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We consider the relativistic scattering of unequal-mass scalar particles through graviton exchange in the
small-angle high-energy regime. We show the self-consistency of expansion around the eikonal limit and
compute the scattering amplitude up to the next-to-leading power correction of the light particle energy,
including gravitational effects of the same order. The first power correction is suppressed by a single power
of the ratio of momentum transfer to the energy of the light particle in the rest frame of the heavy particle,
independent of the heavy particle mass. We find that only gravitational corrections contribute to the
exponentiated phase in impact parameter space in four dimensions. For large enough heavy-particle mass,
the saddle point for the impact parameter is modified compared to the leading order by a multiple of
the Schwarzschild radius determined by the mass of the heavy particle, independent of the energy of the

light particle.
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I. INTRODUCTION

There has been a renewed interest in perturbative quan-
tum gravity in part due to recent developments illuminating
arelationship between gravity and gauge theory amplitudes
[1,2], because of its relevance in high-energy, small-angle
scattering [3-9], and for connections to the dynamics
revealed in gravitational radiation [10]. The long distance
regime of this theory is particularly interesting as quantum
gravity has a simpler infrared structure than gauge theories.
For instance, there is a cancellation of collinear divergences
of wide-angle scattering amplitudes in the former theory,
but not the latter [11-13] and its logarithmically divergent
soft amplitudes have a ladderlike structure.

Since the infrared behavior of perturbative quantum
gravity is tractable, it is important to look for observables
for which long distance effects are particularly important.
A fundamentally infrared dominated physical quantity of
note in perturbative quantum gravity is the eikonal phase
that has been calculated for small-angle high-energy
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scattering processes. An eloquent overview of the eikonal
regime for this type of scattering is given in a set of lectures
by Giddings [9]. In recent years, related considerations
have been applied to more general kinematics and observ-
ables, using and developing amplitude techniques [14-27].
These concepts have been tested by exploiting new results
in generalized theories with gravity [28-35], and have
been extensively applied and compared to classical gravi-
tational scattering of massive objects, especially black
holes [36-49].

In this paper, we provide a detailed analysis of the
expansion around the eikonal limit directly in perturba-
tion theory for the gravitational scattering of a very light
scalar by a heavy scalar. We verify the diagrammatic self-
consistency of this expansion and rederive next-to-leading
corrections in arbitrary dimensions. Although the expo-
nentiation of the leading eikonal phase is a classic result,
and the next-to-leading correction has been studied inten-
sively [7,16,18,22,32], we are not aware of another explicit,
all-order diagrammatic treatment of the next-to-leading
correction.' Our analysis applies to arbitrary dimensions
and agrees with previous fixed-order calculations of this
correction [7].

The high-energy, small-angle scattering amplitude has
been shown to be largely independent of short distance

"This paper expands previous work made public by the authors
on this subject.
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physics. Giddings, Gross, and Maharana [6] argued that
the scattering of strings may be replaced by graviton
contributions alone with short distance physics playing
no significant role. As reviewed in [9] the leading eikonal
approximation is justified for high-energy, small-angle
scattering of equal-mass particles, because the impact
parameter as determined from the saddle point of the loop
integrations is larger than the typical gravitational radius
2GE by a factor of s/z. Thus nonlocal string effects are
actually subdominant to higher loop gravitational processes
for a large range of impact parameters. In a related analysis,
in [7] the scattering of massless closed strings from a stack
of D-branes was explored in various kinematical regimes
including the eikonal. In the region of impact parameter
large compared to relevant Schwarzschild radius associated
with the center of mass energy, this reference also finds that
gravity effects dominate. In a kinematic regime related to
the latter study, we will derive the first subleading con-
tributions coming from field theory corrections to the
eikonal phase, in arbitrary dimensions.

The eikonal approximation provides the leading contri-
bution, which exponentiates in impact parameter space.
Large impact parameters dominate the scattering in this
regime. The next-to-eikonal contribution to small-angle
high-energy gravitational scattering has to our knowledge
not previously been calculated in the manner described
below, although there has been much interesting pro-
gress on this topic for non-Abelian gauge theories [50-56].
In [57] the effective vertices at the next-to-eikonal level for
gravity are given. Our specific calculations will also make
contact with the extensive computations of Ref. [58].
A number of our results will involve special limits of
the diagrammatic calculations outlined there.

In this paper, we consider the near forward scattering
of unequal-mass scalar particles and compute power
corrections to the eikonal approximation in E%, where A
is the momentum transfer and E, the energy of a light
projectile that undergoes small-angle scattering by a heavy
target, nearly at rest. We will find potential corrections,
linear in this ratio, associated with both the next-to-eikonal
expansion and, at the same level, corrections due to the
nonlinear gravitational interactions.

In Sec. IT A we will review the calculation for the leading
eikonal phase to establish our conventions. We study
n-graviton exchange, and the self-consistency of expansion
around the eikonal limit in Sec. II B, going on to review
the exponentiation of the leading eikonal. We proceed to
calculating the next-to-eikonal power correction associated
with expanding the light scalar propagator in one-loop
diagrams in Sec. II C. At the same power, one-loop dia-
grams with seagull vertices and graviton trees are calcu-
lated in Sec. IID. In Sec. IIl we embed these one-loop
corrections in ladder exchange at arbitrary order and find
that the result is consistent with the exponentiation of
the first power correction. In four dimensions, only the

gravitational correction survives, and we calculate the
correction to the saddle point at this order. We conclude
with a summary and brief discussion of our results.

II. RELATIVISTIC SCATTERING

It was shown by ’t Hooft [3] that the scattering of
ultrarelativistic particles could be reliably studied by
considering graviton exchange in perturbative quantum
gravity. In the rest frame of one of the particles, the
gravitational field of the rapidly moving particle is that
of a gravitational shock wave, which can be described by
the Aichelburg-Sex]l metric [59]. The particle at rest is a
quantum particle whose dynamics can be described by the
solutions of Klein-Gordon equation in the Aichelburg-Sexl
background. This was the approach of 't Hooft [3] and the
results can also be obtained by summing a class of
Feynman diagrams in the eikonal approximation [9,60].
In this section we will demonstrate how this latter approach
can be extended to the next-to-eikonal level.

We will investigate the small-angle gravitational scatter-
ing of an ultrarelativistic light scalar particle of energy E,
off of a very heavy scalar particle. The mass of the heavy
particle, M,, is bigger than Ej, and both are much larger
than the transferred momentum. This approximation is
made not only because it simplifies the calculations needed
to determine the next-to-eikonal corrections. It will also
lead to power corrections of the form %, which in terms of

invariants is +/(—t)M,/(s — M2), much larger than the
corrections that characterize the scattering of equal-mass
particles.

We first review the exponentiation of the amplitude in the
leading eikonal approximation in the kinematic regime
described above. Then we consider the next-to-leading
eikonal corrections.

To make our kinematics explicit, consider the scattering

ptq—p+q, pP=p?=0, ¢=q>=M; (1)

with

Al=/-(p'-p)P? <Ey=p’ < M,. (2)
Thus, we take the incoming and outgoing momenta p and
p’ of the light scalar particle ¢ to be much larger than the
momentum transfer from the heavy to the light scalar,
AF = (p' = p)*, A*> = —|A|*. We will take g and ¢’ to be
the incoming and outgoing momenta of the heavy scalar,
labeled 6. We will always work to leading power in M, and
we seek the first power corrections in E,. Our calculations
will be carried out in the de Donder gauge.

For our calculations we choose to work in the symmetric
frame where A” = A? =0, p® = p'®=E, = |p|, which
we take nearly in the z-direction. In this frame we have
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p/’: E¢’pz’_é ,
2

= E Z+é
P ¢’pa 2 )

A* = (0,0,A), (3)

with p® = p'* = /Ej — |A[*/4. Here, p°=E; up to

corrections of relative order E;2, which we may neglect
through the first nonleading power. In the subsequent
discussion, we shall always take A®*=0, so that the
components of A will be integrated over two (or in
dimensional regularization 2 — 2¢) dimensions without a
change in notation.

A. Eikonal phase

Let us first consider this process in the eikonal limit to
establish our conventions. In this limit it is well known that
only ladder and crossed-ladder diagrams contribute. It will
be instructive to treat the cases where one and two gravitons
are exchanged between the scalars before moving to the
general n-graviton case.

1. One graviton exchange

Let us first work with the simplest case where only a
single graviton is exchanged (Fig. 1). The matrix element
corresponding to this diagram can be written as

) ik\2i L
M= (-5) SR M M)
(@

where

L;wa/)’ = Nualup + Nupve — Muwap (5)

is the numerator of the de Donder gauge graviton
propagator,

™(q.4 . M,) = ¢"q" + ¢"¢" —n"*((q-¢') —M2)  (6)

FIG. 1. A scattering process with a single graviton exchanged.
The heavy scalar is the solid line and the light scalar is the
dashed line.

is the scalar-scalar-graviton vertex, and x> = 32zG. For
amplitudes M, here and below subscripts label the
number of gravitons attached to the heavy scalar, and
superscripts the power in A/Ej,, so that superscript O
corresponds to the eikonal approximation.

We will use the fact that in the large M, limit

L;waﬂflw(Q7 q,7 Mzr) = 2M127(250a50ﬂ - ”aﬂ) + O(MGA)

(7)

To leading power in M,, the right-hand side of (7) is
independent of the momentum flowing through the vertex
so we will always be free to use this identity for any vertex
on a heavy line.

In the ultrarelativistic limit M, = Oand p° = |p| = E; so

(250a50ﬂ - 'Iaﬂ)faﬂ(P’ p qu) = 4E§) + O(Az)- (8)

Corrections are down by two powers of Ej. In the A =0
frame, p° = p’® by construction, and (8) holds.

We emphasize that the terms we have ignored at leading
eikonal order in (7) and (8) are suppressed by a factor
of either M, and Eé, respectively. Thus, when we consider
the Ei(ﬁ next-to-eikonal contribution in the following dis-

cussion, we will not need to consider corrections arising

from such numerator factors. This is one of the primary

benefits of working in this particular kinematic regime.
Using (7) and (8), we have

iK

g = (-5) S emam) ©)

2 A + e’

2. Two graviton exchange

Let us now consider the scattering process where two
gravitons are exchanged. In this case the matrix element
becomes

MY (— 3>4 <§>2<i>2(2n)-4<2M3>2

X/d4k1d4k254(k1 +k2+A)

x 1P (p, p— ki, M)t (p — ky, p'. M)

« 250a150ﬁ| - nalﬁl 250(1260/i2 - 77(12[1'2 1
k2 + ie K} + ie (p—k\)?+ie

1 1
) [(q+k,)2—Mg+ie+(q+k2)2-Mg+i€ ’
(10)

where we have made use of (7). Note that the sum in the last
line of (10) corresponds to combining the ladder (Fig. 2)
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FIG. 2. A two-graviton ladder diagram. The heavy scalar is the
solid line and the light scalar is the dashed line.

and crossed-ladder (Fig. 3) diagrams. In the large M, limit
and the A = 0 frame, we have

S(k{ + k9 + A°)

1 1
X
{(q+k1>2 “Mtie <q+k2)2—M,%+iJ

1 1
: 11
k?+ie+kg+ie} (1)

— (M) 15K + D) [

This expression can be simplified by the use of the
identities (see [61] and references therein), which we will
have several occasions to use below, on both the heavy and
light scalar lines,

1
W +ie @+ +w, +ie

Z 8w+ +w,)

Perms of w;
n—1 1
=45 .
(0 + +w");ga)j+ie
= (=27i)"'8(w) - 5(w,). (12)

In (11), w; = k?, n = 2. After applying (12) we have

l

= (-5 (5) @ren - emz)-2ni
x / d*y d*,5(K0)S(k9)5° (kq + ky + A)

x b (p,p — kl,M¢)TG2ﬂ2(p - klv[)/quS)

> 2500‘150/31 ~ Moy py 250“2 50/32 ~Nayp, 1
k2 +ie K+ie (p—k)?+ie
(13)

Note that the delta functions over £ and k9 guarantee that
P’ = (p® — k¥) = p'% so we are free to use the light scalar
vertex identity, Eq. (8). After applying this identity Mg
becomes

FIG. 3. A two-graviton crossed-ladder diagram. The heavy
scalar is the solid line and the light scalar is the dashed line.

l

MY (- 5) (5')2<i>2<zn>-4Mg<2M3><—2m><4E5,>2

« / ey S (K)5(R)5 (K, + ks + A)

1 1 1
X 9
K2 +iek3 +ie(p —k))? + ie

(14)

where we note that as above A* = (0. We next go on to
extend results of this form to arbitrary numbers of
gravitons.

B. n-Graviton exchange and expansion around
the eikonal limit

Let us now consider the form of the matrix element
when n gravitons are exchanged. In this case, the matrix
element is

; 2n i\ n
l./\/lg — (_ 5) (i) (0211—2(2”)4—411(2M¢27)n
2 2
X /d4k1~-~d4kn54(k1 +- 4k, +A)

- B 2804,008, = Na,p;
x H {T?‘ﬁ‘ (p—Kio1.p- Kthp)M
i=1

k? + ie

n—1 1
x T N2, .

,-11 (P - Ki)2 + 1€

1

X .

per;)fki |:(q + kl)z _M(z;— + e
* 1 (15)

(q+ky+-+kyy)*—M2:+ic|

where k; are the graviton momenta and

=1

The tensors r?"'ﬂ" (p—Ki_y,p—K;,M,) are the n scalar-
scalar-graviton vertices on the light scalar line. We have
made use of the heavy scalar vertex approximation, Eq. (7).
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As we saw in the two graviton case, the summation over all
permutations of the ordering of the graviton momenta onto
the heavy line generates all the diagrams.

Just as in the two graviton case, we can simplify (15)
by applying the identities (12) and (8) in succession. The
result is

M= <‘ %) ’ (é)n@z”‘z(zn)“-‘m

X 2MyH (=2mi) " (AEG)"
X /d‘*kl o d ke, (k) - (kD)

x53(k]—|—~~~+kn+A)

K2M6E25> "

= =2i(27)*M, <— 20207

x/d3k1~~d3kn53(k1+-~+k,,—|—A)

(17)

In this frame, the scalar propagators in Eq. (15) can be
expanded to the second inverse power of E, as

1
2p- K, - K? +ie
B 1
" 2EuKi—A-Ki - K?+ie

1 1 (A +Ki) - Ki+ + K32 18
T 2E, <Kf- + ie 2E,(K; + ie)? ) (18)
where K is defined in Eq. (16), and where K+ denotes the
transverse part of vector K.

For the leading power eikonal phase we will only need to
keep the first term in the expansion. For the expansion to be
meaningful, however, we must confirm that the ratios
(A +K})-K{/EyK? and Ki?/E,K} are small. This is
trivially the case for the term with K%?, but for the
transverse components we have to take into account that
the integration contour for each z-component k; of loop
momentum i can be pinched between poles from the
graviton propagators through which it flows. This possibil-
ity can already be seen for the n = 2 ladder and crossed
ladder, Figs. 2 and 3. In both cases, in addition to the single
pole from the p — k line, there are two pairs of poles in the
k* plane, at

k* = +ilkt| (19)

and at
kZ::i:i|A+kl|. (20)

These pairs of poles each pinch the k° integral, forcing the
k, contour to pass through regions where its size is of order
of magnitude of |k*| or of |A + k*|. These quantities may
be much smaller than |A| and, indeed, may vanish. In the
specific expansion of Eq. (18), however, the numerator is
linear in both k- and A + k-, ensuring that the ratio of this
correction term is always small. This shows that the
expansion is self-consistent for n = 2.

In fact, we can extend this argument and show the self-
consistency of the expansion for all n. The jth graviton
propagator provides poles located at k; = :I:ikjl, which
pinch the k; contour at zero when transverse components
vanish. The expansion still makes sense, however, if we can
find at least one momentum k] j < i, which contributes to
K% and which can be deformed away from the origin to
order A. That is, we only need to find a single loop
momentum k;, j <i that flows to the heavy mass propa-
gator and back on lines that both carry transverse momenta
of order A. Suppose no such loop exists. This would require
that every kjl =0, forall j <iorforall j > i. This would
imply in turn that either K+ =0 or A + K;* = 0.

In summary, whenever the numerators of the ratios in
which we are expanding are nonzero, we can find an
integration contour along which the denominators, E4K?,
remain larger than the numerators. This includes those
regions where K7 is pinched at zero, because those pinches
require the numerator to vanish even faster. An expansion
in Ki - (A + Ki)/2E,K? therefore makes sense. Notice
that this would not have been the case if we had expanded
in, for example, Ki-*/E4K? alone.

For now, we limit ourselves to the leading eikonal phase
from the first term of the expansion in Eq. (18). We will
return to the treatment of nonleading terms, such as those
in (18) in the following section.

It will be useful to symmetrize across the n graviton
momenta so that we have

1 M E \"
iIM0 = —4i(2x) EgM, — (—K "’)
n:

4(2z)?

x/d3k]-~d3kn53(kl+~-~+kn+A)

e ¥

i=1 l perms of k3

1
Kk

ol
(21)

{kz tie

In this form, we can again apply (12), this time for the k°
components, to get
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1/ KM _E\"
A0 2 ; ) £} N &
iIM, =4(2x) E¢Mgn! <1 102n) ) / &k, ---dk,
x 8(k3) - 8(k3)8* (ki + -+ + Kt + A)

: (22)

Now let us Fourier transform into (transverse) impact
parameter space,

. 2
) = [ S ermia

1 [ KRM,E;\"
—a(eMo) (S0t [ i

n

T[] -

i=1

The impact vector b is, as A, defined as purely transverse.
After summing over all n we have

iM'(b) = 2(s — M2) (eo® —1). (24)

The integrals in Eq. (23) for y, are divergent in four
dimensions. Whenever necessary we shall evaluate such
integrals D = 4 — 2¢ dimensions. With this regularization,
Xo 18 given by

K*M_E
~ o= 2-2¢), L
b)=——-- | dk
Zo(b) 4(2ﬂ)2_2€/ (kJ‘)2
= 2GM5E¢ b2 ¢ I'(—e¢), (25)

—ib-k*

where b = |b|. As is clear from the form of the integral, the
regularization is necessary in the infrared, with ¢ < 0. Here
and below, the required integrals and properties of special
functions can all be found in Ref. [62]. Expanding around
¢ = 0, we have

1

-+ terms independent of b} . (26)

Below we will encounter a related integral with an addi-
tional (positive) term in the denominator,

1 1
d2—2ekj_
(27[)2—25/ (k12 + (kz)2e

_ e [gﬂ’;{: K_e(kzb)} . (27)

—ib-k*

The function y, in Eq. (25) can also be found from the
k* — 0 limit of this expression.

The inverse Fourier transform of (24) back to momentum
space is dominated by the stationary phase point at

4GM E E
~ ¢ _ 2R 9

—_— = 28
|A| S|A7 ( )

where R, is the Schwarzschild radius of the heavy particle
and |A|?> = —t. Thus in the ultrarelativistic regime of
small momentum transfer, this process is dominated by
impact parameters larger than the Schwarzschild radius of
the target particle. We note, however, that because of the
asymmetry between the masses of the two scalar particles,
the point of the stationary phase of the inverse transform
occurs at a multiple of the Schwarzschild radius that is set
by the ratio of the momentum transfer to the energy, not
to the heavy particle mass. Therefore, at small but finite
angles, the scattering is dominated by impact parameters of
order R, divided by the scattering angle, rather than by the
ratio of the momentum transfer divided by the total center
of mass energy. In this situation, nonlinear gravitational
effects and corrections to the eikonal approximation are of
comparable size. We will return the transformation to
impact parameter below, when interpreting next-to-eikonal
corrections, neglecting any contributions that are concen-
trated at b = 0.

C. Next-to-eikonal power at one loop

There are many types of corrections that have been
studied to the set of diagrams discussed in the previous
section [4,9]. We will be considering only the following
three types of related corrections of the same order in
A/E,. First, we include those coming from the next term
to the scalar propagator in the eikonal approximation.
In other words, for each scalar in turn, we will keep at
most one insertion of the second term in the propagator
expansion of Eq. (18). The other two corrections are
shown in Figs. 4 and 5 which are also inserted only once.
One-loop corrections with three graviton-scalar vertices on
the light or heavy scalar line and self-energies of the
graviton give no corrections of the form A/E,. (As we have
seen, there are no A/E¢ corrections arising from the
numerator factors of single-graviton exchange, which also
simplifies our calculations.) We call this the next-to-eikonal

FIG. 4. A diagram with a seagull interaction. The heavy scalar
is the solid line and the light scalar is the dashed line.
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FIG. 5. A diagram with a triangle interaction. The heavy scalar
is the solid line and the light scalar is the dashed line.

approximation, including the specifically gravitational
corrections. We will show that next-to-eikonal corrections
are consistent with exponentiation in impact parameter
space, and we determine the leading corrections to the
eikonal phase () of the previous section.

Let us first consider the contribution that arises when we
retain the next order term in the expansion of the light scalar
propagators, Eq. (18). The correction to the amplitude in
Eq. (17) is then

KM ,E} \* 5
2(27[)3—% (2E¢)

X /d3kld3k253(k1 +k,+A)

IMY(A) = =2i(2x)**M,, <—

1 1 A-Ki+k,?
k2k2 (k% + ie)?
K.ZM E2 2 1
; 3-2¢ o=
—)21(277.') MO—<—W> 5

4
d3—25k1 d3—2€k2 > 2 N
1 2 =1

xkﬁ-@—@@) 5K 1 13). (29)

(ki) ]

where as above, we define the integrals by dimensional
regularization with € < 0. The Fourier transform to impact
parameter space is

K4M§E¢
32(27) %

z —ik-b
X/ dkl2 / &k, Lez ] N2
(k) (ki)? + (k)

<[y
x (ki -ky = (kj)?)
= 2i(s — M2)7}(b), (30)

iMia(b) = 2i(s — M2)

where, to isolate a potential contribution to the phase, we
introduce the notation 7)¢(b), which will appear again at
higher order. The transverse integrals are given by

1 1 —
(2”)2—2e/dz_26kl (kD)2 + (k)2 petk

i 2¢-2
= G b2k B) K (D)

— (kD)= K 1 (kD). (31)

This result can be derived from (27), using the functional
relation

(K () = ~Koes(2), (32)

and the invariance of these Bessel functions under a sign
change in their arguments: K,(z) = K_,(z). The resulting
integrals over products of Bessel functions are then given
by (note in this form the explicit symmetry under changes
in sign of the Bessel function indices)

o 2_}“_2 1-2+ +é’l/
A Z_fKﬂ<Z)KI/(Z):m 1T F<+ﬂ>

ng==+1
(33)

In spite of the (k¥)~2 singularity, the z integrals encountered
in the evaluation of Eq. (30) are finite at the origin in the
complex k* plane in D > 4 dimensions once the transverse
integrals are carried out. This may be seen from an
expansion of the resulting Bessel functions in Eq. (31).

Applying these integrals to Eq. (30), the amplitude is
found to be

. , K*M2E
lMéa(b> = 2l<S - Mg) W):‘;_‘ﬁk
X b4e—12—2€ F(%)Fz (% B €)F(% B 26)
I'(=2¢)
= 2i(s = M3)73°(b), (34)

which gives an explicit form for the function 74(b) as a
function of e. This result is consistent in analytic structure
in the e plane with the one-loop next-to-leading power
found in the analysis of string-brane scattering in Ref. [7].2
In particular, it vanishes in four dimensions. It potentially
provides, however, a finite correction starting at two loops,
given precisely by this result times the divergent single-
graviton phase in impact parameter space.

D. Graviton trees at one loop

Let us now consider the graviton tree corrections,
starting with the seagull interaction, Fig. 4, which we
denote as

*The variable p there is to be interpreted as 6 + 2¢ in this
comparison.
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M (_ %> 2<,~K2) 6) 2(i)(zn)"‘(zMi)2 G)

X /d4k1d4k254(k1 + ky + A)ehr@l2 (p, p')

% 2500!1 50/51 ~ Naypy 260“2 50ﬁ2 “Nayp,
k} + ie k3 + ie

1 1
x {(q—i—kl)z—M%—l—ie—i_(q—i-kz)z—M%—l-ie]'
(35)

We have again symmetrized graviton momenta and used
the heavy scalar vertex approximation, Eq. (7). The
explicit scalar-graviton seagull vertex, 712/ (p_ p') in this
expression, can be found in the convenient appendixes of
Refs. [58,63].

We now use the identities (11) and (12) to simplify
Eq. (39),

P T —,

x (M)~} (=2xi) / d*ky d*k>5(K0)5(KD)

X 53(k1 +k, + A)Tmﬁlazﬁz(p’ ?')

% 260(1]50/3| - 77(1,/}1 250(1250/)’2 - ’1(12/)’2
k} + ie K +ie

(36)

The numerator factors for the seagull diagram are readily
evaluated and give

(2680a,80p, = Ny, ) (2800, 808, = My, )7V %P2(p, p')
= 4p°p'"—p-p') m4E],
where we have used the fact that p - p’ is subleading by
two powers of E, compared to p°p'® in the ultrarelativ-
istic limit.

Organizing its factors in the same manner as for the
seagull, the graviton triangle diagram, Fig. 5, is given by

= (-5)(5) wenemr(3)

x (2M,)~" (=27i) / d*kyd*ho5(k0)5(K)

(37)

L
x 8k, + Ky + A)e(p, p') Z”;”

% 2500’150ﬁ1 = Na,p, 250“250ﬁ2 ~ Nayp,
k} + ie k3 + ie
X Talﬂlazﬂzﬂi(kl’ k>),

(38)

where @/1®P4 (k| k,) is the three graviton vertex, the
moderately lengthy expression for which may be found
in [58,63].

The relevant numerator factors for the triangle diagram
are found by a straightforward calculation and give

(2800, Bop, = N ) (20a,608, = Mayp,)

X Tﬂy(pv pl>L/4m/17alﬁ102ﬂ2M<k1 ’ k2)
= 8E;(ki> + k3%) + - -. (39)
Terms not explicitly included are either suppressed by the
ratio p - p'/Ej or are proportional to k7, i =1, 2. The
former are negligible to the first nonleading power, while
the second give integrals that vanish in dimensional
regularization.

Applying Eqgs. (36)—(39), we find for the sum of the
seagull and triangle diagrams,

iM(A) = 8iM,(27)° (%ﬁ) 2 @

x /d3k1d3k253(kl +k,+A)

11 A+ 1452
WK Az
kKiki A
= 2(s = M2)ix,"(A). (40)

where in the second equality we isolate the tree-level
prefactor. This correction to the amplitude in (40) has
the same power behavior in E, and A as the lowest-order
power corrections given above in Eq. (29). The dimension-
less factor that multiplies the prefactor is

K*M2ZE
. 1b A) — i o
l)(Z ( ) l<16(27[)3>

11 A2 +14§?
kik A’
(41)

X /d3k1d3k253(k1 +k,+A)

These integrals are not difficult to evaluate,’ using dimen-
sional regularization in terms of which the relevant integrals
are finite [58,64]. The result in four dimensions is

AMREN 15720 1
K ¢> pia (42)

. 1b . L
w2 <A)_l<16(2ﬂ)3 16 Al

For use below, we transform y3°(A) to impact parameter
space,

*We note that they occur as leading terms in scalar mass in the
calculations of Appendix B in Ref. [58].
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LA
16 (b)) — oA 1b(A
l){Z ( ) l (2]7,') )(2 ( )
K M2EZN 151
. c=¢
- = 43
l( 2567 )161) (43)

We will encounter this contribution to the imaginary
part in our discussion of n-graviton exchange in the next
subsection.

Finally, we note that the diagrams that are mirror
reflections of those in Figs. 4 and 5 (i.e., those with the
two distinct matter-graviton vertices on the light line) are
suppressed in the limit of a heavy sigma particle. This
simplifies the combinatorics of the next section and is a
practical advantage of this particular kinematic limit.

III. THE FIRST POWER CORRECTION TO
MULTIGRAVITON EXCHANGE

In the following, we extend our discussion to the first
power correction encountered in diagrams with ladder
exchange at arbitrary order. We will see that these correc-
tions are consistent with the same exponentiation of the
leading phase found from pure ladders in the eikonal
approximation.

A. n-Graviton ladders

Let us consider the set of all n-graviton ladder dia-
grams, organized as in Eq. (30), but not yet in the eikonal
approximation. We reorganize all possible permutations
of the {k;} into sets P~ and P* of lines attached to the
light scalar line before and after the graviton carrying
momentum k,,, respectively, with explicit permutations of
all lines within P*. This flow of momentum is illustrated
in Fig. 6.

We denote by |P*| the number of elements in each set.
Graviton momenta in [P~ | flow into the light scalar (p) line
from the line labeled k,, in the direction of the initial state,
and |P"| momenta flow from k,, onto the light scalar in the
direction of the final state,

KCMGEZ\" 1
2(2x)?

iM, =202x)M, <i

n!
1

2
i=1 kl

x/d3k,-~d3k,,53(k,+---+kn+A)
Sy Moird
X e
2 .
{P*} “perms k,ePt Lb=1 (p/+Kh) + i€

s flh

perms k,EP~
with the partial sums K, ;, defined as in Eq. (16) for each
permutation of gravitons within the sets P*. Note the

+

P_ p- KP7 P+K/P"7 P

FIG. 6. Flow of momentum for a general permutation of
graviton lines connected to the light scalar in Eq. (44).

momenta of lines in set P appear in light scalar propa-
gators with the momentum of the outgoing light scalar, p’.

In the frame of Eq. (3) for momenta p* and p’#, we can
rewrite Eq. (44) as

2M E nq
iM, = 4(27)*M E¢< W) L
x/d3k1...d3kn53(k1+...+kn+A)- lkilz
1P| i B
1P| i
XPerm%;eP- LIIK:; _ (AK +K? )+ e } (45)

The expansion of each denominator of this expression as in
Eq. (18) gives the full next-to-leading power result for these
diagrams. In the notation we have adopted, we write

iM, =iMO+iMb 4. (46)

where MY is given in Eq. (22) and where M ¢ summarizes
all linear expansions, which are manifestly suppressed by
one power of Ej,. Further corrections are suppressed by
higher powers of |A|/E,. We now show how the leading
corrections may be organized to provide a compact result,
which generalizes the one-loop calculations of the previous
section.

In organizing the first power correction, we make use of
the feature that any term explicitly proportional to l_(?, for any
graviton momentum K, results in a delta function 522¢(b) in
impact parameter space. We neglect all such contributions,
since we are interested here in finite-b behavior. With this in
mind, the term we are after, i M 1%, is the sum of contributions
from terms that are linear in invariants A - k; and inner
products E,, . 12/; from the squared partial sums K? in
Eq. (46). Our notation for these corrections will be
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iKM,Ey\" 1
iMla(A) = 2(2n)3‘2€M,,<lK ¢> —
n!

4(27)3-2¢

SIS (s3w)
lZJ +3 791

{ap}

(47)

We have introduced dimensional regularization to ensure
that our integrals are well-defined. We will deal with the two
sets of J'sin (47) in turn, starting with { 7; }. Each 7, collects
all terms proportional to A - ﬁ,- = A - ki, where we recall
that in the frame we are using, A®* = 0. These terms can be
written as

T = Al kY

{P=}

L
X{ 2 H-Kg+iezi:—1<;;+ie

Perm{k, }eP* b=1

Ll

x Z HKZ+Z€

Perm {k,}eP™ a=
Il

* Z ]-_[—KZ + ie

Perm {k, }eP* b=1

Lt I L

91(,1
x Z HKZ —|—Z€ZKZ +i€}’ (48)

Perm {k,}eP™ a=1

where 6, is one if momentum k; is carried by line a and is
zero otherwise. This result can be rewritten as a derivative
with respect to k%, as

T — AL kL

K e
TR R D oy | S

i {P*}{P~} Perm {k,}ePt b=

P
x> HKZHE}, (49)

Perm {k,}eP~ a=1

where the sign function ¢; is defined to provide a relative
minus sign for k;, depending on whether it is included in a
partition of lines that attach to the light scalar before or after
the graviton with momentum k,,,

€i:+1’ k[ePJrv

€ =—1, k; € P. (50)
We now apply a fundamental identity for eikonal sums,
which is closely related to the result, Eq. (12), used above for
the purely eikonal approximation,

[P i [P

Z H—KZ+16_H—kZ +ie’

Perm {k, }eP" b=

L . 1P|

> Nem-lgm o

Perm {k,}eP~ a=1

We review a proof of this eikonal identity because we will use
the technique in our treatment of ((;;) . We rewrite the product

of eikonal denominators associated with a specific permu-
tation of the lines in P* as

Pl P
_— = dx e~ k=ie) (52)
11;[1 -Kj +ie 11;[1 Kb 1

with xy, =0. A similar form is easily found for the P~
denominators. If we now sum over all permutations, the x;
integrals decouple, and we find

P ; P

Z H —-Kj +ie B H /oo dxpe e

Perm {k, }eP" b=
[P

"0 (53)

in which dependence is fully factorized.
The identities (51) completely factor the k7 dependences

for J ,(.") in Eq. (49), and for arbitrary n we find

T — ALKkt
5 LT
’3kf{P+};D }bl_[ ki+ie£[1kg+ie
I i
— Akt
’ [(—kf+ie)2+(k§+ie)z]

1P ; [P~
i

l
8 {P+}{ZP}/,([H—1<§, ¥ iegkg +ie

n—1

@y I (k). (54)

=2A- kl{
=1

i
(kf)z]
where in the second expression, {P"}{P~}/k; denotes
partitions without the graviton of momentum k;. As we
shall see below, the double pole at ki = 0 will be regulated
dimensionally, and no ie prescription will be necessary.
This form is clearly well-organized for combination with a
transform to impact parameter space and shows that in
general the evaluation of the resulting expressions will
require dimensional continuation. All the remaining &;
dependence reduces to delta functions, as in the leading
eikonal amplitude, because the remaining sum over
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partitions provides the combination i/(—k; + ie) +
i/ (k5 + ie) for each of the remaining k; # k;.
For the J g}} terms, linear in the three-dimensional scalar

products k,, - kg, we can begin with the same steps, starting
with the analog of Eq. (48).

T =Ka Ky y

P P-

PU L G
X{ 2 H—Kﬁie;—l{;ﬂe

Perm {k, }eP" b=1
1P|

i
x Z HKg—f—ie

Perm {k,}eP~ a=1

[P~

* Z H K7+le

Perm {k, }€P™ b

DM | P i M
Ki + ie 4= =K + ic

Perm {k,}eP~ a=1

where here the step functions 6, . restrict the sum to lines
that carry both of the momenta k, and kz. We will now give
a form in which this expansion can be rewritten in terms of

a momentum derivative, as we did for J l@

The appropriate derivative depends on the ordering of the
gravitons of momenta k, and k4 along the light scalar line.
Consider first those ladder permutations in which a > f;
that is, momentum k; flows out of the light scalar line
before k,. The Kk, - k; terms are generated by derivatives
with respect to kg, because every line that carries kg also
carries k,. The case when 8 > a is clearly reversed, and all
diagrams fall into one of the two cases. We shall refer to
these sets of permutations within P* as P,_; and P;M

We can separate the two sums over dlagrams with a > f§
and f > a by inserting a step function in the integral
representation of the product of eikonal denominators,
Eq. (52),

1P

b=1

where the second relation imposes the constraint on the
eikonal products. Summing over all permutations subject
only to this step function, we factor k, and k; from the

remaining momenta in PT, which themselves completely
factorize as above. For convenience of notation, we
represent the result as

Pap= D _Pusy

perms
\P* \

/ dxpe” i(kj~ie) “0(xq — Xp)

. . [P
1 1 1
B (_ku - k/} + l(;‘) (_ka + l€) (b_ll;[a”g _kh + l€> .
(57)

To this result, we will apply a derivative with respect to kj

to derive the corresponding terms in J fl;) Eq. (55). The
remaining terms contribute a result, Pgm, which simply
reverses the roles of « and f, and to which a derivative with
respect to k% is applied.

The same reasoning applies, of course, to the products of
eikonal denominators for gravitons in each set P~, deriving
in the same manner the quantity

a>/j - Zpa>ﬁ

perms
\P |
/ dxye” K Hi0% 0 (x, — xp)

|P~|
i i i
= | | . (58
(ky 4 ky + i€) (kg + i€) <a=1#aﬁ k, + ie) (58)

For this term, the derivative with respect to k% will be
applied. Putting all the terms together, we find

() _ 0 0

o __ 0
. [ak %]}, o

where P+ represents the product of factorized denomina-
tors in the corresponding sets. Using the explicit expres-
sions, Eqgs. (57) and (58), their analogs for f > a, and the

eikonal identities (51), Eq. (59) for J , can be put in a
form where the derivatives can be carried out,
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) 0 i i
K, K
Tap = ﬁ{akg [(-kg By ie)]

o i i
T (ki - kz+le)]

)

kS + ie

0 i
_8kz (kG + & + ie) (kG + Le)

P .
P

0 i
ok, (kG + K + kz + ie)

X .
(PP T kb, bt Kb €L

=K, Eﬂ(—2i)lm[

1 1 1
(ky 4 ky + i€) (ko + i€) (kg + ie)}
n—1

x 2o [ 8(ks).

a=1,#a.p

(60)

The factor with k, and k; can be simplified further by the
distribution identity,

1 1 1
—2Im
{(kw + ky + i€) (ko + i€) (kg + ie)]

+0(kp) =3

—2n [5(/@) — 8k, + k) (k;,y] .

(61)

1 1
(K5)? (k&)?

When integrated against an even function of the k's, any
double poles at the origin in this expression vanish, so there
is no need to keep track of ie terms in these denominators,
which are defined by dimensional regularization.

We are now ready to derive our general expression for
the factorized next-to-leading power correction associated
with the expansion of denominators. We do this by using
Eq. (61) in (60) for J ((1';3) and combining the result with

Eq. (54) for J S”) in Eq. (47). We then eliminate A in favor
of the k-, including / = n by using momentum conserva-
tion. This gives

KM _E,\"
iMla(A) = 2(27)3 2 M [ ——o—2
iM, ( ) ( 7[) 6(4(271.)3—25)

/Hd3 -2k, i 3 26<A+Zk>(2n)
7]-“(”)({kf,kf"})’

where, expanding the three-dimensional scalar products in
the 7

(62)

terms into transverse and z components, we find a

slightly complex result, labeled F(*)
further into a convenient form

f<”)({k ki'})
—1

1
12 €L L
-2, 15 (k%) (k - § ki -k )(kf)2

I=1#i

, which we organize

+ S(K5) (kg - kg + kgkj)

1 1 1
x ( 8(k3) Tt s(kz T 8(K; + k5) (kg)Z)

(kg+kz H (k%)
J=1#ap

-2 LTT s k%)

WIS

5(kZ) 5(](1) n—1
IR z} 306
{a.p} (kZ) (k;f) j=l#ap

n—1 n-1
+2ZH5’<Z (ki + & H 8(K%).

i=1 j#i {a.p} j=1#ap

(63)

In the second equality, we have dropped terms that are
identically zero, replaced ki? by —(k¥)?, because a
numerator factor of 12,2 for any i does not contribute
at finite b, as noted above, and reorganized the sums. The
third and fourth sums, involving products of transverse
vectors, cancel. Of the scalar products, those surviving
are the first sum, involving k, - k; when multiplied by
1 /(kf)z, and the second sum, over unordered pairs «a, S
that multiplies 5(kf + kj). There are n—1 terms of
the former kind, for i =1---n—1, multiplied by 2,
and (n—1)(n—2) terms in the latter sum. All terms in
both sums are manifestly equal, up to changes of variable
labels, giving an overall factor of n(n —1) = n!/(n —2)!
from this set of terms. Similarly, the products kgk/g in the

sum over pairs either vanish or are equal to —(k%)?. All
such terms with squared z components again give the
same result, and their counting is the same as for the
transverse scalar products.

Using the cancellations and counting described above,
the full result for the amplitude, Eq. (62), in terms of an
arbitrary choice of k, and k; is now relatively simple,
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iM}(A) = =2i(27)* M, <ﬂ%>
/Hd3 ki 26<A+Zk>
(27)"2 <i ) ] 111,/;5 (k%)

“n-2)!
x [(ki b - (k5)Y)

(ki)z} 5k + K5). (64)

For the special case, n = 2, this agrees with M%", the one-
loop integral of Eq. (29). Taking the transform to impact
parameter space gives

4 la o d2_2€A
iM, (b) = /—(2ﬂ)2_26

o (o)

deJ_ —ib~ :|n -2

eAbiMbe(A)

X

X

|:/ d3 2ek d3 Zek/j —1(kL+kl)b
k2 k2

« {(k; K- (K)?) ] ( +k2)]. (65)

1
(k5)?

In terms of the lowest-order phase %, given in Eq. (25), and
the one-loop correction, ¥} in Eq. (34), this result is

VAL () = o (s = ME) 70 ()78 (B). - (66)

which shows that the first power correction found by
expanding denominators appears times the expanded
lowest-order phase at each order in the sum over ladders.
Although we suppress dependence on the dimensional
parameter €, we recall that in four dimensions y¢ vanishes
linearly in e. In general, of course, there are finite con-
tributions to the amplitude from products of y}* with poles
from y,. The result, Eq. (66) is consistent with exponen-
tiation of this term at higher orders. If y1* exponentiates,
then real and imaginary parts generated by expanding the
exponential to any fixed order in the absolute square of the
amplitude will vanish. These higher power considerations,
however, are beyond this study.

B. Combining a graviton tree with ladders

We now go beyond purely ladder diagrams and consider
the sum of n-graviton exchange diagrams with a single
seagull, which can be written as

4 /3 2M2E2 nq
.4 4lbsg A) — (277) LM ¢ -
an ( ) E(Zp (27[)4 D)

x/d4k1-~~d4kn54(k1+ o+ k, + A)

1 1
e lg=xr+z

i=1 j=1

n n—1 n—1
]7 I

1
X .
pen;fki |:(q + kl)2 - Mtzf +1e
o 1
(q+ki+- k) = MG+ e’

(67)

The sum over index j generates all places where the seagull
vertex can be placed on the light scalar line, and the
permutations over the k; generate all the diagrams for each
placement of this vertex. Note there is an overcounting,
because exchanging the order of the seagull legs does not
result in distinct diagrams, so we divide by 2. A similar
manipulation can be carried out for the three-gluon triangle
diagram. The integrals of Eq. (67) and the corresponding
expression where a three-gluon triangle replaces the seagull
diagram, include the same sum of permutations over n — 1
heavy particle (¢) propagators, with the same overall delta
function ensuring zero energy transfer. Thus we can apply
(12) in the ultrarelativistic limit as we did for the purely
eikonal exchange contribution. On the light scalar line,
there are now n — 1 vertices and n — 2 propagators. Of
these, n — 2 vertices connect to single gravitons, and at a
single vertex to the sum of the seagull (Fig. 4) and graviton
triangle diagrams (Fig. 5). In the notation of Eq. (67),
the latter vertex is in position j, 1 < j < n — 1, and carries
momentum k; = k; + k;,; out of the light scalar line.
Here, momenta k; and k;, play the role that momenta k,
and ks played in our analysis of the n-single graviton
exchange above.

The application of Eq. (12) now factorizes the depend-
ence of all single-graviton momenta on the heavy scalar
line, setting all graviton energies to zero, and we find

2 n-=2
erllb _ —K MO_E(/)
4(27)3

—1
x Z/cﬁk;i/\/l;”(k;)

J
nooo [ Ak, n
x <f>/k253<z <-/>k,-+A>
i=1 l i=1
n—1
S
1Y% (68
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where we absorb a three-dimensional delta function that
sets k’; = k; 4k, into the function, M}"(k’), which
then becomes the same function of momentum transfer as
in Eq. (40) above, including its prefactor. The superscript
(j) on the product reflects this change, and indicates that
in the sums and products k; and k;, | are combined to a
single term, .

We have in Eq. (68) all placements of vertex j, which
carries momentum k;. We may sum over all permutations
of the n — 2 remaining vertices on the p line, which are all
indistinguishable and must be compensated for by an
overall factor of 1/(n —2)!. We thus have

1 —k2M ,E,\ "2
(n=2)!'\ 4(27)
x / &K iMIP(K))
n—1 3 n
Pk,
I/ (%

i#]
n n—1
<oy k) 3 0 Dg e (69

i=1

iM, =

‘i

For the set of momenta & - - - k;_y, k}, kjio - k,, the final
sum and product in this expression are in precisely the form
necessary to apply the identity, Eq. (12), so that we can set
all of their z components to zero,

= <if<ﬂ24n>E 4)

x / KM (K)

n—1 dzkl n
A1 (2

i#]

iM,(A) =

Uk, + A). (70)

This expression is ready to be transformed to impact
parameter space, which gives

' n—=2
o 1b -
) =20 -0 (), ()
where the lowest-order example, /\N/léb is the transform of
the same combination of seagull and vertex diagrams given
in Eq. (40), and where y1° is given in momentum and
impact parameter space by Egs. (42) and (43), respectively.

C. The full next-to-leading power

Summing over all n in i/ﬁo—i—ij\w/ll, we can now
combine the leading order result of Eq. (24) with the
first nonleading powers from expanding light scalar

denominators (66), which begins at n =2, and with
gravitational corrections (71), which also begin at n = 2,
to find

iM™ () = 2(s — M2)

x ([1 473" (b) + 73 (b)]eo™ — 1), (72)
where again the power corrections are i7}¢ from expanding
denominators and i7}? from the seagull and graviton
triangle. Their explicit expressions are given in Eq. (43)
for 7} (in four dimensions) and (34) for 719,

) =semrEg (5). 09
73%(b) =0 (4 dimensions). (74)

These, along with Eq. (34) for 3 in 4 — 2¢ dimensions, are
our basic results. The first contribution, if(%b, has been
known for some time; in particular, see [65], where it
appears as the first post-Newtonian correction to the
calculation of the deflection of light by a spherically
symmetric body in general relativity. It is also in agreement
with Refs. [17,66] and is consistent with [7]. In the
language of Feynman diagrams, one obtains the scattering
of a fast light particle by a black hole at leading order,
in accordance with the early work of [67]. The second
correction, the result for if(;“, starts at the two-loop level
and has appeared in Ref. [7], as noted above. For arbitrary
dimensions, both these contributions are of the same order
in the ratio |A|/E,. The seagull and graviton triangle
corrections are expected to exponentiate since they appear
to be contributions to the gravitational Wilson line to this
order. The exponentiation properties of ;(é“ are not immedi-
ately given by the reasoning here.

We may now see how the power correction )(éb affects
the amplitude in four dimensions, by transforming back to
momentum space. Assuming the exponentiation of i 1;(2 , we
start by rewriting Eq. (72) as

iMPT (b)) m 2(s — M2)[elo®+" ) 1] (75)
to find the correction to the stationary phase point, Eq. (28),
due to yi’,

MOH(A) = 2(s — M2) / 4’b eiA-b[ei&o(b)+x£”(b)) —1].
(76)

As usual, the condition %Phase = 0 determines the new
saddle point. In terms of R, = 2GM,, and using Eq. (23)
for yo(b) and (73) for ){ég (b), this condition reduces to
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|A|b? = 2R,E b — (3—2”> 2R2E,=0.  (77)

The relevant solution, at the large impact parameter, is

¢
bNR . 78
S<|A| 6 ) ( )

The first term on the right is the leading order saddle point
for the impact parameter, and the second term is the
correction due to the next-to-leading power eikonal phase.
While the leading order term shows that the impact
parameter differs from the Schwarzschild radius of the
heavy particle by a large factor of E,/|A|, no such
enhancement is present for the correction. As discussed
in Ref. [17,66], the same saddle point equation reproduces
the deflection of light in a gravitational field.

Thus as expected, the leading order result suggests that
the scattering process is dominated by large values of the
impact parameter for near-forward scattering. Nevertheless,
the power correction to the leading eikonal result shifts by a
finite factor times the Schwarzschild radius. Corrections are
proportional to the ratio of momentum transfer to projectile
energy and are independent of the heavy particle mass. This
suggests that for the system under study, small-angle
scattering is a transition region, where corrections to
eikonal propagation and gravitational self-interactions
can be of comparable sizes, although at this power the
former vanish in four dimensions. In this light it may be
interesting to look at yet higher powers in the our expansion
about the eikonal approximation [57].

IV. CONCLUSIONS

In this paper we have analyzed the eikonal limit for
the gravitational scattering of a high-energy or massless
scalar particle by a very heavy scalar. We have shown

the self-consistency of the eikonal expansion and have
shown that the exponentiation of the leading eikonal
applies as well for the first nonleading power in the energy
of the light particle. We have calculated explicitly the next-
to-eikonal contribution to this gravitational scattering
amplitude.

Working at leading power in the heavy particle mass, we
expanded the light particle propagator to next-to-eikonal
power and included gravitational interactions of com-
parable size, finding power corrections suppressed by a
single power of |A|/E, with respect to the leading eikonal
term. We have presented the nongravitational expansion
in arbitrary dimensions, where they agree with previous
calculations [7].

Corrections are pure phases, leaving leading-power
exponentiation unaffected, and are consistent with the
exponentiation of the power corrections themselves. The
next-to-eikonal corrections vanish in four dimensions,
while gravitational corrections cause the saddle point of
the impact parameter to shift in magnitude by an amount
comparable to the Schwarzschild radius of the heavy
particle. Our calculations are of relevance for the small-
angle scattering of a light particle from a black hole. We
hope it will also set the stage for the study of further power
corrections in diagrammatic or related analyses.
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