)), x> 0},

with ¢’(x) < 0 and lim ¢'(x) = —tana. Actually, the translation may be adjusted so that ¢’(x) is as
X—+00

colse as we wish to —tana, this will be quantified later. The following chain of transformations is then
made.

1). Rotate the coordinates by the angle «, so as to obtain the new set (x, Y) given by
X =xcosa —ysina, Y =xsina + ycosa.
In this new system the free boundary may be written as Y = /(X), with, by Proposition 5.1:
i ¢/ 00 = fim 00 = fim g0 =0
2). Straighten the free boundary by setting
X =X, Y =yX).
In this new coordinate system, u solves the over-determined problem

Oy xu — (1+ lﬁ’z)ayfyfl/t + lﬁ”ayflzt - 2lﬁ’aX/Y/M
+ccosaldyu + (co—cy’ cosa)dyu= 0 (X' >0,Y <0)

X',0)=0, oyulX',0) = ———
u(X’,0) yu(X’,0) 9700

5.1

3). A standard compactness/uniqueness argument shows that

lim u(X",Y’) = ¢o(Y"),
X' —>+00

Mathematics in Engineering Volume 3, Issue 1, 1-25.



21

uniformly in ¥* < 0. As we will not need any additional change of coordinates, let us, for
notational simplicity, revert to the initial notation

x:=X,y:=Y.

The function u(x, y) is this looked for under a perturbation of ¢o(y): u(x,y) = ¢o(y) + ii(x,y). The
free boundary condition writes

v (x) .
VI +y2(x)

The full PDE for & will not be written, as we need another change of unknowns.
4). In order to transform (5.1) into an over-determined problem with fixed boundary, we look for i
under the form

Oyu(x,0) = —

’2
i(x,y) = v(x,y) - ) o9,

1 +y?(x) + V1 +y%(x)
with ¥, smooth, compactly supported, y(0) = 0, y’(0) = 1. As ¢ appears in the equations only in
the form of ¢, we set h(x) = ¥'(x).

The system for (4, v) is thus

—=0v — (1 + W0y + W dyv— 2hd,,v + ccos @d,v + (co — chcos @)d,v
= (W + hccosa)g, + R[h](x,y) (x> 0,y<0) 5.2)
0, 0yv(x,0) =0,

v(x, 0)
the function R[4](x, y) being:
h? " Py () V1 + h? R h vy (y)
A R

1+h%+ lgth2 1+ V1+h? 1+h2J2r 1+ h?
+2h( ) Yo(y) — ccos a( ) Yo(y)

1+h*+ V1 + h22

h=y,(»)
1+h+ V1 +h?

RIln) = |

1+h*+ VI +h?

+ h¢7 ()

—(co — hccos )

While the expression of R[/](x, y) is utterly unpleasant, its structure is quite simple: It is quadratic in
h and its derivatives up to order 2, which are known to vanish at infinity. Finally, set

S, vI(x,y) = h*v,, — W'y + 2hv,, + he cos avy,
By elliptic regularity, all derivatives of v go to 0 as x — +4oco, uniformly in y. Problem (5.3) now reads

—Av +ccosav, + covy = (W' + hecos a)g;,
+R[h](x,y) + S[h,v](x,y) (x>0,y<0) (5.3)
v(x,0)= 0, d,v(x,0) =0,

We will use the estimate
IR[A1Cx, Y)| + IS[A, v](x, y)| < 60, y)(IH' (0] + [R(x)) 10,1y (), (5.4
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with 6(x,y) a positive function that tends to 0, uniformly in y, as x — +oco. It only remains to apply
Proposition A1 of the appendix together with (5.4)), with the data

() =h(x) - h(x)ccos e, g(x,y) = R[h](x,y) + S[h,v]I(x, y).
From Proposition 5.2, estimate (A1) holds, so that the function /4 solves the differential inequality
|7 (x) = h(x)c cos al < B(x)(1H (0] + [A(x)),
the function @(x) going to 0 as x — +oco. This implies the exponential estimate. O
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Appendix: Compatibility relations for over-determined equations with right handside

The goal of this section is to prove that the right handside of the solution of an elliptic equation in
the lower half plane, both with Dirichlet and Neumann condition, has to satisfy an integral equation.
Proposition Al. Consider f(x) and g(x,y) two smooth, bounded functions defined on R, (resp. R, X
R_). Set ep(y) = €. Assume the existence of p > 0 such that

(AD) lg(x, y)| = O(e™), y <0, uniformly in x € R,.
Let u(x,y) solve

—Au + ccos auy + couy = f(x)eg(y) + k(x,y) (x>0, y<0)

(42) { u(x,0) = u,(x,0) = 0,

in the classical sense. Also assume that u and its derivatives satisfy the estimate (Al). There is a
continuous function K(x,y), defined on [2,+00) X R_, such that, for all € > 0 we have

IK(x,y)| = O™, x>2,y<0,

and such that o
fx) = f K(x,y)g(x, y)dy, x=2.

Proof. First, transform (A2) into a problem on the whole line by setting

v(x, y) = y(u(x, y),

where 7y is a smooth function, supported on (1, +c0), and equal to 1 on [2, +0c0). the equation for v is
thus

(43) { —Av +ccosavy + covy = y(x0f(x)eo(y) + k(x,y) (x€R, y<0)

v(x,0) = vy(x,0) = O,
with
k(x,y) = y(x)g(x,y) + ¥ (Xu(x,y) + 2y (xX)u.(x, y).

In other words, the right handside of (A3) equals that of (A2) as soon as x > 2.
A second observation is that the general Dirichlet problem

—Au + ccosau, + couy, = F(x,y) (x>0, y<0)
(A3) u(x,0)= 0
u0,y) = uo(y)

Mathematics in Engineering Volume 3, Issue 1, 1-25.



24

is well-posed as soon as the Dirichlet datum u(y) and the right handside F(x,y) satisfy the estimate
(A1), with any p < c¢y. Indeed, the classical change of unknown u(x,y) = e”v(x,y) changes (A3)
into an elliptic equation the the zero order term pcy — p?. Thus it is enough to assume tht g and &
are compactly supported in y, in order to perform Fourier transforms. An easy density argument then
allows to treat general data satisfying (A1).

Set w(x,y) = elccosaxtan/2yx y) the equation for w is now

(A4) { ~Aw+fw = Fe) +G(xy) (x€R, y<0)

w(x,0) = wy(x,0) = 0.
The new data are
F(.X) — e—ccosa/x/2,y(x)f(x), G()C, y) — e—(ccosax—coy)/Zk(x, y)’ EO(y) — ecoy/Z’

and we have set

g+ c?cos’ @

4
Thanks to both Dirichlet and Neumann conditions, the function w(x, y) may be extended evenly over
the whole plane R?, where it solves the same equation as (A4), with G and E; also extended evenly.
The new unknown and data are still denoted by w, Ey and G. Let w(&, {) be the Fourier transform of w,
as well as F &), Eo({ ) and G(f, {) the Fourier transforms of the data. Thus we have

FOE + 6.0
Prevr

2 _

w(g,{) =

Now, the Dirichlet condition for w entails f w(&, 0)d{ = 0, that is
R

A Ed) 6.0
ro=-([ ripn) [Fiatae

From Plancherel’s Theorem, we have

f En() 1
ﬁ2+§2+§2 c0/2+ B+ &

and, if we still denote by G(¢, y) the partial Fourier transform of G with respect to x, we have, again by

Plancherel’s theorem
fﬁ%@ dz f(%wﬂW%d

+&2+ 2

Inverting the Fourier transform in x yields, by the residue theorem:
F(x) =oc g ccosali/2 f G(x, y)e VIV gegy
R2

Shifting the integration line in & from R to R + ip yields, for x > 0:

f PEDIVB+E dé = " f PE MNP +E-p?+2ipé dé

R R
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and /B2 + €2 — p* + 2ipé has nonzero real part. This entails the proposition. m|
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