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Abstract. In this note we show that a closed Riemannian manifold does not admit
a fill-in with nonnegative scalar curvature if the mean curvature is point-wise large.
Similar result also holds for fill-ins with a negative scalar curvature lower bound.

Consider a 2-sphere S2 with the standard round metric γo of area 4π. If H is a
function on S2 with H > 2, there does not exist any compact Riemannian 3-manifold
(Ω, g) with nonnegative scalar curvature, with boundary such that ∂Ω is isometric
to (S2, γo) and has mean curvature H. This can be derived as a consequence of
the Riemannian positive mass theorem [14, 22], formulated on manifolds with corner
along hypersurfaces [12, 19].

For an arbitrary closed orientable surface Σ, a pair (γ,H) is called Bartnik data
on Σ if γ and H denote a metric and a function on Σ, respectively. The question
whether (Σ, γ,H) bounds a compact 3-manifold with nonnegative scalar curvature,
with boundary isometric to (Σ, γ) and having mean curvature H is closely tied to the
quasi-local mass problem of (Σ, γ,H) (see [1, 7] for instance).

In general, let Σn−1 be a closed (n − 1)-dimensional manifold. Given a metric γ
and a function H on Σ, we say a compact orientable Riemannian 3-manifold (Ω, g)
is a nonnegative scalar curvature (NNSC) fill-in of (Σ, γ,H) if ∂Ω is isometric to
(Σ, γ) and the mean curvature of ∂Ω equals H. In [5], Gromov showed, if Ω is a spin
manifold and if (Ωn, g) is a NNSC fill-in of (Σ, γ,H), then

(1) min
Σ
H ≤ n− 1

Rad(Σ, γ)
,

where Rad(Σ, γ) is a constant only depending on (Σ, γ), known as the (hyper)spherical
radius of (Σ, γ). As a result, spin NNSC fill-ins of (Σ, γ,H) do not exist for large
mean curvature function H.

One can drop the requirement on H when studying the geometry of fill-ins. We say
(Ω, g) is a fill-in of (Σ, γ) if ∂Ω is isometric to (Σ, γ). Interaction among the scalar
curvature, the total boundary mean curvature, and the volume of fill-ins were studied
in [19, 8, 11, 13, 18, 17].

In [6], Gromov raised the following existence question of fill-ins with positive scalar
curvature.
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Question 1 ([6]) If Σ = ∂Ω for a compact manifold Ω and γ is a Riemannian metric
on Σ, does γ extend to a Riemannian metric g on Ω with positive scalar curvature?

This question recently has been answered affirmatively by Shi, Wang and Wei [17].

Theorem 1 (Shi-Wang-Wei [17]). Let Ωn be a compact n-dimensional manifold with
boundary Σ. Then any metric γ on Σ can be extended to a Riemannian metric g on
Ω with positive scalar curvature.

To construct such an extension, the authors made an ingenious use of the parabolic
method employed in [2, 19]. More precisely, they started with a metric ḡ on Ω with
positive scalar curvature (whose existence is guaranteed by [4, 9] for instance), and
construct a suitable transition metric on Σ × [0, 1], which connects γ on Σ × {0} to
a (large) constant scaling of the induced metric from ḡ on Σ = Σ × {1}, via the
parabolic method.

Applying their proof of Theorem 1 and the positive mass theorem, Shi, Wang
and Wei [17] further proved the following nonexistence theorem on NNSC fill-ins.
Hereinafter, the dimension n denotes a dimension for which the Riemannian positive
mass theorem holds. (See the recent work of Schoen-Yau [16] and references therein.)

Theorem 2 (Shi-Wang-Wei [17]). Suppose a closed manifold Σn−1 can be topologically
embedded in Rn. Given any Riemannian metric γ on Σ, there exists a constant h0,
depending on Σ, γ, and the embedding of Σ in Rn, such that, if minΣH ≥ h0, there
do not exist NNSC fill-ins of (Σ, γ,H).

It is the purpose of this note to show that no NNSC fill-ins exist for any Σ, if H
is large. The proof makes use of Shi-Wang-Wei’s Theorem 1 above and Schoen-Yau’s
result on closed manifolds with positive scalar curvature [15].

Theorem 3. Let Σn−1 be the boundary of some compact n-dimensional manifold Ω.
Given any Riemannian metric γ on Σ, there exists a constant H0, depending on γ
and Ω, such that, if minΣH ≥ H0, there do not exist NNSC fill-ins of (Σ, γ,H).

Proof. Let p be an interior point in Ω. Near p, form a connected sum of Ω with T n,

where T n is the n-dimensional torus. Denote the resulting manifold by Ω̃ = Ω#T n,

then ∂Ω̃ = ∂Ω.
Given the metric γ on Σ, apply Theorem 1 to Σ = ∂Ω̃, one obtains a metric g with

positive scalar curvature on Ω̃ such that g induces the metric γ on Σ. Let H
Ω̃

be the

mean curvature of Σ in (Ω̃, g) with respect to the inward unit normal.
Now suppose (M, g

M
) is a compact manifold with nonnegative scalar curvature so

that ∂M is isometric to (Σ, γ). Let H
M

be the mean curvature of Σ = ∂M in (M, g
M

)
with respect to the outward unit normal. Suppose

(2) min
Σ
H
M
≥ max

Σ
H

Ω̃
.

Consider the manifold (M̃, g̃) obtained by gluing (M, g
M

) and (Ω̃, g) along their
common boundary (Σ, γ). The metric g̃ has nonnegative scalar curvature in M , has

positive scalar curvature in Ω̃, and satisfies (2) across Σ in M̃ . By the interpretation
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of (2) as the metric having nonnegative distributional scalar curvature across Σ [12],
one expects g̃ can be mollified to produce a smooth positive scalar curvature metric

on M̃ .
This expectation can be verified via results in [20] (also see [10]) for instance. By

Corollary 4.8 in [20], there exists a sequence of smooth metrics {gi} on M̃ such that
gi has nonnegative scalar curvature and gi converges to g̃ in C∞ norm on compact
sets away from Σ. Since g̃ = g has positive scalar curvature on Ω̃, this implies gi has

positive scalar curvature somewhere in Ω̃. Consequently, M̃ supports a metric with
positive scalar curvature.

However, by construction, M̃ has topology

(3) M̃ = K#T n,

where K is an n-dimensional closed orientable manifold obtained by gluing M and
Ω along their common boundary Σ. By Schoen-Yau’s result on closed manifolds [15]

(also see [16]), M̃ does not admit a metric with positive scalar curvature.
This gives a contradiction to (2). The claim follows by taking H0 = maxΣ H

Ω̃
. �

Combined with a trick of Gromov [5], Theorem 3 implies a similar result for fill-ins
with a negative scalar curvature lower bound.

Theorem 4. Let Σn−1 be the boundary of some compact n-dimensional manifold Ω.
Let σ > 0 be a constant. Given a Riemannian metric γ on Σ, there exists a constant
Hσ, depending on γ, Ω and σ, such that, if minΣ H ≥ Hσ, (Σ, γ,H) does not have
fill-ins with scalar curvature bounded below by −σ.

Proof. Let (Sm(r), g
S
) denote a standard m-dimensional round sphere with radius r.

Here m ≥ 2 and r is chosen so that m(m− 1) = r2σ.
Suppose (M, g

M
) is a fill-in of (Σ, γ) with R(g

M
) ≥ −σ. Following [5], consider

the Riemannian product (Nn+m, g
N

) = (M, g
M

) × (Sm(r), g
S
). Then R(g

N
) ≥ 0,

and ∂N = Σ × Sm(r) has mean curvature H
M

in (N, g
N

). The claim follows by
taking Hσ = H0, where H0 is the constant given in Theorem 3 when it is applied to
Σ× Sm(r) = ∂(Ωn × Sm(r)) with the metric γ + g

S
. �

We conclude this note with some questions open to the author’s knowledge. Given
a pair (Σ, γ) with Σ being the boundary of some compact manifold, let F(Σ,γ) denote
the set of NNSC fill-ins of (Σ, γ). Shi-Wang-Wei’s extension theorem shows F(Σ,γ) 6= ∅.
However, the fill-in produced in [17] has a feature that its boundary Σ has negative
mean curvature, i.e. the mean curvature vector of Σ points outward. This leads to a
question similar with but different to Question 1:

Question 2. If Σ is the boundary of some compact manifold and γ is a Riemannian
metric on Σ, is F +

(Σ,γ) 6= ∅? Here F+
(Σ,γ) denotes the set of NNSC fill-ins of (Σ, γ) so

that Σ has positive mean curvature.

From the point of view of quasi-local mass [19, 21], the topology of fill-ins are
allowed to vary. If the topology of fill-ins is fixed to be some Ω, a recent result of
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Carlotto and Li [3] completely determines the topology of these Ω in 3-dimension,
assuming Ω admits a positive scalar curvature metric with mean convex boundary.

In terms of the set F(Σ,γ), Theorem 3 shows

(4) sup
(M,g

M
)∈F(Σ,γ)

min
Σ
H
M
<∞.

Considering Gromov’s result (1), it would be interesting to know if the left side of
(4) can be estimated explicitly by a metric quantity of (Σ, γ).

Acknowledgements. I thank Yuguang Shi for helpful discussions in relation to
Theorem 3.

References

[1] R. Bartnik, New definition of quasilocal mass, Phys. Rev. Lett., 62 (1989), 2346–2348.
[2] R. Bartnik, Quasi-spherical metrics and prescribed scalar curvature, J. Differential Geom., 37

(1993), 31–71.
[3] A. Carlotto and C. Li, Constrained deformations of positive scalar curvature metrics, 2019,

arXiv:1903.11772.
[4] M. Gromov, Stable mappings of foliations into manifolds, Izv. Akad. Nauk SSSR Ser. Mat., 33

(1969), no. 4, 707–734.
[5] M. Gromov, Scalar curvature of manifolds with boundaries: natural questions and artificial

constructions, 2018, arXiv:1811.04311.
[6] M. Gromov, Four lectures on scalar curvature, 2019, arXiv:1908.10612.
[7] J. L. Jauregui, Fill-ins of nonnegative scalar curvature, static metrics and quasi-local mass,

Pacific J. Math., 261 (2013), no. 2, 417–446.
[8] J. L. Jauregui, P. Miao and L. -F. Tam, Extensions and fill-ins with non-negative scalar curva-

ture, Class. Quantum Grav. 30 (2013), 195007.
[9] J. L. Kazdan and F. W. Warner, Scalar curvature and conformal deformation of Riemannian

structure, J. Differential Geom., 10 (1975), no. 1, 113–134.
[10] C. Li and C. Mantoulidis, Positive scalar curvature and skeleton singularities, Math. Ann. 374

(2019), 99–131.
[11] C. Mantoulidis and P. Miao, Total mean curvature, scalar curvature, and a variational analog

of Brown-York mass, Commun. Math. Phys. 352 (2017), no.2, 703–718.
[12] P. Miao, Positive mass theorem on manifolds admitting corners along a hypersurface, Adv.

Theor. Math. Phys., 6 (2002), no. 6, 1163–1182.
[13] P. Miao and L.-F. Tam, On the volume functional of compact manifolds with boundary with

constant scalar curvature, Cal. Var. Partial Differential Equations, 36 (2009), no. 2, 141–171.
[14] R. Schoen and S.-T. Yau, On the proof of the positive mass conjecture in general relativity,

Commun. Math. Phys. 65 (1979), no. 1, 45–76.
[15] R. Schoen and S.-T. Yau, On the structure of manifolds with positive scalar curvature,

Manuscripta Math. 28 (1979), 159–183.
[16] R. Schoen and S.-T. Yau, Positive scalar curvature and minimal hypersurfaces singularities,

2017, arXiv:1704.05490.
[17] Y. Shi, W. Wang and G. Wei, Total mean curvature of the boundary and nonnegative scalar

curvature fill-ins, 2020, arXiv:2007.06756.
[18] Y. Shi, W. Wang, G. Wei and J. Zhu, On the fill-in of nonnegative scalar curvature metrics, to

appear in Math. Ann., arXiv:1907.12173.
[19] Y. Shi and L.-F. Tam, Positive mass theorem and the boundary behaviors of compact manifolds

with nonnegative scalar curvature, J. Differential Geom. 62 (2002), no. 1, 79–125.



Nonexistence of NNSC fill-ins 5

[20] Y. Shi and L.-F. Tam, Scalar curvature and singular metrics, Pacific J. Math. 293 (2018), no.
2, 427–470.

[21] M.-T. Wang and S.-T. Yau, Isometric embeddings into the Minkowski space and new quasi-local
mass, Commun. Math. Phys., 288 (2009), no.3, 919-942.

[22] E. Witten, A new proof of the positive energy theorem, Commun. Math. Phys. 80 (1981), no.
3, 381–402.

(Pengzi Miao) Department of Mathematics, University of Miami, Coral Gables, FL
33146, USA

E-mail address: pengzim@math.miami.edu


	References

