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The role of energy cost on accuracy, sensitivity,
specificity, speed and adaptation of T cell foreign
and self recognition†

Gyubaek Shin aand Jin Wang *ab

The critical role of energy consumption in biologicalsystems including T cell discrimination process has

been investigated in various ways. The kinetic proofreading (KPR) in T cell recognition involving different

levels of energy dissipation influences functional outcomes such as error rates and specificity. In this work,

we study quantitatively how the energy cost influences error fractions, sensitivity, specificity, kinetic speed in

terms of Mean First Passage Time (MFPT) and adaptionerrors. These provide thebackground to adequately

understand T cell dynamics. It is found that energy plays a central role in the system that aims to achieve

minimum error fractions and maximum sensitivity and specificity with the fastest speed under our kinetic

scheme for which numerical values of kinetic parameters are specially chosen, but such a condition can be

broken with varying data. Starting with the application of steady state approximation (SSA) to the evaluation

of the concentration of each complex produced associated with KPR, which is used to quantify various

observables, we present both analytical and numerical results in detail.

1 Introduction

One of the well known biological malfunctions is the deviation

from the normal condition of being able to maintain the ability to

efficiently differentiate foreign antigens from self-proteins attack-

ing living cells. It may be associated with an abnormality of KPR

processes, which prevents a bound form of ‘‘wrong’’ ligands from

being dissociated at a sufficiently high rate.1The affinity ratio of

‘‘correct’’ and ‘‘wrong’’ ligands with T cell receptor is typically

a measurable quantity that determines the efficiency of such

dissociation. Hopfield and Nino developed KPR theory in biosyn-

thetic processes.2,3Hopfield formulated errorfractionsforprotein

synthesis.2They elucidated that enzymes discriminate two differ-

ent reaction pathways, leading to correct or incorrect products due

to KPR. Since then, extensive researches on sensitivity and

specificity associated with error fractions have been performed.

Goldbeteret al.found that covalent modification in protein

involving biological systems affects a sensitivity amplification

using Steady State Approximation (SSA).4

A series of modifications after ligand binding in the KPR process

involves extra steps which creates ‘‘time delay’’t. The extra steps

leading to signaling are critical factors that allow for reduction in

error rates, indicating high efficiency of kinetic discrimination.5

However, KPR also involves free energy cost for activation of an

initially formed complex, which occurs in nonequilibrium states.1

The energy is also crucial in reducing the error rates and allowing

increased specificity.2Before KPR attracted great interests, there had

been several studies focusing on the effect of energy cost for KPR in

biological processes such as tRNA aminoacylation6,7and so on.

Beyond the classical studies on discrimination process for

biological systems such as Hopefiled,2Nino,3and McKeithan,8

there has been a fair amount of accomplishment on T cell

recognition with certain modifications,9–11which make it possible

to address several deficiencies found in existing models. For

example, Qian calculated an error fraction depending on both

KPR steps and energy cost using the Successive Rapid Equilibrium

Approximation (SREA) by assuming that there is energy input for

only the first cycle.9Chenet al.are the ones provided a the

formulation of T cell sensitivity and specificity in a quantitative

manner, depending on the number of KPR steps using a SSA.12

There have been significant contributions from Cui10 and

Banerjee,11focusing on the detailed relationship between error

rates and MFPTs. Despite their efforts on detailed analysis of the

dynamics, their studies are based on the kinetic scheme in terms of

only energy cost, lacking comprehensive information for which

both KPR steps and energy dissipation are taken into considera-

tion. For convenience, we use the term ‘‘KPR steps’’ instead of

phosphorylation steps although technically a KPR process includes

both phosphorylations and the dissociation of each intermediate

product. Here, the following questions can be raised:
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(1) If energy consumption plays an central role in reducing

errors, how does energy influence sensitivity and specificity in T cell

discrimination process, and what are the relationships among error

fraction, sensitivity and specificity under identical conditions?

(2) Although two factors, the KPR steps and energy dissipa-

tion, both of which contribute to editing process of the system

have opposite effects in terms of the time required to complete

the associated process, the retardation due to the increased

KPR steps may be mitigated by sufficient level of energy

dissipation. Can the MFPT data provide adequate information

to determine such energy level under the given condition?

(3) Against the initial stimulus signal, can a given T cell

dynamics achieve a virtually full recovery which may be char-

acterized by measuring output? What is the role of energy cost

in such a process?

Inordertoanswertheabovequestions,wedesignakinetic

model describing T cell discrimination process. After introducing

the chosen model for our discussion,thispapershowsadetailed

procedure leading to analytical expressions for these quantities

based on the SSA by imposing energy input in ‘‘every step’’ since a

series of modifications that occur after ligand binding requires

energy consumption and is out of equilibrium.1Based on the

kinetic model, we calculated error fractions, sensitivity and spe-

cificity in terms of both KPR steps and energy cost.

We also calculated the kinetic speed in terms of MFPT, the

average time required to complete the signaling event starting

from an initial state, depending on energy with given KPR

steps. The entire picture of the dynamics in T cell recognition

will still remain unclear with the only sensitivity and specificity

data available until the consequences of MFPT are evaluated.

This is because the MFPT provides information on the time

required for signaling to be completed under energy dissipa-

tion. We also see how energy influences the adaptation errors

in response to the shift of a particular parameter, which is the

rate constant used in our kinetic model.

2 Kinetic scheme describing
T cell recognition

The following detailed kinetic scheme reflects KPR associated with

the energy consumption. This scheme is based on the McKeithan’s

kinetic model,8,9but we provide a modified version of the scheme

by incorporating two additional paths such as the backward

reactions between intermediate complexes and the direct for-

mation steps2,10in the real context of the biological system (Fig. 1).

The initial complex formed by a T cell receptor and equal

amounts of foreign and self ligands triggers a series of mod-

ifications, leading to signaling. Since the first complex reaches

equilibrium rapidly, the values of governing rate constantsk1
andk1for the corresponding forward and backward reactions,

respectively are substantially higher than the ones given bykp
andkpfor the rest of the reactions. The dissociation events

at each intermediate complex leading to its initial state

with the rate ofk1(i=1,2,...N) allow for a reduction in the

amount of ligand bound molecules. We set the same value of

the dissociation constant (kdisso) for each intermediate complex

for simplicity. There is a need to incorporate the rate constants

governing the direct formation process, which leads to the

development of the complexes without passing through earlier

steps into the full ‘‘rate equation’’. The direct formation con-

stants denoted bymi(i=1,2,...N) decrease with the KPR steps

due to the higher energy intermediates as KPR progresses.2In

addition to this, they also decrease with consumed energy

according to the formula for energy dissipation. We allow

variation of the backward rates and the direct formation rates

such that they decrease with energy. However, the reverse rate

constantk1that is associated with the fast equilibrium is

unchanged. The transfer rate ‘‘W’’ is included in the irreversible

process from the final complex to the absorbing site where the

associated dynamics is completed. The equilibrium ATP and

ADP concentrations are related to the rate constants.9,13–15

½ATPeq
½ADPeq

¼
kp½C1eq
kp½C0eq

¼
kpm1k1

kpk1k1
; (1)

wherekpandkpare pseudo first order rate constants denoted

bykp¼kp½ATP andkp¼kp½ADP respectively since we

assume both ATP and ADP are in excess. In addition to this,

we impose the condition that the amount of free ligands is

much greater than free receptors such that the reaction starting

from the free receptor–ligands state follows the pseudo first

order kinetics.

The second equality comes from the relationship between

the ratio of the equilibrium concentration and kinetic con-

stants (i.e.)
½C1eq
½C0eq

¼
k1m1
k1k1

.

The free energy of ATP hydrolysis is given as

DGDT¼DGDTþRTln
½ATP

½ADP
¼RTln

kpk1k1
kpm1k1

¼RTlng; (2)

where

DGDT¼ RTln
½ATPeq
½ADPeq

 !

(3)

and we can definegas the available dimensionless free energy

from each ATP hydrolysis as.9,13,14

g¼
kpk1k1
kpm1k1

ðN¼1Þ (4)

g¼
kpkðiþ1Þmi

kpmiþ1ki
ðN41;iþ1¼NÞ; (5)

wherek1(i=1,2,...N) is all the same.

Although the energygis associated with many kinetic

variables in principle, we explore two kinetic parametersmi
andkprelated to the energyg.

In other words,

m1¼
kpk1kdisso
gkpk1

ðN¼1Þ (6)
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Fig. 1 Schematics of the kinetic model for ‘‘N’’ kinetic proofreading process (a): foreign ligands (b): self ligands followed by receptor–ligand binding, a

series of modifications triggers the T cell recognition signaling. At each intermediate state, self ligands dissociate 1/y(y= 0.1 in our case) times faster than

foreign ligands. Thek1andk1are both forward and backward rate constants at fast equilibrium. The governing rate constants between two intermediate

complexes after the receptor–ligands binding step arekpandkprespectively. Eachmidenotes the rate of the direct formation starting from free ligands.

Coupling to energy source is considered in every step.

Pu
bl
is
he
d 
on
 2
0 
Ja
nu
ar
y 
20
21
. 
Do
wn
lo
ad
ed
 b
y 
Ch
an
gc
hu
n 
In
st
it
ut
e 
of
 
Ap
pl
ie
d 
Ch
e
mi
st
ry
, 
C
A
S 
on
 3
/1
9/
20
21
 7
:3
2:
05
 
A
M. 

PCCP Paper

View Article Online

https://doi.org/10.1039/d0cp02422h


This journal is©the Owner Societies 2021 Phys. Chem. Chem. Phys.,2021,23, 2860--2872 |2863

miþ1¼
kpmi
gkp

ðN41;iþ1¼NÞ (7)

In addition to this, we allow the backward rate constantskp
that decrease with energy inputgin the following fashion. The

dimensionless free energyg= 1 indicates that the system is

governed by the detailed balance condition but as the system

becomes out of equilibrium, the backward rates get less dominant.

Such a kinetic scheme makes it possible to the direct formation

constantmito decrease with both KPR steps and the energy.

g Relative values ofkp

1 1.1

10 1/5

102 1/10

10n(nZ 3) 1/(50 5n3)

The affinity ratio between ‘‘wrong’’ (self-protein) and ‘‘cor-

rect’’ (foreign antigen) for targeting is given by

y¼

C0i
½R½L
Ci
½R½L

¼

m0i
k0disso
mi
kdisso

¼
kdisso
k0disso

¼
k1
k01

(8)

assumingmiis the same for both the correct and wrong

ligands. The self-proteins bound to the receptor dissociate

more quickly than the foreign antigens indicating that the

affinity ratio is less than 1. We set the value ofyto be 0.1 which

is consistent with experimental observation.1The numerical

values of kinetic parameters we take are as follows:R= 10,L=

103,ko1=10
4s1,k1=9 103s1,kp= 0.5 s

1,kdisso= 0.1 s
1,

andW =105s1. Experimental evidence indicates that the

typical range for binding rate is from O(102) to O(106)s1and

for unbinding rate is around O(101)s1.16

3 Result: error fractions

The Nonequilibrium Steady States (NESS) are typically sustained by

constant sources and flux. The system we design is in NESS that are

maintained with constant concentration of ATP, ADP and the free

ligands. Such a system differs from the one subject to the condition

for which the number of molecules fluctuates.13,15The detailed

procedure that leads to error fractions is given in Appendix A.

We obtained the numerical results for error fractions

depending on KPR steps and energy consumption, featuring

their decrease with both factors (see Fig. 2(a) and (b)). The error

fractions decline drastically until energygreaches around

100, giving a disparity between each KPR step. However, after

this point, they quickly converge their minimum values. T cell

reduces error rates by recognizing foreign antigens with the

help of multiple phosphorylation steps and certain amount

of energy expenditure even though the misrecognition of

self-proteins as foreign peptides commonly occurs. We find

that lower error rates can be achieved when the forward rate or

the affinity ratio decreases. The reduced forward rate allows the

T cell system to regulate the formation of the self ligand

complexes sufficiently compared to the foreign ligand products,

yielding the lower error rates. This indicates the system has

more time to fix errors by differentiating self proteins from

foreign antigens. Such a recognition process can be facilitated

with the decline in the affinity ratio, which is associated with

the enhanced specificity. We find when the forward rate con-

stantkpchanges from 0.5 to 0.1, the error rate is reduced by

31.0% forN= 2 and 64.0% forN= 6, both of which are subject

to the energy costgbeing 1000. On the other hand, when the

affinity ratio is reduced by 50%, the corresponding error rates

become 7.62 104and 2.55 106respectively for the two

different KPR cases with the same energy input, which implies

its decreases by 83.1% and 99.8% for each case. Experimentally,

Fig. 2 (a) The red, blue and green lines are the error rates depending on

KPR steps for the energyg= 1, 100, and 109respectively. When there is no

energy input, the error rate does not change with the number of phos-

phorylated products. (b) The red, blue and green lines are the error rates

for the KPR steps of 2, 4, and 6 respectively with energyg, featuring their

continuous drops until energy reaches around 100.
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it is well known that the typical error fraction is less than 106under

the condition when the affinity ratioyis 0.1 which is typical in

human body.1Another study estimating the error rate based on a

simple kinetic proofreading model suggests that the rate is approxi-

mately 10 4at the affinity ratio of 0.01 forN=4.8No information on

the number of phosphorylation steps is available for both cases.

4 Result: sensitivity and specificity

Both sensitivity and specificity based on the kinetic model were

computed. Sensitivity is defined as the probability of having the

number of foreign antigens sufficient to generate major signaling

out of the total complex. On the other hand, specificity is defined

as a factor to determine the ability to discriminate the correct

ligands (foreign antigens) from the wrong ones (self-proteins) in

their active states which contribute to major signaling.12

Chanet al.provided a simple expression for these quantities in

kinetic proofreading in the context of T cell recognition in the

following manner.12We directly follow the procedures they present.

This implies the definition of sensitivity and specificity can

be expressed as follows:

Sensitivity = TP/(TP + FN)

Specificity = TP/(TP + FP)

where, TP = the number of signaling events for a ‘‘correct’’ ligand,

FN = the number of zero signaling events for a ‘‘correct’’ ligand,

TN = the number of zero signaling events for a ‘‘wrong’’ ligand, FP =

the number of signaling events for a ‘‘wrong’’ ligand.

If we simply use the fraction of the active complexes, taking

CN
Ctotal

asaN, then

TP =Ctotal,foreigna
N
correct

FP =Ctotal,selfa
N
wrong

FN =Ctotal,foreign(1 aNcorrect)

TN =Ctotal,self(1 aNwrong)

Therefore,

Sensitivity¼
Ctotal;foreigna

N
correct

Ctotal;foreigna
N
correctþCtotal;foreign1 aNcorrectð Þ

(9)

Sepcificity¼
Ctotal;foreigna

N
correct

Ctotal;foreignaNcorrectþCtotal;selfa
N
wrong

(10)

here,Ctotalcanbeachievedbyaddingtheconcentrationsof

all intermediates including the ligand–receptor complex at the

final state, which is taken from both foreign and self-ligands,

sorted by different ‘‘N’’. The associated concentrations of foreign

ligands for the purpose of numerical calculation were taken from

the eqn (9) to (17). Qualitative speaking, sensitivity is the percen-

tage of the amount of the ‘‘true positive’’ products (the active

foreign ligand complexes that contribute to signaling) out of the

total products which also include ‘‘false negative’’ products

(foreign complexes that do not respond). On the other hand,

specificity is the percentage of the amount of the ‘‘true positive’’

products out of the total products responsible for signaling, which

are generated from both foreign and self proteins.

Chan andet al.12shows the feature of decrease in sensitivity

depending on the number of KPR steps based on their idealized

kinetic scheme for which reversereactions between intermediate

states are not taken into account without using energyg.Theyalso

obtained the result through increased specificity, reaching to 1.0

depending on the number of KPR steps. The trade-off between

sensitivity and specificity is also observed in our model.12,17

As shown in Fig. 3(b), our results show that the sensitivity

increasesandconvergestoacertainvalueastheenergyisconsumed

for a given number of KPR steps. Such behavior of the sensitivity in

terms of the energy input can be interpreted as follows:

(1) Its initial growth is associated with the immediate drop

of the backward rate which is responsible for the increase in the

concentration of each complex due to the energyg.

(2) However, its relative robustness after a certain point is because

of the balance between decreases in both the backward and the direct

formation rates which have the opposite effects in terms of the

change in the concentration of products as more energy is supplied:

As indicated in the general expression for sensitivity, the

growth in the amount of final complex relative to the concen-

tration of total products increases the sensitivity.

It is also found that the sensitivity decreases with the

number of KPR steps for a given energy (see Fig. 3(a)), which

is generally consistent with the results from Chan andet al.12

It is noticeable that under the detailed balance condition

(g= 1), the sensitivity has a low value even when a small

number of phosphorylated products are formed. The specificity

obtained from our model using SSA has the feature approach-

ing a maximum value rapidly as the energy costgincreases

(see Fig. 4(b)). We observe that the number of KPR steps

does not affect the specificity in a significant manner with

given energyg, showing marginal growth of the quantity as

Nincreases (see Fig. 4(b)). We find the rapid increase of

specificity converging to the approximate value of 1.0 with

energy. However, it is remarkable when there is no energy

input, the specificity does not change with KPR steps.

Based on our kinetic scheme, the sensitivity forN=2at

the energyg= 1000 are 0.689 which is in good agreement with

the value estimated from the Mckeithan’s case which is 0.694.

However, when multiple phosphorylation is involved, we find a

slight deviation. For example,N= 6, we get 0.247 of the sensitivity

which is lower than the other result which reads 0.335. On the

other hand, the specificity in our model estimated atg= 1000 for

N=2andN= 6 are 0.996 and 0.999 respectively which are slightly

higher than the corresponding values from the other model

subject to the identical values of parameters, which read 0.862

and 0.996 respectively.8The direct comparison between the two

models is not valid because the formalism based on Mckeithan’s

case does not contain the parameter for energy cost. When the

forward rate constant doubles which iskpof 1.0, we observe the

enhanced sensitivity. To be specific, when the energyg= 1000,

the corresponding sensitivities are 0.821 and 0.357 forN=2and
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N= 6 respectively, which reveals theincrease of the sensitivity by at

least 40% compared to the output with the original value ofkpwhich

are 0.689 and 0.247 respectively. We find that such an increase is

pronounced when large number of phosphorylation products are

involved. The increase in the forward rate is responsible for the

growth in the formation of each phosphorylated product, yielding

higher sensitivity. For specificity, when we takey=0.3insteadofy=

0.1, we find the decease of the specificity by around 6% and 2%

respectively forN=2andN= 6. As indicated from the results, the

loss of sensitivity is compromised by growth of specificity as more

phosphorylated products are formed. The trade-off between the two

physical outcomes are already discussed in Chanet al.12

5 Result: mean first passage time

The speed of KPR cascade associated with Mean First Passage

Time (MFPT) provides information on how rapidly the immune

system responds to the foreign ligand. More precisely speaking,

it is the average time taken to produce the final product that

contributes immediate signaling from foreign antigens.10We

find that the energy input and the number of KPR steps are the

major factors that determine the MFPT in KPR model. Our

work in this part is directly towards the evaluation of the

passage time depending on the energy consumption when

the foreign ligands are involved in KPR. Similar works have

been done by Banerjeeet al.for the calculation of MFPT of

DNA replication process.11However, it is based on a different

style of biological network that takes separate mechanisms

relying on the type of ligands, both correct and incorrect ones

forming associated complexes.11,18In other words, the machin-

ery completed by Banerjeeet al.can be utilized to extract

information such as first passage probability density of ‘‘cor-

rect’’ products among the coexistence of two types of ligands,

which is different from our case. Basically, we follow the recipe

Fig. 4 (a) The growth of specificity with KPR steps at different energyg. When the system is governed by the detailed balance condition (g= 1), the

specificity does not vary with the number of phosphorylated products. (b) The specificities for different number of KPR steps with energy. They approach

maximum values quickly with energy supply.

Fig. 3 (a) The sensitivity decreases with KPR steps, but applied energy is responsible for higher sensitivity. (b) The sensitivities for different number ofKPR

steps with energygreveals their initial growth with energy input.
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from Polizziet al.for the calculation of the MFPT.19The detailed

procedure to obtain the passagetimeisgivenintheAppendixC.

As shown in Fig. 5(a) and (b), the numerical results reveal

that the MFPT increases with the formation of more phos-

phorylated complexes as expected, but decreases with the

energy input. There exist two phases characterized by a steep

drop of the escape time untilgreaches 10 and a modest drop in

the regime of energy (10ogo104) for any KPR step. After the

point, the MFPT remains almost constant.

The lowest value of the escape time in high energy regime

where the lowest error fractions are also achieved manifestly

conflicts with a general belief in a trade-off between accuracy

and speed. There are a few studies on elucidating a broken

compromise between accuracy and speed.10,11They character-

ize the optimal condition where both the lowest error rate and

MFPT are attained under the change in a certain kinetic

parameter. However, in a different context, we want to discuss

such a trade-off in terms of energy input in a qualitative

manner. Our interest is to investigate the role of compromise

between accuracy and speed when energy input is taken into

consideration with variations of several parameters. However, it

may not be possible to characterize all the conditions for which

a broken compromise holds due to numerous sets of different

values of kinetic parameters. As indicated from Fig. 2(b) and

5(b), one reveals the break down of the trade-off between error

fractions and MFPT. However, when the dissociation rate

constant increases from 0.1 to 0.5, we observe the passage time

grows and reaches a converged value with energy, which reads

5.80 109and 9.28 1010s respectively forN= 2 andN=6

cases, which is in contrast to the trend featuring its decrease

with energy subject to the parameter we originally present.

Another study by decreasing the forward rate constant from 0.5

to 0.1 gives a similar result. A study on T cell activation shows

that the estimated MFPT which varies with energy consump-

tion is approximately 105to 1013s.10

6 Result: adaptation errors

In biological systems, a stimulus signal generates corres-

ponding outcomes. The change in output in response to the

perturbation allows the systems to return to the original

one whose output is measured without a signal input.20For

T cell recognition, a sudden shift of a given parameter leads

to change in an output activity to some extent despite its

eventual recovery. It is meaningful to find out how accurately

a perturbed system returns to the unperturbed one varying with

KPR steps and energy consumption.

We take an ‘‘adaptation error’’ in order to quantify such a

biological adaptation which is defined as
a0 a

a0
, where ‘‘a0’’

being the amount of change in output activity without pertur-

bation and ‘‘a’’ being the amount of change in output activity

due to perturbation, and the error is expected to decline with

energy cost.20Among a few candidates as an input signal

leading to a decline of the adaptation error, we have found

that a slight change in the backward rate is highly responsible

for reducing the adaptation error (see Fig. 6(b)).

The initial perturbation by either growth or drop of the

backward rate changes the output activity that reads the

final concentration of all proteins accordingly, but the energy

input regulates the variation of the concentration, leading to a

recovery of its original value. We also compare the adaptation

errors for the foreign and self cases. As shown in Fig. 7, our

numerical results show that there is a tiny difference of the

adaptation errors varying with KPR steps between the two

ligands under the detailed balance condition (g= 1). However,

it is found that there is a slight increase in the adaptation error

with KPR steps for the self proteins when energy is consumed

forg= 100, while the result shows the opposite consequence for

the foreign antigens. The difference between the results of the

adaptation error in terms of KPR steps for the two distinct

ligands is remarkable in high energy regime. This implies that

the T cell system is more susceptible to the exposure to an

Fig. 5 (a) The mean first passage time (MFPT) with variation of KPR steps

measured at different energyg= 1, 100, and 109respectively. (b) The MPFT

decreases with energy input.
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attack of the self proteins in that the adaptation error is rather

enhanced with KPR steps, which is in contrast to the results

when only the foreign ligands are in the presence. We also find

10-fold increment of the backward rate as the perturbation

increases the adaptation errors by approximately 10 times in

the whole range of KPR steps and energy. In addition to this, it

is observed that a slight change in the kinetic parameters is not

a critical factor that influences a general trend of the adaptation

error. For example, when the forward rate doubles, the error

decreases by only 18.8%.

7 Discussion

It is difficult to predict the consequences of T cell dynamics

without numerical calculationdue to the complexity of our T cell

scheme. For example, the dissociation event at each intermediate

productandthedirectprocessformingaphosphorylatedcomplex

without passing through previous intermediate stage are neces-

sary elements to understand T cell recognition, as well as forward

and backward rates between two products. Moreover, considering

the nonequilibrium nature of living organisms, interacting with

environments constantly, we hadto incorporate energy source

associated with ATP hydrolysis into our system. As used by

Qian,9the utilized energy is expressed in terms of several

kinetic rate constants, and it indicates that most of the rates

governing our T cell system depend on the consumed energy,

which makes the related dynamics more complex. Hence, it is

important to take all the information into account to set up an

appropriate model for understanding T cell recognition.

Despite existing studies on kinetic proofreading in T cell

recognition, the lack of simultaneous comparisons of physical

outcomes has prevented us from fully understanding the

dynamics of the process in terms of energy input. As part of

addressing such a problem, we present all the results regarding

error rates, sensitivity, specificity, speed and adaptation errors

in terms of energy cost with given KPR steps.

It has been found that the error fractions decrease with energy

utilization and KPR steps, and they have asymptotic behaviors,

converging to certain minimum values when a sufficient amount

of energy is supplied. Compared to the numerical results of

specificity, we also have found that the error rates determined

at certain amount of energy consumption lead to maximized

specificity. In addition to this, the energy supply plays a critical

role in reducing the escape time, accelerating the speed of signal

transduction by minimizing the time-delay caused by the growth

of KPR steps under the given kinetic scheme. In other words, we

find a condition where a trade-off between error rates and MFPT

is broken. Finally, we find that when backward rate is perturbed,

our T cell system is fully adapted, which is characterized by

computing the adaptation errors.

Our kinetic model for T cell recognition with given set of

parameters features an optimal condition where the lowest

error fractions and the highest specificity with the fastest speed

when certain amount of energy supplied.

Fig. 6 (a) The adaptation errors displays their virtual independence from the

KPR steps when energy is applied. However, under the detailed balance

condition (g= 1), we observe its slight increase with KPR steps. (b) Energy

utilization is highly responsible for the significant drop of the adaptation error.

Fig. 7 Comparison of adaptation error between foreign and self ligands

varying with KPR steps at different energy levels,g= 1, 100, and 109.
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Appendix A

We apply the mass action law to express the time derivative of

concentration for each bound state, which is given by

here, [R] denotes the concentration of unbound TCR. Again, the

concentration of free ligands are absorbed into rate constants

k1andmi.

Applying the SSA to each intermediate including the final

complex that contributes to signaling, we get

C0¼
k1½RþkpðgÞC1
k1þkp

(12)

C1¼

kpC0þkpðgÞC2þ
kpk1kdisso
gkpðgÞk1

½R

kpðgÞþkpþkdisso
(13)

C2¼

kpC1þkpðgÞC3þ
kpm1
gkpðgÞ

½R

kpðgÞþkpþkdisso
(14)

The general expression forCN 1just before the formation of

a final complex is as follows.

CN 1¼

kpCN 2þkpðgÞCNþ
kpmN 2

gkpðgÞ
½R

kpðgÞþkpþkdisso
(15)

The initial concentrationC0given by above can be replaced

byC0¼
k1½R

k1
assumingk1c kpandk1[R]c kpC1.

9

The concentration at the final state is given by

CN¼

kpC0þ
kpk1kdisso
gkpðgÞk1

½R

kpðgÞþkdissoþW
ðN¼1Þ; (16)

CN¼

kp
2CN 2þkp

kpmN 2

gkpðgÞ
½Rþ

kpmN 1

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

ðN41Þ

(17)

Note that each series ofCNdepends on the number of KPR

steps, whose expression forN 4 2 case has a recursion

relationship that connects with aCN 2term, generating addi-

tional terms successively (i.e.)CN 4,CN 6, and so on ending

withC0forn= even andC1forn= odd.

dC0
dt
¼k1½R ðk1þkpÞC0þkpðgÞC1

dC1
dt
¼kpC0 ðkpðgÞþkpþkdissoÞC1þkpðgÞC2þ

kpk1kdisso
gkpðgÞk1

½R

dC2
dt
¼kpC1 ðkpðgÞþkpþkdissoÞC2þkpðgÞC3þ

kpm1
gkpðgÞ

½R

:::

dCN 1

dt
¼kpCN 2 ðkpðgÞþkpþkdissoÞCN 1þkpðgÞCNþ

kpmN 2

gkpðgÞ
½R

dCN
dt
¼kpCN 1 ðkpðgÞþkdissoþWÞCNþ

kpmN 1

gkpðgÞ
½R

(11)
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On the other hand, CN 2¼

kpCN 3þkpðgÞCN 1þ
kpmN 3

gkpðgÞ
½R

kpðgÞþkpþkdisso
with substitution of the

expression for CN 1 and CN 3 respectively. Solving for

CN 2, we get

CN 2 ¼
kp

kpðgÞþkpþkdisso

kpCN 4þkpCN 2þ
kpmN 4½R

gkpðgÞ

kpðgÞþkpþkdisso

2

6
6
4

3

7
7
5

þ
kpðgÞ

kpðgÞþkpþkdisso

kpCN 2þkpðgÞCNþmN 1½R

kpðgÞþkpþkdisso

þ

kpmN 3

gkp
½R

kpðgÞþkpþkdisso

(18)

This becomes,

The initial concentrations generated by the above recursion

relation are expressed as follows.

C0¼
k1½R

k1
ðN¼evenÞ (21)

The error fractionfis defined as the ratio of the rate of

‘‘wrong’’ product formation to the rate of ‘‘correct’’ product

formation (i.e.)
CN;self
CN;foreign

for T-cell targeting.1,2,16Therefore, the

full expression of error fraction for ourN-cycle kinetic

proofreading model is given by

f¼

kpC0;selfþ
kpk1kdisso=y

gkpðgÞk1
½R kpðgÞþkdissoþW

kpC0;foreignþ
kpk1kdisso
gkpðgÞk1

½R kpðgÞþ
kdisso
y
þW

ðN¼1Þ

(22)

f¼

kp
2CN 2;selfþkp

kpmN 2

gkpðgÞ
½Rþ

kpmN 1

gkpðgÞ
½R kpðgÞþkpþ

kdisso
y

kpðgÞþ
kdisso
y
þW kpðgÞþkpþ

kdisso
y

kpkpðgÞ

kp
2CN 2;foreignþkp

kpmN 2

gkpðgÞ
½Rþ

kpmN 1

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

ðN41Þ;

(23)

CN 2 ¼

kp
2CN 4þ kpmN 3þkpðgÞmN 1½Rþ

kpkpðgÞ
2kpmN 2

gkpðgÞ
½RþkpðgÞ

2kpmN 1

gkp
½R kpðgÞþkpþkdisso

kpðgÞþkdissoþWÞðkpðgÞþkpþkdisso kpkpðgÞ

kpðgÞþkpþkdisso
2
2kpkpðgÞ

kp
2kpðgÞ

2

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

þ

kpmN 3

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkpþkdisso
2
2kpkpðgÞ

kp
2kpðgÞ

2

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

(19)

C1 ¼

ðkpðgÞþkpþkdissoÞkpðk1=k1ÞþkpðgÞ
kpm1
gkp

½Rþ

kpkpðgÞ
2kpm1
gkp

½RþkpðgÞ
2kpm2
gkp

½R kpðgÞþkpþkdisso

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

kpðgÞþkpþkdisso
2
kpkpðgÞ

kp
2kpðgÞ

2

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

þ
m1½R kpðgÞþkpþkdisso

kpðgÞþkpþkdisso
2
kpkpðgÞ

kp
2kpðgÞ

2

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

ðN¼oddÞ

(20)
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Again, the expression forCN 2can be given in terms of

eitherC0for evennorC1for oddn.

Appendix B

We present the analytical expression for both the sensitivity

and the specificity for our kinetic model in terms of the energy

(g). The general forms for sensitivity and specificity which are

expressed in the main text is given by the following.

Sensitivity¼
Ctotal;foreigna

N
correct

Ctotal;foreigna
N
correctþCtotal;foreign1 aNcorrectð Þ

(26)

Specificity¼
Ctotal;foreigna

N
correct

Ctotal;foreigna
N
correctþCtotal;selfa

N
wrong

; (27)

which can be reduced to the simple forms.

Sensitivity¼aNforeign¼
CN;foreign
Ctotal;foreign

(28)

with

Ctotal;foreign¼C0;foreignþCN;foreignþ
XN 1

i¼1

Ci;foreign (29)

Specificity¼
CN;foreign

CN;foreignþCN;self
; (30)

whereCi,foreign(io N) is the concentration of each foreign

intermediate complex except for the final foreign product

which is associated with signaling.CNis the concentration of

the final complex, which is given by

CN¼

kpC0þ
kpk1kdisso
gkpðgÞk1

½R

kpðgÞþkdissoþW
ðN¼1Þ; (31)

CN¼

kp
2CN 2þkp

kpmN 2

gkpðgÞ
½Rþ

kpmN 1

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

ðN41Þ

(32)

Appendix C

All states including the initial states characterized by free recep-

tors and ligands and all intermediate complex are taken into

consideration in order to calculate the MFPT. The noteworthy

consequence of the MFPT calculation done by Polizziet al.

elucidates that the MFPT is thesum of the residence of each

state.19We follows the main steps from their work. We define the

probability densityfi(t) as follows:

fiðtÞ¼
d

dt
PpassðtÞ (33)

Also, noting that the probability of making a first passage to

the ‘‘absorb’’ state at timetis given by 1 (sum of probability

of making a first passage to each state) in other words,

Ppass¼1
X

jaabsorb

PjðtÞ (34)

where

CN 2;foreign¼

kp
2CN 4þ kp

kpmN 4

gkpðgÞ
þkpðgÞ

kpmN 2

gkpðgÞ
½Rþ

kpkpðgÞ
2kpmN 2

gkpðgÞ
½RþkpðgÞ

2kpmN 1

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

kpðgÞþkpþkdisso
2
2kpkpðgÞ

kp
2kpðgÞ

2

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

þ

kpmN 3

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkpþkdisso
2
2kpkpðgÞ

kp
2kpðgÞ

2

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

(24)

CN 2;self ¼

kp
2CN 4þ kp

kpmN 4

gkpðgÞ
þkpðgÞ

kpmN 2

gkpðgÞ
½Rþ

kpkpðgÞ
2kpmN 2

gkpðgÞ
½RþkpðgÞ

2kpmN 1

gkpðgÞ
½R kpðgÞþkpþ

kdisso
y

kpðgÞþ
kdisso
y
þW kpðgÞþkpþ

kdisso
y

kpkpðgÞ

kpðgÞþkpþ
kdisso
y

2

2kpkpðgÞ
kp
2kpðgÞ

2

kpðgÞþ
kdisso
y
þW kpðgÞþkpþ

kdisso
y

kpkpðgÞ

þ

mN 2½R kpðgÞþkpþ
kdisso
y

kpðgÞþkpþ
kdisso
y

2

2kpkpðgÞ
kp
2kpðgÞ

2

kpðgÞþ
kdisso
y
þW kpðgÞþkpþ

kdisso
y

kpkpðgÞ

(25)
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We express the probability density in terms of the Ppass
defined above. Then, the MFPT expression is

thi¼

ð1

0

tfðtÞdt¼

ð1

0

X

jaabsorb

t
d

dt
PjðtÞdt (35)

The boundary term vanishes after performing the integra-

tion by parts. This becomes,

thi¼
X

iaabsorb

ð1

0

PiðtÞdt¼
X

iaabsorb

ri (36)

Since the first order kinetics controls the entire system, we

get

Pi= [exp(Kt)P0]i (37)

here,Kdenotes the rate matrix andPandP0represent the state

population vector and the initial condition vector respectively.

This indicates,

ri¼

ð1

0

expðKtÞP0dt
i

¼ K 1P0i (38)

The governing equation expressed as
d

dt
CðtÞ¼KCðtÞgives

the series of the initial concentration denoted byCT,C0,C1...

CN,Cabsorbfor our T cell model whereKis

A Matlab software is used in order to compute the MFPT by

summing over the product of K1CTdefined at each state

except for ‘‘absorb’’. For example,ri=[K
1CT]iforN= 1 case is

given by

r1¼CT

kpþk1W þ kpþk1kdissoþk1kp

k1kpþm1kpþm1k1W

k1W þk1kdissoþk1kpþm1kp

k1kpþm1kpþm1k1W

1

W

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

(40)

Appendix D

The adaptation error we define for our kinetic model is given by

the following.

Adp error¼
Cfinal;perturbed Cfinal;unperurbed

Cfinal;unperturbed
(41)

here,Cfinalis the concentration of the combined final products

(foreign and self) whose expression is given by

CN¼

kpC0;foreignþ
kpk1kdisso
gkpðgÞk1

½R

kpðgÞþkdissoþW
þ

kpC0;selfþ
kpk1kdisso=y

gkpðgÞk1
½R

kpðgÞþkdisso=yþW

ðN¼1Þ

(42)

CN¼

kp
2CN 2;foreignþkp

kpmN 2

gkpðgÞ
½Rþ

kpmN 1

gkpðgÞ
½R kpðgÞþkpþkdisso

kpðgÞþkdissoþW kpðgÞþkpþkdisso kpkpðgÞ

þ

kp
2CN 2;selfþkp

kpmN 2

gkpðgÞ
½Rþ

kpmN 1

gkpðgÞ
½R kpðgÞþkpþkdisso=y

kpðgÞþkdissoþW kpðgÞþkpþkdisso=y kpkpðgÞ

ðN41Þ

(43)

K¼

k1þ
PN

i¼1

mi k1 kdisso ... kdisso kdisso 0

k1 ðk1þkpÞ kpðgÞ ... 0 0 0

kpk1kdisso
gkpðgÞk1

kp ðkpðgÞþkpþkdissoÞ... 0 0 0

kpm1
gkpðgÞ

0 kp ... 0 0 0

...

kpmN 2

gkpðgÞ
0 0 ... ðkpðgÞþkpþkdissoÞ kpðgÞ 0

kpmN 1

gkpðgÞ
0 0 ... kp ðkpðgÞþkdissoþWÞ0

0 0  0 ... 0 W 0

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(39)
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Cfinal,perturbedis the concentration which is determined at the

slight changed value of thekp.
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