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Viale del Risorgimento 4, 40136 Bologna, Italy

(Received 27 August 2020; revised 2 December 2020; accepted 22 December 2020; published 4 February 2021)

Core excitations on different atoms are highly localized and therefore decoupled. By placing molecules
in an x-ray cavity the core transitions become coupled via the exchange of cavity photons and form
delocalized hybrid light-matter excitations known as core polaritons. We demonstrate these effects for the
two inequivalent carbon atoms in 1,1-difluoroethylene. Polariton signatures in the x-ray absorption, two-
photon absorption, and multidimensional four-wave mixing signals are predicted.
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Hybrid light-matter states between the material polari-
zation and cavity photon modes, known as polaritons, are
created when the light-matter coupling strength is larger
than the decay rate of the cavity mode and the decoherence
rate of the molecular transition (the strong coupling
regime). When the cavity mode is in the vacuum state,
the effective coupling strength for an assembly of N
identical molecules is κ ¼ g

ffiffiffiffi
N

p
μ, g≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ℏωc=2ε0Vc

p
,

where ε0 is the electric permittivity of vacuum, ωc the
cavity frequency, μ the transition dipole moment, and Vc is
the cavity mode volume [1]. The

ffiffiffiffi
N

p
factor is responsible

for cooperative superradiance [2,3]. Cavity polaritons in the
visible and infrared regime have long been studied in atoms
and were recently experimentally reported in molecules
[4–11]. Molecular electronic and vibrational polaritons
have been experimentally shown to alter the electronic,
optical, and chemical properties of molecules including
photoisomerization, electronic energy transfer, electron
transfer, and ground-state reaction rates [9]. These findings
triggered intensive theoretical investigations [3,6,12–30].
Thin-film optical cavities in the hard x-ray regime

have been recently employed in the study of collective
Mössbauer signals of 57Fe nuclei (14.4 keV) [31–33] and
tantalum L-edge x-ray spectra (9881 eV) [34]. A ∼ 41 eV
effective light-molecule coupling strength for low-finesse
x-ray cavities has been reported [34]. X-ray cavities in the
soft x-ray regime can be formed by alternating nanometer
layers of materials with different indices of refraction, and
are on the horizon. For high-reflectivity mirrors, the cavity
photon modes satisfy ðnþ 1

2
Þλn ¼ L, where L is the cavity

length and λn is the wavelength of the cavity mode. For
carbon K edge (∼300 eV), it corresponds to L ∼ 10 nm.
Here we study molecular polariton effects in the x-ray

regime whereby a high-finesse x-ray cavity mode couples
to molecular core excitations. We demonstrate that local-
ized excitations from inequivalent carbon core orbitals

in 1,1-difluoroethylene can be coupled by the exchange
of an x-ray cavity photon, leading to hybrid core excitation
with x-ray cavity photon modes. Rich exciton-polariton
physics has been observed in the optical regime. This
includes long-range transport [35,36], enhanced optical
nonlinearity, modified chemical reactions, polariton lasers,
optical transistors, and phase transitions [9]. Our study
suggests that similar phenomena may be expected for core
polaritons in the x-ray regime. X-ray cavities enable long-
range transport of core excitons or core holes despite
their highly localized nature as long as the light-matter
coupling strength is stronger than their decay rates
[35,36]. We predict signatures of core polaritons in the
x-ray absorption spectrum, in two-dimensional (2D) x-ray
four-wave mixing signals: photon echo (PE) and double
quantum coherence (DQC), and in the two-photon absorp-
tion. Time-domain 2D spectroscopic techniques provide a
versatile tool for exploring the optical properties of matter
[37,38]. Multidimensional x-ray spectroscopy enabled by
x-ray lasers [39] can [40–42] capture electron dynamics on
the attosecond (as) timescale, and can reveal the correla-
tions among core excitations.
We consider a system of N molecules coupled to a

single x-ray cavity mode described by the Hamiltonian
H ¼ HM þHCM þHLMðtÞ þHC, where the nth molecu-

lar HamiltonianHðnÞ
M ¼P

j∈fg;e;fgℏωjjjðnÞihjðnÞj, the cavity
Hamiltonian HC ¼ ℏωca†a, and the cavity-molecule cou-
plingHCM¼P

N
n¼1−μðnÞ ·Êðrn;tÞ. Here μðnÞ is the transition

dipole moment and ÊðrÞ¼i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏωc=2ε0Vc

p
ecaeikc·rþ

H:c: is the electric field operator where a (a†) is the boson
annihilation (creation) operator for the cavity mode, kc, ec
are the cavity mode wave vector and polarization, respec-
tively, H.c. stands for the Hermitian conjugate. We focus on
the single- and double-core carbon K-edge excited states,
labeled e and f, respectively. Double-core excitations of the
same carbon atom are excluded, as they are blueshifted by
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tens of eV with respect to doubly core-excited states on
different atoms [43]. This shift can be attributed to the
reduced electron shielding caused by the first core excita-
tion which shifts a second core excitation from the same
atom to the blue. The electric-dipole coupling HLMðtÞ
describes the interaction of the molecules with external
laser pulses.
For N > 1 and jkc · ðrn − rmÞj ≪ 1, it is convenient

to introduce the collective core-exciton states jEαki ¼
ð1= ffiffiffiffi

N
p ÞPN

n¼1 e
iknjgð1Þ � � � gðn−1ÞeðnÞα gðnþ1Þ � � �i describing

a superposition of a single excitation shared by all
molecules and similarly jFμki, where k ¼ 2πj=N;
j ¼ 0;…; N − 1. Here α and μ run over the singly and
doubly excited states, respectively. Up to double excita-
tions, the cavity-molecule coupling can be represented by
(see Sec. S1 in Supplemental Material for details [44])

HCM ¼
X

α

ffiffiffiffi
N

p
κeαgjEα0ihGjaþ

X

k

X

μ;α

κfμeα jFμkihEαkja

þ
X

n≠m

X

α;β

κeαgjeðnÞα eðmÞ
β iheðmÞ

β jaþ H:c:; ð1Þ

where jGi ¼ jgð1Þ � � � gðNÞi. Equation (1) implies that the
transition from the ground state to the delocalized core-
exciton states jEα0i is enhanced by

ffiffiffiffi
N

p
, whereas the

coupling between excited states jEαki and jFμki does not
show such cooperativity [3]. The bright state jEα0i is
invariant under exchange of any two molecules. The dark
states jEαki, k ≠ 0 do not contribute to the absorption
spectrum. Nevertheless, the transitions between the single-
polariton and the dark biexciton states are coupled to the
cavity mode by the jFμkihEαkjaþ H:c: term even for k ≠ 0.
Note that bright polariton states can relax to the dark
states due to, e.g., vibronic couplings, disorder, and
cavity loss [3,59]. The third term in Eq. (1) represents
the coupling between the singly and doubly core-excited
states from different molecules (Sec. S1 of Supplemental
Material [44]).
Figure 1 depicts the ground-state structure of 1,1-

difluoroethylene optimized at the Møller-Plesset second-
order perturbation level, and compares the simulated
and experimental x-ray absorption near edge structure
(XANES) in the [280, 296] eV spectral range. This
molecule has two inequivalent carbon atoms with bound
preedge transitions separated by a few eV. The electronic
structure computations are detailed in Sec. S2 and the
spectroscopic simulations in Sec. S3 [44] The simulated
XANES spectrum (without any shift) is in excellent
agreement with experiment in the [280, 296] eV spectral
range. The spectrum has four main features. The 285.6 and
289.5 eV peaks are associated with excitations from the 1s
core orbitals of the carbon atoms in the CH2 and CF2
groups to the antibonding π� orbital, respectively. A
broader peak at 293 eV arises from a pair of close lying

transitions from CH2 to Rydberg (Ry) orbitals. Finally, we
find a red shoulder to the 289.5 eV band at 288.4 eV,
associated with a transition from CH2 to a σ� antibonding
orbital localized in the CH2 fragment. The ∼4 eV energy
splitting between the CH2 → π� and CF2 → π� peaks
shows that functionalization with electron withdrawing
groups such as fluorine makes core excitations more energy
costly, thus inducing a few eV blueshift. The K-edge
spectrum is dominated by the core excitations of CH2.
In the x-ray cavity, the core excitations are modified by

coupling to the cavity mode. Figure 2 (top) illustrates
the XANES of core polaritons at cavity frequencies
ωc ¼ 290 eV close to the CF2 → π� excitation for varying
coupling strength. At g

ffiffiffiffi
N

p ¼ 2.45 eV=D, we observe a
vacuum Rabi splitting of two polariton peaks. The tran-
sition dipole is in the order of 0.1 D. The Rabi splitting is
increased with the coupling strength, and the lower polar-
iton further mixes with CH2 excitations leading to enhance-
ment and redshift of the CH2 → π� transition.
To unveil the polaritonic nature of the core excitations

in the x-ray cavity, we have decomposed each polariton
state into the CH2, CF2, and the cavity photon compo-
nents. These are depicted in the lower panels in Fig. 2.
Since the core excitations localized at CH2 and CF2
are decoupled, each excitation is either purely CH2

or CF2 type. To decompose the polariton states, we
introduce the projection operators Pσ ¼

P
α∈σ jeαiheαj,

where σ ¼ fcavity photon;CH2;CF2g. The σ component
in a polariton state jΨi is computed as hΨjPσjΨi. As
shown in Fig. 2, without cavity (g ¼ 0), all excitations are
either purely CH2 (yellow) or CF2 (purple) type. As the
coupling is turned on, the two ∼290 eV excitations
contain mixed CF2 and photon (brown) character, reflect-
ing a hybridization of the CF2 → π� and the cavity photon,
resembling the polariton states in a Jaynes-Cummings
model. As g increases, the polariton states further mix
with CH2 excitations, leading to delocalized core excita-
tions from both CH2 and CF2. The delocalization can be

FIG. 1. The XANES spectrum of 1,1-difluoroethylene and the
corresponding (left) Feynman diagram. k denotes the incoming
pulse wave vector. Right: The transitions involving the carbon
K-edge in CH2 (CF2) are represented by yellow (purple) sticks.
The agreement with experiment [60] is excellent.
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clearly observed in the decomposition of the polariton
states ∼290 eV. These delocalized excitations involving
both C atoms arise from an effective coupling between
their core excitations induced by exchanging cavity
photons even when the cavity is in the vacuum state.
When the cavity frequency is detuned far from any
resonance in the bare XANES ωc ¼ 288 eV (bottom
row of Fig. 2), no substantial changes in the spectrum
are observed at g ¼ 2.45 eV/D. Nevertheless, as g gets
stronger, we observe similar delocalized core excitations
involving both CH2 and CF2 at, e.g., 290 eV.
For nonlinear x-ray signals, we focus on the single-

molecule N ¼ 1 strong coupling case. Single-molecule
strong coupling requires a substantial field enhancement,
and its realization may benefit from an ensemble of
auxiliary emitters [61]. The signals for large N can depend
on many collective dark states that are neglected here.

Doubly core-excited dark states jeðnÞα eðmÞ
β i in different

molecules also need to be taken into account. Such states
do not show up in bare nonlinear spectroscopy due to
destructive interference [62,63]. The cavity mode mediates
an effective coupling even for otherwise noninteracting
molecules, and the two-core-exciton states from different
molecules will influence the bipolariton manifold. Below,
g, e, f label the ground, single-polariton, and two-polariton
states, respectively; see Fig. 3 for the level scheme.

We have computed time-domain heterodyne-detected
2D x-ray four-wave mixing signals of core polaritons.
These allow us to track the time evolution of the polariton
states and reveal correlations between transitions. The
total electric field is decomposed into three pulses,
EðtÞ¼E3ðtÞþE2ðtþT2ÞþE1ðtþT1þT2Þþ c:c:, where
Tj is the time delay between the jth and (jþ 1)th pulse.
Labeling the wave vectors of the incoming pulses as kj, we
first discuss photon echo signal at −k1 þ k2 þ k3.
The 2D PE spectra are sketched by the Liouville

space pathways represented by Feynman diagrams
[37], depicted in Fig. S1 of Supplemental Material [44].
The 2D correlation spectra are obtained by Fourier
transforming the delays T1 (coherence time) and T3 ≡ t
(detection time) in the polarization SPEðΩ3;Ω1;T2Þ ¼R
∞
0 dT1

R
∞
0 dT3hPPEðT3; T2; T1ÞieiΩ3T3þiΩ1T1 .

The 2D PE signals are displayed in Fig. 3. There are
three contributions to the spectra: stimulated emission (SE)
and ground-state bleaching (GSB) (the first two diagrams
in Fig. S1 [44]) and the excited state absorption (ESA) (the
last diagram in Fig. S1 [44]). The four XANES features
discussed earlier give rise to four traces along Ω1 (i.e., CH2

excitations at 285.6, 288.4, and 293.0 eV and CF2 exci-
tations at 289.5 eV) with a characteristic cross peak pattern,
that reflects the correlation between various transitions. The
cross peaks result from the fact that they share a common

FIG. 2. XANES of 1,1-difluoroethylene in an x-ray cavity for varying coupling strength. Lower panels show the decomposition of
each polariton state into CH2, CF2, and photon components. The top row is for cavity frequency ωc ¼ 290 eV close to a specific
transition, and the bottom row for cavity frequency ωc ¼ 288 eV detuned from the main core transitions. The dependence onN is solely
through the (collective) coupling strength g

ffiffiffiffi
N

p
.
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ground state, and that the core excitations are both
anharmonic ωfe ≠ ωeg and coupled ωfg ≠ ωeg þ ωe0g.
ESA signals related to double core excitations from the
same carbon atom do not cancel the respective GSB and SE
signals, consequently, cross peaks appear symmetrically
below and above the diagonal. Transitions involving CH2

and CF2 cores are quartically coupled due to spatial vicinity
of the two carbons; i.e., excitations of CH2 core depends
on the occupation number in CF2 and vice versa. The
associated ESA exhibit a ∼1.5 eV redshift ðΩ1;Ω3Þ ¼
ð289.6 eV; 284.0 eVÞ and (285.6 eV; 288.0 eV) or a
blueshift ð289.6 eV; 294.5 eVÞ and ð293.0 eV; 291.0 eVÞ
with respect to the corresponding off-diagonal GSB
which makes the ESA appear in the 2D spectra. At
g ¼ 2.45 eV=D, the polariton splitting is reflected in the
additional cross peaks between the polariton states and bare
molecular states. Similar features are seen in the stronger
coupling case shown in Fig. 3 where additional hybrid
polariton states containing excitations from both carbon
atoms are created.
We now turn to the DQC signal at k1 þ k2 − k3

[64–68], represented by the diagrams shown in Fig. S2
[44]. The correlations between single and two polaritons
can be obtained either by Fourier transform of the time
delays T3 and T2 at a fixed T1, SDQCðΩ3;Ω2;T1Þ or by
Fourier transform of the time delays T1 and T2 at a fixed T3

SDQCðΩ2;Ω1;T3Þ. In DQC, the polariton system is in the
coherence jeihgj during T1, and is then promoted to jfihgj
during T2. The system can be either jfihej or jeihgj for the
detection time T3. The peaks in SDQCðΩ2;Ω1;T3Þ reveal
correlation between ωeg and ωfg. For a harmonic system
where ωfg ¼ ωeg and for uncorrelated transitions where
ωfg ¼ ωeg þ ωe0g, the DQC signal vanishes as the two
contributions to DQC interfere destructively. This makes
DQC suitable for resolving anharmonicities and correlated
transitions.
The DQC SDQCðΩ2;Ω1;T3Þ are shown in Fig. 4 for

varying cavity coupling strengths. The vertical axis
shows the doubly core-excited states jfi that can be
reached from jgi through an excited state jei. Prominent
contributions at ðΩ1;Ω2Þ ¼ ð285.6 eV; 573.9 eVÞ and

ð289.5 eV; 573.9 eVÞ arise due to the coupling of
CH2 → π� (285.6 eV) and CF2 → π� (289.5 eV) tran-
sitions to the CH2, CF2 ⇒ π� transition [69]. Similarly,
peaks at ð289.5 eV; 584.1 eVÞ and ð293.0 eV; 584.1 eVÞ
arise due to the coupling of CF2 → π� (289.5 eV) and
CH2 → Ry (293.0 eV) transitions to the CH2, CF2 ⇒ π�,
Ry transition. In the strong coupling regime, the polar-
iton states manifest as a doublet around Ω1 ¼ 290 eV.
Additional peaks are clearly observed between these
single-polariton states and the f manifold. Core polar-
itons also modulate the doubly core-excited states by
mixing them with the two-cavity-photon state and single-
core-excitation single-cavity-photon state. For example,
a noticeable redshift can be observed for the CH2,
CF2 ⇒ π� transition from the slices of the DQC
at Ω1 ¼ 285.5 eV.
The correlations between ωfe and ωfg are revealed in the

DQC signal SDQCðΩ3;Ω2;T1Þ displayed in Fig. 4 (bottom

FIG. 3. Level scheme and the 2D photon echo spectra SPEðΩ3;Ω1; T2 ¼ 0Þ for 1,1-difluoroethylene in an x-ray cavity with ωc ¼
290 eV for different coupling strengths as indicated. We use attosecond pulses with central frequency 290 and 20 eV bandwidth.

FIG. 4. 2D double quantum coherence spectra jSDQCðΩ2;Ω1;
T3Þj (upper row) and jSDQCðΩ3;Ω2; T1Þj (lower row) in an x-ray
cavity with ωc ¼ 290 eV at different coupling strengths g as
indicated. A small time delay 10−5 as is used for both T3 and T1

to avoid cancellation of the two DQC diagrams.
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row). States from the doubly excited manifold coupled to
the singly excited manifold are characterized through a set
of four peaks along Ω3 for a given Ω2 value [70]. For
example, the quartet of peaks along the Ω2 ¼ 573.9 eV are
associated with two peaks at 285.6 eV and 289.5 eV
coinciding with the CH2 → π� and CF2 → π� transitions
and two red-shifted peaks at 284.4 and 288.3 eV corre-
sponding to the CH2 → π� with CF2 excited and CF2 → π�
with CH2 excited [71]. The 1.2 eV splitting corresponds to
the value of the quartic coupling between both transitions.
Under strong coupling, core-polariton doublets can be
observed along Ω3 due to the ωfe resonances. The splitting
does not directly correspond to the polariton resonances
because both e and f manifolds are modified by the
cavity mode.
Similar information about the correlations of single and

double excitations as provided by DQC can be extracted
from the two-photon absorption signal, discussed in
Sec. S4 of Supplemental Material [44]. This signal does
not require coherent x-ray pulses and is thus easier to
implement experimentally.
In summary, we have demonstrated how molecular core

excitations can be manipulated by coupling to the vacuum
field in an x-ray cavity. Localized excitations from the two
carbon atoms in 1,1-difluoroethylene are coherently
coupled by the exchange of an x-ray cavity photon creating
hybrid delocalized excitations. We identified the spectro-
scopic signatures of core polaritons in XANES, two-photon
absorption, and multidimensional x-ray spectroscopic sig-
nals. XANES directly probes the hybrid core-polariton
states with the polariton effects manifested as mode
splitting, redistribution of oscillator strength, and line
shifts, depending on the cavity frequency and coupling
strength. Correlations between polaritonic excitations are
revealed by the PE, and information about the two-polar-
iton manifold can be readily extracted from the DQC and
two-photon absorption signals. This study shows how to
manipulate core excitations in molecules by strong cou-
pling to a cavity in the x-ray regime. Many interesting
phenomena discovered for exciton polaritons in the optical
regime such as long-range transport [35], modified chemi-
cal reaction rates [72], and enhanced nonlinearity [36]
suggest analogous extensions for core polaritons in the x-
ray regime. Relaxation dynamics of core polaritons is also
expected to differ significantly from the bare core excita-
tions. Collective effects found in Mössbauer resonance in
iron including electromagnetically induced transparency
and Lamb shift [32,33] may show up in molecules as well.
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S1. DERIVATION OF EQ. (2)

Under the rotating-wave and long-wavelength approximations,

HCM = V† · Ê(+)(r = 0) + H.c. (S1)

where V and V† are, respectively, the lowering and raising dipole operator V + V† = −
∑

n µ
(n)

and Ê(+)(r) (Ê(−)(r)) is the positive (negative)-frequency component of the electric field operator.

With the collective states

|Cαk〉 =
1√
N

∑
k

eikn |c(n)α 〉 , (S2)

for c = e, f and k = 2πj/N, j = 0, · · · , N − 1, the local core-excitation states (in the many-body

space) can be rewritten as

|c(n)α 〉 =
1√
N

∑
k

e−ikn |Cαk〉 (S3)

Up to double excitations, the relevant molecular states contain |G〉 , |Eαk〉 , |Fβk〉 ,
∣∣∣e(n)α e

(m)
β

〉
, n 6=

m. Within this subspace, inserting Eq. (S3) into the cavity-molecule coupling yields Eq. (2)

HCM =
∑
k

∑
n

κeαg
1√
N
e−ikn |Eαk〉 〈G| a+

∑
α,β

∑
k,k′

∑
n

1

N
e−i(k−k

′)nκfβeα |Fβk〉 〈Eαk′ | a

+
∑
n6=m

∑
α,γ

κeαg |e(n)α e(m)
γ 〉 〈e(m)

γ | a+ H.c.

=
∑
α

κeαg
√
N |Eα0〉 〈G| a+

∑
α,β

∑
k

κfβeα |Fβk〉 〈Eαk| a+
∑
n6=m

∑
α,γ

κeαg |e(n)α e(m)
γ 〉 〈e(m)

γ |+ H.c.

(S4)

where κji =
√
~ωc/2ε0Vc 〈j|µ · ec|i〉.
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FIG. S1. Three double-sided Feynman diagrams for the 2D photon echo signal. GSB: ground state bleaching;

SE: stimulated emission; ESA: excited state absorption.
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FIG. S2. Two double-sided Feynman diagrams contributing to the 2D double quantum coherence signal.

The pump pulses k1 and k2 brings the system to a double-quantum coherence |f〉 〈g|.

S2. ELECTRONIC STRUCTURE SIMULATIONS

The ground state (g) and the manifolds of singly (e) and doubly (f) core-excited states of

1,1-difluoroethylene cannot be computed in one shot as they are energetically separated by several

hundreds of eV (carbon K-edge is around 290 eV above the ground state (GS), whereas the f

manifold contains states absorbing around 580 eV. This implies that a number of electronic states,

irrelevant to the issue under scrutiny, are situated in between the manifolds.
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FIG. S3. Scheme showing the ground state, single- and double-core excited manifolds (grouped by symmetry)

of 1,1-difluoroethylene with the restricted active space RAS(10, 2, 4; 2, 3, 10) defined in the text. The various

transitions connecting the manifolds are depicted and highlighted in color according to the irreducible

representation to which the orbitals involved in the corresponding g → e or e→ f transition belong, namely

A1 (red) B1 (green) and B2 (blue). Each of the eight electronic configurations shown requires a separate

calculation, each arrow denotes a non-zero transition dipole vector between manifolds. Representative

orbitals of the active space are also shown.

The strategy to target single- and double-core excitations used here is based on the restricted

active space self consistent field (RASSCF) approach [1] from the family of multi-configuration

wavefunction based methods. In a nutshell, RASSCF subdivides the full active space (AS) into

three subspaces: RAS1, with a fixed upper limit of holes; RAS2, where all possible permutations

of electrons within the orbitals are considered; RAS3, with a maximal number of electrons. The

possible configuration state functions (CSF’s) over which the wavefunction is expanded, are built
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according to these rules. A projection technique denoted highly excited states (HEXS) which se-

lectively removes CSF’s with a certain occupation from a given subspace is used to effectively

project out undesired valence transitions preceding energetically the core transitions.[2]. The dy-

namical correlation missing at the RASSCF level is recovered through multireference second-order

perturbation corrections (RASPT2).[3–5]

Below we outline the protocol for computing both linear and non-linear spectra. To speed up

the calculations, we have taken advantage of the C2h symmetry of the molecule.

The AS is constructed as follows (Fig. S5).

• RAS1: contains both core-orbitals which are kept frozen to avoid orbital rotation during the

variational optimization of the MO coefficients; the upper limit of holes is set to 2;

• RAS2: three π−type occupied orbitals are placed herein (one in irreducible representations

A1 and two in B2)

• RAS3: 10 virtual orbitals are included (four, two, two and two in irreducible representations

A1, A2, B1 and B2, respectively). The maximum of excitations in this sub-space was set to

four.

In the following we designate the active space as RAS(10, 2, 4; 2, 3, 10), where the first three indices

denote the number of electrons, the upper limit of holes (in RAS1) and the upper limit of excitations

(in RAS3), respectively; while the last three indies denotes the number of orbitals included in the

three subspaces: in order, RAS1, RAS2 and RAS3.

The construction of the RAS3 space is vital for the completeness of the spectrum as every

virtual orbital is potentially the source of a core-excited state and, consecutively, of a signal. Its

composition was determined in the following way. First, preliminary calculations were run for each

of the three symmetries A1, B1 and B2 (states of the A2 symmetry are not coupled to the GS)

where up to ten virtual orbitals were included in the corresponding irreducible representation and

up to 15 states were computed at the RASSCF/RASPT2 level[6]. Subsequently, the nature of the

transitions comprising the carbon K-edge of the XANES spectrum up to 296 eV was analyzed in

order to identify the virtual orbitals giving rise to the leading CSF’s in the multiconfigurational

wavefunctions involved in the identified transitions. The RAS(10, 2, 4; 2, 3, 10) was constructed by

limiting RAS3 to the virtual orbitals identified through the aforementioned analysis. Finally, it was

verified that the results obtained with the RAS(10, 2, 4; 2, 3, 10) reproduce the transitions identified

previously.
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The same RAS(10, 2, 4; 2, 3, 10) was utilized to obtain the g, e and f manifolds[7]. The GS was

computed in a state-specific calculation. The e manifold consisting of six states of A1, four states of

B1 and three states of B2 symmetry was obtained by selectively removing all CSF’s with a full (i.e.

four electrons) occupation in the RAS1 subspace[8]. Finally, the f manifold consisting of twelve

states in each of the four symmetries of the D2h point group was obtained by removing all CSF’s

with four and three electrons in the RAS1 subspace. Thus, the total Hamiltonian is constructed

of 62 electronic states: one GS, 13 single core-excitations and 48 double-core excitations. We note,

that in the calculation of the GS and f manifold orbital relaxation was restricted only within the

active space when (thus effectively prohibiting rotations out of the AS) in order to preserve the

composition of the AS. Benchmarking against calculation where the orbitals were allowed to relax

freely. Figure S4 shows that this restriction does not affect the final spectra.

w/o relaxing orbitals with relaxing orbitals

FIG. S4. Photon echo signal for 1,1-difluoroethylene when the orbitals in the active space are frozen (left)

and when they are allowed to relax (right).

Multi state (MS)-RASPT2 was performed on top of each RASSCF calculation to account for

the dynamical correlation, setting the ionization-potential electron-affinity shift [9, 10] of 0.0Eh.

Core orbitals were explicitly correlated. To reduce problems with intruder states an imaginary

shift [11] of 0.3Eh has been applied.

Transition dipole moments between the g, e and f manifolds were computed by means of

biorthogonalization through the RAS state interaction (SI) routine. The protocol is summarized

in Fig. S3

Scalar relativistic effects have been included by using a second-order Douglas-Kroll-Hess Hamil-

tonian in combination with a relativistic atomic natural orbital basis set, ANO-RCC.[12] A triple-ζ
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basis function set augmented with two sets of d-functions for carbon and fluorine atoms and a set

of f -functions for fluorine, thus giving rise to ANO-RCC: C[4s3p2d], F[4s3p2d1f], H[2s1p]. A

density-fitting approximation of the electron repulsion integrals has been used, knows as Cholesky

decomposition.[13]

All calculations were performed in the gas-phase with the OpenMolcas suite.[14, 15]

RAS1

RAS2

RAS3

A1

B2A2 B1

FIG. S5. Orbitals from the active space RAS(10; 2; 4; 2; 3; 10).

S3. SIMULATIONS OF SPECTRA

The XAS, PE and DQC signals are calculated using the sum-over-states (SOS) protocol. The

SOS formula for XAS is given below in Eq. (S9). Expressions for the 2D-PE and 2D-DQC can be

derived similarly, details can be found in Ref. [16]. The lifetime broadening of the core-polariton

is accounted for by a decay constant γji = 0.3 eV. We use attosecond pulses with central frequency

around ω0
j = 288 eV for all j and bandwidth 15 eV such that Ej(ωj) ≈ Ej(ω

0
j ) for ω ∈ (285, 296)

eV. Such pulses can be generated by free-electron lasers [17]. All the interactions between external

laser pulses and molecules are assumed in the perturbative regime.
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The single-polariton and two-polariton states are computed by diagonalizing the polariton

Hamiltonian represented in the direct-product electronic-photonic basis |αn〉 ≡ |α〉⊗|n〉 up to dou-

ble excitations, where α denotes electronic state and n is the photon number state. For XANES, we

consider N molecules and include the collective core-excited state { | Eα00〉, | G1〉 }. For 2D-PE

and 2D-DQC spectra, we consider a single molecule and include
{
|f0〉 , |e1〉 , |g2〉

}
.

In the DQC simulations for S(Ω2,Ω1;T3), we focus on T3 ≈ 0. In practice, a very small number

∼ 1× 10−5as is used to avoid cancellation of the two diagrams at T3 = 0. And similarly for

S(Ω3,Ω2;T1).

S3.A. Sum-over-states expression for XANES

We adopt a superoperator notation where the density matrix is written as a vector ρ =∑
ij ρij |i〉 〈j| →

∑
ij ρij |ij〉〉, and VLρ ≡ V ρ, VRρ ≡ ρV are, respectively, the left and right super-

operators, V±ρ ≡ [V, ρ]± the commutator and anticommutator [18]. We assume a fixed polarization

and suppress the vector notation of the dipole and electric fields.

X-ray absorption near edge structure (XANES) uses a single x-ray pulse

E(t) =

∫ ∞
0

dωE(ω)e−iωt + c.c.. (S5)

The Feynman diagram for XANES is shown in Fig. 1 and the corresponding expression reads

〈V (t)〉 =

∫ ∞
0

dτ〈〈V †|G(τ)V†L|gg〉〉E(t− τ) (S6)

where G(t− t′) = −iθ(t− t′)e−iL(t−t′) with the Liouvillian Lρ = [H, ρ] is the Green’s function for

the Liouville-von Neumann equation. Inserting Eq. (S5) into Eq. (S6) leads to

〈V (t)〉 =

∫ ∞
0

dω

2π

µgeµeg
ω − ωeg + iγeg

E(ω)e−iωt = −iθ(t)µegµgeE(ωeg − iγeg)e−iωegt−γegt (S7)

where ωij ≡ ωi−ωj , µij are respectively the transition energies, transition dipole moments for core-

excitations without the cavity, and for core-polaritons inside the cavity. In the second equality in

Eq. (S7), we have extended the lower integration limit to −∞ since E(ω) is localized around a

central frequency in the X-ray regime, and then used Cauchy’s integral formula in the lower half

circle. Inserting Eq. (S7) into the frequency-dispersed signal (photon flux into each frequency

photon mode)

SXAS(ω) = −2 Im 〈V (ω)〉E∗(ω), (S8)



S9

where V(ω) =
∫ +∞
−∞ dtV(t)eiωt (E∗(ω)) is the Fourier transform of V(t) (E∗(t), the negative-

frequency component of the electric field), leads to the sum-over-states expression

SXAS(ω) = −2 Im
∑
e

µegµgeE(ωeg − iγeg)E∗(ω)

ω − ωeg + iγeg
(S9)

S4. TWO-PHOTON ABSORPTION

In two-photon absorption (TPA), the system is excited from the ground state to two-polariton

states by simultaneously absorbing two photons. The TPA employs two laser pulses with electric

field

E(t) = E1e
−iω1t + E2e

−iω2t + c.c., (S10)

and the signal can be defined as the transition rate to the final states |f〉, STPA = limt→∞
∑

f
dPf (t)

dt

where Pf (t) = Tr
{
ρ(t) |f〉 〈f |

}
. The time-loop diagrams for TPA are shown in Fig. S6, and the

expression is given by [19]

STPA = δ(ωf − ω1 − ω2)|E1E2|2
∣∣∣∣∣∑
e

µfeµeg
ω1 − ωe + iγe

+
µfeµeg

ω2 − ωe + iγe

∣∣∣∣∣
2

(S11)

where e runs over the intermediate single-polariton states.
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FIG. S6. Time-loop diagrams for the two-photon absorption signal. The four diagrams arise from the

time-ordering of the four interactions along time-loop counterclockwise.

Figure S7 shows the TPA spectra STPA(ω1 + ω2, ω1) for bare molecules and for the core-

polaritons. The peaks show the correlation between the bipolariton states |f〉 and the single-

polariton states |e〉. The y-axis shows the bipolariton resonances ωfg and the x-axis shows the

transition energy either between the single-polariton and the ground state ωeg or between the
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𝜔!

FIG. S7. Two-photon absorption spectra STPA(Ω1 + ω2,Ω1) for (a) bare molecule and for (b,c) core-

polaritons of 1,1-difluoroethylene in an X-ray cavity. Here ωc = 290 eV, and the coupling strength g is

indicated.

bipolariton state and the single-polariton state ωfe. The latter corresponds to the system absorb-

ing ω2 first and then absorbing ω1 to the final state. The TPA spectra provide similar information

as the double quantum coherence signal.
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