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A photonic cluster state with a tree-type entanglement structure constitutes an efficient resource for
quantum error correction of photon loss. But the generation of a tree cluster state with an arbitrary size is
notoriously difficult. Here, we propose a protocol to deterministically generate photonic tree states of
arbitrary size by using only a single quantum emitter. Photonic entanglement is established through both
emission and rescattering from the same emitter, enabling fast and resource-efficient entanglement
generation. The same protocol can also be extended to generate more general tree-type entangled states.
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Photons are unique carriers of quantum information.
They have multiple degrees of freedom that can be
employed to carry either qubits or qudits. In addition,
photons are immune from thermal noise at room temper-
ature, capable of long-distance transmission, and barely
interact with each other. These properties make them ideal
for quantum communication [1-3] and quantum network-
ing [4,5]. While the lack of photon-photon interactions
makes them less appealing in gate-based quantum comput-
ing, optical quantum computers can be constructed using a
cluster-state-based model, known as “measurement-based
quantum computation” [6,7]. This model offers tremendous
advantages for optical implementations since high-fidelity
single-qubit gates and detectors can be realized with mature
photonic devices [8,9].

A major obstacle in all these applications is the loss of
photons during transmission, either in a quantum commu-
nication channel or in a delay line of an optical quantum
computer. Imperfect quantum efficiency of single-photon
detectors can also be accounted as loss. Photon loss poses
an exponential trade-off between the rate and distance of
repeaterless quantum communication in optical fibers [10],
as well as a fundamental limit on the scalability of an
optical quantum computer. It is thus essential to develop
resource-efficient error correction methods that can deal
with loss fault tolerantly [11-13].

One such approach is to encode a qubit in a highly
entangled multiphoton cluster state, such as a tree cluster
state [14,15]. The built-in redundancy in the tree-structure
entanglement enables indirect measurement of a qubit even
when a subset of the photons in the tree is lost [14].
Unfortunately, generating a multiphoton entangled state
with such a complicated entanglement structure is
extremely challenging. Standard approaches rely on pair-
wise fusion gates to grow entangled photon pairs into a
multiphoton cluster state [16—19]. The probabilistic nature

0031-9007,/20/125(22)/223601(6)

223601-1

of the fusion gates leads to a tremendous overhead on the
required resources and a slow generation rate (~mHz for
12-photon entanglement with state-of-the-art experiments
[20]). To overcome this challenge, Lindner and Rudolph
presented a deterministic protocol to generate multiphoton
entangled states through sequential emission of photons
from a single quantum emitter [21], but photons emitted in
this process can only be entangled in the form of a one-
dimensional chain. Inspired by this work, Buterakos et al.
proposed a protocol that can sequentially emit photons into
a repeater graph state with the help of an ancillary matter
qubit [22]. While this protocol can be extended to generate
a tree cluster state as shown in the same work, it requires as
many ancillary matter qubits as the depth of the tree, along
with the capability to perform two-qubit entangling gates
between the quantum emitter and all the ancillary qubits.
This demanding requirement limits the scale of the tree
state that one can generate experimentally. In addition,
since the entangling operation between the ancillary matter
qubit and the quantum emitter is typically much slower
than optical processes, the large number of entangling gates
significantly reduces the generation rate of the tree state and
the repeater graph state. In fact, it has been recently shown
that the slow entangling operation between the
matter qubits is the dominant limiting factor for the
performance of the cluster-state-based all-optical quantum
repeaters [23].

In this Letter, we propose a new protocol to determin-
istically generate a photonic tree state using only a single
quantum emitter. The emitter is strongly coupled to a chiral
waveguide that has a mirror at one end implementing a
delayed feedback. The entanglement structure is thus
established through both sequential emission of photons
from the quantum emitter and rescattering of photons
following the delayed feedback, enabling fast and re-
source-efficient generation of the tree cluster states.
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FIG. 1. (a) The schematic setup to generate a photonic tree
cluster state with an arbitrary size. The inset shows the energy-
level structure of the quantum emitter. (b),(c) The left-hand panels
illustrate the effects of the E gate (b) and the cz gate (c) applied
on the joint emitter-photon quantum state. The right-hand panels
show the pulse sequences required to implement the E gate (b)
and the cz gate (c). The color of each block in the pulse sequence
is used to indicate the optical transition [also color labeled in (a)]
to which the rotation pulse is applied.

While a similar scheme has been proposed to generate
projected entangled pair states [24], our proposal for the
first time shows the capability to generate complex
aperiodic entanglement structures with a simple delayed
feedback. We also analyze our protocol under realistic error
models and show that the protocol is robust against typical
errors associated with its potential experimental platforms.
Our proposal paves the way toward the realization of all-
optical quantum repeaters [12,13,18] and loss-tolerant
optical quantum processors [11].

Figure 1(a) shows the schematic setup we propose to
generate the photonic tree state. It consists of a single
quantum emitter (labeled §), a chiral waveguide, and a
distant mirror placed at one end of the waveguide. For
concreteness, we assume the emitter has an energy-level
structure as shown in the inset of Fig. 1(a). It consists of
three metastable ground states, labeled as |gy), |g), and
|g2). The states |go) and |g;) form a stable qubit (|0), = |go)
and |1), = |g;)), which can be coherently manipulated with
a classical field Q, (). The state |g,) serves as an ancillary
memory state used in the generation of time-bin encoded
photons, as will be explained next. The population of this
state can be coherently prepared from the state |g;) with
another classical field Q,(#). The quantum emitter also
consists of two optically excited states |e; ) and |eg). Both
excited states can decay into the ground state |g;) while
emitting a photon into the waveguide. We assume the
couplings between the emitter and the waveguide are chiral,
such that the transitions |g;) <> |e;) and |g;) <> |eg)
couple only to the left- and right-propagating modes of
the waveguide, respectively. Such chiral couplings have

been experimentally demonstrated across a number of
atomic systems [25]. We assume that we can drive the
emitter into the excited state |e; ) from the ancillary ground
state |g,) with an optical laser Q;(7).

We encode each photonic qubit in the time-bin basis
consisting of two possible temporal modes well separated
from each other. Specifically, we denote the presence of a
photon in the earlier and later temporal modes as |0),, and
[1),, respectively. The time-bin encoding is uniquely
suitable for long-distance quantum communication [26],
as it is robust to depolarization errors and also allows for the
detection of photon loss.

We first introduce the two elementary gates required to
implement our protocol, the E gate and the controlled-Z
(cz) gate. The left-hand panel in Fig. 1(b) illustrates the
action of the E gate on the joint emitter-photon quantum
state. An E gate generates a new photon that inherits the
state of the quantum emitter, while resetting the state of the
quantum emitter to |1),. Mathematically, the transfor-
mation of the E gate can be written as (a|0),|w),+
ﬂ|1>5|z//1>,)|vacuum>p - (a|0>p|l//0>r + ﬂ‘1>p|w1>r)|1>s’
where s, r, and p represent the states of the emitter, the rest
of the photons that are already emitted which may be
entangled with the emitter, and the newly generated photon,
respectively. The right-hand panel in Fig. 1(b) shows the
pulse sequence required to implement the E gate. By
successively applying three 7 pulses of Q;(7), Q,(7),
and Q;(7), the emitter can be excited to state |e;) and
emits a left-propagating photon into the earlier time bin if it
is initially in state |go), while populated to |gy) if initially in
|g1)- We next apply a z pulse of Q, (#) to swap |go) and |g; ),
and repeat the process to generate a left-propagating photon
into the later time bin if the emitter is initially in state |g).
Another 7z pulse of Q(¢) is used to make sure that
the emitter is reset to |g;) regardless of its initial state.
Figure 1(c) shows the action of the cz gate on the joint
emitter-photon quantum state, along with the required pulse
sequence for its realization. The cz gate is applied between
the emitter and a photon reflected from the mirror. To
implement the cz gate, we apply a = pulse of Q,(7) before
the earlier time bin, and another 3z pulse of €,(¢) in the
middle of the earlier and later time bins. Therefore, if the
photon is in the state |1}, (later time bin), it will pick up a z
phase shift if the emitter is initially in the state |g;) due to
the strong coupling between the transition |g;) <> |eg) and
the right-propagating mode of the waveguide [27,28], but
no phase shift if the emitter is initially in the state |go).
A photon in state |0), (earlier time bin) will always
transmit with no phase shift since the emitter can only
be in state |gy) or |g,) during the earlier time bin. The 37
rotation in the second €,(7) pulse, instead of a 7 rotation,
avoids accumulation of a 7 geometric phase between the
emitter states |gy) and |g;).

To provide an intuitive understanding, we first describe
our protocol using an example of a tree shown in Fig. 2(f),
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FIG. 2. Graph representation of the procedure for generating a
tree with branching parameters by = b; = b, = 2.

which has a depth of 3 and branching parameters of
by = by = b, = 2. However, it should be noted that our
protocol applies to any arbitrary tree structures and sizes.
Here we define the branching parameter b; as the number of
leaf nodes connected with a node at level i, where the level
number i is defined as the number of edges on the path from
the node of interest to the root node of the tree. Our protocol
generates photons from the bottom of the tree to the top,
as shown by the graph representation of the procedure in
Fig. 2. We start with the emitter prepared in state
[+), = (1/v/2)([0), + 1),). By continuously applying
the E gate and a (—x/2) spin rotation along the y axis
of the Bloch sphere for 8 times, we generate 8 photons that
are all in the state [+), = (1/v2)(|0), +[1),) [see
Fig. 2(a)]. These photons will constitute the bottom layer
of the tree. The 8 photons will travel sequentially in the

|

‘ l//tree

where n; = [['Z} b; is the number of photons in the /th
level of the tree. CZg; represents a cz gate applied on the
emitter S and the ith generated photon.

While we described our protocol using a specific system
consisting of a multilevel atom coupled to a chiral wave-
guide, it is worth noting that neither the specific atomic
level structure nor the chiral coupling is essential to the
realization of our protocol. For example, our protocol can
be realized with a cavity QED device with a simple II-type
and A-type atom, as described in the Supplemental Material

left-propagating mode of the waveguide until they are
reflected by the mirror. For each reflected photon, we apply
a cz gate when the photon arrives at the emitter. Since both
the emitter and the photon are in the superposition state, the
Cz gate entangles the emitter and the photon. Therefore,
after the first two photons pass through the emitter, the
emitter will be entangled with both photons as shown in
Fig. 2(b). Before the third photon arrives at the emitter, we
apply an E gate to generate a new photon (the ninth photon)
into the left-propagating mode of the waveguide. This E
gate will transfer the state of the emitter into the ninth
photon and reset the emitter to state |1),. Thus the ninth
photon becomes the parent node of the photons 1 and 2, and
the emitter is detached from this subtree [see Fig. 2(c)]. A
follow-up (—x/2) rotation along the y axis on the emitter
will prepare the emitter back to the |+), state again.
Repeating the same procedure for another 3 times will
generate three more subtrees, as shown in Fig. 2(d). Up to
now, the photons 1-8 have passed through the emitter in the
right-propagating mode and will no longer interact with the
emitter, whereas the photons 9-12 are in the left-
propagation mode of the waveguide and will be reflected
back to the emitter. Following the same procedure, we will
again entangle the emitter with both the photons 9 and 10
through two sequential cz gates applied when they arrive at
the emitter, and transfer the emitter state into another
newly generated photon (the 13th photon) through an E
gate. Repeating this procedure one more time will
generate two larger subtrees, as shown in Fig. 2(e).
Lastly, we will repeat the same procedure for the last time
and generate the root node of the tree using an E gate
(photon 15), which also decouples the emitter from the
whole tree.

We now formalize our protocol for generating a general
tree state with a depth of d and branching parameters
{by, by, ...,by_1}. The sequence of operations can be
described as follows:

d Ng-j bd—j
H |:H <61(ﬂ/4)YE H CZS'ZJn:o "d+1-m+(k—])bd—j+l> :| <el(ﬂ/4)YE)nd [+ (1)
j=1 =1

|

[29]. Such a cavity QED system has been realized by a
number of atomic systems including trapped Rb atoms
[37], semiconductor quantum dots [43,44], and diamond
color centers [45].

We now discuss the robustness of our protocol against
typical errors during the tree-state generation. One of the
dominant errors in any photon generation process is the
internal photon loss, which in our scheme may result from
emission or rescattering of photons into the bath other
than the waveguide mode due to the finite cooperativity,

223601-3



PHYSICAL REVIEW LETTERS 125, 223601 (2020)

(@) 0.5
‘s
= 0.01 °
w ° o
® feoh/tph=c0 .
teonltpn=10 ¢
0.001
0 50
Tree size teonVR
FIG. 3. (a) The effective error probability of the logic qubit

encoded by the tree as a function of the tree size (the total number
of photons in the tree). We assume a single-photon loss
probability of € =0.1 in this calculation. The blue circles
represent the case where 7., — oo, and the orange squares
represent the case where fcon/tpn = 10*. (b) The optimized value
of &4 as a function of single-photon loss probability and
coherence-time-bandwidth product.

absorption during photon transmission in the waveguide,
and partial reflection from the end mirror. While the
external loss is quantum error correctable due to the
tree-type encoding, the internal loss may lead to uncorrect-
able errors since it happens before the tree entanglement is
fully established. Following the proof shown in Ref. [14],
we can show that the internal loss can be indeed corrected
in the same way as the external photon loss. This is
fundamentally because the attempted Cz gate operates as
an identity operation when a photon is lost internally.
Therefore, our protocol is loss resilient as long as the total
loss is below the quantum error correction threshold of 50%
[14]. As an example, we consider a specific application of
performing an arbitrary single-qubit measurement on the
tree-encoded logic qubit. We define the effective error
probability e.; as the probability that this measurement
yields an incorrect result. The blue circles in Fig. 3(a) show
the value of €. as a function of the total number of photons
in the tree [29], with a single-photon loss probability of
e = 0.1. The effective error probability decreases exponen-
tially with the tree size and can eventually approach 0 given
a large enough tree.

While we can in principle overcome the photon loss by
generating a large enough tree, in practice the size of the
tree we can generate is limited by the finite coherence time
of the emitter qubit. The orange squares in Fig. 3(a) show
the effective error probability . when we consider a finite
emitter coherence time .. Here we set feon/fpn = 10*
[29], where ¢, is the time allocated to a single-photon
qubit. We have kept the same single-photon loss rate of
e = 0.1 in the calculation. As we can see from Fig. 3(a),
when the tree size is small, the effective error probability is
nearly identical with the value under infinite emitter qubit
coherence time (blue circles), since the probability of
emitter decoherence during the tree-state generation is
negligible. However, as we keep increasing the tree size,
the effective error probability tapers off and starts to
increase, indicating that error caused by the emitter
decoherence during the tree-state generation starts to

dominate. Thus, given a qubit coherence time and sin-
gle-photon loss rate, there is an optimized value of & that
we can achieve by varying the tree size.

Figure 3(b) shows the optimized value of e at different
system parameters [29]. In this calculation, we vary both
the single-photon loss rate € and the emitter qubit coher-
ence time f.,,, while assuming all other possible imper-
fections absent (see Supplemental Material [29] for a
fidelity and error analysis when accounting for more
experimental imperfections). We normalize 7.y, in terms
of the inverse of the bandwidth of the cz gate yx, which is
the waveguide modified linewidth of transition
lg2) <> |er). As we can see, a small single-photon loss
rate and a large coherence-time-bandwidth product 7,7z
are needed to achieve a small e.. To qualitatively identify
the useful regime of e.¢, we consider a specific application
of using tree states to implement one-way quantum
repeaters [18,19,46]. We assume a realistic internal photon
loss rate of 0.01, and we distribute the quantum repeater
nodes one in every 1 km. This distance corresponds to an
external photon loss rate of 0.05 in a telecom fiber, which is
small enough compared with the threshold of 0.5 for loss
correction, but large enough to ensure that dominant loss to
be corrected is from the optical fiber. Since we have 103
repeater nodes, to achieve a reasonable communication rate
over 1000 km requires the effective error probability of
each link to be less than ~1073. The dashed line in Fig. 3(b)
denotes the parameter regime where e, = 1073, and the
solid line shows the condition where ¢ = 0.06, correspond-
ing to the total loss rate of a single photon. Thus, to achieve
g < 1073 while £ > 0.06 requires a coherence-time-
bandwidth product exceeding 10°. This parameter regime
can possibly be achieved upon reasonable improvements
by using a single silicon-vacancy color center coupled
with a photonic crystal cavity (yp ~ 27 x 10 GHz [42] and
teon ~ 10 ms [38]), or a single trapped atom strongly
coupled with a fiber Fabry-Perot cavity (yp~2
7 x 100 MHz [47] and f., ~ 1 s [37]). It may also be
possible to use a strongly coupled quantum dot and
nanocavity (yp ~ 2z x 80 GHz [39]) to reach this param-
eter regime, if one can improve its spin coherence time to
~2 ms (currently it is ~4 us [48]).

In conclusion, we have proposed and analyzed a
protocol for deterministic generation of tree-type pho-
tonic cluster states using only a single quantum emitter.
Our protocol can generate a tree state with an arbitrary
size and depth without any probabilistic fusion gates or
ancillary matter qubits, which significantly reduces the
resource overhead required for the entanglement gen-
eration. The protocol is also robust to typical errors in
realistic experiments and is within reach upon reasonable
improvements of quantum photonics technologies. In
addition, our scheme can be implemented with a variety
of cavity QED systems using both free-space optics and
integrated photonics [29].
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One of the most important features of our protocol is that
it can be widely applicable to a large range of tree-type
photonic cluster states that are useful for all-optical
quantum repeaters, such as the repeater graph states
[18,19] and the tree-encoded repeater graph states
[19,22] (see Supplemental Material for details [29]).
Thus, an important future work is to perform quantitative
rate-distance trade-off and resource cost analysis of our
scheme in the application of different all-optical quantum
repeater protocols by accounting for all possible losses, bit
flips, and dephasing errors, and systematically compare its
performance with existing cluster state generation schemes
[19,23,46]. Overall, our results constitute an important
scheme for aperiodic 2D cluster state generation with
feasible resources and pave the way toward the realization
of loss-tolerant one-way optical quantum computers [11]
and all-optical quantum repeaters [12,13,18].
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