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ABSTRACT

A set of nonlinear spectroscopic measurements with quantum light is presented. It involves a strong pump with frequency xpu and a weak
probe at xpr interacting with a solid state target to generate a conjugated beam xc ¼ 2xpu � xpr via nondegenerate four-wave mixing. The
vð3Þ susceptibility can be measured by the noise spectra of the intensity difference of the squeezed beams. We discuss three spectroscopic
setups based on squeezed light: first, single four-wave mixing in a single crystal; second, cascading scheme involving two crystals; third, an
SU(1, 1) interferometer based on two separate four-wave mixing processes. We further investigate the microscopic noise and optical losses in
all three setups. Simulations are presented for silicon-vacancy color centers in diamond.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0009575

Four wave mixing (FWM) is a nonlinear optical process that
underlies diverse applications to spectroscopy, photonic quantum
computation, and communication. In spectroscopy, three photon
fields drive electronic transitions, giving rise to the fourth signal field,
satisfying momentum and energy conservation. In Raman quantum
memories,1–4 several pulses are used to store information in the
system, which is then retrieved by another pulse. FWM is also used to
generate entangled photons5 or squeezed light6–8 pulses with applica-
tions to quantum information processing,9 imaging,10 and sensing.11

Strong quantum correlations of light fields created by FWM have been
demonstrated in hot alkali vapors12–14 and solid state systems.15

Recent progress in nonlinear spectroscopy with nonclassical light16–18

demonstrates the use of quantum light sources to study the matter
response.19 FWM-generated light carries information about the mate-
rial system through its third order susceptibility vð3Þ given by Eq. (1).
It can be detected using either classical transmission spectra given by
Eq. (4) or the quantum measurement via the relative squeezing spectra
given by Eq. (5). Squeezed light beams allow us to perform high preci-
sion measurements beyond the shot-noise limit, which is especially
important in the case of weakly absorbing materials. In the standard
quantum optics treatment of squeezed light generation, the material
susceptibility is taken as a frequency-independent prefactor. This is
justified when all fields are far off-resonant with respect to matter.

Resonant nonlinear spectroscopy investigates material properties,
which requires an explicit treatment of the matter response via
frequency-dependent nonlinear susceptibilities. We shall discuss the
three setups shown in Fig. 1, which are based on a single FWM (a),
two FWMs in a cascade (b), and SU(1, 1) interferometers (c).

We focus on the four-level double-lambda scheme with levels g,
s, e, and f [see Fig. 1(d)]. The third-order susceptibility that governs
FWM is derived by third-order perturbation expansion in the radia-
tion/matter coupling represented by a set of Feynman diagrams given
in Fig. S1 of supplementary material, which includes four terms,

vð3Þð�xpr ;�xc; 2xpuÞ ¼
X

p¼a;b;q¼I;II

vð3Þpq ð�xpr ;�xc; 2xpuÞ: (1)

The two “a” terms are

vð3ÞaI ¼
X
j;k¼e;f

ljgl
�
kgljsl

�
ks

D0
kgDsgDjg

; vð3ÞaII ¼
X
j;k¼e;f

ljgl
�
kgljsl

�
ks

D0�
kgD

�
sgDjg

; (2)

where Djg ¼ xpu � xjg þ icjg ; Dsg ¼ xpu � xpr � xsg þ icsg , and

D0
jg ¼ 2xpu � xpr � xjg þ icjg ; j ¼ e; f . Contributions of diagrams

bI and bII can be obtained by interchanging xpr ! xc and Dsg

! Dgs, where Dgs ¼ xpu � xc � xgs þ icgs. cmn,m; n ¼ g; s; e are the
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dephasing rates of the dipole transitions, and the energy conservation
xpr þ xc ¼ 2xpu is explicitly taken into account. Contributions of
diagrams i, ii, and iii are accounted by permutations of j and k in the
expressions [see Eq. (S3) of the supplementary material].

The setup for a single FWM experiment is shown in Fig. 1(a). A
strong pump beam with frequency xpu and a weak probe beam with
frequency xpr mix at the surface of the solid state platform. A conju-
gate beam at frequency xc ¼ 2xpu � xpr is generated by the FWM
process and is collected together with the reflected probe beam on a
frequency mixer. The selected two wavelengths are finally sent into the
two arms of the interferometer. Two detectors measure intensity of
each (probe and conjugate) as well as their relative noise (squeezing)
via balanced homodyne detection. While the input pump and the
probe fields are classical, the amplified probe and the generated conju-
gate beams have quantum correlations. Detection of the output-probe
and conjugate fields in coincidence reveals the material response
governed by a susceptibility (1), which depends on the energies of the
four eigenstates in Fig. 1(d) and their dephasing rates. It has been dem-
onstrated that squeezing can manifest when the FWM is off-resonant
with the excited states (e.g., e and f) since resonant electronic excitation
results in absorption losses rather than gain.12 Following the standard
treatment of squeezing,20 we use the input–output relations in Eqs.
(S4) and (S5) of the supplementary material for the probe and conju-
gate beams. Using the number operator for the incident probe

N̂ 0 ¼ âðinÞ†pr âðinÞpr , we shall calculate the output photon numbers

hN̂ prðxpr ;xpuÞi ’ Gð�xpr ;�xc; 2xpuÞhN̂ 0i;
hN̂ cðxpr ;xpuÞi ’ Gð�xpr ;�xc; 2xpuÞ � 1

� �
hN̂ 0i;

(3)

where

Gð�xpr ;�xc; 2xpuÞ ¼ cosh2 jAvð3Þð�xpr ;�xc; 2xpuÞj
h i

(4)

is the FWM gain, A / E2
puL is the normalization constant, L is a prop-

agation length inside the crystal, and Epu is the classical amplitude of

the pump beam. Thus, by measuring the probe intensity, one can
directly detect vð3Þ.21

In addition to the FWM gain, one can measure the noise figure
(NF) of the intensity difference that characterizes the degree of squeez-
ing of the probe and the conjugate fields. It is defined as the relative
intensity noise divided by the sum of the shot-noise figures of the two
beams,20

SNðxpr ;xpuÞ ¼
VarðN̂ pr � N̂ cÞ
hN̂ pri þ hN̂ ci

¼ 1
2Gð�xpr ;�xc; 2xpuÞ � 1

; (5)

where G is given by Eq. (4). SN < 1 indicates quantum squeezing,
whereas SN > 1 represents classical correlations. Note that in the
absence of additional sources of noise, both gain G and squeezing SN
provide equivalent measures of the susceptibility vð3Þ. Below, we show
that this is not the case once additional noise in detection or imperfect
transmission is taken into account.

Closer to material resonances, other processes may compete with
the FWM and reduce the optical gain. For instance, spontaneous emis-
sion from either e or f to state s initiated by a pump photon or a similar
process with final state g can give rise to a pair of photons with the
same energy of the probe and conjugate beams. These photons are
indistinguishable by their frequencies, and since they have not been
generated by FWM, they are not phase matched and, therefore, uncor-
related and constitute a quantum noise. To describe such noise contri-
butions, one typically uses Langevin theory.20 While this level of
theory certainly helps quantify phenomenologically the effects of noise,
spectroscopic applications will require a microscopic theory of the
noise induced optical losses. Including noise, the input/output relation
for the field operators now reads20

âpr !
ffiffiffiffiffiffi
gpr

p
âpr þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� gpr

q
x̂pr ;

âc !
ffiffiffiffi
gc

p
âc þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� gc

p
x̂c;

(6)

where gk ¼ cos ðrkÞ2; k ¼ pr; c is a loss amplitude due to the noise,
which represents the fraction of the field amplitude transmitted

through the sample. 2Bkv
ð1Þ
k ð�xk;xpuÞ ¼ rkei/k is a susceptibility due

to the noise, where both rk ¼ jfkj and /k are real functions, k ¼ pr; c.

Bk � L is a normalization constant. The susceptibilities vð1Þpr and vð1Þc

are given by

vð1Þpr ¼
X
j¼e;f

ljsl
�
jg

DsgDjg
; vð1Þc ¼

X
j¼e;f

ljgl
�
js

DsgðD0
jg � DsgÞ

: (7)

The noise operators x̂pr and x̂c satisfy the boson commutation rules
½x̂ j; x̂†j � ¼ 1. Using Eq. (6), we obtain for the average photon number,

hN̂ prðxpu;xprÞi ’ gprð�xpr ;xpuÞGð�xpr ;�xc; 2xpuÞhN̂ 0i;
hN̂ cðxpr ;xpuÞi ’ gcð�xc;xpuÞ Gð�xpr ;�xc; 2xpuÞ � 1

� �
hN̂ 0i;

(8)

and the FWM gain is given by Eq. (4). The NF is now given by

SN ¼ 1þ
2ðG� 1ÞðGðgpr � gcÞ2 � g2c Þ

gprGþ gcðG� 1Þ : (9)

Note that for a sufficiently large gain G, noise can make SN > 1 for
gpr 6¼ gc. However, if the noise in both quantum-correlated beams is

FIG. 1. Schematic of the proposed measurements. (a) Single FWM, (b) cascaded
two FWMs, (c) SU(1, 1) interferometer, and (d) four-level diagram for the FWM in
the SiV� centers in diamond. Parameters used in the simulations are summarized
in the supplementary material.
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balanced such that optical loss amplitudes are identical gpr ¼ gc ¼ g,
then the quantum correlation persists

SN ¼ 1� g
2ðG� 1Þ
2G� 1

< 1: (10)

Balanced losses can be achieved if the susceptibilities vð1Þc and vð1Þpr are
the same. Note that a FWM with noise is essentially a vð5Þ process
where we have factorized a pure FWM governed by vð3Þ from the
noise described by vð1Þ, where the latter describes the losses after
FWM. While it looks like the balanced losses, it always yields higher
squeezing degree if g is independent of frequencies according to
Eq. (10). However, simulations of the noise spectrum may yield the
opposite result in certain frequency regimes.

The following simulations use the four-level system shown in
Fig. 1(d), which represents the diamond surface containing an ensem-
ble of the silicon-vacancy color centers (SiV�). The details of the ab ini-
tio theory used for the simulations along with simulation parameters
are given in the supplementary material. The simulated photolumines-
cence spectrum shown in Fig. 2(a) agrees with experiment,22 and has
four features.23,24 Figure 2(b) shows the Gain spectrum given by Eq. (8)
for the probe field for a fixed pump frequency. For xpu ¼ x1 � xfs,
which will hereafter be referred to as a “low frequency,” there are two
weak closely spaced energy cross-peaks between xpr1 ¼ 2x1 �xfg

and xpr1 ¼ x1 � xsg . Similarly at xpu ¼ x2 (“high frequency”),
the three stronger peaks are one cross-peak between xpr2 ¼
xes; xpr2 ¼ x2 � xsg and two peaks at xpr3 ¼ 2x2 � xfg and
xpr4 ¼ 2x2 � xeg . It follows that optical losses reduce the gain
according to Eq. (8) such that the frequency gain at the cross-peak
with xpr2 disappears and the losses indicated by G <1 in the green
curve in Fig. 2(b) appear instead, while the low frequency features at
xpr1 and the high frequency peak at xpr3 and xpr4 remain
almost intact as depicted by the red and green curves, respectively.
These observations are a consequence of the noise spectra displayed

in Fig. 2S(a) of the supplementary material, where in the vicinity of
the peaks at xpr1; xpr3, and xpr4, the losses are negligible. On the
other hand, the cross-peak at ðxpr2 ;x2Þ has strong noise, which sig-
nificantly reduces the signal. The apparent symmetry of the noise
spectra with respect to xpu and xpr arises due to the fact that spon-
taneous emission into the probe photon occurs at the nearly equal
pump energy, which corresponds to the noise affecting primarily
diagonal xpu � xpr . Since two out of four peaks in Fig. 2(b) are
cross-peaks, it is convenient to depict spectra as a 2D spectrogram
[see Figs. 2(c) and 2(d)], which are commonly used in photon echo
time-domain measurements.25 The FWM considered here is a CW
frequency-domain technique; however, the 2D spectrograms can be
interpreted similar to those of the photon echo. Four horizontal
dashed lines at xpu ¼ xeg ;xfg ;xes;xfs and two vertical dashed lines
at xpr ¼ xes;xfs represent single-photon resonances for the pump
and probe fields, respectively. Three diagonal dashed lines corre-
spond to the two-photon resonances: xpu � xpr ¼ xsg ; 2xpu � xpr

¼ xeg , and 2xpu � xpr ¼ xfg . The absence of off diagonal peaks
indicates no coherent superposition between f and e states due to the
narrow bandwidth of the applied fields. These resonances have been
already discussed in Figs. 2(a) and 2(b). The contour plot color bar
in Figs. 2(c) and 2(d) indicates a similar drop of the maximum inten-
sity from G � 5 down to zero at xpr2 due to the strong noise, while
gain remains intact for other resonances at xpr1 ; xpr3 , andxpr4 .

We next turn to the NF given by Eq. (5). Similar to the gain
shown in Fig. 2(b) for a fixed xpu ¼ xj, j¼ 1, 2, the NF shown in
Fig. 3(a) has four peaks corresponding to xprk ; k ¼ 1; 2; 3; 4. This can
be seen more clearly from the 3D plot shown in Fig. 3(b), which shows
that the squeezing almost vanishes away from the resonances
corresponding to the blue and solid black curves in Fig. 3(a). The
unbalanced optical losses due to the noise affect the peaks at xpr1 and
xpr2, while peaks at xpr3 and xpr4 are affected only slightly, as indi-
cated by red and dotted black curves in Fig. 3(a). This follows directly
from the noise spectrum, which has a complex spectral dependence,
overlapping with the vð3Þ resonance structure (see Fig. S2 of the

FIG. 2. (a) The simulated photoluminescence excitation spectrum at T¼ 5 K of the
Si-vacancy ensemble, (b) 1D probe cite gain spectrum given by Eq. (3) for a single
FWM vs the probe frequency at two different values for the fixed pump frequency
xpu ¼ x1;2, where x1 ¼ 1:686 415 eV and x2 ¼ 1:6877 eV. (c) and (d) 2D
probe gain spectrum vs xpu and xpr without and with optical losses [see Eq. (8) at
Bpr ¼ 0:01A], respectively. The dashed lines mark resonances indicated in the
inset of Fig. 3(b). The gain normalization constant in Eq. (1) is A¼ 1.735.

FIG. 3. (a) The same as Fig. 2(b) but for the 1D NF given by Eq. (5). (b) 3D spectra
of the NF vs xpu and xpr. (c) and (d) NF with unbalanced (gpr 6¼ gc) and balanced
(gpr ¼ gc) losses, respectively. The rest of the parameters are the same as in
Fig. 2. The noise normalization used is Bpr ¼ Bc ¼ 0:02.
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supplementary material). Figure 3(c) shows the NF given by Eq. (9)
where unbalanced losses result in the classical regime SN >1 for reso-
nances xpr1 andxpr2 along the main diagonal xpu � xpr ¼ xsg , while
the quantum regime SN < 1 is observed forxpr3 andxpr4 along diago-
nalsxpr ¼ 2xpu � xeg and xpr ¼ 2xpu � xfg . In addition to the four
peaks resolved by the gain measurement, the three new cross-peaks
show up between xpu ¼ xes and xpr5 ¼ xpu � xsg ; xpu ¼ xfg and
xpr6 ¼ xpu � xsg , and xpr7 ¼ 2xpu � xfg . The emergence of new
well-resolved resonances clearly demonstrates the benefits of quantum
SN measurements over the classical gain detection. The maximum
squeezing also changes from 0 to 0.2, showing that the noise reduces
the degree of quantum correlations. The corresponding case with bal-
anced losses Eq. (10) shown in Fig. 3(d) shows an extended regime of
the quantum correlations along the main diagonal xpu � xpr ¼ xsg .
For instance, in the vicinity of the xpr1 and xpr2 cross-peak, balanced
losses yield 0.5 vs 1 for the unbalanced case indicated by the turquoise
line in Fig. 3(a).

One can further improve the detection of quantum correlations
by cascading multiple FWM processes. For instance, one can allow the
pump and probe beams to pass through another material sample initi-
ating the second FWM, while the conjugate beam from the first FWM
serves as a reference [see Fig. 1(b)]. Together with the conjugate beam
from the first FWM, the output probe and conjugate from the second
FWM constitute a triple output, which can show squeezing between
all three beams. The input–output relation of the cascaded two FWM
scheme is given by Eqs. (S8) and (S9) of the supplementary material.
The output squeezing between the three beams is then given by:12,14

SN3 ¼
VarðN̂ pr2 � N̂ c2 � N̂ c1Þ
hN̂ pr2i þ hN̂ c2i þ hN̂ c1i

¼ 1
2G2G1 � 1

: (11)

Note that for moderate to high gain, the triple squeezing can be sub-
stantially higher than that for a single FWM. This has been confirmed
experimentally.14 If both FWM are identical G1 ¼ G2 ¼ G, we have
SN3 ¼ ð2G2 � 1Þ�1. Figure 4(a) shows that two cascaded FWM

subjected to unbalanced noise have slight improvement compared to
the single FWM shown in Fig. 3(c). This is because spectral features
corresponding to SN < 1 become more pronounced, indicating that
spectral resolution is improved from the single FWM to the cascading
scheme and is further enhanced in the SU(1, 1) setup. The correspond-
ing expression for the balanced losses case is given in Eq. (S52) of the
supplementary material.

We now turn to the SU(1, 1) interferometer26 shown in Fig. 1(c),
whose operation can be viewed as a transformation under the Lorenz
group.27 After the first FWM, both probe and conjugate beams are
directed into the second FWM and generate another probe-conjugate
squeezed output. This arrangement can be used for interferometry
and has been shown to yield a higher contrast than, e.g.,
Mach–Zehnder interferometer.13 The input–output relation of the cas-
caded two FWM scheme is given by Eqs. (S15) and (S16) of the
supplementary material. This results in the NF for the second FWM,
which yields:13

SN2 ¼
1

ð2G1 � 1Þð2G2 � 1Þ þ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G1G2ðG1 � 1ÞðG2 � 1Þ

p
cos h�

;

(12)

where h� ¼ h2 � h1. For identical FWMs G1 ¼ G2 ¼ G; h� ¼ 0,
this reduces to SN2 ¼ ½2ð2G� 1Þ2 � 1��1 < SN , which yields higher
squeezing compared to a single FWM. Note that unlike the cascading
scheme, the squeezing in the SU(1, 1) interferometer depends on the
squeezing phase, which makes it suitable for interferometric
measurements.

Figure 4(b) shows that SU(1, 1) with unbalanced losses yields a
lower maximum degree of quantum correlations compared to cascad-
ing (0.4 vs 0.2). At the same time, in the vicinity of the resonances at
xprj ; j ¼ 1� 7, quantum correlations emerge in the larger vicinity of
cross-peaks upon squeezing down to 0.4. We can further investigate
the squeezing phase dependence in the SU(1, 1) interferometer.
Figure 4(c) shows that quantum squeezing occurs in the vicinity of
xpr ¼ xes;xfs, and xpr3 manifested as a double-dip structure with a
peak (with SN > 1) at the exact resonance for the entire range of h�
from 0 to 2p except in the vicinity of h� ¼ p. The resonance line-
width decreases from 0 to p and increases from p to 2p. The maxi-
mum degree of quantum squeezing reaches �0:5. The
corresponding expressions are given in Eq. (S59) of the supplemen-
tary material. Figure 4(d) shows that in the absence of noise, the
double-dip structure becomes narrower at the exact resonance with
quantum squeezing �0:4, while the area around h� ¼ p with SN >
1 is reduced as well. Thus, adjusting the squeezing phase can further
improve spectral resolution of the quantum measurement. This con-
trol knob is not available in the classical gain measurements.

In summary, we proposed a set of multidimensional spectro-
scopic measurements with nonclassical light. Quantum squeezing gen-
erated in FWM is used as a spectroscopy tool for the media where
FWM is generated. By scanning the pump and probe frequencies, a
2D signal corresponding to the classical (gain) or quantum (NF) mea-
surement reveals the internal structure of the multilevel quantum sys-
tem. While gain measurements are sensitive to noise, squeezing is
noise resistant with the balanced losses, which allows us to retain high
spectral resolution of the measurement optical. The proposed spectro-
scopic technique applies to solid state systems, such as SiV�, as well as
to the GHz spectral range and the gas phase,13 or other spectral

FIG. 4. Top: comparison of the 2D NFs between cascading SN3 given by Eq. (11)
(a) and SU(1, 1) SN2 given by Eq. (12) for identical cells. Bottom: effects of the
squeezing phase in Eq. (12) vs xpr at fixed xpu ¼ 1:68 705 eV. The rest of the
parameters are the same as in Fig. 2.
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regimes.28 Furthermore, while the nonlinear response can be investi-
gated in single particle systems with high sensitivity,29 our main goal is
to apply the FWM techniques in quantum sensors30 to study Raman
transitions31 of large biological macromolecules, where inhomoge-
neous broadening, environmental fluctuation effects, and a rich spec-
trum of internal degrees of freedom result in congested spectra, which
are difficult to resolve. Combination of multiple FWMs in either cas-
cading or SU(1, 1), which are routinely used to improve quantum
squeezing, provides an additional control knob for improving spectral
resolution of the multidimensional measurement and can further
counteract internal losses.32 The proposed technique offers a class of
measurements that are not limited to two-photon absorption and use
different mechanisms of generation of quantum light not limited to
the entangled two photon light sources.

See the supplementary material for the details of the microscopic
calculations of the signals.
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S1. THE EFFECTIVE SUSCEPTIBILITY

The �eld/matter interaction Hamiltonian is

HFWM =

∫
drµeg(Ec(t, r) + Epu(t, r)) + µesEpr(t, r), (S1)

where the classical pump �eld Epu(t, r) = Epue−iωput+ikpu·r and the probe and conjugate are

quantum �elds given by

Ej(t, r) =

√
2π~ωj
V

(âje
−iωjt+ikj ·r + â†je

iωjt−ikj ·r), j = pr, c (S2)

The third-order susceptibility is derived by third-order perturbation theory which can

be visualized by the loop diagrams shown in Fig. S1. In diagrams ia and ib the initial

state is the ground state g, whereas in diagrams iia and iib s is the initial state. At high

temperatures both g and s state are almost equally populated. Skipping the derivation

details, the quantum state of light generated via FWM is given by |ψFWM〉 = U |ψ〉0 where

|ψ〉0 is the incoming state of light before the FWM. The unitary evolution operator U =

exp
(
ξâ†prâ

†
c/2− h.c.

)
, and ξ = Aχ(3)(−ωpr;−ωc, 2ωpu), where âpr (âc) is the annihilation

operator of the probe (conjugate) photon. The third order susceptibility Eq. (1) has total

twelve terms described by the diagrams shown in Fig. S3A which read

S2



χ
(3)
iaI(−ωpr,−ωc; 2ωpu) =

∑
e,f

µegµ
∗
esµfsµ

∗
fg

(2ωpu − ωpr − ωfg + iγfg)(ωpu − ωpr − ωsg + iγsg)(ωpu − ωeg + iγeg)
,

χ
(3)
iaII(−ωpr,−ωc; 2ωpu) =

∑
e,f

µegµ
∗
esµfsµ

∗
fg

(ωc − ωfg − iγfg)(ωc − ωpu − ωsg − iγsg)(ωpu − ωeg + iγeg)
,

χ
(3)
ibI(−ωpr,−ωc; 2ωpu) =

∑
e,f

µegµ
∗
esµfsµ

∗
fg

(2ωpu − ωc − ωfs + iγfs)(ωpu − ωc − ωgs + iγgs)(ωpu − ωes + iγes)
,

χ
(3)
ibII(−ωpr,−ωc; 2ωpu) =

∑
e,f

µegµ
∗
esµfsµ

∗
fg

(ωpr − ωes − iγes)(ωpr − ωpu − ωgs − iγgs)(ωpu − ωfs + iγfs)
,

χ
(3)
iiaI(−ωpr,−ωc; 2ωpu) =

∑
e

|µeg|2|µes|2

(2ωpu − ωpr − ωeg + iγeg)(ωpu − ωpr − ωsg + iγsg)(ωpu − ωeg + iγeg)
,

χ
(3)
iiaII(−ωpr,−ωc; 2ωpu) =

∑
e

|µeg|2|µes|2

(ωc − ωeg − iγeg)(ωc − ωpu − ωsg − iγsg)(ωpu − ωeg + iγeg)
,

χ
(3)
iibI(−ωpr,−ωc; 2ωpu) =

∑
e

|µeg|2|µes|2

(2ωpu − ωc − ωes + iγes)(ωpu − ωc − ωgs + iγgs)(ωpu − ωes + iγes)
,

χ
(3)
iibII(−ωpr,−ωc; 2ωpu) =

∑
e

|µeg|2|µes|2

(ωpr − ωes − iγes)(ωpr − ωpu − ωgs − iγgs)(ωpu − ωes + iγes)
,

χ
(3)
iiiaI(−ωpr,−ωc; 2ωpu) =

∑
f

|µfg|2|µfs|2

(2ωpu − ωpr − ωfg + iγfg)(ωpu − ωpr − ωsg + iγsg)(ωpu − ωfg + iγfg)
,

χ
(3)
iiiaII(−ωpr,−ωc; 2ωpu) =

∑
f

|µfg|2|µfs|2

(ωc − ωfg − iγfg)(ωc − ωpu − ωsg − iγsg)(ωpu − ωfg + iγfg)
,

χ
(3)
iiibI(−ωpr,−ωc; 2ωpu) =

∑
f

|µfg|2|µfs|2

(2ωpu − ωc − ωfs + iγfs)(ωpu − ωc − ωgs + iγgs)(ωpu − ωfs + iγfs)
,

χ
(3)
iiibII(−ωpr,−ωc; 2ωpu) =

∑
f

|µfg|2|µfs|2

(ωpr − ωfs − iγfs)(ωpr − ωpu − ωgs − iγgs)(ωpu − ωfs + iγfs)
,

(S3)

which can be recast in a simple form of Eq. (2) of the main text.

S2. THE GAIN AND SQUEEZING COMPUTATIONAL DETAILS

A. The cascading scheme

The input-output relation of the �rst FWM given by

âpr1 = U †1 âpr0U1 = cosh(s1)âpr0 + eiθ1 sinh(s1)â
†
c0, (S4)
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Figure S1. Left:level diagrams with the corresponding schematics of the �eld-matter interactions.

Right: set of diagrams corresponding to the third order susceptibility.

â†c1 = U †1 â
†
c0U1 = e−iθ1 sinh(s1)âpr0 + cosh(s1)â

†
c0. (S5)

Similarly we have for the second FWM:

âpr2 = U †2 âpr1U2 = cosh(s2)âpr1 + eiθ2 sinh(s2)â
†
c0, (S6)

â†c2 = U †2 â
†
c0U2 = e−iθ2 sinh(s2)âpr1 + cosh(s2)â

′†
c0, (S7)

where the conjugate beam input is a vacuum state via âc0,â
′
c0, where the di�erence highlights

that the vacuum states of the two FWMs are independent. Using Eqs. (S4) - (S5) one can

further recast Eqs. (S6) - (S7) as

âpr2 = G
1/2
2 G

1/2
1 âpr0 + [G

1/2
2 (G1 − 1)1/2eiθ1 + (G2 − 1)1/2eiθ2 ]â†c0, (S8)

â†c2 = (G2 − 1)1/2G
1/2
1 e−iθ2 âpr0 + [(G2 − 1)1/2(G1 − 1)1/2ei(θ1−θ2) +G

1/2
2 ]â†c0, (S9)

where Gj = cosh2(sj), j = 1, 2. One can calculate the output of the second FWM which

yields

〈N̂pr2〉 = G2G1〈N̂0〉, 〈N̂c2〉 = (G2 − 1)G1〈N̂0〉. (S10)
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From the single FWM we obtain

Var(N̂pr) = G2Var(N̂0) +G(G− 1)〈N̂0〉, (S11)

Var(N̂c) = (G− 1)2Var(N̂0) +G(G− 1)〈N̂0〉, (S12)

CoVar(N̂pr, N̂c) = G(G− 1)Var(N̂0) +G(G− 1)〈N̂0〉, (S13)

It follows from Eqs. (S11) - (S13) that Var(N̂pr2 − N̂c2) = Var(N̂pr1) = G1(2G1 − 1). This

results in the noise �gure for the second FWM probe-conjugate output:

SN2 =
Var(N̂pr2 − N̂c2)

〈N̂pr2〉+ 〈N̂c2〉
=

2G1 − 1

2G2 − 1
. (S14)

Note that the quantum regime is achieved only if the gain in the second FWM is larger than

the �rst G2 > G1. The triple output noise �gure is derived similarly and is given by Eq.

(11) of the main text.

B. The SU(1,1) interferometer

In the SU(1,1) interferometer, after the �rst FWM both probe and conjugate beams are

directed into the second FWM. The input-output relation for the second FWM is

âpr2 = U †2 âpr1U2 = cosh(s2)âpr1 + eiθ2 sinh(s2)â
†
c1, (S15)

â†c2 = U †2 â
†
c1U2 = e−iθ2 sinh(s2)âpr1 + cosh(s2)â

†
c1, (S16)

where the subscript of the conjugate �eld in the right hand side of equations is 1 since it

is coming directly from the �rst FWM. Using Eqs. (S4) - (S5) one can further recast Eqs.

(S15) - (S16) in the form

âpr2 = [G
1/2
2 G

1/2
1 + (G2 − 1)1/2(G1 − 1)1/2ei(θ2−θ1)]âpr0

+ [G
1/2
2 (G1 − 1)1/2eiθ1 + (G2 − 1)1/2G

1/2
1 eiθ2 ]â†c0, (S17)

â†c2 = [(G2 − 1)1/2G
1/2
1 e−iθ2 +G

1/2
2 (G1 − 1)1/2e−iθ1 ]âpr0

+ [(G2 − 1)1/2(G1 − 1)1/2ei(θ1−θ2) +G
1/2
2 G

1/2
1 ]â†c0, (S18)
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We next turn to the output photon number operators of the second FWM

N̂pr2 = |G1/2
2 G

1/2
1 + (G2 − 1)1/2(G1 − 1)1/2ei(θ2−θ1)|2N̂0,

N̂c2 = |(G2 − 1)1/2G
1/2
1 e−iθ2 +G

1/2
2 (G1 − 1)1/2e−iθ1|2N̂0. (S19)

This results in the noise �gure for the second FWM probe-conjugate output given by Eq.

(12) of the main text.

S3. GAIN AND SQUEEZING IN THE PRESENCE OF NOISE AND OPTICAL

LOSSES

Following the discussion in the main text, interactions with the vacuum modes are de-

scribed by the Hamiltonian

Hv = (µjg + µjs)Ê
†
v(t) +H.c., j = e, f (S20)

where the positive frequency component of the vacuum �eld is de�ned as Êv(t) =
∑

k

√
2π~νk
V

b̂ke
−iνkt

where b̂k is an annihilation operator of a vacuum photon with frequency νk. We treat the

interaction with the vacuum �eld as well as probe/conjugate �elds to �rst order governed

by the susceptibility χ(1). We de�ne an e�ective second-order Hamiltonian

H̃vp =
∑
k

Bkχ
(1)
k (−νk, ωk)b̂†kâk +H.c., (S21)

where Bk ∼ L is the normalization constant. The resulting susceptibility is given by

χ(1)
pr (−ωpr, ωpu) =

∑
j=e,f

µjsµ
∗
jg

(ωpu − ωjg + iγj)(ωpu − ωpr − ωsg + iγs)
, (S22)

χ(1)
c (−ωc, ωpu) =

∑
j=e,f

µjgµ
∗
js

(ωc − ωpu − ωsg + iγs)(ωpu − ωjs + i(γj − γs))
. (S23)

The sum over spontaneous modes c and pr is eliminated by assuming that the detection

selects the corresponding frequency. While the ordinary linear susceptibility contains a single

Green's function that represents the excited state dynamics, the storage state s dynamics

as initial (conjugate) or �nal (probe) state gives rise to the second Green's function in

corresponding susceptibilities. We thus obtain

H̃vk = Bkχ
(1)
k (−ωk, ωpu)âkb†ωk

+H.c., (S24)
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where b is a quantum operator for the photons with frequency ωpu. Note that when the pump

photon is tuned midway between ground state g and s for real dipole moments µij = µ∗ij

assuming ωes � γe � γs χ̃
(1)
pr (−ωpr, ωpu) ' −χ̃(1)

c (−ωc, ωpu). As will be shown below this

would correspond to balanced losses.

Keeping all orders in the e�ective Hamiltonian we de�ne the quantum state of light after

interacting with vacuum modes as

|ψvk〉 = Uvk|ψFWM〉, (S25)

where the evolution operator for interaction with vacuum modes is given by

Uvk = exp

(
− i

2
ζkâkb̂

†
ωk

+
i

2
ζ∗k â
†
kb̂ωk

]

)
, (S26)

and ζk = 2χ
(1)
k (−ωk, ωpu) = rke

iφk where both rk = |ζk| and φk are real functions.

A. Single FWN

The input/output relation for the �eld operator is given by Eq. (6) - (S32) of the main

text:

âpr →
√
ηprâpr +

√
1− ηprx̂pr, (S27)

âc →
√
ηcâc +

√
1− ηcx̂c, (S28)

where ηk = cos(rk)
2, j = pr, c is a loss amplitude which represents a fraction of the

probe/conjugate �eld transmitted through the sample. The spectra of ηpr and ηc are shown

in Fig. S2.

We have the substitution x̂j = −ieiφj b̂j to make it look like the common beam splitter

algebra. Note that, the phase of the noise is absorbed in the operators xj. The noise

operators satisfy the boson commutation rules [x̂j, x̂
†
j] = 1. Since x̂j represents vacuum

modes we have 〈x̂jx̂†j〉 = 1, 〈x̂†jx̂j〉 = 0. Since the noise represents vacuum �uctuations,

rather than squeezed vacuum �uctuations, all the signals calculated below contain quantities

like 〈x̂jx̂†j〉 which are phase independent. Using the �eld-noise input-output relations (6) we

obtain for the average photon number and its variance

〈N̂pr〉 = ηprG〈N̂0〉, 〈N̂c〉 = ηc(G− 1)〈N̂0〉 (S29)
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Figure S2. Spectra of the loss amplitude ηpr - (a) and ηc - (b).

Var(N̂pr − N̂c) = η2prVar(N̂pr) + ηpr(1− ηpr)〈N̂pr〉+ η2cVar(N̂c) + ηc(1− ηc)〈N̂c〉

− 2ηprηcCoVar(N̂pr, N̂c). (S30)

Using Eqs. (S11) - (S13) we obtain for the noise �gure is given by Eq. (9) of the main text.

B. The cascade setup

After the �rst FWM, the incoming �eld operators âpr0 and âc0 are subject to input-output

relations (S4) -(S5). Then operators âpr1 and âc1 undergo interactions with vacuum modes

governed by

â′pr1 =
√
ηpr1âpr1 +

√
1− ηpr1x̂pr1, (S31)

â′c1 =
√
ηc1âc1 +

√
1− ηc1x̂c1. (S32)

The probe �eld â′pr1 enters the second FWM where the input-output relations yield

âpr2 = cosh(s2)â
′
pr1 + eiθ2 sinh(s2)â

†
c0, (S33)

â†c2 = e−iθ2 sinh(s2)â
′
pr1 + cosh(s2)â

′†
c0. (S34)

Finally the interaction with the vacuum modes in the second FWM yields

â′pr2 =
√
ηpr2âpr2 +

√
1− ηpr2x̂pr2, (S35)
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â′c2 =
√
ηc2âc2 +

√
1− ηc2x̂c2. (S36)

The noise �gure for the output of the second FWM can be derived as follows:

Var(N̂ ′pr2 − N̂ ′c2) = η2pr2Var(N̂pr2) + ηpr2(1− ηpr2)〈N̂pr2〉+ η2c2Var(N̂c2) + ηc2(1− ηc2)〈N̂c2〉

− 2ηpr2ηc2CoVar(N̂pr2, N̂c2). (S37)

Using Eqs. (S11) - (S13) we obtain

Var(N̂pr2) = G2
2Var(N̂

′
pr1) +G2(G2 − 1)〈N̂ ′pr1〉, (S38)

Var(N̂c2) = (G2 − 1)2Var(N̂ ′pr1) +G2(G2 − 1)〈N̂ ′pr1〉, (S39)

Cov(N̂pr2, N̂c2) = G2(G2 − 1)Var(N̂ ′pr1) +G2(G2 − 1)〈N̂ ′pr1〉. (S40)

Similar to Eq. (S37) we obtain

Var(N̂ ′pr1) = η2pr1Var(N̂pr1) + ηpr1(1− ηpr1)〈N̂pr1〉, 〈N̂ ′pr1〉 = ηpr1〈N̂pr1〉. (S41)

Using Eq.(S11) again gives

Var(N̂pr1) = G2
1Var(N̂0) +G1(G1 − 1)〈N̂0〉 = G1(2G1 − 1)〈N̂0〉, 〈N̂pr1〉 = G1〈N̂0〉. (S42)

Summarizing Eqs. (S37) - (S42) we obtain

SN2′ =
Var(N̂ ′pr2 − N̂ ′c2)
〈N̂ ′pr2〉+ 〈N̂ ′c2〉

= 1 +
2(1 + (G1 − 1)ηpr1)(n̄

2
2− − 2η2pr2G2)

n̄2+

, (S43)

where n̄2± = ηpr2G2 ± ηc2(G2 − 1). Note that SN2′ > 1 for various parameter regimes which

results in ampli�ed noise. However under balanced loss conditions in the second FWM:

ηpr2 = ηc2 we obtain

SN2′ = 1− 2ηpr2(G2 − 1− (G1 − 1)ηpr1)

2G2 − 1
, (S44)

which yields SN2′ < 1 under ηpr1 < (G2 − 1)/(G1 − 1) which yields quantum regime. In the

absence of noise ηpr2 = ηpr1 = 1 Eq. (S44) further reduces to Eq. (S14).

The noise �gure for the triple output measurement can be calculated similarly. Note that

Var(N̂ ′pr2 − N̂ ′c2 − N̂ ′c1) = Var(N̂ ′pr2 − N̂ ′c2) + Var(N̂ ′c1)− 2CoVar(N̂ ′pr2 − N̂ ′c2, N̂ ′c1), (S45)
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where the �rst term is calculated above, second term reads

Var(N̂ ′c1) = η2c1Var(N̂c1) + ηc1(1− ηc1)〈N̂c1〉, (S46)

where

Var(N̂c1) = (G1 − 1)2Var(N̂0) +G1(G1 − 1)〈N̂0〉 = (G1 − 1)(2G1 − 1)〈N̂0〉, (S47)

〈N̂c1〉 = (G1 − 1)〈N̂0〉.The third term in Eq. (S45) can be recast as

CoVar(N̂ ′pr2 − N̂ ′c2, N̂ ′c1) = CoVar(N̂ ′pr2, N̂
′
c1)− CoVar(N̂ ′c2, N̂

′
c1), (S48)

where

CoVar(N̂ ′pr2, N̂
′
c1) = ηpr2CoVar(N̂pr2, N̂

′
c1) ' ηpr2G2CoVar(N̂

′
pr1, N̂

′
c1), (S49)

CoVar(N̂ ′c2, N̂
′
c1) = ηc2CoVar(N̂c2, N̂

′
c1) ' ηc2(G2 − 1)CoVar(N̂ ′pr1, N̂

′
c1). (S50)

Using Eq. (S37) and Eq. (S13) we obtain

CoVar(N̂ ′pr1, N̂
′
c1) = ηpr1ηc1CoVar(N̂pr1, N̂c1) = 2ηpr1ηc1G1(G1 − 1)〈N̂0〉. (S51)

Summarizing Eqs. (S45) - (S51) we obtain for the noise �gure for identical FWM in the

balanced losses when ηpr2 = ηc2 = η2 and ηpr1 = ηc1 = η1 with η1 = η2 = η and G1 = G2 = G

we obtain

SN3′ = 1 +
2η(G− 1)[G− 1− ηG(3− η)]

G− 1 + ηG(2G− 1)
, (S52)

which yields SN3′ < 1 for low-to-moderate noise level G < 1/[1 − η(3 − η)] yielding the

quantum regime. Note, that in the absence of noise Eq. (S52) further reduces to Eq. (11) of

the main text. It will be interesting to investigate under which circumstances the quantum

regime can be achieved while the noise in each FWM is unbalanced but the noises in di�erent

FWMs satisfy some special conditions.

C. The SU(1,1) interferometer

When both output �elds from the �rst FWM become the seeds for the second FWM,

one has to modify the input-output relations (S33) - (S34) to include the seed from the �rst

FWM:

âpr2 = cosh(s2)â
′
pr1 + eiθ2 sinh(s2)â

′†
c1, (S53)
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â†c2 = e−iθ2 sinh(s2)â
′
pr1 + cosh(s2)â

′†
c1, (S54)

while the remaining transformations given by Eqs. (S31) - (S32), and (S35) - (S36) hold.

Note that since both the probe and conjugate beams from the �rst FWM seed the second

FWM, one cannot use the simple algebra in Eqs. (S11) (S13) to determine variances of the

second FWM output �elds. Instead,they need to be derived separately. We further assume

θ1 = θ2 = 0 for simplicity. More general expression for arbitrary squeezing phases will be

given below. We �rst notice that

Var(N̂ ′pr2 − N̂ ′c2) = ηpr2Var(N̂pr2) + ηpr2(1− ηpr2)〈N̂pr2〉+ ηc2Var(N̂c2) + ηc2(1− ηc2)〈N̂c2〉

− 2ηpr2ηc2Cov(N̂pr2, N̂c2). (S55)

Note that in the operator form:

N̂pr2 = G2N̂
′
pr1 + (G2 − 1)(N̂ ′c1 + 1) +G

1/2
2 (G2 − 1)1/2(â′pr1â

′
c1 + â

′†
pr1â

′†
c1), (S56)

N̂c2 = (G2 − 1)(N̂ ′pr1 + 1) +G2N̂
′
c1 +G

1/2
2 (G2 − 1)1/2(â′pr1â

′
c1 + â

′†
pr1â

′†
c1), (S57)

where the last two terms do not vanish and must be kept exactly. Using this we note that

Var(N̂pr2) = 〈N̂2
pr2〉 − 〈N̂pr2〉2, Var(N̂c2) = 〈N̂2

c2〉 − 〈N̂c2〉2,

Cov(N̂pr2, N̂c2) = 〈N̂pr2N̂c2〉 − 〈N̂pr2〉〈N̂c2〉. (S58)

Skipping all the technical details we �nally obtain for the noise �gure in the identical 2

FWMs: ηpr1 = ηc1 = ηpr2 = ηc2 = η and G1 = G2 = G:

SN2 = 1− 2η[1− η +G(2G2(1− η) + η(4G− 1)− 3)]

1 + 8G(G− 1)
. (S59)

which shows possible ranges of the gain where the squeezing SN2 < 1 is quantum.

S4. SIMULATION PARAMETERS FOR SiV − IN DIAMOND

The silicon-vacancy color centers (SiV −) formed by the strong spin-orbit (SO) interac-

tions split of the orbital levels by ωsg = 48GHz and ωfe = 259 GHz [1, 2]. For simplicity

we only consider transitions corresponding to 28Si centers , and neglect transitions corre-

sponding to 29Si and 30Si. Starting with the 4 × 4 Hamiltonian H0 for the SiV
− [2] using

S11



eV units. The diagonal elements of H0 are the energies of ground level (ωg) and ωs, ωe and

ωf calculated using purely spin polarized Density Functional Theory (DFT) with Perdew

Burke Ernzerhof (PBE) [3] functional and the split-valence 6-31G basis set. The electronic

transition dipole energies between relevant states (labeled as µeg, µes, µfs, µfg) were calcu-

lated with same level of theory. All calculations were done in Gaussian09. Considering an

ohmic environment and assuming that the environment couples to the Hermitian system

operators, the dynamics of density matrix elements using Red�eld master equations [4] were

calculated using python 3.7 invoking the QuTiP toolbox [5]. The simulation parameters

are: four states energies: ωg = 0, ωs = 0.0020678 eV, ωe = 1.68781465 eV, ωf = 1.68848572

eV; transition dipole moments (in a.u.): µeg = 0.001595, µes = 0.001615, µfs = 0.00162,

µfg = 0.00123, dephasing rates that allow to �t the absorption pro�le [6] γ0 = 7.23 × 10−5

eV, γeg = 1.3γ0, γes = 2.15γ0, γfg = 0.9γ0, γfs = 1.75γ0, γsg = 1.65γ0, central frequency of

the pump pulse ω0
pu = 1.6881± 0.0009 eV.
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