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Abstract: The bulk-edge correspondence predicts that interfaces between topological
insulators support robust currents. We prove this principle for PDEs that are periodic
away from an interface. Our approach relies on semiclassical methods. It suggests novel
perspectives for the analysis of topologically protected transport.

1. Introduction

In solid state physics, insulators are materials modeled by Hamiltonians with spec-
tral gaps. They are topologically classified through winding properties of their spectral
projections. Gluing together topologically distinct insulators generate materials with a
different electronic behavior: robust currents emerge along interfaces. Strikingly, the
existence of these currents depends on the bulk structure rather than on the interface.

This phenomenon is called the bulk-edge correspondence. It is a universal prin-
ciple that reaches beyond electronics, for instance in accoustics [YGS15], photonics
[HRO7,RHO8], fluid mechanics [DMV17,PDV19] and molecular physics [F19]. While
bulk and edge indices were introduced as early as [H82, TKN82,BES94], the mathe-
matical formulation of the bulk-edge correspondence started with [H93]. It has been the
object of various developments, covering Landau Hamiltonians [KRS02,EG02,KS04a,
KS04b], strong disorder [EGS05,GS18,T14], Z,-topological insulators [GP13,ASV13],
K-theoretic aspects [BKR17,K17,BR18,B19] and periodic forcing [GT18,ST19].

In this work, we define and derive the bulk-edge correspondence for a class of PDEs
that are periodic away from the interface. The most important characteristics of our
approach is the use of microlocal techniques in a field traditionally dominated by K-
theory and functional analysis. It opens two promising perspectives:

e The quantitative analysis of topologically protected transport;
e The geometric calculation of bulk/edge indices in terms of eigenvalue crossings.
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1.1. Setting and main result. We study the Schrodinger evolution of electrons in a two-
dimensional material, i 9,4y = P . The Hamiltonian P is an elliptic selfadjoint second
order differential operator on L2(R?):
def def 1 0
P= ) 40Dy, au(x) € CFPR:0), D= ——, o= (@) N,

Jer] <2
(1.1)

The space Cp° refers to bounded functions together with all their derivatives; see
Sect. 1.5. The class (1.1) models for instance Schrodinger operators with a potential
V(x) e Cp° (R?, R) and a (transverse) magnetic field dy; A2 — 9y, A1, where A(x) €
CX(R?, R?):

— (Ve +iA@) + V(x). (1.2)

It also includes the stationary form of the wave equation that appears in photonics and
meta-material realizations of topological insulators [HR07,RHO8,KMT13,LWZ18]:

—divge (0 (x) - Vg2), o (x) € C;°(R?, M2(C)) Hermitian-valued.  (1.3)

In relation with solid state physics, we assume that for some L > 0, the coefficients
ay (x) behave like Zz—periodic functions in the bulk regions x, > L and x, < —L,
see (2.2). The periodic structures above and below the strip |x2| < L may be different.
Hence, P represents the junction along |x2| < L of two (potentially distinct) perfect
crystals, respectively modeled by Z2-periodic operators

def

def
P.= ) aus(®)DY. P-= ) du-(0)DS

o] <2 ler|<2

with smooth, Zz—periodic coefficients a4 (x). This class covers bulk materials with
general Z2-lattice periodicity, see Sect. 2.1. See Fig. 1 for a pictorial representation
of P.

In the bulk (Jx2| > L), P+ and P_ govern the quantum dynamics. We assume that
this region is insulating at energy Ao. Mathematically, this means

)\,() ¢ O'L2(R2)(P+) U O'LZ(]RZ)(P_), (]4)

where o2 w2y (Pt) is the spectrum of P4, see Sect. 1.5. In other words, P, and P_ block
wave-like propagation at energy Ao. Thanks to periodicity and to (1.4), the generalized
eigenspace of P, with energy below Ao induces a (Bloch) vector bundle £, over the
2-torus (T2)* = R?/(2nZ)?, see Sect. 4.1. The Chern integer ¢ (&) is a topological
invariant of £, associated to P;. One defines similarly £_ and ¢ (€_) associated to P_.

While P behaves like an insulator at energy X¢ in the bulk |x;| > L, it may still
support currents along the strip [x3| < L. Following [KRS02,EG02,EGS05], we define
the interface conductivity as

def .
Tu(P) & Trpge (i[P, fG0] - &/(P)), (1.5)
where f € C®°(R, R) and g € C*°(R, R) are such that

1 forx; >¢ 1 forA <Xiop—¢o

fa) = {O forx; < —¢° g = {0 forA > Xlo+¢p (1.6)
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Fig. 1. Pictorial representation of a material covered in this work. A horizontal interface, |x3| < L, with
arbitrary analytic structure, separates two distinct periodic medias (bulk), x; > L and xp < —L

In (1.6), £ is an arbitrary positive number; and €( is any positive number such that
[Ao — 2€0, Lo + 2€0] does not intersect o2y (P-) Uopa gy (Py).

The operator ¢/'F - i[P, f(x1)] - e7'F = §,;¢'"F f(x1)e'¥ measures the quantum
flux of charges from { f (x;) = 0} to { f (x1) = 1}: the current moving left to right. Since
—g'(\) is a probability density, multiplying i [P, f(x1)] by —g’(P) and taking the trace
computes the density of current per unit energy (near Ag). In analogy with Ohm’s law,
Z.(P) is naively a (quantum) conductivity. See Fig. 2 and Sect. 2.3 for properties of
Z.(P). The main result of this work connects conductivity and topology:

Theorem 1. Let P be an elliptic selfadjoint operator of the form (1.1) equal to Py for
x3 > L and P_ for xo < —L. If Ao satisfies (1.4) then

27 - Lo (P) = c1 (&) — c1(E-). (1.7)

Theorem 1 is the bulk-edge correspondence: the bulk and edge indices are equal. The
formula (1.7) implies both quantization and topological robustness of the conductivity
Z.(P). Indeed, (1.7) shows that 27 - Z,(P) € Z; and that an (even large) compact
perturbation of P preserves P, and P_, hence the bundles £, and £_ as well as the
indices ¢ (&), c1(E-) and Z,(P).

When ¢ (&) # c1(E-), Theorem 1 shows that Z,(P) # 0; hence g'(P) # 0.
Since € can be arbitrarily small in (1.6), this implies that Ao € o722 (P). Physically
speaking: the junction of two topologically distinct insulators is always a conductor.

— —  def —— . . . .
When P = P (where Pu def Pu), we say that P is time-reversal invariant. In this

case, both indices in (1.7) are vanishing: Z,(P) = —Z.(P), hence Z,(P) = 0; and
the Berry curvature of €1 is odd (see e.g. [D19b, §2.3]), hence c¢;(€+) = 0. When
P # P, the time-reversal invariance is broken; and Theorem 2 is non-trivial. This
includes Schrodinger operators with magnetic fields (1.2) and in meta-materials (1.3).

1.2. Strategy. The proof of Theorem 1 derives (1.7) starting from the formula (1.5) for
T.(P). At the most conceptual level, our inspiration comes from Fedosov’s proof of the
index theorem [F70]—see also Hormander’s account [H85, §19.3].

While our main result is not semiclassical (there is no asymptotic parameter # — 0in
Theorem 1), a key step of the proof consists in deforming P to a semiclassical operator.
Specifically, we construct in Sect. 2.5 an h-dependent operator

P E Y cuhx, 0)DE : LXR?) — LA®?) (1.8)

| =2
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Fig. 2. The conductivity Z,(P) measures the flux of particles of energy ~ i, moving from {f(x;) = 0}
(left) to { f (x1) = 1} (right), along the interface, |xp| < L. See Fig. 1 for bulk and interface regions

which is equal to P when h|x3| > 1, but whose coefficients admit a two-scale structure:
cq(x,y) € C®(R? x T?), T2 = RZ/Z2. Lemma 2.3 states that Z,(P) depends only
on P, and P_; in particular, Z,(P) = Z,(Py). The scaling (1.8) is semiclassical in the
following sense: if U (x, y) € C®(R? x T?) and u(x) = U (hx, x),

Pyu(x) = (ByU)(hx,x)  where By © " (e, y)(Dy +hD)%.  (1.9)

o] <2
The (leading) semiclassical symbol of P, in x is operator-valued. It equals

PO &) S Y cale, Dy + ) LAT?) — LA(T), (1.10)

la|=<2

We emphasize that Z,(P) = Z,(Pp). Therefore, Theorem 1 reduces to a formula for a
(semiclassically scaled) index Z,(Py). This enables us to give a semiclassical proof.
We rely on the spectral theory of two-scale operators (1.8) of Gérard—Martinez—
Sjostrand [GMS91]. They construct a space H; C S’ (R2 X ']I‘z), isomorphic to Lz(Rz),
such that P, on L?>(R?) and P, on H; are unitarily equivalent. Roughly speaking,
distributions in 7{; are—up to normalization—L?(R?)-multiples of the Dirac mass on

{(x,y)esz']I‘z: x =h(y+m), meZz}.

See Sect. 3.1. The equivalence between Py and P, realizes Z,(P) as a semiclassical
trace: we will see that

T(P) = T(Py) = Trpageny ([ Pas £ ()] g/ (P))

= Trye, ([Pa £00)]g ®)) = Te(Ba). (1.11)

Semiclassical trace expansions have a long history. The most celebrated example is the
semiclassical Weyl law, see e.g. [DS99, §9], [Z12, §14] and references given there. For
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the present work, the most relevant results are due to Dimassi et al. [D93,DZ03,DD14].
For instance, [D93] shows that if ¢ € Cgo (R) satisfies

supp(e) U o2 (P(x, §)) = ¢

|x|=M, £cR?

for some M > 0, then ¢(Py,) is of trace-class on L*(R?) and as i — 0,

- dxdE
T Py)) ~ b:-hi72, b =/ T P(x, —_—
TL2(R2)(<P( h)) jzz;) j 0 S rL2(1r2)[§0( (x S))] an )

(1.12)

Since P, on L2(R?%) and P, on H; are conjugated, (1.12) also holds for Try, (<p (]P’h)).
Hence, Dimassi’s result suggest that

o
T.®p) ~ Y aj-hi2 h—0. (1.13)
j=0

But Z.(P;) = Z.(P) does not depend on h. Thus, if (1.13) holds, then a; = 0 for
all j # 2; and ap = Z.(P). The framework of Gérard—Martinez—Sjostrand [GMS91]
reduces PP, to a discrete effective Hamiltonian E7;(A), realized as a pseudodifferential
operator with matrix-valued symbol, E2>(x, &; A). The characteristic values/vectors of
E>> (A)—the solutions of E2(A)u = O—describe the spectral aspects of P, relevant in
the computation of Z, (Py,).

The bulk-edge correspondence for discrete Hamiltonians has been analyzed in [KRS02,
EGO02,EGSO05]. Here we need an approach adapted to both our microlocal framework
and to characteristic value problems. Section 3.3 extends arguments from [EGS05] to
characteristic (versus eigenvalue) problems. We will eventually express Z, (P) in terms
of the asymptotics E4(§; 1) of Exn(x, &; 1):

Le(P) = J(Es) — T(E-),

and provide an explicit formula for 7 (E;) and J (E_)—see (3.36) below.

Without further considerations, recovering the Chern integers ¢ (€+) from J(E1)
is technically difficult. In Sect. 4, we design a specific effective Hamiltonian which
tremendously simplifies the calculation. This completes the proof of Theorem 1.

1.3. Relation to earlier work. The bulk-edge correspondence has been intensely studied
in relation to the integer quantum Hall effect, where the magnetic field is constant. We
refer to [KRS02,EG02,EGS05] for discrete models; [KS04a, KS04b] for K-theory proofs
in the continuum; [CGOS5] for properties of the edge index; and [T 14] for results covering
strong disorder.

The analysis of continuous (versus discrete) models is necessarily more sophisticated.
One reason is that a discrete system has a finitely many degrees of freedom—versus
infinitely many for continuous systems.

More importantly, there is a subtle phenomenon that can only happen in the con-
tinuous setting. For discrete Hamiltonians on £2(Z?, C%), the Bloch eigenbundle below
sufficiently high energy is necessarily trivial: it is simply (T2)* x C¢. This generally fails
for continuous Hamiltonians. In contrast with the discrete setting, there are sometimes
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no spectral gaps above the one containing Ao.! Even if there were, there are no reasons
why the corresponding Bloch eigenbundles would have trivial topology—providing the
reduction to a discrete eigenvalue problem.

This generates new technical difficulties in the proof. While we still reduce our
continuous Hamiltonian to a discrete system, the relevant spectral quantities are now non-
linear eigenvalues (also called characetristic or singular values) rather than eigenvalues.
In the specific situation where the non-linear eigenvalue problem is actually linear—e.g.
if there exist topologically trivial spectral gaps of P+ above that containing Ag—our
proof would simplify and resemble that of [EGSO05].

While most of the aforementioned bulk-edge correspondence works rely on functional
analysis or K-theory, our approach to Theorem 1 is fully based on PDE techniques.
It suggests a microlocal conjecture related to the quantitative aspects of transport in
topological systems. We refer to Sect. 1.4 for the corresponding discussion.

For the sake of simplicity, Theorem 1 focuses on second-order operators. The mi-
crolocal aspects of the proof generalize to all elliptic pseudodifferential operators whose
spectrum is bounded from below. The present work relies on the effective Hamiltonian
theory developed by Gérard—Martinez—Sjostrand [GMS91]. This paper also covers con-
stant magnetic fields: A(x) = [B1x2, Bax1 1T in (1.2). Consequently, we expect that our
proof extends to this case as well. There would be a technical cost: we would need to
work with magnetic translations instead of mere translations.

1.4. Perspectives. Our microlocal framework suggests exciting perspectives. In the dis-
cussion below, we assume that rk(&;) = rk(E_). We set:

n k(&) = k(E).

Let P, be the semiclassical Hamiltonian (1.9) with symbol P(x, &) : LX(T?) —
L2(T?), see (1.10). It does not depend on x1, see Sect. 2.5. Below, we emphasize this
independence via the notations P(x3, &) = P(x, ) and ¢, (x2, ¥) = cq(x, y). The family
{]P’(xz, &) : £ €0, 271]2} forms the Floquet decomposition (see e.g. [RS78, §16]) of

P2) € Y ca(ra DY 1 LARY) - LARY).

o] <2

For x sufficiently positive, P(x3) = Py hence A ¢ 0;2(r2)(P(x2)). Since rk(£) =
n, Ao lies precisely in the n-th gap of P(x7), which is necessarily open. Let A1(x2, §) <
- < Aj(x2,&) < ... be the eigenvalues of P(x2, &). Suppose for a moment that

V(x2,8) € R x [0,2771%,  Au(x2, &) < Aps1(x2,€), (1.14)

Note that the condition (1.14) is weaker than assuming that P(x>) has an open n-th
LZ(RZ)-gap for every x» € R. Yet, it allows for the construction of a smooth, x>-
parametrized family of (Bloch) bundles £(x;) — (T?)* = R?/(2nZ)?, whose fibers at
£ € (T?)* are the first n eigenspaces of P(x7, &). These bundles depend continuously
on x3. For x; sufficiently positive, £(xp) = &£;. We deduce that

n=r1k(&) = lim k() = lim rk(E(x2)).
n—+00 n——oo
1 For instance, for magnetic Schrodinger operators (1.2), the Bethe—Sommerfeld conjecture holds [M97,

K04,PS10]: both Py and P_ have finitely many gaps. Thus, if A is in the last gap of Py or P_, then there
are no higher-energy spectral gaps.
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Fig. 3. Pictorial representation of dispersion surfaces, A, (blue) and 1,41 (red), with midpoint area of width
28 (gray)—see (1.15). The symbol W is supported where |An+1(x2, E) — rp(xo, §)| < 2§, that is, where
dispersion surfaces intersect the gray area

The assumption tk(£_) = rk(&;) ensures that £(x») = £_ for x, sufficiently negative.
Therefore the family of bundles £(x2) interpolates smoothly between & and £_ as x»
runs through R. We deduce that when (1.14) holds, ¢1(€4) = ¢1(€-). Theorem 1 yields
Z.(P) = 0.

In other words, if Z,(P) # 0, then the n-th and n + 1-th dispersion surfaces must
intersect. The union of Bloch varieties {(x, EX) A€o (IF’(xz, & ))} must have sin-
gularities along the n-th and n + 1-th dispersion surfaces.

This observation motivates a conjecture that highlights microlocal aspects of the
bulk-edge correspondence. Introduce the midpoint

1, £) def An(x2, §) +2)»n+1(x2, E). (1.15)

For § > 0, fix G € C®(R? x (T?)* x R) with

1 fora < pu(x. &) =8
G(x,é,%)—{o forA > pu(x2, 6)+8 -

SetW(x, &) = 0,G (x, &; P(xo, S)). This symbol is valued in linear operators on L%(T?);
its support lies in the set

z {(x,E) eR? X R? & |hpe1 (02, 8) — An(x2, )| < 23}-

See Fig. 3. As § — 0, Z;5 converges to the set of eigenvalue crossings (singularities in
the Bloch variety), 29 = {(x,&) : A,(x2,&) = Ap+1(x2, £)}. Hence, the quantization
W, of W(x, &) microlocalizes at arbitrarily small distance to Zy. It acts on the same
space H as P,. As h — 0, we expect that W), plays the role of g’(IP;) in (1.11):

Conjecture. Assume rk(Ey) = rk(E_) = n. There exists 5y > 0 such that

5€(0,80) = ZL(P)= TrH([IPh, Fen] -Wh> +O(h™).
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Fig. 4. If the n-th and n-th dispersion surfaces do not intersect for all (x, £), then for § small enough they do
not cross the midpoint area. The support of W is empty

Our conjecture predicts that, in the semiclassical limit, functions that are microlo-
calized away from the wavefront set WF;, (W) C Zs do not contribute to Z,(P).
It suggests that a set of edge states microlocalized on Zj controls the fundamen-
tal aspects of topological transport. They should be WKB-type solutions of a normal
form equation for P(x, &) near Zp—expressed as a pseudodifferential system. We refer
to [B87,GRT88,HS90,DGR02,PST03a,PST03b, DGR0O4,FT16] for WKB solutions in
two-scale backgrounds of the form (1.8). The work [FT16] also address Bloch bands
with non-trivial topology, most relevant here.

The fundamental role played by Z( highlights the significance of eigenvalue cross-
ings. When Zy = )—equivalently, when (1.14) holds—our conjecture is true. Indeed,
on one hand, we saw that (1.14) implies Z,(P) = 0; on the other hand, Zs = ¢ for §
sufficiently small, thus W;, = 0—see Fig. 4.

The simplest types of eigenvalue crossings are Dirac points. They typically appear in
honeycomb structures [FW12,BC18,FLW18,LWZ18,AFL18], but also in generic de-
formations of topological insulators [D20]. For small gap-opening perturbations and a
homogenization (rather than semiclassical) scaling, [FLW16,LWZ18] constructed gen-
uine edge states. They exhibit spectral concentration near the momentum associated to
the conical crossing.” This provides some support for our conjecture.

In [D19a,DW19], we completed the analysis via a full identification of edge states.
These papers essentially provide a converse to [FLW16,LWZ18]: all edge states are of
the form derived there. This yields the explicit value of Z,(P);3 see also [D19b] for the
separate bulk index computation. For instance, if a weak magnetic field breaks TRS,

27 - T, (P) = £2 = ¢1(&4) — c1(E2).

The sign depends only on the orientation of the bulk magnetic field seen by Dirac point
Bloch modes. Hence [D19a,D19b,DW19] provide further support for our conjecture:
one can compute bulk/edge indices from local quantities associated to crossings.

2 These are however not concentrated in position. This seems to be a feature of the homogenization—rather
than semiclassical—scaling.

3n [D19a,DW19], we defined the edge index as a spectral flow. Modulo a factor 27, it equals (1.5)—see
e.g. [ASV13, Proposition 3].
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A more sophisticated case concerns eigenvalue crossings arising along a topologically

non-trivial loop. For a 1D model built up from [FLW17,DFW18], we computed the

bul

k/edge indices as the winding number of a function from this loop to C \ {0} [D18].

This result also corroborates our conjecture.

1.5.

Notations.

e C* denotes the upper half-plane {» € C : Im A > 0}.
o T2 is the two-torus R2 /Zz. We use the notations Ti = (T?)* = R? / (2w Z)?* for

its dual.

cr (R?) denotes smooth functions with bounded derivatives at any order; S(R?)
denotes the Schwartz class.

P is the original Hamiltonian. It has bulk modeled by periodic operators P; and P_
which have a spectral gap [Ao — 2¢€, Ao + 2€] centered at A, see Sect. 2.1.

e P is a two-scale deformation of P that preserves P, and P_, see Sect. 2.5.
e P, is a semiclassical operator that is unitarily equivalent to Pj. It acts on a space

e The real part of an operator T is the selfadjoint operator Re(7") =

H!' ¢ S'(R? x T?). It has semiclassical symbol P(x, £) acting on L?(T?), see
Sect. 3.2. For £x, > 1, it equals P+ (§), see (3.35).
0. 0. Q. Q(x. &) and Qu(£) are respectively equal to ¥(P), ¥(Py), ¥ (P),
¥ (P(x, §)) and ¥ (P(&)), where ¥ satisfies (2.6).
T.(P) is the edge index of P, eventually denoted Z(P—, P, ). Its definition requires
two functions f and g, see Sect. 2.1. For convenience, we will use J,(P) =
—i - Z,(P) past Sect. 2.1.
g is an almost analytic extension of g;  is a bounded neighborhood of supp(g);

and Q' C Q satisfies (3.10).
T+T* )

e The spectrum of a (potentially unbounded) operator 7 on a Hilbert space H is

denoted o (T).

e Ifuy,...,u, are vectors, [uy, ..., u,] denotes the subspace Cu; @ - - - @ Cu,,.

Given an order function m and a € S(m), the (classical) Weyl quantization of a
is Op(a) € W(m) (see Sect. 2.3) and the semiclassical Weyl quantization of a is
Op,,(a) € W, (m) (see Sect. 3.1).

We will use functional spaces H and H> defined in [GMS91], associated to classes
of symbols SY% (m) and operators lI/}(ljk) (m), see Sect. 3.1.4.

&+ are vector bundles over (']I‘z)*, associated to P+ and Ag. They have Chern number
c1(Ex), see Sect. 4.1.

dX denotes a one-dimensional line element in C and dm ()) denotes the Lebesgue
measure on C.

We use the notation &= when a statement is true for both + and —. For instance,
“Fu(x) > 0 or Fv(x) = 0" means both “u(x) > 0
or —v(x) > 0"and “—u(x) > 0orv(x) >0".

In some statements, we use the exponent —oo to express that the statement holds
for any exponent s < 0.
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2. The Edge Index

We review here the properties of the edge index Z, (P), owing to [KRS02,EG02,EGSO05,
CGO05,B19]. From Theorem 1, we anticipate that Z,(P) depends only on

def
Mi = 100 (Ps).

This is consistent with standard results, which we recall in Sect. 2.1. We provide our
own proofs in Sect. 2.4, relying on pseudodifferential calculus (reviewed in Sect. 2.3).
They introduce the reader to the semiclassical techniques of Sect. 3.

This independence property motivates the search for a formula expressing Z,(P) in
terms of IT4 only: the bulk-edge correspondence. On one hand, (1.5) defines Z,(P) as
the trace of a classical (h = 1) pseudodifferential operator. On the other hand, a widely
developed area of spectral asymptotics expands semiclassical (h — 0) traces in powers
of h. This suggests to deform P to a semiclassical operator while preserving the edge
index—see Sect. 2.5.

2.1. Edge index. Let P be a partial differential operator of order 2:
PE N 4y(0)DY, ay(x) € CPR?Y),  such that: (2.1)

o] =<2

(a) P is symmetric on L2(R?), i.e. (u, Pv);> = (Pu,v) 2 whenu,v € CSO(RZ);
(b) P iselliptic, i.e. Y 41— Re (aq (x))€* > c|€|* for some ¢ > 0 and all (x, £);*
(¢) P has Z*-periodic coefficients for |x5| > L:

ag+(x) forxo > L

o (x) forx» < —LZ?)

Jay.+(x) € C°(R?, C), Z*-periodic with a,(x) = {

Under these conditions, P extends uniquely to a selfadjoint operator on L2(R?), with
domain H?(R?). In the regions £x, > L, P coincides with the periodic operators
PrE Y ag (DY PR — LA®Y).

lo|=<2

These operators have continuous spectra, see e.g. [RS78, §16].

The class of operators P of the form (2.1), satisfying (a) and (b) above, is invariant
under linear substitutions that preserve Re;. At the level of operators, linear changes
of variables are (up to a constant) unitary transforms. Hence the class (2.1) inherently
models rational interfaces between materials that are (commensurately) periodic with
respect to general Z>-lattices.

In the rest of the paper, we fix Ao & 022 (Py) U o122 (P-). The equation (Py. —
Ap)u = 0 has no bounded solutions. Physically, A¢ is an insulating energy: there are no
plane waves with energy A¢ in systems modeled by Px.

In relation with solid state physics, the operator P models the junction of two per-
fect insulators along an imperfect interface |x2| < L. Even though such materials are

4 Note that from (a), ag (x) = ay(x) thus the ellipticity condition is equivalent to the more standard one

Y ja=2 G (V)E > cl& .
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insulating in +x, > L, they can still support currents at energy A along the interface
|x2] < L. Fix € € (0, 1) with

O'Lz(Rz)(Pi) N[io —2€, 1o +2e] =0 (2.3)
and two functions f(x1) € C*(R), g(A) € C*(R) such that for some £ > 0,

_JO forx; < —¢ O fordA >xp+e
f(xl)_{l forx; >¢ g()‘)_{l forA <ip—¢€" (24)

Following [KRS02,EG02,EGS05,CGO05], we introduce the conductivity at energy Ao:

To(P) € Trpaee, ([ P, )] - €'(P)). (2.5)

Before justifying that (2.5) is well-defined, we provide a physical interpretation of
T.(P) as a conductivity. Using cyclicity of the trace, we observe that for all € R,

86”Pf(x1)67itp

To(P) = Tr 22 (e'”’i[P, fap]e . g/(P)> = Try2 g2, ( o

: g/(P)> :
From a quantum mechanics point of view:

e 3,e'"P f(x1)e""P measures the quantum flux between { f(x;) = 0} and {f(x) =
1}, per unit time. Indeed, it is the time derivative of the Heisenberg evolution of
f (x1)—which measures the probability of a particle to sitin { f(x1) = 1}.

e The multiplication by —g’(P) and the trace yield the density of states (near energy
A0), measured with respect to the probability density —g’(1).

Therefore, Z,(P) measures the number of particles moving left to right per unit time

and per unit energy (near A¢). This is the quantum current along the interface, per unit

energy. Thus, one can naively intepret Z, (P) as the quantum conductivity at energy Aq.

This explains the physical significance of Z,(P). In Sect. 2.2, we will also interpret

T.(P) as an algebraic number of traveling waves (with plus or minus count depending

on the direction of propagation): a spectral flow—see e.g. [ASV 13, Proposition 3].
The definition of Z,(P) requires a standard result:

Lemma 2.1. The operator [P, f(x1)1g'(P) is trace-class on L*(R?).

While not immediately apparent on (2.5), Z.(P) is spectacularly robust. The first
property ensures independence on f:

Lemma 2.2. 7, (P) is independent of f satisfying (2.4).
The second one is independence on the nature of the interface:

Lemma 2.3. Let Py and P; satisfy the assumptions (a), (b) and (c) above. If P| — P>
has coefficients supported in a strip {|xa| < L'}, then Z,(P) = Z,(P2).

According to Lemma 2.3, Z,(P) depends only on P, and P_. We state a last, more
subtle independence property. We will use at the end of the proof, Sect. 4. Let A1, A
with A1 +2¢ < A9 < Ap — 2¢ and Yy € C*(R) a two-level rearrangement (see Fig. 5):

A for A < Ag —2e¢
¥ nondecreasing and (X)) =4 A for | —Ap| < €. (2.6)
Ay for A > Ao+ 2¢
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(X))

2

Fig. 5. Pictorial representation of 1 (A). We note that ¥ (Py) and v (P—) have no spectrum outside {A1, A2}

Lemma 2.4. If { satisfies (2.6) then [I/J(P), f(xl)]g’ o ¥ (P) is of trace-class and
Lo(P) = Trpame) ([ (P), f(x1)]¢ 0 ¥(P)) = L (¥ (P)).

From Lemma 2.4, Z,(P) = Z, (1//‘(P)). Because of Lemma 2.3, it is reasonable to
expect that 7, (w(P)) depends only on ¥ (P+). From (2.3) and (2.6),

def
Y(Py) =AM +2n-(Id = Ty), TS T(ooig)(Pe).

Since Z,(P) does not depend on A1, Ao, we anticipate that Z,(P) depends only on IT4.

Lemma 2.1-2.4 are implicit in the literature; see e.g. [KRS02,EG02] for Lemma 2.1,
[CGOS, Theorem 1] for Lemma 2.3 and [EG02, Lemma A.4] or [B19, Lemma 4.7] for
Lemma 2.4. In Sect. 2.5, we will use these results to deform P to an operator P, that
(a) is Zep-invariant; (b) slowly interpolates (at speed 7 — 0) between P, and P_; (c)
preserves the edge index: Z,(P) = Z,(Py).

2.2. Dynamics, spectral flow and edge index. We give here an interpretation of Z, (P)
as the signed number of independent elementary waves propagating along the interface
lx2| < L.

Thanks to Lemma 2.3, Z,(P) depends only on P, and P_. After a perturbation of P
in the strip {|x2| < L}, we can assume here that P is periodic w.r.t. Ze. In this case, for
each ¢ € [0, 2], P acts on the space

E? def {u € LIZOC(RZ, C): ulx+ep) =etux), / |u(x)|2dx < oo} .
[0.1]1xR

We denote the resulting operator by P;—the Floquet-Bloch decomposition of P along
Ze, . The essential spectrum of P; comes from large values of |x3|: we have

Uﬁg,ess(Pf) = U[Z?,ess(P‘hC) U O-Eg,ess(P_»f) - GLQ(RZ)(P*') U ULZ(RZ)(P_)(2'7)

where Pt ; denote P+ acting on E?. In particular, (2.7) shows that P; has an essential
spectral gap containing Ag.

The spectral flow of P; is the algebraic number of E?—eigenvalues that traverse this
gap as ¢ sweeps [0, 2 ]; see [W16] for a good introduction and Fig. 6 for a pictorial
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Fig. 6. Essential (gray) and discrete (red) spectra of P; as functions of ¢. The spectral flow is the intersection
number of the eigenvalue curves with the energy level Ag. Here it equals 1

representation. From [ASV 13, Proposition 3], 27 - Z, (P) coincide with the spectral flow
of ¢ — P, when P is Zej-invariant.

From a dynamical point of view, a curve of simple eigenvalues A({) of P; with
A(Zo) = Ao generates a wave propagating parallel to Rej, with group velocity 9, A(Zp).
Hence, the spectral flow and Z, (P) count elementary waves at energy Ao that travel along
the interface |x3| < L, signed according to the direction of propagation, sgn(agk({o)).

2.3. Classical pseudodifferential operators. We review here the classical pseudodif-
ferential calculus. The results below are presented in Dimassi—Sjostrand [DS99, §7-8]
and Zworski [Z12, §4 and §14] (set h = 1). For more specialized results, we refer to
Hormander [H85, §18-20].

Givena(x,&) € C{° (R2 X Rz), the Weyl quantization of a is defined as

def if(x—x’). x+x ’ dx’dé 00 12
(Op(a)u)(x) = ./sz]RZe a( 5 ,é) u(x’) —(271)2’ u e Cy (R%).

(2.8)
We review here key facts on pseudodifferential calculus, with an emphasis on order

functions; composition; resolvents; and trace-class properties.

2.3.1. Order functions See [Z12, §4.4] and [DS99, §7]. Leta € C*°(R? x R?). Condi-
tions so that (2.8) still defines a bounded operator on the Schwartz class S (R2, C) are
typically encoded in order functions, i.e. functions m(x, §) € C 0(R? x R?) with

w, w eR?xR> = mw) < Clw—w)"mw).

Specifically, (2.8) defines Op(a) as a bounded operator on S (R?, C) if for some order
function m, for all « € N* there exists Cy > 0 with

(&) eR*xR? = [3%(x,&)| < Co - m(x, ). (2.9)

Symbols a satisfying (2.9) form the class S(m), naturally equipped with a Frechet space
structure. We set W(m) = Op(S(m)). Given an order function m > 1, we say that
ae€ Sm ) ifforeverys € N,a € S(m™).
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Standard examples of order functions include 1, (x)* and (¢)* for any s € R; here
we will also use
def 1 for £x; > 0
mj+(x,§) = {(x.,')_l for +x; <0 (2.10)

2.3.2. Composition of Pdos See [Z12, §4.4-4.5] and [DS99, §7]. If m| and m, are order
functions, then so is mmj. The composition of two Pdos is a Pdo:

Op(a) € ¥(my), Op(b) € W(mz) = Op(a)Op(b) € W(mim2).

Moreover, the symbol of Op(a)Op(b) in S(m1m>) depends continuously on (a, b) €
S(my) x S(my).

2.3.3. Resolvents See [DS99, §8]. We now turn to resolvents. Let P given by (2.1) be
elliptic and selfadjoint. We note that P € W ((£)?). For any A with Im A > 0, the operator
P — A is an isomorphism from H?(R?) to L2(R?). A classical result of Beals [B77]
implies that (P — A)~! € W((&)72):

VieC, (s e S(€)72), (P —n~'=0p(r(;n).

In the proofs below, we will need uniform estimates on r(-; 1) in S(1): for every
R > 0, € N*, there exists ca.R > 0 such that®

A <R Imi>0 = sup [3%(x,& )| <cor-|Ima[~07 @11
(x.6)€R?

This shows that the constant Cy, for 7(-; A) and m = 1 in (2.9) blow up at worst polyno-
mially in | Im A|~! when || remains bounded.

2.3.4. Trace-class properties See [DS99, §8]. Assume that m € L'. Then for any a €
S(m), Op(a) extends to a trace class operator on LZ(RZ). Moreover there exists C > 0
independent of a such that®

|op@)||, < Clm|pi - sup Co,

lo|<5

where the constants C,, are those of (2.9).

5 The power 6 is specific to the dimension n = 2; in general it is 2n + 2.
6 The number 5 is specific to n = 2; in general it is 2n + 1.
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2.3.5. Functional calculus See [Z12, §3.1 and §14.3] and [DS99, §8]. An almost ana-
lytic extension of p(1) € C{°(R) is a function (1) € C5°(C*) such that

/SIR =p; and 3p) = O ([ ImA|*®) as Imi — 0.

Almost analytic extensions always exist; and if p is an almost analytic extension of
p then 9,6 is an almost analytic extension of p’. We emphasize that almost analytic
extensions are not analytic. Almost analytic extensions allow nonetheless for integral
representations: for every z € C,

p(z)=/ M-(z—k)‘l-w. 2.12)
c+ O0A T

The identity (2.12) leads to a functional calculus developed in terms of resolvents.
If T is a (possibly unbounded) selfadjoint operator then H(T — ! H < |Imai|~!. In
particular we can express p(7') as an absolutely convergent integral:

3p()

— e A —_ !
p(T)_./@ o (T =»)

dm(\)
T (2.13)

While the functional calculus based on (2.13) goes back to Dyn’kin [D75], its popular
use in the semiclassical literature seems to start with [HS89]; see [HS90,SZ91,D93] for
subsequent developments.

2.4. Proofs of Lemma 2.1-2.4. For convenience, starting now we will use:

Te(P) & —iTo(P) = Tr ey ([P, £(eD)]g'(P)).

Proof of Lemma 2.1. 1. We need to show that [P, f(x1)]g’(P) is of trace-class on
Lz(Rz). Our strategy is to show that [P, f(x1)]g’(P) is a Pdo whose symbol decays
sufficiently fast. We first focus on the term

[P, fxD] = (1= f&xD)Pfx) — fFxD)P(1 = f(x1)).

We observe that f(x;) € lIJ(m‘f’OJr) and 1 — f(x1) € \If(m‘l’f’f), where m + are the
order functions defined in (2.10). The Weyl symbol of P belongs to S((£)?). Since
mp+mp,— = (x1)~!, we deduce from the composition theorem (Sect. 2.3.2):

[P rGen] e w (1620 ™). 2.14)
2. Fix s € N. We focus on g’(P). Let p(1) € Cg°(R, C) such that
reopgy(P) = o) =gMMh+i). (2.15)

Note that p exists: (2.15) specifies p’ on 022 (P), which is bounded below; and it
suffices to arrange so that p’ integrates to 0 on R. Let x4 (x3) € C*°(R, [0, 1]) with

- 0 forxp; < —1 - -
X+(x2) = {1 for x22_> | X-=1-xs (2.16)
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Since x4 + x— = 1, we have

g'(P) = F+(x)g (P) =Y Fx(x2)p'(P)(P +i)~".
+ +

Moreover, P+ has no spectrum in the support of g’; since o;2g2)(P+) C 0722y (P),
(2.15) implies that p’(P+) = 0 and

g(P) =) Fx(x2)(p'(P) = p'(PL))(P +i)~". 2.17)
+

Let p be an almost analytic extension of p. Then 050 is an almost analytic extension
of p’. We write (2.17) using the Helffer—Sjdstrand formula (2.13):

) FHM) - _y dm®) -
g<P>=Z/+ T ) (P =0T = (Pe =07 = (P )
92 A, A dm(\
—ZL g’jag Fe () (P =27 (P = Py (P~ Ty

(2.18)

3. We now observe that y4(xp) € ‘ll(mé,i) and that P — P € lIJ(mi’jF(é)z).

Moreover (P — 2)~! and (P+ — A)~! are in W(1), with symbolic bounds blowing
up at worst polynomially in [Im A|~!, see (2.11). Since 8%,6()») = O(|Im A|*®) and

my4ma - = (x2)7 !
326 (L)
NI

, we deduce from the composition theorem (Sect. 2.3.2):

e (P =7 P = PY(Pe =07 e w () e)?),

uniformly in A. We integrate this identity on C* and multiply by (P +i)~* (which belongs
to \U((é)_z“), see Sect. 2.3.3). We deduce from (2.18):

VseN, g(P) e W () ©F), e g(P) €W ((x2) () 7). 2.19)
4. We combine (2.14) and (2.19) to obtain
[P, F(x]g'(P) € W ({x1)™(x2)"(§)™) = W ((x)">(6) ™). (2.20)
Hence [P, F(x1)]g'(P) is of trace-class, see Sect. 2.3.4. O
Proof of Lemma 2.2. It suffices to show that if fy(x1) € C3°(R) then

Tr 2@ ([P, fo(x1)]g' (P)) = 0.

We have fy € \IJ((xl)_oo). Using (2.19), we deduce that both Pfy(x1)g’(P) and

fo(x1)Pg'(P) are in \I!((x)_oo (é‘;)_"o). Hence both are trace-class.

If A, B are two operators such that AB and BA are trace, then AB and BA have
the same discrete spectrum apart from 0. By Lidskii’s theorem, Tr(AB) = Tr(BA). We
deduce that:

0 = Trage)(Pfo(x1)g'(P)) — Trrage (fo(x1)g'(P)P) = Traga) ([P, folx1)1g'(P)).

This completes the proof. O
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As in [CGO5], the proof of Lemma 2.3 requires a preliminary result.

Lemma 2.5. Let Py and P; satisfying (a), (b) and (c) in Sect. 2.1, and such that Py — P,
vanishes outside a compact set. Then J,(P1) = J.(P2).

Proof. 1. Let s, p as in the proof of Lemma 2.1 so that for j = 1, 2,

3o (x A
P9 py, paeicr -t

(Pj+i)™"
2.21)

P;, "(Pj) = -
[Pj, f(x0)]g (P)) /O YY)

Our goal is to write the difference of (2.21) for j = 1,2 in terms of commutators of
trace-class operators. This will produce a vanishing trace and complete the proof.

2. We integrate (2.21) by parts w.r.t. A:
ap(r) (K)
oA

[Pj,f()ﬂ)]g’(lf’j)Z—/(C+ [Py, FGD](Pj =02 === (P )

We permute [ P;, f(x1)] with one of the terms (P; — A)~". This allows us to write

, dm ()
P, f)Ig (P) = — [E Ay 222)

where A; (1) < 0500 (Bj (M) + C;(1), with:

B0y & —(P; =) [Py, GNP =) (P )

= [(P,- -0 f(x])] S(Pj+i)° = [(Pj — 07 (P + i)—“] ;
Ci00 & [y =07 1Py, fan] (P =27 (P iy
=[P =07 1py Fe0IP =T R+,

3. We use the resolvent identity and Leibniz’s formula to get

120412

(PL+D) = (Py+i) " = ) s17s2!

cooiP +) NPy = PPy +i) 2

s1+sp=s—1

It follows that

BIG) = B2 = [(P =07 (P = PP = 7L, fan) (P + )7

S1- 282!2

G P DT T (P = PO (P

+| Pr=n7h fe) Y

s1+sp=s—1

Similarly, we find that C; (1) — C»(A) is equal to

(P =)' (Py = P))(Py = 1) [P feDIPr = 27 (P +i) ]
+[(Pr =) [P = Py, fODI(PL—2) T (PL+i) 7
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+[(P2 =)7L Py, fD)IP =) NPy — PPy — ) (P +i) ]

5112512

(s —=1!

+ |:(P2 =07y, fEIP =0T Y (PL+i) "1 (Py = P)(Ps +i>—52-'} :

s1+s2=s—1

4. The expressions of Step 3 allow us to expand A(A) — Az(X) as a finite sum of
commutators Y [ Dr (1), Ex(%)] with the following property. For each k, Dy(1) E (1)
and Ey (1) Dy (1) are finite products of precisely one of each factor d5:p(1) and P — P;
at most three factors among (P; — 2)~L; one factor of the form fxp)or [Py, f(xD];
and s or s + 1 factors of the form (P; + iH~L

We note that P — Q € W({x)~1(£)?); that (P; +i)~! € W((§)72); that (P; —1)~! €
W (1) with symbolic bounds blowing up polynomially as Im A — 0—see (2.11); and
that 9;:6(1) € O(|Im A|*). Therefore we deduce that for any s € N,

Dy (MEr(L), Ex(M)Dr()) € \p(<x>—S(§-)—23+4)’

uniformly in A. In particular both Dy (A)Ex(A) and E(X)Dy (X)) are trace class. We
deduce that Aj(A) — A2(}) is (uniformly in A) trace class with vanishing trace. The
formula (2.22) completes the proof. O

Proof of Lemma 2.3. 1. In comparison with Lemma 2.5, the operator P; — P, vanishes
now in a (non-compact) strip |xz| < L’. We prove lemma 2.3 using Lemma 2.5 and an
approximation argument.

Fixe > 0, x(x) € Cgo(Rz, R) equal to 1 for |x| < 1and P; = Re (P1 +x(ex)(Py —
Pl)), where we recall that Re(T) = T*2+ L We note that P; is an elliptic selfadjoint
operator of order 2, equal to P; outside a compact set. From Lemma 2.5, J.(P;) =
J(P3) thus

Je(P2) = Te(P1) = Je(P2) — Je(P3).
2. Let s, p as in the proof of Lemma 2.1. We write for j = 2, 3:

26 (L)

dm(\)
EYEDS '

[P, f(xD1g (P)) = /@ [Pj, fGDIP; =) (P +i)~°

‘We observe that

[Po, fDI(P2 =2 (Pa+ i)™ — [P, fx)I(P3 =2 (Ps+i)*
=[Py~ P3, fGDIPr =) (P +i)*
+[Ps3, FGDIPr — M) (Py = P)(Ps — )7 (P +i) ™
S2!2S3!2
(s —1!

+[Py, fGDIPy =) Y (Py+i) 271 (Py — Py)(P3+i) =",

S§=52+53
(2.23)
3. The bounds that we prove below are all uniform as ¢ — 0. We observe that

P3 — Py =Re ((x(ex) — 1)(P> — Py)).

This vanishes when |x| < e~ !. In particular, P3 — P, € g(x1) - W ((£)?) with uniform
symbolic bounds as & — 0.
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Since [P3 — P2, fland [P3, f]are in W({x] )_OO(E)Z), we deduce from (2.23) that
1
(P2 NP =)™ Py i)™ = [Py, fOIPs = )7 - (Py+) ™)

is in W((£)*72*). The symbolic bounds blow up polynomially as Im & — 0. Thus

(P2, f(x1)]g'(P2) — [P35, f(x)]g'(P3) € &-W((E)™™). (2.24)

4. From (2.20), we also have [P}, f(x1)]1g’(Pj) € W((§)™°°(x)~>°). We deduce that
(2.24) belongs to W ((£)~%°(x)~°). Interpolating at the symbolic level, we get

[Po, f(xD1g (P2) — [P3, f(xD]g (P3) € &'/ W((&)"®(x)"™).

In particular, [Pa, f(x1)]g’(P2) — [Ps, f(x1)]g’(P3) is of trace-class and its trace is
0 (¢'/%). We conclude that

Jo(P1) — Jo(P2) = O(e'/?)

for every ¢ € (0, 1); this completes the proof. O

Proof of Lemma 2.4. 1. From the properties of ¥, g’ o ¢ = g’. Moreover, since the
spectrum of P is bounded below, there exists ¢ (1) € C3°(R) suchthat y(P) = A+ (P)
and ¢/ (P) = ¢'(P). It follows that

[v(P), fxD]g 0w (P) = [0(P), f(xD)]g'(P). (2.25)

We use the Helffer—Sjostrand formula to write
Ag(L) dm(0)
o(P) :/ W p—nt. . (2.26)
c+ 8)\, T

Since (P — A)~! € W(1) with bounds blowing up polynomially with | Imi|~!, o(P) €
W(1). As for (2.14), [@(P), f(x1)] € W({x1)™>). From (2.19), g'(P) € W({x2)™>
(§)7°°). We deduce from (2.25) that

[V(P), fx)]g o (P) € W ((x)"(&)™™).

Hence [/ (P), f(x1)]g’ oy (P) is of trace-class and 7, (v (P)) is properly defined, with

Te(¥(P)) = Tr 2@y ([0(P), f(x1)]g'(P)).
2. Because of (2.26),

ag(h dm (A

0P falg ) = [ P2 [ - o] g )
c+ OA b4

aQ(A A

- /. D p - [P ) - gy

(2.27)
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Recall that g'(P) € W((x2)"(&)™>); (P — M)~ € W(1) (with bounds blowing
up polynomially in [ImA|~"); and [f(x1), P] € \l/((xl)_oo(é)z). Since d;p(A) =
O (] Im A|*°), we deduce that

QA
%)[f(m),P] (P=n7"g'(P) € W ((x)"®E)™),

uniformly in L. Thus we can trace (2.27) and permute trace and integral. We can also
move (P — A)~! cyclically from the left to the right. We end up with

Te(¥(P)) = _[v % “Trpage (P =07 [P, fOD](P = 0)7"g'(P)) - @
= [ 25 e, ([P fe)r -0 ) L 2as)
We observe that (P — 22 =09,(P— )»)’1. We integrate (2.28) w.r.t. A:
Je(¥r(P)) = [E % e, ([P FE0]P —27'g/(P)) d";ﬁ.
We permute trace and integral once again and end up with
Je(P) = Trpp@ay ([P, f(xD)l' (P)g'(P)). (2.29)

This completes the proof because ¢’'(P) = ¥'(P) and ¥'(1) = 1 on the support of g’:
the RHS of (2.29)is J.(P). O

2.5. Deformation to a semiclassical operator. We recall that Re(T) = T+TT* Let
x+(x2), x—(x2) € C*(R) and xo(x2) € C5°(R) such that

(x2) = 1 forxp, > 2 (x2) = 1 forx, < -2 1 _
X+\X2) = 0 forx, <1° X+(X2) = 0 forx; > —1° X0 = X— X+

See Fig. 7. Given h > 0, we introduce

P, % Re ( 3 balhx, x)D;‘> +Re (Xo(hxz)Po), where

loe| <2
def def
bo(x,y) = x+(x2)ag+(y) + x—(x2)aq,—(¥), Po = —A+|ko|+2. (2.30)

The operator Py, is a symmetric differential operator of order 2. Below, we write

Py = Z co(hx, x)DY,

la|=2

rather than (2.30). The coefficients ¢, (hx, x) have a two-scale structure: c,(x, y) €
cr (R%xT?). As afunction of x and y, ¢, (x, y) depends polynomially on 4; in particular
it is uniformly bounded as &4 — 0.

The coefficients by (hx, x) are equal to aq +(x) for £xo > 2. This implies that

ag,+(y) forxy >2
ag,—(y) forxy < -2°

Coz(x7 y) = {
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1+ x-(72) Xo(72) X+ (72)
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Fig. 7. Graphs of x—, xo and x+

In other words, P, is equal to P outside |hxy| < 2. We similarly observe that if u
has support in {|hx>| < 1} then P,u = Pyu. Since 0L2(R2)(P0) = [|Xo] + 2, 0), Py
heuristically behaves as a barrier between P and P_ at energies below |Ag| + 2. This
can be ignored in Sect. 3. It will play a role in Sect. 4.

Finally, we observe that P is elliptic. This proves that P, satisfies the assumptions
of Sect. 2.1. From Lemmas 2.2 and 2.3,

Te(P) = Te(Pr) = Trpagey ([ Phs £ (hx) ]/ (P)). 2.31)

The key observation is that Py, is, in an appropriate sense, a semiclassical operator. We
give here a formal explanation and we postpone the rigorous version [GMS91] to Sect. 3.
Let U(x, y) € C®(R? x T?) and set u(x) = U (hx, x). Then

Pyu(x) = (ByU)(x. hx)  where By & 3" co(x, )(Dy +hDp)*. (2.32)

o] =<2

The operator P, is semiclassical in x with operator valued-symbol P(x, £)+ O (h), where

PO &) S Y calr, y)(Dy +8) + O(h).

| =<2

3. Semiclassical Deformation and Effective Hamiltonian

In the rest of the paper, we compute J,(P) using the operator P, defined in (2.30). To
emphasize that 7, (P) depends only on P, and P_, we write below
def
Je(P—, Py) = Je(P).

Operators Py, of the form (2.30) first appeared in solid state physics in the 70’s. The
first mathematical works constructed WKB quasimodes [B87, GRT88]. Here, a key paper
is Gérard—Martinez—Sjotrand [GMS91]. It establishes a unitary equivalence between P,
acting on L?(R?) and P,—see (2.32)—acting on’

H, & { 3" v@)sx — hy +hm), v e L2(R2)} cs (R2 x T2> .
meZ?

7 This space is denoted Lq in [GMS91] and [DS99, §13]. It is canonically identified with L? (Rz), see
Sect. 3.1.4.
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This equivalence yield a semiclassical formula for the edge index: from (2.31),

Jo(P_, Py) = Trpoey ([Pa £x0]g (P) = Trag, ([Pas feD]g'®R)) . B.D)

Another important advance of [GMS91] is the construction of an effective Hamiltonian
E>> (1) for Py. This provides a discrete non-linear eigenvalue problem whose solutions
are precisely the eigenvalues of Pj, (within a given spectral window).

Dimassi et al. [D93,DZ03,DD14] used [GMS91] to provide various semiclassical
trace expansions for operators in the form (2.30), see for instance (1.12). In principle,
the coefficients b in (1.12) can be expressed from semiclassical symbols. We expect a
similar expansion here:

Try, ([Pa, f(x0)]g' Pr)) ~ Zaj “hI72 ash — 0, (3.2)
j=0

with coefficients a; computable via symbolic calculus. However, (3.1) indicates that
(3.2) does not depend on A. Hence all terms aj, j # 2 in the expansion (3.2) must
vanish and ap = J.(P_, Py).

From the technical point of view, Sect. 3 is closer to [GMS91,D93] than to previous
papers on the bulk-edge correspondence. As in [D93], we will pose a Grushin prob-
lem and construct a discrete (finite difference) effective Hamiltonian with non-linear
eigenvalues, which describe accurately P, near energy Ag.

We will use symbolic calculus to derive a formula for a;. Specifically, we will adapt
calculations of Elgart—Graf-Schenker [EGSO05] from the eigenvalue setting to the non-
linear eigenvalue setting. This will prove that 7, (P—, Py) is (up to summation) a double
semiclassical commutator. This proves ap = a; = 0; and allows us to compute ap in
terms of the leading symbol of the effective Hamiltonian, E2;(x, &; A)—see Theorem
2. An algebraic manipulation reduces the formula for @, to an integral involving only
asymptotics of E1(€; A) of Ex(x, &; 1) as x, — Foo—see Theorem 3.

We will connect £+ (£; 1) to Chern numbers in Sect. 4, completing the proof of The-
orem 1.

3.1. Semiclassical calculus. We start this section with areview of semiclassical calculus.
While pseudodifferential calculus purely measures regularity, semiclassical calculus
allows for the quantitative study of frequencies of order h~!, h — 0. The textbooks
[DS99,712] provide excellent introductions. The results below are exposed in [DS99,
§7-8 and §13]; see also [Z12, §4 and §13].

We say that a symbol a(x, £) € C*®°(R? x R?) (implicitly depending on /) belongs
to S(m) if (2.9) holds with bounds C, uniform in 4 € (0, 1]. We then define

e 1 i S (x—x' ' / / e}
(Opy (@) (x) & i /szmz Py (x J;x ,s) u(x)dx'de, u e CP(R?).

Such operators have bounded extensions on S(R?) and we denote the corresponding
class by W,(m) = Op, (S(m)). In the sequel, we will allow for symbols valued in

Hilbert spaces, typically C¢ or L*(T?).
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3.1.1. Composition See [DS99, §7] and [Z12, §4.3-4.4]. If a € S(m1) and b € S(m»)
then Op,,(a)Op;, (b) € W, (mm;). We denote its symbol by a#b. One clear advantage
of semiclassical over pseudodifferential calculus is the composition formula: for any K,

K

a#b(x, &) =Y

k=0

+ OS(mlmz) (hK+1) .

iknk ( D¢Dy — Dy Dg
k! 2

k
) (alx, 5)b(x'. &)

=
It implies that a#b(x, &) depends only of a and b locally near (x, §), modulo a small
remainder, O (h*°). We will use the explicit expansion only for K =0 and K = 1:

e Op,,(a)Opy,(b) has symbol ab + Osin m,) (h);
e [Op,(a). Op;,(b)] has symbol®

2
h dof <~ da db  da b
—({a, b} — {b,a)) + O h?), h b=y .
5t b} = 1. a) S“"l’"z)( ) where {a, b} S og; 0x;  0x; 08

From the composition formula, if a(x, §) € S(1) satisfies infp2 , p2 |a(x, & )’ >0
then Opy, (a) is invertible for £ sufficiently small. The semiclassical version of a theorem
of Beals [B77] implies that its inverse is in Wy (1).

3.1.2. Resolvents and functional calculus See [DS99, §8]. Let a € S(1) be Hermitian-
valued. For every A € C*, (Op;,(a) — 1)~ Lis in Wy, (1). This follows from the semiclas-
sical Beal’s theorem due to Helffer—Sjostrand [HS89, §2.3]; see also [DS99, Proposition
8.3] and [Z12, Theorem 8.3].

If 7(-; 1) € S(1) is such that Op,, (r(-, A)) = (Op,(a) — A)~", then for any R > 0,
the following estimates hold uniformly for A € ID(0, R) and & € (0, 1]:

r(i2) = (a—n""+ 0sa) (h [Im x|—8) :

12 \3
o h —la|—1
sup 9% (x, & A)| < cq, -max 1, [ Im A| ) (3.3)
(1.£)eR? [ Im A|

We refer to [DS99, Proposition 8.6]. Using the estimates (3.3) and the Helffer—Sjostrand

formula (2.12), we can develop the functional calculus of selfadjoint semiclassical op-
erators. If 9(1) € C5°(R), then go(Oph (a)) € Wy (1) and its symbol is

p(a(x,§)) + Osqy(h).

3.1.3. Trace class See [DS99, §8]. Similarly to Sect. 2.3.5, if m is an order function in
L' then operators in Wy, (m) are trace-class. Moreover, there exists C > 0 such that for
anya € § (m):9

|Op (@) ¢, < Ch™% - |m|L1 - sup Cq (3.4)

ler| <5
where the constants C,, are those of (2.9).

8 This reduces to ]Il{a, b} when a or b is scalar-valued; however most operators considered below will be
matrix and operator-valued.

9 The numbers 2 and 5 are specific to dimension n = 2; in general they are n and 2n + 1, respectively.
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3.1.4. Periodic and equivariant classes See [DS99, §13]. We will need to consider
classes of operator-valued symbols satisfying certain (pseudo-)periodic conditions. Fix
d € N. We introduce:

e The class S@? (m) C S(m) of symbols a(x, &) € C°(R* x R?, My(C)) such that

a(x, € +2kn) =a(x, &), kelZ’

e Theclass SU2) (m) C S(m)of symbols R(x, &) € C®(R? x R?, (C?, L*(T?)))—
i.e. with values in linear operators from C to L?(T?)—such that

R(x, & +2kmw) = e 2% . R(x, &), keZ%

e The class S@D (m) of adjoints of symbols in SUD (),
e Theclass SV (m) C S(m) of symbols W(x, £) € C®°(R?xR?, Z(L*(T?))) with

W(x, & +2km) = e 257 . W(x, §) - 257, k e 7. (3.5)

We let W'/ D (m) = Op, (YK (m)) be the corresponding operator classes; we observe
that P(x, &) € \Il;lll) ((5)2). Because of the (pseudo-)periodic conditions, if m decays
with & then \p}(lj k) (m) = {0}. The order function m may nonetheless decay with x.

The classes ‘-I-flgj k) (m) appear in relation with the effective Hamiltonian method of
[GMS91]. From the general theory of Pdos, they act on tempered distributions; for

instance, operators in \Il,(l“)(m) act on 8’'(R? x T2). The pseudo-periodic conditions
yield additional mapping properties. If m is uniformly bounded in x, then operators in

\Ili(ljk) (m) map H; to Hy, where

Hy = { 3 v@)s(x —hy +hm), v e LZ(RZ)} cs (R2xT?),
meZ?

H, & { 3 bl — hm), v e (22, Cd)} cs (RZ, Cd) . (3.6)

meZ?

The space H» is naturally isomorphic to £2(Z*, C¢). Similarly, 7, is isomorphic to
L?(R?). Indeed, for any v(x) € L*(R?),

/ D v@)8(x — hy +hm) - h*dy = v(x),
TZ

meZ?

where equality holds in the sense of distributions on R?.

A consequence is that P, acts on . In this sense, the elements of | identify with
the two-scale functions U (hy, y) considered in Sect. 2.5: in (3.6), the Dirac masses
constrain x = hy modulo (h7)?.

A resultdue to Dimassi [D93, §1]—and fundamental here—assertsifa € S 22) ((x)_3)

then Op, (a) is of trace-class on H; and!'?

1
Try, (Opy (a)) = Gt /ﬂmz a(x, &) dxdg + O(h™). (3.7)

10 Strictly speaking, [D93, Remark 1.3a] and [DS99, Lemma 13.29] are stated for symbols in § @2 (1) that
are compactly supported in x; the proof applies (with no change) to rapidly decaying symbols.
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3.1.5. Grushin problem Here we recall basic properties of Grushin problems; see for
instance [DS99, §13] and [SZ07] for various applications and discussion of terminology.
Assume Q : Hy — Hi, R12 : Ho — Hp and Ry : H> — H; are three operators such
that for X in a open neighborhood of C, the operator

[QR_A R(;z] t Hi®Hy — Hi ©Ho
21

is invertible. We write the inverse as
—1
Ry O Ey(A) Exn(d) |° ’

Then the operators E i (A) depend analytically on A. Moreover, Q — A is invertible on
‘H if and only if E2;()) is invertible on H>; and

(Q-M"'=EnQ) — EnM)En) Ex®),
En()™' = —Rau(Q — 1) 'R (3.9)

3.2. Review of the effective Hamiltonian method. In the sequel, 2 is a bounded neigh-
borhood in C* of supp(g) N C*, and Q' C € is a neighborhood of supp(g) with

Q' NR C [ho— €, ro+e€l. (3.10)

We set A, = sup{2|A| : A € Q}.

The idea behind the effective Hamiltonian method is to produce a non-linear eigen-
value problem for a discrete Hamiltonian, that describe accurately low-energy spectral
aspects of P;,. We follow the construction of [GMS91]. It consists in finding d € N and
a pseudodifferential operator Ry> : H| — Hj with adjoint Rp1 : Hp — H; such that

P, —AR
’ 2 H @ H, > H @ H,
Ry 0
is invertible for all A in 2. We refer to [DS99, §13] for a comprehensive presentation.
Following Gérard—Martinez—Sjostrand [GMS91], there exist d € N and ¢;(y, &),
o @a(y, ) € C®(R? x R?), satisfying

(p](y + E, s + 27Tk) = e_2iﬂky : (Pj()’» g)a <(pm('» é)v (pn(, $)>L2(T2) = Snm (31 1)
for every (k, £) € Z*? x Z?; and such that for all (x, £) € R? x R?,

ue [(pl(" E)’ A (pd(" S)]l = ((P(x9 5) - )\.+)Li, M>L2(T2) 2 3|u|i2(1r2) (312)

The functions ¢ ; were initially constructed in [HS90, Theorem 3.1]; see also [GMS91,
Proposition 2.1] and [DS99, Appendix]. Their existence follows essentially from an
ellipticity argument: (P(x, §)u, u);2(2) is large compared to |u|i2 ) for sufficiently
high-frequency functions. Thus, d needs to be large enough so that the condition in
(3.12) excludes low-frequency functions.
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For technical reasons, we prefer to work with the operator Q; = ¥ (Py,), where ¢
satisfies (2.6). We note that J,(P—, Py) = J.(Pp) = T (l/f(Ph)), see Lemmas 2.3 and
2.4. Using the unitary equivalence between P;, and IPj,, we deduce:

Te(P—, P) = Trpg ([Qu £ (r0)]g @0)).
The operator Qy, is in W }(ll 1)(1) and its leading symbol is the bounded operator

Qx, &) = ¥ (P(x, &) = L*(T?) — L*(T?),

because ¥ (IP,) = A2 + () for some (1) € C;°(R); and because of Sect. 3.1.2. We
now extend (3.12) to Q(x, §) = ¥ (P(x, §)).

Lemma 3.1. If (3.12) holds then there exists Lo > Ao + 2€ and  satisfying (2.6) such
that for every (x, £) € R?* x R?,

we o), e O = (WP 6) = h) ) gy > el
(3.13)

Proof. 1. We note that Q(x, &) € S aD(1). In particular, it satisfies the pseudoperiodic
condition (3.5). Moreover, P(x, £) depends on x only if x is within a compact set K.
Therefore, it suffices to prove (3.13) for (x, £) € K x [0, 2]

Fix (x, &) € K x[0, 2w 1>andu € H*(T?). Wesplitu = u1+u> whereur = I1(€)u €
L*(T?) is the projection of u to [@i(,§), ..., ¢a(-, €)]. In particular u; € H*(T?)
satisfies the assumption of (3.12) and we have

2
(P, &) — As)u, “)LZ(TZ) = Z (P(x.&) — As)uj. “k)L2(1r2)

Jk=1

> 3lu1l25pa) — 21PCx E)ual 2p2) - 3l 2r) — | (PG, €) = Mz ) - 2272y

The span (-, €), ..., @4(-, )] is of course finite dimensional. Thus there exists a
constant C > 1 uniform in (x, &) € K x [0, 27712 such that

[P, §)uz| 2oy + (P, §) = Muz| o) < Cluzl iz
We deduce that
(PO, &) = ha)us ) o o) = 1130y = 2C 2172 o)
= [ulFa gy = 3C U2l Ta oy = lulfagpey = 3CP M Eul} o) (.14)

3.Fix Ay = 3C%+1+A,. Wesplitu = u_ +u, where u_ = 1(_o0 3, (P(x, &))u and
us = 1,,00) (P(x, &))u. Note that by elliptic regularity, u— € H?(T?). If ¥ satisfies
(2.6), then we have

<(1/I(HD('X7 E)) - A"F)Ma u>L2(T2) 2 ((P()C, S) - )‘-+)u77 u7>L2(T2) + ()‘-2 - )‘-+)|u+|2'

We obtain from (3.14):

(W (PG, &) = M)ty u) ooy = Nu—lfa gy = 3CPITTE - |Ta o) + (k2 = Ae) sl 72 o)
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= [ulFagp) = 3CPTE U2 g, + (k2 = A = D)luslFa o) = 3CP M E) U+ |3 ).
Since Ay = 3C% + 1 + A,, we obtain
(W (PCx, ©) = ha)uts ) 2oy = lulFa oy = 3CHTE U} o)

This completes the proof: I1(§)u = 0 if u satisfies the condition of (3.13). O

In the rest of the paper we assume given ¢, .. . ¢4 satisfying (3.11) and (3.12); and
we fix i such that (3.13) holds. Introduce

Ro@t S 1950, 8;  (Ru@u), S (9,8, w2y (.15)

J

The symbols R12(£) and R»; () are respectively in SU2 (1) and S@V(1).
A general argument based on (3.13)—see e.g. [DS99, Appendix 13.A]—implies that

Q(x, &) =2 Rn2®) | . ;2,m d o J
[ RuE) 0 ]'“T)@C - LX(TH&C (3.16)

is invertible for all (x, &) € R? x R? and A € (0, |A,|). Note that this disk contains Q.
The operator

Qn =2 Rz ctHI®Hy > Hi®Hp (3.17)
Ry 0
is a bloc-by-bloc semiclassical operator, with blocs in \IJ}(lj k)(l). Its leading symbol is
(3.16), which is invertible. Hence (3.17) is invertible; and its inverse is a semiclassical
operator acting on the same space. We write it in the form

_|En ) Ex(A)

N |:E21 (A) E2n(2)

—1
Qn — 2 Ri2
Ry 0

}, where Ejr(1) € w9 (1),

3.3. Reduction. We combine the Helffer—Sjostrand formula with the effective Hamilto-
nian expression (3.9) for (Q, — A)~L. This gives

P 10! _, dm(x)
g(@h)—/ @ -nt

cr OAIA
_ [ %80 L dm(3)
= [ EE2 (En) — EntEn) Ea) - S

This integral splits in two parts, one of them involving E1(2). This term is holomorphic
in €, which is a neighborhood of supp(g) in C*. An integration by parts with respect to
A removes E11(A) and we end up with:

e 9?g () . dm())
g (Qp) = _[w TN “E1p(M)Exn(A)” E2(A) - —Q (3.18)
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Let ®o(x1) € C3°(R) such that ®g(x1) = 1 on [—1, 1]; define
D (x) = Dg(x1)Do(x2) (3.19)
We insert ® in (3.18) to write J,(P_, Py) = Tryy, (7o + Ti_o), where

def /' 32g(n)

A
ol [ dm()
c+ OAIA

[Qns D] En(WEn() ' @ () E (M) - —

Lemma 3.2. The operator T)_¢ is of trace-class on Hy and ||T1—o || = O (h*°).
Proof. 1. Let x+(x2) € C*(R) satisfying (2.16). We define Qp, + = ¥ (P4 +), where
Py, 4 are the asymptotic Hamiltonians of Pp:
def
Phs S Y au2(y)(Dy+hDy)*,
lo|<2

Then we have

@ =M= xa () @Quxr — 1)
+
+ Y X)) @Q@ux = 2@ = Qu) (@ — 17
+

The term (Qp + — 1)~ ! is analytic for A € Q. Recall that ¥ (P,) = A2 + ¢(P;), where
(1) € C°(R). Arguing as in Steps 3—4 in the proof of Lemma 2.1, we see that

Qi — Qut = 9®h) — 9(Brz) € W'V (m) .

Moreover x(x2) € ‘~Il}(l1 D (mgf’i). We deduce that (Qj, — )~ is a sum of two terms: the
first one is analytic in A € ’; the second one belongs to \P}(lll)((xz)_oo), with bounds
blowing up at worst polynomially in | Im A|~'—see (2.11).

2. Werecall that Exo(A) ! = —Ry1 (Q,—A) "' R12. Hence Exx (M)~ = T1 (V) +Ta (1),
with Ty (%) is analytic in % € ' and T>(1) in W\*> ((x2)~>):

Ty < - Z Ryt x+(x2)(@Qpx — 07" Ria,
T

() € ~ D Rt xx () @ux = )@y — Que) (@4 — )7 - Ria
+

(3.20)
Pairings of analytic terms with almost-analytic functions vanish. Therefore,
%8 dm (1)
Ti—¢ = — . , D - En)T()(1 — o(x))Exn(A) - ——. (3.21
1-® /<c+ o [Qn, f(xD)] - E)T2(0)( (X)) E21 (%) - (3.21)

3. Asin (2.14), [Qy, f(r1)] € W'D ((x1)7). We deduce that for any s € N,

(@4, FED]ER®) = [Qu, fFOD]EnM ) - (x)™ € w2 - w2 () ™), (3.22)



Microlocal Analysis of the Bulk-Edge Correspondence 2097

with uniform bounds as | Im A| — O.
Asin (2.19), Tr(A) € \I!,(fz) ((xz)_oo), with bounds blowing up polynomially with
| Im A|~!. Combining with (3.22), we deduce that for any s € N,

[Qu, FD] - En)T200(1 = 2(0) € w2 () - w2 ((0)7™),  (3.23)
with bounds blowing up polynomially with | Im A|~!. Fors > 3, operators in W ,(122) ((x) _S)
are trace-class on Hj. Moreover, d;:g(A) = O(|Im A|*°). We deduce from (3.21) that
Ti_o is of trace-class on H.

4. We take the trace of (3.21) and permute trace and integral. This is allowed because g
isalmost analytic and the trace-class bounds on Qj, —Qy, + blow up at worst polynomially,
see Step 1 and (3.4). The identity (3.23) allows us to move cyclically E»;()) from the
right to the left. We obtain

9?g(n)
NI

dm(\
gy (B2 D[ Qs £00)] - B T0)(1 = () ) - ";( ).

Tep, (Ti-o) = / +

We show that this trace is O (h*°) using (3.7): we prove that the symbol is O (h*°).
Fix N € N. Recall that f/ has support in [—1, 1]. We use

[Qn, f(xD)] = [@®r), fxD] = (1 = fx))p@®p) fx1) = fD)e®p)(1 = f(x1))

with the composition theorem. This shows that there exists ay € SUV ((x1)~>), with
support in [—1, 1] x R3, such that

[Qu, fxD)] = Opy(an) +hY - Wit ((x1) ™). (3.24)

Via a similar argument, there exists by (-; A) € S@2((x2)~), with support in R x
[—1, 1] x R? and seminorms blowing up at worst polynomially with | Im A|~!, with

Ty(0) = Opy (b (5 1)) + AN - w22 ((xp) ). (3.25)

It uses the Helffer—Sjostrand formula for Q, — Qp+ = ¢(Ph) — @(Ph.4+); suppx+ C
[—1, +00); and that the coefficients of P, — Py 4 have support in R x (—oo, 1].

We note that the (three-way) intersection of the supports of ay, by and 1 — @ is
empty. Using (3.24), (3.25) and the composition theorem, we deduce that

Exy(W[Qn, fGD]- EnGD()(1— @) € kY - ((0)™°)  (3.26)

with symbolic bounds blowing up polynomially with |Im A|~!. In particular the -
trace of (3.26) is O (h™|Im A|~*V) for some ay > 0. This completes the proof because
a%kg(x) =0(ImAr|®). O

Applying Lemma 3.2, we split
[Qn, f(xD1E @) = To + T

where both 7¢ and 71_¢ are trace-class; it proves that J.(P_, Py) = Try, (7o) +
O (h*).
The operator 7¢ is an integral involving 8%}\ g(\) and

[Qn, fFGD]E2(WEpn() ™ @ (x) Exi (M). (3.27)
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We observe that ®(x) € \111522) ((x)_oo), thus it is of trace-class on Hy. The other

operators in (3.27) are bounded with bounds blowing up polynomially with | Im A| ™.
Since a%kg(u = O(]Im A|*°), we can permute trace and integral in Trs;, (7o ). Thus,

dm (A
T (@ FGD] - EGIERG) ™ @0 E2 (1)) - ";( !

328 (1)
T Tp) = — =
rH]( <1>) /(;+ ST

We move the term E3;(A) cyclically and end up with

97g(n s
- /+ axga(k) Try, <E21()»)[Qh, FaD]EnQ) - Ezz(/\)‘lcb(x)> : %
(3.28)

To summarize, J,(P—, P;) equals (3.28) modulo O (h°°). In a sense, the next result
extends the definition (2.5) of 7, (P) to non-linear eigenvalue problems (corresponding
to the non-linear dependence of E»;(A) in the spectral parameter A, versus the linear
dependence of P — 1):

Theorem 2. For ® defined in (3.19), we have

9250 . d*h -
o ‘TrH2<[E22()»),f(xl)]Ezz()») d><x>)-7+0(h ).

Ju(P_, Py = /

Proof. 1. The starting point is (3.28). We use the matrix identity (3.8) for the (1, 2) and
(2, 1) components. It yields

Ex1()[Qn, frD]E1(A) = Exi(M)(Qp — M) f(xD) E1n (D)
—E21 (M) f(x1)(Qp — M) E2 (V)
=—EnM) R f(x1)E1a(A) + Ex1(A) f(x1) Ri2E2n(M).

Then we use (3.8) for the (2, 2) component. This gives

Ext(W)[Qn, f(xD]E12(M) — Exa(W) f (x1) + f(x1) Exa(V)
—EnM)[Rar. f(x1)]|Ern(h) + Exi (W[ f (x1), Ri2]Exa(h)
= [f (1), En(W)] = ExW)[Rat, f(xD)]En() + Ex (W[ f (x1), Riz] Ex2 (V).

We multiply on both sides by E2» (1)~ !®(x) to end up with

Exy(M)[Qn, fFD]EMWEn(M) ™' @(x) = [ f(x1), E22(W)]En(M) '@ (x)

—En(M[Ra1, FOD]ER(REn() ™ @) + Ex1 (W[ f(x1), Ri2]® ().
(3.29)

2. The function ® has compact support. Therefore it induces a trace-class operator
on H,. This allows us to separately trace each term in (3.29). The third trace is

Tryg, (Enn [ £ (), Ri2] @ (o)) (330)

It is analytic for A € €; an integration by parts with respect to A gets rid of it.
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3. We focus on the second trace:
Trrg, (ExW[Rar, £ )] Er (M E()™ @), (3.31)

We move E»» (1) cyclically to the right and commute it with & (x). The term Ex (1)~
cancels out with Ep3(A), producing an analytic term. Only the commutator produces
non-analytic terms. In other words, (3.31) equals

Trrg ([Rat, £ (0] E20) En ()™ [@06), Ex()]).

modulo an analytic function.
‘We recall that Ezz()»)’1 splits as Ty (1) + T2(A), where T1 (%), T>() are defined in
(3.20). Since T7(1) is analytic in A, an integration by parts w.r.t. A replaces (3.31) by

Trrg, ([Rar. fGeD]E@ B[ @06), E22(1)]).

4.Fix N e N. Since ® has compact support and &’ vanishes in [—1, 1]?, there exists
cy(-3 M) € lIJ}(lzz) (1) with compact support, vanishing in [—1, 1]?, analytic in A such that

[®(x), Ex2(0)] = Opy(en (5 2) +hY - W ((x) ™). (3.32)

From (3.25), there exists by (-; A) € S@? (1), with support in R x [—1, 1] x R? and with
seminorms blowing up at worst polynomially with | Im A|~!, such that

Ty (%) = Opy, (b (3 1)) + 1Y - w22 (1). (3.33)
Finally, there exists dy (-; 1) € \P,(Lzz)(l) with support in [—1, 1] x R3 such that

[Rot, f(xD)]E12(0) = Opy (dn (5 1) +hY - w2 (1), (3.34)

We remark that by (-; 1), cy(-; ) and dy (-, A) have disjoint supports. From the
composition theorem applied to (3.32), (3.33) and (3.34) we deduce that

[Rot, FD]En T [@(x), En(W)] € kY - w2 ((x) ™)

with bounds blowing up at worst polynomially with | Im A|~!. Therefore, there exists
apy > 0 such that

hN
Teye, ([Rar, fOD]ERMB0[@0), Exn@)]) = 0 <W> :
6. We go back to (3.29) and we recall that (3.30) is analytic. Moreover, (3.31) equals
(0] (hN [ Im A| =N ) modulo an analytic term. Since 9) ¢ is almost analytic, we deduce
that for any N, J,(P—, Py) equals

3%g(n d*x
- /+ 8)_6:25; - Try, (EZI()\)[Qh» FD]En®) - Ezz()»)_ld)(X)) -t 0 (h™)

923 (A d?i
= / . 3%;) Ty ([En(o. fo0]En)~'o@) - ==+ 0.

This completes the proof. O
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We next use Theorem 2 to express J.(P—, Py) in terms of asymptotic quantities. We
first introduce the asymptotic leading symbols of the effective Hamiltonian:

Ex(€:0) S —Ru(6)(Qe(®) — 1) ' Ria(6),  where

Q@ EY(P©). Pr®) € Y aer(MDy+HT  (335)
o] <2

We define an index for EL(&; A):

L IEr _0(Ex-EX')\ de¢  d»
J(Ex) = /asz /Ti Trea (( o, Ey TS (&:2) @)l 2in

(3.36)

where we recall that ’]I‘i = (T?)* is the two-torus R? /(27 Z)>.

Theorem 3. We have
Je(P_, Py) =J(Ey) — J(E-).
Proof. 1. Theorem 2 shows that modulo lower order terms, 7, (P—, P;) is equal to

dm())

32g(
/+ afg; ~TrH2([E22(A), f(X1)]E22()x)_1<1>(X))'

We integrate by parts with respect to A. This produces the term

el
aTrH2<[E22()L), f(xl)]Ezz()x)_ldD(x)) =t})+1n(),  where:
1) = Tryg, ([Ep (), £ (x0)]EnG)™ 0 (0))

B0) E Trrg, ([EnG). D] EnG) ™ EnGIEn() ™ o).

In 1,(1), we commute E%, (%) E2 (A)~! with @ (x), then move it cyclically to the left.
This shows that (1) = #3(1) + t4(A), where

) € —TTHZ([Ezz()\), FOD]EnM) T EL MW Enm) ™, <1><x)]),

) € —TTH2(Eéz()»)Ezz(/\)_l[Ezz(k), f(X1)]E22(?»)_1<I>(X)]>
= Tryg, (B[ E2) ™", f(n)]® ().

In particular, 71 (1) + #4(A) = O since it is the trace of trace-class commutators:

1)+ 140 = Trry ([E G En()™", fn] o))

= Try, ([Eéz(A)Ezz(A)‘1<I>(x), f(xl)]> —0.
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We conclude that modulo O (h*°), J.(P—, P;) is equal to

0g(A dm(\
[ L o ([E. 70 Ent) [EnGaEn() ™ 0w0)]) - L2,
(3.37)
2. We use Dimassi’s formula (3.7). The equation (3.37) becomes
_ ag(n) ) dxd& . dm(}) o0
Je(P_, P+)_/(C+8_X. RzXT%Tr(Cd(O—(xsEv)‘))(znh)2 T +0h™),
(3.38)
where o (-; L) € S(22)(1) is the symbol of
[Ex(W), f(xD)]En() ™ [Ef M En()™, @()]. (3.39)

3. Because of (3.3) and (3.9), we can write

Exn(A) = Op,(E(; )+ 0 (h|Tm A7),  where

w0
def —1
E(x.§23) S —Ru()(QWx. &) =) Riz(6).
The composition theorem applied to (3.39) shows that

o (5 2) = h*oo(5 M) + Ogen gy (h* [ Tm 4] ~'®)  where

oo(x, 1) € (1 {E.fIE" %{BAE BT d>}) (x,&:4).  (3.40)

i

We observe that neither og not J,(P—, P+) depend on h. Hence, (3.38) reduces to a
h-independent formula:

je(P_,P+):/ 983 Trcd(do(x,é;k))dXdé dm@)

= —_— 3.41
cr 9r  JrexT? 2n)? G4

4. We simplify the expression (3.40) for og. Recall (3.19): ®(x) = Dg(x1)Do(x2)
where @ is equal to 1 on [—1, 1]. For x € supp(f’), 9y, ®(x) = d>0(x2)d>6(x1) =0.
The support of 9, ® does not intersect the strip R x (—1, 1). Therefore we can write

supp(dr, @) = S, U S_, S % supp(dy, ®) N {£x2 > 1.
Forx € Si, E(x,&; A) = E+(&; A). We deduce that for +x, > 0,

0E+

o
9g  *

-1
o0(x. §:2) = —( AdFe Fy )) GREAioa

& 0x1 axy

5. On the support of f/, ®(x) = ®g(x1)Pg(x2) = P(x2). Therefore

b 0P od
/' f(x1) (x)dx _ / o(xz)dx2 —
RxR*: 8x1 3)62 R+ X2
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It follows that

dxdg
(27)?

IE (0 Es - EX' d
- ZiAZ Trea <( a;Eil (% ;;2 = )> (g;x>) % (3.42)
4+ *

6. From (3.41) and the definition (3.42) of F,

Foy ¥ / Trea (o0 (x, §; 1))
R2xT?2

Jo(P_. P,) = f 8Q) iy, dme) (3.43)
Cc+ 8)\ T

We remove the dependence in g. We observe that F is meromorphic in A € 2. Assume
now that A, € Q is a pole of F. Then there exists &, such that E Vor EZ' has a pole
at (&, Av). From (3.35), A, € 07272 (Q4(§)) U o212y (Q (£)). From the spectral gap
assumption, g(1) = 1 near A,.

We integrate (3.43) by parts with respect to A:

/ OF(h) dm()
Cc+

Je(P—, Py =— [ &) —=

3.44
B T ( )

where we see 07 F as a distribution, whose singular support is within poles of F. To
simplify (3.44), we expand F as a Laurent series near the pole A,. From the identities

(1)’3
T

1if j=
0 if j >

(,\ A I l—afa(x L) on D'(CH: (N(,\*)_{

we see that only terms of the form (A — A,) ! in the Lorenz development of F contribute
to (3.44); and more precisely,

2im

Je(P_, Py) = — ZRes(F, Ay) = —/ F(A)— (3.45)
aQ
)\'*
This completes the proof: (3.36) appear in the RHS of (3.45). O

4. Relation to the Chern Index

In this section we complete the proof of Theorem 1. Despite Theorem 3, it remains quite
involved: there do not seem to be obvious formula relating the “non-linear eigenvalue
bulk index" 7 (E 1) to the Chern number ¢ (£4). Instead, we first prove a concatenation
formula:

\7€(va P+) = t7€(P79 P0)+t7e(P01 P+)9

where Py was defined in Sect. 2.5. This formula explicitly splits J,(P—, P;) in compo-
nents for x > 1 and x, < —1. This allows us to pick separate effective Hamiltonians
for x» < —1 and x5 > 1. Hence, Theorem 1 follows from the separate (and similar)
computation of J,(P—, Py) and J.(Py, P;).
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Theorem 3 computes J.(Pp, P;) in terms of an effective Hamiltonian E73(A). There
remains quite a bit of flexibility in the choice of E2> (). We design an effective Hamil-
tonian E;(A) that is suitable for the computation of 7, (Pp, Py+). This tremendously
simplifies the derivation of 2ix - J.(Po, Py) = c| (&y).

However E»>(X) may not be suitable for the calculation of J,(P—, Pp). But the
same approach will design another suitable effective Hamiltonian and prove 2im -
Je(P—, Py) = —c1(E-). This will complete the proof of Theorem 1.

4.1. Chern number. We review how to define the bulk index of P,. We recall that
ro & or2ge)(Py). By Floquet-Bloch theory [RS78,K16], for any & € RZ, 2o ¢

GLz(Tz)(P+(E)), where
Pe®E Y das((Dy +5) 1 LAT) — LA(TD).

lo|<2

Let F, be the smooth vector bundle over R? whose fiber at £ € R? is

Fo(®) € Range(M4(5)), T4 (E) € 1oy (Ps(E)).

For any k € Z* and & € R?,

e kY p(£)e*TY = Po(& +2km), e 2RI, (£)e?*TY = 1, (& +2kw), thus
keZ? £eR® = Fo&+2kn)=e 2. F (&).

These relations show that 7, — R? induces a bundle £, — Ti, defined as

£—¢& eQnr)?
vy = iy

def

E = Fy/~, where (£,v) ~ (V) & { 4.1)

see e.g. [PO7, §2]. Another way to define &, consists of looking at P, on spaces of
pseudoperiodic functions, see e.g. [D19b, §2].

Complex vector bundles over Ti are classified by their rank and their Chern number,
c1(&+). This integer is defined by integrating a curvature on &£,. Analogously to the
Gauss—Bonnet theorem, the final result does not depend on the choice of curvature: it is
a topological invariant. Taking for instance the Berry curvature [B84,S83],

1) = 5 [ Traacen (M@0, 2] ).

If ¢ (&+) = 0, then &, is trivial: it admits a smooth orthonormal equivariant frame—
i.e. satisfying the equivariant relation (4.1). In other words, there exist smooth functions
91008, ., ¢u(y, §) € C™(T? x R?), such that for any &,

EvE) =[@1(6). ..., 0n(-.&)] and
0j(y, & +2km) =2 ke % (0, 8), 00, ) pappay = Bji-

We refer to [M17, §3] for the proof.
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4.2. A concatenation formula. Let po(xp) € C°(RR, R) be independent of x, with

0 forx, <0
xy forxp >1°

po(x) = {

We define p(x) = (0, po(x2)) and we set

p, & Re( 3 ca(p(hx),x)Djf) : L*(RY) — L*(R?)

lo|<2

The same arguments as Sect. 2.5 show that Pyisa selfadjoint elliptic operator of order
2. We observe that ¢, (0 (hx), x) = ¢4(0, x) for xo < 0; and ¢y (0 (hx), x) = co(hx, x)
for hxy > 1. Thus, the asymptotics of Py for hx, > 1 and hxy < 0 are respectively
Pyo—see (2.30)—and P,. We deduce that 7. (Po, P+) = J.(Pp).

Moreover, Py, is unitarily equivalent to

B, & Re< 3" calp), y)(Dy +th)“> : Hy — H).
ler|<2
This operator is semiclassical, with leading symbol
P(x.£) "ifRe< Y calpx). »)(Dy +s)“) =Re (P(p(x). £)) = P(p(x). £).

o] =2

In particular, if ¢, ..., ¢4 satisfy (3.11) and (3.12), then they also satisfy
J_ ~
ue [(pl('vg)’ 7(061'(75)] = <(]P)(X,S) —)\+)M, u)Lz(’]]Q) = 3|u|i2('ﬂ*2) (42)

Thus (a) we can construct an effective Hamiltonian Ezz (A) for ]IN”, with leading symbol
E(x,& ) = E(p(x), &; A); (b) we can apply Theorem 3 and get

Te(Po, Py) = J(Ey) — J(E-), where
Ee:nEE0.80, By EEn. (4.3)

The key point is E_ (&;-) = (A — A2) - Idga. Indeed, from (2.30), P(0, &) = (Dy +
£)? + | 10| + 2. In particular,

or2m2) (PO, £)) C [IAol +2, 00).

This implies w(IP’(O, 5)) = A2 - 1d 2 (p2). We deduce from (3.9) that

E_(:0)™"=—Ru®(v(Q0.8) — K)_lRlz(S) = (=227 - Idea.

Hence E_ &;) = (A —2r2) - Idga.

From (3.36), j(E ) = 0. From (4.3), j(E+) J(E,). Therefore, J,(Py, P)
J(E;). The same analysis applies to the pair (P—_, Py) and yields J,(P—, Py)
—J(E_). We conclude that

Je(P—, Py) = J(Ey) = T(E-) = Je(P-, Po) + T (Po, Py). (4.4)
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In Sect. 4.3 we design a good effective Hamiltonian for the pair (Py, P;). Thanks
to (4.4), it does not need to be also good for the pair (P—_, Py). The choice of Sect. 4.3
tremendously simplifies the derivation of the Chern numbers in Sect. 4.4:

2im - Jo(Po, Py) = 2im - J(E+) = c1(Es).

The same argument proves 2in - J,(P—, Py) = —c1(E-) and ends the proof of Theo-
rem 1.

4.3. A convenient effective Hamiltonian.

Lemma 4.1. There exist ¢y, . .., @q satisfying (3.11) and (3.12) such that

V(x,&) € B2, Range(T+(8) C [p1(®), ..., 0a(®)]. (4.5)

Proof. 1. Since the fibers of F, have (constant) finite dimensions and are contained in
H?(T?), there exists C > 0 such that

£el0,27), ueFu®) = |Aulzm < Clulze). (4.6)

Let v = ¢1(&;). We construct ug(£, y) € C®(R?, T?) such that if Fy = Cuo, then
the line bundle Fy — R? satisfies:

() Fo(& +2km) = e 2kmy . Fo(&) when & € R2 k € Z2—ie. Foy is equivariant;
(ii) The induced bundle & — 'JI‘,% (see Sect. 4.1) has Chern number —v = —c(&4);
(iii) FoNFr = 0.

In Appendix A, we prove the existence of a(£) € C>(R2, C?) such that the line
Ca(&) induces a vector bundle Ca — Ti, with Chern number —v. Fix now v{(y, &),
va(y, £) € C®°(R? x R?) such that

V(v + 0 E+21k) = e 2R iy, 6), (k) eZ?, j=1,2.

Let mo € N? sufficiently large (in a sense specified below); and define

2
uo(y. §) L 2T N a(€) v (y,§).

j=1

‘We note that |ug| L2(T2) = 1. The bundle Fy = Cugover R?is equivariant and isomorphic
to Ca — R2. Thus it induces a bundle & — T2 with Chern number —v; this proves (i)
and (ii) above.

‘We note that |Au0|L(z) = (271m0)2 + O(|myg|) for large mo. We adjust mg so that
|Auolz2(r2y = 2C, where C appears in (4.6). Then uo(§) ¢ F4(§). This shows (iii):
FoNF,=0.

From the additivity properties of Chern numbers, c1(Fo @ F+) = 0. Therefore the
bundle Fy & F admits a smooth equivariant frame, see e.g. [M17, §3]. Moreover, as in
(4.6), there exists C’ > 0 such that

£el0.27], ueFo@)®Fu(E) = |Aulpae < Clulpzqy. @7
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2. Fix @1, ..., ¢p satisfying (3.11) and such that
~ ~ 1
@5 eR uelgi®),....op@®] = ((PCx,&) = ha)u, u)papo) = 3lulfa o)

Letgy € C§° (R?) with support in (0, 1)2 such that Agy # 0. We fix ¢ > 0 (large enough
in a sense progressively specified below), y1, ..., yp € (0, 1)? pairwise distinct, and
we set

def ~ i
9i (. 8) = G (. E) + Y e po(t(y — yj —m)).
mez
We observe that |<pj &) — ¢, (é)}Lz(Tz) = 0@ Y?): fort sufficiently large, ¢;(§) is
a small perturbation of ¢;(&). [DS99, Proposition A.3] implies that for every (x, §) €
R? x R?,
1
ue [¢1(5)7 R (pD(E)] = ((P()C, E) - )\.+)M, M>L2(’]I‘2) 2 3|u|%2(’ﬂ‘2) (48)

3.Fix & € [0,27]%. Letu in [¢1(§). ..., ¢p(§)], with lul 272y < 1. We write

D D D
u() =) aj iy, =) aj-gi(y,E)+ Y Y aj-go(t(y — yj —m)).
j=1 Jj=1

Jj=1 meZ
4.9)

We note that (u, ¢;(§))2(r2) = aj + O(t~1/?), uniformly in u. In particular, after
increasing ¢, we can assume that |a;| < 2. We take the Laplacian of (4.9) and bound
below the L2(T2)-norm:

D D
|Aulpap) = | at® - (Apo) (i (- = 3)) - (2 aae®
j=1 L2('ﬂ‘2) Jj=1 LZ(TZ)
. 1/2 b
> Za]z-l‘2 . |A<P0|§42(T2) -2 Z |A¢-/ (§)|L2(T2)
=1 =

D
>t Aol r2emy - lalep —2) 1AG; )22
j=1
In the second line we used that for ¢ sufficiently large and j = 1, ..., D, the supports

of ¢o(t(- — y;)) do not intersect.
The functions ¢;(£) do not depend on ¢. Therefore, if we pick ¢ sufficiently large,

|Aulp2¢p2) > 2C’, where C'is the constant in (4.7). It follows that forall & € [0, 2712, the
vector spaces Fo(§) D F4 (&) and [<p1 &),....,op¢& )] are in direct sum. The equivariance

property extends this relation to all & € R?.
We set d = D +n + 1 and denote a smooth equivariant section of Fo @ F; by
©D+1s - - - » @q (it exists by Step 1). Then

Range(T14(§)) = F+(§) C [@1(), ..., pa(®)].

The equation (4.8) a fortiori implies (4.5). After performing a Gram—Schmidt process
on ¢1(€),...,pq(&), redefining these vectors if necessary, the proof is complete. O
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4.4. Conclusion. Let @1, ..., ¢q be given by Lemma 4.1 and R12(€), Ry1(§) defined
according to (3.15). Because of Lemma 4.1, (4.2) holds. Lemma 3.1 implies

welpiC 6 0a O = (@0 8) = A)u, ) gy = o),

where @(x, &) = w(ﬁ(x, & )). We note that for x sufficiently large, Iﬁ(x, &) = P.(&).
Following Sect. 4.2, we have

Je(Po, Py) = J(E+), E+(§;2) = —Ra1(§)(Q+(§) — ?»)_lRlz(E), (4.10)

where Q,(§) = ¢ (P+(.f)). The operator P, has an L2(R2)-spectral gap [Ao — 2€, Ao +
2¢€]. Moreover, we recall that for some A; < Ao — 2€, Ay > Ao + 2€,

(A Hf A < A — 26
‘ﬁ(“—{xz i A > ho+2€

It follows that
0+(&) = Y (Pe(®)) = MTTL (&) + A2 (Id — TL.(§)). (4.11)
From (4.10) and (4.11), we obtain

I1.(§) N Id — T1+(§)
A— Al A— A

E(& 0" = Rai(§) ( ) Ri2(%).

Let ui(y, &), ..., un(y, &) € C®(T? x R?) be an orthonormal frame of the bundle
F. — RZ. It exists because R? is contractible [MO1, §1]. In general, this frame is not
equivariant. Because of (3.15), R21(§)R12(§) = Idga. Moreover, (a) ¢1(£), ..., a(§)
form an orthonormal system in L?(T?); (b) u1(£), ..., u, (&) form an orthonormal sys-
tem in L*(T%); (¢) [u1(§), ..., un(§)] C [01(5), ..., @a(§)]. Hence Ro1 (E)ui (§), ...,
R>1(§)uy, (§) form an orthonormal system in C¢. There are fundamental consequences.
First,

def

M (§) = R (BN (E)R12(8) = ZRzl@)uj(E) ® Ry (&)uj(§)

j=1

is an orthogonal projection in C¢, which depends periodically on &. This allows us to
define a bundle G, — Ti with fibers Range(H1 (& )) C 4. Second, the map Ri2(§)

induces a bundle isomorphism between £; — ']I‘i and G, — T2
In particular, these two bundles have the same topology. This expresses ¢ (€4) using
the Berry curvature associated to IT; (£):

1) = 5 [ Tre(M@O[M©), arma(e)] . (4.12)

We now set 1> (&) = Id — I1 (&) and we obtain

o1 ) | Ia(E)
E+&:n = =M A=

o Er(Ei ) = o= ApITi(€) + (A — 22) T2 (8).
(4.13)
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In particular, 9, E4+ = Idca. The formula (3.36) for J (E,) simplifies substantially:

def 0E, _ 0(0Es- EY") dr  d&
J(E}) //mTer (( E; —852 )(g ))E(Znﬂ

[ [ () 2
w2 ha B % ) O ) six @y

Thanks to (4.13),

OE. . 0EZ"\ \ Py
Trc”((B_le+ asz)@’”>‘.z G =)0 — 30

J.k, =12

Troe (171 - Tle - 8211) ).
We recall that €2 encloses A but not 1,. Hence, the integral
/ A—A dir
oo A — A — Ap) 2im

equalslif j=k=4=1;j=2k=¢=1j=k=2,{=1;and j =¢ =2,k = 1.
It vanishes in all other cases. We deduce that

[ Vb a0 B D) o)) 1
P N W 08 )

= Tr(c,1<(811‘[1 - Iy - 0011 + 0111 - Iy - 0111 + 01115 - Ty - 02114

+9T, - I, - aznz)(g)). (4.14)

The first and second term cancel out: 91 (IT; + I1z) = 0. We use 9,1 = —II; in the
third and fourth term. Thus (4.14) equals

Tf(cd<< — 01Ty - T - 31Ty + 0111y - T ~82H1>($)>-
Since T, = 0, we get ;I - [T, = —TI1;9;IT, = I1;0,I1;. Thus we end up with
cha’(( =TIy - 0110y - 30y + 01 ITy - 11 - 32H1)(€))
= ~Treo (@[ T11®), 2211, ©)]).

From this identity and (4.12), we conclude that

d& i
Te(Po, Po) = T (Ey) = /Tz Tres (O [HTE), BILE)]) 57 = =51 E),

In particular, 2izw - J.(Po, P+) = c1(&+). The same procedure shows that 2irw -
Je(P—, Py) = —c1(E-). The formula (4.4) and Z,(P) = iJ.(P) end the proof of
Theorem 1:

2im - Je(P-, Py) = c1(&4) — c1(E-).
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A. Appendix A

Lemma A.1. For any v € 7, there exists a(&§) € C*®(R2, C?) such that the line Ca ()
is (2 Z)*-periodic in &; and the vector bundle Ca — Ti has Chern number —v.

Proof. 1.Fix e > 0, a(&1), B(&1) € C°(R, R), both 27 -periodic, with
&rel-1L11 = a) =&, B&E)=0; § el[-mx]\[-1,1] = B(&) > 0.
Let M, (&) € C°(R?, M>(C)) be given by

def a(&r) B(E1) +ge™ Ve
M: @) = [ﬂ(&1)+8ei”52 Cw(E) }

For any & € R?, M, () has a unique negative eigenvalue. Since R? is contractible [MO1,
§1], M (&) admits a normalized negative-energy eigenvector a.(§) € C®(R2, C?).
Since M, (£) is (2m7Z)>-periodic, the eigenspace Ca, (&) is (27 Z)>-periodic. Thus it
induces a vector bundle Ca, — T2.
2. The eigenprojector of M associated to the negative eigenvalue is

M,

e =1d — ——.
¢ N/ —det M,

Thus the Berry curvature of Ca, — T2 is
M 0 M d M
B.(§) & —Trea ( |t ) .
—det M, | 081 /—det M, 0& /—det M,

We observe that as ¢ — 0, the convergences

—det My = a(£1)* + |B(&1) +ee "2 > — a(£))* + B(E1)%  and M, — 0

are uniform. Moreover, for§; € [—1, 1], (& )2 +B(&; )2 is bounded below by a positive
constant. We deduce that B;(¢§) — 0 uniformly away from [—1, 1] X [—m, 7].
3. When &1 € [—1, 1], we have

wf [ & eemVR
Mc(§) = |:sei”§2 —& |
A direct calculation, see e.g. [D18, Lemma 6.3] shows that
ig2v i

et i Be(§)dE — —v.

It follows that if ¢ is sufficiently small, then the Chern number of Ca, — ’]I‘i is —v, as
claimed. This completes the proof. 0O

B (§1) =
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