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ABSTRACT

We propose an interferometric pump-probe technique that employs three entangled photons generated by cascaded spontaneous parametric
downconversion. A Mach-Zehnder interferometer made of two three-port waveguide arrays is inserted in the optical path. Two independent
phases introduced to manipulate the entangled photon state serve as control parameters and can selectively excite matter pathways.
Compared to two-photon-absorption of an entangled photon-pair, the three-photon signals are significantly enhanced by frequency-

dispersed photon-counting detection.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004617

Quantum light can induce novel nonlinear optical processes,
which are not possible with classical light.”” One notable hallmark of
quantum light is entanglement. The most common technique for gener-
ating entangled photons is spontaneous parametric downconversion of
an input pump laser beam. Energy and momentum (phase matching)
conservation gives rise to strong correlations between the generated
photons. Entangled photon-pairs (biphotons) have been widely utilized
in linear biphoton spectroscopy,” ~ pump-probe spectroscopy,” ~ and
quantum imaging.'’'* However, entangled three-photon (also known
as triphoton or photon triplets) states in quantum spectroscopy have
not been reported yet. The time-energy entanglement of triphoton states
demonstrated in recent experiments'” " offers useful control parame-
ters for quantum optical signals.

In this paper, we simulate frequency-dispersed photon-counting
third-order two-photon absorption (TPA) spectroscopy signals from a
three-level model system. The control parameters in classical pump-
probe experiments are the pump frequency and the pump-probe time
delay. In recent simulations of pump-probe spectroscopy with
entangled photon pairs,””'® the central frequency of input laser pulses
generating the biphoton state was scanned and the probe photon was
spectrally dispersed. In Ref. 6, it was shown that nonlinear signals with
two entangled photons can be manipulated by including a
Mach-Zehnder interferometer (MZI) in the optical path to control
the degree of entanglement. Using a triphoton state, Mahrlein et al
proposed the complete three-photon Hong-Ou-Mandel (HOM)

interference in a three-port waveguide array (WGA),'” which is an
extension of the celebrated two-photon HOM interference on a two-
port beam splitter (BS).'® Here, we utilize a MZI with two three-port
WGAS to regulate the triphoton state by varying the phases of the two
interferometer arms. We show that valuable information about excita-
tion pathways in matter can be revealed using this setup via coinci-
dence photon-counting of the spectrally dispersed probe and idler
photons, compared to scanning the central frequency of input laser
pulses. The TPA signal with three entangled photons is much stronger
than that obtained with entangled photon pairs. Various matter excita-
tion pathways can be enhanced or suppressed by properly choosing
the phases introduced in the optical path by the three-port MZL

We consider the triphoton state generated by cascaded spontane-
ous parametric downconversion (C-SPDC),"” " as sketched in
Fig. 1(a). An input laser pulse with frequency @), passes through the
nonlinear crystal to generate a pair of entangled photons (4, and a,).
The a, photon then serves as a pump for a second SPDC process that
creates a new pair of entangled photons (a, and a;). In each SPDC, a
pair of orthogonally polarized photons (a; and a4, for SPDC I and a,
and a; for SPDC II) can be separated by a polarizing beam splitter
(not shown in Fig. 1) after the SPDC. The details of the experimental
setup can be found in Refs. 13 and 14. We assume that the input laser
pulse and all output beams (1, a, 2, and 3) are collinear and propagate
along z. At low input pulse intensity, the triphoton state is given
by " [see Sec. S1 for details]
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FIG. 1. (a) Triphoton state generation by cascaded SPDC. (b) The three-port WGA.
912 (g23) are the couplings between modes 1 and 2 (2 and 3). Modes 1 and 3 are
not coupled, i.e., g31 = 0. (c) The Interferometric pump-probe setup with three
entangled photons (a4, a,, and az). The MZI is made out of two three-port WGAs.
The two phases ¢, and ¢, are used to control the triphoton state. (d)
Interferometric pump-probe setup with two entangled photons (a1 and ay). The MZI
is made out of two beam splitters. A phase ¢ is introduced.

) = JJJdWdeZdwl opF (w1, w3, w3)al(ws)al(w;)al(wr)|0),

(6]
with the spectral amplitude (2, = w, — w,0)
F(wy, wy,3) = Nexp [—y(Tplﬂl + Tpa + TPHQ3)2}
(Q+Q + 93)2
X exp e
%

X exp [_V(TaZQZ + Ta3Q3)2} . (2)
Here, N = (#)1/ 4 \/ 2—7[’ [Tp1 — Tpa||Tar — Tas| is a normalization
constant. We' have introduced four time-delay parameters

Tw=L (vl - %) , where L is the nonlinear crystal length along z and

_ Ok
oy,

v is the group velocity at frequency w,o.’

W=y

To measure the proposed signals, we add a Mach-Zehnder inter-
ferometer in the optical path. The MZI for the three-entangled-photon
setup is made of two three-port WGAs. Figure 1(b) shows the WGA,
which consists of three parallel single-mode-coupled waveguides.”’
The coupling of the 2D waveguides can be tuned by varying their dis-
tances.”’ Outer modes 1 and 3 are coupled to inner mode 2 but not to
each other,”” i.e.,, g3 = 0 in Fig. 1(b), because g31 is much smaller than
the coupling between neighboring waveguides (g;, and g3) and is
neglected.23 To determine the transformation matrix for the WGA, we
consider a three-photon HOM effect.”” This is an extension of the
two-photon HOM effect'” to the three-photon case, where the proba-
bility of detecting one photon in each output port of the WGA is
zero. Details of the three-port WGA can be found in Sec. S2 of the
supplementary material. Here, we present the final form of the trans-
formation matrix for the WGA,

scitation.org/journal/apl
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Figure 1(c) schematically depicts the interferometric pump-probe
spectroscopy setup involving the entangled triphoton state. The three
entangled photons generated by the C-SPDC pass through the three-
port MZI (WGA 1 and WGA 2). Two phases ¢, and ¢, are intro-
duced to control the triphoton state. The transformation matrix for
the three-port MZI is C = M'PM. Here, P = diag(e'1, e/, 1)
describes the effect of interferometer phases on the triphoton state.
M and M" are the transformation matrices for the first and second
WGAS, respectively.

After passing through the three-port MZI, the a; photon excites
the molecule, which is then probed by the second photon a,. The third
photon aj (idler), which does not interact with the sample, is finally
detected in coincidence with a,. The spectrally dispersed two-photon
counting signal is given by

= tr[al(ws)a}(w2)ar(@)as(3) piny (t — 00)], (4)

= (al(ws)aj(w2)az(w;)as(ws)). (5)

Here, I" denotes the set of control parameters, such as the entangle-
ment times and the interferometer phases. In Eq. (4), we have taken
the trace with respect to the joint field plus molecule density matrix in
the interaction picture,

s((j)z7 w3} F)

i o0
Pint(t = 00) = piny(—00) — j[ﬁj dt Hine— (£) pie(2) |, (6)
where .7 represents the superoperator time-ordering, and the super-
operator Hiy _ is defined by Hi, - O = HinO — OHiy. The signal Eq.
(5) can be further recast as (see Sec. S3A of the supplementary
material)

S(wz,a}3;r):ih SJ dt e (al(w3)as(ws)ES () V(1)).
(7)

Here, V is the positive frequency part of the dipole operator,
and Ej(w) is the Fourier transform of the photon field E,(t)

— —lwt
lJ‘d(U \/ 47e cAa2 :

We have 51mulated the signal for the three-level model system
shown in Fig. 2(a). All transition dipole moments are identical, i.e.,
He = Her (e ={e1,e2} and f = {f1,f2}). The pump-probe signal is
obtained by expanding the density matrix p;,(¢) in Eq. (7) to second
order in E; and first order in E,. We then obtain eight terms. Four
contribute to a Raman process, where the corresponding matter corre-
lation functions are of the form (VVVV™) and will not be considered
further. The other four represent the TPA excitation pathways and are
depicted in Fig. 2(b). They are denoted as TPA pathways since the sys-
tem passes through a two-exciton state during the process, which is
described by the matter correlation function (VVVVT). The tripho-
ton TPA signal is given by (see Sec. SIII B of the supplementary
material)
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S(T31£1)\(w27 w3; ) =

_Oux (K 2%de de
nht 47megcA “ b

x (a}(ws)ai(ws)al(wa)as(ws)a(wp)

X ay(wy + w, — op)) X g(w, g, wp).  (8)

Here, the matter information is imprinted in the signal via the auxil-
iary function

(w2, g, wp) = Z LD _/:;?e: — He'f_“ef :
eoyf LO2 eg T 1 W2 + e — W + 11
:u;e ﬂge’
Wp — Weg + i1 W — Weg + i
Heg beg Hge
W+ 0p — O + iy + ©f — O — Weg + i1
B Hee Hef Hgg
—g + Weg +iNwy + Wy — 0 +in
Hge B Hee
Wy + g — Wy — W+ —Wy + Wy +iN
Moy Hef Hge

Wy + W — W + i Wy — Weg + i1 |
%)

The normally ordered frequency-domain field correlation function in
Eq. (8) is given by Eq. (S39) in Sec. SIII B of the supplementary
material.

We now compare the triphoton signal with its entangled photon-
pair counterpart.”® As sketched in Fig. 1(d), the a; photon excites the
sample, and a, acts as the probe, which is then spectrally dispersed
and detected after interacting with the molecular system. The MZI
consists of two beam splitters, and a phase ¢ is introduced in one of
the two arms. The TPA signal with two entangled photons is given by
(see Sec. SIV B of the supplementary material)

2
2, W10M20 h
S(Tlf)x (@po, w23 T) = = (47[6004) R J dw, J dwy,

X (a} (@2)a] (wa)az(wp)
X ay(wy + w, — op))g(wa, 04, wp).  (10)

S(Tzlfg contains the same matter information [see Eq. (9)] as S%’g.
However, the two signals depend on different field correlation func-

tions. S(Tzﬁ is detected in (w0, ;) space, implying that the central

(a)

fa 21500 cm !
h 20500 cm !
€2 11000 cm ™!
€1 10000 cm ™!
g——0cm™!

FIG. 2. (a) The three-level model system used in our simulations. The dipole
moments of all transitions are taken to be the same i.e., iy = e (€ = {€1, 62}
and f = {fi,f,}). (b) Loop diagrams (I)=(IV) for TPA pathways. Note that there is
no time ordering control of the interactions between the left and right branches.
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frequency of input laser pulses is scanned. S(ﬁf g is given by the coinci-
dence detection of probe (a,) and idler (as) photons, holding the cen-
tral frequency of input pulses fixed. In experiment, the production rate
of photon triplets was considered to be lower than that of photon
pairs."” " In this work, we assume that the production rate for photon
triplets is equal to that for photon pairs, in order to compare the corre-
sponding TPA signals on an equal footing. Possible approaches have
been proposed to increase the production rate for photon triplets.”"*’

We start with the TPA signals with the triphoton state, Eq. (8).
The three photons generated by C-SPDC are assumed to be degener-
ate, with the following parameters: the input pulse bandwidth
6, =200cm ™', the time delays T, = 5fs, Ty, = 15fs, Tpp = 51s,
Ty3 = 15fs, and the central frequencies wpy) = 30000 cm™! and
W19 = Wy = w39 = 10000 cm .

The spectrally-dispersed photons w, and 5 are detected in coin-
cidence, while the input pulse frequency is held fixed. Energy conser-
vation implies @, = w1 + w; + w3. W, and w;, thus, fix the sum of
; and @,. As depicted in Fig. 3, w; and w, are strongly anti-
correlated. The bandwidths of the a, and a, photons are broad enough
to cover both single-exciton (e; and e,) states. This makes it possible to
extract information about the excitation pathways in matter, as shown
below.

The top row of Figs. 4(a)-4(c) shows the frequency-dispersed
photon-counting TPA signals with three entangled photons S(Tiﬁ’ll
given by diagrams (I) and (II) in Fig. 2(b) and their sum. The two
interferometer phases are set to ¢; = ¢, = 0, and the corresponding
transformation matrix C is the identity. The narrow input pulse band-
width o, selectively excites one of the two doubly excited f states. The
resonances at 9500 cm ! and 8500 cm ™! along w; correspond to exci-
tation of the f, and f; states [see Fig. 2(a)], respectively. Along the
probe frequency ,, the resonances are at 10000cm™! and
11000 cm™!, implying that the , photon carries information about
the e; , — g transitions, while in Fig. 4(b), the four resonances (from
left to right) along w, correspond to the fi — e, fi — e1, o — e,
and f, — e, transitions. The sum of Figs. 4(a) and 4(b) is plotted in
Fig. 4(c), where the eight resonances are labeled as A-H. We can, thus,
clearly identify the excitation pathways by utilizing the photon-

w3 = 9500 cm ™! w3 = 8500 cm ™!

(a) (b)

14000

—
—

[
£ 12000

=
3

wy (em™h)

9000 10000

7000 9000 11000 13000
wy (em™)

6000 8000 10000 12000
wy (em™)

FIG. 3. Frequency correlations |F(a)17wz,w3)|2 [Eq. (2)] between the excitation
(4) and probe (w,) photons of the triphoton state when the frequency of the idler
(ws) photon is held constant at (a) w3z = 9500cm~" and (b) ws = 8500cm~".
Other parameters are the input pulse bandwidth ¢, = 200 cm~1, the time delays
Ty = 5fs, Tpy = 1515, Tpp = 5fs, T;3 = 15fs, and the central frequencies
Wpo = 30000cm~"and w1 = wy = w3y = 10000 om".
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(b)

10500

9500

8500

1 0000 1 1 000 12000 9000 1 0000 1 1 000 12000 9000 10000 11000 12000
wy wy .

(d) () ®

21500

10000 11000 12000 9000 10000 11000 12000 9000 10000 11000 12000
wy (cm™") wy (cm™) wy (em™")

FIG. 4. Top row: Interferometric TPA signal with three entangled photons S(Tap‘ﬁ, Eq.
(8), with ¢p; = 0 and ¢, = 0. (a) Contributions of diagrams (I) and (Il) in Fig. 2. (b)
Contributions of diagrams (lll) and (V). (c) The total signal [sum of (a) and (b)].
Points A-G represent the eight major resonances. Bottom Row: The same as the
first row, but for the interferometric TPA signal with two entangled photons S%’X,
Eq. (10), with ¢ = 0.

counting detection of the probe and idler photons in the frequency
domain.
For comparison, the TPA signals generated by two entangled

photons S(Tzlff)\ are depicted in the bottom row of Figs. 4(d)-4(f). The
following parameters for the SPDC generated photon-pair were used:
the input pulse bandwidth 6, = 200 cm™, the time delays T); = 5fs,
Tp, = 15fs, and the central frequencies w19 = w2 = wyo/2, which

are comparable to those used for S(ﬁf 11. The signal is plotted in
(wpo, @2) space, where the central frequency of the input laser pulses
is scanned and the probe photon a, is spectrally dispersed. The reso-
nances along the wp-axis directly reveal the two-exciton states f; and

f>. This is different from the S%X signal, where the two-exciton reso-
nances along s are obtained by the frequency difference wyy — w3

since we have fixed the central frequency of input pulses and dispersed

the idler photon for the measurement of the STP [1 31gna.l

The triphoton spectrally dispersed TPA signal STP , provides the
same information about the matter excitations as its biphoton counter-
part S(Tsz 11. However, the resonance strengths in Fig. 4(c) are 64 times
higher than those in Fig. 4(f). We further note that in Fig. 4(c), the res-
onances at w3 = 9500 cm ™! (points A-D) are much stronger than
those at w3 = 8500 cm ™! (points E-H), indicating that the f; state is
more favorably excited. This is because, as can be seen in Fig. 3, the
marginal distribution of the probe photon (w,) at w3 = 9500 cm ™ is
stronger than that at w; = 8500 cm™!. We, thus, have a higher proba-
bility to detect the a,-photon at w3 = 9500cm™! than that at
s = 8500 cm ™!, makin, the corresponding resonances stronger. The
eight resonances in the ST 51gnal in Fig. 4(f) have, on the other hand,
very similar strengths. Figure 5 displays the marginal distributions of
the a,-photon of the biphoton state. Since the probabilities of detecting
the a,-photon are very close for the two input pulse central frequencies
wpo = 20500 cm ™! [Fig. 5(a)] and 21500 cm™! [Fig. 5(b)], the corre-
sponding resonance strengths are very similar.
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wpo = 20500 cm ™! wyo = 21500 cm ™!

(a)
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FIG. 5. Frequency correlations |F(w1,w2)|2 [Eq. (S54) of the supplementary
material] between the excitation () and probe (w,) photons of the entangled

photon-pair when the central frequency of input pulses is (@) wpo = 20500 cm™"
and (b) wp =21500cm~". The parameters used for the entangled photon-pair
are the input pulse bandwidth &, = 200cm™~ 1, the time delays T = 5fs,
Tpa = 15fs, Ty = 15fs, and the central frequenmes W10 = Wy = Wpo/2.

The above signals reflect the interference of various excitation
pathways of the field and matter. For a general interferometric setup,
the field correlation function Eq. (§39) [or (S53)] also depends on the
phase(s) introduced in the MZI. We next explore the possible manipu-
lations of the doubly excited states (f; or f,) by varying the phases of
the MZL Figure 6(a) shows the variation of the eight resonances
[points A-H in Fig. 4(f)] of S(TPK with the interferometer phase ¢.
Their strengths are virtually identical in any phase ¢. Therefore, the
phase ¢ introduced to the MZI for the entangled photon-pair cannot
select the desired two-exciton state (f; or f5). However, it is interesting
that at ¢ = 7/2, the overall biphoton TPA signal STP 1)\ is suppressed
[~1072, five orders of magnitude weaker than the signal in Fig. 4(f)].
Suppress10n of the TPA can be used to single out other 51gnals

Figure 6(b) shows the interferometric TPA signal STP 12 with ¢,
= 0.62w and ¢, = 0.327. Compared to Fig. 4(c), the w3 = 8500 cm ™!
resonances are enhanced, while those at ws; = 9500cm™! are sup-
pressed, indicating that the two-exciton state f, is efficiently excited.

(a) Ax 10°
A A e B
C D
4 —F —E
(2p) — " —©
Stpa 9
0
0 k T 3T P kJ T 3T o
2 2 2 2
STEA

x 107

(b) x 10* M mi
26
10500 10500, 10500
a 17 2 40
\
5 9500 00 5 £ 9500 00 5 £ 9500
=
3 13
8500 8500 8500

9000 10000 1‘000 12000 9000 10000 11000 12000
wy (em™! wy (em™h)

9000 10000 11000 12000
(em™

FIG. 6. (a) Variation of the absolute values of the eight resonances of signal S(TFfX

in Fig. 4(f) with the interferometer phase ¢. Triphoton signal Sﬁ,’ﬁ with (b) ¢4
= 0.627 and ¢, = 0.32, (c) ¢y = 0.547 and ¢, = 1.267, and (d) p; = 1.867
and ¢, = 0.427.
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Furthermore, by adjusting the phases ¢, and ¢,, we can also enhance
the f; state and suppress the f, state [see Fig. 6(c)] or make their reso-
nance strengths similar [see Fig. 6(d)]. Although the signals with the
nonzero phases are weaker, they are still comparable to the biphoton
TPA signal in Fig. 4(f). Thus, the two-exciton states can be manipulated
by varying the two interferometer phases (¢, and ¢,) introduced
in the triphoton state, which is not possible with an entangled
photon-pair.

To conclude, we have proposed a pump-probe TPA technique
that makes use of three entangled photons. The triphoton state is
obtained by a cascaded spontaneous parametric downconversion pro-
cess at low input pulse intensity, which helps avoid damage to delicate
samples. Interferometric TPA signals can be manipulated by adding a
three-port MZI in the optical path. The three entangled photons
exhibit strong frequency correlations, and the triphoton signals S(T?A
[see Figs. 4(a)-4(c)] allow us to extract information about the TPA
pathways of the matter system with the input laser pulse frequency
being fixed. The spectrally dispersed photon-counting signal with the
triphoton state is much stronger than the TPA signal with the bipho-
ton state, due to the higher distribution probabilities of the detected
photons of the triphoton state. The two interferometer phases offer an
effective control tool for selecting the two-exciton pathways.

See the supplementary material for the derivations of the tripho-
ton state generated by cascaded spontaneous parametric downconver-
sion, derivations of the transformation matrix for the three-port
waveguide array, and derivations of the two-photon-absorption
signals.
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S1. (DERIVATION OF THE TRIPHOTON STATE

We assume the following form for the classical pump pulse envelope [see Fig. 1(a) of the main
text]

ESP (r,0) = / dqp / dw, G(qp) 0ty () e Pe e " (S1)

where g, and p are the transverse components of the wavevector and coordinate, respectively.
G(qp) and &7 (w,) are the spatial and spectral envelopes, respectively. Generating a well-seperated
triphton state requires a low pump intensity «,. The photon field operator for mode p =1,2,3,a
is expanded as [1]

| ho : , .
'I‘ [ = l/dqu/da)u 28()”2 'uwu) (qu,w”)elq%ﬂelkuzze—lwut‘ (SZ)

The two SPDC processes (I and II) are described by the effective interaction Hamiltonians
- / dr PESY (e, ) EC) (r, ) ES ) (1) + Hoc, (S3)

Hy (t /dTHXH a TIIa t)E 2( )("“IIJ)Eg_)(TH:f)+H'C'~ (S4)

Here, the integrals are taken over their respective interaction volumes. xl(z) and XI(IZ) are the

second-order susceptibilities of the nonlinear crystals for the first and second SPDC processes,
respectively.

We assume that the pump and all output beams (¢t = 1, a, 2, and 3) are collinear and propagate
along z, i.e., ky = ky;2. By applying the standard perturbation theory, the triphoton state is give
by [1, 2]

1 1q T,
ly) :%///dagdwzda)l 0y (@) + 0y + w3)sinc [72(602—(020)-1-—3 3 — W30)

5

(01— o+ 01 )| (@)l @2)al (@) 0).  (55)

1

. 2p

X — (] — W19) +
sinc ( 1 10)
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For computational convenience, we approximate the sinc-function by a Gaussian with the same
width [3, 4]: sinc(x/2) ~ exp (—yx?), with y = 0.0482304. The triphoton state can be finally
recast as

v) = [[[ dosdordor a,F (1, 00, 03)a}(@3)a}(@2)a] (1) [0) (56

where F (@, ®,,®s) is given by Eq. (2) of the main text.

S2. TRANSFORMATION MATRIX FOR THE THREE-PORT WAVEGUIDE ARRAY

We examine the three-photon interference at a three-port WGA. A generalization of the HOM
effect to three indistinguishable photons was proposed in Ref. 5. A complete destructive inter-
ference of three photons can be observed in a three-port device which consists of three parallel
single-mode-coupled waveguides [6], as sketched in Fig. 2(a). The three-photon interference is
described by the effective Hamiltonian [5]

H = h(g]za.{az + g23a;a3) +H.c.. (S7)

Here, a1, a; and a3 are annihilation operators of the input modes.
The time evolution of the modes is described by

J 4 a‘;(t) 0 g, 0
TAN=—| a(0) | =iMOAN) =i | g 0 g5 [A(), (S8)
ay(1) 0 g3 0

where we have defined A(7) = (ai,a;a; )T, and M is the coupling matrix. Solving this equation

gives

A(t) = eMA(0) = V(1)A(0), (S9)

where, V = ¢M" is the transformation matrix between the input and output modes.

We assume that the couplings g1, and g3 are real. The eigenvalues of matrix M are A; = 0,
Ay = —4 /g%2 + g%3, and A3 = 4 /g%2 + g%3, and the corresponding eigenvectors are

T

= | 82 0, 812 , (S10)

2 | 2 2 2

V8121823 /812182

T
1
V2 = 812 s T T 823 ’ (Sll)
ﬁ\/g%z +833 V2 \/5\/ 81, + 833
T

by — 812 1 823 (S12)

V24/8¢th,+ 8% V2 V2y/8},+ 83



The coupling matrix is

0 0 0 T

M = (V] 1) V3> 0 _\/g%2+g%3 0 vg . (S13)
0 0 Je ek )\

sin? @ + cos> @ cosG icos@sinG cosBsinO(cosG — 1)
V=M = icos0sinG cosG isin@sinG , (S14)
cos @sin@(cosG— 1) isin@sinG cos” @ +sin® B cos G

The transformation matrix then reads

where we have defined G = /g2, + 92,1, cos@ = —32_ and sin@ = —33— . The three-port
, VR T Ve Vitreh P
WGA will transform the input modes (i = 1,2,3) as

al — Vial +Vioal +Viaal,. (S15)
We consider the input state
[Win) = 1), [1); [1); = ajala3 [0}, [0),]0); (816)
The output state after the WGA 1is

| Wout) = (‘/11(11r + Vlza; + V13(1§) (Vglaj + ngaz + V23a§) (V31ai + V32a; + V33a§) |0>1 |0>2 |0>3 .
(S17)
The three-photon HOM effect is obtained when the probability of finding the output state [1) |1), |1)5

18 zero, i.e.,

Vi1V22Vaz + ViaVas Va1 + VizVa1 Vao + Vi1 Vaz Vo + Via Va1 Vas + VizVar Vi = 0. (S18)
We thus have [cf. Eq. (S14)]
4(G 4 (G
cos™ { o (3cosG—2) — (3cosG+2)cos(40)sin 5 )= 0. (S19)
The solutions to Eq. (S19) are shown in Fig. 1. For G = 7 and 6 = %, then
1 _1
2 2 2
_ | L i
V= 7 0 7 (S20)
275 2
This will transform the input modes as
1 i 1
T T il
LA S
a, - —a; + —=as, S22
27 RN T RN (822)
1 I 1
il il T T
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Fig. S 1. Solutions to Eq. (S19).

S3. PUMP-PROBE SPECTROSCOPY WITH THREE ENTANGLED PHOTONS
A. Derivation of the frequency-dispersed photon-counting signal Eq. (7)

Starting from the definition of signal Eq. (5) and using Eq. (6), we have

S(@2, 05:T) = al(@3)a(@2)az(@2)as (@3) ) (524)
—ir |} (3)a} (@2)ax (@2)as (@3)p1 (1 = )] (825)
=so— 17 [ are[al(@3)a}(@)as(@3)ax(@2)H (P ($26)

In Eq. (S26), the first term Sp describes the expectation value in the absence of any interaction
with the system and thus can be subtracted. The signal can be written as [7]

S(an,03;T) =— %9/:0611‘& [[ag(a&)ag(ab)%(wa)az(wz) Hin ()] pine (2 )} (S27)
75 [~ ard (al(os)as(@3)E}(@)v (1) (528)

where the commutator in Eq. (S27) is evaluated to

[ai(@)a*( as(@3)az (), Hing (1)) (S29)
—ai(@as(o) [ B [ 5 gorot) al)as), EL V) + B0V ()] (530
—iag (a)g)ag(a)g)[E; (a)z)V(t)e’wzt — Ex(ap)VT(1)e™]. (S31)

2



B. Two-photon absorption with three entangled photons

The contributions of diagrams (I) and (II) to Eq. (8) where all interactions are on the ket are

S (@, @3:1) + 5" (@2, 03:T) (S32)
_ WipW20 h : —i\> [ ! 7 ) iant T T
T (47reocA> 3(7) [ an [ an [ ane (Vo evimvic))

(d(@a(@)d (@) ma(ma() + {d@)a@)d @) @)

($33)
Dio@0 (1 23 N [ ae [P [Pan [de, [do, [
— — t

7 (47reocA> (h) /_m /_w T3/_w TZ/_M Tl/ w“/ wb/ @

BTN (Y (1) (e)V 1)V (1))

(@ (@) (@)a(@a(@)n (@) + (dedeadea@n@n(e) |

(S34)

The contributions of diagrams (III) and (IV) to Eq. (8) with three interactions on the ket and one
on the bra are

S (@2, 03:T) + 51 (@, 03:T) (535)

_ W00 h =i\ [ t t ) iont ¥ i
= — por (471'80614) 3 (%) /_Oodf/_oodf3/_wdfz/_wdfle <V(T3)V(I)V (TZ)V (1:1)>

(o (@a(@doama () + {d@d@a@)de)a (@)

(S36)
N 23 i 3/wdt/t dt /t dt /T2dr /dw /da) /da)
o ﬂh 47T£OCA h —o00 —o00 3 —o00 2 —o0 1 “ b ¢

/0T =IO Ty =IO Ty i1 <V(‘L’3)V(I)VT(T2)VT(TI)>

(d(@ad(@a](@)a@)aon(@)) + (@ @)ded@u@)n@)a(@)]

(S37)



The field correlation functions for the TPA signals are of the form <a§a;a1a3a2a1 >, and can be
expressed as

(d(@)a}(@)a](@u)ar(@3)ax(@p)ar (@) (538)
=[c31c00c13F " (@3, 02, 0y) + c31¢23¢12F* (@3, 0y, ) + 30021 ¢13F ™ (02, 03, )

+c3003¢11 F* (04, @3, 02) + c33¢21C12F " (02, 0, 03) + c33¢20011 F* (0y, 02, @33)]

[€31622CT3F (@3, 0p, @) + €31 C23¢12F (03, @, 0)) + 3351 13 F (@p, 3, )

+ 3265311 F (0, 03, @) + €33¢51 1o F (0, O, @3) + c33¢55¢1 1 F (0, @, @3)], (S39)

where c;; is the matrix element of the transformation matrix C, and F(®,, @, ®3) is the spectral
amplitude given by Eq. (2) of the main text.

S4. PUMP-PROBE SPECTROSCOPY WITH ENTANGLED PHOTON-PAIR
A. Transformation matrix for the Mach-Zehnder interferometer

The Mach-Zehnder interferometer for the pump-probe experiment with entangled photon-pair
consists of two 50:50 beam splitters (BS’s). The transformation matrix for the BS is [8]

1 i
M= ( V2 V2 ) . (S40)
V2 V2
The transformation matrix for the MZI is
C =M diag(e”,1)M, (S41)
which will transform
aI — CllaI + clza;, (S42)
a; — czlaI + czza; (S43)

B. Two-photon absorption with entangled photon-pair

The signal is detected by spectrally dispersing the probe photon a, [see Fig. 2(c)]. Similar to
the derivation of Eq. (S28), we obtain the expression for the signal with two entangled photons:

52) — <a§(w2)a2(w2)> (S44)
1 oo N .
-—37 / e [E3 (@)Y (1) pi(1)] (S45)

Expanding the density matrix pjy(f) to second order in E| and first order in E,, we obtain same
diagrams as those in Fig. 3.



The contributions of diagrams (I) and (II) to S (2p)

TPA are
S (wy0,02;T) + S (@0, ;T (S46)
h _
:w%}m (47t80cA) ( l) / dt/ d%/ drz/ d“ew vy (T3>VT(T2)VT<“)>
{<a£((02) T(’L’3 a2 Tz a ’L'l > < T3)LZ1(T2)(12(T1)>} (S47)

2
@100 h / / /T3 /12 / / /
- 7h (47reocA) ( ) dt dm dm dty [dw, | dop | do,

10T =IOy T2 0Ty it Ra;(wz)a;(wa)az(wb)al (a)c)> + <a§(a)2)a7{(0)a)a2((0c)al(wb)>}

<V(z)V(f3)v*(r2)v*(rl)> . (S48)
The contributions of diagrams (III) and (IV) to STPK are
S (@0, an; T) + ST (0,0, 02;T) (S49)
h
ot (Y (5) [ [ [ [ i)
[<ai (w)a}(@)ax(w)ar (7)) + (a] <rs>a$<wz>a1<rz>az<n>>] (350)

2 .\ 3
o (araen) 3(5) [ [Law [aw [“an [aon [ao |
— — dt d d d do, | d do,
eia)af3e—ia)bfze—ia)cfleiwzl [<a;(a)z)a1f(wa)a2(wb)a1(a)c)> + <a§(a)2)ai(a)a)a2(a)c)a1(a)b)>}

(V@VEOVi@vim). (s51)

The normally-ordered four-point field correlation function is

(i (@2)a](0a)ax(@p)an (@) (552)
=|co1 P leiaPF* (@2, @) F (0, @) + c21¢12¢5, ¢ F* (@n, 04)F (@, @)
+ 20611651 CrF ¥ (@, 02 F (@, @) + |c20) |11 F* (0q, @) F (0, ). (S53)
Here the two-photon amplitude is [9]
=Tl e o<
F(o,m) =/ ———=27)" ¢ i e Ip1 (@1 =010)+ T (@ =w20)1" (S54)

o,

where o), is the pump bandwidth, @0 (4 = p, 1 and 2) is the central frequency of pulse u,
Y = 0.0482304, and the two time delays are defined similarly to those in Eq. (2) of the main text.
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