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1 Introduction

The purpose of this paper is to build a bridge between two types of constructions of quan-

tum field theories, typically bosonic ones, from supersymmetric quantum field theories

in higher spacetime dimensions. These constructions have appeared in such diverse con-

texts as quantization of symplectic manifolds [1, 2], vertex algebras in three- [3, 4] and
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four-dimensional [5–7] supersymmetric field theories, analytic continuation of knot invari-

ants [8, 9] and their categorification [10], the 3d-3d correspondence [11–18], and emergence

of integrable systems from supersymmetric gauge theories [19–30].

We will refer the two types of constructions as the A-type and the B-type. There are

some similarities between them, but also crucial differences.

In an A-type construction, one starts with a (d+ 1)-dimensional supersymmetric field

theory, formulated on a product I×Md, where I is an interval [0, `] and Md is a d-manifold.

The theory is topologically twisted, either fully or partially, so that it is topological on I.
Let s be the coordinate on I.

At one end of I, say at s = 0, one imposes Neumann-like boundary conditions on

the bosonic matter fields. At the other end, at s = `, boundary conditions constrain the

bosonic matter fields to be, roughly speaking, valued in a Lagrangian submanifold M of

their Kähler1 target space Y .

Since the theory is topological on I, one can shorten I until it collapses to a point.

One thus obtains a d-dimensional theory on Md. It turns out that the action functional of

this theory on Md is holomorphic in complex-valued bosonic fields, but the path integral

makes sense for appropriate choices of M as it is performed over a middle-dimensional

cycle determined by M .

In a prototypical example [1] of an A-type construction, d = 1 and the two-dimensional

theory on I×M1 is the A-model [31], which may be obtained from two-dimensional N =

(2, 2) supersymmetric sigma model by the A-twist. The target space Y is a complex

symplectic manifold. Located at s = 0 is a canonical coisotropic brane [32], supported on

all of Y . At s = `, one chooses a brane whose support M is Lagrangian with respect to

two of the real symplectic structures of Y , but symplectic with respect to another. The

one-dimensional theory on M1 is quantum mechanics whose phase space is M , regarded as

a symplectic manifold.

More elaborate examples arise for d ≥ 2.

For d = 2, one may take the three-dimensional theory to be an N = 4 supersymmetric

field theory in the A-twist [33] (which is the “mirror” of the Rozansky-Witten twist). The

two-dimensional theory produced by reduction on I is a chiral conformal field theory (CFT)

on a Riemann surface M2 [3, 4]. If the theory one picks is a gauge theory constructed from

vector multiplets and hypermultiplets in a complex symplectic representation Y of the

gauge group, the CFT is the system of gauged symplectic bosons valued in Y .

An example with d = 3 is provided by the GL-twist [34–36] of N = 4 super Yang-Mills

theory in four dimensions. In this case, the three-dimensional theory is Chern-Simons

theory on a three-manifold M3, whose gauge group is the complexification HC of the gauge

group H of the Yang-Mills theory [1, 8, 9].

A B-type construction starts with a (d + 2)-dimensional supersymmetric field theory

on D ×Md, where D is a disk. The construction involves a special kind of deformation

of the theory, called the Ω-deformation [37, 38]. The theory is topologically twisted so

1More generally, Y may be complex and almost symplectic but non-Kähler. We will consider such target

spaces in sections 2 and 3.
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that it is topological on D, but the Ω-deformation reduces the topological invariance to the

invariance under deformations that leave the rotation symmetry of D unbroken. On the

boundary ∂D of the disk, one imposes a boundary condition such that the bosonic matter

fields take values in a Lagrangian submanifold M of the Kähler target space Y .

As in A-type constructions, one can shrink D to a point to obtain a d-dimensional the-

ory on Md. Again, the resulting theory turns out to have a holomorphic action functional,

and the path integral is performed over a middle-dimensional cycle specified by M .

In an example [2] with d = 1, the three-dimensional theory on D ×M1 is Rozansky-

Witten theory [39], which arises from N = 4 supersymmetric sigma model by the B-twist

(or the Rozansky-Witten twist). The target space Y is a complex symplectic manifold, and

the boundary condition on ∂D requires the bosonic field to lie in a submanifold M that is

either Lagrangian or symplectic, depending on which real symplectic structure one refers

to. The one-dimensional theory on M1 that arises after the Ω-deformation and reduction

on D is quantum mechanics, quantizing the symplectic manifold M .

For an example with d = 2, one may consider Kapustin’s holomorphic-topological

twist [40] of an N = 2 supersymmetric field theory in four dimensions. The Ω-deformation

and reduction on D result in a chiral CFT, which, for a gauge theory with hypermultiplets

in a complex symplectic representation Y , is the system of gauged symplectic bosons valued

in Y [6, 7].

Finally, for d = 3, the Ω-deformation and reduction of a topological twist of five-

dimensional N = 2 super Yang-Mills theory with gauge group H yields Chern-Simons

theory with gauge group HC [18].

Above we have described examples of A-type and B-type constructions for d = 1, 2, 3.

The parallel between the two types is conspicuous: for every d, there is a pair of A-type

and B-type constructions for one and the same d-dimensional bosonic theory.

This observation suggests that for each d, the theory used in the A-type construction

should be somehow related to the one used in the corresponding B-type construction.

The expectation is further strengthened if one notices the fact that the two theories may

be obtained by topological twist from two physical theories with the same amount of

supersymmetry.

In fact, there is a natural way to produce a (d + 1)-dimensional theory on I × Md

from a (d + 2)-dimensional theory on D ×Md: one deforms the disk D into the shape of

a cigar and performs circle reduction of the latter theory, considering the cigar as a circle

fibration over the interval I. Such a deformation of D is allowed in the theory for the B-type

construction since it preserves rotation symmetry. A similar reduction has been studied

before in a different but related setting [41].

Presumably, the B-type theory turns into its A-type counterpart through the Ω-

deformation and the cigar reduction of D to I. In this paper we demonstrate that this

is indeed true.

Our strategy is to first establish the correspondence between A-type and B-type con-

structions in the most basic case, namely the case in which d = 0. Then, we apply the

results to higher-dimensional examples.

– 3 –



J
H
E
P
0
6
(
2
0
2
0
)
1
8
0

For d = 0, the two-dimensional theory relevant for B-type construction is the gauged

B-model [42] on D, which may originate from N = (2, 2) supersymmetric gauged sigma

model via the B-twist [43, 44]. The target space of the model is a Kähler manifold X

with a holomorphic GC-action, where G is the gauge group. To this theory we apply the

Ω-deformation [2, 18]. On ∂D, we place a brane whose support L is GC-invariant and

defines a Lagrangian submanifold L inside the Kähler quotient X//G.

We will show that upon cigar reduction, the Ω-deformed gauged B-model on D becomes

topologically twisted supersymmetric gauged quantum mechanics whose target space is X.

The theory thus obtained on I is the A-type theory for d = 0. The brane on ∂D descends

to a similar boundary condition at s = `, while the center of D, or the “tip” of the cigar,

becomes the boundary at s = 0 where the Neumann-like boundary conditions for the

bosonic matter fields emerge.

We will also show that in the limit where I shrinks to a point, this supersymmetric

gauged quantum mechanics reduces to a gauged sigma model on a point M0 with target L,

provided that L is chosen appropriately. This is the bosonic theory for d = 0. Remarkably,

the gauge group complexifies to GC in the process of this reduction.

To establish the link between the A-type and B-type constructions for d ≥ 1, we merely

apply the results we have obtained for d = 0 to various infinite-dimensional target spaces.

The point is that the B-type theory on D ×Md may be regarded as the gauged B-model

on D, whereas the A-type theory on I ×Md may be regarded as supersymmetric gauged

quantum mechanics on I, and the two have the same target space X. The bosonic theory

on Md may be viewed as a zero-dimensional gauged sigma model with target L.

For example, for d = 1, we take X = Map(M1, Y ), the space of maps from M1 to a com-

plex symplectic manifold Y . For the brane on ∂D, we choose an appropriate submanifold

M ⊂ Y and set L = Map(M1,M). The A-model on I×M1 with target Y is topologically

twisted supersymmetric quantum mechanics on I with target X, while Rozansky-Witten

theory on D ×M1 with target Y is the B-model on D with target X. Hence, these two

theories are related by cigar reduction, and realize the same zero-dimensional sigma model

with target L.2 The last theory describes maps from M1 to M , so it is quantum mechanics

with phase space M .

Similarly, for d = 2, we take X = Map(M2, Y ), the space of maps from M2 to the

vector space Y for a complex symplectic representation of a gauge group. For d = 3, we

take X to be the space of HC gauge fields on M3. The relation between the A-type and

B-type constructions for d = 1, 2, 3 are thus established.

If one knows either an A-type or B-type construction of a certain bosonic theory, one

may exploit the relation just explained to arrive at the corresponding construction of the

other type. In this way we will deduce an A-type construction of a four-dimensional variant

of Chern-Simons theory [26–28] based on five-dimensional N = 2 super Yang-Mills theory,

starting from the B-type construction using six-dimensional N = (1, 1) super Yang-Mills

theory [30]. This A-type construction was essentially proposed in [45, 46].

2We have learned from Dylan Butson that this statement and related results may also be understood

from the point of view of equivariant factorization algebras.
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d Bosonic theory A-type theory B-type theory

0 Sigma model Topological SQM B-model

1 Quantum mechanics A-model Rozansky-Witten

2 CFT A-twisted N = 4 Kapustin

3 Chern-Simons GL-twisted N = 4 SYM Topological N = 2 SYM

4 4d Chern-Simons Twisted N = 2 SYM Twisted N = (1, 1) SYM

5 5d Chern-Simons Twisted N = (1, 1) SYM Twisted SYM

6 6d Chern-Simons Twisted SYM Twisted SYM

Table 1. Examples of A-type and B-type constructions. SQM and SYM are abbreviations for

“supersymmetric quantum mechanics” and “super Yang-Mills theory,” respectively.

In the examples with d = 3, 4 described above, d-dimensional Chern-Simons theory is

realized by (d+1)- and (d+2)-dimensional maximally supersymmetric Yang-Mills theories.

This pattern continues to hold for d = 5, 6, and we will explain the A-type and B-type

constructions in these cases. Six-dimensional Chern-Simons theory is more commonly

known as holomorphic Chern-Simons theory [47]. Five-dimensional Chern-Simons theory

was introduced in [48].

Table 1 summarizes the A-type and B-type constructions treated in this paper.

In concluding this introduction, a few of remarks are in order.

First, for the constructions of higher-dimensional Chern-Simons theories to be com-

pletely satisfactory, super Yang-Mills theories in dimension greater than four should prob-

ably be provided with ultraviolet completion. One way to do so is to embed them into

string theory using branes. This approach proves to be fruitful, as it allows one to exploit

the rich structure of dualities in string theory [10, 30].

Second, it seems that a large class of bosonic gauge theories with holomorphic action

functionals and complex gauge groups admit A-type and B-type constructions, at least

formally, since they can always be reformulated as zero-dimensional gauged sigma models.

What distinguishes the examples we consider is that the corresponding A-type and B-type

theories are physically natural and interesting. In contrast, the A-type and B-type theories

will not be so nice if one takes a generic bosonic gauge theory. Their actions will lack

Lorentz invariance and contain higher-derivative terms.

Last, although our treatment of infinite-dimensional target spaces may seem naive, it

is justified. These spaces are essentially the field spaces of the bosonic theories on Md. In

general, the definition of a quantum field theory comes with a regularization of ultraviolet

divergences. Whatever the choice of a regularization we make for a bosonic theory, we use

the same regularization for the corresponding A-type and B-type theories. For instance,

one may latticize Md; the twisted supercharges are compatible with a lattice regularization

since they do not generate translations on Md. Then, the field space becomes the product

of copies of a finite-dimensional space.

This paper is organized as follows. We begin in section 2 by studying the A-type and

B-type constructions for d = 0 without gauge symmetry. Then, in section 3, we apply

these constructions to demonstrate the equivalences between the Ω-deformed Rozansky-
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Witten theory, the A-model and quantum mechanics. We incorporate gauge symmetry into

the picture in section 4. Finally, in section 5, we discuss constructions of gauged quantum

mechanics, gauged symplectic bosons, and Chern-Simons theory and its higher-dimensional

variants by supersymmetric gauge theories. Appendix A explains the formulation of eight-

dimensional super Yang-Mills theory as an N = (2, 2) supersymmetric gauge theory in

two dimensions.

2 B-model, supersymmetric quantum mechanics and zero-dimensional

sigma model

In this section we discuss the fundamental A-type and B-type constructions, which realize

sigma model on a point M0 within supersymmetric quantum mechanics on an interval I
and the Ω-deformed B-model on a cigar D, respectively. To alleviate technicalities, we will

not consider gauge symmetry yet.

After we formulate the Ω-deformed B-model with a complex target space, we will show

that its circle reduction gives supersymmetric quantum mechanics. Then, we will discuss

boundary conditions in the respective theories, and reduction to a zero-dimensional theory.

Finally, we will explain how to construct good boundary conditions using a gradient flow.

2.1 Ω-deformation of the B-model

The B-model is a topological quantum field theory of cohomological type, and may be

constructed from N = (2, 2) supersymmetric sigma model by the B-type topological

twist [43, 44]. For the presence of N = (2, 2) supersymmetry, the target space of the

model must be a Kähler manifold, and for the B-twist to make sense, it must moreover

be Calabi-Yau. If, however, one does not require the B-model to originate from a physical

theory via topological twist, the target space can be more general.

For us, the target space is a complex manifold X with complex structure I, which is

not necessarily Kähler. We still require its first Chern class to vanish, c1(X) = 0, so that

the theory suffers no anomalies. If X is a Kähler manifold, this requirement means that

X is Calabi-Yau. We will use letters µ, ν, . . . for real indices, i, j, . . . for holomorphic

indices, and ı̄, ̄, . . . for antiholomorphic indices.

The spacetime (or worldsheet) of the B-model is a surface Σ, endowed with a Rie-

mannian metric γ. In this paper we will take Σ to have rotation symmetry and γ to be

rotation invariant.

The final input data of the B-model is the superpotential W , which is a holomorphic

function on X.

The fields of the B-model are a bosonic field

ϕ ∈ Map(Σ, X) (2.1)

– 6 –
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and fermionic fields

η ∈ ΠΩ0(Σ, ϕ∗T 0,1X) , (2.2)

ρ ∈ ΠΩ1(Σ, ϕ∗T 1,0X) , (2.3)

µ ∈ ΠΩ2(Σ, ϕ∗T 0,1X) . (2.4)

Here Ωp(Σ, E) is the space of p-forms on Σ with values in the vector bundle E over Σ,

and T 1,0X and T 0,1X are the holomorphic and antiholomorphic tangent bundles of X,

respectively; Π denotes parity reversal. In the off-shell formulation which we will employ,

the theory also has auxiliary bosonic two-form fields

G ∈ Ω2(Σ, ϕ∗T 1,0X) , (2.5)

G ∈ Ω2(Σ, ϕ∗T 0,1X) . (2.6)

All of these fields come from a chiral multiplet of N = (2, 2) supersymmetry.

The B-model has supersymmetry generated by a fermionic conserved charge Q0. The

supercharge Q0 squares to zero,

Q2
0 = 0 , (2.7)

and is used to define cohomology in the space of states and in the space of operators. The

path integral of the theory, with Q0-closed operators inserted on Σ and Q0-closed states

specified on ∂Σ, depends only on the Q0-cohomology classes of those operators and states.

The essential point is that the metric γ on Σ enters the theory only through Q0-exact

terms in the action. As a consequence, under deformations of γ, the integrand of the path

integral varies by Q0-exact terms and its Q0-cohomology class remains intact. Thus, by

passing to Q0-cohomology, the theory becomes invariant under deformations of γ. In this

sense the B-model is a topological theory.

We will not explain here how Q0 acts on the fields and how the action functional of

the B-model is constructed. Rather, we directly proceed to describe the Ω-deformation of

the B-model.

The Ω-deformation of the B-model [2] is a deformation that may be applied whenever

Σ admits an isometry. Let V be a Killing vector field generating this isometry. The Ω-

deformed B-model has deformed supersymmetry generated by a supercharge QV . The

Ω-deformed supercharge QV reduces to Q0 for V = 0, and squares to the generator LV of

the isometry:

Q2
V = LV . (2.8)

On fields, LV acts by the Lie derivative by V .

Slightly more generally, we allow V to be a complex linear combination of Killing

vector fields, provided that it commutes with its complex conjugate V :

[V, V ] = 0 . (2.9)

– 7 –



J
H
E
P
0
6
(
2
0
2
0
)
1
8
0

This condition ensures that LV commutes with ιV .3 The fact that V generates a complex-

ified isometry implies that LV commutes with the Hodge star operator ?.

As in the case of the ordinary B-model, in the Ω-deformed B-model one considers the

QV -cohomologies of states and operators. The difference is that in the Ω-deformed case,

one has to restrict the action of the supercharge to V -invariant states and operators, for

only in the spaces of such states and operators does one have the relation Q2
V = 0. By

restriction to the QV -invariant sector, the Ω-deformed B-model becomes quasi-topological:

the path integral is invariant under deformations of γ as long as V remains as a Killing

vector field.

Now we describe the Ω-deformation more explicitly.

The field content of the Ω-deformed B-model is the same as that of the ordinary B-

model. On the fields, QV acts by the variations

δϕi = ιV ρ
i, (2.10)

δρi = dϕi + ιV G
i, (2.11)

δGi = dρi , (2.12)

δϕ̄ı̄ = ηı̄, (2.13)

δηı̄ = V (ϕ̄ı̄), (2.14)

δµı̄ = G
ı̄
, (2.15)

δG
ı̄

= dιV µ
ı̄ , (2.16)

where we have described the map ϕ locally on X with a tuple of complex functions (ϕi, ϕ̄ı̄),

corresponding to holomorphic and antiholomorphic coordinates. We see that the vector

field δQV in the field space representing the action of QV satisfies

δ2
QV

= dιV + ιV d . (2.17)

The right-hand side is the Lie derivative by V on differential forms.

While the transformations (2.10)–(2.16) satisfy the desired supersymmetry algebra,

they are not covariant under diffeomorphisms of X because δQV and d are not covariant

derivatives. For the construction of the model, it will be more convenient to rewrite the

above formulas in manifestly covariant forms. This can be achieved as follows.

Choose a torsion-free connection ∇ on X that preserves the complex structure:

∇I = 0 . (2.18)

The connection coefficients Γ of ∇ are symmetric,

Γµνρ = Γµρν , (2.19)

3A quick way to see this is to note that since V + V and i(V − V ) are two commuting real vector fields,

one can find local coordinates (x, y) such that V = ∂x + i∂y (or V = c∂x for some c ∈ C if V and V are

linearly dependent). In terms of these coordinates, LV acts on tensors by ∂x + i∂y, and the commutativity

is obvious.

– 8 –
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and has no mixed components, that is,

Γµνρ = 0 (2.20)

unless µ, ν, ρ are all holomorphic or all antiholomorphic indices. When X is Kähler, many

of the formulas that follow will simplify greatly if one chooses ∇ to be the Levi-Civita

connection associated with the Kähler metric.

Using ∇, we define the covariant exterior derivative d∇ as the exterior derivative d

coupled to the pullback of ∇ by ϕ. For example,

d∇ρ
i = dρi + dϕkΓikj ∧ ρj . (2.21)

Likewise, we define the covariant variation by

δ∇ρ
i = δρi + δϕkΓikj ∧ ρj (2.22)

and so on. Also, we introduce new auxiliary fields Fi, F
ı̄

by

Fi = Gi +
1

2
Γijkρ

j ∧ ρk , (2.23)

F
ı̄

= G
ı̄
+ Γı̄̄k̄η

̄µk̄ . (2.24)

Then, the variations (2.10)–(2.16) can be written covariantly as

δϕi = ιV ρ
i , (2.25)

δ∇ρ
i = dϕi + ιV F

i , (2.26)

δ∇F
i = d∇ρ

i −
(

1

3
(R∇)ijklιV ρ

l +
1

2
(R∇)ijkl̄η

l̄

)
ρj ∧ ρk , (2.27)

δϕ̄ı̄ = ηı̄ , (2.28)

δ∇η
ı̄ = V (ϕ̄ı̄) , (2.29)

δ∇µ
ı̄ = F

ı̄
, (2.30)

δ∇F
ı̄

= d∇ιV µ
ı̄ −
(

(R∇)ı̄ ̄k̄lιV ρ
l +

1

2
(R∇)ı̄k̄̄l̄η

l̄

)
η̄µk̄ . (2.31)

Here R∇ is the curvature tensor for ∇:

(R∇)µνρσ = ∂ρΓ
µ
σν − ∂σΓµρν + ΓµρτΓτρν − ΓµστΓτρν . (2.32)

In particular, (R∇)ijkl = ∂kΓ
i
lj − ∂lΓikj + ΓikmΓmlj − ΓilmΓmkj and (R∇)ijkl̄ = −∂l̄Γikj .

To write down the action SΩB for the Ω-deformed B-model, we pick a Riemannian

metric g on X that is compatible with the complex structure. The action is a sum of

two pieces:

SΩB = SΩB,C + SΩB,W . (2.33)

The main part SΩB,C of the action is QV -exact and contains the kinetic terms:

SΩB,C = δQV

∫
Σ
gi̄

(
ρi ∧ ?

(
dϕ̄̄ + ιV F

̄)
+ Fi ∧ ? µ̄

)
. (2.34)

This is QV -invariant because LV commutes with ? and ιV , and the integrand is V -invariant.
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The second piece SΩB,W is constructed from the superpotential. Assume that V is

nonvanishing on the boundary of Σ (which is a collection of circles if Σ is compact), and

let θ be a coordinate on ∂Σ. Then,

SΩB,W =

∫
Σ

(
Fi∂iW +

1

2
ρi ∧ ρj∇i∂jW − δQV

(
µı̄∂ı̄W

))
−
∫
∂Σ
W

dθ

V θ
. (2.35)

The QV -invariance of SΩB,W is easily checked if SΩB,W is expressed with the original

auxiliary fields G, G.

Although the above action depends on the choice of the connection ∇, the QV -invariant

sector of the theory does not. Written in terms of G and G, the supersymmetry transfor-

mations (2.10)–(2.16) are independent of ∇, while the action depends on ∇ only through

QV -exact terms. By the same token, the QV -invariant sector is independent of the choice

of the target metric g.

2.2 Reduction to supersymmetric quantum mechanics

As a preliminary step to understanding the cigar reduction of the Ω-deformed B-model,

let us establish the relation between the circle reduction of the Ω-deformed B-model and

supersymmetric quantum mechanics. In the following analysis we will not take into account

the effects of the boundary of Σ.

Suppose that the B-model is placed on the product Σ = R× S1 of the real line R and

a circle S1, endowed with coordinates (s, θ) and a rotation invariant metric

γ(s, θ) = γss(s)ds
2 + γθθ(s)dθ

2 , (2.36)

and we apply the Ω-deformation with respect to the vector field

V = ε∂θ (2.37)

generating rotations, where ε is a complex constant. We will use the indices ŝ, θ̂ to denote

components of tensors with respect to the orthonormal vectors ∂ŝ =
√
γss∂s, ∂θ̂ =

√
γθθ∂θ

and one-forms dŝ =
√
γssds, dθ̂ =

√
γθθdθ. In this notation, the norm ‖V ‖ of V is

equal to |V θ̂|.
In general, the path integral whose integrand is supersymmetric localizes to the field

configurations such that the supersymmetry variations of fermions vanish: away from

this locus in the field space, the parameter of supersymmetry transformations serves as

a fermionic coordinate, but the supersymmetric integrand is by definition independent of

this coordinate and hence the Grassmannian integration vanishes. Since δQV (ιV ρ
i) = V (ϕi)

and δQV η
ı̄ = V (ϕ̄ı̄), in the case at hand the path integral localizes to rotation invariant

maps. This means that the Ω-deformed B-model on R × S1 can be described as a one-

dimensional theory on R.
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To understand this reduction to one dimension in a more down-to-earth manner, we

can add to the action the QV -exact terms

δQV

∫
R×S1

ugi̄
(
V (ϕi) ∧ ? η̄ + LV Fi ∧ ?LV µ

̄
)

=

∫
R×S1

ugi̄
(
V (ϕi) ∧ ? V (ϕ̄̄) + LV Fi ∧ ?LV F

̄

+ V (ιV ρ
i) ∧ ? η̄ + LV dρi ∧ ?LV µ

̄
)

+ · · · , (2.38)

where · · · indicates higher-order terms. Expand each field Ψ in Fourier modes along S1 as

Ψ =
∑

n∈Z Ψne
inθ. If we take the limit u→∞, the above modification gives infinitely large

mass to all nonzero modes Ψn, n 6= 0, thereby suppressing their contributions. Thus, we

are left with only the zero modes Ψ0, which describe fields in the one-dimensional theory.

We now show that this one-dimensional theory is supersymmetric quantum mechanics

with target space X, in the presence of a potential that is determined by W .

The version of supersymmetric quantum mechanics that we will find is a topologically

twisted one, relevant for Morse theory [49]. The theory consists of bosonic fields

φ ∈ Map(R, X) , (2.39)

H ∈ Ω1(R, φ∗TX) (2.40)

and fermionic fields

ψ ∈ ΠΩ0(R, φ∗TX) , (2.41)

χ ∈ ΠΩ1(R, φ∗TX) , (2.42)

and has supersymmetry transforming them as

δφµ = ψµ , (2.43)

δ∇′ψ
µ = 0 , (2.44)

δ∇′χ
µ = dφµ + iHµ , (2.45)

δ∇′H
µ = i d∇′ψ

µ − i

2
(R∇′)

µ
νρσχ

νψρψσ . (2.46)

Here ∇′ is any torsion-free connection on X. If one wishes, one could absorb ∇′ by a

redefinition of the auxiliary field H.

The action of the theory depends on a real function h and a flat abelian gauge field a

on X. It is given by

SSQM =
1

~
δQ

∫
R

1

2
gµνχ

µ ?(dφν − iHν) +
1

~

∫
R

(
−δQ(χµ∂µh) + dh+ iφ∗a

)
, (2.47)

where ~ is the Planck constant and δQ denotes the supersymmetry variation. The flatness

of a is necessary for the action to be supersymmetric. (As mentioned already, we neglect

the effects of the boundary of R. Appropriate boundary conditions are assumed so that∫
R dh is supersymmetric.)
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The equations of motion for H is

Hµŝ = igµν∂νh+
i

2
δφρgµσ∇′ρgσνχνŝ . (2.48)

After H is integrated out, the bosonic part of the action becomes

1

~

∫
R

dŝ

(
1

2
gµν∂ŝφ

µ∂ŝφ
ν +

1

2
gµν∂µh∂νh

)
+

i

~

∫
R
φ∗a . (2.49)

We see that h provides a potential energy. This is an analog of the superpotential W in

N = (2, 2) supersymmetric sigma model.

The on-shell supersymmetry variation of χ is

δ∇̃′χ
µ
ŝ = ∂ŝφ

µ − gµν∂νh . (2.50)

The connection ∇̃′ which appears in this formula is different from ∇′ and preserves the

metric:4

∇̃′g = 0 . (2.51)

Its coefficients are

Γ̃′µνρ = Γ′µνρ +
1

2
gµσ∇′νgσρ . (2.52)

Note that setting δ∇̃′χ = 0 gives the equation for the gradient flow generated by h. This

is how the relation to Morse theory arises.

The supercharge Q generating the transformations (2.43)–(2.46) satisfies Q2 = 0. Since

the metric on R appears only inside the Q-exact part of the action, the Q-cohomology

defines a topological theory.

Let us go back to the Ω-deformed B-model. The equations of motion for the auxiliary

fields are

Fi
ŝθ̂

=
1

1 + ‖V ‖2

(
V
θ̂
∂ŝϕ

i + gi̄∂̄W + V
θ̂
gik̄δϕµ∇µgk̄jρ

j
ŝ

)
, (2.53)

F
ı̄
ŝθ̂ =

1

1 + ‖V ‖2
(
V θ̂∂ŝϕ̄

ı̄ − gı̄j∂jW − gı̄kδϕµ∇µgk̄µ̄ŝθ̂
)
. (2.54)

4The connection in the on-shell supersymmetry variation of χ can be changed to any other connection

that preserves the metric as follows. Let us add to the action the Q-exact term −δQ
∫
R dŝ 1

2
Υµνρδφ

µχνŝχ
ρ
ŝ ,

where Υµνρ = −Υµρν . Then, the equation of motion for H is modified, and the connection in question

becomes ∇̂′ whose coefficients are Γ̂′µνρ = Γ̃′µνρ+gµσΥνσρ. The new connection ∇̂′ again preserves the metric

(though may not be torsion-free any longer), and any connection preserving the metric can be obtained

in this way. A similar modification can be made for the Ω-deformed B-model for ‖V ‖ = 1 so that ∇̃′ is

modified to ∇̂′.
For example, ∇̂′ can be the Levi-Civita connection ∇LC. In this case we can also take ∇′ = ∇LC since

∇LC is torsion-free. (However, for a metric g that is compatible with the complex structure but not Kähler,

ΓLC has mixed components and we cannot take ∇ = ∇LC.) Another example is ∇̂′ = ∇LC +∇LCJJ , where

J is an almost complex structure compatible with g. This connection preserves both g and J , and is used

in [31].
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Plugging these into the supersymmetry variations of ρiŝ and µı̄, we find

δ∇̃ρ
i
ŝ =

1

1 + ‖V ‖2
(
∂ŝϕ

i − V θ̂gi̄∂̄W
)
, (2.55)

δ∇̃
(
V
θ̂
µı̄
ŝθ̂

)
=

‖V ‖2

1 + ‖V ‖2

∂ŝϕ̄ı̄ − V
θ̂

‖V ‖2
gı̄j∂jW

 , (2.56)

where the connection ∇̃ is given by

Γ̃iµj = Γiµj +
‖V ‖2

1 + ‖V ‖2
gik̄∇µgk̄j , (2.57)

Γ̃ı̄µ̄ = Γı̄µ̄ +
1

1 + ‖V ‖2
gı̄k∇µgk̄ . (2.58)

(Adding the deformation terms (2.38) affects the equations of motion and the on-shell

supersymmetry variations only for the nonzero modes.)

The quantities that appear on the right-hand sides of the above equations are complex

conjugate of each other if

‖V ‖ = 1 , (2.59)

that is, if we choose

γθθ =
1

|ε|2
. (2.60)

From now on we assume that this choice is made. Thus, we can write

V θ̂ = eiα (2.61)

for some α ∈ R/2πZ. We set

~ =
|ε|
π

(2.62)

and define real functions h, f by

2π

ε
W =

1

~
(h+ if) , (2.63)

or

h = 2 Re(e−iαW ) , (2.64)

f = 2 Im(e−iαW ) . (2.65)

Comparing various formulas, especially (2.50), (2.55) and (2.56), we find that for the

zero modes, the on-shell supersymmetry of the Ω-deformed B-model is the same as that of

supersymmetric quantum mechanics with potential h and the connection ∇′ = ∇, under

the following identification between the fields:

φ = ϕ0 , (2.66)

ψi = ιV ρ
i
0 , (2.67)

ψı̄ = ηı̄0 , (2.68)

?χi = 2e−iαιV ? ρ
i
0 , (2.69)

?χı̄ = 2e−iα ? µı̄0 . (2.70)
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In components, the last two equations are χiŝ = 2(ρi0)ŝ and χı̄ŝ = 2V
θ̂
(µı̄0)ŝθ̂. Note that we

have ∇̃ = ∇̃′ for ‖V ‖ = 1.

Let us check that the actions also agree between the two theories. The part of the

Ω-deformed B-model action that contains W can be written as

δQV

∫
R×S1

dθ

V θ
ρi∂iW +

∫
R×S1

dW ∧ dθ

V θ
. (2.71)

Thus, up to QV -exact terms, the zero mode action is given by

2π

ε

∫
R

dW =
1

~

∫
R

(dh+ i df) . (2.72)

This is the action for supersymmetric quantum mechanics in the presence of the potential

h and the gauge field

a = df , (2.73)

with the Planck constant ~ given by the expression (2.62).

Even more directly, one can show that the supersymmetry transformations and the

actions match at the off-shell level if the auxiliary fields are identified as

Hi = −i
(
dϕi0 + 2ιV F

i
0

)
, (2.74)

Hı̄ = +i
(

dϕ̄ı̄0 + 2ιV F
ı̄
0

)
. (2.75)

Thus, we have shown that the circle reduction of the Ω-deformed B-model is the topological

twist of supersymmetric quantum mechanics.

2.3 Cigar reduction of the Ω-deformed B-model

Having understood the circle reduction of the Ω-deformed B-model, let us now consider

the cigar reduction. We take Σ to be a cigar D, consisting of a finite cylinder capped at

one end. As before, we endow D with a rotation invariant metric, with γθθ(s) = 1/|ε|2

on the cylinder part. The boundary of D is located at s = `, and the flat cylinder region

continues till a small value of s, where the cylinder is curved abruptly inward to cover the

hole. The tip of the cigar is at s = 0.

Reduction on the circle fibers of D produces supersymmetric quantum mechanics on

the interval I = [0, `]. The space has two boundaries, one coming from the boundary circle

of D and the other from the region near the tip. We wish to understand what happens at

these points.

At s = `, the boundary conditions for supersymmetric quantum mechanics is simply

the reduction of the boundary conditions chosen on ∂D in the Ω-deformed B-model. We

take the latter boundary conditions to be QV -invariant. Then, the former are Q-invariant.

In general, in the Ω-deformed B-model on Σ, one imposes a brane-type boundary

condition such that the bosonic field maps the boundary to a chosen submanifold L ⊂ X:

ϕ(∂Σ) ⊂ L . (2.76)
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If Σ has more than one boundary components, one picks such a submanifold for each

component of ∂Σ.

Furthermore, one may turn on a boundary superpotential W0, a locally constant func-

tion on L. This introduces an additional term to the boundary part of the action, which

is now given by

−
∫
∂Σ

(W −W0)
dθ

V θ
. (2.77)

Finally, for the path integral to not diverge, one must choose L in such a way that the

integrand of the boundary action is bounded from above on L:

Re

(
W −W0

V θ

)∣∣∣∣
L

< +∞ . (2.78)

The rest of the boundary conditions are as follows. Since the boundary conditions

should preserve QV , the supersymmetry variation of the condition (2.76) must also hold:

ιV ρ
i∂i + ηı̄∂ı̄ ∈ TϕL⊗ C . (2.79)

Requiring that no boundary term arises when we vary fermions in the action, we find

ιV ? ρ
i∂i + ? µı̄∂ı̄ ∈ NϕL⊗ C (2.80)

on the boundary, where NϕL is the normal space to L at ϕ. The supersymmetry variation

of this condition gives

(∂ŝϕ
µ − gµν∂νh)∂µ ∈ NϕL . (2.81)

Here we used the fact that ∇̃ is a metric connection and hence the covariant variation δ∇̃
maps a normal vector to a normal vector.

The above boundary conditions reduce to the following boundary conditions in super-

symmetric quantum mechanics:

φ ∈ L , (2.82)

ψ ∈ TφL⊗ C , (2.83)

?χ ∈ NφL⊗ C , (2.84)

? dφ− φ∗(g−1dh) ∈ NφL . (2.85)

The boundary conditions at s = 0 have a different flavor as they comes from the tip

of the cigar, which is not a boundary in two dimensions. Since ϕ is unconstrained at the

tip, φ can also take any values in X. At the tip V vanishes, so we have

ψi = χi = 0 (2.86)

at s = 0. From the point of view of the Ω-deformed B-model, the origin of these boundary

conditions is the positive curvature near the tip of the cigar. The curvature makes the

one-form ρ massive, thereby eliminating it from the effective description.

Taking the supersymmetry variations of these equations, we find

∂ŝφ
µ − gµν∂νh = 0 . (2.87)
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As we will see, the path integral for supersymmetric quantum mechanics may be localized

to the solutions of this equation. Hence, the boundary condition at s = 0 does not really

constrain φ.

Let us calculate the action. The tip of D is a special point, so we first excise a small

disk D0 around it. On D\D0, the calculation is the same as in the case of R×S1, except this

time we want to take boundary terms into account. Up to QV -exact terms, the action is

1

ε

∫
D\D0

dW ∧ dθ − 1

ε

∫
∂(D\D0)

Wdθ +
1

ε

∫
∂D
W0dθ =

1

ε

∫
∂D
W0dθ . (2.88)

To this we add the contribution from D0. We can evaluate it by taking the radius of

D0 to zero. The bulk integral then vanishes since the Lagrangian has no singularity at the

tip, but the boundary integral remains and gives

− 2π

ε
W (0) . (2.89)

Therefore, the action for supersymmetric quantum mechanics on I is, up to Q-exact

terms,
2π

ε

(
W0 −W (0)

)
=

1

~
(
h0 + if0 − h(0)− if(0)

)
, (2.90)

where we have defined the constants h0, f0 by 2πW0/ε = h0 + if0. This is nothing but

1

~

∫
I
(dh+ i df) +

1

~
(
h0 + if0 − h(`)− if(`)

)
, (2.91)

namely the non-Q-exact part of the action (2.47) plus boundary terms at s = ` which

come from the boundary term (2.77) in the Ω-deformed B-model. Note that the boundary

conditions at s = 0 make this expression Q-invariant since h+if is a holomorphic function.

2.4 Reduction to zero-dimensional sigma model

In [2], it was shown that if X is Kähler and the support L of the brane on ∂D is a Lagrangian

submanifold of X, the path integral for the Ω-deformed B-model on D is equivalent to the

path integral for a zero-dimensional bosonic sigma model. Here we derive a slightly more

general result, applicable to the case in which X is not necessarily Kähler, starting from

the description in terms of supersymmetric quantum mechanics.

Let us rescale the metric of I by a very small factor. Then, the kinetic term for φ in

the action (2.49) becomes very large, whereas the potential term becomes very small. The

path integral thus localizes to constant maps. By the boundary condition at s = `, these

maps must be valued in L. The boundary condition on φ at s = 0 reduces to ∂sφ = 0 and

is satisfied by constant maps.

Now, suppose that L is middle-dimensional and the pullback of the two-form ω = gI

by the inclusion map iL : L ↪→ X vanishes:

i∗Lω = 0 . (2.92)

If g is a Kähler metric (that is, if dω = 0), then ω defines a symplectic structure on X and

this condition means that L is a Lagrangian submanifold. In general, ω is only an almost
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symplectic structure, but we will still call such a submanifold L Lagrangian, and refer to

the corresponding boundary conditions at s = ` as a Lagrangian brane with support L.

When L is Lagrangian, the fermionic fields have no zero modes, as can be shown

as follows. The boundary conditions (2.86) at s = 0 kill the constant modes of ψi and

χi. Then, by the boundary conditions (2.83) and (2.84) at s = `, the constant modes of

ψı̄∂ı̄ and χı̄ŝ∂ı̄ must belong to TφL ⊗ C and NφL ⊗ C, respectively. Since i∗Lω = 0, we

have g(v, Iw) = 0 for any v, w ∈ TφL and therefore I(TφL) ⊂ NφL. As L is middle-

dimensional, I exchanges TφL and NφL. Thus, we have I(ψı̄∂ı̄) = −iψı̄∂ı̄ ∈ NφL⊗ C and

−iχı̄ŝ∂ı̄ ∈ TφL ⊗ C. It follows that both ψı̄∂ı̄ and χı̄ŝ∂ı̄ belong to TφL ⊗ C and NφL ⊗ C
simultaneously, hence they are actually zero.

Finally, the integration over the fluctuations of the bosonic and fermionic fields produce

one-loop determinants that cancel each other out. This is because of supersymmetry and

the fact that the fluctuations of φ, ψ and I ? χ all obey the same boundary conditions:

they vanish at s = 0 and belong to TφL⊗ C at s = `.

With the fluctuations integrated out, the only remaining integration variables is the

zero mode of φ. We conclude that the path integral for supersymmetric quantum mechanics

on I reduces to the bosonic integral∫
L

volL exp

(
2π

ε
(W −W0)

)
=

∫
L

volL exp

(
1

~
(h+ if − h0 − if0)

)
, (2.93)

where volL is a volume form on L. This is the path integral for a zero-dimensional sigma

model with target L.

2.5 Multivalued superpotentials

There is an important generalization of the above story that will be relevant for many

applications. A crucial observation is the following: if Σ has no boundary, W does not

have to be single-valued. Indeed, all we need to write down the action for the Ω-deformed

B-model is dW , not W itself.

If Σ does have a boundary, W may still be multivalued but one must make sense of the

boundary term (2.77), in which W appears directly. Hence, in the presence of boundary,

one must define W on L. The definition of W needs to be given only modulo iεZ since the

action appears as e−S in the path integral.

Given a 1-form dW on X, one may try to define W on L as follows. In each path-

connected component La of L, one picks a reference point pa and declares W (pa) = 0. Then,

at any point p of La, one defines W (p) by choosing a path P from pa to p and setting

W (p)−W (pa) =

∫
P

dW . (2.94)

The resulting function is generally multivalued since this definition depends on the

choice of the path. This is not a problem if dW satisfies

[i∗LdW ] ∈ iεH1(L;Z) , (2.95)

for then W is well-defined modulo iεZ. Therefore, this construction provides a good def-

inition of W on L, as long as the above quantization condition is obeyed. Note that the
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real part of the quantization condition says that dh is trivial in the cohomology, so h is

single-valued on L.

If W does not exist as a well-defined function modulo iεZ on all of X, the expres-

sion (2.90) of the action is not valid because the meaning of W (0) is ambiguous. If either

the real or imaginary part of dW/ε obeys the quantization condition on the entire X, then

the Stokes theorem can be applied to that part in the expression (2.91).

At any rate, the localization formula (2.93) remains valid since the path integral local-

izes to L, where W is well-defined modulo iεZ.

The situation that will arise when we discuss the relation between the Ω-deformed

Rozansky-Witten theory and the A-model is that the imaginary part of dW/ε obeys the

quantization condition on X. In terms of the flat connection a = 2π~ Im(dW/ε), the

quantization condition is

[a] ∈ 2π~H1(X;Z) . (2.96)

Moreover, we will find that for the condition (2.78) to be satisfied, we must have h−h0 = 0

on L. This condition can be satisfied by an appropriate choice of h0 if and only if h is

locally constant on L:

i∗L(dh) = 0 . (2.97)

In this situation, we can define the function f modulo 2π~ on X, and the action can

be written as
1

~

∫
I
dh+

i

~
(
f0 − f(0)

)
, (2.98)

up to Q-exact terms. We may think of this expression as the action for supersymmetric

quantum mechanics with potential h, with f(0) and f0 being zero-form boundary gauge

fields turned on at s = 0 and s = `, respectively.

2.6 Lagrangian branes from the gradient flow

If M is Kähler, there is a way to construct good Lagrangian submanifolds, which at the

same time provides a definition of W without help of any quantization condition [9, 30, 50].

These Lagrangian branes are the boundary conditions produced at s = 0 by supersymmetric

quantum mechanics on the half-line [0,+∞).

Consider supersymmetric quantum mechanics on [0,+∞), and rescale the Q-exact part

of the action (2.47) by a large factor u. Then, the bosonic part of the action becomes

u

~

∫
[0,+∞)

dŝ
1

2
gµν(∂ŝφ

µ − gµρ∂ρh)(∂ŝφ
ν − gνσ∂σh) +

1

~

∫
[0,+∞)

(dh+ iφ∗a) . (2.99)

The real part of the action remains positive semidefinite, so this is a valid deformation.

We see that in the limit u → ∞, the path integral localizes to the solutions of the

gradient flow equation

∂ŝφ
µ − gµν∂νh = 0 . (2.100)

For a solution φ̂p with initial condition φ̂p(0) = p, the real part of the bosonic action

evaluates to (h(φ̂p(+∞))−h(p))/~. Since h is monotonically increasing along the flow, the

contribution to the path integral from φ̂p vanishes unless φ̂p(+∞) is a critical point of h.
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For this reason, let us choose the boundary condition at s = +∞ in such a way that

φ(+∞) lies in a submanifold L∞ of the critical locus Crit(h) of h, and define L to be the

set of all points p such that the gradient flow φ̂p reaches L∞ at s = +∞:

L = {p ∈ X | φ̂p(+∞) ∈ L∞} . (2.101)

For L thus constructed, the condition (2.78) is satisfied since h|L is bounded above by the

constant h|L∞ .

For L to be a Lagrangian submanifold, L∞ must obey an additional condition. Since

h = 2 Re(e−iαW ), we have Crit(h) = Crit(W ). The critical locus is therefore a complex

submanifold of X and itself Kähler. A necessary and sufficient condition is that L∞ is a

Lagrangian submanifold of Crit(W ).

To see that this is sufficient, note that the gradient flow generated by h coincides

with the Hamiltonian flow generated by f (if f is globally defined, to be precise) because

ι∂ŝφω = gµν∂νhωµρ dφρ = ∂νhI
ν
ρ dφρ = −df . It follows that ω is preserved along the flow:

L∂ŝφω = (dι∂ŝφ + ι∂ŝφd)ω = 0.5 Since ω is preserved, we can evaluate ω(v, w) for any v,

w ∈ TpL by pushing the vectors forward along the flow φ̂ : [0,∞)×X → X. Following the

flow, we eventually reach a fixed point, where we have ω(φ̂(+∞)∗v, φ̂(+∞)∗w) = 0 if L∞
is Lagrangian. Hence, ω(v, w) = 0. That L is middle-dimensional follows from the fact

that the Hessian of h has the same number of positive and negative eigenvalues because h

is the real part of a holomorphic function.

The necessity of the above condition is clear since L∞ is itself contained in L, and

L∞ must be a middle-dimensional submanifold of Crit(W ) in order for L to be middle-

dimensional in X.

On a Lagrangian brane constructed in this way, one can define h at p ∈ L in terms of the

value of h at the fixed point φ̂p(+∞) ∈ L∞ by integrating the gradient flow equation. The

value of f is constant along the flow. Since W is constant on L∞, defining W on L amounts

to choosing a single complex number as the value of W on each connected component of

L∞. This constant may be absorbed in W0, so does not introduce further ambiguity.

3 Rozansky-Witten theory, A-model and quantum mechanics

As a first application of the results obtained above, in this section we establish the equiv-

alences between the Ω-deformed Rozansky-Witten theory on D × M1, the A-model on

I × M1 and quantum mechanics on M1. These equivalences connect two approaches to

quantization, namely brane quantization [1] and quantization by the Ω-deformation [2].

3.1 Rozansky-Witten theory

Rozansky-Witten theory [39] is a three-dimensional topological field theory, and may be

obtained by topological twist from N = 4 supersymmetric sigma model, for which the

5This is where the Kähler condition dω = 0 is necessary. In the almost symplectic case, the argument

goes through provided ι∂ŝφdω = 0.
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target space must be hyperkähler. However, just as the B-model can be constructed for non-

Kähler target spaces, the target space of Rozansky-Witten theory can be more generally a

complex symplectic manifold.

A complex symplectic manifold Y is a complex manifold endowed with a holomorphic

symplectic form Ω, a closed nondegenerate (2, 0)-form. The real and imaginary parts of Ω

are real symplectic forms ωJ and ωK :

Ω = ωJ + iωK . (3.1)

We denote the complex structure of Y by I.

There exists an almost complex structure K such that ωK is compatible with K and

−ωKK is positive. Moreover, one can choose K in such a way that IK = −KI. Then,

J = KI is also an almost complex structure, and ωJ is compatible with J since J tωJJ =

−J tωJIK = J tωKK = −J tKtωK = ItωK = ωJ . The three almost complex structures I,

J , K satisfy the quaternion relations

I2 = J2 = K2 = IJK = −1 . (3.2)

There is a metric g compatible with both (J, ωJ) and (K,ωK):

g = −ωJJ = ωJIK = −ωKK . (3.3)

This metric is also compatible with I since ItgI = −ItωJJI = −ωKK = g, and

ωI = gI (3.4)

is a (1, 1)-form with respect to I. In general, ωI is not closed and g is not Kähler. In

fact, Y is hyperkähler if and only if ωI is closed [51]. A hyperkähler manifold has three

integrable complex structures I, J , K, obeying the quaternion relations, and a metric g

that is Kähler with respect to each of I, J , K.

The fields of Rozansky-Witten theory with complex symplectic target Y , placed on a

three-manifold M3, are

ϕ ∈ Map(M3, Y ) , (3.5)

η ∈ ΠΩ0(M3, ϕ
∗T 0,1Y ) , (3.6)

ρ ∈ ΠΩ1(M3, ϕ
∗T 1,0Y ) . (3.7)

The theory has supersymmetry which transform the fields as

δϕi = 0 , (3.8)

δρi = dϕi , (3.9)

δϕı̄ = ηı̄ , (3.10)

δηı̄ = 0 . (3.11)

The supercharge Q0 for these transformations satisfies Q2
0 = 0, and one considers the

Q0-cohomology.
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To write down the action for Rozansky-Witten theory, one must choose a metric g and

a torsion-free connection ∇ on Y , both compatible with I, and a metric on M3. The action

is given by

SRW = δQ0

∫
M3

gi̄ρ
i ∧ ? dϕ̄̄ − i

4

∫
M3

(
Ωijρ

i ∧ d∇ρ
j +

1

3
∇kΩijdϕ

i ∧ ρj ∧ ρk

− 1

3
Ωij(R∇)jklm̄ρ

i ∧ ρk ∧ ρlηm̄
)
. (3.12)

The metric g appears only in the Q0-exact part of the action, so the theory does not depend

on the choice of g. It turns out that the non-Q0-exact part changes by a Q0-exact term if ∇
is replaced by another connection. Thus, the theory is also independent of the choice of ∇.

3.2 B-model formulation of Rozansky-Witten theory

In order to apply the results from the previous section, we need to describe Rozansky-

Witten theory as a B-model. This is possible when the spacetime is of the form M3 =

Σ×M1, where Σ is a two-manifold and M1 is a one-manifold. We denote a coordinate on

M1 by t.

In this case, the bosonic field ϕ : Σ × M1 → Y of Rozansky-Witten theory may be

identified with a map from Σ to Map(M1, Y ). As such, it can be the bosonic field of the

B-model on Σ with target space

X = Map(M1, Y ) . (3.13)

A vector field v on X, evaluated at ϕ ∈ X, is a section of the bundle ϕ∗TY over M1

and can be written locally as v(t) = vµ(t)∂µ. Tensor fields on X can be expressed likewise.

A complex structure I and a compatible torsion-free connection ∇ on X are naturally

induced from those on Y : for a vector v and a tensor w on X,

(Iv)(t) = Iv(t) , (3.14)

(∇vw)(t) = ∇v(t)w(t) . (3.15)

Similarly, given a metric on M1, a metric on X is induced from that on Y : the inner

product between v, w ∈ TϕX is given by

g(v, w) =

∫
M1

dt g
(
v(t), w(t)

)
, (3.16)

where we have chosen t in such a way that the metric on M1 is dt2.

As can be seen from the above formula for the metric, one may think of the coordinate

t as a “continuous index.” In diffeomorphism invariant expressions, t should be integrated

over, just as the indices i, j, . . . and ı̄, ̄, . . . are to be summed over.

Keeping this in mind, we can immediately write down the standard B-model action

(the formula (2.34) with V = 0) for the target space X:

SB,C = δQ0

∫
Σ

∫
M1

dt gi̄
(
ρi ∧ ?Σ dΣϕ̄

̄ + Fi ∧ ?Σ µ
̄
)
. (3.17)
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The Hodge star and the exterior derivative in this action are defined with respect to Σ

since the spacetime of the B-model is Σ and does not include M1.

Compared to the Rozansky-Witten action (3.12), many terms are missing from this

action. Crucially, all kinetic terms that involve derivatives along M1 cannot be present

here because, again, M1 is not part of the spacetime. These missing terms must come from

a superpotential.

A superpotential with the required property is constructed as follows. Since the holo-

morphic symplectic form Ω is closed, locally we can write it as

Ω = dΛ (3.18)

for some holomorphic one-form Λ. Then, for ϕ ∈ X, we set

W (ϕ) =
i

2

∫
M1

ϕ∗Λ . (3.19)

(The precise definition of W involves the integral of Ω over a cobordism from a reference

copy of M1 inside Y to ϕ(M1), as explained in section 2.5.) In terms of local holomorphic

Darboux coordinates (Pm, Q
m) such that Ω = dPm ∧ dQm, we may write Λ = Pm dQm.

In the present setup, the derivative ∂µ that appears in the superpotential action (2.35)

should be replaced by the functional derivative δ/δϕµ(t). For the above superpotential,

the functional derivative of W is

δW

δϕi
=

i

2
Ωij∂tϕ

j . (3.20)

The equations of motion for the auxiliary fields are

?Σ Fi = − i

2
gi̄Ω̄k̄∂tϕ̄

k̄ ,

?Σ F
ı̄

= − i

2
gı̄jΩjk∂tϕ

k − gı̄jηk̄∇k̄gjl̄ ?Σ µ
l̄ ,

(3.21)

and we have the on-shell supersymmetry variation

δ∇(?Σ µ
ı̄) = − i

2
gı̄jΩjk∂tϕ

k − gı̄jηk̄∇k̄gjl̄ ?Σ µ
l̄ . (3.22)

Comparing the last equation with the supersymmetry variations (3.8), (3.9) and (3.10)

in Rozansky-Witten theory, we deduce the identification

?Σ µ
ı̄ = − i

2
gı̄jΩjkρ

k
t . (3.23)

The rest of the fermions, η and ρ in the B-model, are identified with η and the components

of ρ along Σ in Rozansky-Witten theory.

Under this identification of the fields, we can show that the action for the B-model

matches that for Rozansky-Witten theory. To show this, we take the metric g to be the

one given by the relations (3.3). This metric satisfies Ω
t
g−1Ω = 2g(1 − iI) = 2(1 + iI)tg,

or Ωk̄ı̄g
k̄lΩlj = 4gı̄j . Furthermore, we choose ∇ to be a connection that preserves Ω. Such

a torsion-free connection compatible with I exists [52].
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It is clear that the Q0-exact terms

δQ0

∫
Σ×M1

dt ∧
(
gi̄ρ

i ∧ ?Σ dΣϕ̄
̄ +

i

2
µı̄Ωı̄̄∂tϕ̄

̄
)
, (3.24)

contained in the B-model action, reproduce the Q0-exact part of the Rozansky-Witten

action (3.12). The remaining terms in the B-model action are∫
Σ×M1

dt ∧
(
gi̄F

i ∧Σ ?F
̄

+ ηk̄∇k̄gi̄Fi ∧ ?Σ µ
̄ +

i

2
FiΩij∂tϕ

j

+ gi̄

(
d∇,Σρ

i − 1

2
(R∇)ijkl̄η

l̄ρj ∧ ρk
)
∧ ?Σ µ

̄ − i

4
Ωijρ

i ∧∇tρj
)
, (3.25)

where d∇,Σ is the operator d∇ restricted to Σ and d∇,M1 = dt∧∇t. The terms proportional

to F cancel by the equation of motion for F. Using the first Bianchi identity (R∇)µνρσ +

(R∇)µρσν + (R∇)µσνρ = 0, which holds for any torsion-free connection, and the identity

Ωik(R∇)kjlm̄ + Ωkj(R∇)kjlm̄ = 0, which follows from ∇Ω = 0, one can check that the other

terms reproduce the non-Q0-exact part of the Rozansky-Witten action.

3.3 Ω-deformed Rozansky-Witten theory and quantum mechanics

Let us take Σ to be a disk D with a rotation invariant metric. Being a B-model, Rozansky-

Witten theory on D×M1 can be subjected to the Ω-deformation described in section 2. As

we now show, this Ω-deformed Rozansky-Witten theory is equivalent to quantum mechanics

with vanishing Hamiltonian.

The support L of the brane on ∂D must be a “middle-dimensional” submanifold of X

such that the symplectic form ω on X, induced from ωI by

ω(v, w) =

∫
M1

dt ωI
(
v(t), w(t)

)
, (3.26)

vanishes when pulled back to L. In the present infinite-dimensional setup, this condition

should be interpreted as the requirement that the action of the complex structure exchanges

the tangent bundle and the normal bundle of L. To impose this condition in a local fashion,

we take a Lagrangian submanifold M ⊂ Y and set

L = Map(M1,M) . (3.27)

(Recall that we have defined a Lagrangian submanifold of an almost symplectic manifold

to be a middle-dimensional submanifold on which the pullback of the almost symplectic

form vanishes.)

The boundary superpotential is given by the integral of a complex gauge field Λ0 on M :

W0(ϕ) =
i

2

∫
M1

ϕ∗Λ0 . (3.28)

For W0 to be locally constant on L, the boundary gauge field must be flat:

dΛ0 = 0 . (3.29)
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We should also make sure that h−h0 is bounded on L. This condition actually requires

h − h0 = 0 on L [9]. To see this, let us consider the case M1 = S1. Then, for any point

ϕ ∈ L, the map ϕn defined by ϕn(t) = ϕ(nt) with n ∈ Z is also a point in L. Since

h(ϕn)− h0(ϕn) = n(h(ϕ)− h0(ϕ)), if h− h0 is nonzero somewhere in L, it is unbounded.

For this condition to be satisfied, Im(e−iαi∗MΛ/ε) must be a flat connection so that we

can set Im(e−iαΛ0/ε) = − Im(e−iαi∗MΛ/ε). Equivalently, we must have Im(e−iαi∗MΩ) = 0,

or

i∗MωKα = 0 , (3.30)

where ωKα = gKα is the (1, 1)-form associated with the almost complex structure

Kα = K cosα− J sinα . (3.31)

Therefore, M is a Lagrangian submanifold with respect to both ωI and ωKα . Since I

and Kα swap TM and NM , the action of the almost complex structure

Jα = KαI = J cosα+K sinα (3.32)

leaves TM invariant. In other words, M is holomorphic in Jα. It follows that ωJα = gJα
is nondegenerate on TM , so M is a symplectic manifold with symplectic form i∗MωJα .

The quantization condition (2.95) translates to the condition

[i∗MΩ] ∈ 2εH2(M ;Z) , (3.33)

which, in view of the condition (3.30), is equivalent to

[i∗MωJα ] ∈ 2π~H2(M ;Z) . (3.34)

This condition means that A/~, with

A = Re(e−iαi∗MΛ) , (3.35)

is a connection on a complex line bundle over M with curvature

1

~
dA =

1

~
i∗MωJα . (3.36)

The localization formula (2.93), applied to the present setup, gives∫
L

volL exp

(
i

~

∫
M1

ϕ∗(A−A0)

)
, (3.37)

where A0 = Re(e−iαΛ0) is a flat connection. In terms of real Darboux coordinates (pβ , q
β)

on M such that

A−A0 = pβ dqβ , (3.38)

we may write the above integral as∫
L
DpβDqβ exp

(
i

~

∫
M1

pβ∂tq
βdt

)
. (3.39)

This is the path integral for quantum mechanics on M1 with vanishing Hamiltonian, quan-

tizing the symplectic manifold (M, i∗MωJα).
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3.4 Reduction to the A-model

In the above argument, we have established the equivalence between the Ω-deformed

Rozansky-Witten theory and quantum mechanics by directly writing down the localized

expression for the path integral. We could have also done this in two steps, as we did

in section 2, via the intermediate supersymmetric quantum mechanics which we obtain

by cigar reduction. Doing so connects the Ω-deformed Rozansky-Witten theory with the

A-model setup studied by Gukov and Witten [1].

Let us recall the construction of the A-model [31]. The target space is a symplectic

manifold Y , endowed with an almost complex structure and a compatible symplectic form.

We will see that in the present context the almost complex structure is Kα and the sym-

plectic form is ωKα , so we will use this notation. The A-model further depends on a choice

of a closed real two-form B on Y .

The worldsheet of the A-model is a Riemann surface C, whose complex structure we

call j, equipped with a metric. On one-forms, j acts from the right: if z is a holomorphic

coordinate on C, we have dzj = i dz and dz̄j = −i dz̄.

The fields of the A-model are

φ ∈ Map(C, Y ) , (3.40)

ψ ∈ ΠΩ0(C, φ∗TY ) , (3.41)

χ ∈ ΠΩ1(C, φ∗TY ) , (3.42)

H ∈ Ω1(C, φ∗TY ) . (3.43)

The one-form fermion χ and auxiliary field H obey the self-duality constraint

χ = Kαχj , (3.44)

H = KαHj . (3.45)

The A-model has a supercharge Q which squares to zero. The covariant supersymmetry

variations of the fields are

δφµ = ψµ ,

δ∇′ψ
µ = 0 ,

δ∇′χ
µ = dφµ + (Kα)µνdφνj + iHµ ,

δ∇′H
µ = i

(
d∇′ψ

µ + (Kα)µνd∇′ψ
νj
)
− i

2
(R∇′)

µ
νρσχ

νψρψσ + ψρ(∇′ρKα)µνdφνj .

(3.46)

As in supersymmetric quantum mechanics, ∇′ is a torsion-free connection on Y .

The action of the A-model is given by

SA =
1

~
δ

∫
C

1

4

(
gµνχ

µ ∧ ?
(
dφν + (Kα)νρdφ

ρj − iHν
))

+
1

~

∫
C
φ∗(−ωKα + iB) . (3.47)

The second integral is a topological term and therefore Q-invariant.

The equation of motion for the auxiliary field H is

Hµ =
i

2
δφνgµσ∇′νgσρχρ , (3.48)
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and the on-shell supersymmetry variation for χ is

δ∇̃′χ = dφ+Kαdφj , (3.49)

where ∇̃′ is the metric connection (2.52). If H is integrated out, the bosonic part of the

A-model action becomes

1

~

∫
C

1

2
gµνdφµ ∧ ? dφν +

i

~

∫
C
φ∗B . (3.50)

Let us return to the Ω-deformed Rozansky-Witten theory. We place the theory on

R × S1 ×M1, and view it as the Ω-deformed B-model on Σ = R × S1 with target X =

Map(M1, Y ). Then, we reduce the theory on S1 and compare the resulting supersymmetric

quantum mechanics with the A-model on C = R×M1 with target Y .

The coordinates on R and M1 are s and t, respectively. For notational simplicity, we

take the metric on R to be ds2 so that ŝ can be replaced everywhere by s. We give C a

complex structure by declaring that

z = s+ it (3.51)

is a holomorphic coordinate. Then, we have

jts = −jst = 1 , (3.52)

and C is locally isomorphic to the complex plane C with the standard metric ds2 + dt2.

For the superpotential (3.19), we have

δh

δφµ
= −(ωKα)µν∂tφ

ν , (3.53)

so the on-shell supersymmetry variation (2.50) of χ in supersymmetric quantum mechan-

ics is

δ∇̃′χ
µ
s = ∂sφ

µ + (Kα)µν∂tφ
ν . (3.54)

This coincides with the supersymmetry variation of χs in the A-model.

In fact, all the supersymmetry variations of the fields match between the circle reduc-

tion of the Ω-deformed Rozansky-Witten theory and the A-model. (The component χt of

χ is determined from χs by the self-duality constraint.) The actions of the two theories

also match, with the B-field given by

B = ωJα . (3.55)

Thus, we have found that upon reduction on a circle, the Ω-deformed Rozansky-Witten

theory with complex symplectic target Y and complex structure I becomes the A-model

with target Y , symplectic structure ωKα and B-field ωJα .

Next, let us consider the Ω-deformed Rozansky-Witten theory on D×M1, and reduce

it on the circle fibers of the cigar D to obtain the A-model on I×M1. We wish to identify

the boundary conditions at s = 0 and `.
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We have already seen that the brane at s = ` must be supported on a Lagrangian

submanifold M ⊂ Y with respect to ωKα . The boundary conditions (2.82)–(2.85) in

supersymmetric quantum mechanics translates to the boundary conditions

φ ∈M , (3.56)

ψ ∈ TφM ⊗ C , (3.57)

χs ∈ NφM ⊗ C , (3.58)

∂sφ ∈ NφM (3.59)

in the A-model. Here we have used the fact that ∂tφ is tangent to M , so Kα = g−1ωKα
sends it to a vector normal to M .

The boundary condition for φ is the Dirichlet condition. To rewrite the boundary

conditions for the fermions in a more familiar form, one may switch to the notation ψ±,

commonly used in N = (1, 1) supersymmetric sigma model. These fermions are related to

ψ, χs by

ψ =
1

2
(1 + iKα)ψ+ +

1

2
(1− iKα)ψ− =

1

2
(ψ+ + ψ−) +

i

2
Kα(ψ+ − ψ−) ,

χs = − i

4
(1− iKα)ψ+ +

i

4
(1 + iKα)ψ− = −1

4
Kα(ψ+ + ψ−)− i

4
(ψ+ − ψ−) .

(3.60)

In terms of ψ±, the boundary conditions for the fermions is

ψ+ + ψ− ∈ TφM , (3.61)

ψ+ − ψ− ∈ NφM . (3.62)

These are the boundary conditions for a Lagrangian A-brane, that is, a boundary condition

in N = (2, 2) supersymmetric sigma model that preserves half of the four supercharges,

including the one used in the construction of the A-model.

Unlike the Lagrangian brane at s = `, the boundary conditions at s = 0 does not

restrict the value of φ. There is a natural candidate for the corresponding brane: a canonical

coisotropic brane [32], whose support is the entire target space.

Indeed, the boundary conditions at s = 0 require (1 − iI)ψ = (1 − iI)χ = 0, which is

equivalent to demanding

ψ+ = −Jαψ− . (3.63)

This is precisely the boundary condition on the fermions imposed by the canonical

coisotropic brane whose Chan-Paton line bundle carries a connection with curvature ωJα .

On the bosonic field, the boundary condition simply requires φ to obey the equation

for a Kα-holomorphic curve

∂sφ+Kα∂tφ = 0 . (3.64)

If Kα is integrable, this equation says that φ is a holomorphic map. This is the familiar

localization property of the A-model.

Thus, we have essentially shown that the boundary condition at s = 0 is the canonical

coisotropic brane, with the curvature of the Chan-Paton connection being ωJα . For this
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identification to make sense, however, ωJα must satisfy the quantization condition on Y ,

not just on M :

[ωJα ] ∈ 2π~H2(Y ;Z) . (3.65)

This is simply because the canonical coisotropic brane is supported everywhere on Y , and

the curvature of a connection on any complex line bundle obeys the quantization condition.

Let us assume that this quantization condition is satisfied, and verify that the Chan-

Paton connection in question is present in the action. Under this assumption, the action

is given, up to Q-exact terms, by the formula (2.98):

− 1

~

∫
I×M1

ωKα +
i

~

∫
{`}×M1

A0 −
i

~

∫
{0}×M1

A . (3.66)

The gauge field A (extended to a one-form on all of Y ) has curvature ωJα and is indeed

the Chan-Paton connection for the canonical coisotropic brane. The flat gauge field A0 is

the Chan-Paton connection for the Lagrangian A-brane.

To summarize, the Ω-deformed Rozansky-Witten theory on D ×M1, reduced on the

circle fibers of D, is equivalent to the A-model on I ×M1, with the canonical coisotropic

brane with the Chan-Paton curvature ωJα at s = 0 and a Lagrangian brane at s = ` whose

support M is Lagrangian with respect to ωI and ωKα and holomorphic in Jα. This A-model

setup quantizes M , viewed as a symplectic manifold with symplectic form i∗MωJα .

3.5 Hamiltonians

As we have seen, quantum mechanics arising from the Ω-deformed Rozansky-Witten theory

on D ×M1 has vanishing Hamiltonian. The reason can be traced back to the topological

invariance of Rozansky-Witten theory, which in particular implies that translation along

the time axis M1 is trivial.

To get quantum mechanics with a nontrivial Hamiltonian, one must modify the the-

ory and break topological invariance on M1, while preserving the supercharge QV . Once

Rozansky-Witten theory is expressed as a B-model, one can readily achieve such a modi-

fication with introduction of a nontopological term to the superpotential.

Let w be an I-holomorphic function on Y , and suppose that the Lagrangian brane M

is chosen in such a way that Im(w/ε) = 0 on M . (More generally, w may have an explicit

dependence on t.) We add the following term to the superpotential (3.19):

∆W (ϕ) =
i

2

∫
M1

ϕ∗w dt . (3.67)

Then, the localized path integral becomes∫
L

volL exp

(
i

~

∫
M1

ϕ∗(A−A0 −Hdt)

)
, (3.68)

where

H = −Re(e−iαw) . (3.69)

Therefore, the Ω-deformed Rozansky-Witten theory, modified by this additional superpo-

tential, is equivalent to quantum mechanics with Hamiltonian H.
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Conversely, if a real function H on M can be extended to an I-holomorphic function on

Y , we can devise a modification of Rozansky-Witten theory so that upon the Ω-deformation

it reduces to quantum mechanics on M with Hamiltonian H.

Although this is a perfectly good way to introduce a nonzero Hamiltonian from the

point of view of Rozansky-Witten theory, it makes the relation to the A-model less straight-

forward. As a matter of fact, for the Hamiltonian to be realized in the A-model, H must

be rather special.

In the A-model, the Hamiltonian originates, if at all, from a superpotential. A super-

potential in the A-model is a one-form with values in real functions on Y :

Z ∈ Ω1(C, φ∗OY ) . (3.70)

It obeys the constraint

∂µZ + ∂νZ(Kα)νµj = 0 . (3.71)

If Kα is integrable, this constraint means that we can write

Z = w′dz + w̄′dz̄ = 2 Re(w′)ds− 2 Im(w′)dt (3.72)

for some Kα-holomorphic function w′ on Y .

The superpotential enters the A-model through the action

SA,Z = −1

~
δ

∫
C

1

2
χµ ∧ ∂µZ +

1

~

∫
C

dZ . (3.73)

The addition of this action shifts the equation of motion for H by ∆Hµ = −igµν ? ∂νZ, and

produces the potential
1

~

∫
C

1

4
gµν∂µZ ∧ ? ∂νZ . (3.74)

For C = I×M1, the supersymmetry transformations of the A-model with superpoten-

tial Z coincide with those of supersymmetric quantum mechanics on I, obtained by cigar

reduction of the Ω-deformed Rozansky-Witten theory with the modified superpotential, if

we identify

Zt = − Im(e−iαw) . (3.75)

The actions also match, provided that the boundary couplings

− i

~

∫
∂C

dH − i

~

∫
{`}×M1

e−iαw dt = − i

~

∫
{0}×M1

Hdt− 1

~

∫
{`}×M1

Zt dt (3.76)

are included in the A-model action. The first term on the left-hand side accounts for the

change in the B-field in the A-model, while the second term accounts for the change in

the boundary coupling in the Ω-deformed Rozansky-Witten theory. These boundary terms

combine with the second term in SA,Z to form the I-holomorphic boundary coupling

− i

~

∫
{0}×M1

e−iαw dt , (3.77)

which is Q-invariant by the boundary condition (1 − iI)ψ = 0 at s = 0.
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We have found that for this A-model construction to work, the Hamiltonian must be

the real part of the I-holomorphic function −e−iαw whose imaginary part is the imaginary

part of a Kα-holomorphic function −2w′.

This is a strong constraint, but as pointed out in [9], there is a natural way to con-

struct a Hamiltonian obeying this condition if Y is a hyperkähler manifold that admits a

Hamiltonian action of a Lie group preserving the hyperkähler structure. Using the moment

maps µI , µJα , µKα for this Hamiltonian hyperkähler action with respect to the symplectic

structures ωI , ωJα , ωKα , one defines w = i(µJ + iµK) and w′ = −(µI + iµJα)/2. Then,

H = µKα and this Hamiltonian satisfies the required condition.

4 Gauge symmetry

So far we have studied the relation between A-type and B-type constructions in the case in

which the theories involved do not possess gauge symmetry. In this section, we extend the

analysis in section 2 to incorporate gauge symmetry. We will formulate the Ω-deformation

of the gauged B-model, and establish the equivalences between the Ω-deformed gauged

B-model on a disk, supersymmetric gauged quantum mechanics on an interval, and a zero-

dimensional gauged sigma model with complexified gauge group.

4.1 Ω-deformed gauged B-model

The Ω-deformation of B-twisted gauge theories with linear targets was formulated in [18].

Here we generalize this formulation so that the target space is allowed to be curved. We

will focus on the Kähler case to avoid being overly technical, though the discussion that

follows can be modified to accommodate non-Kähler target spaces. In any event, we will

not encounter such target spaces in the gauge theory applications we will study.

Let G be a compact Lie group (or the space of maps from Md to a compact Lie group H

in higher-dimensional applications), and GC its complexification. We choose a basis {Ta}
of the Lie algebra g of G. Our convention is such that Ta are represented by antihermitian

matrices in a unitary representation of G.

The target space of the gauged B-model [42] is a Kähler manifold X that admits a

holomorphic GC-action with G acting in a Hamiltonian fashion. We let va denote the vector

field generated by Ta. Since the GC-action preserves the complex structure I, the compo-

nents via of va are holomorphic functions, while vı̄a = via are antiholomorphic functions. If

{Ta} satisfy the commutation relations [Ta, Tb] = fab
cTc, then [va, vb] = −fabcvc.

The G-action being Hamiltonian means that there are real functions {µa} such that

dµa = ιvaω, where ω is the Kähler form. As a consequence, the G-action preserves the

Kähler form: Lvaω = (dιva + ιvad)ω = d2µa = 0. Since LvaI = 0 and the Kähler metric g

is given by g = −ωI, the G-action is an isometry. The functions {µa} define the moment

map µ : X → g∗ by µa = 〈µ, Ta〉. We assume that µ is G-equivariant, that is, 〈µ(g ·x), ξ〉 =

〈µ(x),Adg−1 ξ〉 for any g ∈ G, ξ ∈ g.

In addition to the chiral multiplet fields (2.1)–(2.6), the gauged B-model has a gauge

field which is locally a one-form valued in g,

A ∈ Ω1
(
Σ, g

)
, (4.1)
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as well as bosonic fields

σ ∈ Ω1
(
Σ, g

)
, (4.2)

D ∈ Ω0
(
Σ, g

)
(4.3)

and fermionic fields

α ∈ ΠΩ0
(
Σ, g

)
, (4.4)

λ ∈ ΠΩ1
(
Σ, g

)
, (4.5)

ζ ∈ ΠΩ2
(
Σ, g

)
, (4.6)

all in the adjoint representation. These fields form a vector multiplet.

It is convenient to define complex gauge fields

A = A+ iσ , (4.7)

A = A− iσ . (4.8)

The field strengths of A is F = dA+A ∧A. In a like manner, we define F = dA+A∧A
and F = dA+A ∧A.

The Ω-deformed supercharge QV acts on the vector multiplet by

δA = ιV ζ , (4.9)

δA = 2λ− ιV ζ , (4.10)

δλ = ιV F − idAιV σ , (4.11)

δζ = F , (4.12)

δα = D , (4.13)

δD = ιV dAα . (4.14)

The exterior derivatives coupled to the gauge fields act on the vector multiplet in the usual

manner. For instance, dAα = dα+ [A, α].

On the chiral multiplet, QV acts by

δϕi = ιV ρ
i , (4.15)

δρi = dAϕ
i + ιV G

i , (4.16)

δGi = dAρ
i − ζavia , (4.17)

δϕ̄ı̄ = ηı̄ , (4.18)

δηı̄ = ιV dAϕ̄
ı̄ , (4.19)

δµı̄ = G
ı̄
, (4.20)

δG
ı̄

= dAιV µ
ı̄ . (4.21)

The action of dA on the chiral multiplet fields is determined by va. We have

dAϕ
i = dϕi +Aavia , (4.22)

dAρ
i = dρi +Aa∂jvia ∧ ρj , (4.23)
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and similarly,

dAϕ̄
ı̄ = dϕ̄ı̄ +Aavı̄a , (4.24)

dAµ
ı̄ = dµı̄ +Aa∂̄vı̄a ∧ µ̄ . (4.25)

In the Ω-deformed gauged B-model, the G-action is gauged. If ε is a g-valued function

on Σ, the infinitesimal gauge transformation δε with parameter ε acts by

δεϕ
i = εavia , (4.26)

δερ
i = εa∂jv

i
aρ
j (4.27)

and so on. The operator dA does not commute with gauge transformations: although dAϕ
i

transforms covariantly,

δε(dAϕ
i) = εa∂jv

i
adAϕ

j , (4.28)

the gauge transformation of dAρ
i contains a nonhomogeneous term:

δε(dAρ
i) = εa∂jv

i
adAρ

i + εa∂k∂jv
i
adAϕ

k ∧ ρj . (4.29)

To construct a gauge covariant derivative, we need to pick a connection ∇. Recall that

∇ should be torsion-free and preserve the complex structure. Moreover, we require it to

be G-invariant:

(LvaΓ)µνρ = ∇ν∇ρvµa − (R∇)µρνσv
σ
a = 0 . (4.30)

This equation can be rewritten as

va(Γ
µ
νρ) = ∂σv

µ
aΓσνρ − ∂νvσaΓµσρ − ∂ρvσaΓµνσ − ∂ν∂ρvµa . (4.31)

The left-hand side is the gauge transformation of Γ with parameter ε = Ta, whereas

the right-hand side is the action of the diffeomorphism on Γ generated by Ta. In other

words, this condition ensures that a gauge transformation acts on Γ as the corresponding

diffeomorphism.

Since the G-action is an isometry and X is Kähler, one choice of ∇ is the Levi-

Civita connection. The above condition can be readily checked: from the Killing equation

∇µ(va)ν +∇ν(va)µ = 0, one gets ∇kvia = −gil̄gm̄k∇l̄vka and

∇j∇kvia = −gil̄gkm̄∇j∇l̄vm̄a = gil̄gm̄k[∇l̄,∇j ]vm̄a = gil̄gm̄kR
m̄
n̄l̄jv

n̄
a = Rikjn̄v

n̄
a , (4.32)

where the equations ∇jvm̄a = ∂jv
m̄
a = 0 is used in the second equality.

Using ∇, we define the gauge covariant derivative dA,∇ by coupling dA to the pullback

of ∇. For example,

dA,∇ρ
i = dAρ

i + dAϕ
jΓijk ∧ ρk . (4.33)

In the gauge transformation of dA,∇, the nonhomogeneous terms coming from dA and

dAϕ
jΓijk cancel. Thus, dA,∇ commutes with the gauge symmetry.
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The supersymmetry transformations satisfy

δ2
QV

= dAιV + ιV dA , (4.34)

except when δ2
QV

acts on G, G, which yields extra terms involving second derivatives of

va. These terms are present because G, G are not tensors. Rather, the auxiliary fields F, F

are tensors, and G, G differ from them by terms depending on Γ; see the definitions (2.23)

and (2.24). The above relation holds on F, F.

The diffeomorphism covariant version of the supersymmetry transformations is

δϕi = ιV ρ
i , (4.35)

δ∇ρ
i = dAϕ

i + ιV F
i , (4.36)

δ∇F
i = dA,∇ρ

i − ζavia −
(

1

3
(R∇)ijklιV ρ

l +
1

2
(R∇)ijkl̄η

l̄

)
ρj ∧ ρk , (4.37)

δϕ̄ı̄ = ηı̄ , (4.38)

δ∇η
ı̄ = ιV dAϕ̄

ı̄ , (4.39)

δ∇µ
ı̄ = F

ı̄
, (4.40)

δ∇F
ı̄

= dA,∇ιV µ
ı̄ −
(

(R∇)ı̄ ̄k̄lιV ρ
l +

1

2
(R∇)ı̄k̄̄l̄η

l̄

)
η̄µk̄ . (4.41)

The worldsheet derivatives that appear on the right-hand sides are all gauge covariant,

though δ∇ itself does not commute with gauge transformation.

The action of the Ω-deformed gauged B-model consists of three pieces:

SΩGB = SΩGB,V + SΩGB,C + SΩGB,W . (4.42)

The first piece is the action for the vector multiplet and given by

SΩGB,V = δQV

∫
Σ

Tr

((
− ?D +

2i

1 + ‖V ‖2
(dA ? σ + ? ιV dAιV σ)

)
α− 1

1 + ‖V ‖2
ζ ?F

)
,

(4.43)

where Tr is a negative semidefinite bilinear form on g. We have chosen this particular

integrand so that after the auxiliary fields are integrated out, the bosonic part of the

action takes a nice form, free of cross terms. The second one is the chiral multiplet action:

SΩGB,C = δQV

∫
Σ

(
gı̄j
(
dAϕ̄

ı̄ + ιV F
ı̄) ∧ ? ρj + gı̄jµ

ı̄ ?Fj + ? iµaα
a
)
. (4.44)

The third is the superpotential action and takes the same form as in the nongauged case:

SΩGB,W =

∫
Σ

(
Fi∂iW +

1

2
ρi ∧ ρj∇i∂jW − δQV

(
µı̄∂ı̄W

))
−
∫
∂Σ
W

dθ

V θ
. (4.45)

The superpotential W must be gauge invariant:

va(W ) = 0 . (4.46)

This condition implies that ∂iW and ∇i∂jW transform under the gauge symmetry as

tensors, and the superpotential action is gauge invariant.
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4.2 Reduction to supersymmetric gauged quantum mechanics

Taking Σ = R × S1 and keeping only the zero modes along S1 in the Ω-deformed gauged

B-model, we get a topologically twisted supersymmetric gauged quantum mechanics on R.

We recall that the metric on R× S1 is dŝ2 + |ε|−2dθ2 and V = ε∂θ = ∂θ̂.

Supersymmetric gauged quantum mechanics that we obtain is constructed from a

vector multiplet consisting of fields

A ∈ Ω1
(
R, g

)
, (4.47)

σ ∈ Ω1
(
R, g

)
, (4.48)

τ ∈ Ω0
(
R, g⊗ C

)
, (4.49)

D ∈ Ω0
(
R, g

)
(4.50)

α ∈ ΠΩ0
(
R, g

)
, (4.51)

λ ∈ ΠΩ1
(
R, g

)
, (4.52)

κ ∈ ΠΩ0
(
R, g

)
, (4.53)

ξ ∈ ΠΩ1
(
R, g

)
, (4.54)

and a chiral multiplet with fields (2.39)–(2.42).

Supersymmetry transforms the vector multiplet fields as

δA = λ , (4.55)

δσ = ξ , (4.56)

δτ = 0 , (4.57)

δτ̄ = κ , (4.58)

δλ = −dAτ , (4.59)

δξ = [τ, σ] , (4.60)

δκ = [τ, τ̄ ] , (4.61)

δα = D , (4.62)

δD = [τ, α] , (4.63)

and the chiral multiplet fields as

δφµ = ψµ , (4.64)

δ∇′ψ
µ = τavµa , (4.65)

δ∇′χ
µ = dAφ

µ + σaIµνv
ν
a + iHµ , (4.66)

δ∇′H
µ = i dA,∇′ψ

µ + iλavµa − ξaIµνvνa

− σaIµν∇′ρvνaψρ − iτa∇′νvµaχν −
i

2
(R∇′)

µ
νρσχ

νψρψσ .
(4.67)

We have the relation δ2
Q = δτ , where the right-hand side is the infinitesimal gauge trans-

formation with parameter τ .
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The action for supersymmetric gauged quantum mechanics is

SSGQM =
2

~
δQ

∫
R

Tr

(
? (−D + i ? dA ? σ − [τ, τ̄ ])α+

1

2
(λ+ iξ) ? dAτ̄

)
+

1

~
δQ

∫
R

(
1

2
gµνχ

µ ?(dAφ
ν − iHν)− ? σaχµ∂µµa

+ ?(gµν + iωµν)τ̄avµaψ
ν + ? 2iαaµa

)
+

1

~

∫
R

(
−δQ(χµ∂µh) + dh+ iφ∗a

)
. (4.68)

The potential h is assumed to be invariant under the action of GC, not only G. This

condition is satisfied if h is the real part of a gauge invariant holomorphic function, which

is the case when the theory is the reduction of the Ω-deformed gauged B-model. Note

that due to this assumption, supersymmetric gauged quantum mechanics knows about the

complex structure of the Kähler target space X.

Integrating out the auxiliary fields, one finds that the bosonic part of the action is

1

~

∫
R

(
1

2
‖dA ? σ‖2 + ‖dAτ‖2 +

1

2
‖[τ, τ̄ ]‖2 + ‖[σ, τ ]‖2

+
1

2
‖dAφ‖2 +

1

2
‖dh‖2 +

1

2
‖µ‖2 + ‖σava‖2 + ‖τava‖2

− ? i[τ, τ̄ ]aµa − ? iτaτ̄ bvµa∂µµb − d
(
i Tr(? σ[τ, τ̄ ]) + ? σaµa

)
+ 2σaIva(h)

)
, (4.69)

where the norms of various tensors are defined with the metrics on R and X as well as

the positive bilinear form −Tr on g. The first two terms in the last line cancel by the

equivariance of the moment map, which implies

va(µb) = −fabcµc , (4.70)

whereas the very last term vanishes since h is GC-invariant. The integral of the total

derivative terms vanishes by appropriate boundary conditions.

The on-shell supersymmetry transformations are given by

δα =
i

2
? dA ? σ −

1

2
[τ, τ̄ ]− i

2
µ∨ , (4.71)

δ∇̃′χ = dAφ+ σaIva − g−1dh , (4.72)

where µ∨ is the dual of µ with respect to the metric −Tr on g.

As asserted already, upon reduction on S1, the Ω-deformed gauged B-model becomes

supersymmetric gauged quantum mechanics. The vector multiplet fields of the latter are
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expressed in terms of the zero modes of the vector multiplet fields of the former as follows:

?A = e−iαιV ?A0 , (4.73)

? σ = e−iαιV ? σ0 , (4.74)

τ = ιVA0 , (4.75)

? λ = e−iαιV ? λ0 , (4.76)

κ = 2ιV λ0 , (4.77)

? ξ = ie−iαιV ? λ0 + ieiα ? ζ0 , (4.78)

α = α0 , (4.79)

D = D0 . (4.80)

The left-hand sides refer to fields in supersymmetric quantum mechanics, the right-hand

sides the Ω-deformed gauged B-model. The chiral multiplet fields are identified as in the

relations (2.66)–(2.70) and

Hi = −i(dA0ϕ
i
0 + iσa0v

i
a + 2ιV F

i
0) , (4.81)

Hı̄ = +i(dA0ϕ̄
ı̄
0 − iσa0v

i
a + 2ιV F

ı̄
0) . (4.82)

Under the above identification of fields, the supersymmetry transformations of the Ω-

deformed gauged B-model reproduce those of supersymmetric gauged quantum mechanics.

Likewise, the action for the zero modes of the Ω-deformed B-model coincides with the

action for supersymmetric gauged quantum mechanics.

To be precise, if supersymmetric gauged quantum mechanics is obtained by circle re-

duction, the real part of τ is periodic due to the gauge symmetry. A better characterization

of τ is in terms of the holonomy of A around S1, which is valued in G rather than g. That

said, the topology of the target space does not really matter in the applications that we

will consider, for in the end the path integral localizes to a locus where τ = 0.

4.3 Boundary conditions

Let us take Σ = D and discuss the boundary conditions for supersymmetric gauged quan-

tum mechanics on I, obtained by cigar reduction of the Ω-deformed gauged B-model.

In the Ω-deformed gauged B-model, we impose boundary conditions on ∂D such that

the gauge symmetry is unbroken. Then, the gauge field should satisfy the Neumann con-

dition F = 0. We choose a gauge such that

As = 0 (4.83)

on the boundary. Then, this condition reads

∂sAθ = 0 . (4.84)

We also require the boundary conditions to be QV -invariant. Taking the supersymme-

try variations of the above conditions, we get

λs = ∂sλθ = 0 , (4.85)
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and taking further supersymmetry variations gives

∂sσθ = 0 . (4.86)

Since the boundary values of Aθ and σθ are not fixed, to be compatible with the

equation of motion for D, the boundary value of D should not be fixed either. Since α and

D are paired by supersymmetry, both α and D obey the Neumann condition:

∂sα = ∂sD = 0 . (4.87)

Since half of the fermions obey the Neumann condition, the other half should obey the

Dirichlet condition, and we get

ζ = 0 . (4.88)

Supersymmetry then tells that σs should also obey the Dirichlet condition:

σs = 0 . (4.89)

The boundary conditions for the chiral multiplet are not affected by the coupling to

the vector multiplet, and specified by a submanifold L ⊂ X. The only additional condition

compared to the nongauged case is that L must be GC-invariant, which implies that va is

tangent to L on the boundary.

Upon reduction to supersymmetric gauged quantum mechanics, the above boundary

conditions for the vector multiplet become

A = σ = λ = ξ = dτ = dD = dκ = dα = 0 . (4.90)

In other words, all one-form fields and the derivatives of all zero-form fields vanish at s = `.

The boundary at s = 0 comes from the tip of the cigar. Looking at the identifica-

tions (4.73)–(4.80), we deduce

A = σ = τ = λ = κ = 0 (4.91)

at s = 0. The remaining fermions should obey the Neumann condition:

dα = d ? ξ = 0 . (4.92)

The boundary conditions for the chiral multiplet is the same as in the nongauged case.

Note that the condition A = 0 is really a gauge fixing condition, rather than a boundary

condition, because a gauge transformation can shift the boundary value of A. However,

the corresponding gauge transformation in the Ω-deformed gauged B-model is singular at

the tip of the cigar. Thus, the cigar geometry picks the gauge A = 0 at s = 0.

4.4 Reduction to zero-dimensional gauged sigma model

Shrinking the interval I to a point, we can reduce supersymmetric gauged quantum me-

chanics to a zero-dimensional gauge theory. Let us determine this theory.
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To simplify the analysis we choose the gauge A = 0. We integrate the auxiliary fields

out, rescale the metric of I by u−2, and take the limit u→∞. Then, all bosonic fields get

frozen to constants. By the boundary conditions at s = 0, the bosonic fields in the vector

multiplet are set to zero. By the boundary conditions at s = `, the bosonic field φ of the

chiral multiplet must be valued in L.

When the gauge symmetry is absent, we have chosen the support L of the brane at

s = ` to be a Lagrangian submanifold of X. To understand what sort of submanifold L

should be in the presence of gauge symmetry, let us rescale the target metric g by u at the

same time as the rescaling of the metric on I. This entails rescaling of the moment map µ

by u, and further constrains φ to be a zero of µ:

µ = 0 . (4.93)

If we gauge the global gauge symmetry (which preserves the gauge A = 0 and, due to

the equivariance of µ, the above equation), then the theory is effectively described by one

without gauge symmetry, whose target space is

X = µ−1(0)/G . (4.94)

The space X is the symplectic quotient X//G of X, and is Kähler. Hence, we should take

L to be a submanifold whose image in X is a Lagrangian submanifold L.

The submanifold L must also be GC-invariant, and this condition can be naturally

satisfied. A key fact is that by a complex analytic version of the Kempf-Ness theorem,

X//G is isomorphic to the quotient Xss/GC of the set Xss of semistable points of X

by GC. (A point in X is said to be semistable if the closure of its GC-orbit intersects

µ−1(0).) This fact shows that we may take L to be the preimage of L under the projection

π : Xss → Xss/GC:

L = π−1(L) . (4.95)

This is the support of a Lagrangian brane in the presence of gauged symmetry.

With this choice of L, the same argument as before immediately tells us that the

fermion zero modes from the chiral multiplet that survive the boundary conditions are the

constant modes of ψı̄∂ı̄ and χ̄ı̄∂ı̄ that descend to zero vectors in X. In other words, they

must be in the kernel of π∗. The kernel is spanned by vector fields generated by GC and,

on L, sits inside TL⊗C. Since ?χ must be normal to L at s = `, the zero mode of χ must

vanish. However, the zero mode of ψ may take the form

ψ0 = βa0v
ı̄
a∂ı̄ , (4.96)

with β0 being an arbitrary constant valued in Πg.

There is another fermion zero mode that pairs up with β0. By looking at the boundary

conditions, we see that the zero mode of α can be an arbitrary constant α0 ∈ Πg. The only

nonvanishing term in the action that contains these fermion zero modes is

1

~

∫
R

2i ? βbvı̄b∂ı̄µaα
a
0 . (4.97)
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We can rewrite this term as

1

~

∫
R

(
− ? βb0(Ivb)(µa)α

a
0 + iβb0vb(µa)α

a
0

)
. (4.98)

By the relation (4.70) the second term in the integrand vanishes on µ−1(0), to which the

path integral localizes. The first term has a nice interpretation.

The bosonic terms in the action for the zero-dimensional theory are those that appear

in the formula (2.93), and are GC-invariant. Let us think of GC as a complex gauge group.

The isomorphism µ−1(0)/G ∼= Xss/GC essentially says that the localization equation (4.93)

is a partial gauge fixing condition: it breaks the gauge group GC down to G. The first

term in the above integral produces the Faddeev-Popov determinant associated with this

partial gauge fixing, with α0, β0 playing the roles of ghost fields.

Therefore, the Ω-deformed gauged B-model on ∂D, and the corresponding supersym-

metric gauged quantum mechanics on I, are equivalent to a zero-dimensional gauged sigma

model with target L and gauge group GC. The path integral for this zero-dimensional

theory takes the same form as the formula (2.93), but with L replaced by L and W −W0

understood as a function on L.

5 Gauge theory applications

In the final section, we discuss examples of A-type and B-type constructions which re-

alize gauge theories of dimension d = 1 to 6. The theories constructed here are gauged

quantum mechanics, gauged symplectic bosons, and Chern-Simons theory and its higher-

dimensional variants.

5.1 Gauged quantum mechanics

Let us begin with d = 1. This example is a generalization of the example studied in

section 3, and relates the Ω-deformed gauged Rozansky-Witten theory, the gauged A-

model and gauged quantum mechanics. We will restrict ourselves to the case when the

target spaces are hyperkähler.

The target space of gauged Rozansky-Witten theory [53] with gauge group H is a

hyperkähler manifold Y with a triholomorphic HC-action such that the H-action is tri-

Hamiltonian. Corresponding to the three complex structures I, J , K of Y , there are three

symplectic structures ωI , ωJ , ωK and three moment maps µI , µJ , µK .

Placed on D ×M1, gauged Rozansky-Witten theory can be formulated as a gauged

B-model on D. The B-model description singles out one of the complex structures of Y ,

which we take to be I.

In the B-model description, we have a chiral multiplet whose scalar field takes values in

Y , as well as a chiral multiplet whose scalar field is the component At of a complex linear

combination of a three-dimensional gauge field and a h-valued one-form field. Hence, the

target space of the gauged B-model is

X = Map(M1, Y × hC) . (5.1)
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The gauge group is

G = Map(M1, H) , (5.2)

acting on X by the pointwise H-action on Y and hC. This is the group of gauge trans-

formations for a gauge theory on M1 with gauge group H. (More precisely, these are

local descriptions of X and G if the gauge bundle for gauged Rozansky-Witten theory

is nontrivial.)

The superpotential is the gauge invariant version of the functional (3.19). For simplic-

ity, let us assume that the holomorphic symplectic form Ω = ωJ + iωK for I can be written

as Ω = dΛ for some H-invariant holomorphic one-form Λ. Using Λ, we can define µJ and

µK by (µJ + iµK)a = −ιvaΛ since d(µJ + iµK)a = −(Lva − ιvad)Λ = ιvaΩ. Then,

W =
i

2

∫
M1

(
ϕ∗Λ−Aa(µJ + iµK)a

)
(5.3)

is the gauge invariant superpotential.

We apply the Ω-deformation to this gauged B-model and perform cigar reduction.

Then, we obtain supersymmetric gauged quantum mechanics on I with target X, and this

is equivalent to the gauged A-model [42] on I ×M1 with target Y and symplectic form

ωKα = ωK cosα− ωJ sinα. A generalization of the canonical coisotropic brane appears at

s = 0. At s = `, we have a brane supported on an HC-invariant submanifold M ⊂ Y such

that its image in Y //H is Lagrangian. This brane comes from a brane in the Ω-deformed

gauged B-model whose support is L = Map(M1,M).

Finally, shrinking I to a point, we get a zero-dimensional gauged sigma model with

target L and gauge group GC. The action of the model is given by W . This is gauged

quantum mechanics on M1 with target M and gauge group HC.

Integrating over A sets

µJ + iµK = 0 , (5.4)

so this gauged quantum mechanics may also be regarded as nongauged quantum mechanics

with target space (
M ∩ (µJ + iµK)−1(0)

)
/HC , (5.5)

which is a submanifold of the hyperkähler quotient

Y ///H =
(
µ−1
I (0) ∩ µ−1

J (0) ∩ µ−1
K (0)

)
/H ∼= (µJ + iµK)−1(0)/HC . (5.6)

As we have seen in section 3, for the whole construction to work we must choose M in

such a way that this submanifold of Y ///H is Lagrangian with respect to ωI and ωKα , and

symplectic with respect to ωJα .

5.2 Gauged symplectic bosons

Next, we consider an example with d = 2. In this example, a chiral CFT on a Riemann

surface M2 is realized by an N = 2 supersymmetric gauge theory on D×M2 [6, 7] and by

an N = 4 supersymmetric gauge theory on I×M2 [3, 4].
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Let us take a four-dimensional N = 2 supersymmetric gauge theory, constructed from

a vector multiplet for gauge group H and a hypermultiplet in a complex symplectic repre-

sentation Y of H. The theory has eight supercharges QAα , QAα̇, where α = ±, α̇ = ±̇ are

spinor indices, and A = ± is an index for an R-symmetry group SU(2)R under which QAα
and QAα transform in the fundamental and the antifundamental representations, respec-

tively. An R-symmetry group U(1)r rotates QAα with charge r = +1
2 and QAα̇ with r = −1

2 .

We place the theory on D ×M2 and apply Kapustin’s twist [40]. Under the rotation

group U(1)D of D, the supercharges QA+, QA−̇ have spin MD = +1
2 and QA−, QA

+̇
have

MD = −1
2 . Under the rotation group U(1)M2 of M2, QA+, QA

+̇
have MM2 = +1

2 and QA−, QA−̇
have MM2 = −1

2 . The Kapustin twist replaces the rotation generators MD, MM2 with the

twisted rotation generators6

M ′D = MD + r , (5.7)

M ′M2
= MM2 +R , (5.8)

where R is the generator of a subgroup U(1)R ⊂ SU(2)R such that Q±α , Q±α̇ have R = ±1
2 .

Since Q+
−, Q−+, Q+

−̇ and Q−
+̇

have M ′M2
= 0, these supercharges become scalars on M2

after the twist, and as such are preserved even when M2 is curved. Two of them have

MD = +1
2 and the other two have MD = −1

2 , so they generate N = (2, 2) supersymmetry

on D. In the language of N = (2, 2) supersymmetry, U(1)R is called the vector R-symmetry,

while U(1)r is the axial R-symmetry, as can be seen from the fact that U(1)r rotates the

scalars in the vector multiplet but U(1)R does not.

The replacement of MD with M ′D is the B-twist of N = (2, 2) supersymmetry, which

by definition twists the rotation group with the axial R-symmetry. Among the four super-

charges, Q+
− and Q+

−̇ are scalars with respect to M ′D. The linear combination

Q0 = Q+
− +Q+

−̇ (5.9)

squares to zero, and by taking the Q0-cohomology we get a topological theory on D since

the components of the stress tensor along D are Q0-exact. It turns out that the generator

of antiholomorphic translations on M2 is also Q0-exact, so the Q0-cohomology defines a

holomorphic-topological theory on D×M2, which we will refer to as Kapustin theory.

As a gauged B-model on D, Kapustin theory has a chiral multiplet whose scalar field

is valued in Y and another chiral multiplet whose scalar is the component Az̄ of the gauge

field along the antiholomorphic direction of M2. The target space of the gauged B-model

is therefore

X = Map(M2, Y × hC) , (5.10)

6The U(1)r R-symmetry is anomalous if the one-loop beta function is nonzero. Nevertheless, one can

make sense of the following construction by introducing to the action a term that breaks the rotation

invariance on D [6]. This term is chosen in such a way that the anomaly in U(1)r cancels the explicit

violation of U(1)D. This is done at the cost of losing gauge invariance, but gauge invariance is restored if

an appropriate surface defect is inserted at the center of D. After the reduction to a theory on I ×M2,

the surface defect becomes a boundary theory localized at s = 0. Such boundary theories are important

ingredients in the construction of [4].
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and the gauge group is

G = Map(M2, H) . (5.11)

The hypermultiplet consists of a pair of chiral multiplets in conjugate representations.

In terms of the scalar fields q and q̃ of these chiral multiplets, the superpotential is given

by [6]

W =

∫
M2

q̃∂̄Aq , (5.12)

up to an overall factor which can be absorbed by a rescaling of fields. Note that taking M2 =

M1×S1 and performing dimensional reduction on S1 reduces W to the superpotential (5.3)

for gauged Rozansky-Witten theory.

From this B-model description, we see that if we turn on the Ω-deformation using

the rotation symmetry of D, Kapustin theory on D ×M2 becomes equivalent to a chiral

CFT on M2, described by the action W . This CFT is known as the system of gauged

symplectic bosons with values in Y . The integration cycle for the path integral is specified

by a Lagrangian brane placed on ∂D.

Reducing the Ω-deformed Kapustin theory on the circle fibers of the cigar D, we arrive

at the corresponding A-type theory on I ×M2. By construction, this is a holomorphic-

topological theory on I ×M2. As we will argue shortly, it is a certain twist of the circle

reduction of the parent four-dimensional N = 2 supersymmetric gauge theory, which is a

twist of a three-dimensional N = 4 supersymmetric gauge theory. This is a nontrivial state-

ment as one might have expected that the Ω-deformation would affect the reduced theory.

For the moment let us accept this statement as a fact, and identify the relevant twist.

A three-dimensional N = 4 supersymmetric gauge theory has an R-symmetry group

SU(2)H × SU(2)C and eight supercharges QAȦα , where α = ± is a spinor index, A = ± is

an SU(2)H index and Ȧ = ±̇ is an SU(2)C index. If the theory is constructed by reduction

from four dimensions, SU(2)H comes from SU(2)R, whereas U(1)r becomes a subgroup

U(1)C ⊂ SU(2)C . In the case at hand, the supercharges are identified as QA+̇
α = QAα

and QA−̇α = QAα̇ .

Formulated on I×M2, the theory admits two distinct twists [54]. One may twist it by

replacing the rotation group U(1)M2 with the diagonal subgroup of U(1)M2×U(1)C. This is

called the C-twist. According to the definition (5.8) of the twisted rotation generator M ′M2
,

relevant for the A-type construction is the H-twist, which twists U(1)M2 with a subgroup

U(1)H ⊂ SU(2)H .

The H-twist makes four supercharges scalars on M2. To see what linear combination

of these should be used for the construction of the holomorphic-topological theory, let us

take M2 = C and consider placing Kapustin theory on I × S1 × C. We think of I × S1 as

modeling the flat cylinder part of D.

On this spacetime all supercharges are unbroken, and the Lie derivative by V = eiα∂θ̂
acts on differential forms simply by acting on their coefficient functions with V . Then, the
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Ω-deformed supercharge QV can be written, up to an overall factor, as7

QV = Q+
− +Q+

−̇ + eiα(Q−+ −Q−+̇) , (5.13)

because this linear combination of supercharges satisfies Q2
V ∝ LV . Upon dimensional

reduction in the θ-direction, QV descends to the supercharge

Q = Q++̇
− +Q+−̇

− + eiα(Q−+̇
+ −Q−−̇+ ) (5.14)

in an N = 4 supersymmetric gauge theory on I × C. This is the supercharge whose

cohomology defines the holomorphic-topological theory.

The above argument explains why the Ω-deformation “disappears” when a B-twisted

supersymmetric field theory is reduced on a circle, that is, the circle reduction of the Ω-

deformed B-twisted theory is a twist of the reduction of the undeformed theory, not a

deformation thereof. The reason is that the Ω-deformed supercharge QV already exists in

the undeformed theory, and becomes the supercharge Q for the twisted theory obtained

by the reduction. The only thing the Ω-deformation can do is to change the action by

QV -invariant terms, which merely corresponds to a Q-invariant deformation of the reduced

theory. We have fixed the action for the reduced theory by asking it to have the standard

bosonic terms (4.69).

In fact, we can characterize the Q-cohomology using only a half of Q, and it is illu-

minating to do so. This characterization is based on the fact that the QV -cohomology of

operators is isomorphic to the QV -cohomology of states by conformal invariance (which

the QV -cohomology possesses), and by unitarity the latter is isomorphic to the space of

QV -harmonic states. If we define

/QV = Q+
− + eiαQ−+ , (5.15)

/QV = Q+
−̇ − e

iαQ−
+̇
, (5.16)

then QV = /QV + /QV and

{QV , Q†V } = 2{/QV , /Q†V } = 2{/QV , /Q†V } , (5.17)

where the hermiticity condition is given by (Q+
α )† = −Q−α̇ and (Q−α )† = Q+

α̇ . Therefore,

the QV -cohomology is isomorphic to both /QV -cohomology and /QV -cohomology.

Let us choose /QV . Under the dimensional reduction this supercharge becomes

/Q = Q++̇
− + eiαQ−+̇

+ , (5.18)

and the Q-cohomology is isomorphic to the /Q-cohomology. The supercharge /Q is used

in the discussions of holomorphic boundary conditions in [3, 4, 54] (up to a flip of the

spinor index).

7The supersymmetry transformation laws for the Ω-deformed gauged B-model may be obtained from

those in [55] by substitution ∂0 = i∂θ̂, ∂1 = ∂ŝ and ε̄± = ±i/2, ε± = −(V ŝ ± iV θ̂)/2. This gives QV ∝
Q+ +Q−+ (V θ̂− iV ŝ)Q−+ (V θ̂ + iV ŝ)Q+. According to [6], this supercharge is identified with Q+

−+Q+

−̇+

(V θ̂ − iV ŝ)Q−+ − (V θ̂ + iV ŝ)Q−
+̇

in the Kapustin twist.
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There is something remarkable about /Q: it is proportional to a U(1)H rotation of the

supercharge Q++̇
− +Q−+̇

+ for the A-twist [33], in which the rotation group SU(2) is replaced

by the (anti)diagonal subgroup of SU(2) × SU(2)H . Consequently, the /Q-cohomology of

the twisted theory on I×M2 is actually fully topological in the bulk, not topological on I
and holomorphic on M2 as one might have expected.

This is consistent with the relation between gauged Rozansky-Witten theory and the

gauged A-model, discussed in section 5.1. If we take M2 = M1× S1 and perform reduction

on S1, the supercharge Q+
−+Q+

−̇ for Kapustin theory on D×M2 reduces to the supercharge

Q++̇
− +Q+−̇

+ for an N = 4 supersymmetric gauge theory on D×M1. This is the supercharge

for the B-twist, so Kapustin theory reduces to gauged Rozansky-Witten theory. The cigar

reduction of the Ω-deformed gauged Rozansky-Witten theory on D × M1 is the gauged

A-model on I×M1, which has two-dimensional topological invariance, not just topological

on I and on M1 separately.

At first sight, it might be puzzling that one obtains something holomorphic like a

chiral CFT out of a fully topological theory. The resolution to this puzzle is that the three-

dimensional topological invariance is broken at the center of D where /QV reduces to Q+
−. On

the boundary at s = 0, boundary conditions allow for additional holomorphic observables.

Thus, we have found that the A-type theory on I×M2 that realizes the gauged symplec-

tic bosons with values in Y is the A-twist of an N = 4 supersymmetric gauge theory. This

theory has a vector multiplet for gauge group H and a hypermultiplet valued in Y , orig-

inating from their counterparts in four dimensions. The vector multiplet has three scalar

fields transforming as a triplet under SU(2)C . They come from the complex scalar in the

four-dimensional N = 2 vector multiplet and the component Aθ of the four-dimensional

gauge field. The hypermultiplet contains a pair of scalar fields qA, transforming as a double

under SU(2)H . In terms of the four-dimensional fields, q+ = q and q− = q̃†.

Let us determine the boundary conditions on these fields at s = 0.

If we describe the theory as supersymmetric gauged quantum mechanics on I with

target X and gauge group G, from the three-dimensional vector multiplet we get a one-

dimensional vector multiplet and a one-dimensional g-valued chiral multiplet whose scalar

field is Az̄. At s = 0, all bosonic fields of the one-dimensional vector multiplet are set to

zero, while Az̄ satisfies the gradient flow equation (2.87). In the three-dimensional terms,

these conditions amount to the Dirichlet condition on the vector multiplet scalars and a

deformed Neumann condition

Fŝz̄ ∝ eiα
(
(q+)†T aq−

)
Ta (5.19)

on the gauge field.

The three-dimensional hypermultiplet gives rise to a pair of chiral multiplets in super-

symmetric gauged quantum mechanics. At s = 0, the boundary condition for the scalar

fields of these multiplets demands

∂ŝq
− ∝ e−iα∂̄Aq

+ . (5.20)
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The boundary conditions just described are consistent with those discussed in [3, 4],

where it was found that symplectic bosons arise from boundaries in this three-dimensional

N = 4 supersymmetric gauge theory.

5.3 Chern-Simons theory

Now we discuss an example with d = 3. In this example, Chern-Simons theory on a three-

manifold M3 is realized by maximally supersymmetric Yang-Mills theories on D×M3 [18]

and I×M3 [8, 9].

Five-dimensional N = 2 super Yang-Mills theory, like any other maximally super-

symmetric Yang-Mills theories, can be constructed from ten-dimensional super Yang-Mills

theory by dimensional reduction. Let (x1, . . . , x10) be coordinates on R10, and reduce super

Yang-Mills theory on R10 in the directions of x6, . . . , x10. Then, the components A6, . . . ,

A10 of the ten-dimensional gauge field are turned into five scalar fields φ6, . . . , φ10, valued

in the Lie algebra h of the gauge group H. They transform in the vector representation

of the R-symmetry group Spin(5)R, which originates from the rotation symmetry of R5 on

which the reduction is performed. The sixteen supercharges of the theory transform in the

spinor representation of Spin(5)R.

We place this theory on D × M3, and twist the rotation group SU(2)M3 on M3 by

the subgroup SU(2)R of Spin(5)R rotating φ8, φ9 and φ10. The supercharges transform

as doublets under SU(2)M3 and SU(2)R, so a quarter of the sixteen supercharges become

singlets under the diagonal subgroup of SU(2)M3 × SU(2)R. These four supercharges are

scalars under the twisted rotation group on M3, and can be preserved even when M3 is

curved. They have spins ±1
2 under U(1)D, so generate N = (2, 2) supersymmetry on D.

Let U(1)r be the subgroup of Spin(5)R rotating φ6 and φ7. From the point of view of

N = (2, 2) supersymmetry, U(1)r is the axial R-symmetry rotating the two scalars in the

vector multiplet. Further twisting the theory on D with U(1)r, we get a gauged B-model.

In the twisted theory, φ8, φ9, φ10 are the components of a one-form on M3. They

combine with A3, A4, A5 to form a Q-invariant complex gauge field A on M3:

A = (A3 + iφ8)dx3 + (A4 + iφ9)dx4 + (A5 + iφ10)dx5 . (5.21)

The components of A are the scalar fields of three chiral multiplets. Hence, the target

space X of the gauged B-model is the space of complex gauge fields on M3. The gauge

group G is the group of gauge transformations on M3, and GC acts naturally on X by

complex gauge transformations. If the gauge bundle is trivial, we have

X = Ω1(M3, hC) (5.22)

and

G = Map(M3, H) . (5.23)

The G-invariant Kähler metric on X is given by

g(v, w) = − 1

2g2
5d

∫
M3

Tr(v ∧ ? w̄ + v̄ ∧ ?w) , (5.24)
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where v, w are hC-valued one-forms on M3 and g5d is the gauge coupling of five-dimensional

N = 2 super Yang-Mills theory.

The superpotential W is a gauge invariant functional, given by the integral of a holo-

morphic function of A over M3. For the total action to be second order in derivatives after

the auxiliary fields are integrated out, W must be first order. In view of these requirements,

the only candidate for W is the integral of the Chern-Simons form

CS(A) = Tr

(
A ∧ dA+

2

3
A ∧A ∧A

)
(5.25)

over M3, up to an overall normalization factor. The overall factor is meaningful in this

example since W is not homogeneous and cannot be absorbed by a rescaling of A. The

inhomogeneity of W also explains why the vector R-symmetry is absent in the B-model

description.

The absolute value of the normalization of W is fixed by the requirement that inte-

grating out the auxiliary fields reproduces the kinetic term

− 1

4g2
5d

∫
D×M3

Tr(F ∧ ?F ) (5.26)

for the five-dimensional gauge field. This is satisfied if we take

W =
1

4g2
5d

∫
M3

CS(A) . (5.27)

The phase of W is not so important because shifting the phase has the same effect as the

action of the broken vector R-rotation that leaves A intact. Different choices of the phase

correspond to different ways to identify the supercharge of the twisted five-dimensional

theory and that of the gauged B-model.

From this superpotential, we learn that the Ω-deformation of the twisted N = 2 super

Yang-Mills theory on D × M3 with gauge group H is Chern-Simons theory with gauge

group HC, described by the action

− πi

2εg2
5d

∫
M3

CS(A) . (5.28)

Let us turn to the corresponding A-type construction. The A-type theory is the re-

duction of the above theory in the direction of x2 = θ. This is a topological twist of N = 4

super Yang-Mills theory on I×M3, with gauge coupling

g4d =

√
|ε|
2π
g5d . (5.29)

As we now argue, the relevant twist is the GL-twist [34–36], with its CP1-valued parameter

equal to

t =
1− cosα

sinα
. (5.30)

The GL-twist of N = 4 super Yang-Mills theory on a four-manifold replaces the

rotation group Spin(4) with the diagonal subgroup of Spin(4)×Spin(4)R, where the second
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factor is a subgroup of the R-symmetry group Spin(6)R. In the present notation, Spin(6)R
rotates φ6, . . . , φ10 and φ2 which comes from A2, and Spin(4)R rotates φ6, φ8, φ9, φ10.

Thea twist turns the latter four scalars into the components of the one-form

φ = φ6dx1 + φ8dx3 + φ9dx4 + φ10dx5 . (5.31)

(The coordinate on I is x1 = s and those on M3 are (x3, x4, x5).)

The GL-twisted theory has two scalar supercharges Q` and Qr, and one picks a linear

combination

Q = Q` + tQr (5.32)

to define the topological theory, where t takes values in CP1. The supersymmetry trans-

formations generated by Q may be found in [36]. What is important to us is that there is

a two-form fermion χ whose supersymmetry variation is given by

δχ+ = (F − φ ∧ φ)+ + t(dAφ)+ , (5.33)

δχ− = t(F − φ ∧ φ)− − (dAφ)− , (5.34)

where the superscripts + and − denote the self-dual and anti-self-dual parts, respectively.

We claim that when t is real, the GL-twisted N = 4 super Yang-Mills theory on I×M3

can be reformulated as supersymmetric gauged quantum mechanics on I with target X and

gauge group G, with the identification

σs = φ6 . (5.35)

Furthermore, the potential h is determined by the superpotential (5.27) via the rela-

tion (2.64), which shows that the theory is the cigar reduction of the Ω-deformed B-model

described above.

One way to see this is to compare the supersymmetry variations of fermions that give

rise to flow equations. If we make the complex gauge field A = (As + iσs)ds + A3dx3 +

A4dx4 + A5dx5 and let F be the curvature of A, then we can write the supersymmetry

variation (4.72) as

δχŝ = ι∂ŝF + eiα ?M3 F , (5.36)

where we consider χŝ as a one-form χ3
ŝdx

3 + χ4
ŝdx

4 + χ5
ŝdx

5. This is equivalent to the

supersymmetry variations (5.33) and (5.34), with t given by the formula (5.30).

Another way to argue for this claim is to consider compactification to two dimensions.

Five-dimensional N = 2 super Yang-Mills theory has a unique full twist, which re-

places the rotation group Spin(5) with the diagonal subgroup of Spin(5) × Spin(5)R. The

topological twist we have performed is compatible with this twist. If we take M3 = R×M2

for some compact Riemann surface M2, then in the infrared, we get a fully twisted N = 4

supersymmetric sigma model on D × R with a hyperkähler target space. (Twisting along

M2 breaks half of supersymmetry.) This is Rozansky-Witten theory, and its target space

is the moduli space MH of the Hitchin equations on M2 [56]. The Ω-deformation and cigar

reduction then produce the A-model on I× R with target MH .
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The GL-twisted N = 4 super Yang-Mills theory for real t, upon compactification on

M2, indeed reduces to the A-model with target MH [36]. In Ω-deforming Rozansky-Witten

theory with target MH , we have picked a complex structure in which the complex gauge

field A+ iφ on M2 defines holomorphic coordinates. If we call it I, then according to [36],

the complex structure of the A-model thus obtained can be written in terms of the other

two complex structures J , K as

1− t2

1 + t2
K − 2t

1 + t2
J = K cosα− J sinα . (5.37)

This agrees with the relation between the Ω-deformed Rozansky-Witten theory and the

A-model which we found in section 3.

Thus, we conclude that the GL-twisted N = 4 super Yang-Mills theory on I × M3

with gauge group H is equivalent to Chern-Simons theory on M3 with gauge group HC,

assuming that appropriate boundary conditions are imposed. The boundary conditions at

s = 0 are such that when M3 = R×M2, they correspond to the canonical coisotropic brane

in the A-model with target MH . This conclusion is in accordance with the results obtained

in [1, 8, 9].

5.4 Higher-dimensional Chern-Simons theories

There are higher-dimensional analogs of the above A-type and B-type constructions, in

which higher-dimensional variants of Chern-Simons theories are realized by maximally

supersymmetric Yang-Mills theories in dimensions five and up.

These Chern-Simons theories are all related by dimensional reduction. The one of

highest dimension is six-dimensional Chern-Simons theory, also known as holomorphic

Chern-Simons theory [47]. This is a holomorphic theory that can be formulated on a

Calabi-Yau threefold M6.

Suppose that we have M6 = M4×R×S1 for some Calabi-Yau twofold M4, and reduce

the theory on S1. The holomorphy on the cylinder R×S1 implies that the reduced theory is

topological on R. What we get is a holomorphic-topological theory, called five-dimensional

Chern-Simons theory [48], placed on M5 = M4 ×M1 with M1 = R.

If we further take M4 = M2 × R × S1 and perform reduction on S1, we get four-

dimensional Chern-Simons theory [26–28] on M4 = M2 ×M′2 with M′2 = R×M1, which is

holomorphic on M2 and topological on M′2.

Finally, taking M2 = R×S1 and reducing on S1, we reach the ordinary, fully topological,

Chern-Simons theory on M3 = R×M′2.

Since six-dimensional Chern-Simons theory sits at the top of the hierarchy, let us

begin by discussing the constructions of this theory. We will be concise here; some of the

assertions made below are explained in more detail in appendix A.

The B-type construction uses eight-dimensional super Yang-Mills theory on D ×M6.

This is made topological on D by twisting of the rotation group U(1)D with the R-symmetry

U(1)R. The need for a U(1) R-symmetry with which the theory is twisted along D explains

why one cannot go higher than eight dimensions in the B-type constructions.
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Covariantly constant spinors on D × M6 are linear combinations of the products of

covariantly constant spinors on D and those on M6. The Calabi-Yau threefold M6 has two

covariantly constant spinors, one for each chirality. If D is flat, there are also two on D.

Accordingly, the theory has four supercharges when D is flat. Under U(1)D × U(1)R, two

of these supercharges have positive chirality on M6 and weights (±1
2 ,±

1
2). The other two

have negative chirality on M6 and weights (±1
2 ,∓

1
2). (The supercharges of ten-dimensional

super Yang-Mills theory are spinors of positive chirality.) These supercharges generate

N = (2, 2) supersymmetry on D. As U(1)R rotates the scalars of the N = (2, 2) vector

multiplet, U(1)R is the axial R-symmetry and the twist on D is the B-twist.

As a gauged B-model, the theory has three chiral multiplets whose scalar fields are the

antiholomorphic components A3̄, A4̄, A5̄ of the gauge field with respect to local coordinates

(z3, z4, z5) on M6. These scalars make up a (0, 1)-form

A = A3̄dz̄3̄ +A4̄dz̄4̄ +A5̄dz̄5̄ (5.38)

on M6 with values in hC, so the target space of the gauged B-model is

X = Ω0,1(M6, hC) . (5.39)

The gauge group is

G = Map(M6, H) , (5.40)

and GC acts on X by complex gauge transformations. The G-invariant Kähler metric is

given by

g(v, w) = − 1

2g2
8d

∫
M6

Tr(v ∧ ? w̄ + v̄ ∧ ?w) (5.41)

for hC-valued (0, 1)-forms v, w on M6, where g8d is the gauge coupling.

This example may be thought of as the complexification of the B-type construction

of Chern-Simons theory discussed in section 5.3, in the sense that the real coordinates on

M3 in that example are replaced by complex coordinates on M6 here. Correspondingly,

the superpotential is essentially given by the Chern-Simons functional constructed from A.

The Chern-Simons form is a three-form, so to be integrated over M6, it must be wedged

with the holomorphic volume form Ω3 of M6:

W =
2i

g2
8d

∫
M6

Ω3 ∧ CS(A) . (5.42)

Here we have normalized Ω3 in such a way that Ω3∧Ω3 equals −i/8 times the volume form

of M6. The overall normalization is explained in appendix A.

The above superpotential is the action for holomorphic Chern-Simons theory. There-

fore, the Ω-deformation of eight-dimensional super Yang-Mills theory on D ×M6 is holo-

morphic Chern-Simons theory on M6.

The corresponding A-type construction is based on seven-dimensional super Yang-Mills

theory on I ×M6. The theory may be reformulated as supersymmetric gauged quantum

mechanics on I with target X and gauge group G, and in this description we know what

the boundary conditions should be.
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Now we consider dimensional reductions to five- and four-dimensional Chern-Simons

theories.

First, let us take M6 = M4×R×S1 and reduce the theory on S1 to get super Yang-Mills

theory on D×M4×R. If we write z3 = (x3−ix8)/2, z4 = (x4−ix9)/2 and z5 = (x5−ix10)/2,

the superpotential becomes

W =
1

g2
7d

∫
M4×R

Ω2 ∧ CS(A) , (5.43)

where Ω2 is the holomorphic volume form of the Calabi-Yau twofold M4, defined by Ω3 =

Ω2 ∧ dz3, and

A = A3̄dz3 +A4̄dx4 + (A5 + iφ10)dx5 , (5.44)

with the scalar φ10 coming from A10.

This superpotential is the action for five-dimensional Chern-Simons theory, so the Ω-

deformation of seven-dimensional super Yang-Mills theory on D×M4×R is five-dimensional

Chern-Simons theory on M4 × R. The A-type construction involves six-dimensional N =

(1, 1) super Yang-Mills theory on I×M4 × R.

Taking M4 = M2 × R × S1 and reducing the seven-dimensional theory on S1, we get

six-dimensional N = (1, 1) super Yang-Mills theory on D ×M2 × R2. The superpotential

for the gauged B-model is

W =
i

2g2
6d

∫
M2×R2

Ω1 ∧ CS(A) , (5.45)

with Ω2 = Ω1 ∧ dz4 and

A = A3̄dz3 + (A4 + iφ9)dx4 + (A5 + iφ10)dx5 . (5.46)

With the Ω-deformation turned on, this setup yields four-dimensional Chern-Simons

theory on M2 × R2 [30]. The A-type construction makes use of five-dimensional N = 2

super Yang-Mills theory on I ×M2 × R2. This setup is essentially the same as the one

proposed in [45, 46].

Taking M2 = R×S1 and reducing these theories on S1, we get back to the A-type and

B-type constructions for Chern-Simons theory on R3, described in section 5.3.

One can analyze the above sequence of dimensional reduction and deduce the relevant

twist for each of the theories that appear in these constructions. A comprehensive list of

twists and the relations between them under dimensional reduction may be found in [57].

The B-type constructions use (5 + n)-dimensional maximally supersymmetric Yang-

Mills theories on D ×M2n × R3−n. Starting from n = 3 and going down to n = 2, 1 and

0, we find that they are twisted along D × R3−n with the Spin(5 − n) R-symmetry. In

particular, for n = 0, we have the fully twisted N = 2 super Yang-Mills theory on D×R3.

On the A-type side, we have (4+n)-dimensional maximally supersymmetric Yang-Mills

theories on I ×M2n × R3−n. As we argued in section 5.3, for n = 0, we get the GL-twist

on I × R3 with the parameter t determined by the phase of the Ω-deformation parameter

ε. Tracing back the sequence of dimensional reduction, we deduce that the theories are

twisted along I× R3−n with an Spin(4− n) subgroup of the R-symmetry group.
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A Eight-dimensional super Yang-Mills theory as N = (2, 2) supersym-

metric gauge theory

In this appendix we formulate eight-dimensional super Yang-Mills theory as an N = (2, 2)

supersymmetric gauge theory when part of spacetime is a Calabi-Yau threefold. Since the

theory is the dimensional reduction of ten-dimensional super Yang-Mills theory, we will first

rewrite the supersymmetry of the latter theory in the form of N = (2, 2) supersymmetry.

To begin with, let us recall spinors in ten dimensions. We work in Euclidean signature.

Spinors in R10 are representations of the Clifford algebra, generated by the gamma

matrices ΓI , I = 1, . . . , 10, satisfying the relations

{ΓI ,ΓJ} = 2δIJ . (A.1)

The chirality operator −iΓ1 · · ·Γ10 has eigenvalues ±1.

Introduce the complex coordinates zi = x2i−1 + ix2i, i = 1, . . . , 5. Then, the corre-

sponding gamma matrices

γi =
1

2
(Γ2i−1 − iΓ2i) , (A.2)

γ̄i =
1

2
(Γ2i−1 + iΓ2i) (A.3)

obey the relations

{γi, γ̄j} = δij . (A.4)

Thus, one may think of γ̄i as fermion creation operators and γi as annihilation operators.

In this language, spinors are states in the fermionic Fock space built on the vacuum

by the action of the creation operators. The chirality operator can be expressed in terms

of the fermion number operators γ̄iγi as

− iΓ1 · · ·Γ10 =

5∏
i=1

(2γ̄iγi − 1) . (A.5)

Spinors of positive chirality have an odd number of excitations, and those of negative

chirality have an even number of excitations. They have sixteen components.

A concise way of presenting spinors on C5 is to use differential forms. In this presen-

tation, spinors are linear combinations of (p, 0)-forms, with p = 0, . . . , 5. The action of
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the gamma matrices are operations changing the form degree by one:

γi = ι∂i , (A.6)

γ̄i = dzi ∧ . (A.7)

Positive chirality spinors and negative chirality ones are odd forms and even forms, respec-

tively. The product ᾱβ of two spinors α, β is defined by

ᾱβ = (αt ∧ β)top , (A.8)

where the transpose acts as

(dzi1 ∧ · · · ∧ dzip)t = dzip ∧ · · · ∧ dzi1 (A.9)

and αtop is the top component of α.

Now we consider super Yang-Mills theory on C5. The theory has a gauge field A and

a spinor field Ψ, and supersymmetry transforms them by

δAI = iε̄ΓIΨ , (A.10)

δΨ =
1

4
[ΓI ,ΓJ ]F IJε . (A.11)

Both the fermion Ψ and the supersymmetry parameter ε are spinors of positive chirality.

If the spacetime is not flat, ε must be a covariantly constant spinor. We are interested

in the case when the spacetime is C ×M6 × C, where M6 is a Calabi-Yau threefold. In

this case, covariantly constant spinors are either zero-forms or top forms on M6 since they

are the only forms that are invariant under the holonomy group SU(3). Hence, using the

holomorphic volume form Ω3 of M6, we can write

ε = ε−dz1 + ε+dz5 − ε̄+Ω3 + ε̄−dz1 ∧ Ω3 ∧ dz5 . (A.12)

We also write Ψ as

Ψ = −λ−dz1 − λ+dz5 + λ̄+Ω3 − λ̄−dz1 ∧ Ω3 ∧ dz5

+
4∑

k=2

(
−iψ̄k+dzk + iψ̄k−dz1 ∧ dzk ∧ dz5 + iψk+ι∂kΩ3 ∧ dz5 + iψk−dz1 ∧ ι∂kΩ3

)
, (A.13)

where we have chosen complex coordinates (z2, z3, z4) on M6 such that

Ω3 = dz2 ∧ dz3 ∧ dz4 . (A.14)

Plugging the above expressions for ε and Ψ into the supersymmetry variation (A.10)

of A, we get

δA1 = −iε−λ̄− − iε̄−λ− , (A.15)

δA1̄ = iε+λ̄+ + iε̄+λ+ , (A.16)

δA5 = −iε+λ̄− − iε̄−λ+ , (A.17)

δA5̄ = −iε̄+λ− − iε−λ̄+ , (A.18)

δAk = −ε̄+ψ̄k− + ε̄−ψ̄
k
+ , (A.19)

δAk̄ = ε+ψ
k
− − ε−ψk+ . (A.20)
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From the supersymmetry variation (A.10) of Ψ, we find

δλ+ = ε+(2F11̄ − 2F55̄ − F kk) + 4ε−F1̄5 , (A.21)

δλ− = −ε−(2F11̄ − 2F55̄ + F kk)− 4ε+F15̄ , (A.22)

δλ̄+ = ε̄+(2F11̄ + 2F55̄ + F kk) + 4ε̄−F1̄5̄ , (A.23)

δλ̄− = −ε̄−(2F11̄ + 2F55̄ − F kk)− 4ε̄+F15 , (A.24)

δψk+ = 4iε̄−F1̄k̄ + 4iε̄+F5k̄ − 2iε+ε
klmFlm , (A.25)

δψk− = 4iε̄+F1k̄ − 4iε̄−F5̄k̄ − 2iε−ε
klmFlm , (A.26)

δψ̄k+ = −4iε−F1̄k − 4iε+F5̄k + 2iε̄+ε
klmFl̄m̄ , (A.27)

δψ̄k− = −4iε+F1k + 4iε−F5k + 2iε̄−ε
klmFl̄m̄ . (A.28)

Here εklm, k, l, m = 2, 3, 4, are the components of a completely antisymmetric tensor on

M6, with ε234 = 1.

We compare these equations with N = (2, 2) supersymmetry transformation laws.8

An N = (2, 2) vector multiplet transforms under supersymmetry as

δA± = 2iε±λ̄± + 2iε̄±λ± , (A.29)

δσ = −iε̄+λ− − iε−λ̄+ , (A.30)

δσ̄ = −iε+λ̄− − iε̄−λ+ , (A.31)

δλ+ = −ε+(F01 − 2[σ, σ̄]− iD) + 2ε−D+σ̄ , (A.32)

δλ− = ε−(F01 − 2[σ, σ̄] + iD) + 2ε+D−σ , (A.33)

δλ̄+ = −ε̄+(F01 + 2[σ, σ̄] + iD) + 2ε̄−D+σ , (A.34)

δλ̄− = ε̄−(F01 + 2[σ, σ̄]− iD) + 2ε̄+D−σ̄ , (A.35)

δD = ε+(D−λ̄+ + 2[σ, λ̄−]) + ε−(D+λ̄− + 2[σ̄, λ̄+])

− ε̄+(D−λ+ + 2[σ̄, λ−])− ε̄−(D+λ− + 2[σ, λ+]) .
(A.36)

An N = (2, 2) chiral multiplet transforms as

δϕ = ε+ψ− − ε−ψ+ . (A.37)

δψ+ = 2iε̄−D+ϕ+ 4iε̄+σ̄ϕ+ 2ε+F , (A.38)

δψ− = −2iε̄+D−ϕ− 4iε̄−σϕ+ 2ε−F , (A.39)

δF = −iε̄+(D−ψ+ + 2σ̄ψ− − 2iλ̄−ϕ)− iε̄−(D+ψ− + 2σψ+ + 2iλ̄+ϕ) . (A.40)

δϕ̄ = −ε̄+ψ̄− + ε̄−ψ̄+ . (A.41)

δψ̄+ = −2iε−D+ϕ̄− 4iε+σϕ̄+ 2ε̄+F , (A.42)

δψ̄− = 2iε+D−ϕ̄+ 4iε−σ̄ϕ̄+ 2ε̄−F , (A.43)

δF = −iε+(D−ψ̄+ + 2σψ̄− + 2iλ−ϕ̄)− iε−(D+ψ̄− + 2σ̄ψ̄+ − 2iλ+ϕ̄) . (A.44)

8The following formulas are obtained from N = 1 supersymmetry transformations in 3 + 1 dimensions

by dimensional reduction in the x1- and x2-directions. Compared to the formulas in [55], we have made

the rescaling σ →
√

2σ, φ→
√

2φ and F→
√

2F.
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These are the supersymmetry transformations in Minkowski spacetime R1,1 with coordi-

nates (x0, x1); we have defined A± = A0 ±A1, ∂± = ∂0 ± ∂1 and D± = ∂± + [A±, ].

Taking Wick rotation x0 7→ −ix2 into account, we see that the supersymmetry varia-

tions (A.15)–(A.28) are precisely of the form of N = (2, 2) supersymmetry transformations

if we identify

σ = A5̄ , (A.45)

D = iF kk , (A.46)

ϕk = Ak̄ , (A.47)

Fk = −iεklmFlm . (A.48)

Therefore, the scalars ϕk of three chiral multiplets, labeled by k = 2, 3, 4, are the compo-

nents of the one-form

A = Ak̄dz̄
k̄ . (A.49)

Let us reduce the theory to eight-dimensional super Yang-Mills theory on C × M6.

This turns the components A5, A5̄ of the gauge field to scalars σ̄, σ. As an N = (2, 2)

supersymmetric gauge theory, the target space of the theory is the space of hC-valued

(0, 1)-forms on M6, where h is the Lie algebra of the gauge group. We need to determine

the superpotential.

To conform to the notations used in the main body of the paper, we should relate the

N = (2, 2) supersymmetry transformations just described to the supersymmetry trans-

formations (4.9)–(4.21) for the Ω-deformed gauged B-model. The Ω-deformed B-twisted

supersymmetry is realized by the following supersymmetry parameters:

ε̄± = ± i

2
, (A.50)

ε± = −1

2
(V 1 ± iV 2) . (A.51)

It is easy to identify various fields across the two notations; in particular, we have the

identification

F = −iF12 . (A.52)

The right-hand side is the component of the two-form auxiliary field F in the Ω-deformed

B-model.

If we normalize the kinetic term of super Yang-Mills theory as

− 1

2g2
8d

∫
C×M6

Tr(F ∧ ?F ) , (A.53)

then the part of the B-model action that contains the auxiliary fields F, F is∫
C×M6

(
− 2

g2
8d

Tr(F ∧ ?F) + Fk
δW

δAk̄
− F

k̄ δW

δAk

)
. (A.54)

Choosing a basis {Ta} of h such that Tr(TaTb) = −δab, we can write the equation of motion

for F as
δW

δAak
=

2

g2
8d

Fka12 =
2

g2
8d

εklmF alm . (A.55)
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Since

δ

∫
M6

Ω3 ∧ CS(A) = 2

∫
M6

Ω3 ∧ Ω3 Tr(εklmδAkFlm)

= −16i

∫
M6

?Tr(εklmδAkFlm) ,

(A.56)

we deduce

W =
i

8g2
8d

∫
M6

Ω3 ∧ CS(A) . (A.57)

In section 5.4, we make a different choice for the chiral multiplet scalars. There, the

real coordinates on M6 are (x3, x4, x5, x8, x9, x10), and we treat A3̄, A4̄, A4̄ in the complex

coordinates z3 = (x3 − ix8)/2, z4 = (x4 − ix9)/2 and z5 = (x5 − ix10)/2 as chiral multiplet

scalars. This means that the volume form of M6 is (−dx3 ∧ dx8)∧ (−dx4 ∧ dx9)∧ (−dx5 ∧
dx10), and the holomorphic volume form Ω3 = dz2 ∧ dz3 ∧ dz4 is normalized in such a way

that Ω3 ∧Ω3 is −i/8 of the volume form. The equation for motion for the auxiliary field is

modified to Fk = −2iεklmFlm, but in the action there is an extra factor of 1/4 multiplying

the quadratic term in the auxiliary fields, so we obtain the superpotential (5.42).
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Montréal, Montreal, QC, (1987).

[52] G. Thompson, On the generalized Casson invariant, Adv. Theor. Math. Phys. 3 (1999) 249

[hep-th/9811199] [INSPIRE].

– 57 –



J
H
E
P
0
6
(
2
0
2
0
)
1
8
0

[53] A. Kapustin, K. Setter and K. Vyas, Surface operators in four-dimensional topological gauge

theory and Langlands duality, arXiv:1002.0385 [INSPIRE].

[54] D. Gaiotto, Twisted compactifications of 3d N = 4 theories and conformal blocks, JHEP 02

(2019) 061 [arXiv:1611.01528] [INSPIRE].

[55] E. Witten, Phases of N = 2 theories in two dimensions, Nucl. Phys. B 403 (1993) 159

[hep-th/9301042] [INSPIRE].

[56] D. Gaiotto, G.W. Moore and A. Neitzke, Wall-crossing, Hitchin systems, and the WKB

approximation, Adv. Math. 234 (2013) 239 [arXiv:0907.3987] [INSPIRE].

[57] C. Elliott, P. Safronov and B.R. Williams, A taxonomy of twists of supersymmetric

Yang-Mills theory, arXiv:2002.10517 [INSPIRE].

– 58 –


