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ABSTRACT

We propose an interferometric pump-probe technique that employs three entangled photons generated by cascaded spontaneous parametric
downconversion. A Mach–Zehnder interferometer made of two three-port waveguide arrays is inserted in the optical path. Two independent
phases introduced to manipulate the entangled photon state serve as control parameters and can selectively excite matter pathways.
Compared to two-photon-absorption of an entangled photon-pair, the three-photon signals are significantly enhanced by frequency-
dispersed photon-counting detection.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004617

Quantum light can induce novel nonlinear optical processes,
which are not possible with classical light.1,2 One notable hallmark of
quantum light is entanglement. The most common technique for gener-
ating entangled photons is spontaneous parametric downconversion of
an input pump laser beam. Energy and momentum (phase matching)
conservation gives rise to strong correlations between the generated
photons. Entangled photon-pairs (biphotons) have been widely utilized
in linear biphoton spectroscopy,3–5 pump-probe spectroscopy,6–9 and
quantum imaging.10–12 However, entangled three-photon (also known
as triphoton or photon triplets) states in quantum spectroscopy have
not been reported yet. The time-energy entanglement of triphoton states
demonstrated in recent experiments13–15 offers useful control parame-
ters for quantum optical signals.

In this paper, we simulate frequency-dispersed photon-counting
third-order two-photon absorption (TPA) spectroscopy signals from a
three-level model system. The control parameters in classical pump-
probe experiments are the pump frequency and the pump-probe time
delay. In recent simulations of pump-probe spectroscopy with
entangled photon pairs,8,9,16 the central frequency of input laser pulses
generating the biphoton state was scanned and the probe photon was
spectrally dispersed. In Ref. 6, it was shown that nonlinear signals with
two entangled photons can be manipulated by including a
Mach–Zehnder interferometer (MZI) in the optical path to control
the degree of entanglement. Using a triphoton state, M€ahrlein et al.
proposed the complete three-photon Hong–Ou–Mandel (HOM)

interference in a three-port waveguide array (WGA),17 which is an
extension of the celebrated two-photon HOM interference on a two-
port beam splitter (BS).18 Here, we utilize a MZI with two three-port
WGAs to regulate the triphoton state by varying the phases of the two
interferometer arms. We show that valuable information about excita-
tion pathways in matter can be revealed using this setup via coinci-
dence photon-counting of the spectrally dispersed probe and idler
photons, compared to scanning the central frequency of input laser
pulses. The TPA signal with three entangled photons is much stronger
than that obtained with entangled photon pairs. Various matter excita-
tion pathways can be enhanced or suppressed by properly choosing
the phases introduced in the optical path by the three-port MZI.

We consider the triphoton state generated by cascaded spontane-
ous parametric downconversion (C-SPDC),13–15 as sketched in
Fig. 1(a). An input laser pulse with frequency xp passes through the
nonlinear crystal to generate a pair of entangled photons (a1 and aa).
The aa photon then serves as a pump for a second SPDC process that
creates a new pair of entangled photons (a2 and a3). In each SPDC, a
pair of orthogonally polarized photons (a1 and aa for SPDC I and a2
and a3 for SPDC II) can be separated by a polarizing beam splitter
(not shown in Fig. 1) after the SPDC. The details of the experimental
setup can be found in Refs. 13 and 14. We assume that the input laser
pulse and all output beams (1, a, 2, and 3) are collinear and propagate
along z. At low input pulse intensity, the triphoton state is given
by14,19 [see Sec. S1 for details]
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jwi ¼
ð ð ð

dx3dx2dx1 apFðx1;x2;x3Þa†3ðx3Þa†2ðx2Þa†1ðx1Þj0i;

(1)

with the spectral amplitude (Xl ¼ xl � xl0)

Fðx1;x2;x3Þ ¼ N exp �cðTp1X1 þ TpaX2 þ TpaX3Þ2
h i

� exp � X1 þ X2 þ X3ð Þ2

2r2p

" #

� exp �cðTa2X2 þ Ta3X3Þ2
� �

: (2)

Here, N ¼ ð 1
pr2p

Þ1=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c
p jTp1 � TpajjTa2 � Ta3j

q
is a normalization

constant. We have introduced four time-delay parameters

Tl� ¼ L 1
vl
� 1

v�

� �
; where L is the nonlinear crystal length along z and

vl ¼ @klz
@xl

���
xl¼xl0

is the group velocity at frequency xl0.
1

To measure the proposed signals, we add a Mach–Zehnder inter-
ferometer in the optical path. The MZI for the three-entangled-photon
setup is made of two three-port WGAs. Figure 1(b) shows the WGA,
which consists of three parallel single-mode-coupled waveguides.20

The coupling of the 2D waveguides can be tuned by varying their dis-
tances.21 Outer modes 1 and 3 are coupled to inner mode 2 but not to
each other,22 i.e., g31 ¼ 0 in Fig. 1(b), because g31 is much smaller than
the coupling between neighboring waveguides (g12 and g23) and is
neglected.23 To determine the transformation matrix for the WGA, we
consider a three-photon HOM effect.17 This is an extension of the
two-photon HOM effect18 to the three-photon case, where the proba-
bility of detecting one photon in each output port of the WGA is
zero. Details of the three-port WGA can be found in Sec. S2 of the
supplementary material. Here, we present the final form of the trans-
formation matrix for the WGA,

M ¼

1
2

iffiffiffi
2

p � 1
2

iffiffiffi
2

p 0
iffiffiffi
2

p

� 1
2

iffiffiffi
2

p 1
2

0
BBBBBB@

1
CCCCCCA
: (3)

Figure 1(c) schematically depicts the interferometric pump-probe
spectroscopy setup involving the entangled triphoton state. The three
entangled photons generated by the C-SPDC pass through the three-
port MZI (WGA 1 and WGA 2). Two phases /1 and /2 are intro-
duced to control the triphoton state. The transformation matrix for
the three-port MZI is C ¼ M† PM. Here, P ¼ diagðei/1 ; ei/2 ; 1Þ
describes the effect of interferometer phases on the triphoton state.
M and M† are the transformation matrices for the first and second
WGAs, respectively.

After passing through the three-port MZI, the a1 photon excites
the molecule, which is then probed by the second photon a2. The third
photon a3 (idler), which does not interact with the sample, is finally
detected in coincidence with a2. The spectrally dispersed two-photon
counting signal is given by

Sðx2;x3;CÞ ¼ tr a†3ðx3Þa†2ðx2Þa2ðx2Þa3ðx3Þqintðt ! 1Þ
� �

; (4)

¼ ha†3ðx3Þa†2ðx2Þa2ðx2Þa3ðx3Þi: (5)

Here, C denotes the set of control parameters, such as the entangle-
ment times and the interferometer phases. In Eq. (4), we have taken
the trace with respect to the joint field plus molecule density matrix in
the interaction picture,

qintðt ! 1Þ ¼ qintð�1Þ �t
i
�h

ð1
�1

dt Hint;�ðtÞqintðtÞ
� 	

; (6)

where t represents the superoperator time-ordering, and the super-
operator Hint;� is defined by Hint;�O ¼ HintO� OHint. The signal Eq.
(5) can be further recast as (see Sec. S3A of the supplementary
material)

Sðx2;x3;CÞ ¼
1
p�h

t=
ð1
�1

dt eix2tha†3ðx3Þa3ðx3ÞE†
2ðx2ÞVðtÞi:

(7)

Here, V is the positive frequency part of the dipole operator,
and E†

2ðxÞ is the Fourier transform of the photon field E2ðtÞ
¼ i

Ð
dx

ffiffiffiffiffiffiffiffiffiffi
�h

4p�0cA

q
a2ðxÞe�ixt .

We have simulated the signal for the three-level model system
shown in Fig. 2(a). All transition dipole moments are identical, i.e.,
lge ¼ lef (e ¼ fe1; e2g and f ¼ ff1; f2g). The pump-probe signal is
obtained by expanding the density matrix qintðtÞ in Eq. (7) to second
order in E1 and first order in E2. We then obtain eight terms. Four
contribute to a Raman process, where the corresponding matter corre-
lation functions are of the form hVV†VV†i and will not be considered
further. The other four represent the TPA excitation pathways and are
depicted in Fig. 2(b). They are denoted as TPA pathways since the sys-
tem passes through a two-exciton state during the process, which is
described by the matter correlation function hVVV†V†i. The tripho-
ton TPA signal is given by (see Sec. SIII B of the supplementary
material)

FIG. 1. (a) Triphoton state generation by cascaded SPDC. (b) The three-port WGA.
g12 (g23) are the couplings between modes 1 and 2 (2 and 3). Modes 1 and 3 are
not coupled, i.e., g31 ¼ 0. (c) The Interferometric pump-probe setup with three
entangled photons (a1, a2, and a3). The MZI is made out of two three-port WGAs.
The two phases /1 and /2 are used to control the triphoton state. (d)
Interferometric pump-probe setup with two entangled photons (a1 and a2). The MZI
is made out of two beam splitters. A phase / is introduced.
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Sð3pÞTPAðx2;x3;CÞ ¼
x10x20

p�h4
�h

4p�0cA


 �2

=
ð
dxa

ð
dxb

� ha†3ðx3Þa†2ðx2Þa†1ðxaÞa3ðx3Þa2ðxbÞ
� a1ðx2 þ xa � xbÞi � gðx2;xa;xbÞ: (8)

Here, the matter information is imprinted in the signal via the auxil-
iary function

gðx2;xa;xbÞ ¼
X
e;e0;f

�
lge0

x2 � xe0g þ ig

le0 f l
�
ef

x2 þ xa � xfg þ ig

�
l�ge

xb � xeg þ ig
þ

lge0

x2 � xe0g þ ig

�
le0f l

�
ef

x2 þ xa � xfg þ ig

l�ge
x2 þ xa � xb � xeg þ ig

�
lge0

�xa þ xe0g þ ig

le0f l
�
ef

x2 þ xa � xfg þ ig

�
l�ge

x2 þ xa � xb � xeg þ ig
�

lge0

�xa þ xe0g þ ig

�
le0f l

�
ef

x2 þ xa � xfg þ ig

l�ge
xb � xeg þ ig

	
:

(9)

The normally ordered frequency-domain field correlation function in
Eq. (8) is given by Eq. (S39) in Sec. SIII B of the supplementary
material.

We now compare the triphoton signal with its entangled photon-
pair counterpart.6,8 As sketched in Fig. 1(d), the a1 photon excites the
sample, and a2 acts as the probe, which is then spectrally dispersed
and detected after interacting with the molecular system. The MZI
consists of two beam splitters, and a phase / is introduced in one of
the two arms. The TPA signal with two entangled photons is given by
(see Sec. SIV B of the supplementary material)

Sð2pÞTPAðxp0;x2;CÞ ¼
x10x20

p�h4
�h

4p�0cA


 �2

=
ð
dxa

ð
dxb

� ha†2ðx2Þa†1ðxaÞa2ðxbÞ
� a1ðx2 þ xa � xbÞigðx2;xa;xbÞ: (10)

Sð2pÞTPA contains the same matter information [see Eq. (9)] as Sð3pÞTPA.
However, the two signals depend on different field correlation func-

tions. Sð2pÞTPA is detected in ðxp0;x2Þ space, implying that the central

frequency of input laser pulses is scanned. Sð3pÞTPA is given by the coinci-
dence detection of probe (a2) and idler (a3) photons, holding the cen-
tral frequency of input pulses fixed. In experiment, the production rate
of photon triplets was considered to be lower than that of photon
pairs.13–15 In this work, we assume that the production rate for photon
triplets is equal to that for photon pairs, in order to compare the corre-
sponding TPA signals on an equal footing. Possible approaches have
been proposed to increase the production rate for photon triplets.24,25

We start with the TPA signals with the triphoton state, Eq. (8).
The three photons generated by C-SPDC are assumed to be degener-
ate, with the following parameters: the input pulse bandwidth
rp ¼ 200 cm�1, the time delays Tp1 ¼ 5 fs; Tpa ¼ 15 fs; Ta2 ¼ 5 fs;
Ta3 ¼ 15 fs, and the central frequencies xp0 ¼ 30 000 cm�1 and
x10 ¼ x20 ¼ x30 ¼ 10 000 cm�1.

The spectrally-dispersed photonsx2 and x3 are detected in coin-
cidence, while the input pulse frequency is held fixed. Energy conser-
vation implies xp ¼ x1 þ x2 þ x3. xp and x3, thus, fix the sum of
x1 and x2. As depicted in Fig. 3, x1 and x2 are strongly anti-
correlated. The bandwidths of the a1 and a2 photons are broad enough
to cover both single-exciton (e1 and e2) states. This makes it possible to
extract information about the excitation pathways in matter, as shown
below.

The top row of Figs. 4(a)–4(c) shows the frequency-dispersed
photon-counting TPA signals with three entangled photons Sð3pÞTPA
given by diagrams (I) and (II) in Fig. 2(b) and their sum. The two
interferometer phases are set to /1 ¼ /2 ¼ 0, and the corresponding
transformation matrix C is the identity. The narrow input pulse band-
width rp selectively excites one of the two doubly excited f states. The
resonances at 9500 cm�1 and 8500 cm�1 along x3 correspond to exci-
tation of the f2 and f1 states [see Fig. 2(a)], respectively. Along the
probe frequency x2, the resonances are at 10 000 cm�1 and
11 000 cm�1, implying that the x2 photon carries information about
the e1;2 ! g transitions, while in Fig. 4(b), the four resonances (from
left to right) along x2 correspond to the f1 ! e2, f1 ! e1; f2 ! e2,
and f2 ! e1 transitions. The sum of Figs. 4(a) and 4(b) is plotted in
Fig. 4(c), where the eight resonances are labeled as A–H. We can, thus,
clearly identify the excitation pathways by utilizing the photon-

FIG. 2. (a) The three-level model system used in our simulations. The dipole
moments of all transitions are taken to be the same i.e., lge ¼ lef (e ¼ fe1; e2g
and f ¼ ff1; f2g). (b) Loop diagrams (I)–(IV) for TPA pathways. Note that there is
no time ordering control of the interactions between the left and right branches.

FIG. 3. Frequency correlations jFðx1;x2;x3Þj2 [Eq. (2)] between the excitation
(x1) and probe (x2) photons of the triphoton state when the frequency of the idler
(x3) photon is held constant at (a) x3 ¼ 9500 cm�1 and (b) x3 ¼ 8500 cm�1.
Other parameters are the input pulse bandwidth rp ¼ 200 cm�1, the time delays
Tp1 ¼ 5 fs; Tpa ¼ 15 fs; Ta2 ¼ 5 fs; Ta3 ¼ 15 fs, and the central frequencies
xp0 ¼ 30 000 cm�1 andx10 ¼ x20 ¼ x30 ¼ 10 000 cm�1.
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counting detection of the probe and idler photons in the frequency
domain.

For comparison, the TPA signals generated by two entangled

photons Sð2pÞTPA are depicted in the bottom row of Figs. 4(d)–4(f). The
following parameters for the SPDC generated photon-pair were used:
the input pulse bandwidth rp ¼ 200 cm�1, the time delays Tp1 ¼ 5 fs;
Tp2 ¼ 15 fs, and the central frequencies x10 ¼ x20 ¼ xp0=2, which

are comparable to those used for Sð3pÞTPA. The signal is plotted in
ðxp0;x2Þ space, where the central frequency of the input laser pulses
is scanned and the probe photon a2 is spectrally dispersed. The reso-
nances along the xp0-axis directly reveal the two-exciton states f1 and

f2. This is different from the Sð3pÞTPA signal, where the two-exciton reso-
nances along x3 are obtained by the frequency difference xp0 � x3

since we have fixed the central frequency of input pulses and dispersed

the idler photon for the measurement of the Sð3pÞTPA signal.
The triphoton spectrally dispersed TPA signal Sð3pÞTPA provides the

same information about the matter excitations as its biphoton counter-
part Sð2pÞTPA. However, the resonance strengths in Fig. 4(c) are 64 times
higher than those in Fig. 4(f). We further note that in Fig. 4(c), the res-
onances at x3 ¼ 9500 cm�1 (points A–D) are much stronger than
those at x3 ¼ 8500 cm�1 (points E–H), indicating that the f1 state is
more favorably excited. This is because, as can be seen in Fig. 3, the
marginal distribution of the probe photon (x2) at x3 ¼ 9500 cm�1 is
stronger than that at x3 ¼ 8500 cm�1. We, thus, have a higher proba-
bility to detect the a2-photon at x3 ¼ 9500 cm�1 than that at
x3 ¼ 8500 cm�1, making the corresponding resonances stronger. The
eight resonances in the Sð2pÞTPA signal in Fig. 4(f) have, on the other hand,
very similar strengths. Figure 5 displays the marginal distributions of
the a2-photon of the biphoton state. Since the probabilities of detecting
the a2-photon are very close for the two input pulse central frequencies
xp0 ¼ 20 500 cm�1 [Fig. 5(a)] and 21 500 cm�1 [Fig. 5(b)], the corre-
sponding resonance strengths are very similar.

The above signals reflect the interference of various excitation
pathways of the field and matter. For a general interferometric setup,
the field correlation function Eq. (S39) [or (S53)] also depends on the
phase(s) introduced in the MZI. We next explore the possible manipu-
lations of the doubly excited states (f1 or f2) by varying the phases of
the MZI. Figure 6(a) shows the variation of the eight resonances
[points A–H in Fig. 4(f)] of Sð2pÞTPA with the interferometer phase /.
Their strengths are virtually identical in any phase /. Therefore, the
phase / introduced to the MZI for the entangled photon-pair cannot
select the desired two-exciton state (f1 or f2). However, it is interesting
that at / ¼ p=2, the overall biphoton TPA signal Sð2pÞTPA is suppressed
[�10�2, five orders of magnitude weaker than the signal in Fig. 4(f)].
Suppression of the TPA can be used to single out other signals.

Figure 6(b) shows the interferometric TPA signal Sð3pÞTPA with /1
¼ 0:62p and /2 ¼ 0:32p. Compared to Fig. 4(c), thex3 ¼ 8500 cm�1

resonances are enhanced, while those at x3 ¼ 9500 cm�1 are sup-
pressed, indicating that the two-exciton state f2 is efficiently excited.

FIG. 4. Top row: Interferometric TPA signal with three entangled photons Sð3pÞTPA , Eq.
(8), with /1 ¼ 0 and /2 ¼ 0. (a) Contributions of diagrams (I) and (II) in Fig. 2. (b)
Contributions of diagrams (III) and (IV). (c) The total signal [sum of (a) and (b)].
Points A–G represent the eight major resonances. Bottom Row: The same as the
first row, but for the interferometric TPA signal with two entangled photons Sð2pÞTPA ,
Eq. (10), with / ¼ 0.

FIG. 5. Frequency correlations jFðx1;x2Þj2 [Eq. (S54) of the supplementary
material] between the excitation (x1) and probe (x2) photons of the entangled
photon-pair when the central frequency of input pulses is (a) xp0 ¼ 20 500 cm�1

and (b) xp0 ¼ 21 500 cm�1. The parameters used for the entangled photon-pair
are the input pulse bandwidth rp ¼ 200 cm�1, the time delays Tp1 ¼ 5 fs;
Tpa ¼ 15 fs; Tp2 ¼ 15 fs, and the central frequencies x10 ¼ x20 ¼ xp0=2.

FIG. 6. (a) Variation of the absolute values of the eight resonances of signal Sð2pÞTPA

in Fig. 4(f) with the interferometer phase /. Triphoton signal Sð3pÞTPA with (b) /1
¼ 0:62p and /2 ¼ 0:32p, (c) /1 ¼ 0:54p and /2 ¼ 1:26p, and (d) /1 ¼ 1:86p
and /2 ¼ 0:42p.
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Furthermore, by adjusting the phases /1 and /2, we can also enhance
the f1 state and suppress the f2 state [see Fig. 6(c)] or make their reso-
nance strengths similar [see Fig. 6(d)]. Although the signals with the
nonzero phases are weaker, they are still comparable to the biphoton
TPA signal in Fig. 4(f). Thus, the two-exciton states can be manipulated
by varying the two interferometer phases (/1 and /2) introduced
in the triphoton state, which is not possible with an entangled
photon-pair.

To conclude, we have proposed a pump-probe TPA technique
that makes use of three entangled photons. The triphoton state is
obtained by a cascaded spontaneous parametric downconversion pro-
cess at low input pulse intensity, which helps avoid damage to delicate
samples. Interferometric TPA signals can be manipulated by adding a
three-port MZI in the optical path. The three entangled photons
exhibit strong frequency correlations, and the triphoton signals Sð3pÞTPA
[see Figs. 4(a)–4(c)] allow us to extract information about the TPA
pathways of the matter system with the input laser pulse frequency
being fixed. The spectrally dispersed photon-counting signal with the
triphoton state is much stronger than the TPA signal with the bipho-
ton state, due to the higher distribution probabilities of the detected
photons of the triphoton state. The two interferometer phases offer an
effective control tool for selecting the two-exciton pathways.

See the supplementary material for the derivations of the tripho-
ton state generated by cascaded spontaneous parametric downconver-
sion, derivations of the transformation matrix for the three-port
waveguide array, and derivations of the two-photon-absorption
signals.
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S1. DERIVATION OF THE TRIPHOTON STATE

We assume the following form for the classical pump pulse envelope [see Fig. 1(a) of the main
text]

E(+)
p (r, t) =

∫
dqp

∫
dωp G(qp)αpA (ωp)eiqp·ρeikpzze−iωpt , (S1)

where qp and ρ are the transverse components of the wavevector and coordinate, respectively.
G(qp) and A (ωp) are the spatial and spectral envelopes, respectively. Generating a well-seperated
triphton state requires a low pump intensity αp. The photon field operator for mode µ = 1,2,3,a
is expanded as [1]

E(+)
µ (r, t) = i

∫
dqµ

∫
dωµ

√
h̄ωµ

2ε0n2
µ(ωµ)

aµ(qµ ,ωµ)eiqµ ·ρeikµzze−iωµ t . (S2)

The two SPDC processes (I and II) are described by the effective interaction Hamiltonians

HI(t) =
∫

drI χ
(2)
I E(+)

p (rI, t)E
(−)
1 (rI, t)E

(−)
a (rI, t)+H.c., (S3)

HII(t) =
∫

drII χ
(2)
II E(+)

a (rII, t)E
(−)
2 (rII, t)E

(−)
3 (rII, t)+H.c.. (S4)

Here, the integrals are taken over their respective interaction volumes. χ
(2)
I and χ

(2)
II are the

second-order susceptibilities of the nonlinear crystals for the first and second SPDC processes,
respectively.

We assume that the pump and all output beams (µ = 1, a, 2, and 3) are collinear and propagate
along z, i.e., kµ = kµzẑ. By applying the standard perturbation theory, the triphoton state is give
by [1, 2]

|ψ〉=C
∫∫∫

dω3dω2dω1 αpA (ω1 +ω2 +ω3)sinc
[

Ta2

2
(ω2−ω20)+

Ta3

2
(ω3−ω30)

]
× sinc

[
Tp1

2
(ω1−ω10)+

Tpa

2
(ω2−ω20 +ω3−ω30)

]
a†

3(ω3)a
†
2(ω2)a

†
1(ω1) |0〉 . (S5)

∗ lyuzhouy@uci.edu
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For computational convenience, we approximate the sinc-function by a Gaussian with the same
width [3, 4]: sinc(x/2) ≈ exp

(
−γx2), with γ = 0.0482304. The triphoton state can be finally

recast as

|ψ〉=
∫∫∫

dω3dω2dω1 αpF(ω1,ω2,ω3)a
†
3(ω3)a

†
2(ω2)a

†
1(ω1) |0〉 , (S6)

where F(ω1,ω2,ω3) is given by Eq. (2) of the main text.

S2. TRANSFORMATION MATRIX FOR THE THREE-PORT WAVEGUIDE ARRAY

We examine the three-photon interference at a three-port WGA. A generalization of the HOM
effect to three indistinguishable photons was proposed in Ref. 5. A complete destructive inter-
ference of three photons can be observed in a three-port device which consists of three parallel
single-mode-coupled waveguides [6], as sketched in Fig. 2(a). The three-photon interference is
described by the effective Hamiltonian [5]

H = h̄(g12a†
1a2 +g23a†

2a3)+H.c.. (S7)

Here, a1, a2 and a3 are annihilation operators of the input modes.
The time evolution of the modes is described by

d
dt

A(t)≡ d
dt

 a†
1(t)

a†
2(t)

a†
3(t)

= iM(t)A(t)≡ i

 0 g∗12 0
g12 0 g∗23
0 g23 0

A(t), (S8)

where we have defined A(t) = (a†
1,a

†
2,a

†
3)

T , and M is the coupling matrix. Solving this equation
gives

A(t) = eiMtA(0) =V (t)A(0), (S9)

where, V = eiMt is the transformation matrix between the input and output modes.
We assume that the couplings g12 and g23 are real. The eigenvalues of matrix M are λ1 = 0,

λ2 =−
√

g2
12 +g2

23, and λ3 =
√

g2
12 +g2

23, and the corresponding eigenvectors are

v1 =

− g23√
g2

12 +g2
23

,0,
g12√

g2
12 +g2

23

T

, (S10)

v2 =

 g12
√

2
√

g2
12 +g2

23

,− 1√
2
,

g23
√

2
√

g2
12 +g2

23

T

, (S11)

v3 =

 g12
√

2
√

g2
12 +g2

23

,
1√
2
,

g23
√

2
√

g2
12 +g2

23

T

. (S12)
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The coupling matrix is

M =
(

v1 v2 v3

)
0 0 0

0 −
√

g2
12 +g2

23 0

0 0
√

g2
12 +g2

23


 vT

1
vT

2
vT

3

 . (S13)

The transformation matrix then reads

V = eiMt =

 sin2
θ + cos2 θ cosG icosθ sinG cosθ sinθ(cosG−1)
icosθ sinG cosG isinθ sinG

cosθ sinθ(cosG−1) isinθ sinG cos2 θ + sin2
θ cosG

 , (S14)

where we have defined G =
√

g2
12 +g2

23t, cosθ = g12√
g2

12+g2
23

, and sinθ = g23√
g2

12+g2
23

. The three-port

WGA will transform the input modes (i = 1,2,3) as

a†
i →Vi1a†

1 +Vi2a†
2 +Vi3a†

3. (S15)

We consider the input state

|ψin〉= |1〉1 |1〉2 |1〉3 = a†
1a†

2a†
3 |0〉1 |0〉2 |0〉3 . (S16)

The output state after the WGA is

|ψout〉=
(
V11a†

1 +V12a†
2 +V13a†

3
)(

V21a†
1 +V22a†

2 +V23a†
3
)(

V31a†
1 +V32a†

2 +V33a†
3
)
|0〉1 |0〉2 |0〉3 .

(S17)

The three-photon HOM effect is obtained when the probability of finding the output state |1〉1 |1〉2 |1〉3
is zero, i.e.,

V11V22V33 +V12V23V31 +V13V21V32 +V11V23V32 +V12V21V33 +V13V22V31 = 0. (S18)

We thus have [cf. Eq. (S14)]

cos4
(

G
2

)
(3cosG−2)− (3cosG+2)cos(4θ)sin4

(
G
2

)
= 0. (S19)

The solutions to Eq. (S19) are shown in Fig. 1. For G = π

2 and θ = π

4 , then

V =


1
2

i√
2
−1

2
i√
2

0 i√
2

−1
2

i√
2

1
2

 . (S20)

This will transform the input modes as

a†
1→

1
2

a†
1 +

i√
2

a†
2−

1
2

a†
3, (S21)

a†
2→

i√
2

a†
1 +

i√
2

a†
3, (S22)

a†
3→−

1
2

a†
1 +

i√
2

a†
2 +

1
2

a†
3. (S23)
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Fig. S 1. Solutions to Eq. (S19).

S3. PUMP-PROBE SPECTROSCOPY WITH THREE ENTANGLED PHOTONS

A. Derivation of the frequency-dispersed photon-counting signal Eq. (7)

Starting from the definition of signal Eq. (5) and using Eq. (6), we have

S(ω2,ω3;Γ) =
〈

a†
3(ω3)a

†
2(ω2)a2(ω2)a3(ω3)

〉
(S24)

=tr
[
a†

3(ω3)a
†
2(ω2)a2(ω2)a3(ω3)ρI(t→ ∞)

]
(S25)

=S0−
i
h̄
T
∫

∞

−∞

dt tr
[
a†

3(ω3)a
†
2(ω2)a3(ω3)a2(ω2)Hint,−(t)ρint(t)

]
. (S26)

In Eq. (S26), the first term S0 describes the expectation value in the absence of any interaction
with the system and thus can be subtracted. The signal can be written as [7]

S(ω2,ω3;Γ) =− i
h̄
T
∫

∞

−∞

dt tr
[
[a†

3(ω3)a
†
2(ω2)a3(ω3)a2(ω2),Hint(t)]ρint(t)

]
(S27)

=
1

π h̄
T ℑ

∫
∞

−∞

dt eiω2t
〈

a†
3(ω3)a3(ω3)E

†
2(ω2)V (t)

〉
, (S28)

where the commutator in Eq. (S27) is evaluated to

[a†
3(ω3)a

†
2(ω2)a3(ω3)a2(ω2),Hint(t)] (S29)

=a†
3(ω3)a3(ω3)

∫ dta
2π

∫ dtb
2π

eiω2(tb−ta)[a†
2(ta)a2(tb),E

†
2(t)V (t)+E2(t)V †(t)] (S30)

=
1

2π
a†

3(ω3)a3(ω3)[E
†
2(ω2)V (t)eiω2t−E2(ω2)V †(t)e−iω2t ]. (S31)
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B. Two-photon absorption with three entangled photons

The contributions of diagrams (I) and (II) to Eq. (8) where all interactions are on the ket are

S(I)(ω2,ω3;Γ)+S(II)(ω2,ω3;Γ) (S32)

=
ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫
τ3

−∞

dτ2

∫
τ2

−∞

dτ1 eiω2t
〈

V (t)V (τ3)V †(τ2)V †(τ1)
〉

[〈
a†

3(ω3)a3(ω3)a
†
2(ω2)a

†
1(τ3)a2(τ2)a1(τ1)

〉
+
〈

a†
3(ω3)a3(ω3)a

†
2(ω2)a

†
1(τ3)a1(τ2)a2(τ1)

〉]
(S33)

=
ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫
τ3

−∞

dτ2

∫
τ2

−∞

dτ1

∫
dωa

∫
dωb

∫
dωc

eiωaτ3e−iωbτ2e−iωcτ1eiω2t
〈

V (t)V (τ3)V †(τ2)V †(τ1)
〉

[〈
a†

3(ω3)a
†
2(ω2)a

†
1(ωa)a3(ω3)a2(ωb)a1(ωc)

〉
+
〈

a†
3(ω3)a

†
2(ω2)a

†
1(ωa)a3(ω3)a2(ωc)a1(ωb)

〉]
.

(S34)

The contributions of diagrams (III) and (IV) to Eq. (8) with three interactions on the ket and one
on the bra are

S(III)(ω2,ω3;Γ)+S(IV)(ω2,ω3;Γ) (S35)

=− ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫ t

−∞

dτ2

∫
τ2

−∞

dτ1 eiω2t
〈

V (τ3)V (t)V †(τ2)V †(τ1)
〉

[〈
a†

1(τ3)a
†
3(ω3)a3(ω3)a

†
2(ω2)a2(τ2)a1(τ1)

〉
+
〈

a†
1(τ3)a

†
3(ω3)a3(ω3)a

†
2(ω2)a1(τ2)a2(τ1)

〉]
(S36)

=− ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫ t

−∞

dτ2

∫
τ2

−∞

dτ1

∫
dωa

∫
dωb

∫
dωc

eiωaτ3e−iωbτ2e−iωcτ1eiω2t
〈

V (τ3)V (t)V †(τ2)V †(τ1)
〉

[〈
a†

3(ω3)a
†
2(ω2)a

†
1(ωa)a3(ω3)a2(ωb)a1(ωc)

〉
+
〈

a†
3(ω3)a

†
2(ω2)a

†
1(ωa)a3(ω3)a2(ωc)a1(ωb)

〉]
.

(S37)
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The field correlation functions for the TPA signals are of the form
〈

a†
3a†

2a†
1a3a2a1

〉
, and can be

expressed as〈
a†

3(ω3)a
†
2(ω2)a

†
1(ωa)a3(ω3)a2(ωb)a1(ωc)

〉
(S38)

=[c31c22c13F∗(ω3,ω2,ωa)+ c31c23c12F∗(ω3,ωa,ω2)+ c32c21c13F∗(ω2,ω3,ωa)

+ c32c23c11F∗(ωa,ω3,ω2)+ c33c21c12F∗(ω2,ωa,ω3)+ c33c22c11F∗(ωa,ω2,ω3)]

[c∗31c∗22c∗13F(ω3,ωb,ωc)+ c∗31c∗23c∗12F(ω3,ωc,ωb)+ c∗32c∗21c∗13F(ωb,ω3,ωc)

+ c∗32c∗23c∗11F(ωc,ω3,ωb)+ c∗33c∗21c∗12F(ωb,ωc,ω3)+ c∗33c∗22c∗11F(ωc,ωb,ω3)], (S39)

where ci j is the matrix element of the transformation matrix C, and F(ωa,ω2,ω3) is the spectral
amplitude given by Eq. (2) of the main text.

S4. PUMP-PROBE SPECTROSCOPY WITH ENTANGLED PHOTON-PAIR

A. Transformation matrix for the Mach-Zehnder interferometer

The Mach-Zehnder interferometer for the pump-probe experiment with entangled photon-pair
consists of two 50:50 beam splitters (BS’s). The transformation matrix for the BS is [8]

M =

(
1√
2

i√
2

i√
2

1√
2

)
. (S40)

The transformation matrix for the MZI is

C = M† diag(eiφ ,1)M, (S41)

which will transform

a†
1→ c11a†

1 + c12a†
2, (S42)

a†
2→ c21a†

1 + c22a†
2. (S43)

B. Two-photon absorption with entangled photon-pair

The signal is detected by spectrally dispersing the probe photon a2 [see Fig. 2(c)]. Similar to
the derivation of Eq. (S28), we obtain the expression for the signal with two entangled photons:

S(2p) =
〈

a†
2(ω2)a2(ω2)

〉
(S44)

=
1

π h̄
ℑT

∫
∞

−∞

dt tr
[
E†

2(ω2)eiω2tV (t)ρint(t)
]
. (S45)

Expanding the density matrix ρint(t) to second order in E1 and first order in E2, we obtain same
diagrams as those in Fig. 3.
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The contributions of diagrams (I) and (II) to S(2p)
TPA are

S(I)(ωp0,ω2;Γ)+S(II)(ωp0,ω2;Γ) (S46)

=
ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫
τ3

−∞

dτ2

∫
τ2

−∞

dτ1 eiω2t
〈

V (t)V (τ3)V †(τ2)V †(τ1)
〉

[〈
a†

2(ω2)a
†
1(τ3)a2(τ2)a1(τ1)

〉
+
〈

a†
2(ω2)a

†
1(τ3)a1(τ2)a2(τ1)

〉]
(S47)

=
ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫
τ3

−∞

dτ2

∫
τ2

−∞

dτ1

∫
dωa

∫
dωb

∫
dωc

eiωaτ3e−iωbτ2e−iωcτ1eiω2t
[〈

a†
2(ω2)a

†
1(ωa)a2(ωb)a1(ωc)

〉
+
〈

a†
2(ω2)a

†
1(ωa)a2(ωc)a1(ωb)

〉]
〈

V (t)V (τ3)V †(τ2)V †(τ1)
〉
. (S48)

The contributions of diagrams (III) and (IV) to S(2p)
TPA are

S(III)(ωp0,ω2;Γ)+S(IV)(ωp0,ω2;Γ) (S49)

=− ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫ t

−∞

dτ2

∫
τ2

−∞

dτ1 eiω2t
〈

V (τ3)V (t)V †(τ2)V †(τ1)
〉

[〈
a†

1(τ3)a
†
2(ω2)a2(τ2)a1(τ1)

〉
+
〈

a†
1(τ3)a

†
2(ω2)a1(τ2)a2(τ1)

〉]
(S50)

=− ω10ω20

π h̄

(
h̄

4πε0cA

)2

ℑ

(
−i
h̄

)3 ∫ ∞

−∞

dt
∫ t

−∞

dτ3

∫ t

−∞

dτ2

∫
τ2

−∞

dτ1

∫
dωa

∫
dωb

∫
dωc

eiωaτ3e−iωbτ2e−iωcτ1eiω2t
[〈

a†
2(ω2)a

†
1(ωa)a2(ωb)a1(ωc)

〉
+
〈

a†
2(ω2)a

†
1(ωa)a2(ωc)a1(ωb)

〉]
〈

V (τ3)V (t)V †(τ2)V †(τ1)
〉
. (S51)

The normally-ordered four-point field correlation function is〈
a†

2(ω2)a
†
1(ωa)a2(ωb)a1(ωc)

〉
(S52)

=|c21|2|c12|2F∗(ω2,ωa)F(ωb,ωc)+ c21c12c∗22c∗11F∗(ω2,ωa)F(ωc,ωb)

+ c22c11c∗21c∗12F∗(ωa,ω2)F(ωb,ωc)+ |c22|2|c11|2F∗(ωa,ω2)F(ωc,ωb). (S53)

Here the two-photon amplitude is [9]

F(ω1,ω2) =

√
|Tp1−Tp2|

πσp
(2γ)1/4 e

−
(ω1+ω2−ωp0)

2

2σ2p e−γ[Tp1(ω1−ω10)+Tp2(ω2−ω20)]
2
, (S54)

where σp is the pump bandwidth, ωµ0 (µ = p, 1 and 2) is the central frequency of pulse µ ,
γ = 0.0482304, and the two time delays are defined similarly to those in Eq. (2) of the main text.
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