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DISCRETE FRAMES FOR LQ(]R"Q) ARISING FROM TILING SYSTEMS ON
GLn(R)

MAHYA GHANDEHARI AND KRIS HOLLINGSWORTH

ABSTRACT. A discrete frame for L?(R?) is a countable sequence {e;}jes in L?(R?) together with real
constants 0 < A < B < oo such that

ANFIB < ST el < BIFIE,
jeJ
for all f € L? (Rd). We present a method of sampling continuous frames, which arise from square-
integrable representations of affine-type groups, to create discrete frames for high-dimensional signals.
Our method relies on partitioning the ambient space by using a suitable “tiling system”. We provide
all relevant details for constructions in the case of M, (R) x GL,(R), although the methods discussed
here are general and could be adapted to some other settings. Finally, we prove significantly improved
frame bounds over the previously known construction for the case of n = 2.

KEYWORDS: Continuous Wavelet Transform, Square-Integrable Representation, Discrete Frame,
Quasiregular Representation, Tiling System

1. INTRODUCTION

An important and challenging problem in frame theory is to construct frames which allow suitable
representations for signals from various classes of interest. Frames generalize the notion of a basis
for a Hilbert space—that is, frames permit redundant encoding of signals while still yielding stable
reconstruction methods. Since they are explicitly constructed for specific classes of data at hand,
generalizing the known frame constructions to other datasets is a very difficult task. For instance,
the classical Fourier basis efficiently represents a harmonic signal in terms of its frequencies (global
property of the signal); however, it represents localized signals (i.e. functions with compact support)
quite inefficiently. A fruitful strategy for creating novel frames is to employ the theory of wavelets,
which emerged over three decades ago. Classical 1-dimensional wavelets may be formed in such a way
as to have rapid decay in both spatial and frequency domains, and thus may be used to construct
frames for the space of localized 1-dimensional signals. Unfortunately, the classical wavelet transform
is ineffective when dealing with 2-dimensional signals. In fact, this transform is isotropic and cannot
provide information about the geometry of nonisotropic signals in two dimensions. However, there are
instances of 2-dimensional wavelet-type transforms, such as curvelet transforms (introduced in 2000,
see [53, 11, 54,9, 10]) and shearlet transforms (introduced in 2006, see [38, 37, 19]), which have proven
extremely successful in the analysis and denoising of signals presenting anisotropic features.

As the dimension of the signal space grows, developing suitable and efficient frames becomes highly
nontrivial. The easiest method for handling multi-dimensional cases would be to simply use the tensor
product of 1-dimensional solutions. However, this approach does not capture many of the geometric
features of high-dimensional signals. The methods in this article are based on a representation theoretic
point of view, developed in [6], where a general framework for the construction of higher dimensional
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continuous wavelet transforms was investigated. Essentially, if a locally compact group H acts on R"
in such a manner that H acts freely and transitively on an open subset O in R”, then an associated
continuous wavelet transform theory can be developed as described in Section 2. The 2-dimensional
continuous shearlet transform can be viewed in this manner (see [52] and [10]). Various methods,
such as careful geometric techniques, can then be used to discretize continuous wavelet transforms, or
continuous frames resulting from them, in order to produce discrete frames.

Discrete Frames. Discrete frames were initially introduced in 1952 by Duffin and Schaeffer [18], but
it was not until the mid 1980s into the early 1990s that their use became of increased interest due
to the work of Daubechies and her collaborators [17, 16]. Formally, a discrete frame for a separable
Hilbert space H is a set of vectors {¢, }rex with X a countable index set such that for every vector

fen,
AllfIB < Y KFs daul® < Bl FI3s

rzeX

for some positive real numbers A and B. If these inequalities are satisfied, the vectors form a
stable, possibly redundant system which still allows for reconstruction from the frame coefficients
{{f, ) }rex. Except for the special case of tight frames (when A = B), reconstruction requires itera-
tive schemes for which the convergence rate is highly sensitive to the frame condition number, defined
as the ratio %; consequently, one goal in designing frames for real applications is to minimize this
ratio. For a detailed introduction to frame theory, see [39].

Continuous Frames. A continuous frame for a separable Hilbert space H is a collection of vec-
tors {¢; tzex with X a locally compact Hausdorff space equipped with a positive Radon measure p
satisfying

A3 < /X (F, bahu> du(z) < B|f|Z VfeH,

for some positive real numbers A and B. Notice that when p is the counting measure on a countable
space X, this agrees with the previous definition of a discrete frame.

The term continuous frame appears to be attributable to Ali, Antoine, and Gazeau in [2], although
the concept did not originate with them. Continuous frames for L?(R") were known to Calderén in
the 1960s (see [8])—as such, some authors refer to the following as the Calderén reproducing formula
(for example, [17]). Essentially, when {¢,}scx is a continuous frame, there exist vectors {@s }rex,
called the dual frame, such that

;= / (f,6)bodu(z),  VfeH
X

where the integral is interpreted in the weak sense. A thorough introduction for continuous reproducing
formulas can be found in section 2 of [21].

A wavelet frame is one in which the frame vectors are all formed from translations and dilations (or
translations and modulations in the case of Gabor frames) of a single mother or analyzing wavelet.
Generalized versions of continuous wavelet transforms and frames, defined in Section 2, have been
investigated extensively in the past couple of decades. In the present work, we restrict ourselves
to constructions on Hilbert spaces, but information on continuous frames in certain Banach spaces
can be found in [24]. For examples of wavelet transforms based on the theory of square-integrable
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representations, see [38, 15, 4, 50, 14, 48], and for the general theory governing their construction and
behavior see [13, 27, 31, 34, 28, 20].

Discretization. In this article, we focus on the problem of constructing discrete frames by sampling
continuous wavelet frames in the orbit of a square-integrable irreducible representation. In 1980’s,
H.G. Feichtinger and K.H. Grochenig developed coorbit theory [20, 21, 22], which has become a
powerful tool for producing atomic decomposition for a variety of Banach spaces (of functions or
distributions). It is notable that many important classical function spaces in harmonic analysis are
instances of coorbit spaces. This remarkable fact motivates the study of coorbit spaces, as a means
for developing unified methods to study various function spaces. The coorbit theory starts with an
integrable representation 7 of a locally compact group G on a Hilbert space H; coorbit spaces are
then defined as certain Banach spaces related to m. Luckily, continuous wavelet transforms defined
using 7 (and suitable analyzing wavelets £ € H,) extend to every coorbit space. This crucial feature
enables one to view coorbit spaces as certain subspaces of “reasonable” Banach function spaces over
the ambient group G.

Atomic decompositions of a coorbit space can be obtained by means of discretizing certain convolu-
tion operators on the associated Banach function space. This approach leads to results of the following
type: if the analyzing vector £ corresponds to a function of a suitable Weiner-type space, then for
any sufficiently dense well-spread subset {x;};c; of G, vectors in the coorbit space can be decomposed
into atoms of the form {m(x;)¢}icr. Such decompositions are usually referred to as atomic decom-
positions in mathematics or discrete expansions with respect to coherent states in physics. Atomic
decompositions were used in [30] to construct discrete Banach frames in the orbit of an integrable
irreducible representation. The condition of integrability was replaced by the weaker assumption of
square-integrability in [29]. A more general answer to the discretization problem is obtained in [25],
where the authors prove that every bounded continuous frame may be sampled to obtain a discrete
frame. Building on this work, Fiithr and Oussa, [32], found large classes of Lie groups G for which
L?(G) admits discrete frames of translates. Additionally, they proved several necessary and some suf-
ficient conditions for existence of such discrete frames. In contrast, it was shown in [12] that L?(R")
does not admit discrete frames of pure translates, in the sense that no collection J;._;{gr(z — a) }aer
can form a frame for L2(R"). This demonstrates the necessity of more complex methods, such as the
one we explore in the current work.

None of the above mentioned results are explicitly constructive in nature. In fact, computing an
explicit sufficiently dense well-spread subset to guarantee atomic decompositions in [21] is a very
difficult task. Examples of previous approaches for discretizing continuous wavelet transforms to
construct discrete frames may be found in [12, 19, 7]. This question has also been investigated in the
study of quantum mechanics as a special case of coherent states, see, for example, chapter 9 of [3] and
references therein.

Contents. In the present article, we restrict our attention to L2(R”2), as we seek to improve the re-
sults of [35], wherein the theory of square-integrable representations was combined with the geometry
of the Euclidean space to construct discrete frames for L?(R*). The current article exhibits a pro-
totypical example of methods for constructing concrete (and well-structured) frames; these methods
need to be tailored to the geometry of the group at hand. Once a group with a suitable underly-
ing geometric structure is chosen, we can take advantage of ideas such as tiling systems to produce
frames, whereas frame constructions in coorbit theory are based on the notions of well-spread sets
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and partitions of unity. For a detailed discussion, see Remark 3.8. As in [35], we follow the general
method developed in [(] to construct a tight continuous frame using representation theory of the
group M, (R) x GL,(R). We then obtain a discrete frame through careful geometric techniques for
discretizing the reproducing formula. As a result, we improve the construction in [35] significantly
by reducing the frame condition number from about 1782 to 33 for L?(R*). More importantly, the
previous construction was provided only for L?(R*) which we generalize to LQ(R”2) for any n € N.
Note that square-integrable representations provide us with the only reasonable framework to produce
discrete frames, since the existence of a discrete frame in this setting implies the square-integrability
of the unitary representation generating the associated continuous frame (see [5] for more details).

Finally, we compare our work with that of Heinlein and his collaborators in [10, 41]. The two
approaches rely on the same representation theoretic viewpoint. Indeed, we both discretize contin-
uous wavelet frames obtained from a square-integrable representation of the affine group; however,
we note three key differences. First, their strategy is to use integrated wavelets, which are averages
of a wavelet in the Fourier domain over any countable partition of the space (in our case R”Q) into
compact sets. With this method, they obtain tight frames, but this comes at the cost that the analysis
and reconstruction filters for n resolution scales require (n+ 1) Fourier transforms. Consequently, the
computational cost of this method on higher-dimensional data would be extremely high, whereas our
method only requires one Fourier inversion of the analyzing wavelet. Second, we obtain and work with
a much more structured decomposition than their general partition (which they call detail decomposi-
tion). Our approach starts with a “tile” which under the action of a discrete, countable set covers the
space. The structure of our tiling system reduces the amount of information needed for implementa-
tion, as one only needs to know the “mother tile” and the form of the discrete set acting on it. Thus,
the challenge here is to obtain such suitable tiling systems, which we overcome by carefully investi-
gating the geometry of the space. Last, integrated wavelets require a two-step discretization. That is,
they must discretize translations and dilations separately, and it is the intermediate discretization on
dilations alone which provides a tight frame. Our method performs the discretization simultaneously,
allowing for a one-step process.

Organization. This paper is organized as follows. In Section 2 we collate all necessary definitions,
notations, and background. In Section 3 we provide the general theory for constructing discrete frames
from the continuous wavelet transform by means of tiling systems. In Section 4 we provide a general
construction for tiling of GL,(R) for any n € N. In Section 5 we compute the frame bounds for the
tiling system and derive an upper bound on the frame condition number as a function of the dimension
n. We conclude the section by providing explicit details of the concrete construction for the case when
n = 2. In section 7 we end with a brief discussion of the future work.

2. NOTATIONS AND DEFINITIONS

Let n € N, and M,,(R) denote the set of n x n real matrices. Equipped with matrix addition and
the topology of R"2, the set M,,(R) can be viewed as a locally compact abelian group. Let GL,(R)
denote the subset of M, (R) containing all n x n real matrices with nonzero determinant. It is well-
known that GL,,(R) is an open subset of M,,(R), as the determinant is a continuous function (in fact
a polynomial) in the matrix entries. So, GL,(R) turns into a locally compact group, when equipped
with matrix multiplication and the induced topology of R™*. Elements of GL,(R) and M, (R) can be
combined to form affine transformations as defined below.
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DEFINITION 2.1. For x € M,,(R) and h € GL,(R), let [z, h] denote the affine transformation of M,,(R)
given by
[z,hly =hy+x for y € M,(R).

Let M, (R) x GL,(R) = {[z,h] : x € M,,(R),h € GL,(R)} denote the collection of all affine trans-
formations defined above. Composition of transformations can be seen as the following product
operation.

(1) (€1, hi][x2, ha] = [z1 + hixa, hiha).

Then G, := M, (R) x GL,(R), together with product (1), forms a non-abelian locally compact group
when given the product topology. Let I,, denote the n X n identity matrix, and 0,, denote the n x n
zero matrix. It is very easy to check that [0y, I,] is the identity of Gy, and [z,h]™! = [-h ™1z, h™}]
for [x,h] € Gp.

Haar Integration. The most useful measure on G, is its (unique, up to scaling) left-invariant
measure, called the left Haar measure, which we explicitly describe. In what follows, all the functions
appearing in the integration formulas are integrable and defined on the appropriate domains. First,
we equip M, (R) with Lebesgue measure under the identification with IR{"Q, and let [ f(z)dx denote

M (R)
the Lebesgue integration. That is,
11 T2 ot Tin
dr = d.%'nd.%'lz s d%lnd.%'gl s d.%'nl s d.%'nn if x =
Tnl Tp2 - Tpn
For GL,(R), the left Haar integration is given by [ g(h) dh, where
GLn (R)
hi1r hio --- B
dhyidhiz - dhindhoy -~ dhyy - dhon Lo "
dh = 1f h = . . c. X . s
| det(h)|™ : : :
hnl hn2 to hnn
where h = [h;;];_; is a generic element of GL,(R). It turns out that the left Haar measure on

GL,(R) is also right invariant, i.e. GL,(R) is unimodular. So, for any h’ € GL,(R) and a compactly
supported function g,

/ g(W'h) dh :/ g(hh') dh :/ g(h™Y) dh :/ g(h) dh.
GLn (R) GLn (R) GLn (R) GLn (R)

Now we can describe left Haar integration on G,,. For a compactly supported function f : G,, — C,

2) / Hle. bl) dlz. ) = /GL” / " ) et

It is a routine calculation to show that the integration deﬁned in (2) is invariant under left translations.
This integration is not right invariant. However, we have the following formula for handling the
case of right translation.

£l By, K]) dle, h] = | det(k /fa:h dlz, h),

G"
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for every [y, k] € G,,. See [13] or [23] for the properties of Haar measure and the Haar integral in
general.

Transferring to Fourier Domain. It turns out that the existence of a continuous wavelet transform
depends crucially on the geometric features of the underlying group, and in particular the geometry
of the action of GL,(R) on the Pontryagin dual of M, (R). To make notation more clear, M, (R) is
denoted by A, when it is identified with R™ as an abelian group. Let A denote the dual (i.e. the
group of characters) of M,(R) under this identification. For the purpose of Fourier analysis on R™
identified with A, we choose the following way to pair A with A. For b = [bijl} ;=1 € A, define x € A
by

(3) xo(z) = ™0 for 2 e A,

We have, A= {xp: be A}. Thus, A can also be identified with R”27 and Haar integration on Ais
simply the Lebesgue integral, i.e.

Jatoax=[ gt db= [ [ o) doi b,

For f € L'(A), the Fourier transform f A Cis given by f = [, f( d:c for all x € A If
f € LY (A) N L2(A), then f € L%(A) and || f||2 = || f||2. So, the Fourler transform extends to a unitary
map P: L2(A) — L2(A), the Plancherel transform, such that Pf = f,forall fe LY(A) N L3 (A).

The group GL,(R) acts on A by matrix multiplication. This action determines an action of GL,,(R)
on the dual space A by h-xp = Xpn-1, for b € A and h € GL,,(R). This action scales Lebesgue measure,
so that, for any integrable function £ on E,

(1) /gsm dx = | det(h)] Af(h ) d

A Square-Integrable Irreducible Representation. We now give two equivalent forms of the
quasi-regular representation of G,,, which is the irreducible representation that has been used in [35]
to construct continuous wavelet transforms. Let H be a Hilbert space, and U(H) denote the group of
unitary operators on H. A continuous unitary representation of a locally compact group G on H is a
group homomorphism 7 : G — U(H) which is WOT-continuous, i.e. for every vectors £ and 7 in H,
the function

men: G —=C, g (m(g)€n)

is continuous. Functions of the form ¢ ,, for vectors £ and 7 in H, are called the coefficient functions
of G associated with the representation w. If o7 and oo are two representations of G on H; and
Ho respectively, we say o; is (unitarily) equivalent to o9 if there exists a unitary transformation
U: Hy — Ho such that
Uoi(z) = o2(x)U, for all z € G.

A representation 7 is called irreducible if {0} and H are the only m-invariant closed subspaces of H.
Let G denote the space of equivalence classes of irreducible representations of G. An introduction to
the representation theory of locally compact groups can be found in [23].

An irreducible representation m : G — U(H) is called square-integrable if there exist nonzero
&,n € H such that m¢ ) € L?(G), where L?(G) is the collection of all square-integrable complex-valued
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functions on G. With & € H \ {0} fixed, if there exists one nonzero i/ € H with m¢,, € L?(G), then
Tey € L?(G) for any n € H. Such a vector ¢ is called admissible and the set of admissible vectors is
dense in ‘H. For a comprehensive discussion of continuous wavelet transforms and their connection
with square-integrable representations, see [20].

The results in the following proposition are proved in [35], so we skip the proof.

PROPOSITION 2.2. Let Hy = L*(A) and Hy = L2(A). Then,
(i) p is a unitary representation, where
p:Gn— UML), pla,hlg(y) = [det(h)| " ?g(h~ (y — x)),

for all [x,h] € Gy, and y € A.
(ii) 7 is a unitary representation, where

TGy = U(Hs),  wz, hE(x) = |det(h)["? x(z) € - x),
for all [z,h] € G,, and x € A.

(iii) The representations p and m are equivalent square-integrable irreducible representations of Gy,.
Namely, we have [z, h|P = Pplz, h], where P is the Plancherel transform.

Continuous Wavelet Transforms. We now use the square-integrable representations defined in
the previous section to construct a continuous wavelet transform. Recall that by A we denote M,,(R),
when it is identified with R™ as an abelian group. Let p be the square-integrable representation
defined earlier.

DEFINITION 2.3. A function ) € L?(A) is called a wavelet if
~ 2
(5) [ Joew ] an=1
GLa (R)

A continuous wavelet transform (CWT) associated with a wavelet ¢ € L?(A) is the linear transfor-
mation defined as

Vy: (M (R)) = L*(Gr), Vi flz,h] = (f, pla, b)),
for f € L2(A), [z, h] € Gy.

It is known that a continuous wavelet transform V,; is an isometry of L?(M,(R)) into L?(G),), that
is

(f.g) = /G (f, ol ) {ple, B, g) dlx, b,

for any f,g € L?(M,(R)). This formula can be written in the following weak integral form:
() F= [ ol b1 plo. bl dfa ),

for any f € L?(A). For notational convenience, we denote p[x, h|t) by 1, . See [20], for a detailed
discussion about general CWTs, and [35] for the details of the above mentioned wavelet transform.
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3. CONSTRUCTING FRAMES USING CWTs

In this section, we present a summary of the results from [0], explaining how CWTs may be used
to construct discrete frames. The objective here is to construct frames of the form {p[x, h|¥)}(, nep,
where P is a discrete subset of G,,, and p and % are as in Definition 2.3. The frame constructions in
[6] heavily rely on the concept of a “tiling system” which we define here.

In [35], the first author and collaborators use the approach of [(] to construct a discrete frame for
L?(R*). More precisely, they obtain a suitable tiling system for GLa(R), which they use to discretize
the continuous wavelet transform on R*. In this section, we extend their frame construction to general
n, obtaining discrete frames for LQ(R”Z). In addition, we obtain a much tighter gap between the frame
bounds.

For what follows, we restrict ourselves to the groups which are being studied in this paper; although
our methods can be carried out in more general settings.

DEFINITION 3.1. Let P be a countable subset of GL,,(R), and F' be an open relatively compact subset
of GL,(R). The pair (F,P) is called a tiling system for GL,(R) if the following two conditions are
satisfied:

(i) AaL, (F-p(F - q) = 0 for every distinct pair p,q € P,

(i) Act,, (GLa(®)\Uyep F-p) =0,

where A\gr,, denotes the left Haar measure of GL, (R), and F' denotes the closure of F' in GL,(R). Note
that conditions (i) and (ii) remain unchanged if one replaces Agr,, with Ayp,, the left Haar measure

2
on R™.

REMARK 3.2. In the above definition, we think of a subset S of A = M, (R) as a subset S of A in the

following natural manner: S = {xp : b € S}. With this identification in mind, we have F -p =p~!.F.

REMARK 3.3. Recall that we identify elements of M,,(R) with vectors in R". We do so via the map
® given by

r11 ... Tin

: . o

(7) oo > (T11y oo, Tlny e ooy Tdy e oy Ty -

Inl -+ Tnpn
The n x n matrix structure is only used when multiplication is involved. This identification allows
us to transfer the notion of tiling to R™. Let (F, P) be a tiling system for GL,(R). For each p € P,

let L2(®(F - p)) denote the closed subspace of L2(R™) consisting of functions that are zero almost
everywhere on R\ ®(F - p). Noting that GL,(R) is a co-null subset of M, (R) (and thus R""), we

have that
L2 (M) — P LX(F - p)).
peEP

With this in mind, we can think of (F, P) as a tiling system for M,,(R), or equivalently for R”Q, as
well.

We now give a brief review of the method introduced in [6] for constructing a frame from a tiling
system. We first introduce some notations, which will be useful for the next theorem.
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NOTATION 3.4. Let (F, P) be a tiling system, and R be a hypercube in M,,(R) whose interior contains
F,ie. Ris defined by real numbers a;; < b;;, 1 <14,j < n as follows.

R = {[wzﬂ EMn(R):aij Sxij sz’j for 1,] = 1,...,7],}.

bji_aji

Let |R| = [} ;_; (bij — as;) be the volume of the cube, and J = {[ g ]
% ZJ

< Mn(R) 1My € Z}.

Every v € J defines a character on the hypercube R C M,,(R) as follows.

1 .
ey(y) = ﬁﬂa(y) exp (2mitr(vy)), fory€ R,

where 1 is the characteristic function of R. Then {e, : v € J} is an orthonormal basis for L?(R).

We now prove a slightly different version of Theorem 3 of [(]. Even though our proof is similar to
theirs, we manage to obtain a much tighter frame condition number due to our new definition for the
constant M. In the following section, we will show that the conditions in our theorem can be met for
Grn = My, (R) x GL,,(R) for any n € N.

NOTATION 3.5. Let (F, P) be a tiling system for GL,(R), and R be a hypercube containing F. Let
F, be an open set satisfying F C F, C R. For p € P, define I, (p) := {k €eP: F-pNnF, k# (Z)}.
Let M :=sup,cp |IF,(p)|. Observe that M is finite according to Lemma 4 of [(].

REMARK 3.6. Tiling systems are closely related to well-spread sets from coorbit theory; see for example
[21, Definition 3.2] for the definition of a well-spread set. Indeed, if (F, P) is a tiling system, then P
forms an F,-dense and F-separated set. This is an easy consequence of the fact that for open sets
the conditions “disjointness” and “having an intersection of (Haar) measure 0” are equivalent. In a
similar vein, the collection of characteristic functions {1r.,},ep can be thought of as a “partition of
unity” in coorbit theory, with the adjustment that Zpe plpp = 1 almost everywhere. The reader
may notice a continuity condition for the partition of unity in the coorbit theory literature. However,
this condition is not necessary; see [30, 4.1] for a more general definition of partition of unity.

THEOREM 3.7. Let (F,P) be a tiling system for GL,(R), with R and F, as in Notation 3.5. Let
g € L*(M,(R)) be such that 1= < g < Lg,. Then {p[A\,p|™*g : (\,p) € J x P} is a discrete frame
in L*(M,(R)), where J is defined in Notation 3./. Moreover, the lower and upper frame bounds are
given by
RILFIZ < DS 14 plv K 79 e, | < MIRILFIE,
keP~eJ
with M as in Notation 3.5.

Proof. For an arbitrary f € L?(M,(R)), we have
_ 2 = .
Z Z [ ol K ) eyl = IR / |F )2 (Z ’9(ka1)|2> db,
kEP yEJ M, (R) keP

where the details follow as in [0], and so we omit them here. Note that for almost every b € M,(R),
there exists an element k& € P for which b € F - k. This, together with the fact that g > 14, implies
that > ,cp [G(xpr-1)|* > 1 for almost every b € M, (R). Thus, |R| is a lower bound for the frame. To
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obtain the upper bound, we note that g < 1. Moreover, for almost every b € M, (R), there are at
most M values of k € P for which |g(xpr-1)| > 0, as g < 1. This finishes the proof. O

REMARK 3.8. By Theorem 2.9 in [28], our construction in Theorem 3.7 produces concrete examples of
(Banach) frames in the sense of coorbit theory, provided that g is chosen to be a bandlimited Schwartz
function. Namely, standard results of coorbit theory (cf. [21, 22]) can be applied to such a function
g to show that the proposed discretization of Equation (6) gives rise not only to a frame for LQ(]R"Q),
but also atomic decompositions for an entire family of coorbit spaces (converging in the corresponding
coorbit space norms), with explicit control over the frame condition number. Here, we note some key
differences and similarities between our construction and those obtained using the general theory of
coorbits.

(i) We find the explicit sampling set P x J through careful and direct consideration of the group
Gy,. This construction results in instances of frames that cannot be obtained from the general
coorbit theory, since our analyzing vector g in Theorem 3.7 does not need to satisfy conditions
of “better vectors” (i.e. vectors corresponding to a certain Weiner-type space) from coorbit
theory. As we do not impose any smoothness criteria on g, we have more freedom in choosing a
mother wavelet. In fact, any function satisfying the support condition 1r < g < 1, can serve
as an analyzing wavelet for our construction. One noteworthy example is the case g = 1, for
which the proof of Theorem 3.7 shows our construction results in a tight discrete frame.

(ii) Specific properties of the sampling set P x J enable us to provide explicit frame bounds in
our proof. If g is a bandlimited Schwartz function, results of coorbit theory guarantee that
for small enough U, the set P x J may be replaced with any well-spread U-dense sampling
set. However, the general theory provides conservative estimates on the required density; see
for example conditions on U in Theorem 5.3 and 5.5 of [36]. This can make finding explicit
constructions of sampling sets a challenging task, even for particular groups such as those
studied in this article. Moreover, coorbit theory would not provide the explicit frame bounds
calculated in Section 5.

(iii) In [51], improved density criteria and frame bound estimates (arising from coorbit theory) for
affinely generated systems are obtained. These results again rely on the analyzing wavelet
being a “better” vector in the sense of coorbit theory. In the special case of a bandlimited
Schwartz analyzing wavelet, our results overlap with those of [51], except our frame bounds
are calculated explicitly in terms of the tiling system.

4. TILING SYSTEM FOR GL,(R)

In this section, we generalize the construction of a tiling system for GLa(R) given in [35] to a
tiling system for GL,(R). We then show this construction meets the conditions of Theorem 3.7. We
compute the corresponding frame bounds in Section 5.

The definition of our tiling system in this section and the computations thereafter are inspired
by the Iwasawa decomposition for GL,(R). For matrices, this decomposition is equivalent to the
well-known Gram decomposition of a matrix; with the upper triangular part further decomposed into
a diagonal matrix with positive entries and a unit upper triangular matrix. Finally, we factor out
the determinant to use as a parameter in our tiling system. While this realization works for matrix
groups, the Iwasawa decomposition is much more general, and could be applied to other semisimple
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Lie groups. This decomposition can be viewed as a change of variables when computing the Haar
measure, for which we provide the relevant formulas here as well.

THEOREM 4.1 ([14, Proposition 2.3]). Each a € GL,(R) can be uniquely decomposed as a = skwy.
Here, k € O,, s € RT, w € D, and y € T,,; where O, is the orthogonal group in dimension n, D, is
the group of diagonal matrices with positive diagonal entries and determinant 1, and T, is the group
of unit upper triangular matrices. That is

w1 1 Y12 - Yin s, w; € Rt
)

GLa(R) = { sk - 1 : vij ER
Wn—1 Yn—1n
’ keO
I w! 1 "
This is known as Twasawa decomposition. Moreover, the Haar measure of E C GL,(R) can be com-
puted in terms of the Fuclidean coordinates in this decomposition as

AGL, () (E) = /]IE skwy)s™! HwQ(” D71 ik ds Hde de,],

Rt X0y, xDpXTh <y

where dk is the normalized Haar measure on Oy, and ds,dw;, dy; ; are Lebesgue measure on R.

Proof. We include a short proof to be self-contained, even though proofs for similar decompositions
can be found in Lie theory literature.

In this proof, we denote the Haar measure of a group G by pug. First note that det : GL,(R) — R*
is a group homomorphism, where R* is the multiplicative group of nonzero real numbers. Clearly,
H :=det™*({1,—-1}) is a closed normal subgroup of GL,(R), and R* is isomorphic with GL,,(R)/H.
So by Theorem 2.51 of [23], the Haar measure of GL,(R) can be decomposed as dugr,(sx) =
dug+(s) dpp(z). Next, consider the Iwasawa decomposition SL,(R) = SO,D,T,, and note that
by taking inverse and allowing matrices with determinant of -1, we can write H = T,,D,,0O,,. Since
O,, and H are unimodular groups, we can apply Theorem 2.51 of [23] again, to get the decomposition
dpr (ywk) = dpo, (k) dpr,p, (yw).

Finally, we need to compute dur,p,. To do so, note that (yw)(y'w’) = (y(wy'w™!)) (ww'). Since
D,, normalizes T, (i.e. w lyw € T,, whenever w € D, and y € T,), we can view T,D,, as a
semidirect product T, x D,,, with w € D,, acting on y € T,, by w -y = wyw~'. Therefore, by
standard results in semidirect products of groups (e.g. see Section 1.2 of [15]), we have dur, p, (yw) =
S(w)~Ydur, (y) dup, (w), where 6 : D,, — RT satisfies

f(y)dur, (y) = d(w) A flwyw™Hdy, for every f € C.(T,) and w € D,,.

n—1 dw;
i=1 w;

represented in the statement of the theorem. Given that wyw™

One can easily see that dup, (w) =[]

and dur, (y) = [[;<; dyi,;j, with matrices w and y as
L= [y € Ty with g, = i

.
wj

have é(w) = HlSi <j<n Z—Z We can compute d by a simple counting argument, and using the fact that

we

wy, = (w1 - - wp_1) ", as follows.

5(w) = H wj [hcicnw

Ws
1<i<j<n ° H1<z<n

H ,w27, n—1 _ H wi21—2n'

1<i<n 1<i<n—1

@: s&
s



12 MAHYA GHANDEHARI AND KRIS HOLLINGSWORTH

Putting all these together, we obtain the Haar measure of GL,(R), when the decomposition
GL,(R) = R*T,D,,0,, is used:

AGLn(R)( ) /]IE sywk Hsz 2n de & ds H dwz H Yii-

Rt xT,xDpxOn i<y

Finally, applying inverse map to the above formula and using unimodularity of GL,,(R), we get

n—1

1, _ i—on dwZ
AL, ®)(E) = /]1E(8 e ey T wi drx & H H Yi j
Rt xOpxDypxTh, i=1 1<j
= ds™ " dw;!
= /]1E(Skwy)Hwi_2”2” dk—1 — H wil Hd(—ym)
Rt xO0pxDypxTh i=1 =1 ! i<j
nl ds dw
= /]lE skwy) Hw 2 g = H : dew
=1 i<j

Rt xO0nxDypxTh

We now extend the tiling system originally constructed in [35] for GL2(R) to GL,(R).
Let F' be the set

w; wiYi2 wWiYir3z - WiYin-1 W1Yi,n
w2 w2Y2,3 0 W2Y2,n—1 w2Y2.n

w3 W3Y3p—1 w3Y3.n s,w; € [1,2)
: yij €10,1) k€ Oy

Wp—1 Wp—1Yn—1,n

-1
IS w;
and let P be the discrete set
( 20 2%y g 2%y 3 e 2l 2%y, )
20 gy e 2 g 2% g g
9k e 2Mnlpg g 2y
p={2 ' " o A, Kiy pij € Z
2fn—1 2H",U/n—l,n
2%n }

-1
where kp, = — > " K.

PROPOSITION 4.2. For F' and P as above, the following two properties hold:

(1) F-pNF-q=0 for every p # q in P.
(2) Upep F-p = GL,(B).
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Proof. Again, for simplicity of notation, let w, = [[;_ 11 w; ~1. Now, to establish the claim, we show
that for each a € GL,(R), the equation
wy v WiYln—1 W1Y1,n 28 e 2l 1 28,
(8) a= sk : 2 ‘
Wn—1 Wn—1Yn—1,n 2fn—t 2Hnﬂn—1,n
Wy, 2fn

has a unique solution subject to the constraints A, ki, i j € Z, s, w; € [1,2),y;; € [0,1).

First note that by uniqueness of Iwasawa decomposition, the element k£ € O,, in the above equation
is unique. Moreover, from (8) we have | det(a)| = (s2*)", and it is easy to see that there are unique
s € [1,2) and A € Z which satisfy this equation. Indeed, this is a consequence of the fact that ([1,2), Z)
is a tiling system for (0, c0).

Let o/ = Wk‘_la. (Note that at this point k is uniquely determined.) Clearly, o’ is upper
triangular with determinant 1, and we are left to show that

wy e WiYln-1 W1Y1,n 2M 28t e 2%y

0 = - o
Wnp—1 Wnp—1Yn—1,n 2Fn—1 2 "Un—1n

W, 2fn

has a unique solution given the constraints w; € [1,2),y;; € [0,1), ki, i j € Z. To do so, we denote
the product of the two matrices on the right hand side of (9) as z = [z; j], and we observe that these
entries have the form

0, for j —i <0,
w; 2", for j —i1=0,
b —
P wi2 (it pig), for j —i=1,

. —1 . .
Wi2% (Yi j + Pig + D p—iyq Vikltky) forj—i>1
We now proceed by an induction-like argument on the diagonals, starting from the main diagonal.

Namely, note that a,, = 2%w;, with constraints w; € [1,2) and &; € Z, has a unique solution for
each 1 < ¢ < n. Moving to the super-diagonal, we likewise solve these equations to find that when

j—1 =1, we have
27 kiq 27 Kja 2= “Ja
ij = {JJ , and oy = b { ’]J :
w; W Wi

Finally, the remaining entries when j — ¢ > 1 can be computed similarly, as follows.

2- “Ja
Hij = { Z Yi kMk,jJ , and

k=i+1

2 “Ja
Yij = Z Yi kM5 — Z Yi k.5

k=i+1 k=i+1
where all values on the right hand sides are known from previous diagonals. This establishes the
proposition. O
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Note that this proves that the pair (P, F) forms a frame generator in the sense of [(], and the pair
(F, P) satisfies the slightly different definition of a tiling system given in [35].

MAHYA GHANDEHARI AND KRIS HOLLINGSWORTH

(F, P) also fulfills the new conditions for a tiling system given in Definition 3.1.

COROLLARY 4.3. For I and P as given in the previous proposition, we have

(i) AaL, (F-pNF-q) =0 for every distinct pair p,q € P,
(ii) AgL, (GLn(R)\U{F -p : p€ P}) =0.

Proof. Property (ii) is immediate, as GL,(R) = J{F - p :

pe Py CU{F p :

For the first property, note that by Proposition 4.2, F-pNF -q=0if p # q € P. So,
AcrL, &) (F - PO F - q) = Agr, @) (F\F) -pNF-q)U(F\F)-qnFp))
< Aar, @) (F\F)-p) + AL, @) (F\ F) - q)

where the second to last equality follows as GL,(R) is unimodular, and the last equality can easily

= AL ® (F\ F) + AaL, &) (F \ F)

=0,

be computed directly by Theorem 4.1.

An Open Set F, D F. Fix ¢ > 0. Let F, be the set

(

We now show that

p € P} C GL,(R).

wp wWiYyi2 wW1Y1,3 W1Yi,n—1 W1Yi,n
w2 w2Y2 W2Y2,n—1 wa2Y2
Y23 Y2.n Y2.n s,wi € (1 —¢€,24¢),
w3 ctr W3Y3n—1 w3Ys,n
FO = S:IC . yl,j S (_67 1 + 6)7
ke O,
Wp—1 Wn—-1Yn—1,n
anl —1
i=1 W )

CLAIM 4.4. F, is an open set in GL,(R) such that F C F,.

Proof. The inclusion F C Fy, is clear. To prove that F, is open in GL,(R), note that the multiplication
map

SO, x D,, x T}, = SL,(R)

is a diffeomorphism (see Proposition 1.6.2 of [1]). So, Rt x O, x D,, x T), = GL,(R) is a homeomor-
phism, and maps any open set to an open subset of GL,(R). ]

Summarizing the results from this section, we have constructed a tiling system (F, P) and deter-
mined how to compute the measure of a set E through the coordinates of the Iwasawa decomposition,
which we used to motivate the tiling. We now use these results to compute frame bounds for the
discretization of the continuous wavelet transform.

5. COMPUTATION OF FRAME BOUNDS

In this section, we find bounds for the value M (as defined for Theorem 3.7) associated with the
sets P, F, and F,. Recall that M is just the least uniform upper bound for the number of ¢ € P such
that for a fixed p € P, F-p and F, - ¢ have nontrivial intersection. Once we have done this for general
n, we provide a concrete example with all details when n = 2.
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NOTATION 5.1. From this point forward, we use diag(ws,...,w,) to denote an n x n diagonal matrix
with diagonal entries wy, ..., wy,.
PROPOSITION 5.2. For F', P, and Fy, as defined before, M as in Notation 3.5, and 0 < € < %, we have

M=sup|{keP: F-pnFE, -k+#0} §3”6n(n2_1),
peP

Proof. f F-pNF,-p' # () for some p # p’ € P, then there exist a € F and a’ € F, for which we have
ap = a'p/, or equivalently

(10) a=dappt.

Using Theorem 4.1, we write the Iwasawa decompositions a = skwy and o’ = s'k’w’y’, where w and
w' are diagonal matrices diag(wy, ..., wy—1, (w1 - w,—1)"t) and diag(w}, ..., w!,_, (w]---w,_1)7Y),
and y = [y;;] and ¥ = [y; ;] are unit upper triangular matrices. Suppose p,p’ are written in the

format of P using A, k4, jt;; and X, k!, Mé, j respectively. By the uniqueness of Iwasawa decomposition
and equality of the determinants of both sides of the above equation, we get:

(C1) k=K,

(C2) s =2V

From Equation (10), we get

(11) wy = w'y [1],] diag(25, .., 2570 [y )7,

which simplifies to

wy = w' diag(2"1 7, ..., 2 ) diag(27ME L 27 R of ) ] diag(2 7R L 28R [ 0]

€Dy €Ty

where y, 9/, [ 4], [14; ;] € Ty are unit upper triangular matrices , and Y77, r; = > iL; &} = 0 (as in

the definition of P). Note that in the above equation, we used the fact that D,, normalizes T,,. By
uniqueness of Iwasawa decomposition, we have

. /_ l_
w = w diag(2M 7", ... 2 T Rn),

and
[y ;] = diag(2 " tmr, L 2Rty [yf ] [ ] diag (277 L 28 [ 5]

Thus we obtain the conditions

(C3) w2 = wy; Vi
, ) J J
(C4) Q(Hj_ﬁj)_(fﬁi_’ﬁi) Zy;,k“;%] = Zyz,k/"k,] for ] >
k=1 k=1

by comparing each product entry-wise.

Given a fixed p € P represented by X, k;, f1; j, we count the number of p’ € P with parameters
N, K, pi; ; for which Equation (11) can be satisfied for some choice of a € F and ¢’ € F,. Using
condition (C1), we see that

sV A =5 e 1,2,
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As ' € (1—€,2+¢€), we deduce that X' — X € {—1,0,1} if e < 1. This also shows that X' — A = —1
implies s’ € [2,24¢€), M=\ = 0 implies ¢’ € [1,2], and finally that A’— X = 1 implies that s’ € (1—e¢, 1].
Similarly, we deduce from (C3) that ] — r; € {—1,0,1} holds when e < 3. This constrains w} to be
in [2,2+¢€), [1,2] or (1 —¢, 1] respectively. Also, note that for a given choice of k, € {k; — 1, ki, ki + 1},
Wy

we have a uniquely determined w) given by w} = —

K=k

From this point forward, we assume that X and &f,...,k!,_; have been chosen according to the

above constraints, and the parameters s, w, and &/, have been determined accordingly; recall that
Klo= =S "KL Let piy = (K — kj) — (K] — Ki). As K — Ky, K — K € {=1,0,1}, it follows that
pij € {—2,—-1,0,1,2}. To count possible solutions for equations, we will make repeated use of the

following claim.

CrAamM 5.3. Let e < % be fixred. Then for any interval [, « + 4] C R, there are at most siz € 7 such
that [, +4]N(B—¢€,8+14¢€) #0.

Proof of claim. Let m = min{f € Z: [a, a+4]N(B—¢€, f+1+¢€) # 0}. Clearly m exists and is finite, as
both intervals are bounded and Z is discrete. Now, consider m+k for k > 6. If (m+k—e, m+k+1+¢)
intersects [a, a+4], then we have (m —e,m+1+¢€) intersects [« — k, & — k+4]. On the other hand, by
definition of m, we know that (m — e, m + 1 + €) intersects [, o + 4] as well. This is a contradiction,
because (m — €, m + 1 + ¢€) has length at most 2, which is not larger than the gap between the above
two closed intervals. Therefore, there are at most 6 possible choices for 8 € Z for which we may have
[,a+4]N(B—€,B+1+¢€) #0. O

We now proceed by an inductive argument, examining diagonals of the matrices on the two sides
of Equation (C4), starting from the super-diagonal. For j =i + 1, condition (C4) becomes

y§,¢+1 + M;,z‘+1 =270 (g i1+ Vi),
with the constraints ygﬂ-ﬂ € (—€,14¢€), yiit1 € [0,1] and ,u;iH € Z. Note that 27Pii+1p, ;1 is fixed
at this point, and clearly 27Pii+1y; ;.1 € [0,4]. So by Claim 5.3, there are at most six possible choices
for N;z 41- This settles the discussion for the superdiagonal.
Next, by induction hypothesis, assume that for every ,ugy ; with j—i <k, there are at most six possible

choices that satisfy Equation (C4). Also assume that ym,yg’j and u;’j have been fixed whenever
j —1i <k (i.e. for the first kK — 1 diagonals). For j = ¢ + k, condition (C4) becomes

k+i—1 k+i—1
/ / —DPi,i —Pi,i . Lot
(12) Yiirk + Hoien = 277y + (27090 Y ik — > Uikl |
t=1 t=i+1

«

where ;. € Z, yi ;. € (=61 +¢€) and yii4x € [0,1]. Note that the expression a in the above
equation is fixed, as it only involves values which have already been chosen. So, by Claim 5.3, there
are at most six possible choices for :“;1 45 This proves that for every M;.J. in Equation (C4), there are
only six possible values that may satisfy the equation.

In the following table, we summarize what we have found so far. Note that not every possible
solution is necessarily an actual solution; however, any solution for (C4) is counted below.

n(n—1)
Combining these results, we conclude that for a fixed p € P, there are at most 3"6™ 2 : possible
choices for p’ € P such that F-pNE, -p’ # 0. O
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parameter | number of possible choices possible solutions in terms of p
N 3 A=1LAA+1
Ki,1<i<n 3 ki — L ki ks + 1
=T
K 1 — D i1 B
,u;’j,i <jJ 6 solutions to Equation (12) satisfying given constraints

TABLE 1. Maximum number of possible choices for each parameter in p'.

REMARK 5.4. When n = 2, the above proposition gives M < 54. However, note that in this case

K —K
p =2V [2 2 ] , therefore we only have one £’ and ' to choose, and p; 2 € {—2,0,2}. Therefore

0 277
by bounding p’ for each p; 2 separately, we can obtain an improved bound. By Claim 5.3, we still
have at most 6 choices when p; o = —2. Adapting Claim 5.3 in the case p; 2 = 0, (intervals [, a +1]),

there are at most 3 choices for ;. Finally, for in the case pi» = 2 (intervals [o, a + %]), we have for
0<e< % there are at most 2 choices of i/, and for i <e< % there are at most 3 choices for p/. So
based on ¢, one gets that M < 33 and M < 36, respectively.

The case for n = 2 was also previously studied in [35]. Proposition 5.2, together with Theorem
3.7, shows that using our methods one can construct frames with significantly better frame condition
numbers than the construction in [35]. Indeed, the ratio of the frame bounds in our construction is
% < 54, whereas the frame condition number for the construction in [35] was g—f ~ 1782. (In fact, it
is only mentioned in [35] that M < oco. However, looking into their arguments closely, one can obtain
the bound M ~ 1782. Also, note that there is a typo in the definition of M in [35]; the correct formula
should be M = sup,cp {p' € P:p-DNp'-D # 0}|.) As the rate of convergence in frame calculations
when approximating signals is highly sensitive to the frame condition number (i.e. the ratio of the
frame bounds), our methods result in much more practical and efficient frames than those of [35] for

the case of n = 2.

6. CONCRETE FRAME CONSTRUCTION FOR 1 = 2

So far, we have established that the proposed sets F, Fy, and P satisfy the conditions of Theorem
3.7, and have calculated M as well. In this section, we use these sets and follow the construction in
Theorem 3.7, to give an explicit example of a discrete frame for L?(Ma(R)). A similar approach can
be taken for higher dimensions, but we focus our attention on n = 2 for now.

The Iwasawa decomposition for GLa(R) can be stated as follows: Let Oy denote the group of
orthogonal 2 x 2 matrices, Dy denote the diagonal 2 x 2 matrices with positive diagonal entries and
determinant 1, and Ty denote the 2 x 2 unit upper triangular matrices. Every element of GLy(R) can
be uniquely decomposed as an ordered product of elements in Oz, Do, and Ty. That is, GLa(R) =
02D5Ty. Note that Oy is compact, and Ty and Dy are both abelian subgroups of GLa(R).

K —K
Tiling System. Let P = {2’\ < 20 22_,5 ) AR U E Z},

+cosf Fsinf sw  sw
Fz{( <in 0 cos 0 >< 0 Sw_yl>:96[0,27T),3,w6[1,2),3/6[0,1)}.



18 MAHYA GHANDEHARI AND KRIS HOLLINGSWORTH

£ e W

FIGURE 1. Multiscale tiling based on (F, P). The base tile is lighter. Several shifted
tiles are shown in darker gray.

Then (F, P) forms a tiling system in the sense of Definition 3.1 for GL2(R). After projecting on the
(s,w,y)-space, this tile and some of its translates under the action of P are shown in Figure 1. Note
that by Proposition 5.2, we have M < 54.

As before, we take 0 < e < %, and define F, to be

0 € [0,2)

o +cosf Fsinb\ [sw swy B
Fo= <Sin0 cos@)(o 8w‘1> s,we (1 —€24¢)
y€(—€el+e)

Reconstruction Formula. Now, we recall the explicit formulation of the reconstruction formula (6)
for n = 2. The wavelet condition (Equation (13)) and reconstruction formula (Equation (14)) were
obtained in Theorem 2.1 of [35].

Let ¢ € L?(R%). If

2 dhidhadhsdhy

13 b(hi, o, ha, hy)| 23
(13) [W 1, h2 s, ha) \hihg — hohs)|?
R

then v is a wavelet. For x,y € Ma(R) and h € GLa(R), define

W ( )_ 1 v ha(y1—x1)—ha(yz3—x3),ha(y2—x2)—ha(ya—x4),h1(y3—3)—h3(y1—z1),h1 (ya—z4) —h3(y2—x2)
2,h\Y) = Thiha—hahs)] hiha—hahs ’
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Then, for any f € L?(R*), we have

x1'~-d$4dh1“'dh4
|hihg — hohs|*

(14) f= [ [ty vun ©

R% R4

weakly in L?(R*). Conversely, if (14) holds for every f € L%(R*), then 1 is a wavelet.
Next, we discretize this reconstruction formula to make it computationally feasible.

The Discrete Frame. To discretize the above continuous frame, we find a 4-dimensional cube R
containing Fy,. Suppose

R = {(.%'1,.%'2,.%3,334) 1T € [ai,bi] for i € {1,2,3,4}},

where a; < b;, for 1 < i < 4, are fixed real numbers. We need to determine appropriate values for a;
and b; so that F, C R. Consider an arbitrary element of Fy together with its Iwasawa decomposition,

say
x1 w2 \ _ [ F*cosf Fsinb sw  swy
r3 x4 ) sinf  cosf 0o = ’
where s,w € (1 —¢,2+¢) and y € (—¢,1+¢€). Comparing the two sides of the above matrix equation,

we get

a1, o] < fsw] < (246 <7,

1
|za|, [za] < 4/|swy|* + |%|2 <(2+e)(1+e) w2+ 2 < (2.5)(1.5)v6.5 < 10,

where we used the fact that € < % Thus, we can set a; = a3 = —7,b; =b3 =7, ap = a4 = —10, and
be = by = 10.

Let L?(R) be the closed subspace of L%(R*) consisting of all the elements supported on R. We can
construct an orthonormal basis of L?(R) indexed by the set J defined as

A A3 1 1
=< = A, A3 € —Z, Ao, \s € —Z .
J { <)\2 )\4>'1,3€147 2,M € o5
Then for all g € L?(M2(R)) which satisfy 1 < g < 1, we have

{p\pl 7' = (\p) € J x P}
is a discrete frame with frame bounds Cy = |R|,Ce = |R|M. That is

RUAP <3 ST [ olv k7 g) reoaqey | < IRIM | £112

keP~yeJd

for all f € L?(M2(R)). If necessary or useful, it is easy to explicitly compute p[\, p]~1g, with a formula
similar to ¢ 5, = p[x, hly) (which was explicitly computed previously).

REMARK 6.1. Note that |R| in the above construction is 142 x 202, which is by far smaller than the
similar parameter from [35], which was 176%.
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7. CONCLUSIONS AND FUTURE DIRECTIONS

In this article, we construct a novel frame for the Hilbert space LQ(R"2) for arbitrary n. We
do so by carefully considering the action of GL,(R) on M, (R) to develop a well-spread sampling
set which is particularly well-structured, also making it computationally tractable for purposes of
applications. Additionally, this approach provides more freedom in the choice of analyzing wavelet,
as opposed to the methods of coorbit theory. More importantly, we view this work as a prototypical
example demonstrating methods for finding explicit atomic decompositions/discrete frames, which
can be applied to other classes of semidirect product groups.

Finally, our construction gives explicit frame bounds for general signals, which is not the case for
arbitrary sampling sets (see Remark 3.8 for more discussion). We are currently investigating how
restrictions to certain subclasses of signals can yield additional control over the frame bounds. In
the near future, we expect to also construct similar frames for the Hilbert space of Sobolev functions
H k(]R"Q). We expect the regularity conditions will provide additional control over the frame bounds.
This should result in a much smaller frame ratio, which we expect to be dependent on ¢; as opposed
to the current construction for which the frame bounds are independent of parameter €. In particular,
we expect to see direct relations between how small the frame ratio is and how much regularity can
be assumed on the signals of interest.
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