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Abstract In this article we propose the Cahn-Hilliard-Navier-Stokes-Darcy-Boussinesq system that models
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the schemes preserve the underlying energy law and hence are unconditionally long-time stable. Numerical

results are presented to demonstrate the accuracy and stability of the algorithms.
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1 Introduction

Many natural and engineering applications involve multiphase flows in superposed free flow and porous
media. One such example is the mixing of surface water and shallow groundwater in the hyporheic zone-a
region of sediment and porous space beneath and alongside a stream bed. Many important hydrodynamic
and biogeochemical processes take place in this zone, and the hyporheic zone plays a major role in maintain-
ing the self-purification function of streams, cf. [3]. Other applications in this context include contaminant
transport in karst aquifers [41], oil recovery in petroleum engineering [19], water management in PEM fuel
cell technology [43], and cardiovascular modeling and simulation [12].

The study of single phase flow in superposed fluid and porous media is usually pursued via either the
Stokes-Darcy coupling or the Navier-Stokes-Darcy coupling [2, 6, 7, 8, 12, 17, 33]. The study of multi-
phase flow in the coupled domain is very challenging, and no sharp interface model is available to date.
A hybrid of the sharp interface model in porous media and the diffuse interface model in the free flow is
recently proposed in [5]. Based on Onsager’s extremum principle and the diffuse interface formalism the
Cahn-Hilliard-Stokes-Darcy system (CHSD) is systematically derived in [25] for two-phase flows in coupled
conduit and porous media, cf. [27] for the well-posedness of the CHSD.

In many applications the free flow is necessarily governed by the Navier-Stokes equations as opposed
to the Stokes equations employed in [5]. Furthermore, flows in hyporheic zone and in oil recovery are
naturally non-isothermal [30]. In this article we propose the Cahn-Hilliard-Navier-Stokes-Darcy-Boussinesq
(CHNSDB) system that models thermal convection of two-phase flows in a fluid layer overlying a porous
medium. Non-isothermal effect is taken into account by the Boussinesq approximation and the suppressing
of thermocapillary effects, which is suitable for most applications of multiphase flow in superposed fluid and
porous media. We note that thermocapillary effect can be considered in the spirit of [22] if surface tension

variation is significant. The CHNSDB model is shown to obey an energy law.
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The CHNSDB model is a complex system that involves four coupled physical processes: the phase
field model (the Cahn-Hilliard equation), the thermal conduction (the heat equation), fluid in free flow
(the Navier-Stokes equations), and fluid flow in porous media (the Darcy system). In order to reduce
the computation cost, we design numerical schemes that totally decouple the computation of the four
processes at a time step. The main ideas are operator splitting and pressure stabilization that are inspired
by [9, 10, 34, 42]. We establish the unconditional unique solvability and unconditional long-time stability
of the algorithms. Numerical experiments are performed to verify the accuracy, the long-time stability, and
the ability to capture convection cells of the proposed algorithms.

The design of energy law preserving numerical schemes are of great importance for solving phase field
fluid models, owing to the stiffness associated with the diffusive interface (sharp transition in thin layers).
Many approaches have been proposed in recent years, including the convex-concave splitting [4, 13, 18, 36],
the stabilized linear approach [39], the Invariant Energy Quadratization (Lagrange multiplier) method
[15, 20, 45, 46], and the Scalar Auxiliary Variable approach [37, 38]. Applications of these methods to phase
field fluid models can be found in [11, 14, 21, 23, 24, 26, 28, 32, 40, 47] among many others.

The rest of the article is organized as follows. In Sec. 2 we introduce the CHNSDB model, establish
the energy law, and introduce the weak formulation. We present the numerical algorithms and prove their
unconditional unique solvability and long-time stability in Sec. 3. Numerical results are provided in Sec. 4.

We conclude the article with some remarks in Sec. 5.

2 The mathematical model

Let us assume that the whole model is confined in a bounded connected domain 2 € R? (d = 2,3)
with sufficiently smooth boundary. The domain (2 is split into two non-overlapping regions (2, 2, such
that 2 = 2. U 2, and 2: N 2, = 0. 2. represents the conduit area where the fluids are subject to the
Navier-Stokes equation, and (2, represents the porous media where Darcy flow dominates the region. We
denote 92. and 92y, the boundaries of 2. and §2,, respectively, while both boundaries are assumed to
be Lipschitz continuous. The interface between the two regions (i.e., 8. N 82y,) is denoted by Iy, on
which ney, denotes the unit normal to Ity pointing from (2. to (2,,. We also denote I = 92:\I'em and

I'm = 002m\I'em with ne,ny, being the unit outer normals to I'e and I7,. On the interface I'crn, we denote
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by {r;} (i =1,...,d—1) alocal orthonormal basis for the tangent plane to I':m. A two dimensional geometry

is illustrated in Fig. 1.

Fig. 1: A 2D illustration of the domain.

The subscript m (or ¢) represents the regions where the variables locate. m is for the matrix part of the
Darcy system, and c is for the conduit part of the Navier-Stokes system. We denote by u the velocity of the
whole fluid, ¢ the phase field function and T the overall temperature. We assume the following convention

throughout the paper, that is, for j € {¢,m}
u|Q]' = uy, L»0|QJ = ¥j, Tl.QJ = T]

This also applies to other functions and variables on the whole domain, such as u, v and x, which will be

introduced in the sequel.

2.1 The model and the energy law
Now let us consider the Cahn-Hilliard-Navier-Stokes-Darcy-Boussinesq(CHNSDB) system as follows:

po (e + (e - V)ue ) = V- (2000, Te)D(ue) ) + VPe + peVine = —po (1= a(Te = T7)) gz, in 2, (2.1)
%&sum + 1( s Ton) T i + V P+ 9m Vit = —po (1= (T — T*)) g2, in 2 (2.2)

V-u; =0, in 2;,(2.3)

T, +u; - VT; = V- (i;(T;)VT;), in 2;,(2.4)

dpj + V- (ujp5) = div(M(p;)Vpy), in £2;,(2.5)
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1 .
pj = ’Y[;(@? — ¢j) — €Ag;], in £2;,(2.6)
where j € {c,m} and D(u.) is given by

D(ue) = = (Vue + V7 ue), (2.7)

DO =

denoting the rate of strain tensor. Here pg is a constant representing the approximation of the fluid density,
« is the thermal expansion coefficient and T* is a fixed temperature, g is the gravitational acceleration, z
is the unit vector pointing in the inverse direction of gravity, M is a non-negative smooth function which
denotes the mobility, x is the porosity and IT is the permeability matrix with size of d x d, v is the dynamic
viscosity depending on phase field function ¢ and temperature T, « is thermal diffusivity of the fluid mixture
and is dependent on temperature T, u is the chemical potential and ~ is a positive parameter related to the
surface tension. Moreover, we assume that the viscosity v, thermal diffusivity x and mobility M are suitable
functions such that 0 < € < v, x, M < C for positive constants ¢ and C.
The CHNSDB system is subject to the following boundary and interface conditions.

Boundary conditions on I': and Iy,

OTc  Opc  Ope
onc - one N Onc =0, onle, (28)

P . = = = = F . 2,
Uy - gy, = 0, I~ on — oo 0, on Iy, (2.9)

Uc =0,

Interface conditions on [¢m:

a(pm _ 8%0(;

= e, = ,on Iem, 2.10
pm e Onem Onem o ( )
s = ey Mom) 2 M) 25 on T (2.11)

’ Onem 8ncm’ '
oT oT
Tm =T, /smaT:nm = F&canc;’ on I'em, (2.12)
Um - Nem = Ue " Nem,  ON ch, (213)
1
—2v(pc)nem - (D(uc)nem) + Pe + 5p0|uc\2 =Py, on Iem, (2.14)
—7i - (D(ue)nem) = _OBJST v, i=1,...,d—1,0n Iem, (2.15)

2/trace(IT)

where ap jgy is a parameter in the Beavers-Joseph-Saffman-Jones(BJSJ) condition. Here ap jg s is assumed

to be a non-negative constant for simplicity.
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We assert that for all T > 0, T (the mean value of T) is a constant for our CHNSDB system. For the

PDE solution there holds

£ ()

(V- (55 (T)VT)) =y - 9T ) do

O/ Tdx =
/Qtdx Z

jE{C,m} Qj
oT;
= Y (/ K(Tj)a—?dwr/ [ijujv-(uj'Tj)]dw)
je{e;my \7 LI W %
= — Z /Tjuj-njdx:().
jefemy T

Additionally, we choose z to be the ordinate of the axis parallel to z satisfying Vz = z, then for j € {¢,m}
there holds
—po (1 = (T; = T")) gz = apog(T; — T)z — po (1 — a(T = T")) gz
= apog(T; —T)z—V (po (1 — (T = T")) g2) .
Hence the second term above can be combined with VP; (j € {¢,m}) on the left hand side of the fluid
equation, that is to set
Pj=Pj+po(1—a(T~T%) gz jlc,m},
and replace P; with P;. Notice that po (1 — (T — T*)) gz is a constant so that the interface condition
(2.14) still holds for ﬁj. By continuing to use P; instead of ]Sj for simplicity the PDE system (2.1)—(2.6) is
equivalent to the following system with j € {¢,m}:
00 (8tuc + (uc - V)uc) -V (21/(<pc,Tc)D(uc)) + VP4 0cVie = apog(Te — T)z, in 2., (2.16)
%Oatum + U(@m, To) Tt + VP + ©mVitm = apog(Tm — T)z, in 2m, (2.17)
Vou; =0, in;, (2.18)
0T +u;-VT; = V- (5;(T;)VT;), in g, (2.19)
Oupj + V- (ujp)) = div(M(p;)Vy;), in 2;,  (2.20)
pj = ’y[%(g&? —pj) —eAp;], in ;. (2.21)
It is important to declare that the CHNSDB system (2.8)-(2.21) obeys an energy law. Here we need to

introduce some constants. Set A as the upper bound of the largest eigenvalue of I1. Let Cj,Cy > 0 be the

coefficients such that

=112
HT - T||L2(Q) <Cp ||VT||2L2(Q) ) ”uCHi?(QU) < Ck ||D(u0)||i2(gc) (2.22)
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hold for all T € H'(2),u. € H'(£2.). For any constant A such that

Cpck(apog)2 Cp/\(apog)2

> .
A > max{ a2 , 12 }s (2.23)
we define the total energy of the system as follows:
1 1
Ealt) = / %)|uc|2dm +/ §—0|um|2d:r + A/ ~T?dx + fy/ [E|Vga|2 + =F(p)| dz, (2.24)
Q. Q2 “X 0?2 o2 €

where F(p) = +(¢? — 1)%. The last integral term is the free energy function

E(p) = v/ﬂ EF(@) + §|w\2] dz.

It is known from thermodynamics that without external differential heating the total energy of the
system decays in time. The CHNSDB system obeys this principle. Let (um, uc, T, ¢) be a sufficiently smooth
solution to (2.8)-(2.21), then for all ¢ > 0, (um, ue, T, ¢) satisfies the following energy law:

Lemma 1 For constant A that satisfies (2.23), the solution to the PDE system (2.8)-(2.21) satisfies
d
aSA(::) <0, vt > 0. (2.25)

Proof Notice that z is a unit vector, then by the Cauchy-Schwarz inequality, (2.22) and (2.23) we have

2
/ aﬂOg(Tc*T)Z'ucdeS/ (M(TC*T)Q-FMNJQ) da:
2. 2.

8v(pe, Te Cy.
Tc)A =
< / SIDA (D, Z Y2 4 20(e, To) Do) ) do. (2.26)
0.\ Op
Since
2
‘HI/QZ =z Iz < ‘mlax v IV = Amax(1T) < A, (2.27)
v|=1
then

/ apog(Tm — T)z sumdr = / apog(Tm — T)HI/QZ . Hﬁl/Qumdx
‘QVTL

m

(aPOg) 2 1/2
<— 1 m
/Szm ( v (T T) ‘ n z

2
+ v(om, Tm) ‘Hﬁl/Qum‘ ) dx

(@m:Tm)
Aapog)? 2 ~1/2, |2
< _MaPOI)” (V2 4 y(om, Tom ‘n um‘ dz
L, (Gt (T = o T)
. 2
< / (K('Ic‘yim)A(Tm — T)2 + V(‘Pnu Tm) H_l/Qum ) dx. (2'28)
2m p

Inequalities (2.26) and (2.28) imply

/ apog(Te — T)z - ucdz + / apog(Tm —T)z - umds
Om

2
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_ 2
g/ ”(g)A(T—T)de+/ 2u(<pc,Tc)|]D)(uc)|2dm+/ V(@m7Tm))H_1/2um‘ dz
(9] p 2 2

c m

2
g/ n(T)A|VT|2d:c+/ 2u(¢c,TC)|D(uc)|2dx+/ u(wm,Tm)‘n—l/%m‘ de. (2.29)
0 0 2m

c

A standard energy estimate to (2.8)-(2.21) then gives

2
%5(1&) = —/ 2V(<,DC,TC)\D(uC)\2dx—/ V(me,Tm)‘H_l/2um‘ dac—/ w(T)AIVT|*dx
2 2

c

— M \V4 2dx—/ « 75 - ue|“dS
/Q @~ [ apsss qu o2

+/ apog(Te — T)z -uedr + / apog(Tm — T)z -umdx

c m

2
< _/ 2V(¢C,TC)\D(uC)\2da:—/ I/(Apm,Tm)‘H_l/Qum‘ da:—/ k(T)A|VT|2dz
2m 2

c

T)
— [ M(p)|V de—/ a L Ti - uc|7dS
/{’2 (@)l M(SO)| r.. BJSJ\/le 2 C|
2
+/ /{(T)A|VT|2dx+/ 21/(<pc,Tc)|]D)(uc)|2dx+/ V(gpm,Tm)’U_l/Zum‘ dz
2 e Jm

so,T)

=— [ M(p)|V de—/ e 7 - ue|2dS

<o0. (2.30)

This completes the proof. 0O

2.2 The weak formulation
We introduce the following spaces

H(div; 2;) := {w e L*(2;) | V- w € L*(£2;)},  j € {¢,m},
H.o:={weH ()| w=0on I},
H giv :={weHco |V -w=0},
H,, 0 := {w e H(div; 2m) | w-nm =0 on Iy},

H,, giv :={w e Hpno | V- -w =0},

X = H"(2m) N LE(2m).

Here LZ(£2,,) is a subspace of L? whose elements are of mean zero. We denote (-, )¢, (-, -)m the inner products

on the spaces L2(£2:), L?(2m), respectively (also for the corresponding vector spaces). The inner product
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on L2(£2) is simply denoted by (-,-). Then it is clear that

(u,v) = (um,vm)m + (ue, ve)e, HUHQLQ(Q) = ||Um\|%2(9,,,b) + Huc”%?(rzc)’

where um := u|g,, and uc = u|n,. We will suppress the dependence on the domain in the L? norm if there
is no ambiguity. We also denote H’ the dual space of H with the duality induced by the L? inner product.
The weak formulation of the CHNSDB system in three dimension is given by the following definition. The

formulation in two dimension is defined similarly.

Definition 1 Suppose that d = 3 and 7 > 0 is arbitrary (distinguish time 7 from temperature T carefully).
We consider the initial data po € H'(2),uc(0) € He div, um(0) € Hyyaiv, To € H'(£2). The functions

(uc, Pey,um, Pm, T, ¢, u) with the following properties

uc € L0, T;L3(2:)) N L2(0, T3 Hey), 28 € L5(0,T; (Heyo)'), (2.31)
Wm € L0, T5;L2(2m)) N L2(0, T5 Hpnyo), 232 € L5 (0,75 (Hmoo)'), (2.32)
P.€ L3(0,T;L%(%)),  Pm € L5(0,T; Xm), (2.33)

T e L™(0,7; L*(£2)) N L*(0,T; H' (2)), Ty € L*(0, T; (H'(£2))), (2.34)
¢ € L®(0,T; H'(2)) N L*(0,T; H*(2)), 0t € L*(0,T; (H'(12))), (2.35)
e L0, T; H (1)), (2.36)

is called a finite energy weak solution of the CHNSDB system (2.8)—(2.21), if the following conditions are
satisfied:

(1) For any v € He o and qc € L*(£2),

po{Otlc, ve)e + POEc(um Uc, Vc) +2 (7/(8007 TC)D(UC)7 D(Vc))c - (P07 V- Vc)c

v
+ ; e \/tr(aT Uc - Tl) Ve - Tz)dS + /[‘cm Pm(Vc . l’lcm)dS
+(V - ue,ge)e + (sﬂcvu(%) ve)e = (apog(Te — T)z,ve)e, (2.37)

where

Be(u, v, w) = % /Q ((u -Vv)w — (u- VW)V) dx + % /F ((v -w)(u-nem) — (u-v)(w- ncm))dS. (2.38)
(2) For any vim € Hpn 0 and gm € H(2m),

%<atum,vm>m + (V(SDm,Tm)Hilum,Vm)m + (VPm,Vm)m - (um, V(Im)m
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+(4vaﬂ(§0m)vvm)m - / Uc ' Nemqm ds = (aPOQ(Tm - T)z, Vm)Wl- (2-39)
I'em

(3) For any W € H'(02),

(OT, W) + B(u, T, W) + (k(T)VT, VW) = 0, (2.40)
where
B(u, v, w) = %/Q (w- V) - (w))de. (2.41)
(4) For any v, ¢ € H*(12),
(Orp, v) + (M(p)Viu(p), Vo) = (up, Vv) = 0, (2.42)
7 [H00.0)+ d90.59)| - (e ) =0 (2.4

(5) @lt=0 = wo(x), Tlt=0 = To(x), uclt=0 = uc(0), um|t=0 = um (0).

Here we introduce another trilinear term

Be(u,v,w) = % /Q ((u -Vv)w — (u- Vw)v) dx + % / ((u W) (v onem) — (u-v)(w- ncm))dS. (2.44)

We remark that Be(u, v, w) is antisymmetric with respect to v and w. Moreover, Ec(u, v,w) = Be(u,v,w)
when u = v. We will replace Be(u, v, w) with B¢(u,v,w) in the numerical scheme later. We note that the
two trilinear terms B¢(u, v, w) and B(u,v,w) are different in the integral domains, the presence of integrals
along domain interface, as well as the variables (vector vs scalar). In particular, B(u,v,w) in the heat
equation (2.40) has an implied interfacial integral term % chm v(ue — um) - (wnem)dS which is equal to zero
because of the interface condition (2.13) when u is the exact solution to the CHNSDB problem.

We also comment that the mean zero quality is only required in the definition of the space for P,,. Once
Py, is uniquely determined, P. is then also uniquely determined due to the interface boundary condition
(2.14). We refer to [27] for the study of the existence of such a weak solution for a similar problem. For the

weak solution we also have T = C' due to the following estimate,

i (™)

1
/Qatde:—B(u,T,1):—§ > /quj-VTjdm

j€{e,m}

(/ Uc - Dem ' LedS — / T.V -ucdz — / uc - ncmedx>
Iem 97 T,

c cm

/ te - nem (Te — Ton)da = 0. (2.45)
ch

N~ N
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3 Numerical schemes

Let 7 > 0 be the time step and K = [T/7]. Set t* = kr for 0 < k < K. Let 2 and 20, be the quasi-
uniform triangulation of the domain 2. and 2,, with mesh size h respectively. We assume that 2" and
02! coincide on the interface I'e. Then 2" := QF U 2, forms a triangulation of the whole domain 2. Let
P-(K) be the space of polynomials of degree equal to or less than r on triangle K € 2", Then Y}, refers to

the finite element approximation of H 1(()) based on the triangulation 2" such as
Yy, = {v € C(2)|vp| i € Pr(K),VK € 21},

Denote by X! and M/ the finite element approximation of H. o and L2(£2.) for the Navier-Stokes velocity
and pressure respectively. We assume that X" and MP satisfy the inf-sup condition, or so-called LBB
condition, that

sup (V- Vh,qn)e
vnexr  Ivallm

h
> cllanllpes  Van € M. (3.1)
We point out that the classical Taylor-Hood finite element spaces and the Mini finite element spaces are
normally used for X? and M} [16]. Similarly, we define X M} to be the finite element spaces of Hy 0, Xm
for Darcy velocity and pressure respectively. In addition, we assume Xk and M satisfy a non-standard

inf-sup condition such that

sup (Vh, th)m

;
> cllanllzz,  Van € M. (3.2)
veexn  lIvallee

The condition above can be supported by Taylor-Hood finite element spaces.

3.1 Energy stable fully decoupled numerical schemes

Now we are ready to discuss our unconditionally stable numerical schemes that fully decouple phase-field
system (Cahn-Hilliard), heat equation and two different fluid systems (Navier-Stokes and Darcy) during the
computation. We first arrange some notations here. §; denotes the difference quotient operator such that

k+1_ Kk
6T<p2+1 = u, and f(gofl"'l, cpﬁ) = (cpﬁ"'l)?’ - @Z. The intermediate velocity ﬁlli"'l is defined as

—k+1
um't'm T € Om,

ot = (3.3)

—k+1
ucjl , X €S2,
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where uk"ﬁ and uk';l are defined by the equations below:
—k+1 k
0 Ym,h ~ Um,h k k+1
po B = Bmh | b kit =0, (3.4)
X T ’
—k41 k
a, ;" —u,
po—ot——h - + ¢c, hVMkH 0. (3.5)

Additionally, for all u.p,vep € X, Py qen € M and 0 < k < K, we denote

alg(uc,havc,h) =2 (V(Qplcc,h’ TICC,IL)D(uc,h)v]D)(VC,h)>C

+ dfjl / Aeen) )( )ds (3.6)
« : Ucp - Ti)(Veh * Ti , .

~ Jr.. BJSJ trace(H) c,h " T c,h " T

bC(VcJu QC,h) = _(V *Ve,hs QC,h)C' (37)

We also define the buoyancy term F* as follows: for 0 < k < K ,
=k
Fr = apog(TlfL — Th)z. (3.8)

In this section, we denote v; = y(cp?’h,Tfh),j € {¢,;m}, k = m(TE) for simplicity. Then we present the
numerical scheme for solving the CHNSDB model (2.8)-(2.21) as follows.

Step 1: find cp L ey, and ,uk'H €Y}, such that for any vy, ¢, € Yy,
(Oroh ™ o) + (M(k) Vit Vo) — (@ ok, Vo) = 0, (3.9)

T k) on) + (Ve Vo) - (i an) =0, (3.10)

Step 2: find TIZ'H € Y}, such that for any W), € Y},

(6T, W) + Bluf, TE, W) + (s(TH) VTR, vy, ) =0, (3.11)
where
K u,ﬁ%h, x € me
up, = (312)
u]gyh, x € Qc-

Step 3: find u’“‘1 e X! and P’H'1 € M}, such that for any v, p € X and Qm,h € Ml

k k
(@6Tuk+1 + V(@m,thm,h)

k‘ 1 k+
ays i + + VP + (Pm hv:um hvvm h) (F7 Vm,h)m

(3.13)

6 (vpk h ,V(]m h) ( m hv va h)m - / u]cc,h : ncmqm,hdS = 0. (314)
F(‘.m
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Step 4: find u]g'};l e X" and Pck',fb'l € M such that for any vep € X" and Ge,h € Mh,

PO (6Tu(’f’zlvvc,h)c + pOBC(u]cc,ha ulzzl’ Vc,h) + alcﬁ(ulccf];lv Vc,h) + bC(Vc,hv Pckjlrl) - bc(uljzla QC,h)

+((plg,hv.ulzjbl7 Vc,h)C + / Pyl:z:?,l (VC,h . ncm)ds = (F7 Vc,h)c 5 (315)

where F is chosen to be F¥ or F**1. We mention that F* allows us to compute heat equation and fluid
equations at the same time in each iteration, while the heat equation must be computed before solving
the fluid equations with F**!. The different choices of F cause a difference in the discrete energy law,
which will be presented below. Recall the definition of B¢ from (2.44) and that B. is antisymmetric in the

last two variables. We remark that Bc(u];h, ulzzl,vcyh) in step 4 is not equal to the original trilinear term

k+1

Bc(uf’h, u’;’ﬁl,vqh) due to the difference between u’j’h and u;j "

3.2 Discrete energy law

To state the energy stability of the fully decoupled scheme mentioned above, we shall define the total

discrete energy function as follows:

gﬁz/ Po
2.

where A is the constant that satisfies (2.23). Recalling that ¢ is the lower bound of x, we also define a

2 2
ulg,h‘ dcc—|—/ 2 ufmh‘ da:—i—A/
02

1, k2 1 k € k2
2y Y 2(Th) dl‘+v/9 LF(S%H' 2|V§0h| ]d% (3.16)

modified discrete energy

pa PO
B[
Q. 2

2 2 A
abaf dos [ 00 fub o [ [500h2 4 ZrGeh) + FI9kR ot aer [ 9ThRas

L 2x 2
(3.17)
Before we start to prove the discrete energy stability, we recall the following lemma from [9].
Lemma 2 Suppose w € Xm, and v} € Xf} satisfy
(V *Veohs QC,h)C = 07 ch,h € Méla (318)
then
/ Ve - Nemw dS| < C|Vwllpz(o,) IVenllLz(o.)- (3.19)
Tem

We also need several lemmas to estimate the buoyancy terms when dealing with the discrete energy.
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k+1 | k+1 Tk+1 k+1 Pk+1 k+1 Pk+1

Lemma 3 Suppose (nph s By, oy Py ug ), 0 < k< K -1, is a solution to the numerical

scheme (3.9)-(3.15) with F = F¥, and that A satisfies (2.23). Then for every 0 < k < K — 1 there holds

k i k Tk k
T (apog(Tc,h - Th)Z7 uc,—}t,l)c +7 (Ckp()g(T"L h — Th)z7 um—t_}i)m

gAETHVTi +mc( Rty )+TH\/um/qun+1H g (3.20)

Proof Recall that ¢ is the lower bound of &, X is the upper bound of the largest eigenvalue of I, and positive

constants Cp, C, are defined in (2.22). For § = appg we have the following estimate

k+1 k+1 Ck92 =k |2 2¢ ubt 2
o ((rtn =Tumul "), < ot =Tl o], < S5 i -+ ol
Ac k _
<& HT N — ThHLZ +2e D(u’;“)’ . (3.21)
Similarly, we obtain
k1 AC || ke E ukt
((Tm p—Th)z,ub ) <& HTmyh H ¢ ‘L (3.22)
It follows that
=k
((Tc h — Th)z ulzzl) +6 <(Tm h — Th)Z7 u’lf'j:é)m
Ae 2 k41 5 ok
L R Y
< Az VT,’§HL2 +af (ubh ubpt) + H\/ym/nu’““‘ . (3.23)
Multiplying the inequality by 7, we derive
(ozpog(Tc h— Th)z ukzl) + T (apog(Tm h— Th)z u::;ri)
(&3 m
2
< Aecr HVTEHL2 +Ta]§ ( 521, u,p ) +7 H\/Vm/]]uk+1H . (3.24)

This concludes the proof of the lemma. 0O

Similarly, we have the following lemma.

k+1 k41 mk+1
Tk ke

Lemma 4 Suppose (@, ', iy uFtt pRtl gkl Pk+1) 0<k< K -1, is a solution to the numerical

’ c h " ch m h>
scheme (3.9)-(3.15) with F = FFT1. Recall ¢ the lower bound of k. Then for every 0 < k < K — 1 there holds

o . 1
(Oépog(Tk+1 Th )Z,ulgf) +T(apog(Tk+1 Th )Z7uk+1)

m,h
m

2
< Aer HVTZHHH —|—7'a]cC ( ];4,;1, ]ZJ,;l) + T H\/Vm/HukJAH . (3.25)
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Now we are able to demonstrate the uniquely solvability and energy stability of the scheme by the

following theorem.

Theorem 1 The numerical scheme (3.9)-(3.15) with F = F* is unconditionally uniquely solvable at each time

step, and it satisfies the following energy law that for all0 < k < K —1,

2 2
.
Rt — ER + VMV T T + ﬁTHkaJrlHL? + T (xl\wm BV P+ llob n Vet )

Kl kyp g2 k41 kg2 k41 kg2 B+l kg2
< - ||V( * h)||L2—*||u i —uc,hHLQ—G*HU + m,hHL2_§HTh+ = ThllLz2, (3.26)

where M = M(¢¥), and A is a constant satisfying (2.23).

Proof First, we show the unique solvability. Note that the non-linear Cahn-Hilliard equations (3.9)-(3.10) are
completely decoupled from heat equation (3.11), Darcy equations (3.13)-(3.14) and Navier-Stokes equation

+

(3.15). In detail, the intermediate velocity function @ is determined by u’fb, cp,kl calculated at the former

1 k+1

time step and the unknown u’” then the third term in (3.9) is a linear term with respect to Vpuj
just as the second term. Thus, given uf,¢F, (3.9)-(3.10) can be viewed as a first-order convex-splitting
discretization of the Cahn-Hilliard equation with known source terms, and the unique solvability of the

Cahn-Hilliard system can be explained with a gradient flow argument [31] [35] [44]. With ,qu'H obtained,

(3.11)-(3.15) define a finite linear system for TfLJrl, kil phtl yktl phitt

s Brue, Py Thus we only need to show

that the solutions are unique. Suppose there are two solutions to (3.11)-(3.15). Denote e, e¥, ek, el eh, the

differences between two solutions respectively. Then the following estimate holds for any W}, € Yy,
er k k _
(2, W) + Bluf, er, W) + (m(Th )Wer, vwh) —0. (3.27)
Take W}, = er and recall the definition (2.41) for B(u, v,w), one gets

L er)+ (ﬁ(T;’f)VeT,VeT) -0, (3.28)

and so ep = 0. Thus Tﬁ"'l is uniquely determined and so are the viscosity coefficients vc, vy, in the fluid

system at the same time step. Next, for all v, € X?, Ge,h € MP, Vin,h € Xf;”@, Gm,h € M}, we have

m
BT (ve'lr)nv qu7h)m - (egn, va,h)m = 07 (330)

IO7O(QTCJ«’ vc,h)C + POBC(UIZ,hy ech7 vc,h) + aICC (egv Vc,h) + bC(Vc,h7 E;g)
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+/ eg@(vc,h “Nem )dS — be(ed, (Ic,h) =0. (3.31)
I

cm

Set Vi n = €, Gmn = €, adding (3.29) and (3.30) together, and by the fact that e}, € M}, where the
mean value on {2, is zero, we obtain ef, = 0, b, = 0. Similarly, set Veh = €¢, qeh = eP. Thanks to the

definition of B¢(u, v, w), we have Bc(uff’h7 el,e?) =0, and then, applying e}, = 0, (3.31) is equivalent to
20 (e 0 3.32
- ec:ec) +ac(e¢:7ec)* 5 ( . )

hence ef = 0. Now (3.31) can be derived as bc(v,p,ek) = 0, which holds for all v, € X! By inf-sup
condition (3.1) one obtains ef = 0. This ends the proof of unique solvability.
Then we prove the discrete energy law (3.26). Take v, = Tuk'H in (3.9), ¢p = ¢k+1 — ¢ in (3.10),

adding them together and thanks to the following estimate due to the convexity
Flop™) = F(er) < F(eh ™ o) (et = oh). (3.33)
one obtains
B(e ™) = Blen) + VMV T + SNV - eh)lie < m@ el v, (3.34)
By (3.4) and (3.5), we can rewrite (3.34) as follows

B(py™) = Boh) + TIVMVu I Ee + IV (ot = oh)IIz:

2
.
7 (Wbl + bV ) < rubieh, Vit (3.35)
Taking W), = AT+ in (3.11), we get
Ak k k k k
g{llTh“II% —IThlIZ2 + T3 = Thll72} + Ar||VEVTE 72 = 0. (3.36)

Letting v 5, = Tule and ¢, , = TPCkZl in (3.15), using the antisymmetric quality of B.(u, v, w) with respect

to the variables v and w, one has

k+1 k+1 __k+1

Po k41
{” + 7uch||L2}+7—ac(uch »Ue h

122 = g allZs + [[uf),

+ / P S nem)dS + r(uf 3 el Vil e = 7 (apog(TE —Th)zuff) . (337)
T

cm

Similarly, set vy, , = Tllk+é in (3.13) and g, = TP:::_hl in (3.14), summing up the results and we derive

PO k+1 k-+1 k+1 k+1(2
{II = W all72} + 7|/ /T HLQ + B |IVPE 17

k
wllze — Il
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+T(u]:n+;1<pf§1 ho Vum )m = 7’/ ul, nemP, hl ds =T (apog(Tm n —Th)z, ukH) : (3.38)
I m

cm

By summing up the above estimates (3.35), (3.36), (3.37) and (3.38), we obtain

k k1 ko k k k k412
5A+1 5A+THV Vi + ||L2 —l—TaC(uc'Zl, +1)+TH\/Vm/Hu +1HL2 +AT||\/EVTh+ 17,2
2 kt1 k41 k1 Akl k2
+87° [V P! |\Lz+— (it VbR I + e nTut FHIP) + SITHE = ThI:
VG k+1 k12 PO k+1 k 2 k+1 k 2
||V(80 el + || Wh—ugple + ||u Ny n — Wm,nllze

< = (= h vt - 7’/ (llkJrl —ufy)- ncmP::_hldS

cm

+7 (ozpog(TC h— Th)z ulgﬁ ) +7 (apog(Tm I Th)z uijﬁ) . (3.39)
m
By the inequality (a,b) < %2 + %, we have

k+1 k+1 PO . k+1 k2 k+1 k 2
—r(up Tt~y op v < §|| gl + ||u e — |7
372 k+1 E+1
o (b ViR + Ik nVueR I) (3.40)

Using Lemma 2, we have the following estimate

k+1 k k+1 k+1 k k+1
7 [ uh) nen PRGSOl - uh eV PS s

cm

< Boluiht —uinllis + OV B e, (3.41)

where C1 depends only on 2, 2. and pg. Adding (3.39), (3.40) and (3.41) together we obtain

gkt _ gk 4 TH\FW’““HB +rag(uitt ul T + T|}~/ym/nu’€+1||L2 + A7||VRVTE 2.

pr? k k k Ak k
+E IV PE 3 + (xnsomhw S+ I VuER?) + SITH - ThIZs

76 k41 ky(2 k+1 k2 k+1  _k 2
5 IV (e, o eplze + ||u g pll7e + L2 ulty —ul, 417

6

- —k
<r (apog(Tth - Th)z ulc“zl) +7 (apog(Tfn,h — Th)z, ufn"’:}})m, (3.42)

where 3 > 2C1. Now we use the estimate in Lemma 3 for the right-hand-side(RHS) term of (3.42), and we

obtain

ERTT — ER + TIIVMVp 7 4 rag (b ul ) + T|}w/ym/nu’€+1||L2 + A7||VRV T2

pr? k 2 k k Ak k
+E IV PER 3 + (xnsomhw,,f;u + IR VuERI?) + S ITHT — ThIZs

’Y€ k41 ky(12 k41 k2 k+1 _ _k 2
5 11V (en, el + ||u g pll7e + L2 unty — ul, 417

6
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2
— k k k k k
< ACTHVThHL2 + Tac ( Czl,uCTLl) +7 H\/Vm/ﬂu +1H . (3.43)
Notice that

)

2 2
EhHl = gkt 4 Aer HVTZHHL? <&kt yoar H\/EVT’;H‘

L2

~ 2
&k =&k + Aer HVTfLHLQ 7
then we obtain the following modified discrete energy law

2 2
ok k T k k k
Et = Eh -+ rlIVAMV i+ TV PRSI + - (xlich Vbt I? + ek n Tt i 17)

’Y€ k+1 _ kyp2 Ic+1 k2 PO k+1 k 2 k+1 k2
IV (&l en)llze — fll —ucpllze — @Hum,h - um,hHL2_§|‘Th = Thllze (3.44)

This completes the proof. 0O

Theorem 2 The numerical scheme (3.9)-(3.15) with F = FFT1 is unconditionally uniquely solvable at each time
step, and it satisfies the following energy laws that for all0 <k < K —1,
2 -2
k k BT k k k
ERF — e 4 rlIVMVG s+ IV AR IR + o (ko Vi + e Vi)
+A Tk+1 _ k2 e V(oFTL _ oFy12 POy k41 k k+1 ko2 <0 (3.45
ST = ThllL: + S 1IV(en ™ —en)llze + Fllucs —ucnlis + *||u n— Wmpllzz <0, (3.45)
where M = M(p¥), and A is the constant satisfying (2.23).

Proof The unique solvability is the same as Theorem 1. Additionally, the RHS term in (3.42) is changed

here while the left-hand side remains unchanged, that is

8k+1 SA—I—TH\ﬁVu’HlHLz —|—7’a’§(u’;ﬁl,uljﬁl)—|—TH\/Vm/Huk+1HL2—|—AT||fVTk+1HLz

2
ket k1 k1 Ak kg2
O vk Wi+ e (xnsomhw S Ik VuER?) + SITRT — ThIZs
k+1 kyp 2 PO . k+1 k+1 _ _k 2
LIV o™ = ehlf + Tllugh + Gy — w2
; =k+1 —k+1
<7 (ozpog(TZﬁl g )z,ug’zl)c +r (apog(T’:nfhl - T )z,ufnf;)m, (3.46)

with 8 > 2C1 and C4 is the positive constant in (3.41). Now applying the estimate in Lemma 4 to (3.46),

we derive

Sﬁ—"l gA-i-THV Vpk+1||Lz+Taf(u5};1, k+1)+’7’”\/l/m/nuk+1||L2+AT||\/EVT];+1H%2

pr? k 7 k k Ak k
FEG VPR + Lo (xlehn Vil + IenVueh I7) + FITE — Th)
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k+1 kypi2 k+1 k+1 _ _k 2
||V(s1J+ —en)llze + || + ('hHL2+ H = w2
2
SAETHVTZJFIHL2 —|—7'a’g( 5217 Igﬁ1> —I—TH\/mukJrlH
<ATH\/WT’”1H2 +raf (ulf! ’”1)+TH\/V /Hu‘““H (3.47)
= h L2 c ch yUe by m .

thus the following estimate holds

2 2
k k BT k k k
EXT = EX+ TIIVMV I + S IV BT + i (xllsom Ay R (A T )

k+1 ’YG k+1 kN2 k+1 k+1 k 2
*||T TR + HV( ool + Hu - ch||L2+ ||u =y allze <0.(3.48)

This completes the proof. 0O

4 Numerical experiments

In this section, we present some numerical examples to show that our scheme is accurate for the sim-
ulation of two-phase flow with thermal conduction. In the first subsection, we use different examples to
numerically demonstrate that our scheme is of first order accuracy in time. The second subsection indicates
that the scheme is long-time stable. In the last subsection, we show that our model illustrates well in the
sense of convection cells (also called Bénard Cells [1]) where the temperature at top is lower than that at

bottom. All the numerical experiments are operated using the software FreeFem++-[29].

4.1 Convergence

Now we consider the convergence results of the numerical scheme. In the experiment we set the dimension
of the PDE system d = 2. Set 2, = [0,1] x [0,1], 2c = [0,1] x [-1,0], 2 = 2» U 2 = [0,1] x [-1,1],
I'cm = [0,1] x {0}. The value of parameters in the PDE system are showed in Table 1. Note that for

simplicity, v(¢,T) is set to be constant in the convergence test.

PDE parameters K po | X | ve | vm n M(Mobility) 5 € apssy | B «a g

Value in test 0.001 1 101 | 01| 0.1l 0.1 0.1 ] 0.1 v0.1 1| 0.01 | 10

Table 1: PDE parameters in convergence experiment. > represents the two-dimensional unit matrix.
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Here we build the exact solution as follows: for ¢ € [0, 7],

@ = e ' cos(mx) cos(my), (x,y) € 2, (4.1)
T =2+ e "cos(nz) cos(ny), (z,y) € 2, (4.2)
— 2 sin?(7z) sin(r(y + 1))
u = . (@y) €2
sin(27z) sin? (T je{c,m}. (4.3)

1 . .
P; = —e "sin®(rz) sin®(7y), (z,y) € 25,

It satisfies the following PDE system with the right hand side terms f1, f2, f3, f4,

po(Bruc + (ue - Vue) = V- T(ue, Pe) + 9cVie — apog(Te — T)z = f1, in 02, (4.4)
%atum + v(m) T am + VP + omViim — apog(Tm — T)z = fa,  in 2, (4.5)
Vou; =0, in g, (4.6)

T, +u;-VT; — ;AT = fs,  in 2;, (4.7)

Oy + V- (ujp5) — div(M(p;)Viy) = fa, in £, (4.8)

where f1, f2, f3, fa can be determined by (4.1)-(4.3).The exact solution above satisfies the same boundary
and interface conditions as (2.8)-(2.13), except for the last two interface conditions (2.14)-(2.15). Here these

two interface conditions will have additional terms g1, g2 on the right hand side, as showed below,

1
—2venem - D(uc)ncm + P + ipo\uc|2 =Pn+g1, onIcm, (49)
ABJSJ .
-7 -D(ue)nem = ———=222—71;,-uc+g2, i=1,...,d—1,0on I'em, 4.10
7 ( c) cm 9 trace(H) [ c cm ( )
where
_ PO _—2t . 2 _ —t T . 2
g1="5e Tsin (27x), g2 = —e (7r cos(2mz) + 7 Sin (TI'IE)) . (4.11)

Now we can start our experiment with the initial data set to be the exact solution above where ¢ = 0,
and we should calculate the relative error of the numerical solution with respect to the exact solution at
t =7 = 1. In order to separate the convergence orders of both 7 and h, we make separate experiments for
7 = h and 7 = h®. We also run the convergence tests for both F = F¥ and F = F**! respectively. The
experiment results are showed in Table 2-5.

Comparing the numerical results in the experiment A1 with those in A2, we can see that, when F = F¥

P, Py, ¢, T,Uc, Un, are all of first order in time, while the finite element of velocity and pressure (u, P) is set
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to be (P2,P1) elements and ¢, T are set to be P1 elements. Similar results can be obtained when F = FF+1

by comparing the data in the experiments B1 and B2.

T=h h 1/8 1/16 1/32 1/64 1/128
P, | L? error | 5.14109E-01 | 3.44479E-01 | 1.94682E-01 | 1.03525E-01 | 5.35046E-02
P., Py, : Order 0.57766 0.82330 091114 0.95224
P1 element.
P, L2 error | 6.14029E-01 | 3.98281E-01 | 2.17864E-01 | 1.12533E-01 | 5.70615E-02
Order 0.62452 0.87036 0.95308 0.97976
%) L2 error 1.06701 6.18081E-01 | 3.40457E-01 | 1.79831E-01 | 9.25595E-02
p,T: Order 0.78771 0.86032 0.92083 0.95819
P1 element.
T L? error | 8.85859E-02 | 4.94954E-02 | 2.62929E-02 | 1.36469E-02 | 6.96698E-03
Order 0.83978 0.91262 0.94610 0.96997
uc L? error | 2.23059E-02 | 9.96694E-03 | 4.78455E-03 | 2.51573E-03 | 1.32212E-03
T,Uc,Upn, : Order 1.16220 1.05877 0.92741 0.92812
P2 element.
Wm | L? error | 2.86016E-01 | 1.20892E-01 5.4497E-02 2.61285E-02 | 1.28782E-02
Order 1.24238 1.14947 1.06055 1.02069

Table 2: Convergence test A1l where Tp =0, T =1, 7 =h and F = F*.

4.2 Stability

In this section we numerically validate that the numerical methods satisfy discrete energy laws. The
domain is given as 2, = [0,1] x [0,1], 2. = [0,1] x [-1,0], 2 = 2, U2 = [0,1] x [-1,1], T'em = [0, 1] x {0}
The parameters in the PDE system are set as in Table 6. The initial conditions are g = 0.2+0.4y, Tg = —xy,

and

_% sin? (7m;’) sin(ﬂ(y + 1))

uj(o) = ) (xvy) € ‘ij Jj €{c,m}, (4'12)

sin(2nx) sin%%)

which satisfies V - ug = 0. We take the mesh size h = 6.%1 and the time step 7 = (%4' We let the constant
A to be either 10 or 100 in different tests in order to demonstrate the necessity of the condition (2.23).
The numerical results for both F = F* and F = F¥*! are shown in Fig. 2 (non-decay) and Fig. 3 (decay),

respectively. Note that the discrete energy for the case F = FF is gﬁ, while the one for F = FFH g Eﬁ.

Observe that the discrete energy curves for F = F¥ and F = F**! in both figures are almost identical
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T =h3 h 1/4 1/8 1/16 1/32 1/64
P, | L? error | 1.68465E-01 | 5.36559E-02 | 1.58287E-02 | 4.20343E-03 | 1.07305E-03
Pe, Py, : Order 1.65064 1.76119 1.91290 1.96985
P1 element.
P. L? error | 3.12905E-01 7.542E-02 1.79264E-02 | 4.41531E-03 | 1.10148E-03
Order 2.05271 2.07286 2.02150 2.00307
© L? error | 2.72186E-01 6.0609E-02 1.65777TE-02 | 4.36422E-03 | 1.11381E-03
p, T : Order 2.16699 1.87029 1.92545 1.97022
P1 element.
T L? error | 2.84411E-02 | 6.27661E-03 | 1.48027E-03 | 3.62503E-04 | 9.01073E-05
Order 2.17992 2.08413 2.02980 2.00828
Uc L? error | 1.49899E-02 | 2.46298E-03 | 4.67624E-04 | 9.78403E-05 | 2.30435E-05
Ue, U : Order 2.60551 2.39698 2.25685 2.08607
P2 element.
U, L2 error | 5.65454E-01 | 2.30529E-01 7.28347E-02 | 2.16234E-02 | 6.51941E-03
Order 1.29446 1.66225 1.75203 1.72978
Table 3: Convergence test A2 where To =0, T =1, 7 = h* and F = F*.
r=h h 1/8 1/16 1/32 1/64 1/128
P, | L? error | 5.14864E-01 | 3.44618E-01 | 1.94666E-01 1.035E-01 5.34892E-02
P., Py, : Order 0.57919 0.82400 0.91137 0.95231
P1 element.
P. L? error | 6.08379E-01 | 3.95556E-01 | 2.16468E-01 1.1184E-01 5.67197E-02
Order 0.62109 0.86973 0.95272 0.97951
© L? error 1.06538 6.1707E-01 3.39933E-01 1.79575E-01 | 9.24359E-02
e, T: Order 0.78786 0.86018 0.92066 0.95806
P1 element.
T L? error | 8.86183E-02 | 4.94925E-02 2.6292E-02 1.36471E-02 | 6.96733E-03
Order 0.84039 0.91259 0.94603 0.96992
uc L? error | 2.41098E-02 1.0395E-02 4.68559E-03 | 2.36767E-03 | 1.22548E-03
Ue, U : Order 1.21373 1.14959 0.98476 0.95012
P2 element.
Uy, L2 error | 2.86063E-01 1.20653E-01 5.4234E-02 2.59563E-02 1.27824E-02
Order 1.24547 1.15359 1.06311 1.02193

thanks to the smallness of 7, ¢ and «a.

Table 4: Convergence test Bl where To =0, T =1, 7r=h and F = FFtL
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T =h3 h 1/4 1/8 1/16 1/32 1/64
Py, | L? error | 1.68303E-01 | 5.36625E-02 1.583E-02 4.20359E-03 | 1.07307E-03
Pe, Py, : Order 1.64907 1.76125 1.91297 1.96988
P1 element.
P. | L? error | 3.12831E-01 | 7.54368E-02 | 1.79284E-02 | 4.41556E-03 | 1.10152E-03
Order 2.05204 2.07302 2.02158 2.00310
¢ | L2 error | 2.72286E-01 | 6.06491E-02 | 1.65832E-02 | 4.3649BE-03 | 1.11389E-03
p, T Order 2.16656 1.87076 1.92570 1.97034
P1 element.
T L? error | 2.84537E-02 | 6.27789E-03 | 1.48044E-03 | 3.62525E-04 9.011E-05
Order 2.18026 2.08425 2.02987 2.00832
e | L2 error | 1.51309E-02 | 2.45832E-03 | 4.66922E-04 | 9.78889E-05 | 2.30651E-05
Ue,Up, : Order 2.62175 2.39642 2.25396 2.08543
P2 element.
Um | L2 error | 5.65455E-01 | 2.30532E-01 | 7.2835E-02 | 2.16234E-02 | 6.51941E-03
Order 1.29445 1.66226 1.75204 1.72978
Table 5: Convergence test B2 where Ty =0, T =1, 7 = h® and F = FF+1,
PDE parameters | « K o | X | ve | vm n M(Mobility) v € agysy | B | g
Value in test 0.5 | 1le=3 1 1(01] 01] 0.1l 0.1 0.1 | 0.1 v/0.1 1] 10

Table 6: Parameters in the discrete energy experiments. [z represents the two-dimensional unit matrix.

4.3 Buoyancy-driven flow

In this numerical experiment we set 2, = [0,2] x [0,0.5], 2. = [0,2] x [-0.5,0], 2 = 2 U 2. =
[0,2]%[~0.5,0.5], I'em = [0, 2] x{0}. The discrete parameters 7, h are set to be 135 identically. The parameters

in the PDE system are set as in Table 7.

K 00 X Ve Vm II M(Mobility) ¥ € aBjsJy B «a g
1.1e 4 1 0.125 | 8.9e-7 | 8.9e-7 | 0.001 x Iz e/ (1 — (,02)2 + €2 0.001 0.02 0.1 10 | 0.05 10

Table 7: Parameters in thermal conduction experiment. 2 represents the two-dimensional unit matrix.

We choose the initial data as ug = 0, o to be a random function with uniform distribution in [-1, 1], and

To = —2y. Additionally, for all ¢ > 0 we set constant hot bottom and cold top to this system, i.e. T{y:—o.f) =1

and T|y:0‘5 = —1 as Dirichlet boundary condition, while T is endowed with Neumann condition on the rest
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X: 1.063 —— T
% B Y:1.622 F_F
szl
X:0.5156 =
Y:1.602 A

1.5

Energy

0.5

10" 10
Time

Fig. 2: Evolution of discrete energy with the constant A = 10. The two energy curves are almost identical.

Point A (0.5156,1.602) and Point B (1.063,1.622) show that the discrete energy is non-decaying.

of the boundary. The setup of the boundary conditions leads to the convection phenomenon. We run the
numerical experiment for sufficiently long time so that steady convection cells (Benard Cells) are observable.
The snapshots of velocity functions are shown in Fig. 4,5, representing the numerical scheme with F = FF
and F = FFH1 respectively.

We see from Figure 4 that there are initially two convection cells extending throughout the whole domain
(Fig. 4(a)). As it progresses, the fluid in the lower sub-domain governed by the Navier-Stokes equations
becomes “turbulent” and breaks the big convection cells (Fig. 4(b)). Afterwards several small convection
cells appear in the upper sub-domain (porous media), cf. Fig. 4(c). In long time, the convection cells are

mostly confined in porous media and become steady. Similar phenomena are observed in Fig. 5.

5 Conclusions

In this article, we propose the Cahn-Hilliard-Navier-Stokes-Darcy-Boussinesq (CHNSDB) system for
thermal convection of two-phase flows in a fluid layer overlying a porous medium. The physical model

satisfies an energy law, and encompasses four processes: the phase field model governed by the Cahn-
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%
i
5y

10
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10 10
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Fig. 3: Evolution of discrete energy with the constant A = 100. The two energy curves are visibly identical

and monotonically deceasing.

Hilliard equations, the thermal convection governed by the heat equation, fluid systems governed by the
Darcy equations in porous media and the Navier-Stokes equations in free flow. We design uniquely solvable
algorithms that preserve the underlying energy law. Moreover, our algorithms fully decouple the Cahn-
Hilliard equations, the heat equation, the Navier-Stokes equations and the Darcy equations, so that each
sub-system can be computed independently at each time step. Several numerical experiments are performed
to gauge the accuracy and robustness of the proposed algorithms. The error estimates of the numerical

schemes will be pursued in a future work.
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