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We explore in general relativity the survival time of neutron stars that host an endoparasitic, possibly
primordial, black hole at their center. Corresponding to the minimum steady-state Bondi accretion rate
for adiabatic flow that we found earlier for stiff nuclear equations of state (EOSs), we derive analytically the
maximum survival time after which the entire star will be consumed by the black hole. We also show that
this maximum survival time depends only weakly on the stiffness for polytropic EOSs with Γ ≥ 5=3,
so that this survival time assumes a nearly universal value that depends on the initial black-hole mass alone.
Establishing such a value is important for constraining the contribution of primordial black holes in the
mass range 10−16 M⊙ ≲M ≲ 10−10 M⊙ to the dark-matter content of the Universe.
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Primordial black holes (PBHs) that may have formed
in the early Universe (see, e.g., [1,2]) have long been
considered candidates for contributing to, if not accounting
for, the mysterious and elusive dark matter (see, e.g., [3], as
well as [4] for a recent review). Constraints on the PBH
contribution to the dark matter have been established by a
number of different observations. Sufficiently small PBHs
ðM ≲ 5 × 1014 gÞ would have evaporated due to Hawking
radiation [5] within less than a Hubble time, while, for
larger black-hole masses, different types of observations
have resulted in limits for different mass ranges (see, e.g.,
[6,7], and references therein; see also [8] for a review of
constraints arising from gravitational-wave observations, as
well as [9] for a possible detection by NANOGrav).
One compelling constraint on the PBH contribution

to the dark matter in the mass range 10−16 M⊙ ≲M ≲
10−10 M⊙ (which currently is not well constrained by other
observations; see, e.g., [4,10]) results from the fact that
PBHs can be captured by stars and would then accrete and
swallow these stars (see, e.g., [1,11]). This process may be
particularly efficient for capture by neutron stars (see, e.g.,
[6,12], but see also [13]), so that the existence of neutron-
star populations provides a limit on the density of PBHs,
and hence on their contribution to the dark-matter content
of the Universe. Other observational signatures of this
process have been discussed, for example, in [14,15].
Evidently, the above argument can provide constraints

on PBHs only if the capture and subsequent accretion-
driven destruction of the neutron star proceeds on time-
scales shorter than the age of the oldest neutron-star
populations; it therefore hinges on reliable timescale
estimates for these processes. Estimates for the capture
of PBHs by neutron stars via gravitational focusing,

followed by the dissipation of PBH kinetic energy via
dynamical friction, accretion, surface and gravitational
waves that lead to the settling down of the PBH near
the center of the neutron star, have recently been revisited
by [12,13]. The subsequent accretion rate of the star by
the endoparasitic black hole is often estimated analytically
(see [16,17] for numerical simulations) by adopting the
spherical, steady-state, Bondi accretion formula

_M ¼ 4πλ
M2ρ0
a3

ð1Þ

for adiabatic flow ([18]; see also [19] for a textbook
treatment, including its relativistic generalization). Here
ρ0 and a are the “asymptotic” rest-mass density and the
sound speed, respectively, measured at large distances from
the black hole but, for small black holes, still well inside the
neutron star’s nearly homogeneous central core. The mass
of the gas within the accretion radius is assumed to be
negligible in comparison with the black-hole mass. The
parameter λ is a dimensionless “accretion eigenvalue,”
which, for 1 ≤ Γ ≤ 5=3, is a constant of order unity.
In a general relativistic formulation, and for accretion

onto a black hole at the center of a neutron star, the dot in
(1) denotes a derivative with respect to time as measured by
a “local asymptotic” static observer far from the black hole
but again well inside the neutron-star core (see Appendix A
in [17] for a full derivation of the spacetime metric and
applicability of the relativistic Bondi flow solution; see
Ref. [20]). This time advances at a rate somewhat slower
than that measured at infinity due to the gravitational
redshift from the core. This redshift factor is given by
the “lapse” function α for the local asymptotic observer,

PHYSICAL REVIEW D 103, L081303 (2021)
Letter

2470-0010=2021=103(8)=L081303(5) L081303-1 © 2021 American Physical Society

https://orcid.org/0000-0002-6316-602X
https://orcid.org/0000-0002-3263-7386
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.103.L081303&domain=pdf&date_stamp=2021-04-22
https://doi.org/10.1103/PhysRevD.103.L081303
https://doi.org/10.1103/PhysRevD.103.L081303
https://doi.org/10.1103/PhysRevD.103.L081303
https://doi.org/10.1103/PhysRevD.103.L081303


typically 0.6≲ α < 1. The accreted mass measured by (1)
is fundamentally a (baryon) rest mass dMrest, which
enhances the black hole’s gravitational mass M by a
somewhat larger amount due to the accretion of additional
internal energy, β≡ dM=dMrest ≳ 1 (see [17]). Accounting
for both of these factors, we may rewrite the accretion
rate (1) as

dM
dt

¼ 4παβλ
M2ρ0
a3

; ð2Þ

where t now measures the time as observed by an observer
at infinity and M is the black hole’s gravitational mass.
Since the product of the two terms α ≲ 1 and β ≳ 1 results
in a dimensionless number very close to unity, αβ ≈ 1, we
will ignore this product in the following.
For accretion onto black holes, a relativistic treatment

for Schwarzschild black holes shows that the requirement
that the sound speed be less than the speed of light demands
that the flow pass through a critical point, yielding a
unique value for λ [19]. Adopting a polytropic equation
of state (EOS)

P ¼ KρΓ0 ; ð3Þ

where K is a constant, Γ ¼ 1þ 1=n is the adiabatic index
and n is the polytropic index, that unique value for
1 ≤ Γ ≤ 5=3, assuming a ≪ 1, is

λ ¼ 1

4

!
2

5 − 3Γ

"ð5−3ΓÞ=2ðΓ−1Þ
; ð4Þ

which is the value found in the Newtonian formulation.
Note that here and throughout we adopt geometrized units
with G ¼ 1 ¼ c.
While the accretion timescale may be small compared to

the total capture and settling time for many black-hole
masses, there is some uncertainty in determining the actual
accretion timescale when applying the Bondi accretion rate
given by Eq. (2). We first observe that (2) depends on both
ρ and a, which may vary from star to star (even though their
order of magnitude is probably similar for all neutron stars).
More importantly, the accretion eigenvalues λ are easily
derived only for soft EOSs with 1 ≤ Γ ≤ 5=3, as in Eq. (4).
As a result, some authors (e.g. [12,21]) have resorted to
approximating the accretion rate by adopting values for Γ
such as Γ ¼ 4=3, even though one expects that the neutron-
star interior is governed by a significantly stiffer EOS with
Γ≳ 2, for which (4) clearly does not apply. Finally, to make
matters worse, consider that the polytropic EOS (3) implies
that the sound speed is given by

a2 ≃ ΓKρΓ−10 ð5Þ

whenever P ≪ ρ, where ρ is the total mass-energy density.
This is the standard Newtonian relation. Inserting (5)
into (2) results in

dM
dt

≃ 4πλM2að5−3ΓÞ=ðΓ−1Þ: ð6Þ

We now observe that, for a → 0, (6) suggests that dM=dt
becomes infinite whenever Γ > 5=3, seemingly making
this expression totally unreliable for stiff EOSs.
In this short paper we clarify this issue. Building on our

relativistic treatment of Bondi accretion for stiff polytropic
EOSs (see [22]) we use our finding there that there exists a
finite, nonzero, minimum accretion rate whenever Γ ≥ 5=3
to show that, under quite general conditions, there exists a
corresponding maximum accretion time for a PBH to
swallow a neutron star. This maximum accretion time
depends only weakly on the stiffness for EOSs with
Γ ≥ 5=3, thereby providing a nearly universal estimate,
depending only on the initial black-hole mass, for the
maximum time that a neutron star can survive accretion by
an endoparasitic black hole.
We first observe that, for Γ ¼ 5=3, the accretion rate (6)

becomes independent of the sound speed a. A relativistic
treatment shows that this value represents a minimum
accretion rate, since relativistic corrections for higher
sound speeds a≲ 1 and correspondingly larger densities
lead to higher accretion rates. As shown in [22], Bondi
accretion in general relativity exhibits such a minimum
accretion rate for stiffer EOSs as well. This minimum rate is
given by

!
dM
dt

"

min
¼ 4πλ̄

Γ1=ðΓ−1Þ
M2

K1=ðΓ−1Þ ð7Þ

for all 5=3 ≤ Γ ≤ 3. Here λ̄ is defined as

λ̄ ¼ x̄ð5−3ΓÞ=ð2Γ−2ÞIII

!
Γ − 1

Γ − 1 − x̄III

"
1=ðΓ−1Þ ð1þ 3x̄IIIÞ3=2

4
;

ð8Þ

with

x̄III ¼ Γ − 7=6 − ð12Γ − 11Þ1=2=6; ð9Þ

where we have adopted the notation of [22]. The existence
of the minimum accretion rate (7) results from the fact that,
for Γ > 5=3 and to leading order in a, the accretion
eigenvalues λ can be written as λ ¼ λ̄að3Γ−5Þ=ðΓ−1Þ, so that
the dependence on a in (6) cancels out, thereby leaving _M
finite but nonzero. Note that (7) reduces to (6) for Γ ¼ 5=3,
in which case λ ¼ λ̄ ¼ 1=4.
Since the black hole accretes matter at a rate greater than

the minimum rate (7), we can find the maximum time by
integrating [23]
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tmax ¼
Z

Mtot

M0

dM
dM=dt

≤
Z

Mtot

M0

dM
ðdM=dtÞmin

¼ κK1=ðΓ−1Þ
Z

Mtot

M0

dM
M2

¼ κK1=ðΓ−1Þ
!

1

M0

−
1

Mtot

"
: ð10Þ

Here M0 is the initial black-hole mass, Mtot is the total
gravitational mass of the system, and we have defined

κ ¼ Γ1=ðΓ−1Þ

4πλ̄
: ð11Þ

Assuming that M0 ≪ Mtot we may neglect the last term
in (10) and obtain

tmax ¼ κ
K1=ðΓ−1Þ

M0

: ð12Þ

This maximum time is dominated by the initial phase
of accretion, when M and the accretion rate given by
Eq. (7) assume their lowest values. During this phase the
accretion proceeds in a quasistationary fashion and the
neutron star maintains its initial state (e.g., Γ and K) to
good approximation.
We can now determine the value of the constant K for

any polytropic EOS by matching its dimensionless maxi-
mum mass M̄max ¼ K−1=ð2Γ−2ÞMmax to the best current
value for the maximum mass of a nonrotating, isolated
neutron star, Mmax. The quantity M̄max is obtained by
setting K equal to unity and integrating the Tolman-
Oppenheimer-Volkoff equations (see [24,25]) to find the
mass at the turning point along an equilibrium sequence
of stars parametrized by their central density. We can
therefore express K as

K ¼
!
Mmax

M̄max

"
2ðΓ−1Þ

: ð13Þ

Inserting (13) into (12) we now obtain

tmax ¼ 5 × 10−6 s
κ

M̄2
max

!
Mmax

M⊙

"
2
!
M⊙
M0

"
; ð14Þ

where we have used that, in geometrized units,
1 M⊙ ≃ 5 × 10−6 s.
We list values for the polytropic parameters appearing in

(14) in Table I. Note that, for moderately stiff EOSs with
n≲ 1.0 and Γ≳ 2, say, the factor κ=M̄2

max varies only very
moderately, with values between 3 and 4. Adopting the
maximum of these values,

κ
M̄2

max

####
max

≃ 4; ð15Þ

we can rewrite (12) as

tmax ≃ 2 × 105 s
!
Mmax

M⊙

"
2
!
10−10 M⊙

M0

"
: ð16Þ

We next observe that, according to Fig. 4 of [22], accretion
rates forΓ > 5=3 depend only veryweakly on the asymptotic
sound speed, meaning that the actual accretion rate is
comparable to its minimum value, and hence the actual
accretion time is comparable to its maximum value (16).
For concreteness, we shall take the maximum mass of a

nonrotating neutron star to be Mmax ¼ 2.3 M⊙. This mass
is consistent with the likely range of values estimated by
several groups (see, e.g., [26–29]) using data from the
binary neutron-star merger event GW170817 detected by
LIGO/Virgo in gravitational waves [30], as well as from the
counterpart gamma-ray burst GRB17081A and kilonova
AT 2017gfo. It is also consistent with the measurements
of [31], which revealed the highest pulsar mass to date. We
then may rewrite (16) as

tmax ≃ 1 × 106 s
!
10−10 M⊙

M0

"
≃ 2 × 107 s

!
1022 g
M0

"
;

ð17Þ

resulting in values that are remarkably close to those
adopted by, for example, [12] [see their Eq. (39)]. This
close agreement, though reassuring, is rather coincidental, as
our value results from a detailed treatment of Bondi accretion
for stiff EOSs in full general relativity. Regardless, results
quite similar to (17) have been invoked by previous
investigators (see, e.g., [6,12], and references therein) to

TABLE I. Polytropic parameters. Here n is the polytropic
index, Γ ¼ 1þ 1=n the adiabatic index, the coefficients λ̄ and
κ are defined in Eqs. (8) and (11), and M̄max ¼ K−2=nMmax is the
maximum dimensionless gravitational mass allowed for non-
rotating neutron stars. Note that the combination κ=M̄2

max, which
appears in the maximum accretion time (16), depends only
weakly on Γ for stiff EOSs (with Γ≳ 2, say).

n Γ λ̄ κ M̄max κ=M̄2
max

1.5 1.67 0.25 0.685 0.265 9.75
1.4 1.71 0.432 0.392 0.237 6.98
1.3 1.77 0.640 0.261 0.213 5.75
1.2 1.83 0.889 0.185 0.194 4.92
1.1 1.91 1.17 0.138 0.177 4.40
1.0 2.0 1.49 0.107 0.164 3.96
0.9 2.11 1.83 0.085 0.152 3.69
0.8 2.25 2.15 0.071 0.142 3.46
0.7 2.43 2.45 0.060 0.135 3.32
0.6 2.67 2.69 0.053 0.129 3.21
0.5 3.0 2.83 0.049 0.125 3.12
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constrain PBHs in the mass range 10−16 M⊙ ≲M ≲
10−10 M⊙ as dark-matter candidates.
Corresponding to Eqs. (14) and (17), the minimum

accretion rate given by Eq. (7) can be evaluated to yield
initially

_Mmin ¼ 2 × 105
M⊙
s

M̄2
max

κ

!
M⊙
Mmax

"
2
!
M0

M⊙

"
2

≲ 3 × 10−9
M⊙
yr

!
M0

10−10 M⊙

"
2

; ð18Þ

where, in the last step, we have again assumed (15) and
Mmax ¼ 2.3 M⊙.
To summarize, we provide estimates for the accretion

times of black holes residing in neutron stars. While our
results are very similar to previously adopted values, they
are based on a rigorous, relativistic treatment of spherical
Bondi accretion for stiff EOSs. We also demonstrate that
there exists a maximum accretion time, depending chiefly
on the initial black-hole mass alone, by which time the
black hole will have consumed the entire neutron star. We
further argue that actual accretion times will not differ
much from the maximum accretion time, so that the latter
provides an approximate universal value for the lifetime of
a neutron star with a small black hole residing at its center.
While our discussion here centers on PBHs and their

contribution to the dark matter, the same estimates apply to
some alternative scenarios as well. Specifically, the neutron
star could also capture other dark-matter particles which,
under sufficiently favorable conditions, could form a high-
density object that collapses to form a small black hole in
the neutron-star interior and ultimately consume the entire
star. Invoking observations of neutron-star populations,
several authors have used these arguments to derive
constraints and bounds on dark-matter particles (see,
e.g., [32–36]).
Our arguments build on a number of assumptions, of

course. We assume that the accretion process is dominated
by spherical, steady-state, adiabatic Bondi accretion (which

may not hold for extremely stiff EOSs, e.g., polytropes with
Γ > 3; see, for example, [22,37]), and we ignore effects of
rotation (which seems justified according to the findings
of [16]; see also [11,21]). We also ignore radiation and
radiation pressure, although the trapping radius for photons
[38] is likely very large and radiation may be totally
ineffective in holding back the hyper-Eddington accretion
that can arise here (see, e.g., [39]). Radiation processes,
including the possible role of neutrinos, as well as the role
of conduction, need to be probed further and the effects
of fermion degeneracy must be taken into account. The
possible effects of magnetic fields also have been ignored
and should be investigated. We implicitly assume that the
weak dependence of the accretion rates and times on the
polytropic index of the EOS indicate a similarly weak
dependence on the detailed properties of realistic nuclear
EOSs. There could, in principle, be phase transitions and
other effects that might occur in the accretion flow, but we
note that the Bondi critical radius occurs rather close to the
black hole for typical cases (see Fig. 2 in [22]). This means
that the density and temperature in the accreting gas do not
increase substantially above their core values before the gas
is captured. In spite of these considerations, we believe that
our result provides an interesting limit on the timescale for
the demise of a neutron star by an endoparasitic black hole,
not least because it provides more rigorous justification for
a key assumption used in constraining the contribution of
PBHs to the dark-matter content of the Universe.
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