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1 Introduction

The last few years have seen great advances in the understanding of/appreciation for
symmetries in quantum field theory and quantum gravity. In quantum field theory in
d spacetime dimensions, symmetries come in two varieties: gauge and global. They are
distinguished by an integer 0 ≤ q ≤ d− 1, which indicates the dimension of the manifolds
on which operators charged under the symmetry are supported. Such a symmetry is re-
ferred to as a q-form symmetry, with q = 0 an ordinary symmetry and q > 0 referred to
as a higher-form symmetry [1].1 They are associated with a group G, which may be either
discrete or continuous. For an ordinary symmetry, G may be either abelian or non-abelian,
but for a higher-form symmetry G is necessarily abelian.

A q-form global symmetry is generated by its symmetry operators, which are topo-
logical operators Ug(M (d−q−1)) that have support on manifolds M (d−q−1) of dimension

1See also [2–5] for earlier discussions on higher-form symmetries in two spacetime dimensions.
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d − q − 1 and are labeled by elements g of the group G. Here, topological means that
correlation functions involving the operator Ug(M (d−q−1)) are invariant under continuous
deformations of M (d−q−1) provided that M (d−q−1) does not intersect any other operators
in the deformation process. Two such operators supported on the same manifold M (d−q−1)

may be fused according to the group multiplication law to produce a third operator:

Ug(M (d−q−1))× Ug′(M (d−q−1)) = Ug′′(M (d−q−1)) , gg′ = g′′. (1.1)

Standard lore holds that global symmetries are not allowed in quantum gravity. Con-
tinuous zero-form global symmetries lead to stable black hole remnants [6, 7], which have
been argued to cause problems for quantum gravity [8]. In string theory, any continuous
zero-form global symmetry of the string worldsheet is gauged in the bulk spacetime [9].
Likewise in AdSd/CFTd−1, under certain assumptions, it has been argued that q-form
global symmetries with q ≤ d− 3 (both continuous and discrete) of the boundary CFT are
necessarily gauged in the bulk [10].

A second bit of quantum gravity lore is the completeness hypothesis, which holds that
any gauge theory coupled to quantum gravity must have objects charged under every
finite-dimensional irreducible representation of the gauge group [11]. Such objects may
correspond to individual particles or collections of multiple particles, but in this work we
will abuse terminology slightly and refer to all such objects simply as “particles.” A gauge
theory that satisfies this criterion is said to be complete, whereas a gauge theory that
violates the criterion is incomplete. Arguments for the completeness of zero-form gauge
theories have been given on the basis of black hole arguments [7] and in the context of
AdS/CFT [10]. See also [12] for discussions in the case of discrete gauge theory.

Finally, a third bit of lore holds that the first two are related to one another: a quantum
field theory with gauge group G will have an electric one-form global symmetry if it does
not have particles in every representation of the gauge group. In other words, the principle
of no global symmetries is said to imply the completeness hypothesis.

However, this third bit of lore is false: if G is discrete and non-abelian [10] or continuous
and disconnected [13], the theory need not have any one-form global symmetry, even if its
spectrum is incomplete. In this paper, we will investigate and refine this bit of lore in
the context of discrete gauge symmetries. We will see that although incompleteness of
a discrete, non-abelian gauge theory does not necessarily imply the existence of a one-
form global symmetry, it does imply the existence of more general topological operators
supported on manifolds of dimension d− 2.

In discrete G gauge theory, there are certain discrete analogs of the Gukov-Witten
operators [14, 15], each labeled by a conjugacy class of G, that induce a nontrivial holon-
omy for the Wilson lines. In the pure gauge theory without matter, these Gukov-Witten
operators are topological and will be denoted as Ta(M (d−2)) with a a conjugacy class of G.
If G is abelian, all the Gukov-Witten operators are symmetry operators, and they generate
an electric one-form global symmetry that is isomorphic to G [1].2 When G is non-abelian,

2In three spacetime dimensions, the Gukov-Witten operator is not only labeled by a conjugacy class,
but also a representation of the centralizer group of that conjugacy class (see section 4).
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however, some or all of the Gukov-Witten operators may not obey a fusion algebra of a
group as in (1.1). Rather, the fusion algebra takes the general form

Ta(M (d−2))× Tb(M (d−2)) =
∑
c

N c
ab Tc(M (d−2)), (1.2)

for some nonnegative integer coefficients N c
ab. In the case when G is abelian, Ta and Tb

are symmetry operators, and there is only one term in the sum on the right-hand side
with coefficient 1. But for more general topological operators such as the Gukov-Witten
operators in a non-abelian discrete gauge theory, N c

ab may be nonzero for more than one
choice of c.3

In what follows, we will prove several statements regarding the relationship between
topological line operators and completeness in discrete G gauge theory weakly coupled to
matter in three spacetime dimensions. In particular, we will demonstrate that if there are
objects charged under every representation of G, i.e., if the spectrum is complete, then
every Gukov-Witten line operator ceases to be topological. Conversely, if the spectrum is
incomplete, then there will be at least one topological Gukov-Witten line.

But there is another statement of completeness we can make in 3d gauge theories. If
the gauge theory has matter φ transforming in some representation α, then a Wilson line of
representation α can end on a local excitation of the field φ. In the theory with the matter
φ, we therefore say that the Wilson line of representation α is endable. The condition
that the theory is complete is equivalent, therefore, to the statement that all Wilson lines
are endable. This naturally suggests a more general notion of completeness: we say that
a quantum field theory in three dimensions is totally complete if every line operator is
endable.4 We will show that a totally complete 3d field theory has no topological lines
whatsoever, and conversely, a 3d field theory that is not totally complete has at least one
topological line.

The relationship between completeness and the existence of topological codimension-2
operators can be generalized to higher dimensions. We will focus on 4d discrete gauge the-
ories, arguing that completeness implies the absence of topological Gukov-Witten surface
operators. Conversely, under certain assumptions, the absence of such topological Gukov-
Witten surface operators implies that the theory is complete. However, it is not true that
completeness implies the absence of any topological surface operators: we will see that 4d
G = Z2 × Z2 gauge theory has a surface operator which remains topological even if the
spectrum is complete.

We conclude therefore that within the context of discrete gauge theories, the “third
bit of lore” regarding the relationship between completeness and the absence of global
symmetries should be replaced with a new statement: completeness is not equivalent to the
absence of electric one-form global symmetries, but rather to the absence of a particular
set of codimension-2 topological operators. This revision naturally suggests a possible
modification of the “first bit of lore”: if q-form global symmetries, which are characterized

3Topological operators that are not associated with any global symmetry have been discussed extensively
in two spacetime dimensions [16–27].

4We thank Jacob McNamara for discussions on this point.
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by topological operators of codimension-(q + 1), are not allowed in quantum gravity, then
perhaps more general topological operators of codimension-(q + 1) are also forbidden?
In what follows, we will offer some explanations as to why we expect some sort of “no
topological operators” statement in quantum gravity, but we will leave a more rigorous
argument for future work.

The remainder of this paper is structured as follows. In section 2, we review higher-form
global symmetries and their associated topological operators. In section 3, we introduce
more general topological operators that are not necessarily associated with global symme-
try. In section 4, we discuss discrete gauge theories in 3d, presenting our main results on the
relation between completeness and topological operators, including the illustrative example
of S3 gauge theory. In section 5, we explain how these results may be generalized to gauge
theories in 4d. In section 6, we discuss topological operators in the context of quantum
gravity. Finally, we conclude in section 7 with a discussion of directions for future research.

2 Symmetry operators

In this section we discuss various basic aspects of global symmetries and their associated
symmetry operators. All these discussions are well-known, and we provide a self-contained
and streamlined review as a preparation for later sections.

2.1 Higher-form global symmetry

An intrinsic description of the global symmetry is given in terms of its symmetry operators.
It is independent of the explicit Lagrangian presentation (if it exists) of the underlying
system. This perspective was emphasized and generalized to higher-form global symmetry
in [1], which we review below.

In d spacetime dimensions, a q-form global symmetry transformation is implemented by
a symmetry operator Ug(M (d−q−1)) that has support on a codimension-(q+1) closed mani-
fold M (d−q−1). Here g ∈ G is an element of the group G. When the manifold M (d−q−1) lies
at a fixed time, this is an operator acting on the Hilbert space. When the manifoldM (d−q−1)

extends in time, this is a defect that modifies the quantization of the Hilbert space.5

The charged object of a q-form global symmetry is an operator V (C(q)) supported on
a q-dimensional closed manifold C(q) in spacetime. The action of the symmetry on V is
given by linking a sphere Ug(Sd−q−1) with C(q):6

Ug(Sd−q−1) · V (C(q)) = g(V )V (C(q)) , (2.1)

where g(V ) is the representation of g realized by the charged operator V . This equation
is understood physically via shrinking the Sd−q−1 to a point on the manifold C(q), which
removes the operator Ug at the expense of introducing the representation g(V ).

5Since we will mostly be working in Euclidean signature with no choice of a preferred time direction,
we will be somewhat cavalier about this distinction and loosely refer to these operators/defects simply as
operators when there is no source of confusion.

6Here for simplicity we assume the global symmetry is abelian. This is necessarily the case if q > 0.
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Physical observables, including correlation functions, can be dressed with these sym-
metry operators or defects. The basic property of the symmetry operators is that corre-
lation functions are invariant under any small deformation of M (d−q−1). Thus, symmetry
operators are special cases of topological operators.

The symmetry operators obey the group multiplication rule:

Ug(M (d−q−1))× Ug′(M (d−q−1)) = Ug′′(M (d−q−1)) (2.2)

with g′′ = gg′ ∈ G. In particular, any symmetry operator Ug(M (d−q−1)) has an inverse
Ug−1(M (d−q−1)) such that

Ug(M (d−q−1))× Ug−1(M (d−q−1)) = I , (2.3)

where I is the identity operator. In section 3, we will discuss more general topological
operators whose inverses do not exist.

When G = U(1) and there is a conserved (q+1)-form Noether current j, the symmetry
operator is simply Uθ(M (d−q−1)) = exp[iθ

∫
M(d−q−1) ?j], with θ ∈ [0, 2π) the U(1) group

element. The current conservation equation d(?j) = 0 implies that the symmetry operator
Uθ(M (d−q−1)) is independent of small deformations of M (d−q−1). When M (d−q−1) is taken
to be the whole space at a given time, the topological nature of Uθ(M (d−q−1)) means that
the U(1) charge is conserved in time.

2.2 Operators with boundary

So far we have discussed operators supported on closed manifolds. What about manifolds
with boundary?

Starting from a quantum field theory with certain global symmetry and charged op-
erators V (C(q)), one may couple the system to additional degrees of freedom to obtain a
new system. Such a coupling may allow the charged operator V (C(q)) to be defined on
manifolds with boundary. We will say that V is endable if it can be defined on a manifold
with boundary with a certain choice of boundary operator. The choice of such a boundary
operator is far from unique, in general.

If such a coupling renders V endable, it will also break the topological nature of all the
symmetry operators Ug(M (d−q−1)) that acted nontrivially on V in the pure gauge theory.
In other words, the global symmetry is explicitly broken by the coupling. To see this,
let us assume the contrary. We consider a linking configuration between Ug(Sd−q−1) and
V (C(q)) as in the left-hand side of (2.1), but now we suppose that C(q) is a manifold with
boundary. As a result, we may topologically deform Ug(Sd−q−1) to unlink it from V , which
is in contradiction with the nontrivial action of Ug on V . Therefore, Ug is no longer a
topological operator when V is endable.

For example, consider the U(1) Maxwell theory without matter in four space-
time dimensions. The Maxwell theory has a topological surface operator Uθ(M (2)) =
exp[ 2iθ

g2
∫
M(2) ?F ] associated with the U(1) electric one-form global symmetry [1]. The

charged operator is the Wilson line V (C(1)) = exp[i
∮
C(1) A]. We now couple the U(1) gauge

theory to a charge +1 scalar field φ. In the new theory, the Wilson line V can end on the
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Figure 1. Topological line operator Ug(M (1)) supported on a manifold with boundary. Physical
observables are invariant under deformation of the manifold M (1) stretching between x and y

provided the boundary ∂M = {x, y} is held fixed.

(gauge non-invariant) field φ. Consequently, the one-form global symmetry is broken by
this coupling.

A symmetry operator Ug(M (d−q−1)) can also be endable. The boundary operator of
Ug(M (d−q−1)) may or may not be topological, but the interior of the symmetry operator still
is. More specifically, all the physical observables are invariant under small deformations of
M (d−q−1) while keeping the boundary ∂M fixed (see figure 1). In this sense the endability
of an operator is not in tension with its topological nature. When Ug(M (d−q−1)) is an
endable topological operator, it does not imply that the symmetry is broken.

Let us illustrate the above discussion in the Ising CFT in two spacetime dimensions.
The Ising CFT has an ordinary Z2 global symmetry that is exact and unbroken at the
CFT point. Its symmetry line Ug(M (1)) is endable. The endpoint operators are the left-
and right-moving free Majorana fermions ψ, ψ̄ and the disorder operator µ, with conformal
weights (h, h̄) = (1

2 , 0), (0, 1
2), ( 1

16 ,
1
16), respectively.7 These endpoint operators are not

topological (because of their nontrivial conformal weights), but the interior of the symmetry
line is.

There is a more special case in which the boundary operator of an endable topological
operator is also topological. In this case, the topological operator must act trivially on all
operators V (C(q)), because we can move the topological boundary to unlink the operator
action on the left-hand side (2.1).

2.3 ZN gauge theory

Following [7], we now illustrate various ideas above using the ZN gauge theory in d space-
time dimensions. The ZN gauge theory can be realized using a U(1) one-form gauge field
A(1) and a U(1) (d− 2)-form gauge field B(d−2) with gauge transformation:

A(1) ∼ A(1) + dα(0) , (2.4)

B(d−2) ∼ B(d−2) + dβ(d−3) , (2.5)

7The endpoint operators are attached to the symmetry line, so they are not local operators of the Ising
CFT. It follows that these endpoint operators do not correspond to states in the ordinary Hilbert space
under the operator-state correspondence. Rather, under the operator-state map, they correspond to the
states in the twisted Hilbert space where one twists the periodic boundary condition by a Z2 action.
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where α(0) and β(d−3) are 0- and (d − 3)-form gauge parameters. The Lagrangian for the
ZN gauge theory is [1, 7, 28, 29]

L = N

2πB
(d−2) ∧ dA(1) . (2.6)

The ZN gauge theory has a ZN one-form electric global symmetry. The symmetry
operator is a topological Wilson operator of the higher form gauge field B(d−2):

Un(M (d−2)) = exp
[
in

∮
M(d−2)

B(d−2)
]
, n = 0, 1, · · · , N − 1 . (2.7)

There is also a ZN (d− 2)-form magnetic global symmetry. The symmetry operator is the
topological Wilson line:

Vm(C(1)) = exp
[
im

∮
C(1)

A(1)
]
, m = 0, 1, · · · , N − 1 . (2.8)

Note that the symmetry operator of the electric global symmetry is the charged object
of the magnetic symmetry, and vice versa. Consider an S1 and an Sd−2 that link with each
other. We have

Un(Sd−2) · Vm(S1) = e2πinm/NVm(S1) , (2.9)

Vm(S1) · Un(Sd−2) = e2πinm/NUn(Sd−2) . (2.10)

The first of these equations describes the topological process of shrinking Sd−2 to a point
on S1, whereas the second describes the shrinking of S1 to a point on Sd−2. The operator
Un can be interpreted as the Gukov-Witten operator for the gauge field A(1) as it induces
a nontrivial holonomy for the Wilson line Vm.

In pure ZN gauge theory, none of the above symmetry operators are endable. They
can only be defined on closed manifolds, and the spectrum of dynamical charged particles
is empty.

We now introduce additional degrees of freedom to couple the ZN gauge theory to
dynamical particles with electric charge p mod N and their composites. These dynamical
electric particles can be the endpoints of the Wilson lines Vm if p divides m. Since Vm
with p|m are now endable, Un with nm /∈ NZ are no longer topological. Hence the
electric one-form symmetry is broken from ZN to Zgcd(p,N), while the magnetic (d − 2)-
form symmetry remains ZN . Note that even though some of the Vm’s are endable, they
are still all topological. More precisely, all physical observables are invariant under small
deformations of the interior of the open line C(1) that leave its endpoints fixed.

When p and N are coprime, the spectrum of electrically charged particles with respect
to the ordinary ZN gauge symmetry is complete, and all the Wilson lines are endable.
Correspondingly, the Gukov-Witten operators Un are no longer topological, and the electric
one-form symmetry is completely broken.
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This establishes the equivalence between the following two statements in the ZN gauge
theory:

• Completeness of the electrically charged particle spectrum.

• Absence of the electric one-form global symmetry,

or equivalently, between

• Completeness of the electrically charged particle spectrum.

• Absence of topological Gukov-Witten operators.

The first version of the equivalence is, however, not true for non-abelian discrete gauge
theory. By contrast, we will show in section 4 that the second equivalence can be gen-
eralized to non-abelian discrete gauge group in three spacetime dimensions. To address
this generalization, we first need to discuss more general topological operators than the
symmetry operators we have considered so far.

3 Non-invertible topological operators

Symmetry operators of global symmetry are topological operators. In the case when there
is a conserved Noether current, the topological nature follows from the local current con-
servation equation. It is natural to ask: is every topological operator associated with a
global symmetry?

The answer is no. There are topological operators that are not associated with any
global symmetry. Such an operator may not obey a group multiplication rule as in (2.2).
In particular, there might not be an inverse in the sense of (2.3). We will refer to such
topological operators as the non-invertible topological operators.

Consider a non-invertible topological operator T (M (d−q−1)) supported on a
codimension-(q + 1) closed manifold.8 We would like to define an action of this non-
invertible topological operator on the space of q-dimensional operators V (C(q)). The de-
pendence of V on the manifold C(q) is generally not topological. Similar to (2.1), this action
is defined by linking a sphere S(d−q−1) with the V (C(q)), and then topologically shrinking
the sphere to zero size. We will denote this action by

T (Sd−q−1) · V (C(q)) . (3.1)

Similar to the discussion in section 2.2, if we deform the system so that V becomes endable,
i.e., if it can be defined on a manifold with boundary, then all operators T (Sd−q−1) that
act nontrivially on V will cease to be topological.

In two spacetime dimensions, an ordinary global symmetry is implemented by a sym-
metry line. There are many examples of non-invertible topological lines that are not asso-
ciated with any global symmetry in two dimensions [16–27]. It has been advocated that

8Since the non-invertible operator does not have an inverse, it is not a unitary operator. Hence we will
use T to denote it instead of U .
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V (x)
→

T (S1) · V (x)

Figure 2. The duality line T in the two-dimensional Ising CFT defines a (non-invertible) map on
the local operators by encircling a local operator V (x) and shrinking the circle. This defines an
action on the Hilbert space of states via operator-state correspondence.

these non-invertible lines should be viewed as generalizations of the conventional global
symmetry [22, 23, 25, 26]. Just like their symmetry line cousins, these non-invertible lines
imply strong constraints on renormalization group flows and dualities [23, 30].

Perhaps the simplest example is the Kramers-Wannier duality line in the Ising confor-
mal field theory (CFT) in two spacetime dimensions [16, 17, 19, 20, 23–25]. The duality
line, denoted as T , obeys the multiplication rule

T (M (1))× T (M (1)) = I + Ug(M (1)) , (3.2)

where Ug(M (1)) is the symmetry line associated with the Z2 global symmetry of the Ising
CFT, and g ∈ Z2 is the nontrivial element of Z2. This multiplication rule is not a group
multiplication, and indeed the duality line T is not associated with any global symmetry
of the Ising CFT.

The duality line acts on the local operators in the Ising CFT as follows: let 1, ε, σ
be the identity operator, thermal operator, and the spin operator with conformal weights
(h, h̄) = (0, 0), (1

2 ,
1
2), ( 1

16 ,
1
16), respectively. Then T (S1) acts on them via (3.1) as (see

figure 2):

T (S1) · 1 =
√

2 , T (S1) · ε(x) = −
√

2ε(x) , T (S1) · σ(x) = 0 . (3.3)

4 Discrete gauge theories in 3d

4.1 Topological line operators

We now discuss topological line operators in three spacetime dimensions. One-form global
symmetries in three dimensions are implemented by symmetry line operators [1]. In topo-
logical quantum field theory (TQFT), these symmetry lines, when extended in the time
direction, are (the probe limits of) the worldlines of abelian anyons. In addition to the sym-
metry lines, there are also non-invertible topological lines that are not associated with any
global symmetry.9 They are the non-abelian anyons in a TQFT. The mathematical frame-
work for describing these lines is the modular tensor category (MTC) [32]. This is a subject
that has been studied extensively in the literature, and here we only give a brief review.

9There are also non-invertible surface operators in three dimension [31].
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Figure 3. Fusion of lines La and Lb.
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<latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit><latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit><latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit><latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit>

a
<latexit sha1_base64="CHjXMQWR7NPLrh8WaiNKU4Hdp/U=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1aL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupea2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPHy7YjK8=</latexit><latexit sha1_base64="CHjXMQWR7NPLrh8WaiNKU4Hdp/U=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1aL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupea2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPHy7YjK8=</latexit><latexit sha1_base64="CHjXMQWR7NPLrh8WaiNKU4Hdp/U=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1aL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupea2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPHy7YjK8=</latexit><latexit sha1_base64="CHjXMQWR7NPLrh8WaiNKU4Hdp/U=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1aL9SdWvuHGSVeAWpQoFmv/LVGyQsi1EaJqjWXc9NTZBTZTgTOC33Mo0pZWM6xK6lksaog3x+6JScW2VAokTZkobM1d8TOY21nsSh7YypGellbyb+53UzE9WDnMs0MyjZYlGUCWISMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdsQvOWXV4l/Wbupea2raqNepFGCUziDC/DgGhpwB03wgQHCM7zCm/PovDjvzseidc0pZk7gD5zPHy7YjK8=</latexit>

b
<latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit><latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit><latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit><latexit sha1_base64="APXbjaW5LU1VxNqDfl9YZl9rs3s=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI1lvBi8cWjC20oWy2k3btZhN2N0IJ/QVePKh49S9589+4bXPQ1gcDj/dmmJkXpoJr47rfztr6xubWdmmnvLu3f3BYOTp+0EmmGPosEYnqhFSj4BJ9w43ATqqQxqHAdji+nfntJ1SaJ/LeTFIMYjqUPOKMGiu1wn6l6tbcOcgq8QpShQLNfuWrN0hYFqM0TFCtu56bmiCnynAmcFruZRpTysZ0iF1LJY1RB/n80Ck5t8qARImyJQ2Zq78nchprPYlD2xlTM9LL3kz8z+tmJqoHOZdpZlCyxaIoE8QkZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7YheMsvrxL/snZT81pX1Ua9SKMEp3AGF+DBNTTgDprgAwOEZ3iFN+fReXHenY9F65pTzJzAHzifPzBbjLA=</latexit>

Ba
b

<latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="GYHuzcT1ntMhEWBMRVQnVEx7Pf0=">AAAB4HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnunFZwbGFdix30jttaCYzJBmhlD6DGxcqPpU738b0Z6GtBwIf5yTk3hPnUhjr+9/e2vrG5tZ2aae8W9nbP6geVh5NVmhOIc9kplsxGpJCUWiFldTKNWEaS2rGw9tp3nwmbUSmHuwopyjFvhKJ4GidFd504yfsVmt+3Z+JrUKwgBos1OhWvzq9jBcpKcslGtMO/NxGY9RWcEmTcqcwlCMfYp/aDhWmZKLxbNgJO3VOjyWZdkdZNnN/vxhjaswojd3NFO3ALGdT87+sXdjkMhoLlReWFJ9/lBSS2YxNN2c9oYlbOXKAXAs3K+MD1Mit66fsSgiWV16F8Lx+VQ/ufSjBMZzAGQRwAddwBw0IgYOAF3iDd095r97HvK01b1HbEfyR9/kDvJKM7A==</latexit><latexit sha1_base64="GYHuzcT1ntMhEWBMRVQnVEx7Pf0=">AAAB4HicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG3UnunFZwbGFdix30jttaCYzJBmhlD6DGxcqPpU738b0Z6GtBwIf5yTk3hPnUhjr+9/e2vrG5tZ2aae8W9nbP6geVh5NVmhOIc9kplsxGpJCUWiFldTKNWEaS2rGw9tp3nwmbUSmHuwopyjFvhKJ4GidFd504yfsVmt+3Z+JrUKwgBos1OhWvzq9jBcpKcslGtMO/NxGY9RWcEmTcqcwlCMfYp/aDhWmZKLxbNgJO3VOjyWZdkdZNnN/vxhjaswojd3NFO3ALGdT87+sXdjkMhoLlReWFJ9/lBSS2YxNN2c9oYlbOXKAXAs3K+MD1Mit66fsSgiWV16F8Lx+VQ/ufSjBMZzAGQRwAddwBw0IgYOAF3iDd095r97HvK01b1HbEfyR9/kDvJKM7A==</latexit><latexit sha1_base64="z4snceL0QYnrXPa4zp/4FJcDWVw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0m8qBcpevFYwdhCG8tku2mXbjZhdyOU0N/gxYOKV/+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZRWVtfWN8qbla3tnd296v7Bg04yRZlPE5GodoiaCS6Zb7gRrJ0qhnEoWCsc3Uz91hNTmify3oxTFsQ4kDziFI2V/Ote+Ii9as2tuzOQZeIVpAYFmr3qV7ef0Cxm0lCBWnc8NzVBjspwKtik0s00S5GOcMA6lkqMmQ7y2bETcmKVPokSZUsaMlN/T+QYaz2OQ9sZoxnqRW8q/ud1MhNdBDmXaWaYpPNFUSaIScj0c9LnilEjxpYgVdzeSugQFVJj86nYELzFl5eJf1a/rHt3bq1xVaRRhiM4hlPw4BwacAtN8IECh2d4hTdHOi/Ou/Mxby05xcwh/IHz+QPcBo46</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit><latexit sha1_base64="0bGP2O6qRxk7jQzjM142lUcSR7E=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KokI6kWKXjxWMLbQxjLZbtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O0vLK6tr66WN8ubW9s5uZW//QSeZosyniUhUK0TNBJfMN9wI1koVwzgUrBkObyZ+84kpzRN5b0YpC2LsSx5xisZK/nU3fMRuperW3CnIIvEKUoUCjW7lq9NLaBYzaahArduem5ogR2U4FWxc7mSapUiH2GdtSyXGTAf59NgxObZKj0SJsiUNmaq/J3KMtR7Foe2M0Qz0vDcR//PamYkugpzLNDNM0tmiKBPEJGTyOelxxagRI0uQKm5vJXSACqmx+ZRtCN78y4vEP61d1ry7s2r9qkijBIdwBCfgwTnU4RYa4AMFDs/wCm+OdF6cd+dj1rrkFDMH8AfO5w/dRo4+</latexit>

Figure 4. We can surround a topological line La around another line Lb, and then shrink La

to a point. This defines an action of La on Lb denoted as La · Lb = Ba
bLb with Ba

b the braiding
coefficient.

We will denote a topological line as La, with a distinguishing the different types of lines.
In addition to the invertible lines that are associated with the one-form global symmetry,
there are also non-invertible topological line operators. The fusion of two lines is defined
as in figure 3 and takes the form

La × Lb =
∑
c

N c
abLc, (4.1)

with N c
ab a non-negative integer. The fusion between two lines in three spacetime dimension

is commutative, i.e., La × Lb = Lb × La.
As in (3.1), we can define an action of the line La (which is not necessarily invertible)

on another line Lb via braiding. More specifically, we surround the line La around another
line Lb as in figure 4. Since the lines are topological, we can shrink La to a point with-
out changing any correlation function, leaving just the line Lb up to an overall braiding
coefficient Ba

b :

La · Lb = Ba
bLb . (4.2)

Note that generally La · Lb 6= Lb · La.
In a TQFT such as the gauge theory of a finite group with M topological lines, many

of the fusion and braiding data are encoded in an M ×M matrix known as the S-matrix.
The fusion coefficients N c

ab are given in terms of the S-matrix by the Verlinde formula [33],

N c
ab =

∑
n

SanSbnS
∗
nc

S0n
. (4.3)

The braiding coefficient Ba
b is given by

Ba
b = S∗ab

S∗0b
, (4.4)

where the index 0 here represents the trivial line and ∗ stands for complex conjugation.
Note that by definition B0

b := 1, whereas Ba
0 may or may not be equal to 1.
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4.2 Discrete gauge theories

In this subsection we review the line operators in the pure gauge theory of a (possibly non-
abelian) finite group G. We will also discuss the twisted versions of G gauge theory [34]. In
the context of modular tensor category, such a theory is known as the (twisted) quantum
double of G [35, 36].

In the pure gauge theory of a finite group G, the most familiar class of topological
line operators are the Wilson lines, labeled by a representation of G. The Wilson line is
generally not an invertible line. Relatedly, the fusion rule of the Wilson lines is given by
the representation ring of G, which is generally not a group. More precisely, the invertible
Wilson lines are those corresponding to one-dimensional representations, and they generate
the magnetic one-form symmetry of the G gauge theory.

In addition to the Wilson lines, there are also Gukov-Witten line operators, each of
which is labeled by a conjugacy class [g] of G. These are the discrete analog of the Gukov-
Witten operators in four spacetime dimensions [14, 15]. We will denote these lines as [g]1
where 1 stands for the trivial representation. These lines [g]1 are generally not invertible.
The invertible ones generate the electric one-form symmetry.

A Gukov-Witten line may also carry electric charge, which corresponds to a nontrivial
representation α of the centralizer group Hg of an element g in the conjugacy class [g].
This possibility arises in three spacetime dimensions because both the Wilson lines and the
Gukov-Witten operators happen to be one-dimensional and can be fused with each other.
Thus, we may denote a general topological line in the G gauge theory as [g]α, with [g] a
conjugacy class and α a representation of the centralizer, Hg. Wilson lines [1]α are the
special cases in which the conjugacy class is trivial. We will refer to any line [g]α with a
nontrivial conjugacy class as a Gukov-Witten operator, regardless of whether its associated
representation α is trivial or nontrivial.

The braiding coefficient Ba
b in (4.4) from La = [g]α surrounding a Wilson line Lb = [1]β

is given by

Ba
b = χβ([g]) · size([g]) · dim(α)

dim(β) , (4.5)

where χβ([g]) := Tr(β(g)) is the character of an element of the conjugacy class [g] associated
with the representation β, and dim(α) is the dimension of the representation α. This can be
derived from the explicit S-matrix of the discrete G gauge theory. See, for example, [37, 38].
In particular, if Lb is the trivial line [1]1, we have

Ba
0 = size([g]) · dim(α). (4.6)

The number Ba
0 is known as the quantum dimension of the line La. The line La is invertible

(i.e., it generates a one-form symmetry) if and only if Ba
0 = 1. This means that [g]α is a

symmetry line if only if size([g]) = 1 and dim(α) = 1. The former condition implies that
hgh−1 = g for all h ∈ G, i.e., g is an element of the center of G, and the centralizer of
Hg is equal to G. From this, we recover the familiar statement that the electric one-form
symmetry of G gauge theory, which is generated by the lines [g]1, is given simply by the
center of G.
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Figure 5. Fusion of endable lines La and Lb. If La and Lb are both endable, then any line Lc with
N c

ab 6= 0 must also be endable.

In this work, we are interested in discrete G gauge theory coupled to additional matter
fields, or particles. In the presence of a particle in the representation α of G, the Wilson line
labeled by α is endable with the endpoint being the matter field. Assuming the existence
of particles in two representations, α, β of the gauge group G, we may find particles (or
multi-particle states, more generally) in additional irreducible representations of the gauge
group by considering their tensor product α⊗ β =

∑
γ N

γ
αβγ. Physically, this corresponds

to taking the OPE of the matter fields localized at the endpoints of the Wilson lines in the
representations α, β. Note that the trivial Wilson line [1]1 is endable, with endpoint being
the identity local operator.

More generally, we may consider the setup shown in figure 5, in which a pair of lines
fuse to form a third line. If the first two lines are endable, their fusion products must be
endable as well. This means that in a given theory, the set of endable lines are closed under
the fusion product (4.3). To use a more technical term, they form a fusion subcategory Kend
of the full category of line operators, C.

As discussed in section 2.2, when some lines are endable, other lines might cease to be
topological. Consider the setup shown in figure 6, which illustrates the action La · Lb. If
the line Lb can end, the loop La may be slid down below the endpoint of Lb and shrunk to
a point, giving Lb times a factor Ba

0 associated with the shrinking of La. Alternatively, La
may be shrunk directly on the line Lb, giving Lb times a factor Ba

b . Thus, if the line La is
topological, we must have

Ba
b = S∗ab

S∗0b
= S∗a0
S∗00

= Ba
0 . (4.7)

If this condition is not satisfied for all lines Lb ∈ Kend, the fusion subcategory of endable
lines, we conclude that La is not a topological line in the theory. Said differently, the lines
that remain topological in the presence of charged matter in Kend are precisely those which
braid trivially with the lines in Kend. The lines that braid trivially with all the lines in Kend
form a fusion subcategory of C, known as the centralizer of Kend in C, which we denote
CC(Kend).

For example, when some Wilson lines are endable, certain Gukov-Witten lines will
cease to be topological. If the Wilson line Lb = [1]β is endable, then the lines La = [g]α
that remain topological must satisfy (4.7):

χβ([g]) = χβ([1]) . (4.8)

In other words, the Gukov-Witten lines that remain topological in the presence of electric
matter in representations {β} will be those in conjugacy classes [g] whose characters for
each of the representations {β} are equal to the dimension of the representation β.
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Figure 6. Topological and endable lines. If Lb is endable, then La may be either shrunk to a
point on the line Lb (bottom left), introducing a braiding factor Ba

b , or it may be slid off the line
(top right) and then shrunk to a point (bottom right), introducing a braiding factor Ba

0 . If La is
topological, these two shrinking processes must agree, so we must have Ba

b = Ba
0 .

Next, suppose instead that the line La=[g]α is surrounded by the Wilson line Lb=[1]β .
This corresponds to the action Lb · La. In this case, the Wilson line can be shrunk to a
point, and the braiding coefficient Bb

a in (4.4) is given simply by

Bb
a = χβ([g]). (4.9)

This means that if the Gukov-Witten line La can end, the Wilson line Lb will remain
topological only if χβ([g]) = χβ([1]) := dim(β). Note that this is the same condition we
saw above in (4.8). The set of topological Wilson lines will be the ones that satisfy this
condition for all endable Gukov-Witten lines La.

One may also perform a Dijkgraaf-Witten twist [34] on the gauge theory by an element
ω of H3(G,U(1)). In a twisted gauge theory, a line is labeled by a conjugacy class [g] as
well as a projective representation α of the centralizer group Hg of g, where the projectivity
is determined by ω and [g]. Since the conjugacy class [g] for a Wilson line is trivial, the
latter is again labeled by a linear representations of G. The spectrum of Wilson lines is
thus unaffected by the twist, and furthermore the braiding Ba

b of a Wilson line Lb = [1]β
and a line La = [g]α is still given by (4.5) [37, 38].

4.3 Completeness and topological line operators

We now turn to our primary question of interest: the relationship between completeness of
spectrum and the existence of topological line operators. There are several different notions
of completeness of interest to us. The simplest one, which we refer to as completeness, is
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the statement that all Wilson lines can end,

completeness : W ⊂ Kend, (4.10)

where W is the set of all Wilson lines. This follows as a consequence of having matter
charged under every representation of the gauge group. For both gauge theories and more
general TQFTs in three dimensions, however, we may define a more general notion of
completeness: we say that such a theory has a totally complete spectrum if every line
operator in the theory is endable: Kend = C.

Our main results regarding the relationship between completeness and topological lines
in 3d gauge theory with finite gauge group G (untwisted or twisted) are as follows:

1. The spectrum is complete if and only if there are no topological Gukov-Witten lines.10

2. The spectrum is totally complete if and only if there are no topological lines.

The first statement is to be compared with the common belief that the spectrum of a
gauge theory is complete if and only if there is no electric one-form global symmetry (see
section 2.3). This common belief, however, is not true in general. For example, the S3
gauge theory in three spacetime dimensions has no invertible Gukov-Witten line, so there
is no electric one-form global symmetry regardless of the spectrum. A similar example was
pointed out in [10]. Here we propose a natural refinement of the (false) common lore in
terms of topological operators.

Some of these results follow from elementary theorems in representation theory of finite
groups. Others follow directly from a theorem in MTC. In this subsection, we will derive
these results by a combination of these two approaches.

4.3.1 Representation theory analysis

We start with the first statement on completeness.
Suppose that W ⊂ Kend, i.e., the spectrum is complete. By (4.8), any topological

Gukov-Witten line [g]α must satisfy χβ([g]) = χβ([1]) for all representations β of G. But
by orthogonality of columns of the character table of G, this condition is not satisfied by
any [g] 6= [1]. Thus, completeness ⇒ no topological Gukov-Witten lines.

We will prove the converse statement in section 4.3.2. Here we first discuss a weaker
version: if Kend ( W, then there must exist at least one topological Gukov-Witten line.
Note that this is not quite the same as the statement that incompleteness implies the exis-
tence of a topological Gukov-Witten line. This is because incompleteness simply requires
W 6⊂ Kend, rather than the stronger condition Kend ( W. Said differently, for the weaker
statement we also assume that no Gukov-Witten lines are endable.

Now we proceed with the proof of the weaker statement. Suppose W ( Kend, i.e., the
set of endable Wilson lines is a proper subset of the set of endable lines. We will show that

10In quantum field theory and in gravity, the notion of the gauge group is generally not invariant under
duality. The distinction between the Wilson lines and the Gukov-Witten lines is also not invariant. In this
statement, we have chosen a fixed duality frame in which the theory is naturally described in terms of a
discrete gauge theory weakly coupled to electrically charged matter.
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there must exist a topological Gukov-Witten line, which is equivalent to the existence of
a nontrivial conjugacy class [g] satisfying χβ([g]) = χβ([1]) for all [1]β ∈ Kend. Define the
reducible representation

ρend =
⊕

[1]β∈Kend

β, (4.11)

as the direct sum over all irreducible representations corresponding to endable Wilson
lines. Recall that the representations {β} in Kend are closed under tensor product of
representations, which means that ρ⊗nend is necessarily a sum over representations in Kend.
Next, we invoke a theorem of Burnside [39]: if α is a faithful representation of a finite
group G, then every irreducible representation of G appears in the decomposition of α⊗n

for some n. Since we have assumed Kend is a proper subset of W, it follows that ρend is
not a faithful representation of G. Thus, there exists some g 6= 1 ∈ G such that ρend(g) is
trivial, which by definition of ρend implies that β(g) is trivial for every [1]β ∈ Kend. This
implies χβ([g]) = χβ([1]) for all [1]β ∈ Kend.

4.3.2 MTC analysis

We now show that our main statements on completeness directly follow from a theorem of
Müger [40] in the context of modular tensor category:11

Theorem (Müger). Let C be a modular tensor category, and K a fusion subcategory. Then,
CC(CC(K)) = K, and dim(K) · dim(CC(K)) = dim(C).

Here the dimension of a category is defined as the square sum of the quantum dimen-
sions of the lines. In other words, Müger’s theorem establishes a duality pairing between a
fusion subcategory K and its centralizer CC(K).12

For our purpose, C is the set of lines in the discrete G gauge theory. We take K = Kend
to be the fusion subcategory consisting of all the lines that become endable as we couple to
matter fields. The centralizer CC(K) is then the set of lines that remain topological after
coupling to matter fields.

If Kend = C, i.e., if the spectrum is totally complete, then CC(Kend) = {1}. Indeed,
CC(C) = {1} is the definition of modularity of C. Physically, this means that every line
other than the trivial line will braid nontrivially with some line in Kend, so no nontrivial
line remains topological. Therefore, total completeness of the spectrum ⇒ no topological
lines remain.

Conversely, if Kend ( C, then Müger’s theorem implies CC(Kend) 6= {1}. This means
that if the spectrum is not totally complete, then there will exist nontrivial topological lines
that braid trivially with all endable lines, and therefore remain topological in the presence
of the charged matter. Thus, the spectrum is totally complete ⇔ there do not exist any
nontrivial topological lines.

This result applies to any TQFT in three spacetime dimensions, regardless of whether
or not the theory under consideration is a finite gauge theory. Specializing to a finite gauge

11We thank Theo Johnson-Freyd for discussions on this point.
12See [41] for another physics application of this theorem.
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theory of G (with or without a twist), even more can be said. To begin, recall that for a
Wilson line [1]β in a representation β of the gauge group G, the lines that braid trivially
with [1]β are precisely those labeled by conjugacy classes [g] satisfying χβ([g]) = χβ([1]).
Clearly, this is true for [g] = [1], the trivial conjugacy class, so Wilson lines braid trivially
with one another. IfW is the set of Wilson lines, then for any fusion subcategory W ′ ⊂ W ,
we have W ⊂ CC(W ′).

We are now ready to prove that the converse of our first statement on completeness.
Suppose that there are no topological Gukov-Witten lines, i.e., CC(Kend) ⊂ W . Setting
W ′ = CC(Kend) and using CC(CC(Kend)) = Kend, we learn that W ⊂ Kend: the spectrum
is complete. Thus, completeness ⇐ no topological Gukov-Witten lines. Combining this
with the proof in section 4.3.1, we have proven completeness ⇔ no topological Gukov-
Witten lines.

4.4 Example: S3 gauge theory

We now demonstrate the general ideas developed in the previous section in the simplest
gauge theory of a non-abelian finite group, the S3 gauge theory. See [42, 43] for a detailed
analysis of this theory.

The symmetric group S3 is a group with six elements. The elements of this group are
identified with permutations of the set {1, 2, 3} and may be written in cycle decomposition
notation. For instance, (123) represents the group element that takes 1→ 2, 2→ 3, 3→ 1,
whereas (23) exchanges 2 ↔ 3.

The conjugacy classes of S3 are labeled by partitions of 3, namely [3], [2, 1], and [13],
corresponding to cycles of size 3, 2, and 1 (the identity element), respectively. The number
of elements in each of these conjugacy classes, i.e., the size of the conjugacy class, is 2, 3,
and 1, respectively. An element of the conjugacy class [3], such as (123), has a Z3 centralizer
subgroup: namely, (123) is stabilized by the identity, (123), and (132). An element of the
conjugacy class [2, 1], such as (23), has a Z2 centralizer subgroup: namely, (23) is stabilized
by the identity and (23). Since H3(S3,U(1)) is trivial, the S3 gauge theory does not admit
a Dijkgraaf-Witten twist.

In three spacetime dimensions, pure S3 gauge theory includes eight topological line
operators. Three of these are the Wilson lines, which correspond to the trivial conjugacy
class [13] of S3 and are labeled by representations of S3. We denote these line operators
by 1, 1−, and 12, corresponding to the trivial representation, the sign representation, and
the standard, 2-dimensional representation of S3, respectively. Next, there are two line
operators corresponding to the conjugacy class [2, 1], labeled by the two representations
of the centralizer Z2. We denote these line operators by τ+, τ−, respectively. Finally,
there are three line operators corresponding to the conjugacy class [3], labeled by the three
representations of the centralizer Z3. We denote these line operators by θ0, θ1, and θ2.

The quantum dimensions of these operators are dim(1) = dim(1−) = 1, dim(12) =
dim(θµ) = 2, and dim(τ±) = 3. (Here µ = 0, 1, 2.) Only the trivial line and the Wilson line
1− are symmetry operators. They generate a Z2 magnetic one-form global symmetry. The
other six lines are all non-invertible. In particular, since all the Gukov-Witten operators
are non-invertible, there is no electric one-form global symmetry.
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[13] [2,1] [3]
1 1− 12 τ+ τ− θ0 θ1 θ2

[13]
1 1 1 2 3 3 2 2 2

1− 1 1 2 -3 -3 2 2 2
12 2 2 4 0 0 -2 -2 -2

[2, 1]
τ+ 3 -3 0 3 -3 0 0 0
τ− 3 -3 0 -3 3 0 0 0

[3]
θ0 2 2 -2 0 0 4 -2 -2
θ1 2 2 -2 0 0 -2 -2 4
θ2 2 2 -2 0 0 -2 4 -2

Table 1. The S-matrix for the eight topological lines in S3 gauge theory (multiplied by an overall
factor of 6).

The S-matrix for the eight line operators is shown in table 1. The fusion rules between
these line operators are:

1−×1−= 1 , 1−×12 = 12 , 12×12 = 1+1−+12

θµ×1−= θµ , θµ×θµ = 1+1−+θµ , θµ×θν 6=µ = 12+θλ 6=µ,ν , θµ×12 =
∑
ν 6=µ

θν

1−×τ±= τ∓ , τ+×τ+ = τ−×τ−= 1+12+
∑
µ

θµ , τ+×τ−= 1−+12+
∑
µ

θµ

12×τ±= θµ×τ±= τ++τ−. (4.12)

We may also read off the braiding coefficients Ba
b from the S-matrix using (4.4). Using

table 2, one can easily check that for La = [g]α a Gukov-Witten line and Lb = [1]β a Wilson
line, the braiding coefficients defined as (4.4) obey (4.5).13

From the fusion rules, we can determine the allowed possibilities for the spectrum of
charged matter, or equivalently, the consistent choices of fusion subalgebra Kend.14 There
are eight possible choices for the allowed spectrum of matter Kend:

(i) 1

(ii) 1, 1−

(iii) 1, 1−, 12 (complete)

(iv) 1, 1−, θ0

(v) 1, 1−, θ1

13For instance, for La = θ0 and Lb = 12, we have Bab = χ2([3]) · size([3]) · dim(1)
dim(2) = −1 · 2 · 1

2 = −1, which

is the same as S∗
ab
S∗

0b
= −2

2 = −1.
14An inconsistent spectrum, for instance, would be one with only a particle in the representation 2 of S3.

By consider the fusion of two such particles, we obtain a particle in the sign representation of S3. Hence
any consistent spectrum containing the former particle necessarily contains the latter particle as well.
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Rep./Conj. class [13] [2, 1] [3]
Trivial 1 1 1
Sign 1 -1 1

Standard 2 0 -1

Table 2. The character table for the group S3.

(vi) 1, 1−, θ2

(vii) 1, 1−, 12, θ0, θ1, θ2 (complete)

(viii) 1, 1−, 12, θ0, θ1, θ2, τ+, τ− (totally complete)

According to the theorem of Müger discussed above, the centralizer CC(Kend) of one
of the above fusion subcategories Kend is itself a fusion subcategory, with CC(CC(Kend)) =
Kend. The category Kend and its centralizer CC(Kend) form a dual pair in the above sense.
Using the S-matrix in table 1, we find the following dual pairs:

K(i) ↔ K(viii) , K(ii) ↔ K(vii) , K(iii) ↔ K(iii) , K(iv) ↔ K(iv) , K(v) ↔ K(vi). (4.13)

If we couple the S3 gauge theory to matter fields in some Kα, then the corresponding
lines in Kα can end, and the lines that remain topological are precisely those in CC(Kα).
For instance, if the spectrum is complete but has no magnetic matter, then all Wilson lines
are endable, so Kend = K(iii). The topological lines are those in CC(K(iii)) = K(iii), i.e., the
topological lines will be simply the Wilson lines themselves. On the other hand, a spectrum
that is totally complete will have matter in K(viii), and since CC(K(viii)) = K(i) = {1}, only
the trivial line will remain topological. From the dualities in (4.13), we see that as expected,
nontrivial topological lines exist if and only if the spectrum is not totally complete.

Theories with Kend = K(iii), K(vii), or K(viii) are complete. The duals to these three
subcategories are given respectively by CC(Kend) = K(iii), K(ii), and K(i), which are precisely
the three fusion subcategories without any Gukov-Witten lines. We see that topological
Gukov-Witten lines exist if and only if the spectrum is incomplete.

5 Discrete gauge theories in 4d

Many aspects of our 3d analysis carry over to finite gauge theories in 4d, but there are also
some important differences. In particular, while there are still Wilson line operators labeled
by representations α of the gauge group G, the Gukov-Witten operators are now surface
operators, labeled by conjugacy classes [g] of G, which live on 2-dimensional manifolds
in spacetime. The latter are the discrete version of the Gukov-Witten operators [14, 15].
Whereas the endpoints of Wilson lines are associated with the creation of electrically-
charged particles, the boundaries of Gukov-Witten surfaces are associated with the creation
of magnetically-charged strings. Lines can fuse to give other lines, and surfaces can fuse to
give other surfaces.
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Figure 7. Double (left) and triple (right) linking of surfaces in 4d. We depict the linking process
for surface defects that extend in time. At a fixed time, each surface defect is one-dimensional as
shown. The dotted lines describe the motion of the surface defect in the linking process.

A line and a surface can have nontrivial linking in four spacetime dimensions. The
linking coefficient between a Wilson line and a Gukov-Witten surface is the same as in
the untwisted G gauge theory in 3d: if a Gukov-Witten surface T[g] of conjugacy class [g]
surrounds a Wilson line Lβ of representation β, the surface can be shrunk to a point on
the line at the expense of a linking coefficient,

B
[g]
β = χβ([g])

χβ([1]) · size([g]) , (5.1)

as in equation (4.5). The equivalence of these braiding and linking coefficients in 3d and 4d
can be justified via dimensional reduction of the 4d gauge theory [44–46]. Similar linkings
between the Wilson lines and codimension-2 Gukov-Witten operators in discrete G gauge
theory exist in higher spacetime dimensions.

In addition, two or even three surfaces may link with each other [47, 48] (see also [49–
52]). Figure 7, adapted from [47], shows how these linkings can be visualized for surfaces
that extend in time and are one-dimensional loops in space.

In 3d, a line ceases to be topological if it braids nontrivially with a line that can end.
In 4d, a similar phenomenon occurs: a line ceases to be topological if it links nontrivially
with a surface that can end, and a surface ceases to be topological if it links nontrivially
with a line that can end. However, additional possibilities arise in 4d due to the two
and three-surface linking: a surface will cease to be topological if it links nontrivially with
another surface that can end, and if two surfaces have non-trivial three-surface linking with
a third surface that can end, then at least one of those surfaces cannot be topological.

Another new feature in 4d is that a Gukov-Witten surface T can be shrunk to a
line [44]. The shrinking function S: {surfaces} → {lines} must commute with fusion,
S(T1) × S(T2) = S(T1 × T2). Shrinking represents a smooth deformation of the surface,
which means that if T is topological, then S(T ) must also be topological. Similarly, if T is
endable, then S(T ) must also be endable.

In this paper, we focus our attention on the endability of line operators, which simply
involves the addition of charged particles to the spectrum of the theory, so we assume that
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no surfaces are endable. Under this assumption, we need not worry about two-surface
or three-surface linking. A surface T[g] ceases to be topological if and only if it links
nontrivially with a line Lβ that can end, i.e., if B[g]

β 6= B
[g]
0 , with 0 stands for the trivial

line. Once again, this is equivalent to the condition that

χβ([g]) 6= χβ([1]) := dim(β). (5.2)

From our analysis in section 4.3, we know that if the set of endable lines Kend is a proper
subset of Wilson lines that is closed under fusion, then there exists at least one nontrivial
conjugacy class [g] such that χβ([g]) = χβ([1]) for all endable Wilson lines Lβ ∈ Kend. This
means that if the spectrum is incomplete, so that not all Wilson lines can end, then there
exists at least one topological Gukov-Witten surface. Conversely, if the spectrum is com-
plete, then there do not exist any topological Gukov-Witten surfaces, as any Gukov-Witten
surface, labeled by a conjugacy class [g], links nontrivially with at least one Wilson line.

However, completeness does not preclude the existence of other topological surfaces in
the theory. This may occur, for instance, in the case of Z2 × Z2 gauge theory, which we
now consider in more detail.15

5.1 A one-form symmetry that acts trivially on all lines

Many of the details of G = Z(1)
2 × Z(2)

2 gauge theory follow straightforwardly from our
previous discussions. Each Z(i)

2 has a Wilson line ei and a Gukov-Witten surface mi,
with nontrivial linking coefficients Bm1

e1 = Bm2
e2 = −1. In addition, the Wilson lines fuse

according to e1 × e2 = e1e2, and the Gukov-Witten surfaces fuse as m1 × m2 = m1m2.
Together e1, e2, and e1e2 represent the three nontrivial representations of G, whereas
m1,m2, and m1m2 represent the three nontrivial conjugacy classes.

This theory admits a simple Lagrangian description:

L = 2
2πA1dB1 + 2

2πA2dB2, (5.3)

with each Ai a one-form U(1) gauge field and each Bi a two-form U(1) gauge field. The
Wilson lines and the Gukov-Witten surface operators are respectively given by

ei(γ) = exp
(
i

∮
γ
Ai

)
, mi(Σ) = exp

(
i

∮
Σ
Bi

)
, (5.4)

where γ is a closed curve and Σ is a closed two-dimensional surface.
So far, the story is very similar to the case of ZN gauge theory studied in section 2.3.

However, as discussed in [53] (see also [54]), there is a surface operator v(Σ) in the Z2×Z2
gauge theory that is associated with the nontrivial element of H2(Z2 × Z2,U(1)) = Z2.
This surface generates a Z2 one-form global symmetry. However, this one-form symmetry
acts trivially on all the Wilson line operators in the theory. Instead, the surface v has a
nontrivial triple linking with the surfaces m1 and m2:

〈v(Σ)m1(Σ′)m2(Σ′′)〉 = (−1)Tlk(Σ,Σ′,Σ′′), (5.5)

where Tlk(Σ,Σ′,Σ′′) is the triple linking number [55] between the surfaces Σ, Σ′, and Σ′′.
15We thank Po-Shen Hsin for pointing this out to us, and to Meng Cheng and Qing-Rui Wang for

illuminating discussions.
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What does the surface v mean for the relationship between completeness and global
symmetries? Since v links trivially with all Wilson lines, it remains topological even if the
electric spectrum is complete. In order to destroy the topological nature of the v surface,
one would need to add not just electrically charged particles, but also magnetically charged
strings, which allow the surfaces m1 and m2 to end and render v non-topological due to
its triple linking with m1 and m2. Thus, it is not true that completeness of the electrically
charged particle spectrum implies the absence of any topological surfaces whatsoever in 4d
gauge theory with finite gauge group G. Instead, completeness implies that a particular
set of surfaces are not topological — namely, the set of Gukov-Witten surfaces, which link
nontrivially with the Wilson lines. Quite possibly a more general notion of completeness,
which demands endability of surfaces as well as lines, may be related to the absence of any
topological operators. We leave a more detailed analysis for future work.

6 Topological operators and quantum gravity

We have seen that in a gauge theory of a finite (possibly non-abelian) group G, an incom-
plete spectrum does not necessarily imply the existence of an electric one-form global sym-
metry. Instead, there will typically be non-invertible topological operators of codimension-
2, which braid non-trivially with the Wilson lines in the theory. These observations support
the perspective advocated in [22, 23, 25, 26] that topological operators should be viewed
as generalization of (higher-form) global symmetries.

Standard lore holds that global symmetries are not allowed in a consistent theory of
quantum gravity. Topological operators are natural generalizations of global symmetries.
It is then natural to conjecture that these topological operators, like symmetry operators,
should also be excluded in a consistent theory of quantum gravity. In other words, they
reside in the Swampland [56].

Several lines of evidence support this conjecture. Here we present three:

1. Summing over topologies. It is difficult to even define a topological operator (which
includes symmetry operators for global symmetries) in quantum gravity in complete
generality. In quantum field theory on a fixed geometry, topological operators can be
abstractly defined by their correlation functions subject to various consistency con-
ditions, such as crossing and operator product expansion. The topological operators
are inserted on fixed, nontrivial cycles of the spacetime manifold. The correlation
function only depends on the topological class of the support of these topological
operators, not on the detailed shape. By contrast, in quantum gravity, we are in-
structed to sum over all possible spacetime topologies. It is therefore meaningless to
insert a topological operator on a fixed cycle of the spacetime manifold. This makes it
difficult to derive any physical observables of these topological operators in quantum
gravity.16 See [57] for a related discussion on the absence of operators with compact
support in quantum gravity.

2. Completeness hypothesis. Quantum gravity lore holds that the spectrum of a gauge
theory must be complete [7, 10, 11]. Given that completeness of the spectrum is tied to

16We thank Luca Iliesiu for related discussions.
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Figure 8. The action of a topological defect on a local operator Ug(M) · φ(x). Here R is a disk in
space and the closed manifoldM , which has topology of a sphere, is the boundary of R× [t−ε, t+ε].

the absence of certain topological operators, the completeness hypothesis provides fur-
ther supporting evidence for the absence of topological operators in quantum gravity.

3. Fusion algebra. The non-invertible topological operators and the symmetry opera-
tors together form a nontrivial fusion ring (1.2). Generally, the symmetry operators
can appear in the fusion channel of two non-invertible topological operators. For
instance, in the 2d Ising CFT, the Z2 symmetry operator Ug appears in the fusion of
a pair of non-invertible topological T operators (see (3.2)). Hence if the symmetry
operators are forbidden in quantum gravity, so are the topological operators whose
fusion products involve the symmetry operators.17

In the context of AdSd/CFTd−1, Harlow and Ooguri [10] have given an argument for
the absence of q-form global symmetries in AdSd quantum gravity (with d ≥ q + 3) using
entanglement wedge reconstruction [58–61]. However, we will see that there is a difficulty
in extending their argument to exclude more general topological operators. For simplicity,
we will focus on the case of codimension-1 topological operators.

In Euclidean spacetime, we have defined an action (2.1) of a symmetry defect Ug(M)
on a local operator φ(x) by encircling the former around the latter, denoted as Ug(M)·φ(x).
In the case when the manifold M is shown in figure 8, this action reduces to:

Ug(M) · φ(x) = U †g (R)φ(x)Ug(R), (6.1)

where Ug(R) is a symmetry operator at a fixed time supported on a disk R in space. In the
argument of [10], it was crucial that the symmetry operator is splittable. This implies that
if the spatial region R can be written as a disjoint union of subregions Ri, i.e., R = ∪iRi,
then Ug(M) must obey

Ug(M) ∼
∏
i

Ug(Mi), (6.2)

where Mi is a closed manifold associated with Ri defined similarly as in figure 8. Here,
the symbol ∼ means that the equality is true up to (c-number) phases from the ’t Hooft
anomaly of the global symmetry.18

17There are, however, topological operators whose fusion products do not involve any symmetry operators,
in which case this argument does not hold. For example, there is a non-invertible topological line W in the
2d tricritical Ising CFT obeying the fusion algebra W ×W = I +W [18, 23].

18See [23, 62, 63] for an example of an anomalous phase for a Z2 global symmetry in 2d.
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Figure 9. The splitting of the non-invertible topological line T (M) (shown in black on the left) in
the 2d Ising CFT, where M is the boundary of the rectangle R × [t − ε, t + ε]. On the right-hand
side of the equality, we have T (M1) and T (M2) (shown in black), as well as a Z2 symmetry line Ug

joining them (shown in the dotted blue line) in the last term.

To extend the argument of [10] to the more general topological operators, we ask: are
the general topological operators/defects splittable?19 The short answer is no, at least not
in the form stated in (6.2).

This can be seen from the non-invertible topological line T in the 2d Ising CFT as-
sociated with the Kramers-Wannier duality (see section 3). It obeys the splitting relation
shown in figure 9 (see, for example, section 5.1.1 of [23]), which does not take the form
of (6.2). Instead, the topological line T (M) is equated to a superposition of two different
terms, with nontrivial weighing coefficients 1/

√
2. The last term on the right-hand side of

figure 9 does not take the form of T (R1)T (R2), but has an additional symmetry line joining
between the two T (Ri). This is to be contrasted with the corresponding splitting relation
of a Z2 symmetry line shown in figure 10, in which case (6.2) is obeyed. These novelties for
the non-invertible topological operators/defects make an extension of the argument of [10]
nontrivial, but it is conceivable that a more general notion of splittability can be defined for
topological operators, enabling a proof of the conjecture. We leave this for future studies.

7 Conclusions

We have seen that the standard lore that completeness of the spectrum of G gauge theory
follows from the absence of one-form global symmetries must be modified when G is a finite
(non-abelian) group. Rather, completeness of the spectrum is equivalent to the absence
of topological Gukov-Witten operators. We have proven this statement in three spacetime
dimensions, and (under certain assumptions) we have shown that this proof generalizes to
four or more dimensions.

19In [10], the splittability condition is stated for symmetry operators Ug(R) at a fixed time on a disk R
in space. However, symmetry operators/defects generally cannot be defined on a manifold with boundary
in spacetime (see section 2.2). For example, in the ZN gauge theory in two spacetime dimensions, there is a
ZN zero-form global symmetry whose symmetry operator is the Wilson line exp[i

∮
A(1)] (see section 2.3).

The Wilson line can only be defined on a closed curve, not on a finite segment in spacetime in pure ZN
gauge theory. For a non-invertible topological operator/defect T , even when T (R) can be defined on such
a disk R, it does not have an inverse. Nonetheless, one can still discuss the splittability of a topological
defect T (M) on a closed manifold M in the sense of (6.2).
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Figure 10. The splitting of the symmetry line Ug(M) (shown in dotted blue lines) of a Z2 global
symmetry in 2d, whereM is the boundary of the rectangle R×[t−ε, t+ε]. This splitting obeys (6.2).
For a non-anomalous (anomalous) Z2 global symmetry, we have a + (−) sign on the right-hand
side [23, 62, 63]. The Z2 symmetry of the Ising model is non-anomalous and therefore the sign
above is +.

It is natural to conjecture that quantum gravity does not have topological operators,
extending the usual statement that quantum gravity does not permit exact global symme-
tries. Several lines of evidence suggest this conjecture is true, but neither the black hole
argument against continuous global symmetries [6, 7] nor the holographic argument against
global symmetries in AdSd [10] immediately extend to more general topological operators.
It would therefore be worthwhile to formulate a more general proof against topological
operators in quantum gravity.

In this work, we have dealt with the question of exact global symmetries and exactly
topological operators, whose correlations functions are invariant under small deformations
on the manifolds on which they are supported. From a phenomenological perspective,
the distinction between an exactly topological operator and an approximately topological
operator (which has only slight sensitivity to deformations of the manifold on which it is
supported) is irrelevant provided the effects of such deformations are small enough to avoid
experimental detection. Several works have sought to address this problem by investigating
the strength of global symmetry-violating effects in quantum gravity [64–67]; it would
be nice to extend these analyses to more general topological operators and to study the
phenomenological implications thereof.

The absence of global symmetries and the completeness hypothesis are two examples
of Swampland conjectures that can be understood as consequences of the absence of topo-
logical operators in quantum gravity. It would be interesting to see what other Swampland
statements may be connected to this web of ideas.
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