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Abstract

Synchrotron radiation from hotgas neara black hole results in a polarized image The image polarization is
determined by effects including the orientation of the magnetic field in the emitting region, relativistic motion of
the gas, strong gravitational lensing by the black hole, and parallel transport in the curved spacetime. We explore
these effects using a simple modef an axisymmetric,equatorialaccretion disk around a Schwarzschild black

hole. By using an approximate expression for the null geodesics derived by Beloborodov and conservation of the
Walker—Penrose constantye provide analytic estimates fothe image polarization We test this model using
currently favored general relativistic magnetohydrodynamic simulations of M&ihg ring parameters given by

the simulations. For a subset of these with modest Faraday effects, we show that the ring model broadly reproduces
the polarimetric image morphology. Our model also predicts the polarization evolution for compact flaring regions,
such as those observed from Sgr Avith GRAVITY. With suitably chosen parametersur simple modelcan
reproduce the EVPA pattern and relative polarized intensity in Event Horizon Telescope images oflvi8ér

the physically motivated assumption that the magnetic field trails the fluid velocity, this comparison is consistent
with the clockwise rotation inferred from total intensity images.

Unified Astronomy Thesaurus concepts: Accretion (14); Black holes (162); Polarimetry (1278); Magnetic

fields (994)
1. Introduction
The Event Horizon Telescope (EHT) Collaboration has The polarization structure in the EHT images depends on
recently published the first images of a black hole (Event details of the emitting plasma,principally the magnetic field
Horizon Telescope Collaboration et al. 2019a, 2019b, ~ geometry.However,it is also affected by the strongly curved
2019¢,2019d,2019e,2019f, 2021a,2021b, hereafterEHTC spacetime nearthe black hole. Over the past few decades,
I-VIIl, respectively). These images achieve a diffraction- simulated polarimetric images of black holes have been studied

limited angular resolution thatcorresponds to approximately ~ as a means to understand astrophysicapropertiesof their
5GM/c?, where M is the mass of the black hole. They reveal a surrounding accretion flows (e.g., Bromley et al. 2001;
bright ring of emission with a twisting polarization pattern and Shcherbakov eél. 2012; Moscibrodzka etl. 2017; Jiménez-

a prominent rotationally symmetric mode. Rosales & Dexter 2018; Palumbo et &020) and to infer the
disk inclination and black hole spin through the effects of
123 NASA Hubble Fellowship ProgranEinstein Fellow. parallel transport(e.g., Connors et al. 1980; Broderick &

124 UKRI Stephen Hawking Fellow.
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Loeb 2006;Li et al. 2009; Schnittman & Krolik 2009; Gold
et al. 2017; Marin et al.2018).

While they are becoming increasingly realistic, these
simulations are generally difficulto use for broad parameter
surveys because ofheir computationalcost, and they often
provide little insight into how to decouple astrophysicaénd
relativistic effects.

In this article, we develop a simple toy model to understand
polarimetric images of black holesThis model consists of a
ring of magnetized fluid orbiting a Schwarzschild black hole.
Our model allows arbitrary emission radius,magnetic field
geometry,equatorialfluid velocity, and observerinclination.
With a single approximation,described in Section 2we can
analytically compute the resulting polarimetric image and can
assess its dependence on the input parameters.

In Section 2,we describe the toy ring modeind work out
the relevantrelativistic transformations from the frame ofa
radiating fluid element in the ring to the image as seen on the
sky by an observer. In Section 3, we present a series of
examples to illustrate the primary model features. In Section 4,
we provide analytic estimatesof image diagnostics—the
apparentshape of the ring, the vector polarization,and the
coefficient of rotational symmetry{fPalumbo et al. 2020). In
Section 5, we discuss the suitability of our model for
comparisons with observationgocusing on the EHT images
of M87 and polarization “loops” seen during flares of
Sagittarius A (Sgr A). In Section 6, we summarize our results.

912:35 (26pp)2021 May 1

2. The Model

We consider an accretion disk around a Schwarzschild black

hole of mass M. We use standard geometrized units: G=c =1
The fluid radiates from the equatoriaplane within a narrow
range of radii centered on a dimensionless radius R, measure
in units of M (or GM/c?, including the physical constants).
With respect to a distant observer, the ring is tilted from a face
on orientation by an angle,8We assume that the tilt is toward
the North, so that the line-of-nodes between the ring orbital

plane and the observer’s sky plane is in the east-west direction.
We take the sky angular coordinate x to be oriented toward the

West (i.e., to the right), and the coordinate y toward the North
(i.e., toward the top). The fluid has radial and tangential
components of velocity in the plane of the ring, but no vertical
velocity. In the comoving frame of the fluid, the magnetic field
has radial,azimuthaland verticalcomponentsFor simplicity,

we assume thaboth the velocity field and the magnetic field
are axisymmetric, though the equationsdeveloped in this
section are valid even without this assumption.

We wish to compute the following primary observables: (1) the

Narayan et al.

G-Frame

Geodesic

>

To Observer

\lﬁ
6) R P
Figure 1. Geometry in the geodesic framer G-frame.In the Schwarzschild
metric, each null geodesic is confined to a plane that intersects the black hole.
The G-frame,defined for photons emitted apoint P and reaching a distant
observerat relative angle y,corresponds to Cartesian axes centered on the

black hole, withk in the direction of P and the-z"plane given by the geodesic
plane. We approximate the emission angle a in this frame using Equation (4).

x

the observer. This geodesic lies in a plane that includes the line
from the black hole O to the point P, as well as the line from O
to the observer (see Figure 1). We set up Cartesian coordinates
in the geodesic plane so that the unit vector along the %X-iaxis
oriented along OP and the observer lies on #hea plane.We

call this the geodesic frame, or G-frame. The angle y between
X and the unit vectof toward the observer satisfies
cosy = -sing sinf,

siny =(1- cogy)'2 . (1)
We considera null geodesicwith conserved energy 2°

= - 1 traveling from P to the observer. At the location P, the
orthonormal time componelkgfe) of its 4-wavevector is given
by (the redshiftfactor here is calculated using the Schwarzs-

child metric, as appropriate for the assumed non-spinning black
1

hole)
(- &)

R
where the subscript “(G)” indicates that this quantity is
measured in the G-framéAlso, since the geodesic lies in the
xz-plane,we have k(é) = 0. To determine the other two
components of k, we need the angle a in Figure 1, in terms of
which we can write

X _ gt
k( ) — k(G)

ki

o
© ~ -

)

tt

cosa,

shape of the ring as viewed by the distant observer, (2) the varjglithq of attempting to calculate a precisely which would

of the polarized intensity around the observed rarg] (3) the
orientation and pattern of the polarization vectors around the ri
An exact calculation requires integrating the geodesic equation
which has to be done numerically. However, with one simplific
tion, described belowit is possible to do all the calculations

analyticallyThis simplified model provides a convenient method

for investigating polarization properties of idealized models.

2.1. GeometryLensing and Special Relativity

In the ring plane, we consider a fluid elemenP located at
azimuthalangle f measured from the line-of-nodes.We are
interested in a null geodesic, a light ray, that travels from P to

4

require a numerical integration of the geodesic equation, we use
following approximate formula obtained by Beloborodov

12002),

2
cosa = cosy + —R(1 - cosy),
sina=(1- coga)'?.

(4)

This approximation is surprisingly accurate even for values of
R of order a few (see Section 3.6 and Appendix A).

125 This is the photon energy measured by an observeat infinity, and we

normalize it to unity.
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clockwise. The velocity 3 describes motion of the fluid through
the ring; the ring model itself is not expanding or contracting.

We now transform to the fluid frame—the F-frame—by
applying a Lorentz boost with velocity 3. This gives the
following orthonormal components of k,

k(tF) = gk(;) - gbcosc kg - gbsinc k(};’)’
k(,i) = - gbcosc k(i;;,) + (1+ (g- 1)cos? C)k(é)

‘ + (g- 1coscsinc kY,
Line of Nodes el k(};) = -gbsinc k(i,;) + (g- 1)coscsinc K,

+ (1+ (g- Nsin2c)k,,
ke = Ky ©)

2.2. Transformation of Polarized Intensity

Any radiation emitted aloné(’;; in the F-frame is Doppler-

shifted by the time it reaches the observeSincek(%) in the
observer frame is equal to unityhe Doppler factor d is

t
Koy _ 1
Figure 2. Geometry in the P-frame. This frame is aligned with the rotating gas - P - Kt~
at emission radius R and emission azimuth fThe X direction lies along the F) (F)

radial line from the black hole at O to the emission point P, and Y is the .. o . .
azimuthal direction. The equatorial magnetic fielgeBd fluid velocity B lieat | DiS includes both gravitational redshift and Doppler shift from

angles n and x to X in the x-y plane, respectively.Our model allows these velocity.
angles to be specified independently, but we will later focus on the physically In the fluid frame, there is a magnetic field which we write
26

(10)

motivated choices of n = x and n = x + 11 (see Section 3). a§
We now switch to a Cartesian frame that is aligned with the B=BXx+ By + Bz
o.rb|t|r?g fluid ring. We take X al?ng OP,Z in the aZ|muth:aI = Byy(coshX + sinhy) + B.Z
direction atP parallelto f, and z"perpendicular to the orbital °B_4 B,z (11)
eq )

plane. We call this the P-frame (see Figure 2). The G-frame and
P-frame have a commoR-axis. Therefore fransforming from  where the second line describes the field components in the
one to the other involves rotation by some angle ¢ around the xsquatorial plane in terms of a magnitudg, &d an orientation

ﬁfdsi(Tﬁ ?etgrmine g,v;e n%te thatthe uc?it vector/ fromthe 1 (5ee Figure 2). The intensity of synchrotron radiation emitted
ack hole © tow_ar the observerhas artesllan components along the 3-vector | depends orsinz, where ( is the angle

(cosy, 0, siny) inthe G-frame, and Cartesian components between ke and the maanetic field B:

(- singsinf, - singcosf, cosg) in the P-frame. Since a k) 9 :

rotation by angle ¢ transforms one sebf components to the Lo ke ~ B 12
other,we obtain sinz = |k(F)| 1B| - (12
cosx= 225%  ginx= M (5) In the case of thermal synchrotron emissionthe intensity
siny siny also depends on the ratio of the emitted photon energy hv to the

. . . electron temperature kI At low frequencieshv = kT, the
Applying this rotation to the orthonormal componentg,oive intensity is proportionalto sir’? z (e.g., Mahadevan etal.

obtain the corresponding orthonormal components in the P-fraq@%), whereas in the opposite limithv ? kT, the intensity

Kt _ 1 2 _  cosa varies as a very large positive power dfin z, because of the
P — o\12° P~ o\12° (6) exponentialcutoff of the particle energy distribution and the
(1 ) ﬁ) (1 ) ﬁ) correspondingrapid decline of emissivity with increasing

. . ; frequency. In general, if the emitted intensity varies as

&= - m, P = %. 7) I, ~ 1, then the angle dependence goes @En2)™* 2. In
(1 - ER) (1 - ER) models of M87', a dependence -8ir? z is often obtained at

230 GHz. This corresponds tq & 1, which is consistent with
The fluid at the point P moves in the xy-plane of the local  the synchrotron emission being close to its peak at this
P-frame with a velocity B, which we write in the local frequency (VF, roughly constant).In the analysis below,we
Cartesian coordinate frame as (see Figure 2)

. 126 Because the emission of synchrotron radiation is best described in the fluid
b = b(cosc X + sincY). (8) frame,we find it convenient to specify the magnetic field components in this

Our sign convention is that radial motion toward the black hole frame. The?, ¥, z"axes in the fluid frame are related to the corresponding axes

. . in the P-frame (equivalently, the Schwarzschild frame, e.g., Equation (19)), via
corresponds tacosc < 0, and clockwise rotation on the sky a Lorentz transformationwith velocity . The transformationof field

corresponds taeinc < 0. In the case of M87, the rotation is components between the two frames is worked out in Appendix B.
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explicitly retain the gdependence. However, we setal for
the numerical calculationsdescribed in Section 3, and also
when we series-expand the equations in Appendix D.

The factor(sin2)'* 4 discussed in the previous paragraph is

the emission per unit volume. To convert this to the emerging

intensity in the fluid frame we need to multiply by the geodesic
path length } through the emitting region. We assume that the

medium is optically thin to its own emissiorlf we model the
emitting fluid as a thin disk of vertical thickness H,then the
path length is

t
G

=—H.
p 2
k(F)

(13)

So far, we have discussed the emitted intensity in the fluid
frame. This intensity is Doppler-boosted by a fact@of» by
the time it reaches the observéf! Thus, the intensity |P| of
linearly polarized synchrotron radiation that reachesthe
observer from the location P is

|P| — 08+a,, [p |B|1+an Sin1+ anz (14)

0, |BPsir? zfor a, = 1, (15)

where we have omitted a proportionality constant. Since |B| is

constantaround the ring, the factors involving |B| could be

Narayan et al.

An inverse Lorentz boost transforms the 4-vect§ﬁ)’ back to
the P-frame:

f(f:) = gf(i;:) + gbcosc f(,}i) + gbsinc f();),
f(i’) = gbCOSC f(f:) + (1 + (g_ 1)0032 C)f(i)
+(g- 1)coscsincf(j;),

ff, = gbsinc fr, + (g- 1)coscsinc ff,

- Nsin2 o)
+(1+ (g- Nsin?o)fl,

2 2
& =T (18)
Since the Cartesian unit vecto®s ¥, Z in the P-frame are
oriented along the spherical polar unit vedtor§, - g of the
Schwarzschild frame, the orthonormal components of k and f in
Schwarzschild coordinates are

f _ t _ X '_ 2 ’_ y

kt = k(P), kM = k(P), ka = -k(P), kf = k(P), (19)
t_ ff ro_ fX g — 2 f _fy

f _f(P), f _f(P), fa = _f(P), f _f(P)_ (20)

The photon geodesic emitted at P has three conserved
quantities (see for instance Bardeen 1973): its energy
k= -1, its angular momentum around the"axis Kf = Rk’
and the Carter (1968) constar®, which is the square of the
total angular momentum of the photon for the Schwarzschild
metric.In the P-frame the Carter constant is

C = Re(ka2 + (K713, (21)

eliminated from Equations (14) and (15) and absorbed into the Using the conservation ofkand C, we find the coordinates x

omitted proportionality constant. We retain these factors
because keeping track of fBind its components is convenient
for much of the analysis in Appendix D22

2.3. Transformation of Polarization Vector

We next work on the polarization vector. In the fluid frame,
the E-vector of the radiation is oriented along ks x B, i.e.,
perpendicularto both k () and B. Therefore,we write the
orthonormal components of the polarization 4-vectbras

fL =0 2 _ (Ko B)x
F) F) |k(F)|
e By ke B (16)
® IKe ® LG
By construction this 4-vector satisfies
fmk, =0, fmfm: siré z |BJ2. (17)

27 1 the context of a continuous relativistic jet,a Doppler boostfactor of

c* an is generally used (e.gBlandford & Kénigl 1979). That corresponds to
the combined quantity /»* 27, where for motion parallel to the jet axis,

I, « 5. Our formulation, withd handled as a separate factor, is more general.

28 Alternatively,we could assume |B| = 1as indeed we do in all the plots,
eliminate |B| from Equations (14) and (15), but still keep track of the
components of B in Appendix D.

and y of the geodesic atthe observersky plane (recall the
orientation of the sky coordinates ¥, described athe top of
Section 2) (Bardeen 1973),

ke Rk
sing  sing’
y=Kg=RIk 92 - cof g(K"}3'2 sgr(sinf).
To compute the polarization vector ghe observerwe make
use of the Walker-PenroseconstantK, +iK, (Walker &
Penrose 1970), which takes a simple form for a Schwarzschild

spacetime.At the position P, we have (using the sign
convention in Himwich et al2020),

K = RKFr - kifty,  Ky= -Rokfa - kdf),

X= -

(22)

(23)

Both K; and K; are conserved along the geodesitherefore,
knowing their values, we can evaluate the two transverse
components of the polarization electric field E at the observer.
If we use the normalization used in Himwich et al. (2020), the
field components are

E, norm = yK2 * XK]
' [(K? + K) 2+ y2))'2
Ey norm — yKI - XK2
' [(K?+ K3) 2+ y2))2°
E)%,norm + E}%norm =1, (24)
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which is normalized to unity. This normalization is suitable for

plotting the orientation of polarization vectors in the xy-plane.
An alternative normalization is

x:—sz-'-XKI
X2 + )2 ’
g, = - X%

EZ + E2 =sirf z|BP2. (25)
This retains the original normalization of'fin the fluid frame
(Equation (17)), hence the electric field is proportional
tosinz|B].

For computing the observed polarized intensiye need to

Narayan et al.

frame of the fluid,one can calculate the sky coordinates yx,
equivalently p,j) of the image of this radiating element,and

the linearly polarized intensity and position angle of the
observed radiation. The mapping from the radiating element to
the observer'simage plane is written as a sequenceof
analytical calculations that do not require numerically integrat-
ing the geodesic equation or iteratively solving any equation.
The equations are written in sufficient detail for easy
incorporation into modeling calculations.

3. Example Models

The simple model considered in the previous section has the
following parameterstilt angle of the ring 6,, ring radius R,

mcIude the dependence on the Doppler factor 3 and path lengtielocity vector of the fluid 8, which is parameterized by 8 = v/

p, and must also ensure the correct powersiofz and |B| as
given in Equations (14) and (15). Since the intensity is
proportionalto |E|?, we therefore write the observed electric
field components as

EXobs 3+ an/2 /1/2 (SII"IZ)(1+ an/2 |B|(1+ an)/2 E, norm
= 3+an/2 [;/2 (sz) anr 1)/2 |B| anp 1)/2 Ex,
(26)
E,Vobs 3+ an/2 I1/2 (smz)(” 3n)/2 |B| (1+aq)/2 Ey norm
= B+ an/2 I1/2 (SInZ)(a" 1)/2 |B| ap 1)/2 Ey,
E)?obs ,Vobs— |P(f) |
(27)
where P(f) is the observedlinear polarized intensity of

radiation thatis originally emitted by a fluid elementat ring
azimuthal angle f.

We need one more transformation:we must convert the
coordinates (Rf) of the emitting region in the fluid to the
Cartesian sky coordinates (), or equivalently the polar sky
coordinates (pj), at which the radiation is observed,

X=rcosf, Y=rsinj. (28)

The relation between (R, f) and (p, j) is worked out in
Appendix C. The observed linear polarization P(f) can then be
described in image coordinates by the complex function P(j),

Py QU)+ V() (29)
where the Stokes parameters Q(j) and U(j) are obtained from

the electric field componentg dgs E, onsusing Equation (D10).
The electric vector position angle (or EVPA) is then

U
EVPA° 1 arctan—.
2 Q

This completes the calculation of the intensities @, P on
the image planelf one wishes to calculate fluxes in the sky
plane corresponding to specific source configurations in ring

(30)

¢ and x (Equation (8)), fluid frame magnetic field B, which is
parameterized by either, B, B, or By, n, Q(Equatlon 11)),
and spectral index a,. Figures 3-5 show the polarization
patternsproduced by this model for selected valuesof the
parametersin all these exampleswe choose & = 20° and
a,=1.

Before considering the examplese briefly summarize the
salient features of the polarized image of M8Btained by the
EHT (EHTC VII). First, the linear polarized flux shows a
pronounced asymmetry around the rinBhe polarized flux is
strong between PA (measured Eastof North) ~150° and
~300°; the peak polarized intensity is around PA 200° on
April 5 and 240° on April 11. The linear polarized flux is much
weaker at other angles. The large scale jet in M&Foriented
toward PA 288°.Presumablythe accretion disk is also tilted
toward this direction.Such a tilt is consistentwith the EHT
total intensity image shown in EHTC IV. Thus, if we measure
angles counter-clockwisewith respect to the presumed tilt
direction in M87, the polarized flux is strong between angles
~+10° and 140° with peak at —90° and -50° on April 5
and 11.

In our analytic model, the tilt and putative jet are toward the
North. Thus, for a direct comparison ofthis model with the
M87" image,we should rotate the calculated image clockwise
by 72°. Alternatively, we could measure angles as offsets from
the jet direction North. Thus, for a model to reproduce what is
seen in M87, it should have strong linearly polarized flux
between +10° from the jet,i.e., just to the left of North, and
-140° from the jet, which is located in the lower-right
quadrantThatis, the polarized flux should concentrate in the
right half of the panels in plots such as Figures 3-5 below,
shading toward the upper right quadrant. As we will see, this is
a fairly strong constraint.

The second piece of information from the polarized image of
M87" is that the polarization vectors show a twisting pattern
that wraps around the black hole (EHTC VI, VIII). The twist is
described quantitatively by the 8, mode of the azimuthal
decomposition of polarization described in Palumbo et al.
(2020). The amplitude of fdescribes the degree to which the

coordinates (R, f), it would be necessary to apply the JacobianEVPA obeys rotational symmetry and scaleslinearly with

of the transformation from (R, f) to (p, j), as in Figure 10. The
Jacobian determinant is evaluated in Appendix C.

To summarize,in this section we showed how, given the
position (R, f, Figure 2) and velocity (3, X, Equation (8)) of a

fractional polarization, while the phase gfdgscribes the twist
angle between the EVPA and the local radial unit vector on the
image. In the M87image, the twist angle is fairly stable in the
regions where the polarized flux is stronglith respect to the

synchrotron-emitting fluid element located on a tilted equatoriallocal radial direction, the EVPA of the polarization vector is

plane around a Schwarzschild black holand given also the
magnetic field configuration (8, n, B,, Equation (11)) in the

rotated clockwise by ~70°.This too is a strong constrainbn
models,as discussed at length in EHTC VIII.
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Figure 3. Polarization patterns corresponding to models with a “vertical” magnetic field (non-zenm Ehe fluid frame). In each casethe directions of the ticks

indicate the orientation of the polarization E-vector around the ring as viewed on the sky. The lengths of the ticks are proportional to the polarized intensity. Top left
ring with a very large radius and no orbital velocity, so that neither velocity aberration nor lensing plays a role. Top right: large ring radius (i.e., no lensing), and flui
orbiting with a tangential velocity § = 0.3 in the clockwise direction (x = — 90°). Bottom left: large ring radius (no lensing), and fluid flowing with velocity = 0.3
radially inward (x = - 180°). Bottom right: ring with a small radius R = 6Mhence strong gravitational lensingut with no fluid velocity, hence no aberration.

3.1. Models with Pure Vertical Field gravitationallensing caused by the gravity of the black hole.
The top left panel in Figure 3 corresponds to a ring with a large

Gravity Collaboration et al. (2018a) reported observations ofradius (R = 10" such that there is negligible gravitational

polarized flares in Sgr Ain near-IR, and showed that a model X A
with a dominant vertical magnetic field can reproduce the ~ 'ensing. We also set p =0, thereby eliminating Doppler
observations Motivated by this, we begin by studying the beamln_g and a_lberratlonThe only remaining effgcns the tilt
predictions of our toy model for a pure vertical fieldriented ~ ©f the ring, which causes the purg Beld in the ring frame to
normal to the plane of the emitting ring. appear in projection on the sky as a vertically oriented (north—
Figure 3 shows results from the analytical model for the casesouth) field. The polarized synchrotron emission from the ring
when B =1, B, = B; = 0. It explores the two primary physical has its EVPA perpendicular to the projected fieldg., in the
effects otherthan magnetic field direction thatinfluence the =~ east-west direction. The observed polarized intensity, which is
observed polarization:(i) Doppler beaming and relativistic indicated by the sizes of the polarization ticks in the plotis
aberration caused by motion ofthe radiating fluid, and (i) uniform around the ring. In this figure and all others shown in
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Figure 4. Polarization patterns formodels with magnetic field in the equatorialplane. Top left: azimuthalfield (n = 90°) with azimuthal clockwise velocity
(x =-90°). Top right: azimuthalfield (n = 90°) with radial inward velocity (x = — 180°). Bottom left: radial field (n = 0°) with azimuthal clockwise velocity
(x = - 90°). Bottom right: radial field (n = 0°) with radial inward velocity (x = — 180°).

this section, ticks are shown at 50 equally spaced positions

inf.

The top right panel in Figure 3 shows the effect of including
an arbitrary relativistic velocity (B = 0.3) forthe fluid in the
clockwise tangentiadlirection (x = — 90°), but still keeping a
large radius, hence no gravitationaldeflection. In this case,
there is a strong asymmetry in the polarized flux around the
ring. However, the bright region of the ring is in the left half of
the plot, exactly the opposite ofwhat we require to explain
M87". This contrary behavioris actually rather surprising.
Given the direction of the tilt and the clockwise sense of

of its motion toward the observer, while the fluid on the left has
a component away from the observer. Doppler beaming ought
to favor the right side, yet we see the opposite. This paradoxical
behavior is because of aberraticas we explain in Section 4.

The bottom left panel in Figure 3 shows the effect of a pure
inward radial velocity (x = - 180°), again for a large ring
radius. Once again, the bright region of the disk is on the wrong
side compared to whais seen in M87. It is also exactly the
opposite of what we would expect from Doppler beaming,
since the fluid in the upper half has a velocity component
toward the observer, and ought to be bright. Once again,

rotation, the fluid in the right half of the plot has a component aberration is the explanation.
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Figure 5. Polarization patterns foffour models thatinclude both radial and azimuthalcomponents ofvelocity and magnetic field. The models correspond to
X == 120° (top left), x =-135° (top right), x =- 150° (bottom left), x = - 165° (bottom right), each with magnetic field trailing opposite to the velocity
(n = x + 180°). The two models in the bottom row come closest to reproducing the polarization pattern seen in. M87

radius (R = 6) such that gravitational deflection of light rays is

Finally, the bottom right panel considersa ring at small

important. For simplicity, we assume thatthere is no fluid

velocity. In this case the results are similar to the bottom left

panel,and the strongest polarized flux is at the bottowhich
does not match what is seen in M87

We do not discuss the Bphase of the polarization patterns

for models with pure verticalfield, exceptto note thatin the
regions where M87 has its strongestpolarized flux (upper

right), the sense of the EVPA twist seen in all the examples in

Figure 3 has the wrong sense.

The conclusion from these examples is the following. If the

polarized emission thatve see in M87 at 230 GHz is from

equatorial gas, and if the gas rotates in the clockwise direction,
as EHTC V concluded, and/or flows radially inward, as is
natural for accretion, then the magnetic field cannot be
dominated by a pure vertical component. There must be
substantial radial and tangential field components.

Note that the observed ring in the bottom right panel
in Figure 3 has aradius slightly larger than the original
ring radius R = 6. The ring is also shifted slightly upward
relative to the origin. Both effects are the result of
gravitational deflection, as we explain in Section 4.
The effectis seen only when R is small (gravity is strong),
which is the case in this panel of Figure 3, and in all the panels
in Figures 4,5.
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3.2. Models with Pure Radial or Tangential Field also have polarization patterns with the same sense of twist, or
sign of B phase, as observed in M8Among the four models,

We now turn our attention to models with magnetic field the ones in the bottom row come closest to M87

entirely in the equatorial plane, i.e.,B 0, non-zero B or B;.
We consider a ring with small radius (R = 6) and include
relativistic fluid motion;thus, lensing,Doppler and aberration
are allincluded.Figure 4 shows four modelswo with radial
field (n = 0°) and two with tangential field (n = 90°). For each
field configuration, we consider two velocity fields, either pure
clockwise rotation (x = - 90°) or pure radial infall (x =
-180°).

Three of the four panels in Figure 4 have their strongest
polarized flux in the correct region of the ring (top and/or
right) to match what is seen in M8Even the fourth (top right
panel) has slightly stronger polarized flux at the top. The very
different behavior of these models, compared to those in
Figure 3, is explained in detail in the next section. In brief, for
models with magnetic field restricted to the equatoriplane, match the jetorientation in M87, and with the emitting fluid
aberrationinduces the same senseof flux asymmetryas spread outin radius with an exponential profile with scale
Doppler beaming and therefore enhances the effect of the lattewidth 2M (see Section 5.1 for details), instead of the infinitely
whereasin the pure B, models, aberration induces flux thin emitting ring assumed here.
asymmetry with the opposite sign of that due to Doppler The remaining panels in Figure 6 show the effect of
beaming,and in fact overwhelms the latterand reverses the  increasing the tilt angle 8,. The Doppler asymmetry in the
sign of what is observed.In this sense,e I\?uatorlalﬂeld- polarized intensity increases rapidly since the fluid motion has
dominated models are more promising for a larger component parallel to the line of sight. The orientation

Considering the twist of the polarization pattern, as of the asymmetry (bright on the right, dim on the left) as well as
discussed in EHTC VIII, a pure tangentialfield is ruled out the twist of the polarization pattern qualitatively resemble what
because the polarization ticks are predicted to be purely radial,is seen in the & = 20° model. The ring appears increasingly
which does not match M87. A pure radial field is also ruled out flattened as 6, increasesbut it also acquiresan additional
since it predicts polarization ticks entirely in the tangential asymmetry such thatby 8,= 80° it looks more like a semi-
direction.However,these models come closer to what is seen circle than an ellipse. This is because ofextreme lensing of
in M87 . It would appearthat models in which B, > B; are radiation emitted from the far side of the ring. As in the
most suitable. previous figuresticks are equally spaced in f; the large gaps
on the north side of the 6 = 80° image indicate the relative
stretching between j and f at high inclination.

3.4. Models with R = 4.5 M and Varying Inclination

We round out the discussion of examples by considering
models with a smaller emission radius, R = 4.5, which is better
matched to M87 , and exploring the effect of varying the
tit angle 6,. Figure 6 shows models with x = - 150°,

n = x + 1 = 30°, and four choices of:@20°, 40°, 60°, and 80°.

The top left panel has §= 20° and is designed to resemble
M87". The polarized intensity asymmetry (relative to the
direction of the jet),as well as the twist of the EVPA pattern,
are similar to the EHT observations described in EHTC VIl and
EHTC VIII. This same model is shown again in Figure 9 with
the polarization pattern rotated counter-clockwise by 288° to

3.3. Models with Both Radial and Tangential Field

Figure 5 shows fourmodels in which both B. and B; are
non-zero, and B= 0. All the models have fluid with clockwise
rotation in the sky and radial infall, i.e., the angle x of the We finally discuss models in which all three components
vector B is in the lower left quadrant.Since the radial and of the magnetic field are non-zero. In this general case, we need
tangential magnetic field components in the inner regions of anto be careful aboutthe geometry ofthe magnetic field.In a
accretion disk are likely oriented parallé the motion of the three-dimensionalaccretion flow in  which magnetic field
fluid—the field is “combed out” by the flow—we simplify lines penetrate the disk from one side to the other, as for
matters by assuming that the field is aligned with the velocity. instance in a magnetically arrested disk (MAD) field geometry
Specifically,we choose (Igumenshchev et al. 2003; Narayan et al. 2003; Tchekhovskoy
et al. 2011; Bisnovatyi-Kogan 2019)pne expects a reflection
antisymmetry in B aboutthe midplane.That is, B, and B
would flip sign when crossing the mid-plane, whergasoBId
For the specific case of a purely equatorial field, we can chooseetain the same sign on the two siddset us assumewithout
either of the two values of ) indicated above. The two choices loss of generality that B, is positive,i.e., the z-componenbf
correspond to oppositely oriented directions dhe magnetic the magnetic field line is pointed toward the observer, and let us
field lines; this ambiguity has no effect on the linear polarized also take &;to be positive. If the magnetic field is dragged and
emission.As we discuss in Section 3.5we need to be more  aligned with the flow, as we assumed in the previoustwo
carefulabout the choice of n when we have both verticahd subsectionsthe field angle n and the floyv velocity a’.‘g'e X

T must be related as follows on the two sides of the disk,
equatorial field components.

In Figure 5, the modelin the top left panelhas tangential Z> 0 fearside:
velocity larger than radial velocity, and correspondingly Z < 0 far side): (32)
Br > B,. Inthe topright panel, the radial and tangential
components are equal, while in the lower two panels the radialwhere “near side” meansthe side of the disk facing the
components of velocity and magnetic field are larger than the observer.

3.5. Models with All Field Components

PureB,y h=corh=c+ p. (31)

h=c+ p,
h=c,

respective tangentiakomponentsAll four models have flux
asymmetry thatqualitatively matches M87. All four models

11

In the absenceof Faraday rotation effects, the above
antisymmetry affects emission only by changing the relative
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Figure 6. Polarization patterns for four models with equatorial magnetic field and emission radius R = 4.5, viewed at different inclination angles , FopQ&ft: 6

Top right: § = 40°. Bottom left: @ = 60°. Bottom right: § = 80°. All the models have velocity angle x = = 150°, and magnetic field trailing opposite to the velocity
(n=x + 180°). The model in the top left, rotated counter-clockwise by 288° and with emission spread over a finite range of radii, is shown in Figure 9 as a toy modé
of M87 .

sign between B,and B, hence it is not relevant if eitheg for We do not show examples of models with both vertical and
B, is zero.However,when both B, and B, are non-zeropne equatorial field since the parameter space is large.

should separately compute the polarized image produced by the

near side and far side of the disk and add the resulting Stokes 3.6. Numerical Geodesics and Effect of Spin

parameters. A general Beloborodov-like analytic approximation for the

If Faraday effects internt the flow are strong enoughto o isgion angle of photons from equatorialmatter around a
depolarize the emission from the far side, the polarized image $§fhing black hole is notknown. However, it is possible to
by the observer will be dominated by the near side. The simulaigRg analytically for the observed polarization once the
considered in EHTC VIII, for instancegenerally show large  photon’s arrival coordinates on the image are determined from
internalFaraday depthin such casesye need compute only a 3 numerical solution to the geodesic equation;this relation
single image from the near side of the disk, setting n = x + 1. can be explicitly expressed in terms ofreal elliptic integrals
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Figure 7. The effects of spin on the observed polarization pattern. Each of the two main panels displays a different configuration of magnetized fluid. The first pane
corresponds to the bottom right panel of Figure 3 and the second panel corresponds to the top left panel of Fid®oth fhanels show an inclination of 20° and

negative spin (i.e., clockwise rotation on the image). The inner and outer rings of polarization ticks correspond to emission from R = 4.5 and R = 6, respectively. Th
color bar shows increasing spin from a = 0 to |a|] = 1, and the Beloborodov approximation for Schwarzschild is shown in black overlaid dashes. The two small pane
display a zoom-in of one set of ticks at R = 4.5 (lower) and R = 6 (upper).

(Gralla & Lupsasca 2020a, 2020b, see also Li et al. 2005; Gatedensity that affect the emissivity could also vary with position

et al. 2020 for a calculation of images of an orbiting emitter in and will need to be accounted for.

this formalism).For a spinning black holewe generalize the Two other approximations in the modelboth made in the

P-frame to the “zero-angular-momentum-observer” (ZAMO) interests of simplicity, deserve discussion: (1) We restricted the

frame, and then considera boost Bas in (8) into the emitting gas to lie in a single equatorial plane. (2% took the

corresponding F-frame. The semi-analytic result for the velocity to lie entirely within the same plane (though we did

polarized image of such a boosted fluid orbiting a spinning allow for a generalmagnetic field). Both limitations can be

black hole is presented in Figure # which changing spinis  gliminated.

plotted by color. The inner and outer ring in the first two panels  The Beloborodov approximation can be applied at any

correspond to emission radii of R = 4.5 and R = 6, respectivelygmjssion location (R, f, z), not just at equatorial locations. For

The results of the Beloborodov approximation are overlaid W'thnon-equatorial locationghe geometry of the Geodesic Frame

plack dashed Fnes and coincide with the low spin semianalytic and the computation of a (Figure 1) will_differ. This wil

solution from Kerr. The first and second panels ofigure : 7 :

generalize the scenarios from the bottompright pane% of Figure g‘Od'fy Fhehresultfor the_ cor?ponents Ofk(g;: If.a given null

and the upper leftpanel of Figure 5, respectively. The small ?OdeS'C as contributions from sevefaimlssmn regions at
different heights z from the equatorial plane, one could

panels zoom in on one set of ticks from the second panel. A N
Figure 7 illustrates that for the idealized case of purely compute their individual contributions to the Stokes parameters
and add the contributions incoherently.

geometric and relativistic effects thate consider hereblack O : . .

hole spin has only a smalkeffect on the observed EVPA and Similarly, an off-plane velocity componentill modify the
can be reasonably neglected for the purposes of the toy modelLorentz transformatl_on coefficients betv_veen the P-Frame and
It also shows that the Beloborov approximation is fairly the F-Frame, and will alter the geometrical factor that enters the
accurate even at radii as small as R = 4.5. The effects of spin dith length calculation. The distinction between “vertical” and
observed polarization become more pronouncedety small “in-plane” magnetic field components would become less clear,
radius and high observer inclination, neither of which are but this is merely a matter of definition.

considered in this paper but will be the subject of future work. ~ The modeldiscussed in this papehas been derived fora
non-spinning (Schwarzschild) black holdowever,as shown

in Section 3.6,and as discussed also in Gravity Collaboration
et al. (2020) and EHTC VIII, black hole spin has very little
effect on the polarized imageat leastfor the low inclination
angles considered so far.

Finally, the analysis here is focused on optically thin

3.7.Generalizations

Although the examples presented in this paper are restricted
to axisymmetric models with emission limited to a single

radius, the underlying model is more general. The primary e ) o
result of the analysis presented in Section 2 is an analytical synchrotron emission for which the polarization four-vector f

method to map emission properties a given (R, f) in the is given by Equation (16) and the electric field is normalized as
emitting ring to the properties of the observed radiation in the in Equation (25). For optically thick emission from a thin

sky plane. This transformation can be easily applied to models accretion disk other prescriptions wilheed to be substituted,
with non-axisymmetricemission, as well as to radially e.g. Lietal. (2009) discuss polarization of X-rays emitted by
extended sourcesn such models|B| would be a function of the scattering atmosphere above a black hole X-ray binary disk.
location and this would need to be included in the calculations. Exceptfor this change the restof the analysis should remain
Other quantities like the electron temperatureand number the same.
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4. Analytical Understanding of the Results 4.2. Doppler Factor and sing

By Taylor-expanding the expressions given in Section 2 in Expanding up to second order, we find for the Doppler factor
suitably chosen “small” quantitiesand keeping terms up to 0,
second orderwe can obtain usefulbanalyticalapproximations
for various observables. This provides a physical understandlngd q 1 \
of the results shown in Section 3. "R

R
_In the present context of trying to understand M&hd Sgr \ /
A", we have three small quantities, 2/R = 1/3 (lensing), . ® + 1 2—bcosc + bsingsin(c + j)
B = 1/3 (Doppler and aberration)sing » 1/3 (ring tilt 12% [2 2Rz R }
where the numerical values correspond to the models shown in (35)

Section 3.We treatall three quantities on an equal footing in
the series expansions we carry oul he full results,with all
terms up to quadratic order,are listed in Appendix D. The
reason for going up to quadratic order is explained below. Here
we use the series expansion of the equations to interprtbie
numerical results presented in Section 3.

where the second ordeterms are shown on the second line
inside square bracket3he linear order term — 1/R describes
deboostmg of the observed intensity by gravitatiomaldshift,
and the first three second-ordeterms describe various other
deboosting effects such as second-order Doppler. &acéas
4.1. Shape of the Observed Ring negative for radial infall, all three terms have a positive
magnitude for the inflowing models we have considered,
causing uniform dimming all around the ring.
Azimuthal modulation of the intensity from relativistic
beaming is described by the finalterm, bsing sin(c + j ),
and this is the only term that varies as a function of j. The fact
+ I icosj + singsing - —Rsinz G Sirj cosj 1, thaF this important effectgppears only.atsecond orderis a
| 2R 2 | major reason for expanding the equations up to quadratic order
(33) ratherthan stopping atlinear. Why is it second order? ltis
because azimuthal modulation from Doppler beaming requires
R L both tilt and fluid velocitg/,each of which is treated as a small
y=(R+ T)sinj quantity in our analysis>°
Doppler beaming causesan increasein the observed

We begin with the shape of the ring as observed on the sky.
To quadratic orderthe result is

= (R+ 1)cosj

+ 1 lsinj + 2 singsirj - —Rsinzq,sin3j 1 (39

| 2R 2 | polarized intensity when sin(c + j ) is negative, with the
maximum boost occurring when x +j=-90°. For pure
The first term in each expression gives the answeup to clockwise rotation (x = - 90°), the maximum boost is at

linear order, and the remaining terms inside the square brackeis= 0. This is natural since, for a ring tilted toward the North,
correspond to quadratic order. Up to linear order we see that tHge fluid at j = 0 has the largest velocity component toward the
observed ring is circular, but with an apparent radius larger by observer and hence produces the most Doppler-boosted
unity (i.e., GM/c?) than the radius of the source ring. The radial radiation. For pure radial infall (x = - 180°), the maximum
“expansion” of the observed ring is caused by gravitational ~ boostis at j=90°, again because the fluid there hasthe
deflection (lensing) of geodesics. As shown in Figure 1, lensingnaximum velocity toward the observer. Since we consider
causes the geodesic to curve around the black hole such that models thatlie between these two extremeswe expect the
the impact parameteris larger than the naive straight-line polarized intensity to be maximum somewhere in the top right
estimater siny. quadrant, 0 <j < 90° (for a tilt to the North). This agrees with
Among the quadratic terms in Equations (33) and (3#e what is observed in M87(once we allow for the different tilt/
terms proportionato 1/R are second-order corrections to the jet direction). Surprisingly, it is not true for the models shown
ring radius,and thesir? g terms describe the flattening of the  in Figure 3. To understand the reason for this discrepancy, we
observed ring because of tilThe latter is simple geometry: a  need to consider a second effect.
tilted circular ring appears elliptical in shape, with a minor axis  From Equation (15), the observed polarized intensity
radius equal to cosg » 1- (12%in2g times the original depends on the Doppler factor & as weds the path length
ring radius. The sing terms describe the effect of tilt on and the angle ¢ between the photon wavevegigirkthe fluid
lensing. Geodesics reaching the observer from the upper half dfame and the local magnetic field B. For small tilt angles, the
the ring (0 < f < 1) travel a longer distance near the black hole variation in the path length is small and not very important. We
and suffer more deflection (this is the case shown schemaicallygnore it in the discussion below. The angle ¢, however,is
in Figure 1), while geodesics from the lower half (1r < f < 21r)  crucial since synchrotron emission is maximum wheg &nd
experience less deflectioifhis causes an upward shitif the B are orthogonal to each other (¢ = + 11/2) and vanishes when
observed ringj.e., a net posmve bias in yThe shiftis of the they are parallel (¢ = Or). Appendix D evaluat¢B|$in 2 zup
order of sing in unlts of GM/c 2. The shift is seen in all the
models in Section 3 that have a smallish radius (R =léwer 30 For the models considered in Section 3where each ofthe three small

; ; ; ; ; L quantities is =1/3, one expects second-order terms to be of order 10% of the
rlght panel in Flgure 3and all panels in Flgures 4 6)' leading-orderterms. However, many second-ordeterms come with large

coefficients,e.g., intensity is proportionalto 8* so Doppler boostgoes like

29 |5 the case of M87, observations of the radio jeuggest tilt 6, ~ 17° - 4bsingsin(c + j ). Hence the second-ordecontributionsare often not
(Walker etal. 2018),and in the case of Sgr A, Gravity Collaboration etal. small. The analysis in this section should thus be used only foqualitative
(2018a) estimate § < 30° based on the polarization signaturesof infrared understanding. For accurate results, it is necessary to evaluate numerically the
flares. full equations given in Section 2.
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to quadratic order.We consider in the following subsections
the effect of various terms in the series expansion.

4.4. Models with Pure Equatorial Field

When we considermodels with pure equatorialfield (Begq
finite, B,= 0), the situation is quite different. Focusing on
4.3. Models with Pure Vertical Field |BJ3in 2z, we find
We begin by considering a model with purgdhd consider - _ _ .
the non-zero terms ifB[%in 2 z. BeqFinite, B, =0, h=c+ pr

IBPsir?z» B+t 2bsingsin(c + j)O1B%,  (37)

B, Finite, Beq = 0:
where we have written only one of the second-order terms. As
in Section 3,we have simplified matters by assuming that the
magnetic field is oriented anti-parallel with the velocity:
n=x+m.

The first thing to note is that in the case of an equatorial field
(36) there is a non-vanishing zero-orderterm. For small tilt, a
magnetic field in the equatoriaplane is almostorthogonalto
the photon wavevectorhence synchrotron emissivity in the
direction of the observer is nearly maximum. Correspondingly,
the second-orderterms are less important. Moreover, the
second order term in Equation (37) appears with the same sign
g . : . as the corresponding term in & (Equation (35)), and the opposite
This is not surprising since the emission toward the observer ;o 44 'in Equation (36). The reason is simple. When aberration
goes assir? z ~ sir? g, which is smallfor models with small tiits the wavevectorcloser to the z-axis, the wavevector
tilt. The lack of zeroth- and first-order terms also means that thgecomes more near]y orthogona| to B, and hence the emissivity
importance of the second-order quantities in Equation (36) is increasesThus in equatorial field models, the second-order
enhanced. terms in |B[3in 2z cooperate with and enhance the effedif

Consider firstthe term- (4/R)sing sinj , which describes Doppler beaming, as seen in the panels in Figures 4 and 5. As
the combined effect of lensing (4/R) and tilsing). Figure 1 an aside, when both,Band B are non-zero, and if we assume
shows the origin of this term. In the absence of lensing, a as before that n = x + 1, then there is a first order term
geodesic travels on a straightne to the observer and hence - 2 singsin(h+ j )Be§ z, which again has the same sign as
subtends an angle § to the (vertical) magnetic field. When the corresponding term in &.
gravitational ray deflection is included, the angle at the
emission point is modifiedFor a point on the North or upper
half of the ring (the case shown in Figure 1fhe deflection is

such that the photon wavevector becomes more nearly parallelar(\)/xﬁ;(ti\ié t:iréeﬂ}i/\(/jésecnutsr?etrf]iZéjwilsSt (EIfréTeig(ii?;Zeat%TO?;tltem
to the z-axis, i.e., more parallel to the magnetic field. Thus C is 9. purely q

reduced,and this causesthe emissivity to go down. The ii)leaig?ﬁﬂ’:r?erziunsl:ri: it;ari;slzﬁrgﬁto zeroth orderthe electric
decreaseis largest when j=90°, as indeed we find in y P 9 y

. 4 . o 4 . 4b
B2 =] = = - 2
|B|? sir? z i: Ssingsinj + - + sirf g = COSC
+ 2bsingsin(c + j) + b0 }Bzz.
There are severahteresting effects hererirst, we have only
second-ordetterms, no zeroth- or first-order terms (this is

another reason for going up to second order in the analysis). It
suggests that the observed flux should be strongly suppressed

4.5. Twist of the Polarization Pattern

Equation (36).If we consider instead a poinbn the South or E. . — _«ini B - i B, — _ai VB2
lower half of the ring, e.g., j=-90°, the gravitational Xobs = - SINJ Br- COS/ Bf sin(h+ j)BZ,
deflection works in the opposite sense and causes  to increase, Eyops = cosj B - sinj Bf = cogh+ j )ng. (38)

and the emissivity to correspondingly increase. The net result is
an asymmetry in the polarized flux around the ring such that th&hat is, the electric field is oriented perpendicularto the
maximum flux is in the South and the minimum is in the North, projected magnetic fieldgs one would expect.
precisely as seen in the bottom right panel in Figure 3. Instead of considering the electric fieldne could consider
Considernext the term 2b sing sin(c + j ), which corre- the Stokes parametersQ and U and look at their Fourier
sponds to the combined effecbf tilt and relativistic motion. coefficients B, (Palumbo et al. 2020), as described in
Here the relevant effect is aberration. Because of the motion ofAppendix D. The most useful coefficient ig, fvhose complex
the fluid, the orientation of the wavevectork, in the fluid phase directly gives the orientation of the twidf.the electric
frame is different from its orientation k, in the P-frame.The field is radial, the phase offis zero, if it is rotated clockwise
aberration effeciis such thatfluid that is moving toward the from radial by 45°, the phase is =90°, and if the electric field is
observer has k, rotated closer to the z-axis in the fluid frame, tangential, the phase is =180°. The EHT observations of M87
i.e., more nearly parallel to B, while fluid that is moving away give a phase ~—130° = +230°. From Appendix D, the leading
from the observer has the tilt gf lwith respect to B increased. order term in B in the case of a pure equatorial magnetic field
The former fluid element thus emits less and the latter more in is
the direction of the observer. This cancels the effect of Doppler
beaming.Actually, since the constantindependentterms in
Equation (36)are of the same orderas the modulation term

b2 » e’(P+ 2h) Bezq (39)

sin(c + j) (note that 2bsing is almost equal to 4/R2 +
sif g + b?), the cancellation tends to be quite pronounced
when x +j~-90°. The net effect is that aberration over-

The phase of this quantity will match the phase observed in
M87 if n~ 25°. Hence,the magnetic field mustbe mostly
radial.

whelms Doppler beaming and gives the patterns seen in the top When B,;= 0 and we have a purely vertical field, the phase

right and bottom left panels in Figure 3.

of B, is determined by the coefficientof B2, which consists
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Figure 8. Comparison of GRMHD simulations to images of the ring model for simulation parameters favored in EHTC VIII. The left three columns show random
snapshots, time averaged images, and blurred time averages of each GRMHD simulation; the right column shows the image generated by the simple ring model w
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evaluated formagnetic field and fluid velocity values taken from the simulations aR = 4.5 after azimuthaland temporalaveraging.Ticks show polarization

magnitude and position angle where total intensity exceeds 5% of the maximum. Grayscale shows total intensity in linear scale (directly proportional to polarizatior
magnitude for the ring model). The total intensity and polarization magnitude are separately normalized in each panel. Panels show the average fractional polariza
weighted by total intensity at bottom left; note that the GRMHD images are heavily depolarized, whereas the ring model images are not. The ring model and avera

images show the argument of the, PWP mode at top left.

entirely of second-order terms: ticks should be radial, as seen in the top right panel of Figure 3.
Finally, if there is no velocity but we consider strong lensing
(small R), then Equation (40) shows thattfas phase = 1 and

the polarization should be tangentialas in the bottom right

panel.

4 . 4bg,

B, =0: = [( 2 4+ 20ec. pedc\BZ] (40
q b, (= )% (40)

If lensing is unimportant, i.e., R is large, thérdpminates and
the phase of Bis determined by the orientation angle x of the

fluid velocity. For a radial velocity (x = ), the phase offis Our ring model provides a convenient framework for direct
™, i.e., the polarization vectors should be tangentially oriented. comparison with a variety of polarimetric observations of near-
This is indeed seen in the brightest part of the ring in the horizon emission. We now discuss two specific casesof
bottom left panel in Figure 3. Similarly, for a tangential  particular interest: polarimetric imaging with the EHT and
velocity (x = — 1/2), the phase of § = 0 and the polarization infrared flares of Sgr A

5. Comparison to Observations
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Figure 9. Comparison of the EHT polarimetric image of M87on 2017 April 11 (left) with a representative ring modétight). Ticks show polarization fraction

(color), magnitude (length), and position angle (direction); grayscale is identical for the two panels and shows total intensity of the EHT imagketké8anly

plotted where the M87polarization exceeds 2% of the maximum intensity. All images are shown after convolution with a circular beam of FWHM 23 pas (shown in
the left panel). As in Figure 8, the total intensity and polarization are individually normalized for each panel. The ring model has clockwise rotation with radial inflow
corresponding to the top left model in Figure 6 after counterclockwise rotation by 288°. For complete model details, see Section 5.1. The fractional polarization of t|
resolved ring model is set to 70%; the fractional polarization is reduced only through beam depolarization. Even after blurring, the ring model has significantly high
fractional polarization than the M87image,although the relative variation in fractional polarization is similar across both images.

5.1. Comparison to the M87 Polarized Image polarization |m| of 0.7 before blurring in the ring model.
.}:inally, we convolve both the ring model image and the
GRMHD image with a 20 pas Gaussian kernel.

Using this approach, Figure 8 comparesfour favored
GRMHD models to the corresponding ring modelsin each
case the ring modelreproduces the sense of EVPA twiahd
relative polarized intensity of the averagedand blurred

Recent EHT observations produced polarized images of M8
(EHTC VII). As reported in the one-zone modatlomparisons
performed in EHTC V and EHTC Vllithe brightnessangular
size, and expectation of significantFaraday effectscoarsely
constrain the magnetic field strengtrectron number density

ne, and electron temperaturg, in the flow imaged by the GRMHD ima ; g
ge, although discrepanciesn arg(b,) suggest
E;-L T:"? 07EH-I:(3: Vil 1er]%s<u_llt_s<s:|gzgis1tct)1h1aé E%E 30G, contributions from emission away from the midplane or from
Me < cm °, and e~ ' - Iherecon- oiher effects that are not included in the ring model (e.g., black
structed images in EHTC VII were compared to general relativig fo spin or Faraday effects)The Re,, and Ry, parameters
magnetohydrodynamic (GRMHD) simulations to.identify a SPaCkyapted from Moscibrodzka etl. (2016) for usge in EHTC V
of favored model parameters (EHTC VIII). We will now exploreyne the ratio of electron to ion temperatures depending on the
whether our ring model can reproduce the polarization SIrUCtur%'anetic energy density of the plasmdarge values of Rygn
these favored GRMHD simulations and in EHT images of M87 tq to produce significantemission farfrom the midplane,
For the GRMHD comparison, we first perform an azimuthal 5 rticylarly in SANE models.Also, Faraday effects in MAD

and temporalaveraging in the fluid domain to approximate a  odels can produce significant coherent rotation of the EVPA
stationary axisymmetric flowin the fluid frame,the magnetic and, hence,jn arg(b,) (EHTC VIII).

field in each cell is decomposed in Cartesian Kerr—Schild Figure 9 comparesa representativering model to the
coordinateswhich are then recashto cylindrical coordinates  «consensus” EHT polarimetric image for 2017 Aprif 1 (i.e.,

and then azimuthally averagedThese azimuthally averaged  the method-averaged imagsee EHTC VIl). The ring model
magnetic field decompositions are then further averaged over parameters are chosen based on the observed image and a priori
time between 7500 __ t/(GMA) __ 10000 (the finatjuarter of ~ expectations for M7 For simplicity, we take B 0, although
these simulations). We then sample values of the fluid velocity non-zero valuesof B,/B eq OVer a modest range also give
and magnetic field vectors from the averaged simulations and similar results. We use x = - 150°, to roughly match the

use these values to generate ring modelsyat 67°. To avoid observedB, for M87 (see Section 4.5). We take R =
sampling near where the tangentiahd radialfield directions d/(284) - 1 = 4.5 (Section 4.1 explains the -1 factor)here
tend to abruptly flip sign, we use z= 1M, just above the d = 42 pas is the observed ring diameter ayrd 88 pas is the
midplane. We use R = 4.5M, corresponding to the apparent  angular gravitational radius (EHTC VI). We use B = 0.4, which
lensed size of the emission ring in EHT images of M8Tsee is comparableto the equatorial velocity seen in GRMHD

the later discussion of the observed image). To create an imagsimulations (see Ricarte et al. 2020). We yse 20° to match
from the one-dimensional ring model, we adopt a radial profile the jet inclination of M87". Thus, this model has a modestly
that decays symmetrically in R about R = 4.5 as an exponentiatelativistic fluid with clockwise rotation and predominantly

with a scale width of 2M (EHT images only constrain this radial infall. This model corresponds to the top lefppanel of
width to be < 5M; EHTC VI).We take a pixel-wise fractional ~ Figure 6 after rotation to match the jet position angle of M87
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288°. As with the GRMHD comparison, the ring model is
evaluated over an exponential profile with a scale width of 2 M
centered atR = 4.5 M. The resulting ring model image is
broadly consistentwith the polarization morphology of the
EHT image.

Although the qualitative agreemeri Figure 9 is encoura-
ging, our simple ring modelfundamentally fails to reproduce
all the features in the M8Tmage. Namely, our simplest model
would produce a high fractional polarization ((160%), while the
M87" image has a low resolved fractional polarization [120%.
This suggeststhat significant depolarizationfrom internal
Faraday effects are essentislhen modeling and interpreting

the M87 image. Nevertheless, the success of the ring model in

reproducing the structure of some GRMHD images thave
significantFaraday effects is encouraging for the prospects of
physical inference from this simple model.

One possibility for using our model for a more complex
emission scenario isto combine multiple ring models that
correspond to different emission regions. Specifically, the
assumption n = x + 1 correspondsto emission sourced by
entrained magnetic field lines on the near side of the accretion
flow (see Section 3.5)The far side of the flow would instead
have n=y, flipping Beq Ignoring that contribution is
equivalentto assuming thatFaraday depolarization effects in
the midplane are strongso thatthe far-side emission is fully
depolarized (as indicated in many models consideredin
EHTC VIII; see Ricarte etal. 2020). Our ring model could
also be adapted to the case ofwveak Faraday rotation in the
midplane;the resulting image would be the sum of two ring
models,one with n = x and the other with n = x + 1. Both
cases would reduce the image polarization substantially and
may give better agreement with the MBiage, but we defer a
full analysis to a future paper.

5.2. Comparison to Sgr APolarization

The polarization of Sgr A shows continuous variability in
the submillimeter (Marrone etil. 2006; Johnson etal. 2015;

Narayan et al.
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Bower et al. 201 8) and also shows rapld Varlab'“ty durlng near'Figure 10. Polarization signatures fom vertically magnetized hotspobn a

infrared (NIR) flares (Eckartet al. 2006; Trippe et al. 2007;
Zamaninasab edl. 2010; Gravity Collaboration et al2018b).
The variability often appears as “loops” in Stokes Q-U, and is
frequently attributed to localized emission from an orbiting
“hotspot” (Broderick & Loeb 2005, 2006; Fish et al. 2009). For
the case of NIR flares, Faraday effects, absorption, and
background emission areinsignificant, so we can directly
compare observed values of polarization and centroid motion
with a simulated hotspot-only model.

Figure 10 shows a representative example. In this figure, we
compute the hotspot polarized flux in the (@) plane over a
full period for a set of orbits with varying emission radius and
inclination. We hold the underlying magnetic field structure to
be vertical and constant,and adopt a relativistic Keplerian
velocity for the hotspob =1/ - 2. Our results are similar
to previous studies with fully numerical calculations (see, e.g.,
Fish et al. 2009; Gravity Collaboration etal. 2018a,2020);
lensing and aberration compressthe image of azimuthal
evolution of polarization on one side of the flow and expand
it on the other. In the formalism of azimuthal Fourier modes on
the ring (Palumbo et al. 2020), power is shifted from the m =2
mode to the m = 1 mode.

18

circular, relativistic Keplerian orbit. Each curve shows the polarized flux for a
full orbit. Different curves correspond to varying the hotspot radius (top) and
viewing inclination (bottom).Note thatwe use radio astronomy conventions
for Q and U here distinct from those in Equation (D10) by an overall sign.

6. Summary

We have developed an analytical method for computing the
polarized image of a synchrotron-emitting fluid ring orbiting a
Schwarzchild black hole.Given simple assumptions forthe
magnetic field geometry and fluid velocitythis modelallows
us to generate predictionsof EVPA and relative polarized
intensity as a polar function in the observed image at arbitrary
viewing inclination. We explored the main features of the
model through a numberof representative examples and by
further expansion in the inverse emission radius (lensing), fluid
velocity (Doppler and aberration),and observerinclination
(ring tilt). These reveal how the various physical effects
influence the polarized image.

Inits simplest form, the fractional polarization of our
model is significantly higher than that seen in EHT images of
M87" (EHTC VII). This may indicate significant sub-beam
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Appendix A
Accuracy of The Beloborodov Approximation
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Figure 11. Testing the accuracy of the Beloborodov approximation. The left panel shows fractional errorj#2 + ¥2 as a function of y for p =3, 5,7, and 9.

Yellow ranges denote values of y relevant for observer inclinatiogn@® and 60°. The center and right panels show the image coordinates for rings with emission
radius R = 2 (red), 4 (green), 6 (blue), and 8 (cyan) viewed at inclinations of 20° and 60°, respectively. For each ring, the solid line shows the exact calculation, whi
the dotted line shows the Beloborodov approximation (see Equation (J4)g.black dotted line shows the critical curve,= r, ° Jr.

Appendix B
Transformations of Field Components

In the analysis given in the main text, we assumed that the magnetic field compopddtsB are specified in the fluid frame.
Under the usual assumptions of ideal MHD, the electric field vanishes in this framE; E E, = 0. Alternatively, we might wish
to work with field components in the P-fram&"), B, B ER EP) EP (the electric field does not vanish in this frame).

The two frames are related by a Lorentz transformation with velocity B (expressed in terms of 8 asdecEquation (8))The
transformation is most transparentwhen we rewrite the radial and tangential field componentsin terms of “parallel” and
“perpendicular” field components relative to the velocity:

BP) = cosc BP + sinc BF),  BP = -sinc B + cosc B, (B1)
B = cosc B - sinc BO, B = sinc B + cosc BP), (B2)

with similar expressions for f£) and B. The transformation rules are then

B,= B, E,=E®, (B3)

B = gBP+ bEP, B =gBP- bE®, (B4)
BP = gB - b, BP) = gB, + beE, (B5)
E =gEP- bBP, E.= gEP + bp®, (B6)
EP = gE + bB,, EP =gE,- bB, (B7)

where,as usualg = (1- b2y 2.
Using the above transformationi§ we are given B, By, B, in the fluid frame,we can solve for B and EP) in the P-frame:

BP = (cogc + gsirtc)B - (g- 1)coscsinc By, (B8)
BP = - (g- 1)coscsinc B + (sitc + gcog c)By, (B9)
B = gB,, (B10)
EP) = - pgsinc B, (B11)
E{P = pgcosc B,, (B12)
EP = pgsinc B - bgcosc Br. (B13)
Similarly, if we are given the magnetic field components in the P-frarwe, can solve for the other field components:
B =[cogc + (1/g)sirt c]BP + ((g- 1)/g)coscsincBP), (B14)
Br = ((g- 1)/g)coscsincBP + [sirt ¢ + (1/g)cog 1B, (B15)
B, = (1/9)Bf, (B16)
EP = - psincBP, (B17)
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E{P = bcoscBP), (B18)
EP = psincBP - bcoscBP. (B19)

These transformations are provided here for the convenience of readers who ngggfer to work with field components in the
Schwarzschild frame.
Appendix C
Emission Location versus Observed Coordinates

The radiation emitted by the point P in the ring at (R, f) reaches the observer at sky coordinates (x, y), which we can write in ter
of polar coordinates (gj) as described in Equation (28)Here we work out the relation between these two coordinates.

The relation between j and f is straightforward. Since the observer frame is tilted with respect to the ring plane by a rotation ang|
6, around the line of nodes, and since the geodesic lies entirely on a plane (because we have limited our analysis to the Schwarzs
spacetime)we find

tanj = tanf cosq. (C1)
This relation can be used to translate f to j and vice versa. For the analysis in Appendix D, it is useful to express j in terms of f up
to quadratic orderThe corresponding relations are
sinf sinj + (12¥in?gsinj codj, cosfl cosj - (12%¥in%2qcosj sirt). (C2
To calculate the mapping between R and gonsider the G-frame (Figure 1\where the geodesic lies in the xz-planét the

emission point (x, y, z) = (R, 0, 0), the geodesic makes an angle a with respect to the x-axis, where a is given by the Beloborodov
approximation (4)Since the angular momentum around the y-axis in the G-frame is consewatave

r=k, =Rk = _Rsina_ (C3)
(1- 7"
R
Squaring both sides,
R2(1 -
pe= - cosa) co$a) _ Re(1 - sirfgsir? f) + 2R(1 + sir? g sir f + 2 singsinf). (C4)

(- %)

This directly gives p in terms of R and f; conversely the quadratic equation can be solved to obtain R foa given p and f.
Equation (C4) is exactexcept for the fact that we used the Beloborodov approximation (4)cfasa.

Since(Yl/ /R)r = 0, the Jacobian determinant |J|, which describes the transformation of differential area elements between (R,
and (p,j), is given by

J= M N\ =R - (R- 1sin asi o [ seéfcosg
M %)f %)R BlR+ 1)- (R- )sin gsir? f + 2 singsinf] T tan?fcos?q,} (C5)

Appendix D
Series Expansion to Quadratic Order

The analysis in Section 2 is exact, modulo the Beloborodov approximaton, and is convenient for numerical calculations. Howeve
for analytical studies,we need simpler relations:or this, we expand allthe equations up to second orddrgating the quantities
sing, B and 2/R, which describe tilt relativistic velocity and gravityas being small>' The relevant series expansion results are
given below.In each equationthe second-order terms are shown inside square brackets.

The observed coordinates (X) of the geodesic emitted at location (R,in the ring are given by

R
X = (R+ 1)cosj + { ;—Rcosj + 2 sing sinj cosj - Esinzq)sinzj cosj } (D1)

_ . (I o, R s
Yy=R+ Nsinj + —[ SRS+ 2 sing sirtj - Esmzcz,sm31 } (D2)

In deriving these results,we first evaluated Equation (22nd then made the substitutions given in Equation (C2)The latter
substitution is made in all the subsequent results presented in this appendix; thus the results are expressed in terms of the observ
azimuthal angle j.
To quadratic orderthe Doppler factor & is
1

~ B® 1 2b o .
d=1- =" [7+ oRE T RCOSCH bsmq,sm(c+j)}. (D3)
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Note that Doppler boost due to azimuthal velocity is described by the last tisimg sin(c + j ), which appears only at second
order in the small quantitiesing and . This is one of the reasons for expanding the equations to quadratic order.
Assuming that the spectral index & 1, the intensity of the linear polarized radiation at the observer is given by Equation (15):

Pl = a1, |BPsirt z (D4)

Expanding to quadratic ordethe term|B|&in 2 z is given by
2012 5 B2 4
|Bi? sir? z = B, + €S|nq,3|n(h+ j)- cosh+ 2bcog(c - ))Be
o 2 2
+ -[ émq,sm(h+ Jj)- ﬁcosh+ bcos(c - h)) Bz,

4 . 4 . . . . 4b
- - = B2
+ ( RSingsinj + = + sif g + 2bsingsin(c + J) & COSC + b2> 7

- iRsinq)coshsinj BB z} (D5)

We have written the result in terms of the parametess i B, of the magnetic field in the fluid frame (see Equation (11)). This is
helpful for the discussion in Section 4. Note that,the absence of any equatorial magnetic field, the only contributions are at the
second order (because the only terms witai inside the square brackets). Since the observed intensity is directly proportional to
|B|%in 2 z, we need to expand to quadratic order to handle models with pure B
To quadratic orderthe path length} in Equation (13) is
4b

I—p =1+ 1 (b2 + 4 + sirf g + 2bsingsin(c + j)- — coscC - isinc,z,sinj_| (D6)
H 2 R2 R R 1

We calculate the linear polarized intensity |P| as the product of the three‘fel’m(fBFsin 2 z(see Equation (D4)). This gives

PU)I= Q- %)(B,2+ B2 + 2(singcosj + bsinc)BBz+ 2 <%+ bcosc + sing,sinj )BzBr

R

l_—|

2
/gsmq,sinj + r% + %sinijcosg + @cosc+ bsing(sin(c - j)- 4sinc + j)) - %(4+ cos 2)).3,2

R

2 6 1 6b b? \B2
T singsinj + = - Esmzq,cosz - bsing(4sinc+ j)+ sin(c- j)) + & CosC - 7(4- cosQ:)/. F
ki
R

/\ /\

singsinj + i + sinPg + 2bsingsin(c + j) - 4—bcosc+ b2>32

+
SRS

singcosj - sifgsing - 2bsingcosc- j)+ 4—,fsinc- b?sin I)BrBf

SinC)BfBz+ ( %sin%sinj + 18 %COSC)BZBr} (D7)

- sing cos/ - 8b
% cos/ R~ R

\R R

+

where we have written the answer in terms of, B; , B, in the fluid frame.
The electric field components,EE,, which are normalized such that they are proportionasinz |B| (see Equation (25))are

Ex = -sinj B, - cosj By - éinq)— ERsinj + bsin(c+j)>Bz

2 . o 2 .. 1 . a b . ,
+ [ { Zsingsirtj + Zsinj + —siPgsi®j + ~sing(cosc - cosC + 2
( RSIN@SIMS + ggsin/ + Ssimasir/ + 5 a( s(c+2/))

L
2b . 2 . .
TR sin(c + j) + T(smj + sin(2c¢ + J))),B,
+ (lemcz,smgl + %smzcz,(S cog - cosJ) + Ebsmq,(smc+ sin(c + 2j))
+ ﬁ(cosj - cog(2c + j ) \By
4 )
+ ER in g Sire j z} 08)
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E,=cosj B - sinj Br+ -( Ecosj + bcosc + j)\B
\ Y
+ rﬂsmq)smg/ COS_/ - %sm2 g(cosj - cosJ) + Ebsmq(smc- sin(c + 2j))
+ &cos(c +j)- ﬁ(cosj + cog(2c + j))\B
R 4 )
& . 1 o . b . .
+ \Rsmq,coszj - gsmzq)(smj +sing)- Esmq,(cosc+ cos(c + 2j))
+ ﬁ(sinj - sin(2c + j ) \Br
4 ]
1 . .
- B
Rsmq,sma z} (D9)

From E,, E,, we can obtain the observed field componenis, s Ey ons from Equations (26)(27). We can then compute the
Stokes parameters Q and U via

Q Xobs E}gobs - (E3 - E}?)oe /‘1/2, U= 2EX,obsEY,obs = ZEXEY CP /S/z- (D1O)

We can also calculag| = Xobs+ Efobs but this will simply reproduce the answer given in Equation (D7). We do not write down

the results for Q and U as the expressions are largelnstead we define the complex polarization P(j)in the usual way (see
Equation (29)),and expand it in a Fourier series as described in Palumbo ef24120),

¥ .
PU)° QU)+ ()= & bme™. D11
m=-¥
To zeroth and linearorder there are only two non-zero coefficientg§; and 3,, and to quadratic orderthere are five non-zero
coefficients 8o — B4. The expressions for these coefficients are given below (second-order contributions are shown inside square
brackets):

bO:IL sir? gy(B? + 3B7 - 4B7 - 2iB/By )} (D12)

NN

= [ sir? @ (62" - 2)B2 + sir? gB?], (D13)
14 ]
. - i ; N\ 3 ., /3 i\
by = 2 sing(- IBr + Bf)B; + [[—+Ib Beic 4 éc)\sin B2y -[ Z 4+ ip { 2eicy €\\sing B?
o R )T IR A )
i po o 10 _ 10
+ (% 2i pe )smq,Bz - %+ 3 )smq)BrBf- ﬁSIqu)BfBz+ Wsmq)l'-:?zBr} (D14)

= -2isin g€"BB ; + [( (2- €Msing + ibsing f\f’" 29’(2’*5»52

+ é- 2ibe"f>sinq,822+ %sincbe’hBeﬁ z} (D15)
4 - c
b= - Q _R>(B, + iB)2 - 2 be‘ - _>(B, + iBf)B,
2 b 4 c
+ [( 7~ gl4sinc - 10icos c) + ?(4+ e? )\32

+ % + 6—,§cosc + %(- 4 ez’c))sz

+ ( % + 4—:6"5 - b262’5>1322 (- + 4—(smc - 4icosc) + 4ib2>BrBf
16/ 8ib . 16 c
+ ( =* 5 Cl >BfB (ﬁ + ﬁ<-:/ )BzBr} (D16)
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- errmz . ﬁeh 2bec+ N\BB
\ R) J
+ £(1 - 2e2hy 4 b2 (6%c + 4e2h) b(ezih(6 cosc + 2€€) + 26’16)\32
[@Q B R )
.\ ( 4 Ff))elc e2fC>Bzz+ -(ge’h %e‘(uh))aeg; Z} (D17)
bs = {% - ==€\sing(B; + iBy)? - 2—,;Sincz>(3r + iBf)B; | (D18)
— [%_ 5’7be’c>sin%e2’h83q- 3|n%e’h3§ ] (D19)
by = IL %sinz @(B: + iBf)2] (D20)
[ e2ihB2
{ s e | (D21)

For each B, coefficient,we give the result both in terms of BB¢, B,, and in terms of B, n, B,
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