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Smirnov and Zamolodchikov recently introduced a new class of two-dimensional quantum field
theories, defined through a differential change of any existing theory by the determinant of the energy-
momentum tensor. From this 77 flow equation one can find a simple expression for both the energy

spectrum and the S-matrix of the 77 deformed theories. Our goal is to find the renormalized Lagrangian of
the TT deformed theories. In the context of the TT deformation of an integrable theory, the deformed
theory is also integrable and, correspondingly, the S-matrix factorizes into two-to-two S-matrices. One may
thus hope to be able to extract the renormalized Lagrangian from the S-matrix. We do this explicitly for the
TT deformation of a free massive scalar, to second order in the deformation parameter. Once one has the
renormalized Lagrangian one can, in principle, compute all other observables, such as correlation
functions. We briefly discuss this, as well as the relation between the renormalized Lagrangian, the T'T flow
equation, and the S-matrix. We also mention a more general class of integrability-preserving deformations

of a free scalar field theory.
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I. INTRODUCTION

The bootstrap is a powerful, nonperturbative, method to
study quantum field theory. Rather than starting with a
specific theory, one starts with a set of consistency relations
for the S-matrix that any theory, or any class of theories,
must satisfy. Assuming one succeeds in finding a solution,
a question arises: what theory, if anyj, is this the solution of?

In this paper we study this question in the context of
integrable two-dimensional field theories, for a specific
type of S-matrix. Two-dimensional integrable quantum
field theories (QFTs) can be characterized as theories that
have no particle production. One can discuss integrability
of the classical theory (no particle production at tree level),
as well as integrability of the quantum theory; the former
does not always imply the latter. In the simplest example
of an integrable theory, the sinh-Gordon model, it so
happens that the renormalized Lagrangian takes the same
functional form as the classical Lagrangian, and hence
quantum integrability follows immediately from classical
integrability.

Recently, Smirnov and Zamolodchikov [1] introduced a
rich new class of integrable two-dimensional theories. They
gave both the S-matrix for these theories, as well as the
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classical Lagrangian. Our goal is to find the renormalized
Lagrangian. Renormalization of these theories is highly
nontrivial. Indeed, from the form of the classical
Lagrangian, one would say that these theories are non-
renormalizable. If these were standard (nonintegrable)
QFTs, this would mean that one lacks predictive
power in the UV: when renormalizing, the finite part of
counterterms must be fixed experimentally, and for non-
renormalizable theories there are an infinite number of
counterterms. However, these theories are integrable, and
this gives an infinite number of constraints which, one may
hope, uniquely fix all counterterms.

The central equation in the analysis of Smirnov and
Zamolodchikov [1] is the TT flow equation. Starting from
any Lagrangian, the 77 deformation generates a one-
parameter family of Lagrangians satisfying the equation,

M — —4(T’1 TA. —

— (11)

(T%)%),
where £(4 = 0) is the original Lagrangian and T%, are the
components of the energy-momentum tensor of the finite 4
theory. The composite operator on the right-hand side is
defined via point splitting. It is important to note that
both sides of the equation are renormalized and UV finite;
this equation is not an RG flow equation. Rather, it is an
equation describing some particular one-parameter family
of theories. From the TT flow equation, it is simple to
derive a differential equation for the energy spectrum as
a function of A, and to derive the A dependence of the
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S-matrix. It is, however, not simple to find the renormalized
Lagrangian; this will be our goal. Our approach will be to
first solve the classical version of (1.1). Starting with any
theory, one may solve the classical 77T flow equation
perturbatively in A, using the classical energy-momentum
tensor for the right-hand side. The result will be the
classical Lagrangian of the 77 deformation of the original
Lagrangian. This Lagrangian must then be renormalized.
We find an unambiguous renormalized Lagrangian by
demanding that it gives the correct S-matrix: the one
required by the (renormalized) version of (1.1). We will
do this explicitly to one-loop order for the 7T deformation
of a free scalar.

The paper is organized as follows. In Sec. II we review
the TT deformation, as well as some elementary aspects of
integrability that pertain to it. In Sec. IIl we consider the TT
deformation of a free scalar. In Sec. IIl A we compute the
renormalized Lagrangian to one-loop order for the TT
deformation of a free massless scalar. In Sec. IIIB we
compute the renormalized Lagrangian to one-loop order for
the TT deformation of a free massive scalar. An interesting
result is that the renormalized Lagrangian is qualitatively
different from the classical Lagrangian. In Sec. IV we
discuss further aspects of TT. In Sec. IVA we discuss the
relation between the 7T flow equation and the S-matrix. In
Sec. IV B we discuss the relation between the renormalized
Lagrangian and the TT flow equation. In Sec. IV C we
discuss the relation between the renormalized Lagrangian
and correlation functions under 77. In Sec. IV D we show
that there is a broad class of deformations of a free theory,
going beyond 77T, that are integrable, at least classically. In
Sec. V we discuss future directions. In Appendixes A and B
we collect some useful integrals.

II. INTEGRABILTIY

In this section we review some elementary aspects of
integrability of two-dimensional quantum field theories [2],
as well as some relevant aspects of T7.

Consider the two-to-two S-matrix in a field theory with a
single particle species, of mass m. The energy and momenta
of the particles are parametrized by the rapidity 0,,

E(0;) = mcosh@;, p(@) = msinh@;. (2.1)
As a result of two-dimensional kinematics, the ingoing mo-
menta are the same as the outgoing momenta. The two-to-
two S-matrix is thus only a function of the rapidity
difference, 8 = 0, — 0,, and is denoted by S(0). Correspon-
dingly, the Mandelstam variables, in signature (4, —), are

s = (p; + p2)* = 2m*(1 + cosh @),
u=0.

t=4m* -, (2.2)

The ¢ channel corresponds to § — iz — 6, and the u channel
corresponds to 6 = ix.

The assumption of integrability is that there is no
particle production: the 2 to n S-matrix, for n > 2 is zero.
As a result, unitarity, which ordinarily is the inequality
|S(9)> < 1, becomes the equality |S(0)|*> = 1. Combined
with crossing symmetry, the symmetry of the S-matrix
under the interchange of the s and ¢ channels, we have the
set of equations,

IS@))> =1 and S(iz —0) = S(0). (2.3)
A solution of these equations is the CDD factor,
Sa(g)_sinhe—isina (2.4)

sinh@ + isina’

for any real a. It is easy to see that this is a solution, since
sinh(iz — ) = sinh €, and taking a ratio as above ensures
unitarity. A product of S,(6) over various a, [[,S.(0),
is clearly also a solution. A single factor, S,(@), is the
S-matrix for the sinh-Gordon model, where the parameter a
is related to the coupling.

A. TT flow equation

An interesting question is which theory, if any, has an
S-matrix that is some product of the S,(0). Progress in
this direction was recently made by Smirnov and
Zamolodchikov [1]. They consider an alternative basis of
solutions of (2.3),

S4(0) = exp (id;m** sinh(s0)), (2.5)
where s is an odd integer, and A, is a constant of dimension
—2s, so that A,m>* is dimensionless. A result of [1] is the
following: let S(@) be the S-matrix of some integrable
theory. Since the theory is integrable, it has an infinite
number of conserved currents, 5TS+1 = 00,_;. Suppose
one constructs a one-parameter family of theories, depend-
ing on the parameter A, that are deformations of this theory,
and have a Lagrangian that solves the differential equation,

oL

AY _AS
a/ls - _4(Ts¥l Ts+

R ARICAR) (2.6)

where 4, = 0 corresponds to the original theory, and Ti%

and G)i“_ | are the conserved currents of the deformed theory.
Then, [1] argue that the deformed theory is integrable, and
moreover, has an S-matrix given by S(0)S}(0).

The simplest case (the TT deformation) is that of a
deformation with s = 1, in which case the currents are
simply components of the stress tensor, 7,. Since every
theory has a stress tensor, the T7 deformation can be
performed on any theory, integrable or not. The differen-
tial equation for the A dependence of the Lagrangian is
therefore,
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oL _
o= =TT = (TP, (2.7)
Moreover, consider the simplest subcase of this, in which
one deforms a free massive scalar (so that the S-matrix of

the initial theory is the identity),

1

L =20¢p0p + V(). V= Em2¢2, (2.8)

where 0 =0, is the derivative with respect to the hol-
omorphic coordinate z = x; + ix,, and similarly 9 = 0: is
the derivative with respect to the antiholomorphic coor-
dinate 7 = x, — ix,. The S-matrix of the TT deformation of
the free scalar is (2.5) with s = 1,

S(6) = exp (iAm? sinh 0). (2.9)
The classical Lagrangian for the TT deformation of a
massless scalar was first found by Cavaglia, Negro,
Szécséenyi, and Tateo [3]. The classical Lagrangian for
the TT deformation of a scalar theory of the form (2.8),
with an arbitrary potential V(¢), was found in [4] and takes
the form

. v +_1+ 1458/1647345’ I=2(1-2V).
11—V 24
(2.10)

For 1 = 0, this reduces to the starting Lagrangian (2.8). One
can explicitly verify that the Lagrangian (2.10), combined
with its classical stress tensor, is a solution of the 7T flow
equation (2.7).

We now make several comments:

(1) An essential aspect of the TT deformation is that one
knows both how the theory changes, as described by
the flow equation (2.7), and how the S-matrix
changes, by picking up the phase factor (2.9). Let
us briefly review how this connection can be under-
stood. One may notice that in the massless case,
(2.10) is the Nambu-Goto action for a long string in
three spacetime dimensions, in static gauge. In work
predating the study of 7T in the form initiated by
[1], Dubovsky, Flauger, and Gorbenko [5] found the
S-matrix for this Nambu-Goto action to be (2.9); see
also [6]. Their computation did not explicitly use the
Lagrangian. Rather, they appealed to the knowledge
of the energy spectrum of a string, and then applied
the thermodynamic Bethe ansatz (TBA) equation,
which (for integrable theories) relates the energy
spectrum to the S-matrix. More generally, if one
takes the S-matrix for any integrable theory and
multiplies it by the factor (2.9) [7], then one can turn
the TBA equation into a differential equation for the
energy spectrum as a function of 4 [3]. At the same

time, one can start from the definition of the TT
deformation (2.7) and compute the energy spectrum,
as a function of 4, to find the same equation [1,3,8].
This establishes, for integrable theories, that the 7T
deformation (2.7) is equivalent to multiplying the S-
matrix by the factor (2.9). In fact, the 7T deforma-
tion is not unique to integrable theories; one can
study the 7T deformation of any theory. The relation
between the flow equation (2.7) and the change in
the S-matrix in this general case will be discussed in
Sec. IVA.

(2) In stating that the Lagrangian (2.10) is a solution of
the 7T flow equation (2.7), we treated the flow
equation as a classical equation. Consequently,
(2.10) is the classical Lagrangian. In the study of
Smirnov and Zamolodchikov [1], and in particular
in the computation of the energy spectrum and the
S-matrix, the 77T flow equation is treated as a
quantum equation, with operators on the right-hand
side." In particular, the Lagrangian on the left-hand
side of the TT flow equation is implicitly taken to be
the renormalized Lagrangian. Our goal in this paper
is to find the renormalized Lagrangian: to renorm-
alize, perturbatively in A, the classical Lagrangian
(2.10). The counterterms are chosen so that (2.9) is
the S-matrix of the renormalized Lagrangian. This is
what we show in Sec. III, to one-loop level.

(3) In finding consistent S-matrices through the boot-
strap, it is important to not only impose unitarity and
crossing, as was done in Eq. (2.3), but also to ensure
that the S-matrix has correct analytic behavior. The
S-matrices (2.5) do not have correct analytic behav-
ior—they grow exponentially at large imaginary
momenta. Such growth is inconsistent with the
behavior of a local quantum field theory. However,
rather than just discarding these theories, the ap-
proach in much of the 7'7 literature is to regard them
as quantum field theories coupled to gravity [9-13].2
The question of if it is correct to interpret the TT
deformed theories at finite A as gravitational theories
is orthogonal to the focus of this paper: we will work

'"More precisely, the composite operator on the right-hand side
is defined by point-splitting, and the right-hand side is defined up
to a total derivative (which is irrelevant for the change in the
action). The fact that via point-splitting one gets a finite operator
is nontrivial; this was shown in [8], and relies crucially on both
two dimensions and T, being a conserved current.

*The AdS; dual of the TT deformed theories is correspond-
ingly an interesting question, first studied in [14]. At large N one
expects the TT deformation to correspond to a change in
boundary conditions [15]. See also [16,17] for AdS studies,
[18,19] for related developments on TT and string theory in
AdS;, and [20] for studies of dS. Separately, understanding the
Hagedorn behavior and partition function of the 7T theories is an
interesting question [1,3,21-23].
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0 Q-Q

FIG. 1. The only divergent diagrams in the sinh-Gordon model
are tadpole diagrams. The combinatorics works out so that their
only effect is to renormalize the mass.

perturbatively in A4 around A = 0, and in this regime

these theories are quantum field theories.
We finish this section with a brief review of the one-loop
S-matrix in the sinh-Gordon model; this is a good warmup
for the one-loop calculation that we will perform in Sec. II1.

B. Sinh-Gordon model

As we mentioned, the theory that gives the CDD factor
S-matrix in (2.4) is the sinh-Gordon model,

2 ”bZ
(COSh(bd)) - 1) o= m s

(2.11)

(0¢)* +

l\)|>—

in which the coupling b is related to the free parameter  in
the S-matrix. For imaginary b, this is the sine-Gordon
model. In this section we briefly recall some properties of
the sinh-Gordon model, as originally discussed in [24].

It is instructive to expand the Lagrangian perturbatively
in b,

mb2

— ¢t +

m2b*

Gl P+ ...

(2.12)

(09)* +5m*¢* +

t\.)l'—‘

and to verify, to a few order in b, that (2.4) is in fact the
correct S-matrix. An immediate question that arises is that
(2.12) is the bare Lagrangian; presumably, we will encoun-
ter UV divergences and will need to renormalize the theory.
In fact, in two-dimensional theories with nonderivative
interactions, all UV divergences are of the trivial tadpole
type. In particular, the quartic interaction leads to the
divergent tadpole shown on the left side of Fig. 1, which
we cancel with a mass counterterm,

1 1 2
_§5m2¢2, om? :—mzbz/ dp G(p), (2.13)

2 (27)?

where G(p) is the propagator. Similarly, the ¢>**? inter-
action in the Lagrangian requires a counterterm,

2b2n—2¢2n .

- (2L>! (2.14)

Summing all these terms, the full set of counterterms at one
loop is

FIG. 2. The bubble diagram contribution to the sinh-Gordon
S-matrix.

2

Lo = _5b£2 (cosh(bg) —1). (2.15)

Through a redefinition of the mass, the renormalized
sinh-Gordon Lagrangian is the same as the classical
sinh-Gordon Lagrangian. Thus, the quantum sinh-
Gordon model maintains all the integrability properties
of the classical theory.

We now turn to the two-to-two S-matrix. For integrable
theories, the initial momenta are the same as the final
momenta, and so we define the S-matrix S(6) by

out(k3: kalky, ky)in = S(0)(27)*2w(k, ) 200( k)

With this definition, the S-matrix at zeroth order in the

coupling is S(® (@) = 1. The S-matrix is related to the
scattering amplitude A through

A

= 2.17
4m? sinh 0 (2.17)

At tree level, the amplitude is simply —im?b?, which gives
the S-matrix,

—ib?

s (6) = 4sinh @

(2.18)
At one loop, the s-channel amplitude, shown in Fig. 2, is

_m4b4 d2
2

_im*b?* (im - 0)
8z m’sinh@’

A = G(py + p2—q)G(q)

(2.19)

where the integral is performed in Appendix A, Eq. (A16).
Adding also the ¢ and u channels, the one-loop S-matrix is
thus
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S@)(9) = LA R (2.20)
327 sinh @ sinh &

These order b (2.18) and order b* (2.20) contributions to
the S-matrix agree with the Taylor expansion of the exact
S-matrix (2.4). One could in principle proceed to any order.
|

L =20¢p0¢ + %m%/ﬂ — 42(0p0)? + %Am“d)“ + 1622(0pOp)? + 222m*(DpOp)* > + §m6¢6 +...

The renormalized Lagrangian that we will find is given at
the end of the section, see Eq. (3.34).

We will compute the renormalized Lagrangian by taking
the classical Lagrangian, using it to compute the S-matrix,
and then adding appropriate counterterms so that the
S-matrix is given by what the definition of the 7T deformed
theories says it should be, Eq. (2.9). Stated differently,
as is standard in quantum field theory, in computing the
S-matrix using the classical Lagrangian, we will encounter
|

III. RENORMALIZATION OF TT
DEFORMED THEORY

We previously wrote the classical Lagrangian for the TT
deformation of a free massive scalar. In this section we
compute the renormalized Lagrangian to order A°, at one-
loop level. The classical Lagrangian was given by
Eq. (2.10). The first few orders in A are

(3.1)

|

UV divergences. We will cancel the divergences through the
addition of counterterms. The finite parts of the counterterms,
which are usually ambiguous, will be fixed by demanding that
integrability be preserved at the quantum level.

For computing the S-matrix, we switch to Lorentzian
signature, x; = it and x, = x, so that the holomorphic and
antiholomorphic coordinates are, respectively, z = ic, and
Z = io_, where o, =t + x. The action (3.1), to order A2,
is thus

1 1
-1 =- / dx dx, L = i/dtdx (28+¢8_¢ - §m2¢2 +4A(0, . pO_¢)* — Z/lm4¢4

F1672(0, pO_)® — 222m* (D, pO_p)* — §m6¢6 + )

where we are using the nonstandard convention that 0,
denotes %. The light-cone momenta are p, = @ + k. In
terms of the rapidity 0, of particle 7, the light-cone momenta
are p; , = me %, The Mandelstam variable is s = p?,
where p = p, + p,, is in light-cone variables, s = p?> =
p p_. Finally, the Feynman propagator is

Wladla)) = [ GEG(petr o)

G(p) = i

= 3.3
p+p_—m2+i€ (3:3)

In Sec. IIT A we compute the S-matrix for the special case
of zero mass. In Sec. III B we consider the massive theory.

A. Renormalization of TT deformation
of massless free scalar

In the massless limit, the Lagrangian (2.10) becomes [3]

c :%(—1 +4/1 +8/18¢6_¢).

This is of course the gauge-fixed Nambu-Goto action
for a string embedded in three spacetime dimensions, with

(3.4)

(3.2)

|
embedding coordinates X*(z, ) given by X = 7, X! = 0,

and X2 = /21¢.

To study the S-matrix in the massless limit, we hold s
fixed while taking m to zero and @ to infinity. In this limit,
the S-matrix (2.9) becomes

S =exp (ils/2). (3.5)

At zero coupling our action is that of a free massless scalar,
L =20¢0¢, with correlation functions, {(¢p(z;)p(z,)) =
Tﬁlog Z12Z12- Since the interactions involve only d¢ and
J¢, it is convenient to think of our fundamental fields as O¢
and J¢, with propagators given by

3There is an important distinction between this theory and the
standard Nambu-Goto theory, defined as the area swept out by a
string in D =3 embedding spacetime dimensions. For the
Nambu-Goto theory, there is D dimensional Poincare invariance,
which must be preserved under quantization. For instance, in the
standard quantization of string theory in light-cone gauge, D can
be anything; however, the spectrum is only consistent with
Poincare symmetry if D = 26 (or D = 3, which is exceptional
[25]). In the context of the 77T deformation of D — 2 free scalars,
we have no such restriction, as there was no Poincare symmetry
to start with. Physically, the action (3.4) describes small fluctua-
tions around a static long string. The S-matrix for Nambu-Goto
was recently studied in [26].
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FIG. 3. The one-loop contribution to the S-matrix in the TT
deformation of a massless free scalar (the gauge-fixed Nambu-
Goto theory). Solid lines represent propagators of J¢, while
dashed lines are propagators of d¢.

(0(21)0¢(z2)) = _4_;% (0¢(21)0¢(22)) = 41“12,
(0p(21)0(z2)) = %52(;512), (3.6)

where z;; = z; — z;, and to get the last equation we used
that 91 = 276%(z).

Let us now compute the S-matrix, to order A% The
S-matrix is related to the amplitude through S = 4/2s. At
tree level, the interaction —4A(0¢p0¢p)? in the Lagrangian
gives an amplitude A = ids>. Correspondingly, the first
order S-matrix is

S(l) = i—s,

5 (3.7)

in agreement with (3.5).

At one-loop level, we must compute the bubble diagram
shown in Fig. 3, where each interaction vertex is
—42(0¢pep)?. Since the particles are massless, one of the
two incoming particles is left moving, while the other is
right moving. This uniquely fixes the contractions between
the ingoing and outgoing particles and the d¢ and d¢ that
appear in the interaction vertices. Within the loop, along
one of the lines we have a propagator for d¢, and along the
other line a propagator for d¢.* Thus, the one-loop diagram
is, in Euclidean signature,

1 . 1 1 dr
L03) = s [ e oz =g [ Sanlper)

.z
(3.8)

where p = p; + p,, and the subscript E denotes
Euclidean, and Jy(r) is the Bessel function. We
first regulate the integral by putting a hard cutoff,

“The contribution of the mixed propagator (9gd¢) can be
ignored, as it leads to a local and divergent contribution to the
amplitude.

r=1/A, then evaluate the integral, and then take

A — o0, to get

1 dr
Lh) =gz [ nllper)
A p i
=2 _PE ) tl0g2 1
Tor 321 "7 08 )+64 Og(M)

(3.9)

Converting from Euclidean to Lorentzian signature, using
dtdx = —idx,dx, and p% = —p?, the s-channel amplitude
is thus

Ay = —16225>L(s),

L(s) :———;ﬂ(l—y+1og2)+64 10g< S).

(3.10)

Adding the #-channel amplitude (where ¢ = —s), and
dividing by 2s to convert to the S-matrix, the second order
S-matrix element is thus

(3.11)

The real piece matches the order A? part of the S-matrix that
we want, see Eq. (3.5).° On the other hand, the imaginary
and power law divergent piece of S will need to be
canceled by a counterterm of the form (O¢d¢)?. This
corresponds to a fairly trivial renormalization of A.

1. Quantum effective action

In fact, if instead of the on-shell S-matrix, we study the
quantum effective action directly, by integrating out high
energy modes, we find a number of interesting counter-
terms. As we will show, these terms do not contribute to the
S-matrix at second order in 4. However, they are necessary
in the computation of off-shell quantities, such as corre-
lation functions, and play a role in the calculation of higher
order terms in the S-matrix.

Let us introduce an external field configuration ¢,
through a shift of the field, p — ¢ + ¢. The A% contribution
to the effective action is given by the one particle
irreducible correlation function of the form

>The real piece comes from a —izx that comes from the log(—s)
term. Namely, replacing s with s + ie, we have log(—s — ic) =
—ir +log(s). The log(s) term gets canceled by the correspond-
ing t-channel contribution.
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r(p) = sz / P, / o (TT(22)TT (2. 20)) e
(3.12)

with either n = 0, 2, or 4 external legs associated with the
background field ¢p. We denote these terms by V.. Thus, for
instance, V, is given by

:——/dle/dz)cz |:8¢18¢2_4
2122 12

where we made use of the correlation functions (3.6),
and ¢; denotes ¢(z;). This integral exhibits a UV
divergence when the points z; and z, collide. (In addition,
there is a spurious infrared divergence, which is regulated
by the decaying external background ¢.) The UV diver-
gence is cured in the standard way, through the addition
of a local counterterm, /.., to the action. In order to
obtain the structure of the counterterm, we expand ¢,
around z;,

+c.c.

(3.13)

2
V2 = —;’?/dleaq_slégsaz&l/dez 5 (314)

‘212

and extract the UV divergent part of the x, integral.
Introducing a sharp UV cutoff A yields

1
d2X2 =
/ |le|2

where the ellipsis encode finite contributions. Thus, the
divergent part of the two-point vertex takes the form

d
2;;/ & onlogA+.... (3.15)
AT

2
Vv :%mg/\ / d*xd0p(9d)*¢,  (3.16)

where the argument of the logarithm can be made
dimensionless by dividing A by some IR scale.
Similarly, the four-point vertex is given by

.. 16
Vv, = 8,12/d2x1/d2x2 {5¢13¢13¢28¢2W
2
+ (01)*(0h>)? (4n)%,
- 2
+(36)2(56,) (4ﬂ)21?2] (3.17)

As before, we Taylor expand ¢, around z; and integrate
over x, to get the structure of possible UV divergences.
Only one divergent integral, which takes the form (3.15),
survives. In the minimal subtraction scheme, we thus end
up with the following set of counterterms:

I, = V&V 4 ydv = 22 10gA<32 / d*x DO(50)*¢

16 - _ _
L / d2x<a¢a¢)aa(a¢a¢)>. (3.18)
T
In fact, both counterterms are proportional to the equa-
tions of motion, 90¢ = 0. For the first term this is
manifest, while for the second term this requires a few
manipulations,

DOD0P)D(OBOP) ~ (0) (O95P) ~ ;009 2D(00)?

~ 10092009 ~0
Here in the first equality we acted with the derivatives
inside the parentheses and used the equations of motion.
We then regrouped the terms to get the second equality,
and then integrated by parts in both directions. The
equality with zero then follows by the equations of
motion, provided the field is on-shell. The effective action
is consistent with our computation of the S-matrix, as
these terms do not contribute to the perturbative S-matrix
at order A%; they vanish when contracted with on-shell

external particles obeying 99¢ = 0.

(3.19)

B. Renormalization of 77 deformation
of massive free scalar

In this section we compute the S-matrix, to order 22, of
the TT deformation of a free massive scalar. The relevant
part of the bare action was given in (3.2).

At tree level, there are two contributions to the ampli-
tude. The first is from the quartic interaction without
derivatives, which gives a contribution to the amplitude
of —6iAm*. The second is from the quartic interaction with
derivatives, which gives a contribution to the amplitude
of 2iAm*(2cosh?@ + 1). Converting from the amplitude to
the S-matrix via (2.17), the tree level S-matrix is trivially
seen to be the order A piece of (2.9)

SM (@) = iAm? sinh 6.

At one loop, there are two contributions to the amplitude.
The first comes from the tadpole diagram, and the second
comes from the bubble diagram.

(3.20)

1. Quartic tadpole diagrams

From the sextic terms in the Lagrangian, we have one-
loop tadpole diagrams that contribute to the S-matrix, see
Fig. 4.° From the last three terms in the action (3.2), we get
the quartic effective action,

®There are also tadpole diagrams that renormalize the mass;
these are trivial to remove with mass counterterms, and we
simplify notation by taking the mass in the Lagrangian to be the
physical mass.
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FIG. 4. Tadpole diagram contribution to the S-matrix of the 7T
deformation of a massive free scalar.

iLog = 2 (2<a+¢a_¢>2<72<a+¢a_¢> 2 (g?))
15
~ 80404 (0..40_) ~ - mS <¢2>).

The corresponding amplitude is

Awa = i22m*((2 + cosh 20)(72(0, ¢p0_¢)

—m¥(¢?)) — 16(0.,pO_¢) — 45m>(¢?)).  (3.21)
Now, using
-1 2 2 A2
(9) = 4plog (%) (0.40_4) =" (0) — 1.
(3.22)

where the first equation is found in Appendix A, Eq. (A6),
and the second is immediate after writing p? = p’>—
m? 4+ m?, we get that the tadpole diagram contribution
to the amplitude is

iA*mb m2
Apg = “in (15 =17 cosh 26) log <P>
£12 4A2
7 2= (16 + 9cosh20). (3.23)
T

2. Bubble diagram

We now compute the contribution of the bubble diagram
to the S-matrix. Since there are two quartic interactions in
the Lagrangian (3.2), one with derivatives and one without,
we need to consider the bubble diagram in three separate
cases, depending on which of the two is chosen for each of
the vertices, see Fig. 5.

a.No derivative.—If neither vertex has derivatives, then
the amplitude is the same as the corresponding one for
the sinh-Gordon model, computed in Sec. IIB,
provided that the coupling (m?b*/4!) is replaced by
+Am*. This gives

9 z
(a) — _/12 6(;__ )
A= hm <’ sinh 9>

(3.24)

b.One derivative.—Next, we look at the bubble diagram
with one vertex having derivatives. We get for the s-channel
amplitude

b 1 _ 1
AP — 4826 (Ee OO, 56(91+92)L__

+ 2cosh 9L_+), (3.25)
where L, is defined by the integral,
1 [ &k &k (p, — k)
L,=- a L 3.26
e 4/(27[)21<2—m2(p—k)2—m2 (3.26)

The integral L,, is computed in Appendix A, see (A18).
Combined with the trivial relations, p2e~(@+%) = and
p2e?1t0 = 5. we get for the amplitude

. 2 6 .
) 3ikm (ir—0)
s = 1-(2 h20) —
A 7 < 2+ cosh26) sinh @
2
+ 2cosh910gp>. (3.27)

Adding to this the amplitude in the ¢ channel,  — iz — 60
[note that cosh(izx —6) = —cosh® and sinh(iz —60) =
sinh @], and the amplitude in the u channel, § = iz, we
get the amplitude

AP = AP + AP 4 AY

3iA*m® m? 3
=- 2log™ + in(2sinh 6+ —— | ).
x ( OgA2+l”< o +sinhe))

(3.28)

c.Two derivatives.—Finally, we look at the bubble diagram
with both vertices having derivatives. We get for the
s-channel amplitude

2
AL =1622m* [S—4L++++ +8cosh G’LZL_Jr++
p p

+ +
+(1+4cosh?*@)L,_,_+4cosh*0L,,__|, (3.29)
where we defined the integral,
1 A’k k,k, (po —k, —k
L;u/a/} = _/ 272 B 2 (p )(2p/3 2 ﬂ) (330)
16 ) 2z)*k*=m* (p—k)*—m

The integral L, is computed in Appendix A, see (A21).
Using this to get A§C>, and then adding the s, ¢, and u
channels, A(¢) = A§C> + AE“) + A,ac), gives

ye i2*m® < .6(2 + cosh20)? A?
= i

8+57—
127 sinh @ o m?
m? A2 m?
+ 9010g—A2 + 8cosh26 <—2 + 3—m2 +3 logA2> > .

(3.31)
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AmA g A0, 00_¢)? A0, 00_¢)°
Am'g! Am'o! A0400_0)”
(a) (b) (©)

FIG. 5. The contribution of s-channel bubble diagrams to the S-matrix of the 77T deformation of a massive free scalar. The diagrams

are (a) Aﬁ“), (b) AE”), (©) Aﬁc).

d.All terms.—The full amplitude coming from the bubble
diagram is the sum of these three contributions,

-Abub = A(a) + .A(b) + .A<C), and is

. ir2mb A2 m>
Apuy = —247mPsinh*6 + s (62 +57—5+ 18log~5
2 A2 m>

3. Renormalized Lagrangian

The total one-loop amplitude is the sum of the contri-
bution A4 (3.23) of the tadpole diagrams and the con-
tribution Ay,;, (3.32) of the bubble diagrams. Adding these
two together, and converting to an S-matrix, we find that
the second-order S-matrix is

1
S2(9) = - §z2m4 sinh? @

im*2? A? m?
A 2 36100
487zsinh9( 0+69 7~ 3bloe s

A2 2
+ (32 + 60? + 541og %) sinh? 9) )

In fact, as discussed in Appendix A, when evaluating
divergent integrals, we discarded finite pieces, so more
precisely the order A% piece of the S-matrix is

2

1 : 422 AZ 2
§2(0) = - Exlzm“sinh2 I —_ ( "
m

A (032 1210
167 sinh 0 O8Nz

A? m?\ .
+ <20W + 1810gﬁ> sinh? 9), (3.33)

up to finite terms that are of the functional form of those
that can be obtained by changing the cutoff A in this
expression by a finite amount.

Since the linear term in A in the S-matrix (2.9) is purely
imaginary, unitarity completely fixes the real part of the 1>
term in the S-matrix: it was guaranteed that the real part of
$?)(9) would come out to —12%m*sinh? 0. On the other

hand, unitarity tells us nothing about the imaginary part
of S®)(8).

The second order S-matrix that we wanted to get is not
(3.33), but rather the order 4> piece of (2.9), which contains
the same real part but a vanishing imaginary part. We
obtained (3.33) as the S-matrix coming from the classical
(bare) Lagrangian (3.1). We will now add counterterms to it
in order to cancel off the imaginary pieces of (3.33). Our
ability to add local counterterms to the Lagrangian in order
to get the S-matrix that we want is not a generic property,
and is special to the theory being integrable. In particular,
generic amplitudes contain logarithms. However, with
local counterterms we can only cancel polynomials of
the Mandelstam variable s (equivalently, powers of sinh 0)
that may appear in the amplitude; we can never cancel
a term involving € [which involves a logarithm, when
expressed in Mandelstam variables, see Appendix A,
Eq. (A15)]. Indeed, we found that even though individual
contributions to the amplitude had terms involving 8, they
canceled from the final amplitude. This is as it should be,
since the S-matrix in an integrable theory can only have
poles and not branch cuts.

Adding the appropriate counterterms to cancel the ima-
ginary part of the S-matrix, the renormalized Lagrangian
is thus

L =20¢0¢ + %mzqﬁz — 4g(0pOp)* + %hm“d)4 + .
(3.34)

. . 7
where the renormalized couplings are

"The renormalized couplings also have finite pieces; we have
not written them, but it is straightforward to include them: in the
one-loop integrals that appeared in the computation of the
S-matrix, one should simply keep the finite pieces instead of
discarding them. If one were to use the renormalized Lagrangian
to compute correlation functions, it would be important to have
the correct finite pieces. Indeed, our ability to uniquely fix the
finite pieces of the counterterms, by matching to the desired
S-matrix, is essential. For future calculations, it will be better to
use dimensional regularization, rather than the hard cutoff that we
have used.
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g=4i+

/12 2 AZ 2
8’;‘ <IOW+9log%), (3.35)

Pm? [ A? m?
h= — (7= log— |. .
A+ e ( m2—|—39 ogA2> (3.36)

Already at one-loop level, we see that the renormalized
Lagrangian is qualitatively different from the classical
Lagrangian. Namely, in the classical Lagrangian (3.1) there
is only one scale, 4, and it appears as the coupling of both
quartic terms, ¢* as well as (9¢pO¢)?. In the renormalized
Lagrangian, the couplings ¢g and / for these two quartic
terms are different. It would be interesting to know what
happens at higher orders in A. In any case, it is clear that
quantum integrability gives rise to a more intricate renor-
malized Lagrangian than the classical Lagrangian coming
from classical integrability. This is qualitatively different
from what occurs in the sinh-Gordon model where, as we
saw in Sec. II B, the renormalized Lagrangian takes the
same functional form as the classical Lagrangian.

IV. THE RENORMALIZED LAGRANGIAN, THE
TT FLOW EQUATION, AND THE S-MATRIX

In Sec. IV A we will start with the 7T flow equation and
derive the S-matrix of the TT deformed theory (regardless
of if the original theory is integrable or not). In the previous
section, we used the S-matrix to get the renormalized
Lagrangian for the TT deformed theory. In Sec. IVB we
discuss general aspects of using the renormalized
Lagrangian to verify that the 7T flow equation is satisfied.
This then brings us back full cycle: from the flow equation
to the S-matrix to the renormalized Lagrangian and back to
the flow equation. In Sec. IV C we discuss how one can use
the renormalized Lagrangian to compute correlation func-
tions in the 7T deformed theory. In Sec. IV D we discuss
integrable deformations of a free theory that go beyond the
TT deformation.

A. From the TT flow equation to the S-matrix

In this section we present a derivation for the change in
the S-matrix of any theory, integrable or not, under a TT
deformation.®

We consider the n body S-matrix, where for notational
simplicity we take all particles to be incoming. Let S(6;) be
the S-matrix of some theory. The S-matrix of the TT
deformed theory will be shown to be

1
S(6;) exp <i,1m22 > sinhGij>, (4.1)

1<i<j<n

*We are grateful to J. Maldacena for suggesting all the key
steps in the derivation, as well as very helpful discussions.

where 0;; =60, — 0;, and 0; are assigned to the particles
sequentially in order from left to right.9 More generally, the
change in the S-matrix under a T, T, deformation will
be shown to be

S(0;) exp <i/1m2“1 (4.2)

> sinh(se,.j)>.

1<i<j<n

The currents, written as one-forms, along with the corre-
sponding charges, are

*j = T.ﬁleZ + G)s—ldz_’

0= [+ @3

xj = TydZ +0O,_dz,

R A

and the currents are conserved, dxj = dxj = 0. In terms of
these one-forms, the T, T, deformation can be written
in a simple form, as the wedge product,
(TS+1T5+1 - ®s—1®_s—1)dZ Adz = *j A *j- (45)
In order to show that the Ty, T, deformation, as defined

by (2.6), gives rise to the S-matrix (4.2), it is necessary to
show that the finite A theory has the matrix element,

(out / xj A #]in) = —’”82 ( 3 sinh(sQ,-j))(outhn),

1<i<j<n

(4.6)

As we said, we will take the out state to be empty, and
the in state to have n particles, each with rapidity 6;, so
that |in) = |0}, ...,0,).

It will be convenient to work in Euclidean signature. It is
then natural to use the radial coordinate as the time
coordinate: we take the contour of integration in (4.3) to
be a circle. We let ¢ be the angle around the circle.
Furthermore, we define the scalar quantity Q(¢) to be the
integral of the current part way around the circle, up to

angle ¢,
- ¢ .
0(p) = / W

Notice that d0(¢) = *J, and in addition, Q(¢ = 27) = Q.
Since the current is conserved, we have that d(*jQ(¢)) =
*jdQ(¢). This allows us to rewrite

(4.7)

°In the case of two-to-two scattering, taking 63 = iz 4 6, and
0, = in + 0, (we added the iz to make the particles outgoing)
gives back the phase factor discussed before; see Eq. (2.9), given
by exp (iAm? sinh 6,,).
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[winsi= [ dwiow) = [ «iow). @)

where in the last step we applied Stokes’s theorem. The
boundary 0 that appears here consists of two disconnected
circles: a small circle around the origin (corresponding to a
Lorentzian time that is in the far past) and a large circle
around the origin (corresponding to a Lorentzian time that
is in the far future). Since we have only incoming particles,
only the small circle is relevant. The left-hand side of (4.6)
is thus

<0ut|/*j/\ +Jin) = <0|L*jQ(¢)|Hl,...,6n>. (4.9)

The integral on the right is an integral over the angle ¢,
around the circle. As we move around the circle, xj is the
current at the angle ¢, while Q(¢) defined in (4.7) is the
integral of the current from O to ¢. For the moment, suppose
we consider a state of a single particle, |0;). It is an
eigenstate of the charge operator,

1 ~ 1
016;) =5m*e10;),  0l6;) = m’e™0;).  (4.10)

In the case of s = 1, the charges Q and Q are just the
holomorphic and antiholomorphic momenta, respectively.
We assume that the state of n particles that we have,
01, ...,0,), consists of localized particles at separated

angles ¢;, with the particle at ¢; having rapidity 0,. This
state is an eigenstate of the operator Q(¢),

k

1
EmSZeSQ"wl, ...,Hn>,

i=1

Q(#)l6,. ....0,) =

3 1 &
Q(¢)|91v---79n>Iim“ze““’flel,---ﬁn% (4.11)
i=1

where k is the maximum index i such that the particle
with rapidity 6; is at an angle ¢; for which ¢; < ¢.
An illustration is shown in Fig. 6. Q(¢) is a sequence
of step functions, undergoing jumps at ¢b;. We assume that
the value at precisely ¢; is given by the average of the value
to the left and to the right of ¢;,

0(¢)

N[ =

(Q(gi—¢) + 0(g; +¢)). (4.12)

When we go fully around the circle and get back to ¢p = 0,
we must have that 0 = Q(0) = Q(2x), when acting on this

state, which follows from charge conservation (since we
assumed that the out state is empty),

n
E et =0,
P

(4.13)

FIG. 6. The circle is a constant time slice, in radial quantization.
We have shown a time slice in the far past (small circle) where the
particles are well separated, and represented by the blue dots. A
particle at angle ¢; has rapidity ;. Q(¢) is the integral of the
antiholomorphic current around the circle, up to angle ¢; it
undergoes discrete jumps when passing through the particles.

We may now evaluate (4.14),
0 [ +i0@)or.....0,
1 L - 1
— s 50, N — 28 50 50;;
_Em;e Q(qﬁ,)—gm(Ze —l—Ze >

1<j<i<n 1<j<i<n

1
:_gmh > sinhso;;, (4.14)

1<i<j<n

where in the last step we used that the total charges is zero
(4.13), and thus so is the product of the total left charge and
total right charge, 0 = >} =1 e*%. We have thus shown
(4.6), and hence (4.2).

Although we took all particles to be incoming, the
answer is of course valid if some of the particles are
outgoing, which one can achieve by sending 6 to iz + 6. If
one wishes, one can also modify the derivation to make
some of the particles outgoing. Letting the index a denote
the ingoing particles and the index b denote the outgoing
particles, we get a contribution that is like the one we found
before, Eq. (4.14), but now with a sum only over the a
indices. This came from the small boundary circle. There is
also the large boundary circle, as discussed below Eq. (4.8),
which gives an additional contribution which is of the form
(4.14), but with b indices. Thus, we have

1 1
—gmzsz sinh 56,5 — gmhz sinhs6,;.  (4.15)

a<a b<b
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Multiplying the two momentum conservation equations,
Sael=>,e% and Y, e % =3, e 0%, gives that
> apsinh8,, = 0. Hence, (4.15) reproduces (4.14).

The S-matrix “dressing” (4.2), applied to any theory, was
first considered in [5,7] (for s = 1). This is naturally the
S-matrix of a QFT coupled to Jackiw-Teitelboim (JT)
gravity [9]. The desired result of this section—that this
is also the S-matrix of the TT deformed theory—then
requires showing that the 77 deformed theory is the same
as the theory coupled to JT gravity [10]. The derivation in
this section is more direct, by bypassing JT gravity, and it is
also valid for 7, T, deformations.

B. From the renormalized Lagrangian
to the 7T flow equation

The TT deformed theories are defined by the 77T flow
equation, Eq. (1.1). From the flow equation one can find the
S-matrix for the TT deformed theories, as we saw in the
previous section. Then, from the S-matrix, one may hope to
construct the renormalized Lagrangian; we did this explic-
itly in Sec. III for the TT deformation of a free scalar. One
thing that remains of interest to verify is that the renor-
malized Lagrangian satisfies the original 77 flow equation.
In this section, we make some general comments on this.
Everything we will say also trivially extends to the higher-
spin T, T, deformations described by (2.6).

In our setup, we started with the 7T flow equation
interpreted as a classical equation. The solution of this gave
the classical Lagrangian, which was our starting point for
constructing the renormalized Lagrangian. It is then no
longer obvious how the 77T flow equation manages to hold
as a quantum equation, with the renormalized Lagrangian
on the left and renormalized composite operators on
the right.

First we note that, as a result of the Ward identity, if one
has a conserved current, then the renormalized current can
differ from the canonical unrenormalized current only by
terms that are themselves conserved. For instance, in the
context of ¢* theory in four dimensions, the renormalized
stress tensor is, see e.g., [27,28],

T = T4 + no(n* 0> — 0# 0”3, (4.16)

where ¢ is the bare field and 7§ is the classical stress
tensor,

1 1 1
Ty = 0" o — ™ (5 (Odho)* + 5’"34’% + 5/10453)'
(4.17)
Notice that the renormalized stress tensor may differ from
the classical stress tensor: one must choose a specific 7, so

that 7" is finite. The improvement term on the right-hand
side of (4.16) is itself a conserved quantity, which is why it

appears. There are many other improvement terms; how-
ever, these all contain higher derivatives, and as our
couplings 4 and m are of non-negative dimension, they
are excluded on dimensional grounds.

Let us now turn to field theory in two dimensions. In two
dimensions, the equation for conservation of the stress
tensor is

oT = 00. (4.18)
We may deform the stress tensor by any quantity that is
itself conserved. In particular, we may send 7 — T — Jp
and ® — © — Jp. Since we need ® = O, we must have
Op = Op. Provided that this is satisfied, we can choose any
p, and thereby get a new stress tensor. The renormalized
stress tensor must thus take the form
T=Ty-0p, ©=06,-0p, (4.19)
where T, and ©, are the components of the bare stress
tensor, and p is something that would need to be computed
for the specific theory.10 Since in the TT deformed theory
the coupling 4 has negative dimension, there are an infinite
number of things that p can potentially be.

In any case, the quantity that we are interested in is the
one that appears on the right-hand side of the T7T flow
equation,

X =TT - 086. (4.20)
The relation between the bare X, and the renormalized X is
thus

X = (To—0p)(To— 0p) — (© — Ip)*

= Xo + (Y + pd p) + O(Y = pdp), (4.21)
where Y = p®, — pT, and we made use of conservation of
the bare stress tensor. Thus, X, and X differ by a total
derivative, which does not impact the action.

C. From the renormalized Lagrangian
to correlation functions

Suppose that we wanted to understand the A dependence
of correlation functions of ¢ for the 77T deformed theory
[29-32]. A straightforward way of proceeding would be to
compute the correlators perturbatively in A. If we were to do
this using the bare Lagrangian, then we would expect to

An important distinction with the ¢* theory in four dimen-
sions is that, in the T7T deformed theories, the renormalized
Lagrangian will acquire new counterterms that were not present
in the classical Lagrangian. So, for the purposes of this paragraph,
by “bare stress tensor” we mean a stress tensor computed
classically from a Lagrangian, but the Lagrangian is not the
classical Lagrangian but rather the classical Lagrangian plus all
terms that will be picked up after renormalization.
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find UV divergences. We could cancel these by adding
counterterms to the Lagrangian; however, since the finite
part of the counterterms is ambiguous, it would naively
seem that the correlation functions are ambiguous. It is here
that the results of Sec. III become important: we fully fixed,
to order A%, the renormalized action, by demanding that the
corresponding S-matrix be exp(ilm?sinh@). Assuming
that we can uniquely fix the renormalized action at arbitrary
order in 4, this then gives a way to obtain unique correlation
functions. If, instead of correlation functions of ¢, we are
interested in correlation functions of composite operators,
then we must, in addition, renormalize the composite
operators.

1. Stress-tensor two-point function

In this section we evaluate the two-point function of the
stress tensor of the 77T deformation of a massless scalar, to
second order in the coupling A. This is not a sufficiently
|

Th — (645)2 T
V1 +810¢0¢

_ (9g)
V1 +810¢0¢

high order in 4 for anything interesting to happen since, as
discussed in Sec. Il A, at second order in A there are no log
divergences. Thus, we expect to be able to get a finite
answer by simply evaluating the integrals via analytic
continuation, with no need for the addition of counterterms.
However, the computation we perform is a necessary
warmup for the computation at higher orders in 4.

The free massless scalar has a two-point function
(¢(21)p(z2)) = — -log zZ [see Eq. (3.6)]. The stress tensor
T,, has components T,, =T, T;; =T, and T ;. For the
free scalar, the only nonzero components are T = (O¢)?
and T = (O¢)>. Trivially, the two-point function is

(T (@) = s 4.22)

For the Nambu-Goto theory, from the action (3.4), one
finds that the stress tensor is

T, 0ob____1, (4.23)

T 1+ 800409 2

In computing the two-point function of the stress tensor, (T74,(z, )Tﬁﬁ(zz)) 1» perturbatively in A, we must account for the A
dependence of Tﬁ,,, which we expand in 4, wa =T, + AT + ... as well as the A dependence of the action (3.4), which
we also expand in A, [ = I, + 4| + - - -. Explicitly, we have

T = (0¢)?(1 — 4200 + ...),
I = / d?x(200p — 44(0pOP)* + ...).

T = (0¢)*(1 — 4200 + ...),

T = 22(3¢pdp)* + ..., (4.24)

We now proceed to compute, perturbatively in A, the two-point function of the stress tensor. At zeroth order in 4, the result is
that of the free scalar (4.22), while at first order in 4, all contributions manifestly vanish. Thus, we need to look at the order
2% contributions. We start with the simplest components, (7%-(z,)T%:(z,)). Since T%; starts at order A, we simply Wick
contract to get

21

(T2:(21)T(22)), = @m, (4.25)

at order A%. This result was found in [29], and all other components were then obtained from it through use of energy-
momentum conservation. However, it is instructive to calculate these directly as well. Proceeding, we next look at
(T*(z1)T*(z,)),. The only nonzero contribution is

2 2 2
(PP (), = 5 TET@NN) = s [ Pxssi s oo =1 (@420)

6 2 2 2 2 =2 14 4
(27) 13234241 I3Z3aZyy 1677 20,20

where we used (B12) to evaluate the double integral. Next, we look at (T%(z;)T%:(z,)). The only contribution is

(T Piter) = 20020090 00) = g [y = (4.27)

5 372 24 45 =3 °
87 21, 213223423 127% 29,27,

where we used (B4) to evaluate the integral.
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Finally, we look at (T#(z;)T*(z»)),. There are three distinct contributions. The first comes from the order A contribution

of T4,

<T(1)(21)T(1)(22)>

62 1

o (4.28)

(27)* 25,21,

A second contribution comes form the mixing of the order A part of the stress tensor and the first order in A part of the action,

-122% 1

—(TW ()T ()1,) = (1 < 2) = =324 / d*x3((01 ) 0p1 (0p)* (0p3)* (b3 )?) = ——+

(2”)4 Z?zz_%z '

Here, the only piece that contributes comes from a contactlike term: a contraction (J¢,d¢h3), which is proportional to a delta
function [see Eq. (3.6)]. A third contribution comes from two first-order in A pieces of the action,

1 2

(T(2)T ()] 1,) = % / P, ((

—4
334

N >+ 642 1
213214223224)2 (212214123Z34)2 (2”)41?2212

_2 ’

where the second term comes from the contactlike contractions between ¢ and O¢p. The integrals in the first term are

evaluated using the integrals in Appendix B, giving

1 1 472 1
/d2X3d2X4T 3 = il
T34 (213214223 204)

Combining all three contributions, in total we have
P ) = 3 (g e
“ 2= 87> 24zt 2,73,

>. (4.30)

4
212

This completes the computation of the two-point func-
tion of T, for the TT deformation of a massless scalar. It
would be interesting to repeat the computation for the 77T
deformation of a massive scalar. We save this for future
work; although we have the renormalized Lagrangian, a
necessary ingredient in the computation is, in addition, the
renormalized T, (for the massless case T, does not get
renormalized at second order).

D. Further integrable deformations of a free theory

In Sec. IVD 1 we show that there is a broad class of
integrable deformations of a free theory. In Sec. IV D 2 we
argue that this can be thought of as a consequence of the
higher spin T, T, deformations, of which TT is a
subcase. In Sec. IV D 3 we contrast this with theories with
nonderivative interactions, like the sinh-Gordon model,
which is the unique integrable theory in its class.

1. L=f(A0¢pd) is integrable

An important property of 77T is that the TT deform-
ation of an integrable theory is also integrable. An example
that we studied in Sec. III A is the TT deformation of
a free massless scalar, corresponding to a classical action
that is the gauge fixed Nambu-Goto action (3.4). In this

6 =2 °
3 )i

1 1 2
/J2X3L{2X4T = 7

27 4 =2 -
734 (214223234) 212212

(4.29)

|
section we show that, in fact, any action of the general
form

L=f(x),  x=20¢dp,

where f(x) is any function that is analytic in the vicinity of
x = 0, is classically integrable.

To show that the theory is integrable, we need to find an
infinite number of conserved currents, (7,,0,_,), which
we parametrize as

(4.31)

T, = (04)"1,(x). @, = (9)"" (Og)h,(x). (4.32)

The conservation equation 9T, = 00,_, becomes
X o5 ! !
/—13845[111‘,, — h, + xt}, — xh},]

= —(0¢) P pxty, + (09)*0*p((n = 1)y, + xh,).
(4.33)

We need this to be consistent with the equations of motion,
which are given by

A ')

=37 127

((04)*0°¢ + (09)* ).
(4.34)
Thus, we need to have that

—xt,, = (n = 1)h, + xh,,. (4.35)
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Inserting this into (4.33), we see that consistency with the
equations of motion further requires

£/ + 37" (x)

nt, — h, + xt, — xh), =2 7700

(4.36)

We can turn these two equations, (4.35) and (4.36), into one
equation. Solving (4.35) for ¢, gives

ha(y)
@)

trzz_hn+(n_1)/xdy

Inserting this into (4.36) gives an integral equation for 7,

hay) _ F0) + 3f" ()
y o
(4.38)

1 X
—xh!, — nh,, +§n(n - 1)/ dy

Given a Lagrangian £ = f(x), this can be explicitly solved
to obtain #,,. Therefore, the theory is classically integrable.

2. T, T, deformations of a free massless scalar

In addition to the 7T deformation, there are also the
higher spin T,,,T,,, deformations, defined earlier in
(2.6).ll These are like the 7T deformations, but with the
higher spin currents, rather than the stress tensor. They too
preserve integrability. One may want to view the general
integrable theory that we just discussed, £ = f(x), as being
formed from a superposition of T, T ; deformations of a
free massless scalar.

The classical Lagrangian for the 7T, deformation
of a free massless scalar is straightforward to find: one
solves the T, ,T,,, flow equation (2.6) as well as the
conservation equation 0T, = 00,_,, perturbatively in 1.
The resulting Lagrangian is [42]

= i 1(0pdp)rsH!, (4.39)

where the coefficients ¢, are given recursively through

n-1 o+l

Zm—!— )dm

dn—l—m? (440)

"Other variants of T7T include supersymmetric - versions
[33.34], the JT deformation [35], simultaneous J7 and TT
deformations [36,37], TT in curved space [38], and deformations
in quantum mechanics [39]. See also [40,41].

1 P
= Zmzz:l Cmdp—m

(LA ms)(@dm? +2p(1 + p)

-m(3+6p+s))

m—p-—1
(4.41)
Explicitly, the first several coefficients are
co =2, ¢ =4, ¢y =4(s +1)%
—(7s +3)(s + 1)°. (4.42)

For the special case of s = 1 (the TT deformation), this
reproduces the Nambu-Goto Lagrangian (3.4) found in [3].
For general s, there does not appear to be a simple closed-
form expression for the Lagrangian.

3. Uniqueness of sinh-Gordon

One of the motivations for this section was the well-
known property of uniqueness of the sinh-Gordon model.
More precisely, within the class of scalar field theories,

L =200 + V(¢), (4.43)
with symmetry ¢ — —¢, the sinh-Gordon model is the
unique integrable theory. A simple argument for this is to
look at the constraints that the existence of a higher spin
conserved current imposes on V/(¢) [43]."

The equations of motion are 99¢ = V'. Corres-
pondingly, the energy-momentum tensor is conserved,

_ 1
8T2 - 860, — 5 (8¢)2, @0 — V (444)

Next, looking at the spin 4 current, it must take the form

1

Ty = 1 (04)* + a(0°$)?, (4.45)
where a is some parameter. We get ©, by imposing
conservation of the current, 9T, = 00,, which yields

OT, = 0((0)>V) +2(0%})(0p)(aV" = V).  (4.46)
For this to take the required form, 0T, = 00,, we must
have (aV” —V) =0, the solution of which is the sinh-
Gordon potential.

The reason integrability for Lagrangians of the form
L = f(A090¢) is so much less constraining than for
Lagrangians of the form (4.43) is clear: for the former,

2An alternative is to consider the Taylor expansion of V(g)
and fix the coefficients by demanding that the tree level 2 to n
S-matrix be zero for all n > 2 [24,44]. As a practical matter, this
is significantly less efficient; see however [45].
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unlike the latter, there is a coupling 4 of negative dimen-
sion, which allows us to have currents (7, ©,_,) for which
both components have both holomorphic and antiholomor-
phic derivatives.

V. DISCUSSION

The perspective in this paper has been the following.
Given any quantum field theory, the 7T flow equation,

AL(2)

- —4(T%TE; = (T%)%),

2722 (51)
gives a one-parameter family of theories, with A =0
corresponding to the original theory. This equation serves
as the definition of the 7T deformed theory. We interpret
all quantities in this equation as renormalized and UV
finite. From this equation, it is simple to find the A
dependence of certain quantities, such as the energy
spectrum and the S-matrix, and (perhaps) difficult to find
certain other quantities, such as correlation functions. Our
perspective has been that we will use the flow equation
(or, more precisely, the S-matrix which follows from it) to
find the renormalized Lagrangian of the 7T deformed
theory. Once we have the renormalized Lagrangian we
can, in principle, compute all other quantities using
standard QFT perturbation theory. Of course, computing
with the Lagrangian, or defining the theory through the
Lagrangian, is not necessarily optimal. Indeed, for the TT
theories, the simplicity of the S-matrix and of the flow
equation (5.1) suggests that these are ultimately better
definitions and starting points for computations. Never-
theless it is, at the very least, conceptually useful to make
contact with the Lagrangian.

In Sec. Il B we computed, to one-loop order, the renor-
malized Lagrangian of the 77T deformation of a free massive
scalar. An interesting question is what the Lagrangian looks
like to all orders; the simplicity of the S-matrix gives reason
to be optimistic that there is a way of writing the Lagrangian
so that it too looks simple. Our study has been of the TT
deformation of an integrable theory. It would be of interest to
repeat the calculation for the T7 deformation of an non-
integrable theory. It is not obvious that in this case it is
possible to construct a renormalized Lagrangian satisfying
the necessary properties.
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APPENDIX A: ONE-LOOP INTEGRALS

In this Appendix we evaluate some one-loop integrals
that arise in the computation of the S-matrix of two-
dimensional massive theories.

1. Preliminaries

We start with the finite integral,

/ d*k 1 / dzkE 1 i
= l = s
(27)? (K* — m?*)? (2r)? (k% +m?)?  dzm?
(A1)

where we Wick rotated to Euclidean signature, ky = ik
and k* = —k%. Next, consider the divergent integral, which
we regulate by placing a hard cutoff,

[
(2 (& = m?)

./AdkE —ks
=1 _—
o 21 (k2 + m2)?
2
“ )) (A2)

i A? o A* +
T T\ Ay R T

The right-hand side is exact; we may simplify it by
dropping terms that go to zero as A goes to infinity. We
will simplify it further, and drop all terms that are finite. We
will do the same for all other divergent integrals, keeping
only log terms and A? terms (in fact, there is little point in
keeping the A2 terms, but we will do so anyway). Thus, we
write the above integral as

/dzk i (m
2r)? (B —m2)?  4n S\AZ)"

Using Lorentz symmetry we can evaluate the following
integral:

(A3)

d*k k,k, i m?
[ Gt =g tee () (4

We will need two additional integrals. The first is
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Pk kkkkg
/ (2”)2 <k2 _ m2)2 = E (nuvnaﬂ + Nuallup + ’/Iyﬂ"]va)

m?
x <A2 +2m? log <P> ) . (AS)
and the second is

/dzk A (0
(27)2 p> —m?> 4z 8\a2)

2. One-loop integrals

(A6)

We now turn to the one-loop integrals that appear in the
calculation of scattering amplitudes. We start with the finite
one-loop integral,

Ik 1 1
L(p?) = . (A7
)= | G 0
Introducing Feynman parameters, this becomes
! d*k
2\ — d

(r*) A x / 2n)

(A8)

k= p(1=x)7 + p2x(1 —x) = m??

1
/ dx/ (27)? [K* + p?x(1 —x) — m?]*’ (49)

where in the second equality we shifted the momentum
k = k+ p(1 —x). Using (Al) to evaluate the k integral
gives

i ! 1
Ly(p?) _EA dx(m2 —x(1—-x)p%)

Through a partial fraction decomposition, one can establish
that

(A10)

/ld 1 2 ) 1-4A -1 (A1)
X = 0 .
o A-x(1-x) 1-4A g\/1—4A+1
Thus our integral L, (p?) becomes
i \/1 —4m?/p* -1
Ly(p*) = > 5 5
272p*\/1—4m /p %1 4m?/p* + 1
] \—t/s—1
b eVt (A12)
ws\/—t/s +/—t/s+1

where in the second equality we used the Mandelstam
variables s = p* and ¢ = 4m> — p?. Let us write this in

terms of €, which we take to be positive. The Mandelstam
variables are

0
s =p?>=p,p_=2m*(1 + cosh) = 4m2cosh2§,

0
== —4mzsinh2§, (A13)
and so the expression appearing in L;(p?) is
/—t/s—1 >
~—— = -7 V—st =2m?sinh 6. (Al4)
v/ —t/s+1
As a result we have that
-t/s—1 ir — 60
log Y115 Ur=0) "~ (a15)
\/—st «/—t/s—i—l 2m sinh 6

where we used that s is really s + i¢, in order to pick the
correct sheet. Hence, our integral is

i (in—-0)
4z m?sinh @

Ly(s) = (A16)

Next, we consider the one-loop integral L, defined by

L _l/ de kﬂ (pb_ku)
mT g (2r)? k> —m? (p — k)*> —m?’

As before, we introduce Feynman parameters, perform the
k integral, and then perform the x integral. This gives

i P+ (i — 0)
L 1 9
7 Tor < * inhe

i m? cosh @
L I 70 . (A8
" T6x ( °g< > + 7= 0) G 9) (A18)

In evaluating L__, to perform the x integral we used

(A17)

/1 dxlog (A —x(1 —x))

0

L1 4A-1
—logA -2+~ [ dx—o
o8 +2A YA —x(1—x)

where the integral on the right is just the integral (A11) that
appeared earlier. This identity, as well as similar ones, are
easily established through integration by parts. Finally, we
look at the integral L

(A19)

uvafs

el =16 ) (27)2 kE— m? (p k)2 m>

(A20)
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Evaluating gives

L++++:Lpim2 (_4_cosh¢9+(iﬂ—9)>
64n  s? 3 3 sinhg )’
L., = 2523 <1—2cwh9+3un—m2$fg>,
L__ ., = g’;i(/\z 2cosh910g§ (m—H)COSSiEl(f:))
L+_+_:%(A—z—%cosh9+2log%+(ZH;Z))

(A21)

APPENDIX B: TWO-DIMENSIONAL MASSLESS
INTEGRALS

In this Appendix we record some two-dimensional
integrals. In two dimensions, we use the notation [z]“,
which denotes

1 1 B Z—u—& B Zd—u B (_l)a—&
[z z°Z

a |Z|2a - ‘Z|2a - [_Z]a 4

where the difference between a and a is an inte-
ger, a—da = n.

1. Two-point integral

The two-point integral is given by

ix : =7(=1)""7C(a _ 1
/d [213][z32) 7 C@CpC@) G
(B2)
where y =2 —a—f and z;; = z; — z; and
a) = M — (=1 F<1 - a)
Cla) = ) (1) O (B3)

where the second equality is a consequence of the dif-
ference in o and @ being an integer. This integral can be
easily obtained through Fourier transform for the case of
a=a and f = f3, combined with differentiation for the
other cases. A few two-point integrals that we will need in
particular are

1 ﬂ 1
Pxy—— , (B4)
/ ’ Z131532/2}3+2 'B +1z ﬁH _ﬁﬂ

1 s
2 — _
/dx32ﬂ—ﬂ_ ﬂﬁ_1ﬂ+1_ﬁ1’

Z23Z13Z13 <1 <12
1
d2X3 - (BS)
/ 2 z/f’;zfil Z/1}2“2/1}2
2. Three-point integral
The three-point integral is given by
1
Pxy—m
/ ! [Z41]a[Z42]b[Z43]C
1 1 _ _
= aib atbi2c2 (Aa,b,cf()(7)() + Ba,b,cg()(v)(»’
[212] 7 [z13] 2
(B6)
where y = z1,/z13 and
I'(l—a-b)T(1-c)T(a+b+c—1
A, —n ( _a_ ) I( _c) (a+b+c ), (B7)
- I(a+b) T(€) T'2-a-b-c)
rl—a)T(1-0b)T b-1
B, —x (_a)( )(a+_ )’ (BS)
. I'(a) T(b) T(2—a-»b)
FO0) =xFaF i (ba+b+c—1.a+b )7 F
x (b,a+b+é—1,a+b.j3), (B9)
2-a—b 2-a—b
9. 0) =x= oFi(e, 1 —a2—a=b )i ,F,
x (e, 1—a,2—a—b,y) (B10)

To get this result, we started with the expression for a
conformal four-point integral and took one of the points
to infinity."> A particular three-point integral that we will

need is
1 2r 1 1 1
Axy—5—s—F = —— (_——_—) (B11)
/ Z%4Z%4Z_L314 3 Z?z 133 2?3

“The conformal four-point integral is well known, as it is
equivalent to the integral definition of a conformal partial wave,
see e.g., [46,47]. An efficient way to evaluate the conformal
partial wave integral is by noting that the partial wave is a sum of
a conformal block and a shadow block (with coefficients that can
be established by taking the y — 0 limit). The two-dimensional
conformal block is a product of two one-dimensional conformal
blocks, which are trivial to establish. For more details, see for
instance [48,49].
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3. Double Integral

A particular double integral that we will need is [50]

a+p+y=2

/dzxodle [z01] = 7% cos

[z0]*[z1]*[1 = Zo]ﬂ[l - Zl]ﬂ

(g (a—a+p— B+y— 7)) Datatp+pty+i—4

><C(a)C(ﬂ)C(y)C<3_a;ﬁ_y>C<2_a_ﬁ+y>C<2+a_ﬁ_y>C<2_a+ﬂ_7>,

2 2

where C(a) was defined in (B3)."* Taking a = =2, a=f =0, and y = 7 = —2 + ¢ and sending ¢ to zero gives

1 21

1
/ dz)C3 d2.X4 )

T
2.2 2 22 H 44
213354201 D38ala 2 Znin

(B12)

' An efficient way to evaluate such an integral is to add an auxiliary point, in such a way as to make the integral conformal. The
resulting integral, which is similar to ones studied in[51], can then by evaluated through use of the Lorentzian inversion formula [52,53].
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