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In the present work, a complex fluid lubrication model based on a single state variable named the
structural parameter was used to predict steady-state frictional responses for a continuous hydrogel-
on-flat contact. The model predicts the steady-state lubrication curve, or steady-state friction versus
sliding speed curve, that was only previously predicted by the adsorption friction model, a widely
used model for hydrogel lubrication. For the first time, model can predict the analytical solutions of
two transition speeds in the steady-state lubrication curve rather than the single critical speed in
the adsorption model. Finally, we suggest a physical meaning of the structural parameter based on
a comparison with the rate-and-state friction model used for geological events. We posit that it is
measure of real contact area mediated by the water intervention. This is the first study to connect
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various fields including rheology, soft matter tribology, and geological physics.
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1. Introduction

In recent decades, there have been many efforts to discover a
lubrication curve which shows the relationship between friction
and speed for soft hydrated gels in sliding, and several mechanics
and materials models were suggested to describe the shape of
the curves [1-6]. One of the most widely used model is the
repulsion-adsorption model by Gong [1,7-9]. Following Schalla-
mach’s approach for rubber friction [10], the adsorption model
was formulated to predict the shape of the steady-state friction
versus sliding speed curve using computational simulation [1].
Gong assembled the lubrication curve, or friction versus speed
curve, for hydrogels based on the steady-state frictional response
at particular sliding speeds in a rheometer, reporting that there
is a transient response in each speed [7]. The model generally
explains the shape of steady-state lubrication curve and provides
the description of mechanisms in different lubrication regimes
based on polymer physics. However, because the transient re-
sponse is not considered in the model, it can only describe the
steady-state response. In practical applications, short-time fric-
tion may be important, and as such a complete lubrication model
must include it.

While most hydrogel lubrication studies assume a steady state
of sliding, our prior study discovered that under constant sliding,
the friction of a hydrogel interface was influenced strongly by the
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history of sliding to that point [11]. That transient lubrication led
to a hysteretic lubrication curve when increasing or decreasing
sliding speed. The study assumed that 90 s sliding duration was
sufficiently long to represent a steady-state condition, but it
had no theoretical support. In a follow-up study, computation-
based simulations accurately reproduced the hysteresis shapes
measured under the various sliding durations used in the experi-
ments. These simulations modeled the transient friction as shear
of a thixotropic fluid [12].

In this letter, we identify a more refined form of the complex
fluid lubrication model and verify that the model predicts the
steady-state response previously reported by Gong [7]. Based on
the similarity between the complex fluid lubrication model and
rate-and-state friction model, we suggest the physical mechanism
that drives the transient mechanics of hydrogel lubrication.

2. Experimental data for modeling

For the curve fitting and simulation, the same experimental
data that was presented in the previous study is used [12]. In the
prior study, the sliding test was conducted in a tribo-rheometry
setup resembling a thrust washer tribometer to induce unidi-
rectional continuous sliding. The change of sliding speed input
was done in a stepwise manner, and frictional torque output was
measured at each sliding speed. The controlling factor that de-
termined hysteresis shape of lubrication curves was the duration
of sliding at each step, and 5 different durations were used for
experiment and model fitting in the prior study. The same model
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fitting and simulation are conducted in the current study with a
simplified and refined model for broader applicability.

3. Modeling and simulation methods
3.1. Complex fluid lubrication model

Complex fluid lubrication models are composed of two main
relations: the first is the product of viscosity and shear rate as
a shear stress, where viscosity can be a function of a state vari-
able called the structural parameter A [12]. The second relation
describes the change of the state variable with time as a function
of its current value and the driving velocity V. In the prior work,
we used power law fluid model as the first relation to describe
the power law relation found in the experiment. However, in
the present study, we follow established hydrogel lubrication
studies that interpreted the power law relation between friction
and sliding speed as a Newtonian fluid flow with changing gap
height [5,8,13-15]. We reformulate the first relation into Eq. (1).

T=nA)y = n(k)m,

where n(A) = ns+ Anp , h(V)=CV'™®

In Eq. (1), t is a fluid shear stress under sliding, 7, is the water
viscosity, 7, is a viscosity coefficient of the structural parameter
A, y is a shear rate, V is a linear sliding speed, and h is an effective
gap height, o is the power law exponent found in lubrication
curves at the high speed regime [12], and C is a constant with
a dimension of [L*T'~%], where L is length and T is time.

The benefit of allowing variable gap height rather than a
constant of 100 nm in the prior work is that we can assign the
known viscosity value of water and calculate the gap height value.
The gap height calculated based on the new model ranges from
32 to 248 nm depending on the sliding speed.

Shear stress t is also a function of structural parameter A,
which is predicted by a kinetic equation
dx Vo, b
dr = kl Vmax)\ + k2 (1 )\) s (2)
where k; and k, are rate coefficients, a and b are power law expo-
nents that determine the dependence of each rate term to A, and
V/V max is @ normalized sliding speed. The changing A over time
obtained by solving the differential equation closely simulates the
transient frictional behavior and lubrication hysteresis [12].

(1)

3.2. Lubrication hysteresis simulation

The modification of the model does not affect the curve fitting
accuracy because it does not change the overall form of equa-
tions; rather, it just scales each parameter in the fitting results.
The scaled model constants for the modified model are tabulated
in Table 1. Using the new model and model constants, hysteresis
curves at 5 different step times from 9 to 90 s are simulated by
solving differential equation Eq. (2). The input of the simulation
is the sliding speed, which initially decreases stepwise from 50
to 0.05 rad/s through 16 steps and returning to the highest speed
with the same number of steps. Finite difference method is used
to solve the differential equation with initial value of A = 0 at the
highest speed. This gives the shear stress or friction response over
time. The last friction value at each step is used as representative
force at each sliding speed.

3.3. Steady-state lubrication simulation

Assuming that the complex model applies for longer sliding
durations than the step times used in the previous study [12],
we simulated for the steady-state response of the complex lubri-
cation. The step time, or the duration at each step, is increased
until the lubrication curves ceases to change.
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Table 1
The scaled fitting parameters for the modified model.
o C (m%7 s03) np (Pa-s) k1 ko a b
0.7 2.52E-7 0.0118 0.0353 1.19E-3 0.249 0.701

4. Results of the simulation

The result of lubrication hysteresis and steady-state simula-
tions are plotted in frictional torque vs. sliding angular speed
to match the variables used in the tribo-rheometery experiment
(Fig. 1A). Unlike the initial trend that longer step duration causes
greater hysteresis at shorter step times, the hysteresis area de-
creases when step time increases, and finally converges to a single
curve. If the frictional torque is plotted continuously over time,
we observe the opposite direction of friction change depending
on the direction of the speed changes (Fig. 1B). The steady-state
response occurred when step time is greater than 2000 s. The step
time of the steady state in Fig. 1 is 5061 s.

Gong previously reported the steady-state lubrication curve
for hydrogels [7]. In her experiment, the duration of sliding was
3600 s, which is greater than the steady-state time scale from
the simulation. The shape of the steady-state curve from the
simulation closely matches to the shape of the lubrication curve
reported by Gong, which shows that the complex fluid lubrication
model well predicts the steady-state response. Based on this
result, we acknowledge that the steady-state assumption that
was made in our first study [11] about the hydrogel lubrication
hysteresis with step time below 90 s was inappropriate, and
much longer sliding duration is required to reach the steady state.

5. Analytic solution of critical speeds

Gong explains the shape of the curve using an adsorption
model [7,9]. The model predicts the critical sliding speed (lo-
cal maximum) using single-chain polymer mechanics (Fig. 2A).
The critical speed is not an analytic solution, but an estimated
expression derived from a scaling law.

On the other hand, the complex fluid lubrication model can
provide analytical solutions of multiple critical sliding speeds. In
the steady state, the change of lambda vanishes to zero (Eq. (3)),
leaving a relation between the dimensionless velocity and the
steady-state structural parameter (Eq. (4)).
dxr

1%
= 0= -k —2A% +ky (1 — Ag)P 3
dt <]Vmax 55+<2( ss) ()

4 b
> v _ ka (1 — Ass)
Vmax kl)\

If Eq. (4) is solved for Ag, Ags will be some function of sliding
speed. Therefore, the steady-state frictional shear stress t

o

Tss = (ns+)\ssnp)? (5)

will be a function of the sliding speed V as well. Even though it
is hard to express the shear stress in terms of sliding speed in an
analytical form, we can still analytically solve for critical points
where the slope of the shear stress versus sliding speed curve
becomes zero. If we differentiate Eq. (5) with respect to V, and set
it to zero, we get the condition for local maximum and minimum
points in the steady-state lubrication curve.

0T OAgs VO ye-l

+ (773 + kss’)p) O‘T =0 (6)

(4)

a
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Fig. 1. (A) Steady state response (step time of 5061 s) of the complex fluid lubrication model plotted together with the other hysteresis curves. The different curves
at increasing and decreasing speeds converge to one curve. The shape of the steady state response is identical with the representative shape of the lubrication curve
for adsorptive friction [9]. (B) Frictional torque vs. time plot of the steady-state response. The friction converges to the same value at each speed, even though the
direction of the transient change in each step is opposite depending on the direction of speed change.

Further, the expression for dAs/dV is obtained by differenti-
ating Eq. (3).
8)"55 _ - (1 - )\'SS) )"SS l
av a(l—Ag)+brs | V
By rearranging Eq. (6) after substituting Eq. (7), we can get a
quadratic equation of the structure values that correspond to the
local extrema at nonzero speeds.

XA4+Yis+2Z =0,

(7)

where X = — (ae — 1) np + banp (8)
8
Y = —aans + (ae — 1) np + bans

Z = aans

If solved for Ag, it gives two solutions A; and A, that are
structure parameter values corresponding to the two extrema in
the lubrication curve. The solutions are substituted into Eq. (4) to
get critical sliding speeds V; and V, and converted into angular
speeds, which are two critical speeds showing slope transition.

k2 (1 — A.l’z)b
kl)"?g

2
To+T1i

Using the constant values found from curve fitting (Table 1),
the angular speeds w; and w, are calculated: 1.03 and 4.45 rad/s,
respectively. The values are plotted together with the steady state
curve in Fig. 2B.

The complex fluid lubrication model not only predicts the local
maximum speed but also predicts the local minimum speed in
analytical form. The prediction of the second transition speed is
important because it is of interest of many recent studies about
hydrogel friction [3,6,16,17]. The studies found a transition from
constant or slightly negative slope of friction to hydrodynamic-
like regime that follows a power law. The negative slope will
be discussed more in next section. Since all of these studies use
sphere-on-flat geometry for the sliding, where friction reaches to
the steady state quickly due to low contact area compared to the
tribo-rheometry setup, there is a possibility that the steady-state
response of the complex fluid lubrication model can be applied to
those results. In this case, the second transition point correspond
to the transition points found in those studies based on the shape
of the curve.

However, unlike the adsorption model, the complex fluid lu-
brication model does not provide the physical interpretation of

Vip = 9)

max»

w12 = V12 (10)
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Fig. 2. The comparison between the steady state curve of the complex fluid
lubrication model and the adsorption model. The transition points found in the
complex fluid lubrication model are analytical solutions directly derived from
equations, while the transition point of adsorption model is derived conceptually
using scaling law to explain the transition point found in the computational
calculation [7,9].

the transition speed and lubrication regimes. Another friction
model, the rate-and-state model, has never been considered for
application to hydrogel lubrication, but can give a critical in-
sight on the physical meaning of complex, fluid-like hydrogel
lubrication.
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Fig. 3. Rate-and-state friction model [19,20]. Under the step change in slid-
ing speed, friction shows a transient behavior similar to the complex fluid
lubrication model. The stability of sliding is determined by the relationship
between steady-state friction and sliding speed. Velocity strengthening gives
stable sliding, and velocity weakening can cause instability in sliding such as
stick-slip behaviors.

6. Discussion and conclusion
6.1. Rate-and-state friction model

Modeling friction using an evolution equation of a state vari-
able is not a new idea in the literature. In geology, there have
been many efforts to model transient friction responses as a
function of state variables in order to explain the slip mechanics
of earthquakes [18-22]. The models in the studies, which are
widely called rate-and-state friction models, assume that the sur-
face has a ‘state’ at any time, and the state is quantified using a
state variable. The state variable represents the surface memory
of previous siding. Therefore, under the same sliding history,
reproducible results of friction are predicted [18]. Following is the
equation form of the rate-and-state friction model [19,20]:

_ I 1% I v*o

d9 v 0+1 12
dt D, + (12)

In Eq. (11), T is a frictional stress, o is a normal stress, V
is a sliding speed, and € is a state variable. ng, A, and B are
parameters determined from experiments. The state variable 6
is explained as a measure of contact population age, which is
in close relation to growth of real contact area. When contact
happens over time, the contact population age increases, and the
real contact area increases together. The increasing real contact
area causes increasing sliding resistance.

The time evolution behavior of 6 is described by Eq. (12).
The form of Eq. (12) is quite similar to the structure equation
of complex fluid lubrication shown in Eq. (2). Eq. (12) has two
competing terms on the right side and the decreasing rate is
proportional to the sliding speed as well as the state variable.

The model predicts nearly identical behavior to that of com-
plex fluid lubrication (Fig. 3). With a single step increase of

Extreme Mechanics Letters 41 (2020) 101013

velocity strengthening velocity weakening

N <N

14

friction
|
friction

50000

10000

5000

torque (UN.m)

1000 +

500

velocity strengthening

velocity weakening

T T T
0 40000 80000 120000 160000

time (s)

Fig. 4. The steady-state response of the complex fluid lubrication model includes
both the velocity strengthening and weakening behaviors depending on the
sliding speed.

sliding speed, there is an immediate jump in friction followed
by decay, and vice versa for a single step decrease of sliding
speed [19,20]. A difference in the models is that the rate-and-
state model describes the behavior with respect to the sliding
distance instead of the duration of sliding.

The steady-state friction is an important parameter that de-
termines the stability of the sliding. If the steady-state friction
value increases at higher sliding speed, or dti/dV > 0, the
behavior is called ‘velocity strengthening’ and is considered stable
response. If the steady-state friction value decreases at higher
sliding speed, or dz,/dV < 0, the behavior is called ‘velocity
weakening’ and is a condition for unstable response such as stick
slip behavior or oscillation of friction depending on the stiffness
of the system [18]. In the specific model described by Eqs. (11)
and (12), the sign of (A-B) determines the stability of the sliding.

The complex fluid model can also predict velocity strength-
ening and weakening behaviors. In the frictional torque-time
graph in Fig. 4, the medium speed regime shows both velocity
strengthening and weakening behavior depending on the sliding
speed. One difference is that the rate-and-state model predicts
only one behavior: either velocity strengthening or weakening
for the same surface. The complex fluid model captures both
behaviors depending on the sliding speed.

When a monotonic behavior either velocity strengthening or
velocity weakening is analyzed, the rate-and-state model is more
appropriate since we can reduce the number of parameters for
model fitting. However, it cannot be applied to more complicated
responses like hydrogel lubrication curves, and the complex fluid
lubrication model is needed. Since the complex fluid lubrication
model can describe all the features of the rate-and-state friction
model as well as more complicated responses like local extrema,
the complex fluid lubrication model can be considered a more
general case of the rate-and-state model. When the complex fluid
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lubrication model is applied to the hard and dry surface sliding,
no physical meaning of fluid flow is applicable, but the functional
form can be used to describe the empirical trend.

The instability at the velocity weakening regime (dzs/dV < 0)
is reported in a recent hydrogel friction study [3]. The study uses
atomic force microscopy (AFM) for the friction test, which is an
extremely compliant system. The stick-slip behavior is found in
the regime where the friction decreases with sliding speed, which
is an instability caused by the velocity weakening response.

6.2. Possible mechanism of the hydrogel lubrication

The state variable in rate-and-state friction model has the
meaning of “age of contact”, which represents the time-varying
population of contact asperities [19]. This earthquake friction
model exhibits similar concepts to thixotropy. The contacting
population grows with time at slower speeds, which increases
friction; conversely, the asperity contact population decreases at
faster speeds, which decreases friction.

The surface adhesion was previously modeled as a source
of hydrogel friction in the adsorption model by Gong [1], only
considering the steady-state response of adhesion. In a more
recent study, transient behavior of adhesion and friction depend-
ing on contact duration between the hydrogel surface and hard
surface was reported [4]. The adhesion and friction increase with
contact time when there is water drainage. Therefore, we can
postulate that the water movement drives the change in the
surface interaction, or adhesion.

Combining the concept of age of contact and adhesion change
driven by water, we draw a schematic of the physical meaning
of the complex fluid lubrication model (Fig. 5). The amount of
water at the interface determines the degree of the direct contact
between the polymer surface and hard surface. When faster slid-
ing causes the water lubrication, this makes the surface abundant
with water that prevents the direct contact, which decrease the
adhesion and friction. When the water drainage occurs at the
interface due to compression, the real contact area grows, which
increases the macroscopic adhesion. Therefore, the source of the
transient friction could be the transient surface adhesion due to
the degree of intervention of water.

One important note about the water at the real contact area
is that even when the direct contact occurs and water drains out
from the interface, water always exists, not at the interface, but in
the subsurface of the hydrogel. This remaining water still affects
the frictional behavior of hydrogel, and the effect is included in
Eq. (1) as the constant water viscosity that is always added to the
frictional response.

The water drainage mechanism gives a physical meeting to
each term in structural equation shown in Eq. (2). The first term
on the right side represents the decreasing rate of the surface
interaction due to the water. Since the amount of water com-
ing to the interface depends on the sliding speed, the term is
proportional to the sliding speed. Furthermore, if there is a lot
of adsorption exist at a given time, there is more chance of
desorption, so the decreasing rate includes A in it. The second
term on the right side serves as the increasing rate of surface
interaction. It is independent of speed and only dependent on the
amount of vacant adsorption site at a time point of observation,
which is expressed as (1 — X).

Using this physical interpretation, we can discuss the physi-
cal picture of the lubrication hysteresis of hydrogels. When the
sliding speed decreases from the hydrodynamic regime, contact
area starts to grow over time, which makes the transient frictional
response. If the friction is captured in the middle of the transient
process due to the sliding time less than steady-state time scale,
the real contact area is not fully increased or decreased at each
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Fig. 5. The schematic of the physical mechanism of the complex fluid lubrication
model. Water remaining at the interface prevents the direct contact and adhe-
sion between the hydrogel and hard surfaces. As water drainage at the interface
occurs at lower speeds, the direct contact area increases, and the macroscopic
adhesion increases together. This induces a state of greater structure at lower
speeds.

sliding step, and the state of the contact area affects the next
sliding step at a different speed. This generates the lubrication
hysteresis. If the sliding time at each speed, or step time, is
long enough to reach the steady state, contact area converges
to specific value under the balance between increasing rate and
decreasing rate.

The physical picture of the steady state lubrication is similar
to the well-known Stribeck curve for hard surface lubrication,
with the exception of the low-speed regime. During low-speed
sliding, the friction increases with sliding speed instead of high
and relatively constant friction shown in the boundary lubrication
regime of Stribeck curve. The positive slope, or velocity strength-
ening, that resembles the viscous flow can be caused by the
elastic deformation of adsorbed polymers and its average bonding
time, which is extensively described by Gong in her adsorption
model [1]. The transition to negative slope, or velocity weakening,
in the medium-speed regime is caused by water lubrication,
and it is similar to the case of the mixed lubrication regime of
Stribeck curve. The transition is also discussed in the adsorption
model, but action of water is not considered as the source of this
transition. The high-speed regime of complex fluid lubrication
model corresponds to the hydrodynamic lubrication regime.
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