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Abstract: We prove that the twisted Kihler—Einstein metrics that arise on the base of
certain holomorphic fiber space with Calabi—Yau fibers have conical-type singularities
along the discriminant locus. These fiber spaces arise naturally when studying the col-
lapsing of Ricci-flat Kidhler metrics on Calabi—Yau manifolds, and of the Kéhler—Ricci
flow on compact Kéhler manifolds with semiample canonical bundle and intermedi-
ate Kodaira dimension. Our results allow us to understand their collapsed Gromov—
Hausdorff limits when the base is smooth and the discriminant has simple normal cross-
ings.

1. Introduction

In this paper we are concerned with the study of canonical metrics w which exist on
the base of certain holomorphic fiber space f : M"™ — N”" (n < m) with Calabi—Yau
fibers, away from the discriminant locus, and which satisfy a twisted Kdhler—Einstein
equation of the form

Ric(w) = Ao + wwp, (1.1)

where A will equal 0 or —1 (depending on our setup, to be described below) and wwp
is a semipositive definite Weil-Petersson form which encodes the variation of complex
structure of the Calabi—Yau fibers of f. These metrics were constructed in the work
of Song-Tian [64], and since then metrics satisfying (1.1) have been shown to arise
as collapsing limits of higher-dimensional Calabi—Yau manifolds (starting from [78]
and more recently in [10,19,27,28,32,33,48,49,57,64,65,67,69,83,85,86,95]) as well
as of long-time solutions of the Kihler—Ricci flow on compact Kéhler manifolds with
semiample canonical bundle and intermediate Kodaira dimension (starting from [64]
and more recently in [18,65,67,76,82,83,85,95]).

When M is holomorphic symplectic and f is a holomorphic Lagrangian fibration,
these twisted Kéhler—Einstein metrics coincide with the McLean—Hitchin metrics of
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certain semi-flat hyperkihler structures that appear in the work of McLean [51] and
Hitchin [34,35], in which case these metrics are in fact special Kéhler in the sense of
[21]. For example, Gross-Wilson showed in [29] that the collapsing limits of Ricci-flat
Kihler metrics on elliptically fibered K3 surfaces with /] singular fibers are McLean
metrics of semi-flat hyperkihler Lagrangian fibrations, and later Song-Tian proved in
[64] that the limits satisfy the twisted Kédhler—Einstein Equation (1.1).

As mentioned earlier, the canonical metrics w are in general singular along the dis-
criminant locus of f. The nature of their singularities is intimately related to the afore-
mentioned collapsing problems, but up to now the only situation when the singularities
of w were completely understood is when dim N = 1 [28,31,95]. In this paper, we solve
this problem in all dimensions by showing roughly speaking that @ has conical type
singularities, and we derive consequences for these collapsing problems.

Let us now describe our results more precisely. We will work in the two above-
mentioned settings separately.

1.1. The Calabi-Yau Setting. In this setting we assume that M™ is a projective Calabi—
Yau manifold, that is a projective manifold with Kp; = Oy, and we fix 2 a never-
vanishing holomorphic m-form on M. We suppose we have a fiber space f : M — N
(i.e. a surjective holomorphic map with connected fibers) over a normal projective variety
N". These fiber spaces arise for example when we have a semiample line bundle L on M
and f isits associated fiber space [47, 2.1.27]. We let D be the closed analytic subvariety
of N which is the union of the singular locus of N together with the critical values of f on
the regular locus of N. We will refer somewhat informally to D as the discriminant locus
of fandtoS = f~'(D) as the locus of singular fibers of £, and by construction we have
that f : M\S — N\D is a proper holomorphic submersion with Calabi—Yau fibers. We

m2 —_—
can then consider the fiber integral of the Calabi—Yau volume form (—1) 2 Q2 A Q via

2
flm\s and obtain a smooth positive volume form f*((—l)% QAQ) on Ny := N\D.
We fix a Kdhler metric wy on N (in the sense of analytic spaces [52] if N is not smooth).
In [11,17,65,78] it is shown that there is a continuous wy-psh function ¢ on N, smooth
on No, such that w := wy ++/—19d¢ is a Kihler metric on Ny which satisfies the twisted
Kéhler—Einstein equation (1.1) with A = 0, where wwp > 0 is the Weil-Petersson form
described in [65,78].

An outstanding problem is to understand the behavior and singularities of the twisted
Kéhler—Einstein metric w near the discriminant locus D. As explained below, this prob-
lem is intimately linked with the collapsing behavior of certain Calabi—Yau metrics on
M. The only general results on this problem are when N is a Riemann surface, in which
case the precise behavior of @ was calculated in [31, §3] (see also [28,64,95,96]), and
when M is hyperkéhler [86].

In general, denote by N'€ the regular locus of N (whose complement has codimen-
sion at least 2) and write D = D U D@ where DU is the union of all codimension 1
irreducible components of D and dim D® < n —2. Let D" ¢ D N N™¢ be the snc
locus of DV, so that we can write D = D" U D’ where D’ is a closed analytic subset
of codimension at least 2 which contains D® as well as the singularities of N.

Write {D,-}ﬁ‘= | for the irreducible components of D*"® and foreach 1 <i < u fixa
defining section s; for the line bundle corresponding to D; and a Hermitian metric /; on
this line bundle. Since the divisor D" on N8\ D’ has simple normal crossings support,
there is a well-established notion of Kéhler metrics with w¢one With conical singularities
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along D", with given cone angles 2w «; along each D; (0 < «; < 1), as described in
Sect. 2. Our first main result is then the following:

Theorem 1.1. In the Calabi-Yau setting, w extends to a smooth Kdhler metric across
D@ N N 8. Furthermore, there exists a conical metric weone With conical singularities
along D’ (and cone angles in 2w Q N (0, 27r]) such that for any x € D" there is an
open setx € U C N™ and constants A, C > 0 and on U\ D™ we have

m —A max(n—2,0) M A
c! <1 - Zlog |si|h,-> Weone < @ < C (1 - Zlog |Si|h,-) Wcone -
i=1 i=1

(1.2)

This is the direct generalization of the statement that is proved in [28,31,64,95,96]
when N is a Riemann surface, and it strengthens the estimate obtained in [86] when M
is hyperkihler, by giving a precise quasi-isometric description of w on near any point of
D", The logarithmic terms that appear in (1.2) are negligible compared to the “poles”
of Weone, and this will be important in our applications to collapsing below.

In the special case when N is smooth and D" has simple normal crossings, we are
able to show that the better estimate

A
o
C weone <0 < C (1 — ) log |sl~|hi) Ocone, (1.3)
i=1

holds globally on N\ DD,

1.2. Applications to Collapsing. In the same Calabi—Yau setting, we can fix Kéhler
metrics wys, wy on M and N and ¢ > 0, and then we let o, = f*a)N+e_’wM+\/—_185(p,
be the unique Ricci-flat Kéhler metric on M cohomologous to f*wy + e~ wyy, given
by Yau’s Theorem [91], which necessarily satisfies

— m2 —
A" = (ffoy +e oy +V—=130g)" = c,e " (—1)TQAQ, supy =0,
M
(1.4)

where the constants ¢; converge to a positive limit as 1 — co. A very natural question
is then to understand the behavior of the Ricci-flat metrics @; as t — o0, and this has
been much studied in recent years, see e.g. [10,27-29,32,33,48,49,57,64,65,67,78,83,
85,86] and references therein.

In particular, in [78] the second-named author proved that there is a twisted Kéhler—
Einstein metric @ = wy + +/—139¢ on Ng = N\ D which satisfies (1.1) with A = 0,
such that away from the singular fibers § = f~!(D) we have convergence of @, to f*w
as t — oo in the sense that ¢, — f*¢ in Cllo’f(M\S) for all 0 < o < 1. This was
later improved in [83] to locally uniform convergence of @&; to f*w, and to C{{ .(M\S)
convergence for all 0 < @ < 1 in [33]. It is conjectured [79,80] that in fact &; — f*w
in C1% (M\S), but this is only known in general when the generic fibers of f are tori (or
finite quotients) by [27,32,85] or when f is isotrivial [33].

In this paper we focus on the question of understanding the structure of the global
Gromov—Hausdorff limit of (M, @;). The following was conjectured by the second-
named author [79,80], and is directly inspired by a similar conjecture by Gross-Wilson,
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Kontsevich-Soibelman and Todorov [29,44,45] in the “mirror” setting of large complex
structure limits:

Conjecture 1.2. Let (X, dy) denote the metric completion of (No, w), and Sx = X\ No.
Then

(a) (X, dx) is a compact metric space and Sx has real Hausdorff codimension at least
2

(b) The Ricci-flat manifolds (M, c;) converge to (X, dx) in the Gromov—Hausdorff
topology ast — 0

(c) X is homeomorphic to N.

The first result in this direction was the work of Gross-Wilson [29] for elliptically
fibered K3 with only /; singular fibers, where @, is constructed via a precise gluing
construction, which in particular proves Conjecture 1.2. The gluing strategy has been
recently carried out for Calabi—Yau 3-folds M with f a Lefschetz K3 fibration [49], and
even more recently for elliptically fibered K 3 surfaces with arbitrary singular fibers [10]
(with some restrictions on [wy]), but it seems completely unclear how to implement a
gluing strategy in general due to the vastly different possible types of singular fibers and
nontrivial geometry of the discriminant locus.

A different approach to this conjecture, initiated in [78], is to work directly with the
family of complex Monge-Ampere equations (1.4), and prove suitable estimates for the
solutions ¢;. In this way, Conjecture 1.2 was completely proved when N is a Riemann
surface [28], or when M is hyperkihler [86]. Furthermore, it was shown in [86] building
upon our earlier work in [27,28] that parts (a) and (b) of Conjecture 1.2 can be proved
provided one can understand the blowup behavior of @ near D (see Sect. 6 for a precise
statement), and one does not need to consider the actual Ricci-flat metrics @; themselves
anymore.

Very recently, in [67] part (b) of Conjecture 1.2 was proved in general, and part (c)
if N has at worst orbifold singularities, following a different path that in particular does
not give pointwise bounds for @ near D. As a corollary of our main Theorem 1.1, which
is completely independent of the results in [67], we are able to settle the conjecture when
the codimension 1 part of D is a divisor with simple normal crossings:

Corollary 1.3. In the Calabi—Yau setting, suppose that N is smooth and DV has simple
normal crossings. Then Conjecture 1.2 holds.

In the special case when N is a Riemann surface, this corollary is proved in our earlier
work [28]. Examples where this corollary applies with higher-dimensional base N can
be obtained by taking M to be one of the Calabi—Yau 3-folds constructed by Schoen [63]
as fiber products of two rational elliptic surfaces, which admit elliptic fibrations with
base N one of the rational elliptic surfaces, and in some cases have smooth connected
discriminant locus.

In corollary 1.3 we allow the possibility that D) = ¢, i.e. that D has codimension 2
or more. However this situation is very special, as it implies that the map f is isotrivial
(see Proposition 3.2). In general, as stated in Theorem 1.1, @ extends smoothly across
D(_z) N N™2, so all the singularities of  are along the divisorial part D)) and along
Nsmg_

1.3. The Kdhler—Ricci Flow Setting. We now discuss the second setting, following
Song-Tian [64,65]. In this setting M is a compact Kéhler manifold with K 3, semiample
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and with0 < k(M) < m (calln = k(M)). Using sections of £ K j; for £ sufficiently divis-
ible, we obtain a holomorphic map f : M — P" withimage N C IP" a normal projective
variety of dimension n (the canonical model of M). The map f : M — N has connected
fibers, and the generic fiber is a Calabi—Yau (m — n)-fold. Write oy = %wFslN, so that
[ wy belongs to ¢1 (K p). Fix also a basis {s;} of HO(M, ¢K ), which define the map
f,and let

1
tm? _ ¢
M= (—1)TZS,'/\S,‘ ,
i
which is a smooth positive volume form on M which satisfies

Ric(M) = — V193 log M = — f*wy.

If D C N denotes the singular locus of N together with the critical values of f on
the smooth part of N, and S = f~!(D), then f : M\S — Ny := N\D is a proper
holomorphic submersion and f,,/M is a smooth positive volume form on Ny. It is known
[11,17,65,78] that we can solve

(0N ++/=1009)" = ¥ f M,

with ¢ € CO(N), ¢ is wy-psh and smooth on Ny, where @ = wy + +/—190¢ is a
Kihler metric that satisfies the twisted Kdhler—Einstein equation (1.1) with A = —1. By
[64,65,83] we know that if wq is any Kéhler metric on M and w(¢) is its evolution by
the Kéhler—Ricci flow

%w(t) = —Ric(w(1) — (1), ®(0) = wo,

then w(¢) exists for all t > 0 and as t — oo we have that w(f) — f*w in C&C(M\S).
One than has the completely analogous conjecture to Conjecture 1.2 for the collapsed
Gromov—Hausdorff limit of (M, w(t)), but even less is known about it in general, with
the only case that has been settled so far is when « (M) = 1 and the general fiber of f
is a torus (or finite quotient), by [67,76].
Our result in this setting is again that the twisted Kéhler—Einstein metric w on Ng has
conical-type singularities along D"°:

Theorem 1.4. In the Kdhler—Ricci flow setting, the same results as in Theorem 1.1 hold
for w, namely w extends to a smooth Kiihler metric across D® N N8, it satisfies (1.2)
near every point of D™, and when N is smooth and DV has simple normal crossings
the estimate (1.3) holds globally.

Lastly, we show how this result can be used to prove the analog of Conjecture 1.2 in
this setting, in the case when N is smooth and DV is snc (so that the stronger estimate
(1.3) holds), and assuming also a locally uniform Ricci curvature bound away from the
singular fibers of f, as in [67,76]. This generalizes the results in [67,76] which also
assumed that dim N = 1 and used the analog of (1.3), proved in [28,31,95].

Theorem 1.5. In the Kdhler—Ricci flow setting, suppose that the Ricci curvature of w(t)
remains locally uniformly bounded on M\ S, and that N is smooth and DV has simple
normal crossings. Then (X, w(t)) has uniformly bounded diameter and converges in the
Gromov-Hausdorff topology to the metric completion of (N, ), which is homeomor-
phicto N.
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It follows from [20,27,32,85] (see the exposition in [82, Theorem 5.24]) that the
assumption on the Ricci curvature of w () always holds the the smooth fibers of f are
tori or finite quotients of tori, and it is expected to hold in general [75, Conjecture 4.7].

1.4. Strategy of Proof. The strategy of proof is the following. First, we pass to a reso-
lution of singularities 7 : N — N such that N is smooth and 7~ (D) = E is a divisor
with simple normal crossings, and 7 is an isomorphism over the locus where N is regular
and D is a simple normal crossings divisor. In particular, we may choose 7 = Id in
the case when N is smooth and DD has simple normal crossings. Then we prove in
Sect. 2 that the volume form of 7 *w satisfies the estimate

“ A
C'Ho" . < (m*0)" < CH (1 — Zlog |s,-|hl.> O e (1.5)
i=1

where H is a smooth nonnegative function which is bounded above and may go to zero
near the exceptional components of E. Estimate (1.5) is obtained using Hodge theory, like
in [28] where a weaker estimate was obtained when dim N = 1. Very recently, similar
estimates were obtained in more general settings in [40,72] using different ideas.

The main task is then to deduce a pointwise bound for w of the form (1.2) from (1.5).
First, in Sect. 3 we show that w extends smoothly across the analytic subset D N N™g,
which has codimension at least 2, so we it suffices to understand the behavior of w near
the divisor DO,

Next, if N is smooth and D! has simple normal crossings (so that 7 = Id), we show
in Sect. 4 that (1.3) holds, using estimates for Monge-Ampere equations with conical
singularities as developed in [5,6,13,30,37].

In the general case, the resolution 7 will be nontrivial, which introduces the major
issue that the class [77 *@y] where the form 7 *w lives is not Kihler anymore, and nothing
is known about “conical” metrics in such classes. In Sect. 5, we show that on N \E we
have the “Tsuji-type” [87] estimate

7w < |SF|2A ( Z]0g|sz|h ) Wcone » (1.6)

where F' C E denotes the exceptional components of E. This, together with (1.5), easily
implies the estimate (1.2) since 7 is an isomorphism where N is smooth and D is
snc. This proves the main Theorem 1.1, and the application to collapsing of Ricci-flat
metrics in Corollary 1.3 then follows from this and our earlier work [86] (extending
ideas that we introduced in [28] when dim N = 1), as explained in Sect. 6. Indeed there
we showed that to prove parts (a) and (b) of Conjecture 1.2 in general it suffices to show
the estimate

A
m
7' < C (1 - Zlog |5i|h,-> Wcone » (L.7)
i=1

and that part (c) also follows from this provided that ¥ = Id. Of course, when & = Id the
estimates (1.6) and (1.7) are identical, but it remains an open problem to show that (1.7)
holds in general when 7 is nontrivial (which would prove part (a) of Conjecture 1.2).
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Lastly, in Sect. 7 we extend these arguments to the Kédhler—Ricci flow setting, proving
Theorem 1.4. The arguments are very similar to the Calabi—Yau setting, with the only
main difference being that now K}y is replaced by £ K, (which instead of being trivial
is semiample). We show via a standard ramified covering trick that estimates analogous
to (1.5) also hold in this setting, by reducing to the case when ¢ = 1 which is treated
in Sect. 2. Once this is established, the rest of the arguments follow the same path as
above. We then deduce Theorem 1.5 from this by extending the arguments in [67,76].

2. Estimates on the Volume Form

In this section we use Hodge theory to derive asymptotics for the pushforward of
the holomorphic volume form on a Calabi—Yau manifold which is the total space
of a fiber space over a lower-dimensional base. There is by now a large litera-
ture on related questions, including for example [2—4,7-9,15,16,23,27,38,40,41,53—
55,59,62,71,72,86,88,89,93,95], with the very recent papers [40, 72] explicitly focusing
on the case when dim N > 2. Here we decided to follow closely our previous work [28,
Section 2] where we proved the upper bound in (2.1) in the case when dim N = 1. Our
arguments generalize this to bases of arbitrary dimensions, and also provide the lower
bound in (2.1) which crucially matches the upper bound up to logarithmic error terms.
We note that a more refined analysis can in principle be carried out as in [7,8,41] to
obtain precisely matching upper and lower bounds, with a more complicated logarithmic
behavior. However, since for our purposes the cruder estimate (2.1) suffices, we have
decided not to pursue this.

The setup in this section will be the Calabi—Yau setting described in the introduction,
namely we let M be an m-dimensional projective Calabi—Yau manifold (K = Oy)
with holomorphic m-form €2, N a normal projective n-dimensional variety, 0 < n < m,
and assume that we have a surjective holomorphic map f : M — N with connected
fibers, and let D C N be the discriminant locus of the map f, i.e. the union of the
singular locus of N together with the critical values of f on N™&. As in the introduction,
we write D = DD U D@ so that DU is a divisor and D® has codimension at last 2.

By Hironaka’s resolution of singularities, there is a birational morphism 7 : N — N
such that N is nonsingular and E = 7 Y D)isa simple normal crossings divisor, and
such that 7 : N \E — N\D is an isomorphism. In fact, it is known (see e.g. [73]) that
we can choose 7 so that it is an isomorphism over the locus where N is regular and
D has simple normal crossings. This locus is Zariski open in N, with complement of
codimension 2.

Let¢ : M — M xy N be a birational morphism, inducing a map f : M — N such
that

(1) M is nonsingular
2 f “LE)is simple normal crossings in M
(3) E is the discriminant locus of f.

Again, this can be accomplished by Hironaka’s theorem.

From these, it follows by elementary arguments (see e.g. [55, Setup 2.3, Lemma 2.5])
that there is a Zariski open subset N° C N with N\E C N° C N\Sing(E), such that
f~Y(N°) — N? is a normal crossings morphism, i.e., locally one can find coordinates
(21, ..., 2zm) on f1(N?) and coordinates (yi, ..., y,) on N° such that f is given by
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m—n+1
d:
@1y eees2Zm) > l_[ Z;'s Zm—n+2s -+ Zm | -
i=1

Note that the fibres may be non-reduced, and d; are multiplicities of irreducible compo-
nents of f‘l (E).

Given a point yg € E let U be an open neighborhood of yo in N with U = A"
(the unit polydisc) and U\E = (A*)* x A", for some 1 < ¢ < n, and with local
holomorphic coordinates (yi, ..., y,) on U (centered at yg). If we write Q2 also for the
pullback of 2 to M, then we can define a real nonnegative function ¢y on U\ D by

Fo(QAQ) =gudyi A+ Adyy, AdYi A ... dF,.
The main result of this section is then:

Theorem 2.1. After possibly shrinking U, we have
d

4 14 14
C Tl ) < puy) < CT Iy 20 (1 — > log |yl-|> AV
i=1

i=1 i=1
for some non-negative integer d and rational numbers a; € Q~, and forall y € U\E.

Note that we do not assert that necessarily «; < 1, so some of the exponents —2 (1 — «;)
may be positive.

Remark 2.2. Asis well-known (cf. [4,95]) from the proof it follows that whendim N = 1
the rational number « equals the log canonical threshold of the fiber £~1(0), an algebro-
geometric invariant. See [40] for a similar interpretation in the general case.

Proof. Letng € U\E be a basepoint and let
T; : ™" (f ' (n0), ©) = H""(F ' (n0), ©)

be the monodromy operator for a loop based at ng around the ith copy of A*, 1 < i < £.
By the Monodromy Theorem (see e.g., the appendix of [46], or [25, Chap.II, Application
17]) T; is quasi-unipotent with (Tl.mi — )% = 0 for some positive integers d; and m;, and
m; is the least common multiple of the multiplicities of the irreducible components over
a general point of {y; = 0}. Setalsom; = 1for¢ < i < n.Let U = A" with coordinate
(wi,...,wy),andlet u : U — U be given by pu(wi, ..., w,) = (Wi, ..., wy").

Pull-back and normalize the family M — N via the composition U050 < N , to
obtain a family f : M — U. This has discriminant locus D = u~'(U N E) and f now
has the property that the monodromy around a loop in U® := U \ D = (A*)* x A"~¢
is unipotent. B B

Now the trivial vector bundle H" ™" = (R"™" f,C) ®c Op. on U’ comes with the
Gauss-Manin connection, whose flat sections are sections of R™™" f*(C. It is standard
that this vector bundle has a canonical extension to U, (see e.g., [25], Chapter IV or
[62]) constructed as follows. Choosing a basepoint tg € U, letey, ..., es; be a basis for
H™ " (f~(19)). These extend to multi-valued flat sections of 1™, which we write
as e¢; (w). However,

logw;

2m/—1

14
o (w) = exp —ZN/‘ e (w)
j=1
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with N; = log T} is in fact a single-valued holomorphic section of H"™". We then
extend H" " across U by decreeing these sections to form a holomorphic frame for the
vector bundle. Call this extension H’Z—}_”.

It is then standard (see again [25], Chapter IV) that the Hodge bundle F g’;” =

(f*Q’A';/Z)IUU C ‘H™ " has a natural extension Fm "C ’H’" "toU.

Next note that the form
Q= 1(8/dy1,...,3/dy)R

is a well-defined section of f,Q" l”( U and thus pulls back to a well-defined section

Qe of F Z’O ". Furthermore, the function ¢y given in the statement of the theorem

ue

satlsﬁes atapointy e U

(m—n)? -
ou(y) = (- / Qrel A el
7t

We will show that the section Q¢! of F”""" extends to a meromorphic section of F' ™"
and investigate the order of the poles of this section along the discriminant locus. For this
it is sufficient to restrict to one-parameter families. Let S; C U be the disc on which all
the coordinates y; are constant and nonzero except fory; € A.Let §; = u~'(S;). Note
that Sl is a disjoint union of discs. Denote by M; — S; and M; — S; the basechanges
of M > Nand M — U respectively. By choosing S; generally, we can assume that
M; — S; is a normal crossings morphism, possibly with a nonreduced singular fiber
over 0 € ;. Call this fiber Y. In particular, restricting to S;, we can consider Qe as a

meromorphic section of f Q”Af[ /"S (log ).

Going back to our problem, we first determine the order of pole of Q"¢ at 0 as a

section of this bundle. Locally on M;, near a general point of an irreducible component
B

Y; of Y, the map A;Ii — S;is given by y; = zj, with 8 > 1 and z1, ..., Zm—n+1
coordinates on A;Ii. We can write
Q; :==1(3y, ..., 0y, ..., 0y,)8,

as a form on M; locally as
Qi =Yidzi Ao ANdzm—nat,

for some holomorphic function ;. We have ¢; = zlqb where |¢| > 0 at the generic
point of ;.

In our local coordinate description, the vector field on M; given by ! ’3 9z, 1s
a lift of d,,. Thus Q¢ as a section of Q’;{ _/’; ‘(log Y) is locally given by

i

iﬂ ﬂl Tdzo A Ndzmpe = ¢Zlf+1_ﬁd12 A ANdZp—pyl-
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We now need to pull-back "¢ to Q’Uf,f and study this section as a section of F g’ -,

The stable reduction theorem [39] gives a resolution of singularities M l’ — M; such that
the composed map M; — S; is normal crossings. So we have a diagram

I
N
1

T

<

i
|
-

DX
\l

il

_—
"
Furthermore, the map 7’ is a toric resolution of singularities by the construction of [39],
Chapter II. In particular, locally 7" and 7 can be described as dominant morphisms
of toric varieties of the same dimension. On such toric charts, by [56], Prop. 3.1, the

sheaves of logarithmic differentials " /" (log¥), Q"Afl /"S (log Y), and Q”AZ /"S (logY’)
are trivial vector bundles generated by exterior products of logarithmic differentials of

toric monomials (here ¥ and Y’ denote the fibers over zero), and thus 7 * Q’A’z _ /’; (log Y) =

m—n % Nk Om—n ~ m—n v/
QM /5, (logY) and (7r') QM /5 (log Y) & SZM,/S (log Y'). Furthermore,

£l sz"ﬁ;/ 5, (log Y) = furl sz';;/ 5, (log Y’
= furrl () Q% (log ¥)

= ful(w[ O ® Uyt (log V)

~ f*Q"AfI /”S (logY).

It also follows from [68] (see also [25], Chapter VII) that

m—n ~ m—n v/
Fp™"ls = fis i (og 7).

Thus, in order to understand the behaviour of Qgé as a section of F' g_", it is sufficient to
pull back Q"¢ to Q”f—/”si (log Y) and understand the behaviour of this form as a section
of f*Qm " (log Y).

Agam we do this locally near the inverse image of a general point of an irreducible
component of Y. Using the same notation as before, we know that M; is locally given

by the normalization of the equation wf"" = zf Note that 8|m;, so a local description

of the normalization is given by an equation w; mi/P

Thus "¢ pulls back to

= &z for & an B-th root of unity.

—m;i(B=1) —m; (B=1-k)
B B
Yiw; dza A - ANdzm—n+1 = Pw; dza A+ ANdzm—n+1-

Note that
—mi(B—=1=k) 1+k 1
wi ! - y i
Thus letting 8; and k; be the numbers such that —=~ “k = min{l‘%k} among irreducible

components of ¥ (and let Y be one of the components where this minimum is achieved),
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mi(Bi—1—=ki)/Bi yrel
2y

we find w; ! extends to a holomorphic section of Q"2 (log ¥), hence

M; /S

yields a holomorphic section of F l’-;’_" l5, = fl Q"Agl,_/"gl (log Y").

Now set

12
Quorm . _ 1_[ Wi Bi1=ki)/Bi oyrel
: i Ue:
i=1

This now extends to a holomorphic section of FZ-]” ~"'. By construction, since |¢| > 0 at
the generic point of Y, we see that """ £ 0 at the generic point of ¥;. Thus we can
write Q9" as a section of H’Z—}_” , as

Q™ =" hi(w)oi (w),

i=1

for h; holomorphic functions on U. We then compute, with (-, -) denoting the cup product
followed by evaluation on the fundamental class

H"™"(f (1), C) x H"™"(f (1), C) — C,
that

/ Qnorm A Qrmrm
= w)

= <Z hi(w)oi(w), Y " h ,-<w>6j<w>>
i=l1 j=1

s N
_ <Ze—zﬁl Nilogui /273/=Tp o Zezﬁ:l N,,logw,,/znﬁﬁjej)

i=1 j=1

Note the exponentials can be expanded in a finite power series because the N; are
nilpotent, and hence a term in the above expression is

14
C - hih; n(log wi)% (log wy )% <]—[ N%e;, ]‘[ N,fkej> )

k=1 k k

Here the constant C only depends on the powers dj, d; occuring. We can assume that
we have chosen the imaginary part of log wy to lie between 0 and 27 (this is equivalent
to choosing the branch of ¢;(y)). Keeping in mind that the /; are holomorphic on U,

after shrinking U we can assume that |/ ;| are bounded by some constant, and so we see
that the above term is bounded by a sum of a finite number of expressions of the form

J4
C' ]~ tog wi)%.
k=1

Thus the entire integral is bounded by an expression of the form

) d
c (1 - Zloglwkl) ,
k=1
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for suitable choice of constant C and exponent d.
Returning to Qgi, we see that

d

4 14
mfn)2 — (B . .
(~D*3 /f Qe A Qe < € [ fuwy| 72 Bkl ((1—§jlog|wk|>
—H(w)

i=1 k=1
Using y; = w:"" then gives one of the inequalities in (2.1), with ; = 1;;_1(,
To prove the other inequality, we want to show that
( ) ¢
(_1) / Qrel/\Qrel >C—11_[|yi|7
f71 (6)) i=1
for y € U\D = (A" x A"t C ](7_\E. Let yiy = wi'', ...,y = w,", yey1 =
Wl - - -» Yn = Wy be the covering u : U? — U? such that the monodromy operators
are unipotent, and let
¢
Qnorm _ 1_[ w;"i(ﬁi—l—ki)/ﬂi Q}I}/L’{{
Then our goal is equivalent to proving
(m=m)? _
( ) / ] Qrorm A Qrerm > ¢~ 5 0. (2.2)
F=w)

Let Z be the zero divisor of """, which is regarded as a section of the line bundle
Fg*”. Then Z C D = {w;...wy = 0} the discriminant locus. To prove (2.2) it is

enough to show that Z = {J.

Assume that Z # ). Note that Z is a divisor, and thus Z contains an irreducible
component of D, say {w; = 0}. Let S; be a disc on which all y; are constant nonzero
except for y;,i.e. S = {y1 =¢1, ..., Vi =Cis..., Yn =Cn},and §; = y,_l(S) Hence
wj is the coordinate on S;, and S; NZ={w; =0} #0. LetM — S;and M; — §; be
the base changes. From above, M; — S; is normal crossing morphism with a possible
nonreduced central fiber Y.

As before, let Y; be one of the components of Y where the min{ 1+k} is achieved
(notation as before). Then in local coordinates on M; as before, near the preimage of Y;

in M; under the map ¢ : M; — M;, we have that Q’d pulls back to

—m; (B—1-k)
pw, " dn A Az,

where ¢ is not identically zero, and so """ pulls back to
@dza N - NdZym—py1,

with ¢ # 0, which is a contradiction because the preimage ¢! (¥) under the map
q : M; — M; is mapped into Z = {Q"*"" =0} by M; — S; — U.Hence Z = ¥.0O
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Next, we translate the local estimate in Theorem 2.1 into a global statement. To
do this, we need to recall the notion of Kéhler metrics with conical singularities. We
write E = U‘;zl E; for the decomposition of £ in irreducible components. Given real
numbers0 < o; < 1,1 < i < pu, thereis a well-defined notion of conical Kéihler metrics
Wcone ON N with singularities along E with cone angle 2 «; along each component E;.
Any such metric is a smooth Kihler metric on N\ E such that in any local chart U (a
unit polydisc with coordinates (wq, ..., w,)) centered at a point of E adapted to the
normal crossings structure (so E N U is given by wy - - - wx = 0 for some 1 < k < n,
and say that {w; =0} = E;, N U forsome 1 < j; < pandall 1 <i < k) we have that
on U\{w; ... w; = 0} the metric w¢ope is uniformly equivalent to the model

ZM Z V—1dw; A dw;.

12(1—«
iz lwil i i=k+1

We also fix a defining section s; of the divisor E; and a smooth Hermitian metric 4; on
O(E;), for all 1 < i < . An explicit conical Kéhler metric wcone On No with cone
angle 2w «; along each component E; is given by

Weone = Wy + 8V — 199 (Z |St|2al> ,

i=1

for some small § > 0, where wy is any given Kéhler metric on N.
The following is then the global version of Theorem 2.1, which was stated as (1.5)
in the Introduction:

Theorem 2.3. There is a constant C > 0 and natural numbers d € N, 0 < p < p and
rational numbers B; > 0, 1 <i < pand0 < «o; < 1, p+1 < i < pu, such that on
7~ Y (No) we have

d
m
2
lnmﬁ%m mm"CHMMG—mewa%MM)

j=1 j=1 i=1
where Weone IS a conical metric with cone angle 2ma; along the components E; with
prl<i<p.

Proof. This makes use of the above results from Hodge theory. First of all, as explained
for example in [78, Section 4], on Ny the metric w satisfies

" = cfi((=1)'T QAQ) (2.4)

for some explicit constant ¢ > (. Recall that at the beginning of this Section we have
constructed a sequence of blowups v : N — N such that E = 7~ (D) is an snc divisor,
and then we have the base-change M x y N — M and its resolution M — M xy N
which, when composed gives a holomorphic map p : M — M. We also have the new
fibration f : M — N so that we have the commutative diagram

b

~h
%

z
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For clarity, call Q = p*Q, which is a holomorphic n-form on M which in general has
zeros. Then on N\ E we actually have equality

QAR = (@A D), (2.5)

since p, 7 are biholomorphisms when we are away from the singular fibers. Combining
(2.4) and (2.5) we get

() = cfu(-DFQAD)

on N \E. Now Theorem 2.1 gives us an estimate for the behavior of the RHS locally,
when compared with a Euclidean volume form, near any given point of E, of the form

~ m2 ~ =
cfil(FDTQAQ)
idyiy Ndy| N --- Nidy, NdY,

4

C [Tl <
i=1

d

l L
<C[ w120 (1 — > log |yl~|) ,
i=1 i=1

where o; € Q~o. We keep those «; which satisfy «; < 1, and for the others we define
B; = —1+a; € Q9 so that we can write (with abuse of notation)

Ja
[Tt = [Tl 242 [ T 1vi P,
k=1 i j

and so that this shows that (2.3) holds locally, in the sense that given any point x € E we
can find a neighborhood U of x in N together with ¢, C, d, p, «;, B; (which all depend
on U), such that

d
CT, lyjlPPiot, : CT1; lyj i
J N PPRY/ J N
N <o) < (1= loglyil ) 2. (2.6
[T, 1y P T PO

holds on U. Fix attention on one irreducible component E; of E, and cover E| by such
open sets U, and say that on each U; we have E1 N U; = {y; = 0}. We wish to show
that the number «; (which give the cone angle along E if «; < 1) or 81 (which give
the order of zero along Ej if a1 > 1) that we get is the same an all these U;’s. On a
nonempty intersection of two such U;’s, we can look at points approaching E; in this
intersection, which do not come close to any of the other components of E. Then the
blowup rate (or order of vanishing) of the function in (2.6) along {y; = 0} must be the
same in both sets, which thanks to (2.6) implies that the corresponding numbers ¢ (or
B1) are equal. Repeating this for all components of E, this proves (2.3). O



Geometry of Twisted Kéhler—Einstein Metrics and Collapsing 1415

3. The Codimension 2 Part of the Discriminant

Still working in the Calabi—Yau setting, our next goal is to show that the codimension
2 (or more) subset D@ N Ny does not contribute to the singularities of w on Ny. For
this, we fix a Kdhler metric wy on N (in the sense of analytic spaces [52] if N is not
smooth), and we define a smooth positive function F defined on Ny by

DT L@AD) _

n
N

F, 3.1)

which satisfies
V=133 log F = —wwp + Ric(wy),
while the metric w on N satisfies
" = cFoly, (3.2)

for some constant ¢ > 0.

Our next observation is that the components of D of codimension 2 or higher do
not contribute to the singularities of . More precisely, write N’ = N™&\ D) and
D' = D@ N N, so D' is codimension 2 or more inside the complex manifold N, and
N'\D' = Ny.

Proposition 3.1. The function F on Ny extends to a smooth positive function on all of
N’, and the current w on N is a smooth Kiihler metric on N'.

Proof. For this we use the well-known relation between the Weil-Petersson form and the
Hodge metric on the Hodge bundle, that we now recall. The reader is referred to e.g. [25]
for the relevant background. For y € Ny denote by My = f ~1(y) the fiber over y and
let P ¢ H" ™(M,,C) =: H be the primitive cohomology given by the Kihler class
lwmm, ), Hz == POH"""(My, Z), k"9 := dim¢c PNHY(M,, QPM")(p+q =n—m),
and let Q be the polarization form on H. Let D be the classifying space for integral
polarized Hodge structures of type { Hz, k>4, Q}, and let

P:Nyo— D/T,

be the corresponding period map, where I" is the monodromy group. This map is holo-
morphic, locally liftable and horizontal. Since D has a Hermitian metric with neg-
ative holomorphic sectional curvature in the horizontal directions [26], a result of
Griffiths-Schmid [26, Corollary 9.8] shows that P admits a holomorphic extension
P : N’ — D/T across the analytic set D’ of codimension 2 or more.

In our situation, the form wwp on Ny is in fact equal to the pullback P*wy of the
Hodge Kihler metric on D/ T" by [74]. It follows therefore that wwp admits a smooth
extension wwp to N/, which is equal to 7_3*wH > 0.

Given any x € D/, there is an open subset x € U C N’, U biholomorphic to a ball,
where we can write

—owp + Ric(wy) = vV—100u,

for some smooth function u. Note that U N N is simply connected. On the other hand,
if on Ny we write v = log F, then the difference w = u — v is pluriharmonic on U N Ny.
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In particular, dw is d-closed on U N Ny, and since HY U N Ny, C) = 0, it is d-exact,
ie. 9w = dw’ for some complex function w’ on U N Ny. Then dw’ = 0 so w’ is
holomorphic, and also d(w’ +w’ — w) = 0so w’ +w’ —w = ¢ on U N Ny. Therefore w
equals the real part of the holomorphic function z = 2w’ — ¢ on U N Ny. By Hartogs, h
extends to a holomorphic function on U, and so w (and hence also v) extends smoothly
on U. This shows the desired extension property of F.

Lastly, the fact that w is a smooth Kihler metric on N’ follows from the way in which
w (solving (3.2)) is constructed in [65, §3.2] via an approximation procedure, after we
know that F is smooth and positive on N’. O

It is interesting to point out the following extension of the results in [84]:

Proposition 3.2. Let M be a projective manifold with K yy = Oy, N a compact Kiihler
manifold and f : M — N a surjective holomorphic map with connected fibers. If the
locus D C N of critical values of f has codimension 2 or more, then f|yp ¢-1(py :

M\ f~Y(D) — N\D must be a holomorphic fiber bundle (i.e. f is isotrivial).

The result in [84] (see also [86, Theorem 3.3]) is the same theorem under the stronger
assumption that D = @. On the other hand, this result is of course false if D is allowed
to have components of codimension 1.

Proof. Since f has connected fibers and N is smooth we have f,Op = Op.Combining
this with Kj3; = Oy and with the projection formula we get that

On = fu(Km/n) + Ky,
ie.
—Kn = fi(Kmyn)-

In particular the pushforward fi (K, n) is indeed a line bundle on N. On N\ D we have
a smooth Hermitian metric on this line bundle given locally by

(mfrl)2 _
(-1 = QAR

My

(where M, = f~!(y)) whose curvature form on N\D is exactly the Weil-Petersson
form wwp > 0. From the proof of Proposition 3.1 we know that wwp admits a smooth
extension wwp to N. On the other hand, there is another smooth metric on — K whose
curvature form on N is Ric(wy), and so there exists a smooth function # on N\ D such
that

Ric(wy) + vV —100u = wwp.

Since D C N has codimension 2 or more, the Grauert-Remmert extension theorem [24]
shows that i extends to a quasi-psh function # on N which satisfies Ric(wpy )++/—130u >
0 weakly as currents. The difference wwp — (Ric(wy) + =1 85@ isaclosedreal (1, 1)
current which is the difference of two positive currents, and which is supported on the
analytic set D of codimension at least 2, hence by the Federer support theorem this
current vanishes. It follows that v/—13du is smooth on all of N, and hence so is u
by regularity of the Laplacian. This means that Ric(wy) + ~/—133u > 0 is a smooth
semipositive form on N cohomologous to ¢ (—K ), and so by Yau’s Theorem [91] the
manifold N admits a Kidhler metric with nonnegative Ricci curvature.
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As in [84], we can apply the Schwarz Lemma [84, Lemma 3.3] to the map P : N —
D/ T, to conclude that P is constant on N. Therefore P is constant on N \D, and as in
[84, Proof of Theorem 3.1] this implies that the map f/|, s-1(p) is a holomorphic fiber
bundle. O

4. The Case when the Discriminant Locus is an SNC Divisor

In this section we prove the estimate (1.3), under the assumption that N is smooth and
DW is a simple normal crossings divisor.

We start with a preliminary observation related to the volume estimate in Theorem 2.3,
in the general setting of Theorem 1.1. Recall that we have constructed a resolution

7 : N — N of N such that 7 YD) = Eisa simple normal crossings divisor,
E = Uf‘zl E;, and we have fixed defining sections s; and metrics h; for O(E;). Let

D C N be the proper transform of DV, and write
E=FUD,

where F is a w-exceptional divisor.

We fix a Kihler metric wgy on N and a Kihler metric wy on N (in the sense of
analytic spaces [52] if N is not smooth), and define a smooth nonnegative function J
on N by

Tl = Jna)”N, 4.1)

which is clearly positive on 7~ (N).

Going back to the volume form estimate (2.3), we wish to understand which of the
components of F or D actually have zeros (i.e. 8; > 0) or conical singularities (i.e.
a; < 1). The first observation is the following:

Lemma 4.1. The function F on Ny defined in (3.1) satisfies
F=cl (4.2)

Proof. This is a consequence of results of Song-Tian [65], as follows. First, as shown
in [65, Lemma 3.3], on M\S we can write

m2 —_—
_(-DTQAQ

fF= —
[roly A ogp

4.3)

where wsRr is a semi-Ricci-flat form on M\ S defined by wsrr = @y ++/— 199 p, where
wp is any given Kihler metric on M with fiber volume |, M, wy "= 1forally € N,

and p is the unique smooth function on M\ S such that

wsrE|m, = oumlm, +~—100p|m,,

is the unique Ricci-flat Kihler metric on My, cohomologous to wy| M, (for all y € Np),
with the normalization that f M, plm, a)Mm:” = 0, which is obtained by a fiberwise
application of Yau’s Theorem [91]. )
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We can then argue in a similar way as the proof of [65, Proposition 3.2]. Explicitly,
given any y € No, on the fiber My, the volume forms (wu|pm,)" ™" and (wsrr|m,)" ™"
have the same total volume, and hence there is a point x, € My, such that

(om|m)"™"
(wsrF|m,)" ™" ) =1.
Then by (4.3) we have
m2 o m2 _
Fly) = M V) = M(xv) > C,]’
D A S

7712 _—
since on M we have f*of, A )" < Cofjyand (=1) TQAQ > C’lw”M. O
Pulling back (3.2) via 7, we can use Lemma 4.1 to get on 7Y (Ny)

(T*w)" = o(F o m)m*aly = c(F o m) ey > C_lan’;V,

while by (2.3)
p 2, 1 d wnN
* n A J _ .
()" < C [ Tlsily, (1 Zlog|sz|h,-> m DL
j=1 i=1 [Ti it Isily,
and so
" T I
_ j=11571n;
', < (1 — ) log |s,»|h,.) . ey (4.4)
i=1 i=p+1 Iilj;

Given a component of D, given by {s; = 0} for some 1 < i < p, near its generic point
we have that J; > 0 so by (4.4) we must have i > p (i.e. there is no zero for (7 *w)"
near this point).

On the other hand, for components of F, (7 *w)" may have either a zero or a conical
type singularity, but if it has a zero, it cannot vanish more than J; (up to much smaller
logarithmic terms), thanks again to (4.4).

In particular, if N is smooth and D! has simple normal crossings, then by definition
we can take N = N ,7=Idand E = D= D, so this discussion shows that in this case
all the ; that appear in Theorem 2.1 must be < 1, or equivalently that there are no 8;’s
in Theorem 2.3 (i.e. p = 0). In other words, this shows that:

Corollary 4.2. Assume that N is smooth and DV = U7:1 D; has simple normal cross-

ings. Then there are constants C,d > 0 and rational numbers 0 < aj < 1,1 < j < p,
such that on No we have

d
"
ot <" <C (1 - ) log |s,-|h,.> W e (4.5)
i=1

where weone IS a conical metric with cone angle 2maj along the component D, 1 <
J < 1
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We can now give the proof of (1.3).

Proof of (1.3). On N we have the continuous function ¢ (normalized with sup, ¢ = 0),
which satisfies

w = Wy +«/—185(p,

and solves the Monge—Ampere equation

— m2 —
" = (on +V—1309)" = c(=1)'T £ (LA Q) = Ld ol
1 |s.|2(1—a_,)
j=11"J hj

(4.6)

on Ny (and also globally on N in the weak sense), where the smooth function 1 on Ny
is defined by this last equality. In particular,

n
V=13 log(1/y) = Ric(w) — Ric(wy) — » (1 —a;)v/—193 log |s,|§j

j=1
las 4.7
> —Ric(oy) + Y (1 —a))Ry,
Jj=1
2 _CCUN,
holds on Ny. Thanks to Corollary 4.2, on Ny we have that
i d
cl'<y<c (1 — Zlog|si|hi) ) (4.8)
i=1

As shown in (4.7) function log(1/vy) is quasi-psh, and thanks to (4.8) it is bounded
above near N\ Ny, and so it extends uniquely to a quasi-psh function on N (still denoted
by log(1/v)) which satisfies the same inequality (4.7) by a classical result of Grauert-
Remmert [24].

Thanks to Demailly’s regularization theorem [14], we can find smooth functions u ;
on N which decrease pointwise to log(1/v) as j — oo and which satisfy «/—13du; >
—Coyandu; < ConN.

We now employ a trick from Datar-Song [13]. For eachi = 1,..., u, let wcone,i
be a conical Kihler metric with cone angle 2w «; along the component D;, and smooth
everywhere else. For example, we can take

/T Aaa 20
Wcone,i = WN +4 _188|Si|hil,

and let also n; = 8s;[;". Then for all j > 1 let

5 1 1—ay
Gji= l_[ <|Sk|hk + ;) ,

ki
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which are smooth functions on N which satisfy

= - 1
V=18910g Gj; = Y (1 —ax)v/—18d log (|sk|ﬁk + 7)

ki
Isk7, _ s
>3 (1 — o) —— /=199 log sil7,
koti Skl + 5

2 _CO)N,

everywhere on N, for a constant independent of j.
We can now consider the complex Monge—Ampere equation

n
Wy

2(1—a;)’
Gjilsil,, ™

(wn +v/—133¢; )" = cj e " (4.9)

where ¢ ; are constants that are obtained by integrating the equation,soc;; — las j —
oo, the functions ¢;; are normalized by supy ¢, ; = 0, and w;; = wy +/—130¢; ;
are now conical Kdhler metrics with cone angle 27 «r; along D; (only), and smooth away
from D;. This last fact follows from the main result of [37] or [30] (see also [5,6] for
earlier weaker results and [1] for more recent work). It is quickly verified that the ratio
a)’j’ ; /@ has L? norm uniformly bounded independent of j, for some p > 1, and so by
Kotodziej [42] we have

sup |g;.il < C,
N

and since the right hand side of (4.9) converges to the right hand side of (4.6) (say in
LY(N)), Kotodziej’s stability theorem [43] gives us that ¢ ; — ¢ in Co%(N)as j — oo.
Our goal is to prove that

wji = C ' weone,is (4.10)

holds on Ny, for a constant C independent of j. If this is proved, then it follows from
this and (4.9) (by standard arguments) that on any compact subset K C Ny we have
uniform C¥ bounds for & ;i independent of j (but depending on K), and since ¢ ; — ¢
uniformly, we conclude that w;; — w in C2’.(Np) as j — oo (for all i). Therefore

-1
w=C @cone,i s
holds on Ny, and summing these up fori = 1, ..., u we obtain
-1
w 2 C™ Weone,

on Ng, which is half of (1.2). To prove the other half of (1.2) it suffices to use (4.6) and
(4.8) to obtain

71 1
a)cone wcone

" w w d
Taeone @ K (trwa)corlf:)n_l <C <Cy <C|1- Zlog Isi |, )
i=1

on Ny, which thus proves (1.2).
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So it remains to prove (4.10). The argument is similar to the one in [13]. First of all,
by a calculation in the appendix of [37] (or the simpler proof in [61, Lemma 3.14] due
to J. Sturm), the bisectional curvature of w¢one,; on N\ D; has a uniform upper bound.
Second of all, the Ricci curvature of w; ; on N\ D; satisfies

Ric(w; ;) = v/—139u; + Ric(wy) + v/—13310g G ;
+(1 — a;)v/—19d log|si[;, > —Cay,

independent of j. Combining these two into Yau’s Schwarz Lemma calculation [92]
gives us

Aw;; log try; ; Weone,i = _Ctrw_,;,'wcone,i -C,
on N\ D;. To ensure that the maximum is achieved away from D;, we compute
Ay, log(lsi[3 N> —C —C
wji 0g(|sz|hl. tra)/;,-wcone,z) zZ — tra)j,,-wcone,t —-C,

where we used that wy < Cwcone,i on N\ D;, and the constant C does not depend on
y > 0 small. On the other hand

Aa)j,,-((pj,i - 771) =n-—- trwj_iwcone,iv

so we get the differential inequality

2
Aa}_,-,,' 10g(|5i |h3./tra)j_,-wcone,i - A(wj,i —ni)) = tra)_/,iwcone,i —-C,

for A large and uniform (independent of j). The maximum principle can then be applied
because @; ; and wcone,; are conical metrics with the same cone angles along D; hence
the function tr,, ;. Weone,i is uniformly bounded above on N\D;, so the maximum is

achieved away from D;. Using the uniform C° bound for ¢ j,i» we conclude that

C
trwj,,-wcone,i < 2y
Isi | hi
holds on N\ D; with constant independent of y and j, so we can let y — 0 and get
(4.10). 0

5. The Main Theorem

In this section we prove the main Theorem 1.1, in the Calabi—Yau setting.

Let7 : N — N be the composition of blowups constructed in Sect. 2, with N
smooth, 7 ~!(D) = E a simple normal crossings divisor, and 77 an isomorphism on the
locus where DD is snc. We write E = Uf;l E;, and we have fixed defining sections s;
and metrics h; for O(E;).

If we denote by F = U; F; C E the exceptional components of E, then it is well-
known (see e.g. [58, Lemma 7]) that for all 0 < § < 1 the form

m*on —8 Y R (5.1)
i



1422 Gross, Tosatti, and Zhang

is a Kihler metric on N , where Rp, is the curvature of a certain Hermitian metric on
O(F). .

Next, from Sect. 2 we obtain a conical structure {E;, 2 «; } on N, and we fix a conical
Kihler metric wcone With these cone angles around the E;’s. We will choose it of the
form weone = wy; + ~/—1007, where

—1 2a;
n=C""Y lsily”,
i

for some C > O sufficiently large. Note that of course we have wgy < Cwcone. We
also obtain the order of zeros f; (along some components of F, different from the
components that have conical singularities), and we define

2B
H=Tlsily, .
J

where the product is only over those components F'; of F which have a nontrivial order
of zero B; > 0. On N\F we have

V=109log H = =Y BiRp;. (5.2)
j

We can then define a smooth function v on N \E by

T*" l—li |si |2(17(x,-)

V= m , (5.3)
Ha)ﬁ
which satisfies
“ d
cl<y<c (1 - Zlog|s,-|h,.> , (54)
i=1
by Theorem 2.3. We thus have the Monge—Ampere equation
w't
* 1A%\ — N
(Tron + /=100 p)" = IﬁH—l_[i 57 20=a (5.5)

The first step is to regularize equation (5.5) as follows. On N \ E we have

V=183 log(1/¥) = Ric(7*w) — Ric(wy) + 2(1 —a;)R; ++/—100log H

! 5.6
> —Ric(wy) + Z(l — )R — Z:BjRFj’ o
i J

and note that the RHS is a smooth form on all of N. Also log(1/v) is bounded above
near E by (5.4), so by Grauert-Remmert [24] it extends to a global quasi-psh function on
N which satisfies (5.6) in the weak sense. Thanks to (5.4), the extension has vanishing
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Lelong numbers, so we can approximate it using Demailly’s regularization theorem [14]
by a decreasing sequence of smooth functions u ; which satisfy

_ , 1
V=100u; > —Ric(wg) + Y (1 —a))Ri — > BjRr; — SN (5.7)
i i

on all of N. We also have that «/—199 log H > —Cawy weakly on N and so log H can
also be regularized by smooth functions vy with / —190v > —Cw 5 and vy < C on

N.

Letw; = m*oy + }wﬂ, ++/=193¢; x be a solution on N of

n

R Uk—”./'—N

[OF cike s (5.8)
k Js o
J l Ii |Si|2(1 o)

with w; x a cone metric with the same cone angles as wcone. This exists thanks to the
main result of [37] or [30] (see also [5,6] for earlier weaker results and [1] for more
recent work). In particular, @; x is smooth on N\ E.

It is quickly verified that the ratio a);?’ « /a)”]\7 has L? norm uniformly bounded inde-

pendent of j, for some p > 1, and so by [17] we have

sup |kl < C,
Y

and since e’ "/ — H, we conclude using the stability theorem in [17] that as j, k —
oowehavec;; — land ¢ — m*@in CO%(N), where 7*¢ solves (5.5).

We also introduce a partial regularization, which we denote by w; = m*wy + %a) 5t

V=13d¢p j» which are Kéhler metrics on N\ E which solve

n

o} =cjHe " (5.9

___ N
J Hi |Si|2(1_°‘i)

Again we have ¢; — 1, and ¢ — c¢; for each j fixed as k — o0. The solution
@) € CO(N) exists by [11,17,65,78], and are smooth away from E by Yau [91]. Again
we have that ¢y — ¢; in C0(1\7) for each j fixed as k — oo.

Proposition 5.1. For each j there is a constant C; which depends on j such that on
N\E we have

trwconewj»k < C/’ (510)

forall k.

This, together with (5.8) and standard arguments, implies that w; — w; locally
smoothly away from E, and so on N\ E we also have

e @j < Cj. (5.11)
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Proof. This follows from the estimates of Guenancia-Pdun [30]. Specifically, as in [30,
proof of Theorem A], we make one further approximation of (5.8) by a smooth PDE
"

L LY N
e = ke ™ Ty (5.12)

where wj . = TFwN + %a)ﬁ + «/—185<pj,k’5 is now a smooth Kihler metric on N.
Again we have ¢ ¢ . — @;  uniformly as ¢ — 0, and the claim is then that

try wj ke < Cj, (5.13)

where C; does not depend on k or ¢, and w, = T *wy + %wﬁ + «/—185)(.,-"g is a family

of Kéhler metrics (which also depend on j) that as ¢ — 0 approximate a (j-dependent)
conical metric, as constructed in [30, Section 3]. This, together with (5.12) and standard
arguments, implies that w; x . — ;j x locally smoothly away from E as ¢ — 0, and
then (5.10) follows because we allow all the constants to depend on j.

The proof of (5.13) follows from the arguments for their Laplacian estimate in [30,
Proposition 1], which however cannot be applied directly because they make one extra
hypothesis which for us is not satisfied. The key points for us, which make the estimate
independent of k, is that vy < C, and /=109, > —Cay.

Here are the details: using the notation of [30], the functions ¢ = ¢j x.c — Xj.¢, are
uniformly bounded (independent of j, k, ) and satisfy w, + V-1 85@ = wjke. We
therefore rewrite (5.12) as

(s +v/—1009)" = eV o,
where
P
j N
[1;Usi? + e2)d ey

where Fy is exactly defined as in [30]. Defining W, as in [30, Section 4], they show that
V=100F; > —(Cjw; + /—100W¥,), and so we get that

V=100y* > —(Cjw, + V—190V,) + /=133 (vx — u;)
> —(Cjws + =130V, — Cjoy,
> —(Cjwe +V/—130V,),

u vk—ujng
9

.
vr—
eV = Cjkee™ =Cjke€

using that w, > Cj_la)];]. This is half of inequality (iii) in [30, Proposition 1]. The
second half requires that [y*| < C;, but this is not true since v decreases to log H
which is —oo along some components of F, so we only have that ¢ < C j- However,
this is enough for their arguments, as the lower bound for ¥* is not used. Therefore, the
main calculation of [30, Proposition 1] gives

Ao, (10gtrp,wj ke — Aj@+3W) >ty 0 — Cj,
and at a maximum point we get tr,,; , @, < C; and so

n
Wi ke

7
wé‘

+
= C.,'e'/’ < Cj,

tro,,wjre < Cj

as required. O
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Thanks to Proposition 5.1, we can apply the maximum principle to quantities involv-
ing try,,,.@;, provided we add a term which goes to —oo along E (arbitrarily slowly).
Using this, we first prove the main result, which uses Tsuji’s trick [87], and from which
we will quickly derive Theorem 1.1:

Theorem 5.2. On N \E we have

C
e T @0 < L4

< —, 5.14
lsF|?A G149

where F is the union of the 7 -exceptional divisors, and |s |? is a shorthand for [ IsF, |%l_ .

Proof. Tt is enough to show that on N \ E we have

Ce ™ (5.15)
trwconew j < T oA .
T Ispp2A

with C now independent of j, since again this together with (5.9) and standard arguments
implies that w; — 7m*w locally smoothly away from E.

Following [30] we define W = C ), |s; |if , for some small p > 0 and large C > 0,
which can be chosen so that on N \ E the curvature of wcone satisfies

Rm(wcone) 2 —(Cweone + v _185q’) ® 1d, (5.16)

see [30, (4.3)].
To prove (5.15) we shall apply the maximum principle to the quantity

0 =logtry,,wj +nW¥ +u; — A2<pj + Abn + ¢ log |sE|2 + Alog |sF|2,

where A large, b > 0 is small and 0 < ¢ < } The terms nW¥ +u; — A2(pj + Abn

are all bounded on N (with bounds independent of j except for u;), while the term
log tre,,.@; is bounded above on N\E (depending on j) by Proposition 5.1. Since the
term ¢ log |s£ | goes to —oo on E, the quantity Q achieves a global maximum on N \E.
All the following computations are at an arbitrary point of N\E.

The first claim is that on N\ E we have

Tgone RiC(w))

A, (log try,, wj +nW) > —Ctrwja)cone — 5.17)

trwcone (1)]
Indeed by the Aubin-Yau’s second order calculation we have

Ag; (log try, ) +nW¥)
1 : ke pq
z — <_trwc(me Ric(w;) + Rm(weone) ,7 &5 & kZ) +nly, VY,
tI‘wcc'ne a)/ P ! - !
and as in [30] we choose coordinates so that at our given point w¢one 1S the identity while
wj is diagonal with eigenvalues A > 0, so we can write
Rm( ) ke rq 7_Z£R,,
Weone) pg 8 8kt = " iTkk
ik
A
> =) o (CH vy,
ik



1426 Gross, Tosatti, and Zhang

using (5.16), while we also have V=100¥ > —Cweone by [30, (4.2)], so

1
Ay W =" E(C + W) — Ctry, eone
k

1 Ai
Z _k(C + \IjkE) - Ctrwj Wcone s

> —
ntrwconewj ik A

and (5.17) follows. _
The second claim is that on N\ E we have

Ay, (log tryegewj +nW +uj) > —Ctrw_,. Weone- (5.18)
For this, recall that from (5.9), on N \ E we have
Ric(wj) = v/=199(u; — log H) +Ric(wgy) — Y (1 — a;)R;
i

1 C
> _7501\"/ 2 —— Wcones

using (5.2) and (5.7), and also

Agjitj = try, Ric(w)) +1r,, | =Y BiRE, | — try; Ric(wy) + try, <Z(1—a,~)Ri>
- .

i
= Ty, Ric(w;) — Ctra)j Wcone
SO

tre0ne RiC(w))

Ay, (logtry., wj +n¥ +uj) = —Ctry;Wcone — + try; Ric(w;)(5.19)

trwcone a)J
The subclaim is now that
try,. . Ric(w; . C
_ Yo RiC@;) | tr; RIC(®)) > ——try; oone. (5.20)
tra)cone CL)] .]

Indeed,

. . C
trwcone Ric (a)]) tI‘wcone (RIC ((’0/) + 7 wcone)

+try; Ric(w;) = —

trCUconc CL)] tra)conc a)]
. C Cn C
+ Ty, Ric(w;) + —wcone | + ———— — —y; Wcone
J J trwc(me w./ J
: C
Ueone (Rlc(wj) + 7wcone) . C C
> — + gy, Ric(w;) + —wcone | — — y; Wcone
trwcone a)] J J

and if at any given point we choose coordinates so that wcone is the identity and w; is
diagonal with eigenvalues A; > 0, while (Ric(w;) + %a)cone) > 0 has entries Al.;, then
we note that

1
R ZA£Z+ ZAZIA@ >0,
2k ¢
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which proves (5.20). Combining (5.20) with (5.19) we obtain (5.18).
Continuing our calculation, and setting for simplicity RF = ) ; Rf;, we have

Aw; O > —Cliy, wcone + A’try, T 0N + Abtr, v/—100n — An
— strijE — AtrijF
—Ctry cone + Aty (AoT oy — Rr +by/=100n) — A%,

for all Ay < A. We choose first Ag such that Agm*wy — RF is a Kihler metric &)N

(cf. (5.1)), and then we choose b sufficiently small so that ® v by —18517 = Dcone 18 @
conical Kdhler metric with same cone angles as wcone. This implies that @eone = C@cone
for some ¢ > 0, and finally we can choose A > A large so that

Aw_,' 0> Ty ; Weone — C.
Therefore at a maximum of Q (which is not on E) we have
try, j Wcone <C,

and so using (5.9) we get

~.3

< CHe ™,

n—1
Ceone @ < (try i Wcone) .

cone

hence
logtry,,wj+u; < ClogH < C

and so also O < C, hence this last one holds everywhere on N \ E. The constants do not
depend on ¢, so we can let ¢ — 0 and this gives

Ce J

gy, Wi < ———
WS )

‘cone |S |2A

which is (5.15). O

Proof of Theorem 1.1. We have already proved in Proposition 3.1 that w extends to a
smooth Kihler metric across D® (on N™2). First we work on the blown-up manifold

N as above. Theorem 5.2 gives us the estimate (5.14), which combined with (5.3) gives
-1
onm ' (Np)

-1
Cone Ipn 1

g C / ——

Tro" lsp|?A" Hyr

max(d(n—2),0)
< ——— E log |s
H|Sp|2A ( g|l|h>

and so together with (5.14) we obtain on rr_l (Np)

"
C_1H|SF|2A/ <1 — Zlog |S,'|h[.
<o < —+ |2A ( Zlog |sl|h ) Wcone -

s F

n—1%®
7 Wcone < (tra)mnef[ w)

Wcone

) —max(d(n—2),0)

(5.21)
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Now, if x € N is any point near which 7 is an isomorphism (which by construction
includes the preimages of all points where D! is snc) then near x we have J, > 0
(where J;; is defined in (4.1)) and |sg| > 0, and from (4.4) we see that we also have
H > 0, and so (1.2) follows directly from (5.21). O

6. Gromov-Hausdorff Collapsed Limits of Ricci-flat Metrics

6.1. Proof of Corollary 1.3. In this section we show how Corollary 1.3 follows from the
estimate (1.3). The argument is essentially contained in the previous work of the second
and third-named authors [86, Theorem 2.1 and §3.4], based on our work [28], where we
proved the following:

Theorem 6.1. Suppose that there is a constant C > 0, rational numbers 0 < «; < 1,
1 <i < u and A > 0 such that on 7~ Y (No) we have

u A
7w < C (1 - Zlog |Si|hi> Wcone s (6.1)
i=1

where weone I a conical metric with cone angle 2w a; along each component E;. Then
parts (a) and (b) of Conjecture 1.2 hold. If furthermore we have that N is smooth and
DW is snc (so that w = 1d), then part (c) of Conjecture 1.2 also holds.

Proof. The first statement is proved in [86, Theorem 2.1], assuming that wcepe iS an
orbifold Kéhler metric (i.e. «; of the form Nl, for some N; € N, for all i) and that N
is smooth. The smoothness of N was actually never used in the proof there. As for the
orbifold metric, since given any rational number 0 < o < 1 we can find an integer p
suchthat 1 —a < 1 — 1 < 1, we can bound Weone < Worb (Where wqrh, has orbifold
order p along all E;), so parts (a) and (b) of Conjecture 1.2 follow immediately from
[86, Theorem 2.1].

Next, assume that N is smooth and DV is an snc divisor in N, and let (X, dx)
the metric completion of (Ny, w), which we want to show is homeomorphic to N. The
argument here is contained in [86, §3.4], and we briefly recall it. Thanks to (6.1) and the
arguments in [86, §3.4], we know that there are continuous maps

h:(X,dX)_) (vaN)a
p:N— X,

such that £ is Lipschitz and surjective, and p is surjective and satisfies Id = & o p.
Therefore p is also injective and hence a homeomorphism. O

To conclude the proof of Corollary 1.3 it suffices to note that (6.1) follows immediately
from (1.3) in the case when N is smooth and DV is snc (so 7 = Id), and therefore
Theorem 6.1 applies.

Of course, when N is singular or D fails to be snc, the map 7 will be nontrivial,
and the estimate (5.14) that we proved in the previous section is weaker than (6.1) and
not sufficient by itself to carry out the arguments in [86, Theorem 2.1] to prove part (a)
of Conjecture 1.2.
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6.2. Geometry of the Kiihler Cone. We conclude this section with a remark that connects
our setting where the Ricci-flat Kihler metrics @, which are cohomologous to f*wy +
e 'wy and collapse as t — 00, to the geometry of the Kihler cone X ¢ H'!(M, R) of
M as investigated in [36,50,90]. This remark is certainly known to the experts, see e.g.,
the discussion in the introduction of [90]. However, this calculation does not appear to
have appeared explicitly.

More precisely, let 1 = {o € K|a™ = 1} be the space of unit-volume Kéhler classes
on a Calabi—Yau manifold M, where we use here the shorthand notation o’ = f M o™,
This is a smooth manifold of dimension #'! (M) — 1, and the tangent space at & € K1
is the primitive (1, 1)-cohomology group P'!(x) = {f € H'' (M, R)|a™~! - B = 0}.
There is a natural Riemannian metric G on K| introduced by Huybrechts [36] which is
given by

G(uy, 1) = —a™ 2 vy - vy,

for vy, v2 € P (a).

Wilson pointed out in [90] that degenerations of Kihler classes at finite distance with
respect to G correspond to Calabi—Yau varieties, and other cases are degenerations at
infinite distance. Therefore our current case is a degeneration of Kihler classes at infinite
distance, which is known to experts. The completeness of the metric G was also studied
in [50, Proposition 4.4].

The following elementary result is formally analogous to the characterization of
degenerations of complex structures on Calabi—Yau manifolds with finite Weil-Petersson
distance [70,81,88,94] by characterizing our collapsing cohomology classes [ f*wy +
e 'wpy] € K as those which (after rescaling to volume 1) give paths with infinite G-
length. For readers’ convenience, we present the detailed calculations here, and change
the parametrization of our path to s = e’

Proposition 6.2. Let M" be a compact Calabi-Yau manifold, with classes a € K and
ag € OK. Fors € (0, 1] let ag = o9 + s € KC, let Vg = o, and let &5 € o5 be the
Ricci-flat Kahler metric given by [91]. Then the following statements are equivalent:

(@) ey’ = 0.
(b) (M, wy) collapses as s — 0, i.e. for any metric 1-ball By (p, 1),

VOILDA;(B(Z)S (p,1)) = 0.
_1
(c) If we denote a; = Vg "oy € Ky, s € (0, 1], then the length of the path {d}sec0,1]

with respect to G is infinite.
(d) When s — 0, &, diverges in H"' (M, R).

Proof. (a) = (b) since

0=af = lim o = lim Vol (M).

(b) = (a): By [60,77], we have
diam(M, @5) < C,
for some constant C > 0. The Bishop-Gromov volume comparison theorem shows

oy = lim Volg (M) < C?" lim Vol (Ba, (p, 1)) = 0.
s—0 ’ s—0 ’ ’
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(a) = (¢): Let 0 < d < m be the numerical dimension of o, which is characterized
as the maximum £ > 1 such that a(l; -a™=t > 0, and denote byk=m—d>1 We
have

= (g + sa)" = skc,’("otk . ag_k +0(sFh

where ck m, and the velocity

L —ar 1~ o
vy=ay =V, "a — _Vx as V.
m
Since vy - ;" =0, we have
_1 2
~m—
G(vs,v5) =—V; "a - vy - o
2 V.
— ~m— N ~—
=—V, "o @" 2+ Y amn!
X oL s
mVy

Sza (oo +sa)™
N

=V 'a? (o +s)" 2 +

We then calculate V, = ksk’lc,’(”ozk ~a0’"7k + 0(sY),

2 (o +sa)" 2 = K2 Fak o T 0(sFTh), i k=2
o) if k=1.
o (ap+sa)" ! = sk 1CZ1 11ak a81—k + 0(sh).

Thus

‘We obtain that

1
/ VG v, v5)ds > —c'loge — oo,
&

as ¢ — 0, and so the length of the path {&;}sc(0,1] With respect to G is infinite.
(c) = (a): Assume that o' > 0. A similar calculation as above shows that

G(vs,v5) < C

and so the length of the path {&}sc(0,1) With respect to G is finite, a contradiction.
Finally, (a) < (d) since &, diverges if and only if V; — 0.0
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7. The Kéhler-Ricci Flow Setting

The setup in this section will be the Kihler—Ricci flow setting described in the Intro-
duction, namely we let M be an m-dimensional compact Kihler manifold with K,
semiample and 0 < k(M) =: n < m, and f : M — P is the semiample fiber space
given by the linear system |£K ;| for some £ > 1 sufficiently divisible, with image
N C P a normal projective variety of dimension n (the canonical model of M). The
map f has connected fibers, and if as before we let D C N be the singular locus of N
together with the critical values of f on N™¢, then every fiber of f over Ny := N\D is
a Calabi—Yau (m — n)-fold. We write wy = ngS|N, so that f*wy belongs to ¢ (K ),

and we fix also a basis {s;} of HO(M, €K yr), which defines the map f, and let

1

((1) }:&A&>,

which is a smooth positive volume form on M which satisfies
Ric(M) = —v/—183 log M = — f*wy.

On Ny we then have a twisted Kihler—Einstein metric = wy ++/—199¢ which satisfies
(1.1) with A = —1 and is constructed in [11,17,65,78] by solving the Monge—Ampere
equation

(wn +V—190¢)" = e? fuM

with ¢ € CO(N), ¢ is wy-psh and smooth on Nj.
By [64,65,83] we know that if wq is any Kédhler metric on M and w(¢) is its evolution
by the Kéhler-Ricci flow

%w(l) = —Ric(w(t)) — w(t), () = woy,

then w(t) exists for all t+ > 0 and as t — oo we have that w(f) — f*w in
CI%C(M \f~U(D)), so w is the collapsed limit of the Kdhler—Ricci flow, away from
the singular fibers of f.

The main results of this section are Theorems 1.4 and 1.5. The first ingredient is the
following generalization of the estimates in Sect. 2 in Theorem 2.3. Let 7 : N — N be
a birational morphism with N smooth and E = 7~ (D) is a simple normal crossings
divisor £ = ’/.‘: | E;, and fix defining sections 7; and smooth metrics 4 ; for O(E}).

Theorem 7.1. There is a constant C > 0 and natural numbers d € N,0 < p < n and
rational numbers B; > 0,1 <i < p,and0 < a; < 1, p+1 < i < u, such that on
7~ Y (No) we have

d
m
28 28
lﬂm|um\ cﬂmwG—me@a%an>
i=1

where wcone IS a conical metric with cone angle 2w a; along the components E; with
prl<i<p
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Proof. As in the proof of Theorem 2.3, it suffices to prove the analogous local statement
(as in (2.1)) near an arbitrary point yp € E. We will use a ramified £-cyclic covering
trick to reduce ourselves directly to Theorem 2.1. Recall that £Ky = f*Opr(1) is
semiample, and so we may choose the basis of sections s; € H O(M, £K ;) (which are
pullbacks of linear forms on P") such that their zero loci {s; = 0} are smooth, reduced
and irreducible effective divisors. At least one of these linear forms doesn’t vanish at
7 (y0), and we may assume it is the one that pulls back to s; on M. We can then construct

v : M — M an {-cyclic covering ramified along {s; = 0}, see e.g. [47, Proposition
4.1.6]. It satisfies that M is connected and smooth, with a Z,-action with quotient M,
and thereis p € HO(M, K ;) such that v¥s; = p®¢. Note that by construction p doesn’t
vanish on an open set of the form U=v! (f~1(U)) for some open neighborhood U

of m(yp) in N. On U we may then write v*s; = fjp®e, Jj = 2, for some holomorphic
functions f;. Then

1
[

m2 —
VM = ((—I)K2 Z vEsi A v*si> ,
i

which is uniformly equivalent to

1 4

m2 __\¢? m2
Z((—I)ZZU*Si/\U*Si> :(—I)Tp /\ﬁ 1+Z|f1|2 s

i i>2

m2
and so also uniformly equivalent to (—1) 2 p A p. Thus, the aymptotic behavior of
¥ fxM is, up to constants, the same as the behavior of

m?
(=D 77" fovi(p A D).

This is now almost the same setting as in Theorem 2.1, the only difference is that the
fibers of f o v need not be connected anymore. For any y € U, write (f o v)"!(y) =
Fy U---U Fy, where the F; are the connected components of the fiber. Then d|¢ and
every F; is invariant under the induced Z¢/4-action, with F;/Z¢/q = f _l(y), while
the quotient Zg-action on (f o v)~Hy) interchanges the components. The number d is
locally constant for y € U\ D, and so we conclude by repeating the same argument as
in Theorem 2.1 to any of the components F;. O

Proof of Theorem 1.4. Asrecalled earlier, the twisted Kéhler-Einstein metric v = oy +
+/—10d¢ on Ny satisfies

" = e’ M = e’ Foly,

where ¢ € CO(N), F is defined by the last equality, and as explained above it is
completely analogous to the function F in (3.1). It satisfies

V=180 log F = —wwp + Ric(wy) + oy .
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Asin Sects. 3 and 4 we see that F extends to a smooth positive function across D N\Ng,
and it satisfies 7 > C~! since the proof of Lemma 4.1 goes through with minimal
changes once we notice ([65, Lemma 3.3]) that on M\ S we have

o g
((—1)2 2 Si /\S_i>

k1 m—n
Jroy N ogge

fF =

’

and again the numerator is strictly positive on M. As in Sect. 4, the lower bound for F
implies that if N is smooth and D! is snc then we actually have on N

d
n
C_la)gone <o"<C <1 - Zlog |Ti|hi> wgone’
i=1
while in general we have on N\ E
o d
C'Ho!,,. < (m*0)" < CH (1 — ) log |ri|,,,.> W e

i=1

where H = ]_[‘;:1 |1:j|ifj . The proof of (1.3) given in Sect. 4 then goes through with
the appropriate small changes, defining now the function v by

e’y

n o__ n

w = 2(0—a;) ON>

j=1 |T; |hj

and similarly, the proof of Theorem 1.1 given in Sect. 5 goes through, defining now
by

.
e Yy H "

T
j=1"1"J1h;

In this way, we obtain the proof of Theorem 1.4. O

7"

We can now give the proof of Theorem 1.5. The outline of the proof is the same as in
[67,76] which deals with the case when m = 1, and uses the relative volume comparison
from [76]. However, new difficulties arise when m > 1, and Theorem 1.4 will precisely
help us overcome these.

Proof of Theorem 1.5. Thanks to [66], we have the estimate
Clem=migth < w ()" < Ce” Mgl (7.2)

on M x [0, 00). Denote by (Z, dz) the metric completion of the twisted Kéhler—Einstein
manifold (Ny, w). It is shown in [67, Proposition 2.2] that Z is compact, and that for
every p,q € No and § > 0 there is a path y in Ny joining p and g whose w-length is at
most dz(p, g) + 8 (we can call this the “almost convexity” of (N, w) inside its metric
completion). Also, in [67, Proposition 2.3] it is proved that when N is smooth (or an
orbifold) then Z is homeomorphic to N.
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For any ¢ > 0 let U; C N be the e-neighborhood of D with respect to some fixed
metric wy on N, and let U, = f_l(Ug) C M. From the volume form bound (7.2) we
see that for any given § > 0O there are ¢ = €(§) < §, T > 0 such that for all t > T we
have

Vol(Uy, (1))

Vol(M, w(t)) (7.3)

Claim 1. We have
deu((Z,dz), (N\Ug, w)) < &', where §'(§) — 0asé — 0.

Here is where Theorem 1.4 comes in, by giving us (1.3). Using this (in fact, just the
upper bound for w in (1.3)), the arguments in the proof of [86, Theorem 2.1] show that
for every point p € U, there is a point ¢ € dU, with dz(p,q) < & with §(8) — 0
as § — 0. We can therefore define a (discontinuous) map F : Z = N — N\U, which
is the identity on N\U, and inside U, it maps p to g above (which is not unique, but
we just choose any one of them). If G : N\U, — Z denotes the inclusion, then it is
now elementary to check that F and G are a 38’-GH approximation, since replacing p
by ¢ only distorts the dz-distance function by §’, and using also the almost convexity
property, see the proof of Claim 3 below for a very similar argument. This proves Claim
1.

Claim 2. Up to making 7 larger, we have

dou((N\Ug, @), (M\Ue, 0 (1))) < 8,

forallt > T.

This is an immediate consequence of the main theorem of [83], which gives locally
uniform convergence of w(¢) to f*w on compact sets away from S.

Claim 3. Up to making 7 larger, we have

dou((M\U,, o(t)), (M, »(t))) <8, where §'(8) — 0ass — 0,

forallt > T.

It is clear that once we have these 3 claims, then we conclude that
(M, 0(t)) - (Z,dz),

in the Gromov—Hausdorff topology as t — oo, which would complete the proof of
Theorem 1.5.

The proof of Claim 3 uses the relative volume comparison from [76] and the assump-
tion on the Ricci curvature of w(t), similarly as what is done in [67,76] when m = 1.
The starting point is that the relative volume comparison and the assumed Ricci bound
together imply (by the argument in [76, p.23] or [75, p.12] or [67, Lemma 5.5] which
also uses (7.3)) that, up to enlarging T, we have that for all ¢+ > T and for all x € U,

dist(p1.0()) (x, 8Ue) < &', where §'(8) — 0as § — 0. (7.4)

Once we have this, we can argue as in Claim 1. Define a discontinuous map F : M —
M\ U, which s the identity on M\ U, and inside U, it maps p to some pointg € dU, with
dist(m.o() (P, q) < 8 forallt > T. Define also G : M\U, — M to be the inclusion,
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and we claim again that F and G give a 38’-GH approximation between (M, w(t)) and
(M\Ug, w(t)). Let d; = dist(y1,0(r)) and d, = d1st(M\U 0" Then we need to show
the following properties

di(x,G(F(x)) <&, xeM, (7.5)
di(y, F(G()) <&, ye M\U., (7.6)
Id;(x,x") —d,(F(x), F(x'))| <38, x,x' €M, (7.7)
1di (v, ¥) — di(G(»), GONI <38, .,y € M\U.. (7.3)

The estimate in (7.5) is trivial when x € M\Ug, and follows from (7.{) when x € f]g.
Estimate (7.6) is trivial. Next we observe that for every x,x’ € M\U, and for every

t > T we can find a path y (that depends on 7) that connects them inside M\U, and
with Ly (y) < di(x, x) + & (this is because S = f~1(D) has real codimension at

least 2 in M and U, is comparable to an e-neighborhood of it in a fixed metric on M).
This implies that
di(x, ') < di(x, %) < dy(x, x") +6'. (7.9)

Now, for (7.7) there are three cases to consider. First, suppose both x, x’ € M \Us, and
then (7.7) follows from (7.9). Second, suppose x € M\U,, x’ € U,. Then by (7.4) we

have d; (x’, F(x")) < &', and so
di(x, x') < dy(x, F(X')) +8' = dy(F(x), F(x) +8 < d,(F(x), F(x')) + ¢,
using (7.9). On the other hand by (7.4), (7.9) again
dy(F(x), F(x') < dy(F(x), F(x')) + ¢’
<di(x, x)+d (X', F(x") + 8 <d(x,x")+28,
proving (7.7) in this case. Thirdly, we suppose x, x’ € U,, and then by (7.4), (7.9)
dy(x, x') < dy(F(x), F(x') +28' < d,(F(x), F(x')) +26',
and
di(F(x), F(x")) < dy(F (x), F(x)) +§’
<di(x,x)+d(x, F(x)) +d,(x', F(x")) + &
<di(x,x)+36.

This proves (7.7), and finally (7.8) follows immediately from (7.9).
This in turns concludes the proof of Claim 3, and hence of Theorem 1.5. O
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