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The last decade has seen a marked shift in how the internal structure of hadrons is
understood. Modern experimental facilities, new theoretical techniques for the contin-
uum bound-state problem and progress with lattice-regularised QCD have provided
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strong indications that soft quark+quark (diquark) correlations play a crucial role in
hadron physics. For example, theory indicates that the appearance of such correlations
is a necessary consequence of dynamical chiral symmetry breaking, viz. a corollary of
emergent hadronic mass that is responsible for almost all visible mass in the universe;
experiment has uncovered signals for such correlations in the flavour-separation of
the proton’s electromagnetic form factors; and phenomenology suggests that diquark
correlations might be critical to the formation of exotic tetra- and penta-quark hadrons.
A broad spectrum of such information is evaluated herein, with a view to consolidating
the facts and therefrom moving toward a coherent, unified picture of hadron structure
and the role that diquark correlations might play.

© 2020 Published by Elsevier B.V.
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. Introduction

More than one century of fundamental research in atomic and nuclear physics has shown that all matter is corpuscular,
ith the atoms that comprise us, themselves containing a dense nuclear core. This core is composed of protons and
eutrons, referred to collectively as nucleons, which are members of a broader class of fm-scale particles, called hadrons.
n working towards an understanding of hadrons, it has been found that they are complicated bound states of gluons
nd quarks whose interactions are described by a Poincaré-invariant quantum non-Abelian gauge field theory; namely,
uantum chromodynamics (QCD).
QCD is fundamentally different from other pieces of the Standard Model of Particle Physics (SM): whilst perturbation

heory is a powerful tool when used in connection with high-energy processes, this technique is powerless when it comes
o developing an understanding of observable low-energy characteristics of QCD. The body of experimental and theoretical
ethods used to probe and map QCD’s infrared domain can be called strong-QCD [1] and they must deal with emergent
onperturbative phenomena, such as confinement of gluons and quarks and dynamical chiral symmetry breaking (DCSB).
The QCD running coupling lies at the heart of many attempts to define and understand confinement because almost

mmediately following the demonstration of asymptotic freedom [2–4] the associated appearance of an infrared Landau
ole in the perturbative expression for the running coupling spawned the idea of infrared slavery, viz. confinement
xpressed through a far-infrared divergence in the running coupling. In the absence of a nonperturbative definition of
unique running coupling, this idea is not more than a conjecture; but recent studies [5–7] support a conclusion that the
andau pole is screened (eliminated) in QCD by the dynamical generation of a gluon mass-scale and the theory possesses
n infrared stable fixed point.
In numerical simulations of lattice-regularised QCD (lQCD) that use static sources to represent the valence-quarks of,

or instance, a proton, a ‘‘Y-junction" flux-tube picture of nucleon structure is drawn, e.g. Refs. [8,9]. Such results and
otions could suggest an important role for the three-gluon vertex, which is a signature of the non-Abelian character of
CD and the source of asymptotic freedom, in quark (and gluon) confinement inside the hadron. That is, if the static-quark
icture were equally valid in real-world QCD. In dynamical QCD, however, wherein active light quarks are ubiquitous, it
s not; so a different explanation of binding within the nucleon, and most generally within any hadron, must be found.

Based on an accumulated body of evidence, it appears likely that confinement, defined via the violation of reflection
ositivity by coloured Schwinger functions (see, e.g. Refs. [10–27] and citations therein and thereof) and DCSB have a
ommon origin in the SM; but this does not mean that confinement and DCSB must necessarily appear together. Models
an readily be built that express one without the other, e.g. numerous constituent quark models express confinement
hrough potentials that rise rapidly with interparticle separation, yet possess no ready definition of a chiral limit [28,29];
nd models of the Nambu–Jona-Lasinio type typically express DCSB but not confinement [30–32].
DCSB ensures the existence of nearly-massless pseudo-Nambu–Goldstone (NG) modes (pions), each constituted from

valence- quark and-antiquark whose individual Lagrangian current-quark masses are <1% of the proton mass [33]. In
he presence of these modes, no flux tube between a static colour source and sink can have a measurable existence. To
erify this statement, consider such a tube being stretched between a source and sink. The potential energy accumulated
ithin the tube may increase only until it reaches that required to produce a particle–antiparticle pair of the theory’s
seudo-NG modes. Simulations of lQCD show [34,35] that the flux tube then disappears instantaneously along its entire
ength, leaving two isolated colour-singlet systems. The length-scale associated with this effect in QCD is ≃1/3 fm. Hence,
f any such string forms, it would dissolve well within hadron interiors.

Another equally important consequence of DCSB is less well known. Namely, any interaction capable of creating
seudo-NG modes as bound states of a light dressed- quark and-antiquark, and reproducing the measured value of their
eptonic decay constants, will necessarily also generate strong colour–antitriplet correlations between any two dressed
uarks contained within a hadron. Although a rigorous proof within QCD is not known, this assertion is based upon
n accumulated body of evidence, gathered in three decades of studying two- and three-body bound-state problems
n hadron physics, e.g. Refs. [36–44]. No realistic counter examples are known; and the existence of such quark+quark
diquark) correlations is also supported by simulations of lQCD [45–51].

It is worth remarking here that in a dynamical theory based on SU(2)-colour, diquarks are colour singlets. They
ould thus exist as asymptotic states and form mass-degenerate multiplets with mesons composed from like-flavoured
uarks. (These properties are a manifestation of Pauli–Gürsey symmetry [52,53].) Consequently, the isoscalar–scalar,
ud]0+ , diquark would be massless in the presence of DCSB, matching the pion, and the isovector–pseudovector, {ud}1+ ,
iquark would be degenerate with the theory’s ρ-meson. Such identities are lost in changing the gauge group to
U(3)-colour [SUc(3)]; but clear and instructive similarities between mesons and diquarks nevertheless remain, such as
20,36,41,54–65]: (i) isoscalar–scalar and isovector–pseudovector diquark correlations are the strongest, but others could
ppear inside a hadron so long as their quantum numbers are allowed by Fermi–Dirac statistics; (ii) the associated diquark
ass-scales express the strength and range of the correlation and are each bounded below by the partnered meson’s mass;
nd (iii) realistic diquark correlations are soft, i.e. they possess an electromagnetic size that is bounded below by that of
he analogous mesonic system.

It is important to appreciate that these fully dynamical diquark correlations are different from the static, pointlike
iquarks which featured in early attempts [66] to understand the baryon spectrum and to explain the so-called missing

esonance problem [67–69]. Modern diquarks are fully dynamical inside hadrons: no valence quark holds a special place

3
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ecause each one participates in all diquarks to the fullest extent allowed by the quantum numbers of the quark, the
iquark and the hadron in hand. The continual rearrangement of the quarks guarantees a hadron spectrum as rich as that
ound experimentally and that obtained in modern constituent quark models [29] and lQCD calculations [70].

Evidently, the notion of diquark correlations is spread widely across modern nuclear and high-energy physics; for
xample, experiment has uncovered signals for such correlations in the flavour-separation of the proton’s electromagnetic
orm factors [71,72]; and phenomenology suggests that diquark correlations might play a material role in the formation
f exotic tetra- and penta-quark hadrons [73–79]. At issue, however, is whether all these things called diquarks are the
ame; and if there are dissimilarities, can they be understood and reconciled so that experiment can properly search for
lean observable signals.
Herein, therefore, a critical review of existing information is undertaken in order to consolidate available facts and

dentify a path toward a consistent description of diquark correlations inside hadrons that answers the following basic
uestions:

(i) How firmly founded are continuum theoretical predictions of diquark correlations in hadrons?
(ii) What does lQCD have to say about the existence and character of diquark correlations in baryons and multiquark

systems?
(iii) Are there strategies for combining continuum and lattice methods in pursuit of an insightful understanding of hadron

structure?
(iv) Can theory identify experimental observables that would constitute unambiguous measurable signals for the

presence of diquark correlations?
(v) Is there a traceable connection between the so-called diquarks used to build phenomenological models of high-

energy processes and the correlations predicted by contemporary theory; and if so, how can such models be
improved therefrom?

(vi) Are diquarks the only type of two-body correlations that play a role in hadron structure?
(vii) Which new experiments, facilities and analysis tools are best suited to test the emerging picture of two-body

correlations in hadrons?

ote, too, that the last millennium saw publications which treat the diquark concept explicitly or implicitly. It is not our
ntention to recapitulate that work. Interested parties may consult other documents that supply additional material, e.g.
efs. [66,80], the proceedings of some workshops in the 1990s [81–83], and a compilation of references to articles on
iquarks [84].
Before proceeding further, it is worth remarking that this perspective supplies a wide-ranging view of the diquark

oncept, providing a discussion of many variations on the theme. There are some occasions in which different approaches
ight appear to be mutually inconsistent. In such cases, the reader should understand that in science there is room for
onstructive disagreement on the road of progress.
The manuscript is arranged as follows. In Section 2 we revisit the theoretical concept of diquark correlations inside

adrons; review the latest advances on this topic using phenomenological quark models, continuum Schwinger functional
ethods and lattice-regularised QCD techniques; and highlight some examples of their most relevant results compared
ith experimental data. Section 3 is devoted to an experimental overview of the most prominent signals of diquark
orrelations inside hadrons, either conventional or unconventional. We dedicate Section 4 to discuss possible theoretical
and experimental pathways, which have not yet been explored and can consolidate the concept of diquark correlations.
We finish with a summary and perspective in Section 5.

2. Diquarks in theory

2.1. Phenomenological quark models

The notion of diquarks dates back to the foundations of the quark model (QM) itself [85,86]. Its introduction had
the purpose to provide an alternative description of baryons as bound states of a constituent-quark and -diquark
[87–89]. Later, phenomenological indications for the emergence of diquark-like correlations were given. They included the
∆I =

1
2 rule in weak non-leptonic decays [90]; some regularities in parton distribution functions (DFs) and spin-dependent

structure functions [91]; Λ(1116) and Λ(1520) fragmentation functions [92–94]; the Regge behaviour of hadrons, namely
the fact that baryons and mesons can be accommodated on Regge trajectories with approximately the same slope [93–97];
the absence from the baryon spectrum of the Λ 3

2
+
baryon state [92] and, more generally, the problem of missing baryon

esonances [97,98].
The concept of diquarks as effective degrees-of-freedom in QMs has proven useful in the calculation of baryon spectra,

.g. SU(3) light-quark baryons [97–104] and also heavy-light systems [105–111]. As discussed in Refs. [97,98,112], the
ntroduction of hard diquark correlations in light baryon spectroscopy could also provide a solution to the old problem of
issing baryon resonances, which affects all the three-quark model predictions for baryon masses [113–119]. However,

t is no longer certain that such a problem exists because modern data and recent analyses have reduced the number
f missing resonances [67–69,120–122]. Diquark degrees-of-freedom within the framework of a quark model were also
pplied to baryon structure; some examples are nucleon electromagnetic form factors [97,123–126], baryon magnetic
4
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oments [104,127,128], electromagnetic transition helicity amplitudes or form factors [97,129], and in the study of
ransversity problems and fragmentation functions [130–132]. Moreover, in the case of the ratio of electric and magnetic
orm factors of the proton as a function of photon momentum, the quark+diquark model predicts a zero [112,126].

Diquark degrees-of-freedom may even play an important role in the context of the spectroscopy and structure of
ultiquark states. Such systems are hadrons that cannot be described solely in terms of three valence quark, qqq, three
alence antiquark, q̄q̄q̄, or quark+antiquark, qq̄, degrees-of-freedom. They include XYZ states (suspected tetraquarks),
uch as the X(3872) [now denoted χc1(3872)] [133–136] and the X(4274) [χc1(4274)] [137,138]; and the Pc pentaquark
candidates recently discovered by the LHCb Collaboration in Λb → J/ψΛ∗ and Λb → P+

c K−
→ (J/ψp)K− decays

[139,140]. In addition to heavy+light multiquark configurations, such as qQ q̄Q̄ and Q Q̄qqq (with Q = c or b), one may also
expect the emergence of fully heavy QQ Q̄ Q̄ systems [141–149]. It has been argued [150] that if stable QQ Q̄ Q̄ tetraquarks
exist, they may be observable at LHC. However, the empirical status is uncertain [151,152].

The possible existence of diquark+antidiquark bound states was suggested long ago [153]. Even though they have never
been clearly identified experimentally, compact diquark+antidiquark configurations might provide an explanation of the
properties of hidden-charm/bottom XYZ exotic mesons [99,154–163]. On the pentaquark side, diquarks may also play
an important role by providing a description of the properties of Pc states as diquark+diquark+antiquark configurations
[164–170]. It is important to note here that multiquark candidates for the exotic XYZ states can alternatively be interpreted
as meson+meson molecules, hadro-quarkonium states, and kinematic or threshold effects caused by virtual particles
[73–79].

In summary, the concept of quark+quark effective degrees-of-freedom is very helpful within the QM phenomenological
approach to simplify the description of either conventional or exotic hadrons. This applies not only to spectroscopy but
also to structure properties. However, whether these hard diquarks should be understood only as mathematical artifices
or as ‘‘physical’’ degrees-of-freedom in the hadron’s wave function is still a matter of study and debate. To understand
their role in three-quark and multiquark bound-state systems, one should compare the predictions of the diquark model
with those obtained using explicit quark degrees-of-freedom.

2.1.1. Diquark wave functions
A diquark’s colour wave function is a superposition of two different SUc(3) configurations,⏐⏐ψc,D

⟩
= α

⏐⏐(3c1, 3c2)3̄c12
⟩
+ β |(3c1, 3c2)6c12⟩ , (2.1.1)

where 3ci (with i = 1 or 2) are fundamental representations of SUc(3), corresponding to the quark constituents of the
diquark, and the coefficients α and β satisfy α2

+β2
=1. In compact tetraquark (diquark+antidiquark) states, the diquark

colour wave function of Eq. (2.1.1) must be combined with that of the antidiquark to obtain a colour-singlet wave function;
i.e. the tetraquark colour wave function is obtained by superposing the

⏐⏐3̄c12, 3c34; 1c1234
⟩
and

⏐⏐6c12, 6̄c34; 1c1234
⟩
colour-

singlet components. In the baryon case, the diquark must be in the 3̄c representation of SUc(3) to satisfy the requirement
of a colourless baryon. The baryon colour wave function is then given by

⏐⏐3̄c12, 3c3; 1c123
⟩
, where 3c3 is the colour wave

function of the third quark inside the baryon.
The QM procedure to construct diquark spin-flavour wave functions is straightforward. For simplicity, the illustration

is restricted to light diquarks, namely those composed of a pair drawn from the set {u, d, s}. The extension to heavy+light
and fully-heavy diquarks is straightforward and can be found, e.g. in Refs. [156,162].

The SUsf(6) (spin-flavour) diquark wave functions can be constructed using Young diagrams [171] by combining two
fundamental representations of SUsf(6), 6sf, which correspond to the quark constituents of the diquark. One has

⊗ = ⊕

6sf ⊗ 6sf = 15sf ⊕ 21sf , (2.1.2)

here 15sf and 21sf are, respectively, the completely antisymmetric and symmetric diquark spin-flavour states.
The diquark total wave function,

ψD = ψc,D ⊗ ψsf,D ⊗ ψsp,D , (2.1.3)

ust be completely antisymmetric in order to satisfy the Pauli principle. Here, ψc,D, ψsf,D and ψsp,D are, respectively, its
olour, spin-flavour, and spatial parts.
Focusing on light baryons with masses below 2.5GeV, their diquark constituents can be regarded as S-wave con-

igurations; namely, with no internal spatial excitations. Therefore, the diquark’s colour and spatial wave functions
re, respectively, completely antisymmetric and symmetric; and then the diquark spin-flavour wave function has to be
ompletely symmetric. The diquark 15sf representation of Eq. (2.1.2) is thus forbidden in the case of low-lying SU(3)-
lavour [SUf(3)] baryon resonances [92,93,97]. By decomposing the 21sf diquark wave function of Eq. (2.1.2) in terms of
Us(2) ⊗ SUf(3), one gets two different diquark configurations, the scalar diquark, with flavour 3̄f and spin S = 0, and the
xial–vector diquark, with flavour 6f and spin S = 1. (They have been called ‘‘good’’ and ‘‘bad’’, respectively; but since
oth appear crucial to the structure of all baryons, that terminology is not employed herein because it is misleading.)
y means of a one-gluon-exchange interaction between the two quarks, one can show that the scalar diquark is ∼20%
ighter; hence, should be the dominant configuration in low-lying baryon states [92,93,97,102,172,173].
5
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The baryon spin-flavour states are obtained by combining the two-quark SUsf(6) representations of Eq. (2.1.2) with a
sf representation, which corresponds to the third constituent quark within the baryon. One has

⊗ = ⊕

15sf ⊗ 6sf = 20sf ⊕ 70sf

, (2.1.4a)

nd

⊗ = ⊕

21sf ⊗ 6sf = 56sf ⊕ 70sf .

(2.1.4b)

n the three-quark model, all spin-flavour states in Eqs. (2.1.4) are achievable. Conversely, in the quark+diquark model
nly those of Eq. (2.1.4b) are accessible. Therefore, in the quark+diquark model the number of states is much reduced
ith respect to the three-quark model. This argument [97,98] offers a solution to the missing baryon resonance problem,

f it exists.
The missing baryon resonances are states predicted by QMs, with (as yet) no corresponding experimentally observed

ounterparts. One may argue that there could be baryon states very weakly coupled to the single pion, but with higher
robabilities of decaying into two or more pions or into other mesons [115,116,174]. The detection of such resonances
s further complicated by the problem of separating experimental data from backgrounds and by the expansion of the
ifferential cross section into many partial waves. Alternately, it is possible to consider models that are characterised by
smaller number of effective degrees-of-freedom with respect to the three-constituent-quark models and to assume that
ome of the missing states, not yet observed experimentally, simply do not exist. This is the case for the quark+diquark
odels discussed in Ref. [97,98,102], in particular Ref. [98, Table III]. At the same time, it should be kept in mind that
uark+diquark models [98,102,175] also have missing baryon states, but only fewer than three-quark models.
The construction of light and heavy+light tetraquarks as diquark+antidiquark states can be found in, for instance,

efs. [156,162,176,177]; for the construction of pentaquark wave functions as diquark+diquark+antiquark states, see e.g.
ef. [168].

.1.2. Diquark masses
There are three standard ways to estimate diquark masses in QMs: they can be considered as model parameters to

e fitted to experimental data [97,98,101,102]; they can be estimated via phenomenological considerations [92,94]; or
hey can be calculated by binding two quarks via one-gluon-exchange interaction [145,147,162,178] plus a spin–spin
ontribution [156].
Ref. [92] highlighted that in heavy+light baryons an elementary scalar diquark, [q1, q2]0+ , has no spin interaction with

he spectator heavy quark, Q , while the kindred axial–vector diquark, {q1, q2}1+ , does. One has

H(Q , {q1, q2}1+ ) = K (Q , {q1, q2}1+ ) 2 S{q1,q2}1+
· SQ , (2.1.5)

here S{q1,q2}1+
and SQ are the spins of the light axial–vector diquark and heavy quark, respectively; and the coefficient

(Q , {q1, q2}) depends on the quark masses. To estimate the difference between scalar and axial–vector diquark masses,
t is necessary to take linear combinations of baryon (and meson) masses that eliminate the spin-dependent interaction of
q. (2.1.5). For example, one has: Mav

ud −Msc
ud =

1
3

(
2M(Σ∗

Q ) + M(ΣQ )
)
−M(ΛQ ). This leads to the following results for the

scalar–axial–vector diquark mass differences [92]: Mav
ud − Msc

ud ≃ 210 MeV, Msc
ud − Mu ≃ 315 MeV, Mav

us − Msc
us = 152 MeV,

and Msc
us − Ms = 498 MeV.

A similar idea was used in Ref. [156], wherein the diquark masses were estimated by first extracting the strength of
the quark–quark spin–spin interaction in a colour antitriplet state, (κqq)3̄, from several baryon masses, like that of the
Λ (to evaluate the scalar diquark mass) and that of the Σ (to estimate the axial–vector diquark mass). By plugging the
previous κ estimates into an algebraic mass formula with spin–spin interactions for tetraquarks, light diquark masses
were inferred by fitting their values to the a0(980) and σ (480) experimental levels: Msc

ud = 395 MeV and Msc
sq = 590 MeV

(with q = u or d). Using the same approach to fit the X(3872) tetraquark mass, then Msc
cq = 1933 MeV. (Such low values for

the scalar and axial–vector diquark masses are inconsistent with many calculations; e.g. herein see: Table 2.1.1; Fig. 2.2.5
and Eq. (2.2.13); and Table 2.3.3. Moreover, continuum Schwinger function methods (CSMs) applied to QCD suggest that
σ , a0 are dominated by meson+meson, not diquark+antidiquark, channels; and the X(3872) is primarily a molecule-like
DD∗ system. More on this in Section 2.2.1.)

Ref. [94] approached the problem by generalising the Chew–Frautschi formula, M2
= a + σ L, which describes the

Regge trajectories of resonances with the same internal quantum numbers but different values of JP . Here, σ is a constant
(≃1.1 GeV2), a depends on the quantum numbers and L is the orbital angular momentum. By considering two masses,
m1 and m2, connected by a relativistic string with angular momentum L and constant tension T , and in the limit of small
m1,2, the following expression was obtained

E ≃
√
σ L + κL−1/4µ3/2, (2.1.6)
6
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Table 2.1.1
Scalar and axial–vector diquark masses, Msc and Mav , respectively, com-
puted by means of the relativised QM Hamiltonian of Refs. [114,179].
Notation: q indicates light, u or d, quarks. These results were previously
reported in Ref. [178, Table 1].
Flavour content Msc (MeV) Mav (MeV)

qq 691 840
qs 886 992
ss – 1136
qc 2099 2138
sc 2229 2264
cc – 3329
qb 5451 5465
sb 5572 5585
cb 6599 6611
bb – 9845

where κ ≃ 1.15 GeV−1/2 and µ3/2
= m3/2

1 + m3/2
2 . Using a simple picture in which baryons contain only one type of

diquark, then comparing those with scalar diquarks and those containing axial–vector diquarks, inferences were made
regarding the mass difference between diquarks, e.g. Mav

ud > Msc
us > Ms > Msc

ud and (Mav
ud)

3/2
− (Msc

ud)
3/2

= 0.28 GeV3/2. If
Msc

ud varies from 100 to 500 MeV, then Mav
ud − Msc

ud ranges from 360 to 240 MeV.
The remaining approach is exemplified in Refs. [145,147,162,178], wherein a relativised QM Hamiltonian [114,179]

was used to bind a quark+quark pair. To do that, one needs a relation between quark–quark and quark–antiquark colour
Casimirs, ⟨Fq · Fq̄⟩ = −

4
3 = 2⟨Fq · Fq⟩ [179, Eqs. (3, 4, 8)], where the F’s are related to the Gell-Mann colour matrices by

Fa =
λa

2 . The results are shown in Table 2.1.1.

2.1.3. Light and heavy-light baryons in the diquark model
The description of baryons as quark+diquark bound states has important consequences. The main one is that the

internal dynamics among quark+diquark constituents can be described by a single relative coordinate, rrel, instead of
he usual ρ and λ Jacobi coordinates of a three-quark system. As a result, one obtains a spectrum characterised by a
maller number of states with respect to the one predicted by three-quark models, as discussed in Ref. [97] and below.
There are several quark+diquark models for baryon spectroscopy. Some of them are potential models, like the

nteracting quark+diquark model of Refs. [97,101,102,104], the relativised quark+diquark models of Refs. [100,106,108],
nd the nonrelativistic potential model of Ref. [107]. Others are simple algebraic models, such as the quark+diquark model
f Ref. [98].
Refs. [106,108] report a spectrum of doubly-heavy baryons computed using a relativised quark+diquark model. In

articular, the result for the ground-state mass of the Ξcc with JP =
1
2

+
, 3620 MeV, is compatible with the experimental

ass of the Ξ++
cc resonance listed recently by the PDG [180]: 3621.2± 0.7 MeV, even though the experimental quantum

umbers are still unknown. The theoretical predictions for the ground-state masses of theΞbb,Ωbb, andΩcc configurations
re, respectively, 10202 MeV, 10359 MeV, and 3778 MeV. (Complete spectra, obtained using CSMs and exploiting all
ossible dynamical diquark configurations, are drawn in Fig. 2.2.8.)
In the interacting quark+diquark model of Refs. [97,101,102,104], the quark–diquark interaction is the sum of a

oulomb-like + linear-confining potential, Vconf = −
α
r +βr , α and β being free parameters, plus an exchange interaction,

Mex(r) = (−1)L+1 e−σ r [
AS s1 · s2 + AF λf

1 · λf
2 + AI t1 · t2

]
, (2.1.7)

which depends on the quantum numbers of the quark and diquark: their relative orbital angular momentum (L), their
spins (si, with i = 1, 2), isospins (ti), and flavour representations [the SUf(3) Gell-Mann matrices λf

i]; AS, AF, AI, and σ are
odel parameters, fitted to the experimental data. This model was applied to both nonstrange [97,101,104] and strange

102] baryon spectroscopy. In the nonstrange sector, the spectrum of the model shows no missing baryon resonances up
o an energy of 2GeV; the calculated spectrum of hyperons is also reasonably reproduced.

.1.4. Compact tetraquarks in the diquark model
The diquark model was also used in the context of compact (diquark+antidiquark) tetraquark spectroscopy. In

articular, it was applied to the study of light [154,176,177] and heavy+light [154–163] tetraquarks. The study of compact
eavy+light tetraquark configurations might provide an explanation of the properties of some hidden-charm/bottom XYZ
xotic mesons [73,75–77].
Ref. [156] discussed the possible appearance of heavy-light tetraquarks within an algebraic model, proposing the

ollowing mass formula:

H = 2Msc
qc

+ 2(κcq)3̄
[
Sc · Sq + Sc̄ · Sq̄′

]
+ 2κqq̄

(
Sc · Sq̄′

)
+ 2κcq̄

[
Sc · Sq̄′ + Sc̄ · Sq

]
+ 2κcc̄ (Sc · Sc̄) , (2.1.8)
7
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Fig. 2.1.1. Spectrum of the X(3872)-containing multiplet from Ref. [156]. (Masses in MeV.)

where the κ parameters are flavour-dependent strengths of the spin–spin interaction, fitted to light and heavy+light
baryon mass differences. After fitting the Msc

qc parameter to the mass of the X(3872), Ref. [156] computed the spectrum of
etraquarks belonging to the X(3872) multiplet, with the result drawn in Fig. 2.1.1. (See also the discussion of Fig. 3.6.33.)

Ref. [157] calculated the heavy+light tetraquark spectrum using a relativistic diquark+antidiquark model with one-
luon exchange and long-range vector and scalar linear-confinement potentials. The interpretation therein of the X(3872)
s a qcq̄c̄ state is the same as Ref. [156].
Ref. [162] computed the spectrum of hidden-charm (qcq̄c̄ and scs̄c̄) tetraquarks by means of a relativised poten-

ial model with linear-confinement and one-gluon exchange (OGE) interactions. In particular, it was shown that 13
harmonium-like observed states can be accommodated in the tetraquark picture, with the exception of the X(4274).
ef. [161] used a similar model to study the ss̄cc̄ sector and discussed possible assignments for the X(4140), X(4274),
(4500), and X(4700). As in Ref. [162], the X(4274) could not be accommodated in this tetraquark picture.

.1.5. Compact pentaquarks in the diquark model
The potential hidden-charm pentaquark signals, Pc, were observed by the LHCb Collaboration in Λb → J/ψΛ∗ and

b → P+
c K−

→ (J/ψp)K− decays [139,140]. They carry one unit of baryon number and show the peculiar quark structure
+
c = uudcc̄ , whence the name pentaquarks. The mass difference between the observed pentaquarks, Pc(4312)+ on one
ide, Pc(4440)+ and Pc(4457)+ on the other, is of the order of ∆M = 140 MeV. This is much smaller than the energy
ssociated with an orbital excitation, O(300) MeV, as e.g. in the case MΛ(1405) − MΛ(1116) ≃ 290 MeV.
In Ref. [168], the splitting ∆M was explained in the context of the pentaquark model by considering 5-quark states

haracterised by different diquark contents. In particular, two possible valence quark structures were proposed:

Pc,u = ϵαβγ c̄α[cu]β;S=0,1[ud]γ ;S=0,1 , Pc,d = ϵαβγ c̄α[cd]β;S=0,1[uu]γ ;S=1 , (2.1.9)

here Greek letters are colour indices and the diquarks are in the colour anti-triplet, 3̄c, configuration.
The properties and quantum numbers of Pc pentaquarks were also studied in the context of the diquark model in Refs.

170,181–184]. Ref. [181] interpreted the LHCb hidden-charm pentaquarks as diquark, q1q2, and triquark, q3q4q̄5, bound
tates. The colour structure of the diquark constituent is the same as Eq. (2.1.1), namely 3c1 ⊗ 3c2 = 3̄c12 + 6c12; in the
riquark case, one has 3c3 ⊗3c4 ⊗ 3̄c5 = 3c345 ⊕ 6̄c345 ⊕3c345 ⊕15c345. The colour-singlet pentaquark wave function, 1c12345,
as obtained by combining a diquark in the 3̄c12 configuration and a triquark in 3c345. The masses of the Pc pentaquark
ere also computed by means of an algebraic mass formula, characterised by spin–spin and spin–orbit interactions, with
he results shown in Fig. 2.1.2. A similar mass formula was used in Ref. [182], assuming a diquark+diquark+antiquark
escription of Pc states.
The masses of qqqQ Q̄ pentaquark configurations (with Q = c or b) were computed in Ref. [184] using a potential

odel inspired by an AdS/QCD model. The interaction is very similar to that typically described as the Cornell potential;
nd the results are 100–200 MeV above the corresponding experimental data.

.2. Continuum schwinger function methods

The role of diquark correlations inside hadrons has also long been emphasised in studies using CSMs, such as the
yson–Schwinger equations (DSEs); see, e.g. Refs. [19–21,44,56,58,60,185–187] for reviews on their applications to hadron

hysics. As a quantum-field-theory equivalent of the Euler–Lagrange equations, the DSEs are a system of integral equations

8
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Fig. 2.1.2. Predicted masses, in MeV, for hidden-charm pentaquarks [181] (thick black lines) compared with experimental data [180] (thin coloured
lines).

Fig. 2.1.3. DSEs for the quark two-point Schwinger function (propagator) (top) and the gluon two-point function (bottom). Solid, curly and dashed
lines represent quarks, gluons and ghosts, respectively.

whose solutions deliver QCD’s n-point Schwinger functions, i.e. the same quantities computed in numerical simulations
of lQCD. The simplest DSEs are illustrated in Fig. 2.1.3, viz. the gap equations for the quark and gluon. These equations
provide the keys to understanding the emergence of hadronic mass in the SM, e.g. à la Nambu [32], a nonzero dressed-
uark mass-function emerges in solving the quark gap equation even in the absence of couplings to the Higgs boson. This
s the basic signature of DCSB; namely, the emergence of mass from nothing, and there is a firm theoretical position from
hich one can argue that DCSB is responsible for more than 98% of the visible mass in the Universe [188].
At the next level of complexity are the Poincaré-covariant bound-state equations, Bethe–Salpeter [189], Faddeev [190],

tc., a generic form of which is illustrated in Fig. 2.2.4. The bound-state kernel, indicated by the shaded box, is the sum of all
ossible irreducible two-, three-, . . . , n-body contributions. The solution of such an equation yields the mass (pole-position)
nd bound-state amplitude for a bound state (resonance) seeded by a total of n valence quarks and/or antiquarks. This
nformation provides the foundation for computing all properties of the associated hadron. Moreover, with the external
9
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Fig. 2.2.4. Generic form of the homogeneous integral equation for an n-valence-body bound state, which is described herein as a (generalised)
Bethe–Salpeter equation (BSE). The lines with circles are dressed quark propagators and the kernel is the sum of all irreducible two-, three-, . . . ,
n-body contributions.

legs reattached to the bound-state amplitude, one obtains a Poincaré covariant wave function that, under certain limiting
conditions, possesses a mathematical connection to the wave functions typical of quantum mechanics.

As noted, the kernels depend on an array of QCD’s n-point functions, sound information about which is therefore
important in developing the solutions. Here, the past two decades have seen substantial progress, with results provided by
DSE studies [5,6,191–199], functional renormalisation-group equations [200–202] and lQCD [7,203–212]. Notably, where
fair comparisons can be drawn, these three approaches agree; hence, the results provide a robust foundation from which
to develop predictions for hadron observables. (Landau gauge is typically employed because it is a fixed point of the
renormalisation group and that gauge most readily implemented in lQCD.)

Furthermore, extensive progress has been made in developing symmetry-preserving schemes for combining QCD’s
n-point functions into Bethe–Salpeter kernels that guarantee all Ward–Green–Takahashi identities (WGTIs) are satisfied
in the study of hadron observables. For instance, the axial–vector WGTI is crucial to ensuring that DCSB is both a necessary
and sufficient condition for the pion’s emergence as a NG mode; and proving this and insightfully expressing its wide-
ranging impact on hadron observables has been a distinguishing success of the DSE approach for more than twenty years.
The systematic, symmetry preserving truncation schemes that have been developed for this purpose can be traced from
Refs. [44,58,185,186,195,213–218]

The leading order in such a scheme is the rainbow-ladder (RL) truncation, where the qq̄ and qq kernels in mesons and
baryons are expressed by gluon exchanges with a momentum-dependent effective interaction that is provided by Ansatz.
This leaves the quark propagator to be solved from its DSE with information on other relevant n-point functions implicit in
the interaction Ansatz. RL truncation has been successful in a range of applications, including the properties of (isovector)
pseudoscalar and vector ground-state mesons as well as JP = 1/2+ octet baryons and J = 3/2+ decuplet baryons. Its
deficiencies in other meson and baryon channels and in the heavy+light meson sector are also well documented, see e.g.
Refs. [44,58,185,186,219] and references therein.

It is clear from Fig. 2.1.3 that improving upon RL truncation involves a substantial increase in complexity since
it requires explicit information about the gluon propagator, quark–gluon vertex and other n-point functions. So far,
kernels beyond RL have mostly been employed only for light mesons, where they improve the spectrum significantly
[195,213–215]. For baryons, some exploratory calculations beyond RL are available [62,63,217,220]. This is also the point
where connections to an underlying soft-diquark structure can be made and profitably exploited.

2.2.1. Diquarks
There are many reasons to anticipate a role for diquark correlations within baryons. For instance: quark+quark

scattering in the colour–antitriplet (3̄c) channel is attractive; the theory of superconductivity reveals that fermions pair
even in the presence of an arbitrarily small attractive interaction; phase space factors materially enhance two-body
interactions over n ≥ 3 body interactions within a baryon; and the primary three-body force, produced by a three-gluon
vertex attaching once, and only once, to each valence quark, vanishes when projected into the colour-singlet channel:

final state three gluon vertex initial state
colour wave function colour wave function

εf1f2f3 f abc[λa]f1 i1 [λb]f2 i2 [λc]f3 i3 εi1 i2 i3 = 0 ,
(2.2.10)

where εijk is the Levi-Civita tensor, {λa} are SUc(3) Gell-Mann matrices, and f abc is the structure tensor of SUc(3).
Consequently, the leading role for the three-gluon vertex interaction within a baryon is the strengthening of quark+quark
correlations by attaching twice to one of the valence quarks and additionally to one of the others.

A mathematical link between mesons and diquarks is forged by their Bethe–Salpeter (BS) amplitudes, whose tensors
only differ by inclusion of the charge conjugation matrix. Denoting this matrix by C , a pseudoscalar meson (γ5) is
linked to a scalar diquark (γ5C), a vector meson (γ µ) to an axial–vector diquark (γ µC), etc. Diquarks are subject to the
Pauli principle, which in turn determines their isospin. The full colour-spinor-flavour amplitude of a diquark must be
antisymmetric under quark exchange; the colour part εijk is antisymmetric by itself and γ 5C is an antisymmetric Dirac
matrix; hence, a scalar diquark made of light quarks must have an antisymmetric flavour wave function [ud] ∼ ud − du
with I = 0. In this way, the non-exotic meson channels with

JPC = 0−+, 1−−, 0++, 1++, 1+− (2.2.11)
10
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Fig. 2.2.5. Meson and diquark masses from their BSEs plotted versus current-quark mass. The bands express a RL interaction uncertainty [59]. For
he scalar and axial–vector mesons, following Ref. [42], the coupling strength in the BSE has been reduced by a common prefactor to simulate
ffects beyond rainbow-ladder, which pushes their masses into fair agreement with experiment. The pseudoscalar and vector diquark masses inflate
ccordingly.

ave the following diquark partners:

I(JP ) = 0(0+), 1(1+), 0(0−), 0(1−), 1(1−). (2.2.12)

This connection is explicit in the RL truncation, where the gluon exchange in both qq̄ and qq systems is identical,
xcept for an extra factor of 1/2 in the qq channel deriving from differences in the colour structure. Thus, when calculating
esons from their BSEs, one simultaneously obtains the respective diquark properties. In Fig. 2.2.5, the resulting meson
nd diquark masses are plotted against the current-quark mass, which enters in the quark DSE and is varied from the
hiral limit up to the strange-quark mass [59]. For light up/down quarks, the masses are (in GeV)

0+ 1+ 0− 1−

0.80(7) 0.99(5) 1.22(9) 1.30(6) (2.2.13)

uch masses and splittings are similar to those obtained in quark models, the symmetry-preserving treatment of a
ector⊗ vector contact interaction (SCI) and QCD-kindred DSE frameworks, and lQCD (see Sections 2.1, 2.3).
It is worth noting that

δ1+0+ = m1+ − m0+ = 0.19(2) GeV, (2.2.14)

hich is significantly less than the empirically known splitting between the ∆-baryon and nucleon, δ∆N ≈ 0.27GeV. The
associated Faddeev equations nevertheless produce masses for the nucleon and ∆ in fair agreement with experiment, as
discussed in connection with Fig. 2.2.12. Naturally, δ1+0+ is partly responsible for δ∆N ; and neglecting meson cloud effects,
there is a linear relationship between them, e.g. see Ref. [42, Fig. 1]. However, the net result for δ∆N is also contingent
upon other effects. For instance, the nucleon and ∆-baryon possess intrinsic deformation [221], so spin–orbit interactions
play a role; and meson cloud effects can increase the splitting by 0.05-0.10GeV, depending on the formulation [222].

The stability of RL studies of pseudoscalar and vector mesons provides another indication that their scalar and axial–
vector diquark partners should play an important role in baryons: irrespective of interaction details, they always appear
much the same. On the other hand, positive parity mesons are distinguished by the presence of significant orbital angular

momentum. RL truncation underestimates associated repulsive effects; hence, produces scalar and axial–vector mesons

11
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Fig. 2.2.6. Dimensionless dressing functions in the correlation amplitudes of the light-quark scalar- (left) and axial–vector-diquark (right).

hat are too light. Consequently, RL estimates of the masses of their diquark partners are probably also too low. This
nd associated deficiencies are remedied in beyond-RL calculations [195,213–215]. The corrections can be mimicked by
ntroducing a repulsion factor into the BSEs for scalar and axial–vector mesons and their diquark partners [42] and this
xpedient was used in the calculations that produced Fig. 2.2.5.
The diquarks calculated in the RL truncation are not pointlike objects. Far from it: their BS amplitudes carry a rich

ensorial structure that depends on the relative and total momentum, with four tensors for J = 0 and eight for J = 1
iquarks. This structure is illustrated in Fig. 2.2.6, which depicts oft used projections of the Poincaré-covariant scalar
ressing functions associated with the various tensor structures characterising scalar and pseudovector diquarks. In both
ases, f1(|p|) is associated with the leading tensor, i.e. γ5C and γµC , respectively. These functions are dominant. Whilst
thers are larger in Fig. 2.2.6, the associated Dirac-matrix tensors suppress their contributions to physical quantities.
It is worth reiterating that diquark correlations are coloured and it is only in connection with the partnering quark

hat a colour-singlet system is obtained. This means that diquarks are confined. That is not true if RL truncation is used
lone to define the quark+quark scattering problem [54]. However, corrections to this leading-order truncation have been
xamined using the infrared-dominant interaction in Ref. [11]; and in fully self-consistent symmetry-preserving studies,
uch corrections eliminate bound-state poles from the quark+quark scattering matrix, but preserve the strong correlations
40,223,224]. These studies indicated that as coloured systems, like gluons and quarks, diquark propagation is described
y a compound two-point function whose analytic structure is not that of an asymptotic state [10–19,22,23,25,26]; but
hich is nevertheless characterised by a mass-scale commensurate with that obtained in a RL analysis.
In order to study the effect of diquark correlations on baryon structure and properties, the three-body version of

ig. 2.2.4 must be reformulated to make these correlations explicit. This was first accomplished to produce a Poincaré-
ovariant baryon bound-state equation in Refs. [37,225,226], with the result illustrated in Fig. 2.2.7. The derivation involves
esummation of all quark+quark interactions into quark+quark scattering matrices, M , subsequently approximated as
ollows:

Mqq(k, q; K ) =

∑
JP=0+,1+,...

Γ̄ JP(k; −K )∆JP(K )Γ JP(q; K ) , (2.2.15)

here {Γ JP(q; K )} are amplitudes describing the diquark correlations and {∆JP(K )} are the associated propagators. A prima
acie case in favour of this approximation was given in connection with Eq. (2.2.10). Further validation is subsequently to
e sought through comparison of resulting predictions with experiment.
In a baryon described by Fig. 2.2.7, the binding has two contributions. One part is expressed in the formation of tight

iquark correlations; and that is augmented by attraction generated through the quark exchange depicted in the shaded
rea of Fig. 2.2.7. This exchange ensures that diquark correlations within the baryon are fully dynamical: no quark holds

special place because each one participates in all diquarks to the fullest extent allowed by its quantum numbers. The

12
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Fig. 2.2.7. Poincaré covariant quark+diquark Faddeev equation: a linear integral equation for the matrix-valued function Ψ , being the Faddeev
amplitude for a baryon of total momentum P = pq + pd , which expresses the relative momentum correlation between the dressed -quarks and-
nonpointlike-diquarks within the baryon. The shaded rectangle demarcates the kernel of the Faddeev equation: single line, dressed-quark propagator;
Γ , diquark correlation amplitude; and double line, diquark propagator.

continual rearrangement of the quarks guarantees, inter alia, that the nucleon’s dressed-quark wave function complies
with Pauli statistics. Gluons do not appear explicitly in Fig. 2.2.7 because their effects are sublimated, being expressed in
he properties of the elements in the Faddeev kernel.

Early attempts to use the Faddeev equation in Fig. 2.2.7 as a tool for studying baryons are described in Refs.
37,38,124,227–230]. Hereafter, selected highlights from activities in the current millennium are described. (A recent
ttempt to solve a quark+diquark BSE in Minkowski space using a ladder approximation is described in Ref. [231].)
In closing this section, it is worth reiterating the result displayed in Fig. 2.2.5; namely, a given meson is always lighter

han its diquark partner. It follows that if a system can form both internal meson and diquark correlations, the former
ill be dominant. This is indeed what has been seen in four-body (qqq̄q̄) calculations of tetraquark systems based on
he RL truncation [232–235]. For example, it turns out that the ‘‘light scalar mesons’’ such as the σ , κ , a0 and f0, when
olved as four-quark systems, are dominated by meson+meson and not diquark+antidiquark channels [232,233]. Since
he dominant mesons are the pseudoscalar NG bosons, the resulting four-quark states turn out to be especially light.
hese studies also indicate that the X(3872) is dominated by molecule-like DD∗ components [234]. The same is found for
ther states with cqq̄c̄ quark content; whereas for ccq̄q̄ systems, diquarks also play a role [235]. Regarding light-quark
ybrid systems, a potentially important role is also played by different two-body correlations; namely, glue+quark and
lue+antiquark [236].

.2.2. Insights from a contact interaction
As remarked above, DSEs provide a natural framework for the symmetry-preserving treatment of hadron bound-states

n quantum field theory. The starting point in the matter sector is knowledge of the quark–quark interaction, which is now
nown with some certainty [5–7], as are its consequences: whilst the effective charge, and gluon and quark masses run
ith momentum, k2, they all saturate at infrared momenta, each changing by ≲20% on 0 ≲

√
k2 ≲ m0 ≈ mp/2, where m0

s a renormalisation-group-invariant gluon mass-scale and mp is the proton mass. It follows that, employed judiciously,
he symmetry-preserving treatment of a vector⊗ vector contact interaction (SCI) can provide insights and useful results
or those hadron observables whose measurement involves probe momenta less than m0, e.g. hadron masses and form
actors on |Q 2

| ≲ M2, where is M an infrared value of the dressed-quark mass and M ≲ m0 [237].
The SCI formulation of the coupled two- and three-valence-body bound-state problems was introduced in Refs.

42,238,239]. It is based upon RL truncation and uses

g2Dµν(p − q) = δµν
4παIR

m2
G

(2.2.16)

to represent the quark–quark interaction kernel, where Dµν is the gluon propagator, mG ∼ m0 is the gluon mass-scale,
nd the fitted parameter, αIR, is commensurate with contemporary estimates of the zero-momentum value of the QCD
ffective charge [6,7]. Additionally, in the treatment of baryons, a variant of the ‘‘static approximation’’ [240] is employed,
.e. the quark exchange interaction in Fig. 2.2.7 is treated as momentum-independent. This has the virtue of ensuring that
both the diquark correlation amplitudes in the Faddeev kernel and the baryon Faddeev amplitude produced by that kernel
are momentum independent. (Eliminating this static approximation increases computational effort, obscures insights, and
does not bring material improvement in results [241].)

As noted in connection with Eq. (2.2.12), accounting for Fermi–Dirac statistics, five types of diquark correlation are
possible in a J = 1/2 bound-state: isoscalar–scalar (I = 0, JP = 0+), isovector–pseudovector, isoscalar–pseudoscalar, iso-
scalar–vector, and isovector–vector. A J = 3/2 bound-state may only contain isovector–pseudovector and isovector–vector
diquarks. The SCI does not support an isovector-vector diquark [242].

Ref. [42] used the SCI to solve the Faddeev equations of the nucleon and ∆(1232)-resonance, their parity partners, and
the first radial excited states of these systems. Ref. [239] extended that work to all octet and decuplet baryons. These
studies assumed that baryons are constituted solely from diquarks with the same parity, i.e. positive-parity baryons only
contain positive-parity diquarks, and negative parity baryons consist solely of negative-parity diquarks.

Ref. [61] eliminated the like-parity restriction and found that ground-state, even-parity baryons are indeed constituted,
almost exclusively, from like-parity diquarks. On the other hand, odd-parity baryons, in which quark+diquark orbital
13
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Fig. 2.2.8. Comparison between SCI computed masses (black circles) of ground-state flavour-SU(5) JP = 1/2+ (top) and JP = 3/2+ (bottom) baryons
and either experiment [180] or lQCD [243,244] (green lines).
Source: Adapted from Ref. [64].

angular momentum plays a larger role, contain a measurable even-parity diquark component even though odd-parity
diquarks are dominant. Capitalising on this information, the spectra of JP = 1/2+, 3/2+ (fgh) baryons, with f , g, h ∈

{u, d, s, c, b}, were computed in Refs. [64,245]. The strength of the simple SCI approach is highlighted by Fig. 2.2.8. Notably,
Ref. [64] predicts that diquark correlations are an important component of all baryons; and owing to the dynamical
character of the diquarks, it is typically the lightest allowed diquark correlation which defines the most important
component of a baryon’s Faddeev amplitude.

As mentioned above, the SCI can also be used profitably to study hadron properties characterised by small momentum
transfer, |Q 2

| ≲ M2. Ref. [238] used the SCI to compute nucleon and Roper electromagnetic elastic and transition form
factors, concluding that in the description of the nucleon and its first radial excitation, both scalar and pseudovector
diquarks play an important role, and obtaining some qualitatively instructive results for the form factors. The elastic and
transition form factors of the ∆(1232) were computed in Refs. [246,247], solving a longstanding puzzle surrounding the
Q 2 dependence of the magnetic transition form factor. The nucleon σ -term and tensor charges were computed in Refs.
[241,248], anticipating results obtained later using a more realistic interaction [249].

2.2.3. QCD-kindred formulation
The SCI is simple, algebraically solvable, and often delivers valuable insights. It was introduced for these reasons and

also to demonstrate conclusively that experiments are sensitive to the momentum-dependence of QCD’s effective charge
and its diverse expressions in observables [250]. In working toward realistic QCD-connected predictions, one can adapt
the pattern used for mesons; namely, solve gap equations for the dressed-quark propagators and BSEs for the diquark
correlation amplitudes, build the Faddeev kernels therewith, and solve for baryon masses and Faddeev amplitudes. As
discussed in Section 2.2.4, this ab initio approach has delivered successes, but it is computationally cumbersome and
limited in reach by existing algorithms. An alternative [222] is to construct a QCD-kindred framework, in which all
elements of the Faddeev kernels and interaction currents are momentum dependent and consistent with QCD scaling
laws.
14
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Fig. 2.2.9. Ratios of Sachs form factors, µNGN
E (x)/G

N
M (x). Upper panels – Proton. Left, prediction in Ref. [254] compared with data (red up-triangles

256]; green squares [257]; blue circles [258]; black down-triangles [259]; and cyan diamonds [260]); right, compared with available lQCD results,
rawn from Ref. [261,262]. Lower panels – Neutron. Left, comparison with data (blue circles [263] and green squares [264]); right, with available

lQCD results, drawn from Ref. [262]. Ref. [254] exploited a statistical implementation of the Schlessinger point method (SPM) [27,253,265–268] for
the interpolation and extrapolation of smooth functions in order to deliver predictions for form factors on x > 9; and in all panels, the 1σ band for
the SPM approximants is shaded in light blue.

A successful QCD-kindred framework is described and employed in Refs. [57,62,63,65,251–254]. It uses an efficacious
algebraic parametrisation for the dressed light-quark propagator, unchanged for two decades [255], yet consistent with
contemporary numerical results [62]; expresses confinement and DCSB; retains the leading diquark amplitudes discussed
in connection with Fig. 2.2.6; and describes diquark propagation in a manner consistent with colour confinement and
asymptotic freedom. The formulation has two parameters, viz. mass-scales connected with the scalar and pseudovector
diquark correlations. They were fitted to obtain desired masses for the nucleon and ∆-baryon. The fitted values are
consistent with those described in connection with Fig. 2.2.5 and that means with all existing complementary studies,
continuum and lattice.

This framework was first used to study the form factors of the simplest baryons: the nucleon and the ∆(1232). The
nucleon’s elastic electromagnetic form factors were calculated in [269–271]; and the elastic and transition form factors
of the ∆(1232) were computed in [251]. Today, predictions for nucleon form factors have been delivered on the entire
domain of momentum transfers accessible at the upgraded JLab facility, i.e. 0 ≤ Q 2

≤ 18m2
N (mN is the nucleon mass)

[254]. The results expose features of the form factors and the role of diquark correlations in the nucleon that can be
tested in new-generation experiments at existing facilities, e.g. a zero in Gp

E/G
p
M and a maximum in Gn

E/G
n
M (see Fig. 2.2.9);

and a zero in the proton’s d-quark Dirac form factor, F d
1 . (Aspects of the forthcoming JLab programme are discussed

in Section 4.1.) Additionally, examination of the associated light-front-transverse number and anomalous magnetisation
densities reveals, inter alia: a marked excess of valence u-quarks in the neighbourhood of the proton’s centre of transverse
momentum; and that the valence d-quark is markedly more active magnetically than either of the valence u-quarks.
dditional revelations about nucleon structure in Ref. [254] cannot be tested at JLab, but could be validated using a
igh-luminosity accelerator capable of delivering higher beam energies than are currently available, e.g. EIC and EicC.
Another important feature of this QCD-kindred framework is that it can be used to study the radial excitations of

aryons and the associated electroproduction form factors. For instance, Refs. [57,252] computed the nucleon-to-Roper
15
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Fig. 2.2.10. Comparison between the masses computed using Faddeev equation kernels built with dressed-quarks and diquarks described by
QCD-like momentum-dependent propagators and amplitudes and those obtained using a symmetry-preserving treatment of a vector⊗ vector contact-
nteraction (blue stars) [61]. Left panel: octet states. Right panel: decuplet states. The vertical riser indicates the response of the Ref. [63] results to a
coherent ±5% change in the mass-scales associated with the diquarks and dressed-quarks. The horizontal axis lists a particle name with a subscript
that indicates whether it is ground-state (n = 0) or first positive-parity excitation (n = 1).

electromagnetic transition form factors, thereby making a profound contribution to a solution to the fifty-year puzzle
of the Roper resonance [60]. The analysis indicates that the Roper-resonance is, at heart, the first radial excitation of
the nucleon, consisting of a well-defined dressed-quark core augmented by a meson cloud. (See also Section 2.3.3.)
In anticipation of new-generation experiments at JLab, the nucleon-to-Roper electromagnetic transition form factors
at large momentum transfers were computed in Ref. [253]. Likewise, Ref. [65] supplied predictions for the γ ∗p →

∆+(1232),∆+(1600) transition form factors, providing the information necessary to test the conjecture that the ∆(1600)
is an analogue of the Roper resonance, i.e. the simplest radial excitation of the ∆(1232). Notably, precise measurements
of the γ ∗p → ∆+(1232) transition already exist on 0 ≤ Q 2 ≲ 8 GeV2 and the calculated results compare favourably with
the data outside the meson-cloud domain. The predictions for the γ ∗p → ∆+(1600) are currently being compared with
Lab data [272,273].

The QCD-kindred framework has also been used recently to perform a comparative study of the four lightest (I =

1/2, JP = 1/2±) baryon isospin doublets [62]. This study indicates that in these doublets, isoscalar–scalar, isovector–
pseudovector, isoscalar–pseudoscalar, and vector diquarks can all play a role. In the two lightest (1/2, 1/2+) doublets,
owever, scalar and pseudovector diquarks are overwhelmingly dominant. The associated rest-frame wave functions are
argely S-wave in nature; and the first excited state in this 1/2+ channel has the appearance of a radial excitation of the
ground state. The two lightest (1/2, 1/2−) doublets fit a different picture: accurate estimates of their masses are obtained
by retaining only pseudovector diquarks; in their rest frames, the amplitudes describing their dressed-quark cores contain
roughly equal fractions of even- and odd-parity diquarks; and the associated wave functions are predominantly P-wave in
nature, yet possess measurable S-wave components. Moreover, the first excited state in each negative-parity channel has
little of the appearance of a radial excitation. This analysis confirms the SCI prediction that one can safely ignore negative-
parity diquarks in positive-parity baryons. However, ignoring positive-parity diquarks in negative-parity baryons is a poor
approximation. Benefiting from such guidance, Ref. [63] computed the spectrum and Poincaré-covariant wave functions
for all SUf(3) positive-parity octet and decuplet baryons and their first excitations. A comparison of the QCD-kindred
spectra with those obtained using the SCI is shown in Fig. 2.2.10. Amongst other things, it highlights the response of baryon
masses to changes in those of the dressed -quarks and-diquarks; and the usefulness of SCI analyses of infrared-dominated
observables.

2.2.4. Ab initio approach
Ideally, an ab-initio DSE approach should follow the programme outlined at the beginning of Section 2.2: one settles on

a truncation, which specifies an interaction kernel depending on QCD’s n-point functions, and calculates all subsequent
hadron properties without further approximations. In this way, the current-quark masses and the scale ΛQCD would
remain the only parameters in all calculations and one could study the calculated observables as functions of the pion
mass mπ . Although progress in this direction has been made, it is still at an early stage owing to the underlying complexity
— most ab-initio baryon calculations to date are based on the RL truncation.

If one views the BSE kernel as a black box, there are two possible paths to proceed when studying baryons. The first
is to solve the three-body Faddeev equation in Fig. 2.2.11 directly. While this demands substantial numerical efforts, it
is also conceptually simple because it only involves quarks and gluons; e.g. the equation does not know about diquarks.
etails and examples of the approach can be followed from Refs. [274–276]. (Note that the explicit three-body interaction
ernel is normally neglected, again supported by the discussion around Eq. (2.2.10).) The second strategy is to solve the
uark+diquark Faddeev equation in Fig. 2.2.7 with all quark and diquark elements calculated from their own equations,
.e. one solves the BSEs of mesons and diquarks, the Dyson equations for the diquark propagators, and finally the baryons’
addeev equations. (See Refs. [41,274,277] for details.)
16
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Fig. 2.2.11. Three-quark Faddeev equation. Solid line with open circle, dressed quark propagator.

In both strategies, only the two-body kernel enters in the equations, either directly as in Fig. 2.2.11 or indirectly through
the diquark BSEs, producing the diquark amplitudes and propagators that appear in Fig. 2.2.7. The RL kernel in particular
depends [278–280] on a mass-scale parameter, which is usually fixed to the experimental pion decay constant, and a width
parameter, generating e.g. the bands in Fig. 2.2.5. Therefore, aspects of the goal outlined above are realised: mesons and
baryons can be studied in the same approach, with only a few input parameters (the current-quark masses, a scale, and
a shape parameter), and one can calculate the dependence of observables on the current-quark mass, as in Fig. 2.2.5.

In both cases one needs to solve the quark DSE in the complex momentum plane to obtain numerical solutions for
the quark propagator. These solutions typically have complex conjugate poles, which pose an obstacle because they
produce upper limits for the possible on-shell hadron masses that can be obtained when using straightforward algorithms.
In this case, for three light quarks the largest baryon mass one can reach directly is ∼ 1.5 GeV. Above that value,
extrapolations are commonly used, see e.g. Refs. [59,281]. In stepping beyond RL truncation, one must also take care of the
singularity structure in other correlation functions. In principle this problem can be overcome using contour deformations
[24,282–289]. Alternatively, perturbation theory integral representations [290] can be used in the manner exploited
successfully for mesons [291].

The first ab-initio quark+diquark study in the RL truncation is described in Ref [277], where the nucleon mass and its
electromagnetic form factors were calculated as functions of the current-quark mass. Ref. [41] discussed the simultaneous
prediction of meson and baryon observables; these results are in qualitative agreement with the corresponding ones in
the QCD-kindred framework [251,270]. The mass of the∆ resonance was calculated in Ref. [292], its electromagnetic form
factors in Ref. [293] and the N → γ ∗∆ transition form factors in Ref. [294].

In Ref. [295], the nucleon’s three-body Faddeev equation was solved for the first time, using the RL truncation. The
resulting current-mass evolution of the nucleon mass compares well with lQCD results and deviates by only ∼5% from the
uark+diquark result. The approach was later extended to∆ andΩ baryons [296], the full octet and decuplet ground-state
pectrum [296], and baryons involving heavy quarks [297]. In Ref. [276], the calculated ground states and first excitations
f baryons with J = 1/2+ and 3/2+, and with quark content from light to bottom, were found to reproduce the known
pectrum of 39 states with an accuracy of ∼3%.
The three-body approach has also been applied to compute structure observables, such as form factors, including the

lectromagnetic form factors of the nucleon [298], its axial and pseudoscalar form factors [299], the electromagnetic
orm factors of ground-state octet and decuplet baryons (including those with strangeness) [300], and the electromagnetic
ransition form factors between octet and decuplet baryons [296]. Overall, the results are in good agreement with available
xperimental data, except at low Q 2, where discrepancies can be attributed to meson-cloud effects (which a RL kernel
oes not incorporate). In Ref. [249], the proton’s tensor charges were computed, presenting a favourable comparison with
QCD results.

Returning to the question of diquarks and their impact on the baryon spectrum, Ref. [59] calculated the ground and
xcited states of light octet and decuplet baryons, both in the three-body Faddeev framework and the quark+diquark
pproximation. Scalar, axial–vector, pseudoscalar and vector diquarks were included because they can all contribute to
he nucleon channels, whereas the (I = 3/2) ∆ baryons only permit axial–vector and vector diquarks with I = 1. The
wo approaches were found to be mutually consistent; a similar conclusion was also made in Ref. [281] for the strange-
aryon sector. Since both approaches employ the same RL interaction, this confirms that a quark+diquark picture is a
ood approximation and underlines the role of diquark correlations in the baryon spectrum.
Of course, it should be noted that while the N(1/2+) and ∆(3/2+) masses calculated in this direct approach agree well

with experiment, the remaining spin-parity channels come out too light (see, e.g. Ref. [59, Fig. 3]). Recalling the analogous
situation for mesons discussed in connection with Fig. 2.2.5, the spectrum shown in Fig. 2.2.12 was obtained by reducing
the strength of the pseudoscalar and vector diquarks in the quark+diquark Faddeev equation by a multiplicative factor
c = 0.35 to simulate beyond-RL contributions. As a result, the masses in the problematic channels are increased and one
achieves overall agreement with the empirical spectrum.

An especially interesting case is the N(1/2−) channel, where one experimentally finds two nearby states: the N(1535),
hich is the parity partner of the nucleon, and the N(1650). (As discussed elsewhere [60], the level ordering between the

N(1535) and the Roper resonance N(1440) has been a longstanding issue in quark models [113–119].) In the RL truncation,
both Faddeev calculations produce a low-lying state around ∼1.2 GeV in the J = 1/2− channel; hence, the wrong level
ordering. This can be seen in Fig. 2.2.13, which shows the eigenvalues of the quark+diquark BSE; each eigenvalue can
produce a bound state if λi(M) = 1. When scalar, axial–vector and pseudoscalar diquarks are included, one finds a low-
lying ground state (like in the three-body calculation) which is dominated by the pseudoscalar diquark. As the strength of
the pseudoscalar diquark is gradually turned off, two of the eigenvalues (filled symbols) are insensitive, whereas others
17
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Fig. 2.2.12. Light-baryon spectrum for nucleon and ∆ states with JP = 1/2± and 3/2± obtained from the quark–diquark Faddeev calculation (top)
and their individual diquark contributions (bottom) [59].

Fig. 2.2.13. Eigenvalues of the baryon’s quark–diquark equation in the N(1/2−) channel plotted over the baryon mass [59]. As the strength of the
seudoscalar diquark is reduced, the lowest eigenvalue moves up in the spectrum. At 35% reduction, which corresponds to Fig. 2.2.12, one obtains
wo nearby states as also seen in experiment.

open symbols) strongly react to this change: the ground state moves up in the spectrum and eventually even switches its
ole with the first excitation. At c = 0.35, which corresponds to the spectrum in Fig. 2.2.12, this results in two nearby states
which produce masses in the experimental neighbourhood. Apparently, the heavier odd-parity diquarks contaminate the
baryon spectrum; and, as with their meson partners, beyond-RL effects should be expected to have a net repulsive effect
in these channels, thereby reducing their importance.

The lower panel in Fig. 2.2.12 shows a calculation of the diquark contributions to the Bethe–Salpeter norm of each
calculated state. (An analogous breakdown into partial-wave contributions can be found in Ref. [301].) For the N and ∆
ground states, only the scalar and pseudovector diquarks play a role, whereas the higher-lying diquarks provide small but
relevant contributions in all other cases. Note also that the axial–vector diquark is significant in many channels.

The two measures used in Refs. [57,62] to evaluate a baryon’s diquark content are different from that used to produce
Fig. 2.2.13: one focuses on the Faddeev wave function and the other on the contribution of each diquark type to the bound-
state’s mass. Of these, the former is similar to that used for Fig. 2.2.13; whereas the latter samples effect very differently,
delivering results which emphasise that in the computation of an observable quantity, there is significant interference
between the distinct diquark components in a baryon’s Faddeev amplitude. Notwithstanding these things, a basic fact
18
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Fig. 2.2.14. Barycentric plots from Ref. [320]: left panel – conformal limit PDA, ϕcl
N ([x]) = 120x1x2x3; middle panel – computed proton PDA evolved

o ζ = 2GeV, which peaks at ([x]) = (0.55, 0.23, 0.22); and right panel – Roper resonance PDA at ζ = 2GeV. The white circle in each panel serves
nly to mark the centre of mass for the conformal PDA, whose peak lies at ([x]) = (1/3, 1/3, 1/3).

emains: the nucleon and Roper possess very similar diquark content. One learns from these analyses that comparisons
etween diquark fractions computed for different baryons using the same indicator are easily interpreted, whereas that
s not always the case for comparisons between results obtained for the same baryon using different schemes.

These remarks reemphasise that if one chooses to take a diquark perspective seriously, then a full understanding of
adrons requires the careful consideration of all physically allowed quark+quark correlations, e.g. Eq. (2.2.15). Failing that,
ne is liable to arrive at a simplistic approximation to quark+quark scattering within the compound system under study.
It is worth adding a final comment on the agreement between theory and experiment in Fig. 2.2.12, which might

seem puzzling because meson-cloud effects introduce mass shifts [302] and, more generally, all states except the proton
are resonances that decay hadronically. Namely, in choosing the mass-scale parameter in the RL interaction so as to
describe fπ , some influences of the meson cloud are implicitly incorporated [303]: after all, a match with experiment
has been required. The operating conjecture for RL truncation is that the impact of meson cloud effects on a resonance’s
Breit–Wigner mass is captured by the choice of interaction scale, even though a width is not generated. This should be
reasonable for states whose width is a small fraction of their mass; and in practice, as already illustrated herein and in
many other studies, the supposition appears to be correct. Explicit studies aimed at exploring this conjecture, with explicit
implementation of hadronic decay channels in BSEs are described elsewhere [287,288,304].

At present, few ab-initio Faddeev studies employ a beyond-RL interaction kernel. A calculation within a 2PI truncation
[217] did not significantly improve the spectrum. A 3PI calculation has so far only been employed for light mesons [195].
The effect of pion-cloud contributions on N and ∆ masses was explored in Ref. [220], where the terms responsible for
feedback of the pion onto the quark were resolved. This leads to rainbow-ladder-like pion-cloud effects in bound states.
In Refs. [40,223,224], the diquark correlations were studied in a truncation scheme that systematically extends the RL
approximation and ensures that, in the chiral limit, the isovector, pseudoscalar meson remains massless. It was found
that diquarks are removed from the observable spectrum by repulsive contributions that only appear at higher order in
the Bethe–Salpeter kernel, whereas the net effects of higher order terms on meson bound-state masses are small.

2.2.5. Baryon distribution amplitudes
An important way of exposing the impact of strong diquark correlations within baryons is to compute their parton

distribution amplitudes [305–307]. These quantities provide for a probability interpretation, like wave functions in
quantum mechanics, and feature in the scattering formulae that describe hard exclusive processes in QCD. In the case
of mesons, the PDAs have been studied extensively [268,308–319]; and analogous calculations for diquarks are possible.
However, calculations of baryon PDAs are much more difficult because of their three-body complexity.

As a first step, Refs. [320,321], developed algebraic models for the nucleon and Roper-resonance Faddeev amplitudes,
informed by results obtained in the QCD-kindred framework [57,251]. Evolving the PDAs obtained therewith, from the
hadronic scale to ζ = 2GeV, comparison with existing lQCD calculations became possible.

The evolved PDAs are depicted in Fig. 2.2.14. These images are barycentric plots, in which the support of the DAs
(0 ≤ x1, x2, x3 ≤ 1 with the additional constraint x1 + x2 + x3 = 1) is mapped onto an equilateral triangle; and their
tructure reveals valuable insights. For instance, the proton’s PDA is a broadened, unimodal function, whose maximum
s shifted relative to the peak in QCD’s asymptotic profile, ϕcl

N ([x]). This effect signals the presence of both scalar and
seudovector diquark correlations in the nucleon, with the [ud] diquark generating approximately 65% of the proton’s

normalisation. The Roper-resonance has a similar diquark content, but the pointwise form of its PDA is negative on a
material domain as a result of marked interferences between the contributions from both types of diquark. Moreover, the
associated, prominent locus of zeros in the lower-right corner of the Roper barycentric plot (rightmost figure) mirrors
features seen in the wave function for the first radial excitation of all quantum mechanical system. Similar behaviour is
also found in the leading-twist PDAs of radially excited mesons [315,316].
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.3. Lattice-regularised QCD

Lattice QCD is a first-principles approach to investigate nonperturbative properties of QCD, and is expected to play an
mportant role in the investigation of possible diquark correlations. However, the number of quarks and gluons contained
ithin a colour-neutral hadron is not well-defined in the low energy regime. As such the colour-charged constituent
uarks and diquarks are phenomenological objects and are difficult to be measured directly from the point of view of lQCD.
enerally speaking, the calculable observables in lQCD are Schwinger functions ⟨O[ψ, ψ̄;U]⟩; namely, vacuum expectation
alues of (Euclidean) time-ordered operator products O made up of quark (ψ, ψ̄) and gluon (expressed by gauge links,
) fields, from which one can extract physical quantities, such as energies and matrix elements of hadronic states. LQCD
tudies of diquark correlations also follow this logic and the physical information is derived from different aspects of the
elated Schwinger functions.

The most straightforward approach is to extract the effective masses of diquarks from the temporal fall-off of diquark
ropagators [45,49,51], as is usually done to extract hadron masses. There are two conceptual issues in this approach.
irstly, a diquark operator by itself is not a colour singlet and should be treated within a specific gauge and thereby the
onclusions may be gauge dependent. Secondly, if one interprets the temporal fall-off parameters as the effective masses
f diquarks, one has to perform the intermediate state insertion using unphysical, colour-charged states. One has to keep
hese limitations in mind, if one takes such effective masses as the counterparts of phenomenological constituent quark
asses.
A more rigorous treatment is to consider the possible diquark cluster within a hadron system, e.g. a baryon [46–48,50].

he contribution of different types of diquarks to the hadron’s mass was investigated by calculating the masses of baryons
ith a static heavy quark [46,47,50]. It is interesting to see that, for these kinds of baryons, the mass splitting between
n axial–vector- and a scalar-diquark is compatible with the difference between effective masses of related diquarks
entioned in the sections above and is commensurate with the nucleon-∆(1232) mass splitting. The spatial correlation
f the two light quarks has been studied in these baryons. On the other hand, one can also investigate spatial correlations
mongst the quarks inside baryons through lQCD calculations of the baryon’s wave function [49], defined by beginning
ith a standard baryon correlator and displacing quarks at the sink. The resulting function of spatial displacements is
hen evaluated in a fixed gauge.

Hard exclusive reactions involving large momentum transfer between the initial and final state hadron are most
ensitive to the leading Fock states with a small number of partons and to the distribution of the longitudinal light-front
omentum amongst these constituents. This information is encoded in light-front PDAs [305–307]. They are universal

unctions that reveal features of hadron structure that are complementary to those obtained with parton distribution
unctions (PDFs) and form factors, which do not provide information on the individual Fock states. This section therefore
lso contains lQCD results for the wave function normalisation constants and the first moments of PDAs associated with
he lowest-lying baryon octet [322–324]. These results can be used as a benchmark for models of hadron wave functions
nd might indicate signatures of diquark formation.

.3.1. Effective masses of diquarks in Landau gauge
This perspective focuses on the two ud diquark configurations, scalar and axial–vector, which have longest been of

nterest in phenomenological studies. The related diquark operators are:

scalar, JP = 0+
: J5c = εabcua,TCγ5db , J05c = εabcua,TCγ5γ4db ; (2.3.17a)

axial–vector, JP = 1+
: J ic = εabcua,TCγidb , J0ic = εabcua,TCγiγ4db . (2.3.17b)

ince these operators are gauge dependent, their correlation functions, taking J05c for example,

C(t) =

∑
x⃗

⟨0|TJ05c (x⃗, t)J̄05c (0)|0⟩ , (2.3.18)

hould be calculated from lQCD in a fixed gauge.
A recent full-QCD lattice study of diquarks was carried out with lattice chiral fermions [51]. Lattice chiral fermions have

ell-defined chiral symmetry on the lattice and can access pion masses close to the physical value. The calculation was
erformed on the RBC/UKQCD configurations generated with Nf = 2+1 domain wall fermions [325]. The lattice ensemble
arameters are listed in Table 2.3.2. Overlap fermions [326] were adopted for the valence quarks in the calculation of
orrelation functions in Eq. (2.3.18) after the gauge configurations were fixed to Landau gauge. In this mixed-action lattice
etup, quite a few valence quark masses, amq, were available for use in extrapolating the results to the chiral limit.
The temporal fall-off of C(t) is usually monitored by introducing the effective-mass function with respect to the time

,

Meff(t)a = ln
C(t)

C(t + 1)
. (2.3.19)

Fig. 2.3.15 shows Meff(t) for scalar diquark correlators at different valence-quark masses amq on gauge ensemble c005,
where plateaux appear in the large-time range and those from operator J5 and J05 at the same valence-quark mass
c c
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Fig. 2.3.15. Effective scalar diquark masses at various valence-quark masses on ensemble c005 [51]. The red and blue points are from the correlators
J5c and J05c , respectively. The straight lines illustrate the fit results obtained using single-exponential functions.

Table 2.3.2
Parameters of configurations with 2+1 flavour dynamical domain wall fermions (RBC-UKQCD). aml and ams are the
bare mass parameters of the degenerate u, d sea quarks and strange sea quark, respectively. The residual masses are
from Ref. [325]. The lattice spacings are from Ref. [327].
a−1(GeV) Label aml/ams Volume amres

∼1.75(4) c005 0.005/0.04 243
× 64 0.003152(43)

c02 0.02/0.04 243
× 64

∼2.33(5) f004 0.004/0.03 323
× 64 0.0006664(76)

Table 2.3.3
Effective masses Mq of u, d quarks, Ms of the strange quark, and those of diquarks (m0+ and m1+ ),

computed in Landau gauge and extrapolated to the chiral limit.
Mq Ms m0+ m1+ m1+ − m0+

(MeV) (MeV) (MeV) (MeV) (MeV)

c02 492(19) 575(23) 797(24) 1127(28) 330(35)
c005 427(25) 586(16) 725(20) 1022(44) 297(48)
f004 413(12) 603(15) 690(47) 990(60) 300(76)

merge together. The case of the axial–vector diquark is similar. This implies that C(t) decays exponentially at large t ,
.e. C(t) ∼ e−Mt . Through a single-exponential fit to C(t), the parameter M can be derived, as illustrated in Fig. 2.3.15 by a
traight line for a specific valence quark mass amq, which is usually interpreted as the effective mass of the corresponding
iquark.
Similarly, an effective quark mass can be determined from the temporal fall-off of the quark propagators Sq(t) =

x⃗ Tr Sq(x⃗, t; 0⃗, 0) ∼ e−Mt . In this way, effective masses for the valence u, d quarks (denoted by Mq) and the valence
trange quark (denoted by Ms) are obtained. It is found that, on each gauge ensemble, the effective masses of quarks and
iquarks depend linearly on the valence-quark mass mq or equivalently m2

π when mπ < 600 MeV. Thus the chiral limit
an be reached after linear extrapolations M(mq) = M(0) + cmq or M(mπ ) = M(0) + c ′m2

π .
Table 2.3.3 lists the computed effective masses Mq of u, d quarks, Ms of the strange quark, and those of diquarks (m0+

nd m1+ ) in the chiral limit. It is seen that while the results from ensemble c005 and f004 are consistent with each other,
he values from ensemble c02 are larger. This is because the light sea quarks u, d of the ensemble c02 have a larger mass
han those of the other two ensembles. However, the mass difference δ1+0+ seems less sensitive to sea-quark masses.

Fig. 2.3.16–left panel shows the m2
π dependence of δ1+0+ (in physical units) from all the three ensembles. All data

points seem to lie on a universal curve, which implies that the sea quark mass dependence and discretisation effects are
less important in comparison with statistical errors. After chiral extrapolations, using both a linear function in m2 and
π
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Fig. 2.3.16. Left panel. m2
π dependence of δ1+0+ (in physical units) from all the three ensembles [51]. Right panel. Mass difference δ1+0+ between

calar and axial vector diquarks as a function of m4
π on different lattices (labelled by β) β = 5.8 (crosses), β = 6.0 (open triangles), β = 6.2 (filled

ircles) and unquenched result (filled square). The dashed lines are fits of the form ∆m := δ1+0+ = b1/[1 + b2m4
π ].

ource: Adapted from Ref. [47].

he Ansatz [47] δ1+0+ = b1/[1 + b2m4
π ] in the range m2

π ≤ 1.2GeV2, the final result for m1+ − m0+ in the chiral limit is

δ1+0+ = m1+ − m0+ = 0.285(25)(45) GeV , (2.3.20)

here the first error is statistical and the second owes to the different extrapolation functions and different fit range.
his result can be compared with the ∆(1232)-nucleon mass difference δ∆N = 0.272(56) GeV on ensemble c005 and
.304(108)GeV for ensemble c02, as well as the experimental value δ∆N ≈ 0.27GeV. Evidently, as found using CSMs,
ection 2.2, δ1+0+ is similar to δ∆N . Furthermore, from Table 2.3.3, one can see that the (effective) mass difference between
he scalar diquark and the light quarks is roughly M0+ −Mq ≈ 0.3GeV. Such differences agree with estimates from hadron
pectroscopy in, e.g. Ref. [92], and CSM calculations, e.g. Ref. [64, Tables 1, 3].

.3.2. Diquark correlations within baryons
Since diquarks are not colour singlets and cannot exist as asymptotic states, one might argue that it is better to

nvestigate their physical significance within hadron systems, for instance, baryons. There are lQCD studies on possible
iquark correlations in the background of a static quark [46,47,50]. An objective diquark and the static quark form a
aryon system, which can be produced by the operator

JΓ (x) = εabc
[
ua,T (x)CΓ db(x) ± da,T (x)CΓ u(x)b

]
Q c(x), (2.3.21)

here Γ = {I, γµ, γ5, γ5γµ, σµν}, the ± sign corresponds to the flavour symmetric (antisymmetric) combination, and
c(x) is the static quark field. The mass of the baryon can be extracted from the temporal fall-off of the correlation

unction CΓ (t) = ⟨JΓ (x⃗, t)J
†
Γ (x⃗, 0)⟩. The lattice calculation of this kind of correlator is similar to that of normal baryons

ith the propagator of the static quark being expressed as

SQ (x⃗2, t2; x⃗1, t1) = e−mQ (t2−t1)δ3(x⃗1 − x⃗2)
(
1 + γ4

2

)[t=t2−a∏
t=t1

U4(x⃗1, t)

]†

, (2.3.22)

or t2 > t1, where a is the lattice spacing and U4(x) is the temporal gauge link at x.
The scalar and pseudovector diquarks can be generated by JΓ with Γ = γ5 and γi, respectively. Thus, the effective-mass

ifference δ1+0+ can be extracted from the ratio Cγi (t)/Cγ5 ∼ e−tδ1+0+ when t ≫ 0, since the contribution of the static
quark cancels out in the exponential prefactor. In Ref. [47], the above calculation was carried out on several quenched
gauge ensembles and an ensemble generated with Nf = 2 Wilson fermions. Fig. 2.3.16–right panel shows the results for
δ1+0+ as a function of m4

π [47]. On quenched (labelled by β = 6.0 and β = 6.2) fine lattices, the data points fall almost
on a universal line, as expected when close to the continuum limit. On the unquenched (labelled by β = 5.6,Nf = 2) fine
lattice, δ1+0+ also falls nicely on the same curve as the quenched results. This indicates quenching effects at these quark
masses are small, whereas for the coarsest lattice, labelled by β = 5.8, scaling violations are apparent. The dashed lines are
the fit with the ansatz δ1+0+ = b1/[1+ b2m4

π ], which is suggested by a prediction from effective colour-spin Hamiltonian
arguments [92], viz. δ1+0+ scales like 1/(Mq1Mq2 ), where Mq1,2 are the masses of the constituent quarks. Obviously, the
Ansatz describes the data well. In this connection, it is worth remarking that on the pictured m2

π -domain, CSM predictions
are described by δ1+0+ = b1/[1 + b2m2

π ] (see, e.g. Ref. [42, Fig. 5]), suggesting one has not entered a domain wherein

constituent-quark degrees-of-freedom are relevant. This contradiction should be understood and resolved.
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Fig. 2.3.17. Left panels: CΓ (r/a = 5.1, θ )/Cγ5 (r/a = 5.1, 0) versus cos(θ ). Right panels: CΓ (r = 0.5 fm, rud)/Cγ5 (r = 0.5 fm, 0) versus rud . Both panels:
sterisks – scalar diquark and filled triangles – axial–vector diquark; both obtained using the lightest pion on the three quenched lattices.
ource: Figure adapted from Ref. [47].

The ∆-nucleon mass splitting, δ∆N , can be also calculated on these lattices. On the quenched fine lattice β = 6.0, the
atio δ1+0+/δ∆N is found to be 0.67(7), 0.73(8) and 0.67(8) at three different valence quark masses, respectively. This
rediction is lower than that obtained when computing effective masses of diquarks in the Landau gauge. However, this
alue of δ∆N , which is ∼ 2/3 the ∆-nucleon mass difference, matches well with the CSM prediction, Eq. (2.2.14).
In addition to the masses, diquark correlations can be probed directly by investigating the spatial distribution of two

uarks within a diquark via their density–density correlators within baryons. The correlators are generated by an operator
Γ (x),

CΓ (r⃗u, r⃗d, t) = ⟨0|JΓ (0⃗, 2t)Ju0 (r⃗u, t)J
d
0 (r⃗d, t)J

†
Γ (0⃗, 0)|0⟩ , (2.3.23)

here J f0(r⃗, t) =: f̄ (r⃗, t)γ0f (r⃗, t) : is the density operator of quark flavour f = u, d and r⃗u,d are the distances of u, d quarks
rom the static quark. On the spherical shells |r⃗u| = |r⃗d| = r with respect to the location of the static quark, the angle
= arccos(ˆ⃗ru · ˆ⃗rd) can be a meaningful variable to show the diquark correlation in the sense that any attraction between

he two quarks will be reflected by the enhancement of CΓ (r, θ ) at small angles, i.e. near cos(θ ) = 1.
Fig. 2.3.17 shows the density correlators for the scalar and the axial–vector diquarks for the three quenched lattices

at the lightest quark mass [47]. On the left hand side, the correlator of the scalar diquark (black points) as a function of
cos(θ ) grows faster when cos(θ ) approaches 1 and thereby shows stronger spatial correlations relative to the axial–vector
diquark (green points). Furthermore, if the u − d separation rud = 2r sin(θ/2) is introduced at a fixed r , the spatial size
f diquarks can be estimated from the fall-off of CΓ (r, rud) versus rud. The correlator as a function of rud is shown on
he right side of Fig. 2.3.17 for a fixed shell radius r = 0.5 fm, where the curves are obtained from fits with the form
γ5 (r, rud) ∝ exp(−rud/r0(r)). The parameter r0(r) provides a gauge invariant definition of the scalar diquark size at a
iven r . It is found that r0(r) increases mildly and saturates around r0 ≈ 1.1 ± 0.2 fm. By this measure, a scalar diquark
s a large object, with a characteristic size of O(1) fm. This is also the size predicted by CSMs.
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Fig. 2.3.18. Lattice-QCD results for Bethe–Salpeter wave functions of the nucleon and its lightest like-parity excitation, computed with mπ = 193 MeV
nd normalised such that Φn(0) = 1.

Ref. [50] follows a similar strategy, but with a more general geometry such that the positions r⃗u,d of the u, d quarks
are not restricted on the same spherical shells centred at the static quark. The conclusion is that the correlation of the
scalar diquark is stronger than that of the axial–vector diquark and the diquark size is comparable to the typical hadron
size.

The analyses reviewed in this section add to the arguments against relying heavily on hadron models built using
point-like (hard) diquarks.

2.3.3. Bethe–Salpeter wave function approach
There are also lQCD efforts aimed at exploring the inner structure of hadrons by calculating their Bethe–Salpeter (BS)

wave functions. Taking the nucleon as an example, one starts by defining spatially extended lattice operators based on the
conventional nucleon operator η(x) = εabc[ua,T (x)Cγ5db(x)]uc(x). A straightforward way is to shift the diquark component
from the third quark field by a spatial separation R⃗ [328],

η(x⃗, t; R⃗) = ϵabc[ua,T (x⃗ + R⃗, t)Cγ5db(x⃗ + R⃗, t)]uc(x⃗, t) . (2.3.24)

Obviously, η(x⃗, t; R⃗) is not gauge invariant, so its correlator with a source operator ηs,

C(R, t) =
1
NR

∑
x⃗,|R⃗|=R

Tr
[
(1 + γ4)⟨0|η(x⃗, t; R⃗)η̄s(0)|0⟩

]
, (2.3.25)

should be calculated in a fixed gauge. Here, the summation over x⃗ is constrained to the same |R⃗| = R, in order to fix the
correct quantum numbers, and NR is the degeneracy of R⃗. C(R, t) can be parameterised as

C(R, t) =

∑
n

Φn(R)e−mnt , (2.3.26)

here mn is the mass of the n-state and the spectral weight Φn(R) is interpreted as the (gauge fixed) Bethe–Salpeter wave
unction of the nth state, up to a normalisation constant.

In Refs. [328,329], the wall-source correlation functions, C(R, t), were calculated in Coulomb gauge, with quenched
auge configurations generated on a 16×28 lattice with the lattice spacing being a ∼ 0.2 fm. Overlap fermions were
dopted as the valence quarks, with quark masses in a wide range. The analysis yielded the masses and BS wave functions
f the ground and the first excited states at different quark masses. With mπ ∼ 193 MeV, the masses of the ground state
nd first excited state are, respectively, 0.939(28) GeV and 1.40(18) GeV. The first excited state was therefore tentatively
dentified with the Roper resonance. The BS wave functions of the nucleon and the Roper state at mπ = 193 MeV are
lotted in Fig. 2.3.18, where the wave function of Roper has a clear radial node. Since R is the separation of the (scalar)
iquark component and the third quark field in the operator η, the BS wave functions seem compatible with the Roper as
he first radially excited state of the nucleon, as a quark–diquark system. (These conclusions match those of CSM analyses,
ee e.g. Section 2.2.3 and Fig. 2.2.14 above, and Ref. [60].)
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.3.4. Light-cone distribution amplitudes
Baryon distribution amplitudes (DAs) [306,307,330] are defined as matrix elements of renormalised three-quark

perators at light-like separations (here the scheme proposed in Ref. [331] is used):

⟨0|
[
fα(a1n)gβ (a2n)hγ (a3n)

]MS
|Bp,λ⟩ =

1
4

∫
[dx] e−ip·n

∑
i aixi

×

(
vBαβ;γ V

B(x1, x2, x3) + aBαβ;γ A
B(x1, x2, x3) + tBαβ;γ T

B(x1, x2, x3) + · · ·

)
. (2.3.27)

On the left-hand-side, the Wilson lines and the colour antisymmetrisation are not written explicitly but implied. |Bp,λ⟩

is the baryon state with momentum p and helicity λ, while α, β, γ are Dirac indices, n is a light-like vector (n2
= 0),

the ai are real numbers, and f , g, h are quark fields of the given flavour, chosen to match the valence quark content of
the baryon B (assuming exact isospin symmetry, one can choose a single representative for each isospin multiplet [332]:
N := uud; Σ := dds; Ξ := ssu; Λ := uds). In the Lorentz decomposition on the right-hand-side of Eq. (2.3.27), only
the three leading-twist DAs are shown: V B, AB, and T B. They appear in conjunction with particular Dirac structures. The
general decomposition consists of 24 terms (see, e.g. Ref. [333]). The exponential factor in combination with the integration
measure for the light-front longitudinal momentum fractions,∫

[dx] =

∫ 1

0
dx1

∫ 1

0
dx2

∫ 1

0
dx3 δ(1 − x1 − x2 − x3) (2.3.28)

ensure correct translational behaviour and momentum conservation in the light-front ‘‘plus’’ direction.
To exploit the benefits of SUf(3) symmetry it is useful to define the following set of DAs:

Φ
B̸=Λ
± (x123) =

1
2

(
[V−A]

B(x123) ± [V−A]
B(x321)

)
,

ΠB̸=Λ(x123) = T B(x132) ,

ΦΛ
+
(x123) =

√
1
6

(
[V−A]

Λ(x123) + [V−A]
Λ(x321)

)
,

ΦΛ
−
(x123) = −

√
3
2

(
[V−A]

Λ(x123) − [V−A]
Λ(x321)

)
,

ΠΛ(x123) =
√
6 TΛ(x132) , (2.3.29)

here (xijk) ≡ (xi, xj, xk). (For more details, see Refs. [323,334].) In the limit of SUf(3) symmetry (subsequently indicated
by a ⋆), where mu = md = ms, the following relations hold:

Φ⋆
+

≡ ΦN⋆
+

= ΦΣ⋆
+

= ΦΞ⋆
+

= ΦΛ⋆
+

= ΠN⋆
= ΠΣ⋆

= ΠΞ⋆ ,

Φ⋆
−

≡ ΦN⋆
−

= ΦΣ⋆
−

= ΦΞ⋆
−

= ΦΛ⋆
−

= ΠΛ⋆ . (2.3.30)

herefore, the amplitudes ΠB (or T B) only need to be considered when SUf(3) symmetry is broken. In the case of SU(2)
sospin symmetry, which is exact in a typical Nf = 2 + 1 simulation (mu = md ≡ mℓ) and is only broken very mildly in
he real world, the nucleon DA ΠN is equal to ΦN

+
in the whole mℓ-ms-plane.

DAs can be expanded in terms of orthogonal polynomials Pnk in such a way that the coefficients have autonomous
cale dependence at one loop (conformal partial wave expansion). Taking into account the corresponding symmetry of
he DAs defined in Eqs. (2.3.29), this expansion reads

ΦB
+

= 120x1x2x3
(
ϕB
00P00 + ϕB

11P11 + · · ·
)
, ΦB

−
= 120x1x2x3

(
ϕB
10P10 + · · ·

)
,

ΠB̸=Λ
= 120x1x2x3

(
πB
00P00 + πB

11P11 + · · ·
)
, ΠΛ

= 120x1x2x3
(
πΛ10P10 + · · ·

)
. (2.3.31)

ere, all nonperturbative information is encoded in the set of scale-dependent coefficients ϕB
nk, π

B
nk (often called shape

arameters), which can be related to matrix elements of local operators that are calculable using lQCD. All Pnk have
definite symmetry (being symmetric or antisymmetric) under the exchange of x1 and x3 [335] and in each DA (labelled
with + and −) only polynomials of one type, either symmetric or antisymmetric, appear (see, e.g. Ref. [336]). The leading
contributions in Eqs. (2.3.31) are 120x1x2x3ϕB

00 and 120x1x2x3π
B̸=Λ
00 . They are usually referred to as the asymptotic DAs.

The corresponding normalisation coefficients ϕB
00 =: f B and πB̸=Λ

00 =: f BT can be thought of as the wave functions at the
origin and are also called wave function normalisation constants.

The two-point correlation functions that have to be evaluated on the lattice in order to obtain the normalisation
constants and first moments of baryon octet DAs are given in Ref. [323]. For the analysis reviewed here, a large set of
lattice ensembles generated within the coordinated lattice simulations (CLS) effort was used. These Nf = 2+1 simulations
employed the nonperturbatively order-a improved Wilson (clover) quark action and the tree-level Symanzik improved
gauge action. A special feature of CLS configurations is the use of open boundary conditions in the time direction [337,338]
for ensembles with small lattice spacings, which avoids topological freezing [339, AppendixA]. The ensembles cover a wide
range of volumes with 2.9 ≤ m L ≤ 6.5, where most have m L > 4.
π π
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Fig. 2.3.19. Schematic image showing the analysed CLS ensembles in the space spanned by the lattice spacing and quark masses. The different quark
mass trajectories correspond to the limit of exact flavour symmetry (blue), the case of approximately physical mean quark mass (green), and to a
nearly physical strange quark mass (red). Physical masses are reached at the intersections of green and red lines.

The results were renormalised using a two-step procedure. First, the renormalisation factors were computed nonper-
urbatively on the lattice [340] within the RI′-SMOM scheme [341], which was adapted to three-quark operators in Refs.
[323,342–344]. These factors were then converted to the MS scheme using one-loop (continuum) perturbation theory. The
onversion factors can be found in Ref. [344].
As schematically represented in Fig. 2.3.19, the available ensembles were generated along three different trajectories

n the quark-mass plane. The combination of multiple quark-mass trajectories with a wide range of lattice spacings and
olumes enabled a simultaneous extrapolation to physical masses, to infinite volume, and to the continuum by means of
global fit to all 40 ensembles. To accomplish that, the following strategy was adopted. In the continuum limit, the mass
ependence calculated using one-loop BChPT in Ref. [334] was used (amended by the leading finite-volume behaviour
324]; see also Ref. [345]) including the correct flavour symmetry breaking patterns. Discretisation effects were then
arameterised,1 allowing for mass-dependence. With the quark-mass and continuum extrapolations treated thus, one
an show that the expected flavour symmetry breaking patterns, which are broken at finite lattice spacing [323], are
ecovered in the continuum. Considering the intricate interplay between quark-mass and discretisation effects, resolving
oth dependences simultaneously is pivotal.
Fig. 2.3.20 displays the quark mass dependence. In particular, in the left panels, one can observe the fan-like structure,

hich is typical of the transition from a flavour symmetric world (where the baryons form exact flavour multiplets) to the
hysical point. It is notable that the SUf(3) breaking in octet baryon DAs turns out to be very large. Some shape parameters
ven assume opposite signs for different baryons at the physical point. The effect of SUf(3) breaking on the leading-twist
ormalisation constants can be as large as 80%, for instance (f ΞT − f N )/f N ≈ 0.78, and is much stronger than estimated in

QCD sum rule calculations [346] where ≲ 10% SUf(3) breaking is found. For the shape parameters, such effects are even
more pronounced.

The approach to the continuum limit is depicted in Fig. 2.3.21. While discretisation effects are important for the
normalisation constants (up to ∼20%), they can have a dramatic impact on the moments: between a = 0.086 fm (the
coarsest lattice spacing) and a = 0, there can be huge variations of the moments, which even affect the sign, e.g. ϕΣ10.
This nicely demonstrates both the vital importance of the continuum limit for hadron structure observables and that a
relatively wide range of lattice spacings is necessary to obtain trustworthy results.

The numerical results and estimates for systematic uncertainties of the normalisation constants and the first moments
can be found in Ref. [324, Table 2]. The shape of the DAs can be visualised using barycentric plots. Fig. 2.3.22 shows the
deviation from the asymptotic shape for the standard combination [V−A]

B, which directly corresponds to the Fock state
f ↑g↓h↑.

Considering the nucleon, in agreement with earlier lattice studies [323,347] and with results from the Faddeev wave
function model [320,321], Section 2.2.5, one can see that the ‘‘leading’’ u↑ quark, which has the same helicity as the
nucleon, carries a larger momentum fraction. Historically, this statement has also been the main finding of the QCD sum
rule approach [346,348]. Assuming exact isospin symmetry, the spin-flavour structure of the nucleon light-cone wave
function can be represented, schematically, as [V−A]

Nu↑(u↓d↑
−d↓u↑). In this picture, the result for [V−A]

N corresponds to
shift of the momentum distribution towards the u↑ quark, which carries the nucleon helicity, and there is some deviation

from the approximate symmetry under x2 ↔ x3. This symmetry could be interpreted as a scalar diquark structure for the

1 Since the three-quark operators used were not order-a improved, the leading terms were treated as linear in a.
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Fig. 2.3.20. Mass dependence of the normalisation constants f , fT (upper panels) and the first moments φ10 , π10 (lower panels), along the three
uark mass trajectories shown in Fig. 2.3.19 after taking the continuum and infinite volume limits. The points are corrected for discretisation and
olume effects.

Fig. 2.3.21. Continuum extrapolation of the normalisation constants f , fT (left panel) and the first moments φ10 , π10 (right panel), after taking the
imits to physical masses and to infinite volume. The shown data points are obtained by correcting for mass and volume effects, and, subsequently,
aking the average of all ensembles with similar lattice spacing.

emaining valence quarks, which is assumed in many models. As seen in Fig. 2.2.14, that symmetry is undermined by the
resence of axial–vector diquark correlations.
Continuing with inspection of Fig. 2.3.22, one can identify two competing patterns. First, strange quarks carry an

increased fraction of the momentum. Second, in the |↑↓↑⟩ state, the first quark has a larger momentum fraction than
he second. (More information on the |↑↑↓⟩ state can be found in Ref. [324].) Also in the u↑d↓s↑ spin orientation of the
-baryon, the maximum of the distribution is shifted towards the s-quark.
To make these statements quantitative, one can consider normalised first moments of [V−A]

B and T B̸=Λ,

⟨xi⟩B =
1
f B

∫
[dx] xi [V−A]

B , ⟨xi⟩
B̸=Λ
T =

1
f BT

∫
[dx] xi T B , (2.3.32)

ee also Ref. [323, Eqs. (6.3)]. These are sometimes referred to as momentum fractions and interpreted as the portions
f the hadron’s total light-front momentum carried by the individual valence quarks. This notion is somewhat imprecise
ince the averaging is done with a DA instead of a squared wave function; furthermore, the interpretation as momentum
ractions breaks down completely in the case of TΛ, which has no asymptotic part. Overlooking such caveats, these objects
27
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Fig. 2.3.22. Barycentric plots of the deviations from the asymptotic shapes of the baryon DAs.

re nevertheless interesting because they provide a simple quantitative measure for the relative deviations of a DA from
he asymptotic case ⟨x1⟩as = ⟨x2⟩as = ⟨x3⟩as = 1/3. The numerical results are summarised in Table 2.3.4 and they clearly
gree with the qualitative picture suggested by the above discussion of Fig. 2.3.22.
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Table 2.3.4
Continuum results for the normalised first moments of the DAs [V−A]

B and T B̸=Λ in the MS scheme at
a scale ζ = 2 GeV, see Eqs. (2.3.32). All uncertainties in the calculation have been added in quadrature.
B N Σ Ξ Λ

⟨x1⟩B u↑ 0.396+7
−6 d↑ 0.363+4

−7 s↑ 0.390+4
−4 u↑ 0.308+3

−3

⟨x2⟩B u↓ 0.311+5
−5 d↓ 0.309+5

−5 s↓ 0.335+2
−2 d↓ 0.300+7

−7

⟨x3⟩B d↑ 0.293+5
−6 s↑ 0.329+6

−3 u↑ 0.275+5
−5 s↑ 0.392+5

−5

⟨x1⟩BT u↑ 0.344+2
−2 d↑ 0.327+2

−2 s↑ 0.354+5
−5 —

⟨x2⟩BT u↑ 0.344+2
−2 d↑ 0.327+2

−2 s↑ 0.354+5
−5 —

⟨x3⟩BT d↓ 0.311+5
−5 s↓ 0.345+3

−3 u↓ 0.291+9
−9 —

Fig. 3.1.23. Left panel. Existing data and projected data accuracy for the ratio µp G
p
E/G

p
M . Right panel. Separated d- and u-quark contributions to the

proton form factor F p
1 from the measurement of Gn

M/G
p
M (see more in the text).

3. Diquarks in experiment and phenomenology

3.1. Space-like nucleon form factors

Nucleon structure investigations using high energy electron scattering have been a successful field of discoveries since
1955, with the determination of the proton size [349]. The status of the current knowledge of nucleon electromagnetic
form factors is reviewed in Refs. [350,351]. To a large extent, this success owes to the dominance of the one-photon
exchange mechanism in electron scattering as proposed in the original theory [352].

The most decisive studies of the partonic structure of the nucleon (and its excitations) could be performed when
the dominant part of the wave function is a three-quark Fock state. This requires large momentum transfers, Q 2 larger
than several GeV2, where the contribution of the so-called pion-cloud is suppressed. In the early 1990s, the elastic
scattering cross-section data sets at large Q 2 for the proton and the neutron were in agreement with the dipole fit,
GD = (1 + Q 2/[0.843GeV]

2)−2, see Ref. [353]. Moreover, the Stanford Linear Accelerator Center (SLAC) experimental
data [354,355] on the proton Dirac form factor F p

1 at Q 2 above 10 GeV2 were in fair agreement with the scaling prediction
[356] based on perturbative QCD (pQCD), F p

1 ∝ Q−4, where Q 2 is the spacelike four-momentum transfer squared.
A new era began with a precision measurement [357] that realised experimentally the double polarisation method

suggested in Refs. [358–361]. This particular double polarisation method has large sensitivity to the typically small
electric form factor owing to the interference nature of the corresponding double polarisation asymmetry. It is also less
sensitive to two-photon exchange contributions, which are believed to complicate the Rosenbluth extraction of [Gp

E]
2. The

experimental results from JLab [256–259,362] are shown in Fig. 3.1.23 (left panel). The ratio of the proton’s Pauli form
actor, F p

2 , and the Dirac form factor, F p
1 , have been found to be in disagreement with the scaling law F p

2 /F
p
1 ∝ 1/Q 2 (which

equires Gp
E to be proportional to Gp

M for large momentum transfer, i.e. Gp
E ≈ Gp

M/µp ≈ GD, with µp = 2.79 the magnetic
oment of the proton) suggested in Ref. [356].
The experimental data on µp G

p
E/G

p
M revealed an unexpected, almost linear, decrease with Q 2, which also translates

nto a different Q 2 dependence of F p
1 and Q 2 F p

2 for the proton. The violation of the scaling prediction has been attributed
o quark orbital angular momentum inside the proton, leading to a logarithmic scaling. This hypothesis provides a very
fficient fit of the proton data over a wide range of the transferred momentum above 1GeV2 [363]. Notably, however, it
oes not describe analogous neutron data [270]; hence, the proton success is likely accidental.
The measurement of the proton to neutron cross-section ratio in quasi-elastic nucleon knockout reactions off the

euteron was used in JLab’s precision experiment to extract the neutron magnetic form factor for Q 2 up to 4GeV2 [364].
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Fig. 3.1.24. The structure function ratio F n
2 /F

p
2 [366] versus x∗ for various lower limits on the invariant mass W ∗ , where ∗ refers to their definition

f the kinematic variables for bound nucleons. All data were collected at JLab with the BoNuS detector in Hall B at one beam energy, 5.262GeV.
he error bars are statistical, with the total (correlated and uncorrelated) systematic uncertainties indicated by the band along the abscissa. This
and does not include the overall 3% normalisation uncertainty or the 3% spectator approximation uncertainty. The data are compared with a recent
arametrisation [369].

ombined with the latest JLab experiment on the neutron electric form factor [264], experimental data on all four nucleon
lectromagnetic (Sachs) form factors became available on a Q 2 domain anticipated to ensure three-quark dominance.

Using this information and assuming SU(2)-isospin symmetry, the first flavour-decomposition analysis of the JLab data
for the nucleon form factors was reported in Ref. [71]. The right panel of Fig. 3.1.23 reveals a large, unexpected reduction
n the relative size of the d-quark contribution to the F1 form factor. A similar result was found for the Pauli form factor
ut at larger photon momenta. This behaviour is predicted by a GPD-based analysis [365] of the form factors and also in
SE studies [43,251,254].
The flavour decomposition results of Dirac and Pauli form factors lead to two simple conclusions. The u-quark and

-quark contributions to the electric and magnetic form factors of the proton each have different Q 2 dependence; and
he contribution of the d-quark to the F p

1 form factor at Q 2
= 3.4GeV2 is three times less than the contribution of the

-quarks, when already corrected for the number of quarks and their charge. The latter suggests that the probability for
proton to survive the absorption of a massive virtual photon is much higher when the photon interacts with a valence
-quark that occurs twice within a proton. This may be an indication of a u-u correlation — correlations usually enhance
igh-momentum components and the interaction cross-section. Similarly, the relatively weak d-quark contribution to F p

1
might indicate a suppression of the u-d correlation or a mutual cancellation between different types of u-d correlations.
On the other hand, these features could simply express a preference in the proton wave function for d-quarks to be
sequestered in a soft [ud] correlation, as described in Ref. [252] and in the discussion of Fig. 3.3.26.

An alternative approach to pin down the kinematics dependence of diquark correlations in nucleons is the flavour
decomposition in the limit of large Bjorken x, i.e. when one valence quark carries the full nucleon momentum. If the
F n
2 over F p

2 structure function ratio shown in Fig. 3.1.24 and reported in Ref. [366] was 1
4 in the limit of x →1, then it

would indicate that only the [ud]-diquark survives in this limit. For all other values, the ratio would reveal the nature
and mixture of additional contributing diquark correlations [367], e.g. an x = 1 value of ∼ 0.4 corresponds to a ∼ 30%
contribution from axial–vector diquark correlations. This connection is discussed further in Ref. [368, Fig. 8].

3.2. Time-like nucleon form factors

Recent measurements in the time-like (TL) region from the BESIII Collaboration [370] at BEPCII led to the first individual
determination of the electric and magnetic form factors (FFs) in the q2 = −Q 2 > 0 GeV2 region. At the kinematic
hreshold, only one amplitude corresponding to the S-wave state characterises the reaction; therefore, GE = GM or
R = GE/GM=1 (when appropriately normalised to the magnetic dipole moment µp). A measurement near threshold is
very hard [371]. However, the existing data show that |R| increases up to 1.4 at about 400 MeV above threshold, see
Fig. 3.2.25, before it decreases, confirming findings from BABAR [372,373].

A dip in the TL range 5 − 6 GeV2 could be the hint of a node in |GE |. Note that a zero crossing of |GE | above
Q 2

= −q2 = 9 GeV2 is not excluded by the space-like data, see left panel of Fig. 3.1.23 and the discussion of Fig. 2.2.9.
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Fig. 3.2.25. |GE |/|GM | in the timelike region from BaBar (red squares), BESIII (black circles) and in the spacelike region from the GEp collaboration
green triangles). The solid lines are monopole-like fits.

he direct comparison of the measured TL and space-like (SL) results is illustrated in Fig. 3.2.25, together with a simple
it according to the model of Ref. [374]. This model gives a prediction of FFs based on a coherent picture that connects pp̄
nnihilation into a lepton pair (or p̄p creation) in the TL region to ep elastic scattering in the SL region and assumes that
he system evolves through a diquark configuration.

The underlying assumption [374] is that the proton, usually described as an antisymmetric state of coloured quarks,
s constituted from three valence quarks and a sea of gluons that are not held in the spatial centre of the nucleon,
hich is electrically neutral. The strong gluonic field creates a gluonic condensate of clusters with a randomly oriented
hromo-magnetic field.
In the most central region of the strong chromo-magnetic fields, the colour quantum number of quarks does not play

role, owing to stochastic averaging. When the colour quantum number of quarks with the same flavour vanishes, the
u (or dd) quarks are repelled outwards due to the Pauli principle and hence away from the central region of the proton
or neutron). The third quark is attracted by one of the identical quarks and forms a compact diquark.

In the region of less intense gluonic fields, the colour state of quarks is restored; and the creation of a quark+diquark
ipole system occurs when the attractive force exceeds the stochastic force of the gluon field. One can estimate, knowing
he strength of the chromo-electric field, that the minimal distance where the quark+diquark picture appears is r0 = 0.22
fm. The distribution in momentum space, as revealed by the Fourier transform, gives an additional monopole decrease
for the electric form factor reflected by the form factor ratio.

A similar picture can be drawn in the annihilation region above the physical threshold, q2 ≥ 4m2
p , where the vacuum

tate transfers all the energy released by the electron–positron annihilation to an S-wave state with total spin 1, composed
f at least six massless valence current quarks, a set of gluons, and a sea of qq̄ current quarks with total energy q0 > 2mp

and total orbital momentum unity. Such a state, created in a small spatial volume of the order 1/
√
q2, starts to expand

nd cool down.
In the first stages of cooling, the strong chromo-electric (chromo-magnetic) field leads to an effective loss of colour

reedom of the quarks and antiquarks. As a result of Fermi statistics, the identical (colourless) quarks (uu in the proton and
d in the neutron) are repelled. The remaining quark (antiquark) of different flavour is attracted to one of the quarks at the
urface, creating a compact diquark (ud state). Then, the long range colour forces create a stable colourless state of proton
nd antiproton, using part of the initial energy to transform valence current -quarks and-antiquarks into constituent
uarks/antiquarks. In analogy with charge screening in a plasma, the model leaves the quark counting (dipole-like) QCD-
rediction for the magnetic form factor unchanged and suggests an additional suppression mechanism for the electric
orm factor, consistent with the data.

In closing this section it is worth noting that hadron induced reactions may also give evidence of diquark configurations,
ppearing as a deviation from pQCD scaling [375] that can be investigated in prospective programmes at FAIR (Facility
or Antiproton and Ion Research, Darmstadt) and NICA (Nuclotron-based Ion Collider fAcility, Dubna).
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Fig. 3.3.26. Solid black curves are full DSE computations [253] of the Dirac F∗

1 (top) and Pauli F∗

2 (bottom) proton to Roper transition form factors.
Lab data, circles (blue) [383], squares (purple) [377,381], triangle (gold) [386], and particle data group (PDG) value star (green) [180]. Left panels
how the diquark breakdown: dashed red — scalar diquark in both nucleon and Roper; dot-dashed green — pseudovector diquark in both nucleon
nd Roper; and dotted blue — scalar diquark in nucleon and pseudovector diquark in Roper. Right panels show the scatterer breakdown: red dashed
photon strikes an uncorrelated dressed quark; dot-dashed green — photon strikes a diquark; and dotted blue — diquark breakup contributions,

ncluding photon striking a dressed-quark in flight between diquarks.

.3. Nucleon to resonance transition form factors

Developing a unified description of electromagnetic elastic and transition form factors involving the nucleon and its
esonances has become of great importance. On the theoretical side, it is via the Q 2-evolution of form factors that one
ains access to the running of QCD’s coupling and masses [271,291]. Moreover, QCD-kindred approaches that compute
orm factors at large photon virtualities are needed because the meson-cloud screens the dressed-quark core of all
aryons at low momenta [69,376,377]. Experimentally, substantial progress has been made in the extraction of transition
lectrocouplings, gvNN∗ , from meson electroproduction data, obtained primarily with the CLAS detector at JLab [378–382].
he electrocouplings of all low-lying N∗ have been determined via independent analyses of π+n, π0p and π+π−p exclusive
hannels [180,377,381,383]; and preliminary results for the gvNN∗ of some high-lying N∗ states, with masses below 1.8GeV,
ave also been obtained from CLAS meson electroproduction data [56,379]. Complete, up-to-date information on the Q 2

volution of gvNN∗ electro-couplings at Q 2 < 6.0GeV2 for most resonances in the mass range up to 1.8GeV from analyses
f exclusive meson electro-production with CLAS can be found in Ref. [384].
During the next decade, CLAS12 will deliver resonance electroproduction data up to Q 2

≈ 12 GeV2 [273,379,385]
nd thereby empirical information which can address a wide range of issues that are critical to understanding strong
nteractions, e.g.: is there an environment sensitivity of DCSB; and are quark+quark correlations an essential element
n the structure of all baryons? Existing experiment-theory feedback suggests that there is no environment sensitivity
or the N(940), N(1440), ∆(1232) and ∆(1600) baryons: DCSB in these systems is expressed in ways that can readily
e predicted once its manifestation is understood in the pion, and this includes the generation of diquark correlations
ith the same character in each of these baryons. Resonances in other channels, however, probably contain additional
iquark correlations with different quantum numbers (Section 2.2), and can potentially be influenced in new ways by
eson–baryon final state interactions (MBFSIs). Therefore, these channels, and higher excitations, open new windows on
onperturbative QCD and its emergent phenomena whose vistas must be explored and mapped if the most difficult part
f the Standard Model is finally to be solved.
The Dirac and Pauli form factors of the γ ∗p → R+ transition, where R+ is the positively-charged Roper resonance,

re displayed in Fig. 3.3.26. The results obtained using QCD-based propagators and vertices agree with the data on x ≳ 2
32



M.Yu. Barabanov, M.A. Bedolla, W.K. Brooks et al. Progress in Particle and Nuclear Physics 116 (2021) 103835

u
b
w
a
m

c
n
d
k
(

Fig. 3.3.27. Upper-left panel — G∗

M,J−S result obtained with QCD-kindred interaction (solid, black) and with contact-interaction (SCI) (dotted, blue). The
green dot-dashed curve is the dressed-quark core contribution inferred using the dynamical meson-exchange model in Ref. [389]. Upper-right panel
— G∗

M,Ash result obtained with QCD-kindred interaction (solid, black) and with SCI (dotted, blue). Lower-left panel — RSM prediction of QCD-kindred
kernel including dressed-quark anomalous magnetic moment (DqAMM) (black, solid), not including DqAMM (black, dashed), and SCI result (dotted,
blue). Lower-right panel — REM prediction obtained with QCD-kindred framework (solid, black); same input but without DqAMM (dashed, black). The
following results are renormalised (by a factor of 1.34) to agree with experiment at x = 0: dot-dashed, red — zero at x ≈ 14; and dot-dash-dashed,
red — zero at x ≈ 6). The SCI result is the dotted, blue curve.
Source: All data are from references listed in Ref. [251].

[57,252,253]. The disagreement between the QCD-kindred result and data on x ≲ 2 owes to meson-cloud contributions,
which are expected to be important on this domain [57,60,302,387,388].

The anatomy of the γ p → R+ Dirac transition form factor is revealed in the upper panels of Fig. 3.3.26. Plainly, this
component of the transition proceeds primarily through a photon striking a bystander dressed quark that is partnered by
a scalar-diquark: [ud], with lesser but non-negligible contributions from all other processes. In exhibiting these features,
F∗

1,p shows marked qualitative similarities to the proton’s elastic Dirac form factor [270]. The γ p → R+ Pauli transition
form factor is dissected in the lower panels of Fig. 3.3.26. In this case, a single contribution is overwhelmingly important,
viz. photon strikes a bystander dressed-quark in association with [ud] in the proton and R+. No other diagram makes a
significant contribution.

In hindsight, given that the diquark content of the proton and R+ are almost identical, with the ψ0 ∼ u + [ud]
component contributing roughly 60% of the charge of both systems, the qualitative similarity between the proton elastic
and proton-Roper transition form factors is not surprising [57,252,253].

Fig. 3.3.27 displays the transition form factors that characterise the γ ∗N(940) → ∆(1232) reaction [246,251]. The
pper-left panel shows the magnetic transition form factor in the Jones–Scadron convention [390]. DSE results within
oth SCI and QCD-kindred frameworks agree with the data on x ≳ 0.4. On the other hand, both curves disagree markedly
ith the data at infrared momenta. This mismatch owes to the fact that DSE computations ignore meson-cloud effects,
n observation confirmed by the similarity between the DSE curves and the bare result determined using the dynamical
eson-exchange model in Ref. [389].
The upper-right panel of Fig. 3.3.27 shows the γ ∗N(940) → ∆(1232) magnetic transition form factor in the Ash

onvention [391], which is traditionally adopted for the presentation of experimental results. One can see that the
ormalised QCD-kindred curve is in fair agreement with the data, indicating that the Ash form factor falls faster than a
ipole for two main reasons: (i) meson-cloud effects provide up-to 35% of the form factor for x ≲ 2; and (ii) the additional
inematic factor ∼ 1/

√
Q 2 that connects the Ash and Jones–Scadron conventions provides material damping for x ≳ 2

see Ref. [251] for additional details).
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Fig. 3.3.28. Left panels — Magnetic dipole γ ∗p → ∆+(1600) transition form factor; middle — electric quadrupole; and right: Coulomb quadrupole.
Data from Ref. [180]; and the conventions of Ref. [390] are employed. Panels on the top: solid (black) curve, complete result; shaded (grey) band,
light-front relativistic Hamiltonian dynamics (LFRHD) [393]; dot-dashed (brown) curve, light-front relativistic quark model (LFRQM) with unmixed
wave functions [394]; and dashed (purple) curve, LFRQM with configuration mixing [388]. Panels on the bottom: solid (black) curve, complete result;
dotted (blue) curve, both the proton and ∆(1600) are reduced to S-wave states; Dot-dashed (blue) curve, result obtained when ∆(1600) is reduced
to S-wave state; dashed (orange) curve, obtained by enhancing proton’s axial–vector diquark content.

The lower-left panel of Fig. 3.3.27 displays the γ ∗N(940) → ∆(1232) Coulomb quadrupole ratio, RSM. The results
computed using either the QCD-kindred or the SCI formalism are broadly consistent with available data. This shows
that even a contact-interaction, judiciously employed, can produce correlations between dressed-quarks within Faddeev
wave-functions and related features in the current that are comparable in size with those observed empirically. Moreover,
suppressing the dressed-quark anomalous magnetic moment (DqAMM) [214] in the transition current has little impact.
These remarks highlight that RSM is not particularly sensitive to details of the Faddeev kernel and transition current.

In contrast, the lower-right panel in Fig. 3.3.27 shows that REM, the γ ∗N(940) → ∆(1232) electric quadrupole ratio, is
a particularly sensitive measure of diquark and orbital angular momentum correlations. The SCI result is negative at low
photon virtualities, it crosses zero at an experimentally accessible momentum transfer and then increases with x in order
to reach the helicity-conservation limit [392]. On the other hand, four variants of the QCD-kindred result are presented.
They differ primarily in the location of the zero that is a feature of this ratio in all cases that have been considered. The
inclusion of a DqAMM shifts the zero to a larger value of x. Given the uniformly small value of this ratio and its sensitivity
to the DqAMM, it appears that MBFSIs must play a large role on the entire momentum domain that is currently accessible
to experiment.

Predictions for the γ ∗p → ∆+(1600) transition form factors are displayed in Fig. 3.3.28. Empirical results are only
available at the real-photon point for two of the three form factors: G∗

M (Q 2
= 0), G∗

E(Q
2

= 0). Evidently, the quark model
results (shaded grey band [393], dot-dashed brown curve [394] and dashed purple curve [388]) are very sensitive to the
wave functions employed for the initial and final states. Furthermore, inclusion of relativistic effects has a sizeable impact
on transitions to positive-parity excited states [393].

The DSE prediction within the QCD-kindred framework [65] is the solid (black) curve in each panel of Fig. 3.3.28.
In this instance, every transition form factor is of unique sign on the domain displayed. Notably, the mismatches with
the empirical results for G∗

M (Q 2
= 0), G∗

E(Q
2

= 0) are commensurate in relative sizes with those in the ∆(1232) case,
suggesting that MBFSIs are of similar importance in both channels.

One can mimic some effects of a meson cloud by modifying the axial–vector diquark content of the participating
hadrons. Accordingly, to illustrate the potential impact of MBFSIs, the transition form factors were computed using an
enhanced axial–vector diquark content in the proton. This was achieved by setting m1+ = m0+ = 0.85GeV, values with
which the proton’s mass is practically unchanged. The procedure produced the dashed (orange) curves in the bottom
panels of Fig. 3.3.28; better aligning the x ≃ 0 results with experiment and suggesting thereby that MBFSIs will improve
the predictions.

The dotted (blue) curve in the bottom panels of Fig. 3.3.28 is the result obtained when only rest-frame S-wave
components are retained in the wave functions of the proton and∆(1600)-baryon; and the dot-dashed (blue) curve is that
computed with a complete proton wave function and a S-wave-projected ∆(1600). Once again, the higher partial-waves
have a visible impact on all form factors, with G∗

E being most affected. These observations are clear pointers to intrinsic
deformation of the nucleon and ∆-baryons [221,294,395,396].
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Fig. 3.4.29. Examples of processes giving access to nucleon 3D structure. Left panel – semi-inclusive deep inelastic scattering (SIDIS); and right panel
deeply virtual Compton scattering (DVCS). ℓ, ℓ′ indicate leptons; γ is a photon; γ ∗ is a deeply-virtual photon, with momentum ∆; spaced double

ines indicate incoming or outgoing nucleons; and near double lines are outgoing mesons.

In the near future, the electro-excitation N → ∆(1600) 32
+

amplitudes will become publicly available at photon
irtualities 2.0GeV2 < Q 2 < 5.0GeV2 from analysis of CLAS data on π+π−p electro-production off the proton [272,380].
reliminary indications are that the DSE predictions will be validated [397].

.4. Multidimensional structure of baryons

Since the first deep inelastic scattering (DIS) experiments at SLAC in the late 1960s, the understanding of hadron
tructure has been enriched, with numerous matrix elements now identified as encoding the nonperturbative distribution
f quarks and gluons within hadrons; in particular, inside the nucleon. Among them, it is usual to highlight transverse
omentum dependent parton distributions (TMDs) [398,399] and generalised parton distributions (GPDs) [400–402].
oth yield a light-front 3D picture of the nucleon, the former in momentum space, whereas the latter can be related
o a coordinate space probability. These functions are not simply Fourier transforms of each other; but rather different
rojections of so-called Wigner distributions [403]. GPDs and TMDs can be extracted from experimental data via a range
f DIS processes: Fig. 3.4.29 depicts a couple of examples. Their multidimensional character is appealing and one can

wonder how material nonpointlike diquark correlations could affect the nucleon’s 3D shape.

3.4.1. Transverse momentum dependent parton distributions
Compared to DIS, semi-inclusive deep inelastic scattering (SIDIS) experiments provide more complete information

since, in the final state, a hadron is detected, together with the scattered electron, and its energy and transverse
momentum, P⃗T , are measured. SIDIS experiments (see the left panel of Fig. 3.4.29) enable access to TMDs, characterised
by the parton longitudinal momentum fraction x and its intrinsic transverse momentum k⃗T (which generates the hadron
transverse momentum P⃗T ). These new parton distribution functions encode the motion of partons in the light-front
transverse plane and complement the information given by the much studied PDFs. Therefore, SIDIS has emerged as
a powerful means of probing strong interaction dynamics. It provides access to TMDs through measurements of spin and
azimuthal asymmetries. Studies of spin-azimuthal asymmetries in the semi-inclusive production of hadrons have been
given high-priority at the JLab 12GeV facility [404]; and they are one of the driving forces for the future electron ion
collider (EIC) in the USA [405–408] and in developing a proposal for an electron ion collider in China (EicC) [368,409,410].

Assuming single photon exchange, the SIDIS cross-section can be decomposed, in a model-independent way, into a sum
of various azimuthal modulations coupled to corresponding structure functions [411]. Using tree-level factorisation, the
structure functions can be calculated up to subleading order in 1/Q (twist three) using transverse-momentum-dependent
quark–quark and quark–gluon–quark correlators. The eight leading-twist TMDs are probability densities for finding a
(polarised) parton with a longitudinal momentum fraction x and transverse momentum k⃗T in a (polarised) nucleon; and
the sixteen twist-3 TMDs provide information on quark–gluon correlations (see Table 3.4.5). Interpretation of leading-
twist structure functions in terms of convolutions of TMDs and TMD fragmentation functions are based on factorisation
theorems [412].

Subleading structure functions require a proof of validity of TMD factorisation at higher twist; as yet, no proof exists.
However, studies of sub-leading twists are also important for two primary reasons: (i) they are important to understanding
long-range quark–gluon dynamics; and (ii) they are not small in the kinematics of fixed target experiments, hence should
be properly accounted for if TMDs are to be reliably extracted. Good examples of sizeable twist-3 TMDs are the cosφh
moment of the unpolarised cross-section F cosφh

UU and the sinφh moment depending on the longitudinal polarisation of the
beam F sinφh

LU . F cosφh
UU was measured at JLab with the 5.5GeV electron beam and its contribution to the asymmetry appeared

to be of the same order as the leading-twist moment cos 2φ [413]. F sinφh was first measured at JLab [414–416], with
h LU
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able 3.4.5
Left panel – leading-twist TMDs; and right panel – twist-3 TMDs.

Unpol. quark L-pol. quark T-pol. quark Unpol. quark L-pol. quark T-pol. quark

Unpol. nucleon f1 ∅ h⊥

1 Unpol. nucleon f ⊥ g⊥ h, e

L-pol. nucleon ∅ g1 h⊥

1L L-pol. nucleon f ⊥

L g⊥

L hL, eL

T pol. nucleon f ⊥

1T g1T h1, h⊥

1T T-pol. nucleon fT , f ⊥

T gT , g⊥

T
hT , eT
h⊥

T , e⊥

T

later confirmation by different experiments at JLab and measurements at other facilities. In this case, large spin-azimuthal
asymmetries were also observed.

Being nonperturbative in nature, TMDs are very difficult to compute in QCD. Therefore, they have been studied in a
ariety of low-energy QCD-inspired models, e.g.: a light-cone constituent quark model [417]; a light+front quark+diquark
odel [418]; the spectator model [419]; and a bag model [420]. (For a review, see Ref. [421].) They all have in common
tendency to oversimplify the complexity of the QCD dynamics in hadrons; but studies in different models, based on
ifferent assumptions, may help to unravel nonperturbative aspects of TMDs. Models might also play a useful role as a
irst step in the description of experimental observations, potentially providing an intuitive way to connect the physical
bservables to the dynamics of partons.
Model calculations can shed light on the important question of whether twist-3 functions should be different from

ero or not. In this respect, Ref. [422] investigated the beam spin asymmetries (SSAs) F sinφh
LU of π+, π− and π0 production

n the SIDIS process using a diquark bystander model. Two different contributions to the beam SSAs were considered;
amely, eH⊥

1 and g⊥D1 (where e and g⊥ are twist-3 TMDs). By using two different choices for the propagator of the axial–
ector diquark, together with different relations between the quark flavours and the diquark types, Ref. [422] obtained
wo different sets of e and g⊥. Comparing these predictions with the CLAS and HERMES data, they concluded that even
hough their model can describe the asymmetries for certain pion production in some kinematic regions, it was difficult
o explain the asymmetries for all three pions in a consistent way. The applicability of quark models to TMDs beyond the
eading twist approximation remains debatable. However, the additional information on higher twist TMDs from models
ay become very important for both phenomenology and experimental event generators.
There have been many model calculations of the leading twist TMDs. A review of the different models and their

omparisons with the experimental data is beyond the scope of this document. A single example is given by Ref. [423],
hich studies the T-even TMDs in a light front quark+diquark model. The model contains both scalar and axial–vector
iquark bystanders, with light-front wave functions modelled after AdS/QCD phenomenology. For the worm-gear h⊥

1L
MD, which describes transversely polarised quarks in a longitudinally polarised proton, Ref. [423] predicts negative
istributions for both u- and d-quarks, in disagreement with the predictions of a light-front constituent quark model
417], wherein the distribution is negative for the u-quark but positive for the d-quark. This discrepancy needs to be
esolved. In any event, it will be essential in future model studies to account for the interaction of the probe with the
iquark, which is known to be crucial in describing nucleon elastic and transition form factors — Sections 2.2, 3.3.
Another approach to accessing TMDs is via phenomenological extractions. The assumption involved in modern extrac-

ions of TMDs from available data relies on a Gaussian Ansatz for the transverse momentum dependence of distribution
nd fragmentation functions [424,425]. If this phenomenological approach is taken, it is then crucial to develop an
nalysis framework that will allow testing different extraction procedures and estimating systematic uncertainties related
o different models and assumptions. Assessing the sensitivity to kinematic limitations and radiative corrections, and
alidating the extracted functions are also key points. This is the main goal of the Extraction and VAlidation framework
EVA), which is being developed at JLab [426] and will serve to help both the experimental and phenomenological
ommunities to test results and ensure model-independence of inferred data.

.4.2. Generalised parton distributions
GPDs can be accessed experimentally through exclusive processes such as DVCS, in which the nucleon remains intact,

ig. 3.4.29— right panel. A factorisation theorem ensures that the DVCS amplitude can be split into a hard part, calculable
n perturbation theory, and a nonperturbative part, encoded in GPDs. Past, current (such as JLab 12GeV and COMPASS)
nd future (EIC) experimental programmes allocate a significant part of their beam time to GPDs studies, highlighting
he attraction of GPDs in the hadron physics community (for a review of recent phenomenology see Ref. [427]). As
oted above, GPDs provide access to quark and gluon spatial density distributions, ρq,g (x, b⊥), where b⊥ is the light-front

transverse spatial coordinate.
Being the Fourier transform of a matrix element of a non-local operator depending on a light-like distance, GPDs

are simpler than TMDs in some aspects, e.g. evolution equations, Wilson lines, etc. Still, they remain nonperturbative
objects that cannot yet be directly computed in full QCD. Various models have been developed, for instance Refs. [428–
434], taking advantages of theoretical features of GPDs. Note, too, that neural networks were also used to extract GPDs
[435,436]. However, none of these approaches was able to fulfil a priori all the theoretical constraints which apply to GPDs.
promising framework to do so has recently been developed [437,438] but still needs to be confronted with experimental
ata.
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Diquark bystander models of GPDs already exist, in both covariant and light-front formulations (see, e.g. Ref. [433] for
discussion). One may expect that a quark+diquark picture could be valid within the valence region; and if questions
bout connections with QCD can be raised for some models, at least one has been fitted to data, yielding the so-called
PD hybrid model [439–441]. Here, the proton-quark+diquark vertex coupling exhibits a modified monopole behaviour
s a function of the struck, off-shell quark’s four-momentum squared, k2, which is regulated by two mass parameters
escribing, respectively, the quark, mq, and monopole, Mq

Λ, masses. While mq and Mq
Λ are parameters to be fitted to

ata, the diquark propagator is expressed through a spectral representation (à la Källén–Lehmann) such that the spectral
unction introduces Regge behaviour of the GPDs at low x. In particular, by imposing the sum rule constraints on the
uark GPDs, Hu,d and Eu,d, relating them to the Dirac (F1) and Pauli (F2) form factors:∫

dxHu,d(x, ξ , t) = F u,d
1 (t) ,

∫
dxEu,d(x, ξ , t) = F u,d

2 (t) , (3.4.33)

nd using flavour separated data [71], the diquarks’ radii can be estimated:
√

⟨r2⟩
[ud] = 0.48 fm for the [ud] diquark, and√

⟨r2⟩
{uu} = 0.56 fm for the {uu} diquark. (DSE predictions for diquark electromagnetic radii have the same ordering [55]:

[ud] ≳ rπ , r{uu} ≳ rρ .) These results may be compared with the proton radius (≈ 0.84 fm) and most importantly with
he separate u- and d-quark radii in the two configurations: the study of Ref. [441] found

√
⟨r2⟩d ≈

√
⟨r2⟩u for F1, while

the d-quark radius exceeds that of the u quark in F2. (These conclusions are also consistent with those reached via DSE
analyses [254, Sec. V.B].)

As reported above (Fig. 2.2.14), DSE predictions are available for the leading-twist PDAs of the nucleon, and its first
radial excitation, obtained using dynamical diquark correlations [320,321]. This could open the door to a dynamical
computation of nucleon GPDs, following previous work on the pion [312,437,438]. In this way, one could connect basic
QCD considerations, such as DCSB and the formation of diquark correlations, to the 3D structure of hadrons; and from
there proceed to experimental data on exclusive processes using, e.g. PARTONS [442], phenomenology software that has
recently become publicly available.

It is anticipated that forthcoming experiments will add greatly to the empirical store of information about GPDs.
Indeed, new data are expected from at least two main sources: COMPASS and JLab, in various kinematical regions; and
in the case of JLab, also through various exclusive processes. This might bring into sharper relief those questions which
relate to the role of higher-twist and higher-order α-strong corrections [443,444], which are known to be important
in TMD processes. Experimental access is provided by a careful choice of kinematics, minimising the Bethe–Heitler
contributions and exposing the modulations present in DVCS amplitudes. The corrections could then be revealed via
harmonic decomposition. Such studies should be possible at JLab.

3.5. Meson structure as a window onto diquark structure

It is worth highlighting that the character of diquark correlations depends on Nc , the number of colours. For instance,
the Lagrangian of two-colour QCD, Nc = 2, respects Pauli–Gürsey (PG) symmetry [52,53]. In this case, DCSB in the Nf -
flavour theory yields Nf (2Nf − 1)− 1 degenerate NG modes: N2

f − 1 meson- and Nf (Nf − 1) diquark+anti-diquark modes.
The NG mesons are the usual pion-like states, and the lowest-mass diquarks are the scalar diquark and its antiparticle.
The degeneracy of these five states indicates that, for two-colour QCD, the mechanisms responsible for meson structure
are also those which determine the character of diquarks. Hence, by improving our understanding of pion structure and
interactions, we move closer to a sound description of the static and dynamic features of scalar diquark correlations.

In the Nc = 3 case, the fundamental and conjugate representations of the Lie group are inequivalent so PG symmetry is
broken. Consequently, the diquark is not a colour singlet and the degeneracy between pions and scalar diquarks is lifted.
However, as discussed in Section 2.2.1, using the DSE RL truncation, the diquark Bethe–Salpeter equation differs from that
of its meson partner by only a multiplicative factor of 1/2. Thus, one may reasonably expect that understanding meson
structure will shed light on that of diquarks.

Pion properties are largely defined by DCSB, which is forcefully expressed in the chiral-limit dressed-quark propagator,
S(k), that can be obtained by solving QCD’s gap equation in the absence of Higgs couplings. Writing S(k) = 1/[−iγ ·

k A(k2)+B(k2)], then owing to DCSB, one obtains a solution for B(k2) that is large at infrared momenta: B(0) ≃ 0.5GeV, and
vanishes logarithmically faster than 1/k2 in the ultraviolet [445,446]. Moreover, in the chiral limit, DCSB is also necessary
and sufficient to ensure [33,218,447]:

f 0π Eπ (k; 0) = B(k2) , (3.5.34)

where f 0π is the chiral-limit value of the pion’s leptonic decay constant and Eπ is the leading piece of the pion’s
Bethe–Salpeter amplitude.

Eq. (3.5.34) is remarkable. It is true in any covariant gauge and independent of the renormalisation scheme; and it
eans that the two-body problem in the flavour-nonsinglet pseudoscalar meson channel is solved, nearly completely,
nce the solution to the one body problem is known. Recalling now the parallel between mesons and diquarks, it follows
mmediately that DCSB must play a major role in forming strong diquark correlations and determining their structure.
his is true for all channels. Hereafter, however, the pion–scalar–diquark connection will be the focus in a discussion of

he x-dependence of their parton distribution functions.
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Fig. 3.5.30. Sullivan processes [466]. In these examples, a proton’s pion cloud is used to provide access to the pion’s (a) elastic form factor and (b)
arton distribution functions. t = − − (k − k′)2 is a Mandelstam variable and the intermediate pion, π∗(P = k − k′), P2

= − − t , is off-shell.

In the valence region, most of our knowledge of pion structure functions comes from pionic Drell–Yan scattering
448,449]; and in the sea region, from hard diffractive processes measured in ep collisions at HERA [450]. Still, data remain
parse; and none are available for the kaon. This situation has triggered a longstanding controversy concerning the large-x
ehaviour of the pion valence-quark DF qπ (x; ζ ). (See, e.g. Refs. [451–453].)
Briefly, QCD predicts [454–456]:

qπ (x; ζ = ζH ) ∼
x→1

(1 − x)2 , (3.5.35)

here ζH is the hadronic scale at which the dressed quasiparticles emerging from the valence -quark and-antiquark
egrees-of-freedom express all properties of the pion [318,319,457,458]; in particular, they carry all the pion’s light-front
omentum. Moreover, the exponent evolves as ζ increases beyond ζH , becoming 2 + γ , where γ ≳ 0 is an anomalous

dimension that increases logarithmically with ζ . Yet, a leading-order (LO) pQCD analysis of Drell–Yan data, Ref. [449] –
the E615 experiment, yields (ζ5 = 5.2GeV) a marked contradiction of Eq. (3.5.35), viz.

qπE615(x; ζ5) ≈
x≃1

(1 − x)1 . (3.5.36)

Subsequent calculations [255] confirmed Eq. (3.5.35), eventually prompting reconsideration of the E615 analysis, with
the result that, at next-to-leading order (NLO) and including soft-gluon resummation [452,453], the E615 data can be
viewed as being consistent with Eq. (3.5.35). Notwithstanding these advances, uncertainty over Eq. (3.5.35) will remain
until other analyses of the E615 data incorporate threshold resummation effects and, crucially, new data are obtained. One
can be optimistic for two reasons: firstly, relevant tagged deep-inelastic scattering (DIS) experiments have been approved
at JLab [459,460]; and secondly, experimental access to the pion PDF should be possible at future facilities [368,461–465].

JLab’s tagged DIS experiments will exploit a Sullivan process [466], in which one draws a pion target from the proton’s
pion cloud, Fig. 3.5.30(b). Contemporary theory indicates [467] that this is a valid approach on −t < 0.6 GeV2 for the
pion (and on −t < 0.9 GeV2 for the kaon). Studies during the past decade, based on JLab 6GeV measurements, have
instilled confidence in the reliability of pion electroproduction as a tool for extracting the pion form factor. In turn, this
supports the study of the pion structure function using a similar approach. Measurements at JLab12 will allow access to
the kinematic domain: −t < 0.2GeV2, Q 2

≥ 1GeV2, M2
X > 1.0 (GeV/c)2, which will probe regions of intermediate and

high x within the pion. An overlap with the domain of Drell–Yan measurements will enable cross-checking. Projected
uncertainties in pion (and kaon) structure measurements are depicted in Fig. 3.5.31.

As new measurements are awaited, theory progress continues. Novel algorithms within lQCD are beginning to yield
results for the pointwise behaviour of the pion’s valence-quark distribution [468–471]. In addition, extensions of the
continuum analysis in Ref. [255] are yielding new insights.

Capitalising on these new developments, recent parameter-free continuum analyses have delivered predictions for
the valence, glue and sea distributions within the pion [318,319,457,458], unifying them with, inter alia, electromagnetic
pion elastic and transition form factors. Their predictions for the pion parton distributions at a scale relevant to the E615
experiment [449,452] are depicted in Fig. 3.5.32 - left panel. The large-x behaviour is [318,319,457,458]:

qπ (x; ζ5) ∼
x→1

(1 − x)2.74(12) . (3.5.37)

efs. [318,319,457,458] also produce the following apportioning of momentum at the scale ζ = ζ5:

⟨x⟩πvalence = 0.41(4) , ⟨x⟩πglue = 0.45(1) , ⟨x⟩πsea = 0.14(2) . (3.5.38)

Fig. 3.5.32 - left panel compares the DSE result for the pion’s valence-quark DF with that obtained in an exploratory
QCD analysis [471]: the pointwise form of the lQCD prediction agrees with the DSE result, as highlighted by the fact
hat one finds qπlQCD(x; ζ5) ∼ (1− x)2.45(58), in agreement with Eq. (3.5.37). This agreement is significant. Now, two distinct
reatments of the pion bound-state problem have delivered the same prediction for the pion’s valence-quark DF; and their
ehaviour on the valence-quark domain, x ≳ 0.2, agrees with the most complete analysis of extant data [453]. Evidently,
38



M.Yu. Barabanov, M.A. Bedolla, W.K. Brooks et al. Progress in Particle and Nuclear Physics 116 (2021) 103835

t
H

E
r

p
b

a
r
(
a
d

3

o

Fig. 3.5.31. Anticipated errors for pion and kaon PDF extractions. The projected data are drawn on the DSE result from Ref. [255], which is multiplied
by 0.75 in order to increase clarity in the comparison. Additional details are provided elsewhere [459,460].

Fig. 3.5.32. Left panel. Pion valence-quark momentum distribution function, xqπ (x; ζ5): solid (blue) curve embedded in shaded band — modern,
continuum calculation [318,319,457,458]; long-dashed (black) curve — early continuum analysis [255]; and dot-dot-dashed (grey) curve within
shaded band — lQCD result [471]. Data (purple) from Ref. [449], rescaled according to the analysis in Ref. [453]. (In all cases, the shaded blue bands
indicate the size of calculation-specific uncertainties, as described elsewhere [318,319,457,458].) Right panel. Sample EIC extraction of valence quark,
sea quark and gluon DFs in the pion, at a scale Q 2

= 10GeV2 . The extraction is done with the following assumptions: the u DF equals the d̄ DF in
he pion and the ū DF is the same as the other sea quark DFs (d, s and s̄). The extraction at xπ < 10−2 , at this Q 2 scale, is constrained by existing
ERA data.

q. (3.5.35) is stronger then ever before; and real progress is being made toward understanding pion structure and its
elation to the emergence of mass.

It is straightforward to extend the continuum studies of the pion’s DFs to the scalar diquark and thereby obtain
redictions for all its DFs, too. Comparison of their x-dependence with that of their analogues in the pion partner could
e instructive.
It is worth mentioning that the anticipated US electron ion collider (EIC) [472] offers numerous access paths to pion

nd kaon structure functions on a large kinematic domain [473] — see Fig. 3.5.32 - right panel. It could deliver the critical
esults that are needed to (i) test and improve the phenomenology tools used to connect experiment and theory; and
ii) validate existing pictures of NG mode structure. An electron ion collider is also being proposed in China (EicC) [409];
nd with current design specifications, the EicC could both [368] neatly fill a gap between JLab at 12GeV and the EIC and
evelop a powerful synergy with new initiatives at CERN [464].

.6. Exotic hadrons and their connection to diquarks

As mentioned in Section 2.1, the past two decades have seen a rejuvenation of hadron spectroscopy by the discovery
f many states that do not fit the typical QM pattern. The new systems are collectively called XYZ states to highlight
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heir still poorly understood character [73–79]. Several are good candidates for tetra- and penta-quark systems; hence,
nderstanding their properties could assist in confirming a role for diquark correlations in the spectrum of QCD.

.6.1. Experimental status at a glance

esons at the D̄(∗)D∗, B̄(∗)B∗ thresholds.
The first and best known exotic state is the X(3872). Its discovery as an unexpected charm–anticharm bound state

n 2003 gave birth to the long saga of charmonium- and bottomonium-like states. It was observed as an extremely
arrow peak in the B+

→ K+(J/ψ π+π−) channel, exactly at the D̄0D∗0 threshold [133,134]. It was later confirmed in the
open charm channel [474–477], and in other reactions. Most notably, X(3872) is produced promptly in pp̄ [135,136], pp
[478,479] and PbPb collisions [480], at rates commensurate with that of the ψ(2S) charmonium. The upper limit on the
width is Γ < 1.2MeV at 90% confidence-limit [481] and its quantum numbers have been established to be 1++ [482,483].
It follows that the pion pair in X(3872) → J/ψ π+π− must have relative orbital momentum L = 1 and isospin one. (The di-
pion distribution is indeed dominated by the ρ meson.) Hence, for this decay mode to be significant, large isospin violation
is required, much larger than expected for an ordinary charmonium; a result confirmed by comparison with the isospin
conserving mode X(3872) → J/ψ ω [484,485]. COMPASS claimed an excess of events in µ+N → µ+N(J/ψπ+π−)π+

at the X(3872)’s mass [486]. However, the di-pion distribution better matches a 1+− assignment, which points to a
degenerate X̃(3872).

Ten years later, two axial–vector states were seen in this region. BESIII and Belle observed a peak in the J/ψ π+

invariant mass of the e+e−
→ J/ψ π+π− reaction, close to the (D̄∗D)+ threshold [487,488]. The state is called Zc(3900),

with mass and width M = 3887.2 ± 2.3MeV and Γ = 28.2 ± 2.6MeV, respectively. The minimal quark content
for such a state is cc̄ud̄; hence, it is manifestly exotic. Its quantum numbers are 1+− [489]. The state is seen as a
threshold enhancement in the open charm channel [490,491], and the neutral partner is also observed [492,493]. A second
1+− state, called Z ′

c(4020), has been found in e+e−
→ (D̄∗0D∗+)π− [494] and e+e−

→ (hc π
+)π− [495], with mass

M = (4023.9±2.4)MeV, slightly above the D∗D∗ threshold, and width Γ = (10±6)MeV. A neutral partner has also been
reported [496,497].

The two Z (′)
c have heavier replicas in the bottomonium sector. Two charged states appear at the B̄B∗ and B̄∗B∗ thresholds,

named Zb(10610) and Z ′

b(10650). They have been seen in several hidden-bottom final states, Υ (5S) → (Xbb̄π
+)π−,

with Xbb̄ = Υ (1S),Υ (2S),Υ (3S), hb(1P), hb(2P). The bb̄ pair in Υ and hb have spin 1 and 0, respectively. The spin flip
transition is forbidden in the static limit, thus the decay Υ (5S) → hb π

+π− should be heavily suppressed. On the
ontrary, the rate is sizeable and dominated by the intermediate Z (′)

b , which appears to be superpositions of heavy-quark
spin singlet and triplet. The averaged masses and widths are M = (10607.2 ± 2.0)MeV, Γ = (18.4 ± 2.4)MeV, and

′
= (10652.2± 1.5)MeV, Γ ′

= (11.5± 2.2)MeV, respectively [498–500]. They both decay into the closest open bottom
pair [501]. Notably, the analogous Xb with 1++ has not yet been seen.

The Y vector states.
Electron+positron colliders can directly produce JPC = 1−− states. This process occurs if the centre-of-mass energy

coincides with the mass of a resonance, or if an energetic photon γISR is emitted by the initial state, effectively reducing
he centre-of-mass energy to the resonance mass. Consequently, B-factories were able to discover many unexpected
harmonium-like JPC = 1−− systems, usually called Y states. Their identification as exotics owed mainly to the
verpopulation of the sector: all quark model slots for ψ and Υ systems had already been filled.
The Y (4260) was found in the reaction e+e−

→ J/ψ π+π− [488,502–505]: mass M = 4251 ± 9MeV and width
= 120 ± 12MeV. The higher statistics analysis by BESIII suggests that this peak actually results from the interference

etween two resonances, called Y (4230) and Y (4390) [506]. These two are loosely compatible with peaks seen in hc π
+π−,

′π+π− [507,508], and the lighter system also seems to appear in χc0 ω and π+D0D∗− [509,510] (see the summary in
able 3.6.6). The radiative decay Y (4260) → γX(3872) has also been reported [511].
A heavier Y (4630) has been seen near the Λ+

c Λ
−
c threshold, with M = (4634+8

−7
+5
−8)MeV and Γ = (92+40

−24
+10
−21)MeV.

he Y (4630) state decays into ψ ′ π+π− and Λ+
c Λ

−
c [505,512]. The baryonic decay mode is dominant, with the following

ranching ratio B(Y (4660) → Λ+
c Λ

−
c )/B(Y (4660) → ψ ′ π+π−) = 25 ± 7 [513].

In the hidden bottom sector, a Y (10750) system has recently been reported: mass M = 10752.7 ± 5.9+0.7
−1.1 MeV and

idth Γ = 35.5+17.6
−11.3

+3.9
−3.3 MeV [514].

esons seen in B decays.
The large sample of B mesons collected at LHCb and with Belle enables refined amplitude analyses to probe for the

resence of exotic resonances. These typically appear with small fit fractions in Dalitz plots dominated by ordinary
esonances in the crossed channels. Notably, they appear to be substantially broader than the other exotic candidates
entioned so far. While the J/ψ φ neutral resonances also admit an ordinary charmonium explanation [515], the charged
ystems are manifestly exotic. The Z(4430) and the Z(4200) appear in both J/ψ π+ and ψ ′π+ final states, with different
ignificance. The list of Z systems is summarised in Table 3.6.7.

entaquarks.
The LHCb Collaboration has observed several pentaquark candidates in the Λ0

b → (J/ψp)K− decay. The first amplitude
nalysis found two pentaquarks P (4380) and P (4450), with masses and widths, respectively, M = 4380 ± 8 ± 29MeV,
c c 1
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Table 3.6.6
Mass and width determinations of the Y (4230) and Y (4390) states, in MeV.

Mass (MeV) Width (MeV) Process Source

Y (4230)

4218.4+5.5
−4.5 ± 0.9 66.0+12.3

−8.3 ± 0.4 hc π
+π− [507]

4230 ± 8 ± 6 38 ± 12 ± 2 χc0 ω [509]

4209.5 ± 7.4 ± 1.4 80.1 ± 24.6 ± 2.9 ψ ′π+π− [508]

4222.0 ± 3.1 ± 1.4 44.1 ± 4.3 ± 2.0 J/ψ π+π− [506]

4228.6 ± 4.1 ± 5.9 77.1 ± 6.8 ± 6.9 π+D0D∗− [510]

Y (4390)
4320.0 ± 10.4 ± 7.0 101.4+25.3

−19.7 ± 10.2 J/ψ π+π− [506]

4391.5+6.3
−6.8 ± 1.0 139.5+16.2

−20.6 ± 0.6 hc π
+π− [507]

4383.8 ± 4.2 ± 0.8 84.2 ± 12.5 ± 2.1 ψ ′π+π− [508]

Table 3.6.7
Potentially exotic states seen in B meson decays. The quantum numbers reported are favoured in the fits, but need confirmation. Upper panel. –
harged Z states; and lower panel neutral X systems seen in J/ψ φ resonances. The Z(4200) seen in ψ ′π+ at LHCb has 0−− as the most favoured
ssignment, although 1+− is compatible within 1σ [516]. Identification with the state seen by Belle in J/ψ π+ [517] supports the latter assignment

JPC Mass (MeV) Width (MeV) Process Source

Z(4050) ??+ 4051+24
−40 82+50

−28 B̄0
→ K−(χc1 π

+) [518]
Z(4250) ??+ 4248+190

−50 177+320
−70

Z(4100) 1−+ 4096 ± 20+18
−22 152 ± 58+60

−35 B̄0
→ K−(ηc π+) [519]

Z(4200) 1+− 4196+35
−32 370+100

−150 B̄0
→ K−(J/ψ π+) [517]

1+− 4239+50
−21 220+120

−90 B̄0
→ K−(ψ ′π+) [516]

Z(4430) 1+− 4478+15
−18 181 ± 31 B̄0

→ K−(ψ ′π+) [516]

X(4140) 1++ 4146.5 ± 4.5+4.6
−2.8 83 ± 21+21

−14

B−
→ K−(J/ψ φ) [520]X(4274) 1++ 4273.3 ± 8.3+17.2

− 3.6 56 ± 11+ 8
−11

X(4500) 0++ 4506 ± 11+12
−15 92 ± 21+21

−20

X(4700) 0++ 4704 ± 10+14
−24 120 ± 31+42

−33

Γ1 = 205±18±86MeV, andM2 = 4449.8±1.7±2.5MeV, Γ2 = 39±5±19MeV [139]. The quantum number assignment is
not conclusive, but the interference pattern suggests that the systems have opposite parities, with JPC1 =

3
2

−
and JPC2 =

5
2

+

avoured. A more recent, higher statistics one-dimensional analysis [140] was able to separate the latter into two states,
c(4440) and Pc(4457), with mass and width, respectively, M2a = 4440.3 ± 1.3+4.1

−4.7 MeV, Γ2a = 20.6 ± 4.9+8.7
−10.1 MeV

and M2b = 4457.3 ± 0.6+4.1
−1.7 MeV, Γ2b = 6.4 ± 2.0+5.7

−1.9 MeV. Furthermore, a new Pc(4312) is also indicated, M3 =

4457.3 ± 0.6+4.1
−1.7 MeV, Γ3 = 6.4 ± 2.0+5.7

−1.9. No amplitude analyses are available to determine the quantum numbers of
these new states, so the quantum number assignments must be read with caution.

3.6.2. Theoretical tools for analyses of exotics

Amplitude analysis.
Some of the experimental analyses suffer from poor amplitude models. This can lead to misleading statements about

the existence of exotic resonances and artificially inflate the number of states, as might have occurred in the Y sector.
(Ref. [521] describes an example in a light-quark system.) Unfortunately, implementing more refined amplitudes in data
analysis is not easy and requires an interplay between the work of theorists and experimentalists. On the basis of published
data, some conclusions can be drawn. The properties of the amplitude can hint toward the nature of potentially exotic
states; in particular, whether they are more likely to be a consequence of short-range QCD physics (as diquarks), or be
driven by long-range exchange forces (as molecules). It can also happen that hadron interactions produce peaks that are
not indications of a bound-state or resonance, e.g. triangle re-scattering mechanisms [522] or virtual (unbound) states
[523].

A global analysis of available data on the Zc(3900) challenges several hypotheses, each of which was found to be
consistent with the present quality of data [523,524]. Conversely, a local analysis of data in the neighbourhood of the
Pc(4312) peak points to a virtual state interpretation, i.e. an enhancement owing to hadron–hadron interactions not strong
enough to bind a new state [525]. It is worth mentioning, however, that there is an analysis based on chiral perturbation
theory that suggests the existence of several bound states in the J/ψ p invariant mass [526].

Another reaction where pentaquarks are expected to be seen is direct photoproduction [527–530]. Such observations
would help in excluding rescattering mechanisms, which feature in multibody final states. The available GlueX analysis
does not see any substantial peaks and places upper limits on the branching ratios for P → J/ψ p by assuming a vector
c
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Fig. 3.6.33. Spectrum of [cq][c̄q̄] tetraquarks as described in the diquark+antidiquark model of Ref. [537], which is a modification of an earlier model
hat produced the spectrum marked by dashed red lines [156] and depicted in Fig. 2.1.1 above.

eson dominance (VMD) model [531]. (N.B. VMD is a poor tool for such analyses and likely leads to overestimates
532,533]; hence, it is difficult to judge the significance of the quoted bounds.)

iquarks as building blocks of exotics.
When considering tetra- and penta-quark states, one approach is to use the model Hamiltonian of Ref. [179] and solve

he associated few-body problem, e.g. Ref. [534]). On the other hand, as noted above, since one gluon exchange in the 3̄c
colour channel is attractive and repulsive for 6c , it is common to suppose that 3̄c diquark correlations act as dominant
collective degrees-of-freedom in such systems. Evidence that the two quarks in a tetraquark system arrange their colour
in a diquark configuration before interacting with the antiquarks has also been found in static-limit lQCD simulations
[535]. This simulation also indicates that the four constituents arrange themselves into a H-shaped configuration. This
picture can explain large isospin mixing amongst neutral states and a preference to decay into baryons [536].

The crudest approximation is to work with pointlike diquarks by effectively absorbing all spatial dependence of the
quark–quark interaction in Ref. [179] into a renormalised diquark mass that is fitted to data. As canvassed above, taken
literally, this approximation conflicts with many more rigorous analyses; nevertheless, the scheme may be useful in
developing insights. Adopting this perspective, the colour-spin Hamiltonian can be reduced to [92]

Vij = −2κij S i · S j
λai

2
·
λaj

2
, (3.6.39)

here κij are unknown effective couplings.
As discussed in connection with Fig. 2.1.1, this approach has been used [156] to analyse the X(3872). A 1+− state

ppears, almost degenerate with the X(3872), and can be identified with the Zc(3900). The existence of a lighter Z ′
c(3750)

tate with same quantum numbers as the Zc(3900) can be also justified [538]. However, the discovery of a heavier Z ′
c(4020)

challenged the picture. Subsequently, Ref. [537] revised Eq. (2.1.8), positing that spin interactions within a compact
diquark dominate over all other possible two-body pairings. This implies that the Hamiltonian in Eq. (3.6.39) is diagonal
in the diquark basis, and that the spectrum can be reproduced by tuning κcq = 67MeV [537], as shown in Fig. 3.6.33. By
including a spin–orbit term, the spectrum of the vector Y state can also be described, as the P-wave excitations of the
ground-state multiplet [110]. The Z(4430) can also be accommodated as the radial excitation of the Zc(3900). This picture
is summarised in Table 3.6.8.

Following a similar track, compact-diquark interpretations of the J/ψ φ states [539], the Z (′)
b and Yb [540] and the

pentaquarks [168,541] have been presented. Other calculations of hidden charm tetraquarks based on pointlike diquarks
are found in Ref. [162]. Doubly heavy tetraquarks have not been seen, although evidence for a bbq̄q̄′ state is available
from lQCD [542]. For these states, a diquark+antidiquark description is potentially favourable, because the heavy+heavy
diquark could be much smaller than the size of the state [543,544]. Conversely, the existence of a double-charm state is
still unclear [545–548]. The main limitation of these models is the proliferation of states, much more than are observed. For
each level predicted, an isovector and an isoscalar degenerate state appears, which is inconsistent with extent data. Also,
the proximity of several states to open charm thresholds is not a natural consequence within compact diquark+antidiquark
models. Proposals to ameliorate this feature have been presented [549,550].

Some longstanding questions concerning diquark+antidiquark models of exotic resonances can be answered by
supposing that compact diquarks and antidiquarks in tetraquark systems are separated by a potential barrier [146,551].
This picture also explains the larger branching ratio into open charm mesons with respect to the hidden charm systems.
Tuning the parameters of the barrier, the widths of several states are well reproduced. Another dynamical picture of
42
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able 3.6.8
JPC = 1−− tetraquarks involving a diquark+antidiquark [cq][c̄q̄′

] pair in S- and P-wave. The Y (4220) and Y (4330) are the two components of the
(4260) peak, disentangled by BESIII in J/ψ π+π− . The Y (4390) is identified as a separate state decaying into hcπ

+π− .⏐⏐Scq, Sc̄q̄′ ; S, L
⟩
J Experiment

⏐⏐Scq, Sc̄q̄′ ; S, L
⟩
J Experiment

X0 |0, 0; 0, 0⟩0 Y1 |0, 0; 0, 1⟩1 Y (4220)
X1++

1
√
2 (|1, 0; 1, 0⟩1 + |0, 1; 1, 0⟩1) X(3872) Y2

1
√
2 (|1, 0; 1, 1⟩1 + |0, 1; 1, 1⟩1) Y (4330)

Z1+−
1

√
2 (|1, 0; 1, 0⟩1 − |0, 1; 1, 0⟩1) Zc (3900)

Z ′

1+− |1, 1; 1, 0⟩1 Z ′
c (4020) Y3 |1, 1; 0, 1⟩1 Y (4390)

X ′

0 |1, 1; 0, 0⟩0
X ′

2 |1, 1; 2, 0⟩2 Y4 |1, 1; 2, 1⟩1 Y (4660)

Fig. 3.6.34. Invariant mass combination Me+e−π+π− − Me+e− reconstructed from PYTHIA simulations. Left panel — signal and background are shown
eparately; and right panel — signal is reconstructed, viz. the blue line is the background-subtracted histogram, while the red line shows the true
(3872) events.

iquarks (and triquarks) being produced in bottom meson (and baryon) decays at finite distance is presented in Ref.
552].

The material in Sections 2.2, 2.3 provides ample evidence that QCD does not support pointlike diquarks and reveals
ow nonpointlike diquark degrees-of-freedom can be exploited to describe a wide variety of observable hadronic
henomena. Within QMs, too, the pointlike-diquark restriction can be lifted. For instance, diquark+antidiquark dynamics
an be disentangled from the dynamics within the correlation by using a Born–Oppenheimer approximation [553,554].
lternatively, one can separate the dynamics of the cc̄ pair: if the latter is found in colour octet, the seed for a repulsive
arrier is given, and a double well potential may be justified [555,556].

.6.3. Production of exotic states in pp and heavy-ion collisions
The large prompt-production cross-section of the X(3872) in high-energy collisions has triggered many debates on

hether or not it is compatible with a pure molecular nature. At issue is whether the D0 and D̄∗0 pair (constituting the
(3872)) can be produced with a relative momentum, krel, that is small enough for binding to occur when the initial

collision happens at TeV energies. The distribution of pairs with momentum smaller than a given krel can be estimated
sing Monte Carlo generators. However, this relies on estimating a kmax that makes the binding possible. Several choices
ave been made, leading to mutually conflicting conclusions [557–564]. Alternatively, in a scenario where the molecule
ixes with the unobserved χc1(2P) [565–568], the production proceeds through the charmonium component.
In Ref. [569], the pp production cross-section for the X(3872) and deuteron states were compared. The X(3872) exceeds

the latter by a few orders of magnitude, suggesting that the two do not share the same nature. The behaviour in heavy
ion collisions is also sensitive to the character of the X(3872) [570]. The experiments planned at NICA may be well
suited for testing these hypotheses. NICA will provide colliding heavy-ion beams with luminosity up to 1032 cm−2s−1

at centre-of-mass energy
√
sNN = 26GeV [571].

NICA’s good tracking and particle identification performance over a significant fraction of the phase space can provide
a good opportunity to extend its ambitious physics programme to study heavy mesons via their decays to electrons,
hadrons or photons [572]. The X(3872) was simulated using PYTHIA8 [573], assuming it is a 1++ charmonium state, with
branching ratio to J/ψ ρ of 5% [574]: 1000 X(3872) → J/ψρ → e+e−π+π− events are predicted for a 10 day run. The
difference Me+e−π+π− − Me+e− is shown in Fig. 3.6.34. Background events are also simulated. The plots correspond to
statistics collected in 10 months at the nominal luminosity. The sidebands are fitted to a polynomial function. Subtracting
that function from the original distribution, one observes a clear peak of the X(3872) decay.

As an extension of this topic, one can consider looking at other decay modes of the X(3872). Since the branching ratio
f X(3872) to open charm is dominant, one should consider the possibility of reconstructing this state from the hadronic
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ecays of charm mesons. For such a study, it will be important to use the silicon microvertex detector to tag the D-meson
light length. Evidently, this physics topic can develop synergistically with the heavy ion charm programme at NICA.

. Future prospects for diquarks

.1. Super bigbite spectrometer programme on high-Q 2 space-like nucleon form factors

The electromagnetic form factors (EMFFs) measured in elastic lepton–nucleon scattering are key elements in resolving
he role of diquark correlations in nucleon structure. At large momentum transfers, the unpolarised differential scattering
ross-section is dominated by the magnetic form factor, GM . On the other hand, the ratio of the electric and magnetic
form factors at high-Q 2 is best determined using polarisation observables. To measure the EMFFs at large values of Q 2 is
very challenging owing to the rapid decrease of the elastic scattering cross-section dσ/dΩe as roughly Q−12. Presently,
the Continuous Electron Beam Accelerator Facility (CEBAF) at JLab is the only electron-beam facility in the world with
the luminosity, duty cycle, energy and polarisation capabilities to measure nucleon form factors at large Q 2. (N.B. Herein,
‘‘large’’ is defined relative to the Q 2 coverage and precision of existing data.)

The most recent polarisation transfer measurements of the proton form factor ratio Gp
E/G

p
M from JLab’s experimental

Halls A and C (see, for instance, Refs. [259,575]) reached Q 2
= 8.5 GeV2, at which value the ratio Gp

E/G
p
M was found to be

consistent with zero, albeit with relatively large statistical uncertainty. To extend these measurements to larger values
of Q 2 using small-acceptance spectrometers, such as those used in previous experiments of this type [256–260,575,576],
would require prohibitive beam time.

The most promising path to enlarge the statistical figure-of-merit for measurements of polarisation observables in
high-Q 2 elastic and quasi-elastic electron–nucleon scattering is to increase the solid angle and Q 2 acceptance of both
the electron and proton arms of the experiments. Experiment E12-07-109 [577,578] was approved by the Jefferson Lab
Program Advisory Committee to measure Gp

E/G
p
M to Q 2

= 12 GeV2 using the polarisation transfer method. With this
experiment as the original motivation, the collection of apparatus known as the Super BigBite Spectrometer (SBS) was
designed and constructed to carry out a comprehensive programme of high-Q 2 nucleon EMFF measurements, including:
E12-09-019 [579] to measure the neutron magnetic form factor Gn

M to 13.5GeV2 using the ‘‘ratio method’’ on a liquid
deuterium target; E12-09-016 [580] to measure µnGn

E/G
n
M to 10.2GeV2 using a high-luminosity polarised 3He target,

enabled by convection-driven circulation of polarised gas [581–583]; and E12-17-004 [584] to measure µnGn
E/G

n
M at

Q 2
= 4.5GeV2 using the technique of charge-exchange recoil polarimetry [585] for the first time in the context of a

nucleon form factor measurement. Several additional hadron structure measurements using SBS have also been approved,
including single-spin asymmetries in semi-inclusive deep inelastic scattering [586], and tagged deep inelastic scattering
from the nucleon’s pion cloud [459].

Fig. 4.1.35 shows the Q 2 coverage and projected precision of the data expected from the SBS EMFF programme,
compared to existing data and selected theoretical predictions. It also shows the projected impact of the SBS programme
on the flavour separated ratio of Dirac form factors F d

1 /F
u
1 and the Pauli–Dirac ratios F p,n

2 /F p,n
1 , in an analysis based

on FFF2004 [588]. The analysis suggests that F d
1 , which is mainly constrained by Gn

M , could become negative around
Q 2

= 7 GeV2. This possibility poses challenges to many theory models, particularly the GPD framework; but according to
DSE analyses — Refs. [43,251,254] and Section 2.2.3, it follows naturally from the presence of both scalar and axial–vector
diquark correlations in the proton.

Note that the extrapolation of fit-based uncertainties beyond the Q 2 range of existing data understates the uncertainty
in the true form factor behaviour in the unexplored Q 2 regime. This is underscored by the dispersion of theoretical
models when extrapolating beyond the Q 2 range of existing data. Such an exercise is nonetheless useful in visualising
the impact of new data. In approximately 125 days of approved beam time, the SBS programme will extend the Q 2 reach
and precision of spacelike form factor data far into currently uncharted territory. Data of such kinematic coverage and
precision will severely challenge the most sophisticated theoretical descriptions of nucleon structure in the transition
region between nonperturbative and perturbative QCD, and the flavour-separation enabled by combined proton and
neutron measurements is amongst the most sensitive experimental signatures of diquark degrees-of-freedom. The first
SBS experiment is slated for installation later in 2020, coinciding with a planned shutdown of CEBAF for machine
improvements. Currently, the SBS programme is projected to begin in the summer of 2021.

The SBS programme is enabled by several key conceptual innovations. First, a large dipole magnet with
∫
BdL ≈

2.5 T · m and a cut in the yoke for passage of the beam pipe is used to realise moderately large solid-angle acceptance
and large momentum bite at the forward scattering angles of elastically (and quasi-elastically) scattered nucleons in
eN → eN scattering at large Q 2 values. The SBS dipole field provides momentum analysis and also precesses the
longitudinal component of the scattered nucleon’s spin into a transverse component that can be measured in a subsequent
analysing reaction in the recoil polarisation experiments. Specially designed active and passive magnetic shielding is
used to suppress the transverse components of the SBS fringe field along the downstream beam pipe to avoid and/or
correct the steering of the primary beam downstream of the target. Gas Electron Multiplier (GEM) technology [595,596]
is used extensively for charged-particle tracking in all SBS experiments. Unlike traditional multiwire drift chambers
or proportional chambers, GEMs can operate with stable gain and good tracking performance in the high-luminosity

38 −2 −1
environment of Hall A (up to 6 × 10 cm s ), even with direct line-of-sight to the target. While the SBS dipole field
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Fig. 4.1.35. Projected results from the SBS form factor programme, compared to existing data, including preliminary results for Gp
M extracted from

the recent high-Q 2 elastic ep cross-section measurements in Hall A [587], and selected theoretical predictions. Projected SBS results are plotted at
values extrapolated from the global fit described in the appendix of Ref. [575] for the proton, the Ref. [588] fit (FFF2004) for Gn

M , and Ref. [264]
or Gn

E . Theoretical curves are from the GPD-based model of Ref. [589] (Diehl05), the DSE calculation of Ref. [251] (Segovia14), the VMD model
f Ref. [590,591] (Lomon06), the covariant spectator model from Ref. [592] (Gross08), the constituent quark+diquark model calculation from Ref.
593] (Cloet12), and a relativistic constituent quark model calculation in Ref. [594] (Miller05). Top right: projected impact of SBS programme on the
lavour separated form factor ratio F d

1 /F
u
1 , with central value and uncertainty band evaluated using the fit from Ref. [588]. The improvement in this

ratio owes mainly to the new Gn
M data. Bottom right: projected impact of SBS programme on the ratio Q 2F2/F1 of Pauli and Dirac form factors for

he proton and neutron, also evaluated using the FFF2004 parametrisation. The improvement in these ratios is driven by the Gp
E and Gn

E data.

locks low-energy charged particles from reaching the GEMs, the large flux of low-energy photons leads to a significant
ackground counting rate. An iron-scintillator hadronic calorimeter (HCAL) located behind the SBS magnet is used in
ll the SBS experiments, playing several important roles. HCAL provides an efficient trigger for high-energy nucleons,
referentially selects forward elastic p⃗ + CH2 scattering events with high analysing power in the Gp

E measurement, aids
rack reconstruction in the back GEMs by constraining the coordinates of the proton tracks, and also detects forward
eutrons (protons) from charge-exchange p⃗n → np or n⃗p → pn scattering.
Clean selection of elastic or quasi-elastic eN events in the presence of dominant inelastic backgrounds in large-Q 2

N scattering and clean reconstruction of the final-state particle kinematics in the presence of the aforementioned soft
hoton backgrounds in the GEMs requires coincident detection of both electron and nucleon in the final state. To match
he kinematic acceptance of the electron arm to that of the proton arm generally requires an even larger solid angle
cceptance for the electron than for the nucleon at large Q 2. In the neutron form factor measurements, the existing BigBite
pectrometer [264,597,598] is used for full momentum, vertex, and scattering angle reconstruction for scattered electrons.
he SBS programme, with its higher luminosities and higher beam energies, requires several upgrades to the BigBite
etector package, including GEM-based tracking, a highly segmented gas Cherenkov counter for pion rejection, and a more
inely segmented scintillator plane for precise timing measurements. In the Gp

E measurement, an even larger solid angle
for electron detection is required; and as such, a novel high-temperature lead-glass electromagnetic calorimeter (ECAL)
provides the required energy, spatial, and timing resolution at moderate cost [599]. The continuous thermal annealing
of radiation damage to the glass in a 225◦C oven is required to maintain stable transparency of the glass, and therefore
stable energy resolution of the calorimeter, in the high-radiation environment in Hall A. Unlike in previous experiments
of this type, the calorimeter energy resolution is a critical performance parameter, because the ECAL needs to be triggered
at a high threshold of approximately 80%–90% of the elastically scattered electron energy to achieve a manageable data
rate while maintaining a high efficiency for the events of interest.

4.2. Colour propagation and hadron formation

As one of the last frontiers of nonperturbative QCD, the ubiquitous processes of colour propagation and hadron
formation in quark fragmentation have not yet been understood on the basis of the fundamental theory. The very
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uccessful Lund String Model [600] (LSM) embedded in PYTHIA [601], which incorporates a QCD-inspired foundation,
nd other widely-used Monte Carlo models such as HERWIG [602], allow a good description of high-energy scattering
ata without addressing the unsolved theoretical problem of formulating a description of colour propagation based on
he QCD Lagrangian.

An important step forward was made in the 1990s by the introduction of new data from the HERMES experiment at
he Deutsches Elektronen-Synchrotron laboratory. These data were the first from DIS on nuclear targets (nDIS) that involved
dentified final state hadrons [603–608]. Previous nDIS experiments by the European muon collaboration (EMC) [609] laid
he foundation for these studies (see Ref. [610]) but the introduction of fully identified hadrons at higher energies was a
rucial step that allowed the experimental study of hadron-specific formation mechanisms in the clean environment
f lepton DIS. The use of the nuclear medium allows colour propagation mechanisms to be probed at the fm scale;
pecifically, the use of a variety of nuclear targets and virtual photon energies allows studies spanning the spatial range
rom 0−10 fm using stable atomic nuclei. These distance scales, which greatly exceed any pQCD factorisation limits, allow
tudy of how the colour propagation and hadron formation processes unfold.
As a heuristic example, to form a hadronic system of mass M = 1GeV and radius R = 0.5 fm in an interaction at higher

-Bjorken, xBj, with four-momentum transfer Q 2
= 4GeV2 and photon energy ν = 10GeV, the recoiling hadronic mass

can be estimated as 4GeV [611]. Two distinct stages of the process can be identified: the colour propagation stage and
he hadron formation stage. The LSM string constant κ , equal to 1GeV/fm, can be used to estimate the colour propagation
tage of the process; namely, the passage of the struck coloured quark through space. Dividing the mass involved by the
tring constant gives a crude estimate of the colour lifetime of the system: W/κ = 4 fm/c is the distance over which the
truck quark emits gluons, thus 4 fm is the colour lifetime of the struck quark in the rest frame of the string.
More detailed LSM formulations [612–614] add the dependence on the relative energy, zh, as defined below, which can

ncrease and decrease the colour lifetime, τc , by approximately a factor of two, and the transverse momentum pT , which
ncreases it by a small amount for the example kinematics discussed here. As a lifetime, τc increases via time dilation,
τc , when boosted to other reference frames, where γ is the relativistic boost factor. In the hadron formation stage of
his process, the colour-neutral systems formed in the colour propagation stage, such as qq̄, qqq and q̄q̄q̄ clusters, begin
as colour-singlet systems without a definite mass and size, and they evolve into the known hadrons and baryons over a
finite time interval. These are referred to as ‘‘prehadrons" or hadrons in formation. Since the final-state hadrons have a
finite size, R, one can estimate the formation time in the rest frame of the hadron as R/c [615] which gets larger when
boosted to other reference frames via time dilation. The relativistic gamma factor for this process can be approximated
as ranging from νz/M to νz/Q, i.e. γ is approximately in the range of 5–10 for this example, to boost the leading hadron
into the laboratory frame.

Therefore, nDIS in the range of atomic nuclei spanning ∼ 0 − 10 fm in diameter offers a new opportunity to
probe hadron-dependent details of colour propagation and hadron formation and to extrapolate that information to
the processes occurring in the absence of the nuclear medium. Further, these studies are providing new information on
hadron structure, in particular, on diquark correlations in baryons, as explained below. Strong evidence for the existence
of diquarks can be obtained by comparison of meson production in nDIS with baryon production in nDIS, and quantitative
information on their size can be inferred from the degree of interaction with the nuclear medium that they exhibit.

4.2.1. Probes of meson production using nDIS
The contact between the picture described above and recent experimental observations comes from two observables:

the hadronic multiplicity ratio, Rh
M , and transverse momentum broadening, ∆p2T . The hadronic multiplicity ratio is defined

as:

Rh
M (Q 2, ν, zh, pT ; h) :=

1
Ne(Q 2,ν)

· Nh(Q 2, ν, zh, pT )
⏐⏐⏐
A

1
Ne(Q 2,ν)

· Nh(Q 2, ν, zh, pT )
⏐⏐⏐
D

, (4.2.40)

here the labels D and A refer to a lighter nucleus D such as deuterium, and a heavier nucleus A such as xenon; the label
identifies which type of hadron is being measured; Q 2 and ν are the four-momentum transfer and energy transfer,

espectively; pT is the momentum component of the hadron transverse to the direction of the three-momentum transfer;
h is the relative energy, defined either as the hadron total energy divided by ν or as the ratio of the light-cone variables
f hadron energy–momentum p+

h to overall energy–momentum p+ [616]; and Nh and Ne are the total number of DIS
adrons and electrons, respectively, measured from D and A. The transverse momentum broadening is defined as:

⟨∆p2T ⟩(Q
2, ν, zh; h) = ⟨p2T ⟩

⏐⏐⏐
A
− ⟨p2T ⟩

⏐⏐⏐
D
, (4.2.41)

here the labels are the same as in Eq. (4.2.40) and the angle brackets denote an average over events containing one or
ore hadrons h.
To set the stage for what follows, it is necessary to briefly review the status of interpretation of meson production in

DIS. In all cases with DIS kinematics, a large amount of energy and momentum transfer is absorbed by a relatively small
tructure or subsystem within a nucleon inside the nucleus, most easily visualised as a valence quark. If a valence quark
bsorbs all the momentum and energy transferred by the scattered lepton, it propagates out of the nucleus accompanied
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y other quarks and gluons generated in the interaction, typically producing a spray of multiple hadrons in the final state.
ne of the hadrons must contain the struck quark, while the others are produced in the interaction or are pre-existing
rotons or neutrons ejected from the nucleus, normally at lower energies. The hadron containing the struck quark can
ften be identified with some degree of certainty using kinematic variables such as rapidity, Feynman x, or the relative
nergy zh defined above.
A recent approach to the description of HERMES pion production data based on this picture can be found in Refs.

612,613] (BL19). Therein, two experimental observables are fitted simultaneously in zh bins. The first observable is the
ultiplicity ratio defined in Eq. (4.2.40). This observable provides a measure of the degree of interaction between the
edium and the propagating particles produced in the hard interaction. In the BL19 approach, it primarily signifies

he existence of a hadronic interaction between a forming hadron, or a fully formed hadron, and the nuclear medium.
econdarily, it can also be influenced by the loss of energy of quarks and gluons in the nuclear medium via gluon
remsstrahlung.
The second observable is the broadening of the transverse momentum distribution of the hadron defined in Eq. (4.2.41).

he transverse momentum is defined with respect to the direction of the three-momentum transfer, often referred to as
he direction of the ‘‘virtual photon" in the single-photon-exchange approximation. Within the BL19 formalism, it is the
esult of medium-stimulated emission of soft gluons in the partonic phase of colour propagation through the medium.

In the BL19 approach, the two observables mentioned above are simultaneously fitted to determine two to four
arameters. The modelling categorises the instantaneous state of the struck quark as being either in the partonic
coloured) state or in a hadronic state (colour singlet, bound inside a prehadron or a full hadron). In the latter case,
he hadron may still be forming and thus may not have its full mass and size. The three parameter fit includes (i) the
‘colour lifetime", defined as the time in which the struck quark travels without being incorporated into a colour-singlet
tate; (ii) an effective hadronic interaction cross-section, which only pertains to the colour-singlet hadronic state; and (iii)
transport parameter related to the q̂ theoretical quantity that describes the transverse momentum acquired by a parton
wing to in-medium scattering, which only pertains to the partonic state. In the four-parameter version of the model, the
agnitude of quark energy loss is extracted in addition.
This approach is successful in describing the production of positive pions from nuclear targets as heavy as xenon in

he HERMES data in a one-dimensional analysis in zh. The results obtained produce a good simultaneous fit to the two
bservables and, as a byproduct, the fit independently reproduces the LSM string constant κ to an accuracy of better
han 20%, using the assumption that the data are dominated by the struck quark. Thus, in the BL19 approach, meson
roduction from nuclear targets in nDIS kinematics can be described successfully. While this has only been demonstrated
or the zh-dependence of positive pions thus far, the systematic behaviour of the observables for other mesons in the
ERMES data is quite similar to that of the positive pions, suggesting that the same modelling approach should also be
apable of describing those.
However, the situation is different for proton production from nuclei. The systematic behaviour of proton observables

n the HERMES data is markedly different from that for the mesons and antiprotons, as elaborated in the following section
nd illustrated in Fig. 4.2.36. It can be argued that the systematic differences in the behaviour of the multiplicity ratio for
rotons owe to the importance of diquark degrees-of-freedom in the proton. This theme is the topic of the next section.

.2.2. Probes of baryon production and connection to diquarks
As mentioned above, the systematic features of proton production observables in the HERMES nDIS data are qualita-

ively different from those of meson and antiproton observables. HERMES published multiplicity ratios for protons and
nti-protons (p̄) in addition to five of the lightest mesons; and for all except the neutral pion, HERMES provides data on
he two-dimensional behaviour of the multiplicity ratios, e.g. Rh

M (zh, p2T ) and Rh
M (zh, ν). The p̄ observables are qualitatively

imilar to those of the mesons, but the two-dimensional proton production data are qualitatively different from the data
or the other five particles. The most visible differences are seen in the xenon target data, which provides the longest
n-medium path length. Prominent differences are:

1. Rh
M (zh; p2T ) for protons shows an unexpectedly large enhancement for low zh and high p2T , exceeding 1.0 for all values

of p2T and exceeding 2.0 for the highest p2T . All five other particles have smaller values and most are consistent with
being less than or equal to unity, including p̄. See Fig. 4.2.36, left two columns.

2. Rh
M (p2T ; zh) shows a strict ordering for positive pions and kaons, where the highest enhancement is for low zh and

no enhancement is seen for high zh; but for the proton, this ordering disappears at high p2T . See Fig. 4.2.36, third
column from the left.

3. Rh
M (ν; zh) for low zh exceeds 1.0, rising to 1.3 at high ν. All other measured particles remain well below 1.0. This has

very significant implications for the interpretation of the data because, in the BL19 picture, the behaviour with ν
arises from a Lorentz boost of the colour lifetime proportional to ν. This causes the quark or hadron interaction to
disappear at infinite ν, implying that the multiplicity ratio must approach 1.0 in the high ν limit, and also implying
that it will never exceed 1.0. This expected behaviour is consistent with the HERMES data for all the measured
particles, except the proton, for which it is strongly violated. See Fig. 4.2.36, right-most column.

These observations may be interpreted as follows. Concerning Bullet-1, the degree of the enhancement at high p2T is
signal of the strength of the interaction with the medium, whether of the parton or of the forming hadron. This is a
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Fig. 4.2.36. Data from the HERMES Collaboration showing two-dimensional multiplicity ratios for positively charged hadrons as a function of zh , p2T ,
nd ν, for three bins in a second variable [608]. Column 1a and 1b: Rh

M (zh; p2T ). Column 2: Rh
M (p2T ; zh). Column 3: Rh

M (ν; zh). Each of the top panels
corresponds to positive or negative pions, the middle panels correspond to positive or negative kaons, and the bottom panels correspond to protons
or antiprotons, as labelled. The multiplicity ratios shown are for the xenon target data compared to the deuteron target data, which show the most
pronounced nuclear effects of the various targets discussed in Ref. [608].

sensitive measurement because interactions with the medium in general add to the transverse momentum of the final
particle and the high p2T part of the spectrum is naturally not populated with many events, so in that region the effect of
additional transverse momentum is most visible. Thus, the proton production mechanism involves a stronger interaction
with the medium than that for the mesons and antiproton.

Concerning Bullet-2, the strict ordering of the mesons in the BL19 picture is understood by asserting that at high
zh the travelling particle is dominantly a parton, which has a gentle interaction with the medium via partonic multiple
scattering; while at low zh, the travelling particle typically comes from a prehadron or fully-formed hadron, initially at
higher zh, which had a violent interaction with the medium via inelastic hadronic reactions, producing more new hadrons
at lower energies in an intranuclear cascade and resulting in an enhancement that can exceed unity. The HERMES data for
mesons are consistent with this picture; but for the proton data, this correlation in Rh

M (p2T ; zh) between zh and p2T vanishes
t the highest p2T values, suggesting that the physical picture is quite different.
In Bullet-3, the disappearance of the expected approach of Rh

M (ν; zh) to 1.0 at high ν signals that the picture of BL19 is
ot correct for the proton. Instead of a single struck quark in the initial state that is Lorentz boosted by a factor proportional
o ν, a different mechanism must be at play.

A possible explanation for the HERMES proton data can be found by appealing to a quark+diquark picture of the proton.
description of proton hadronisation rates that relied on a quark+diquark model was used in the 1980s [617] to analyse
p scattering at

√
s = 62 GeV. Proton-K+ production rate ratios were seen to be up to several times larger than antiproton-

K− production rate ratios for transverse momenta of 3 − 6GeV. Conventional model calculations were able to describe
the antiproton-K− ratio, but not the proton-K+ ratio. Including a quark+diquark component of the proton, Ref. [617] was
able to describe the data.

The analysis in Ref. [617] suggests that the HERMES proton data anomalies listed above may well have an explanation
rooted in diquarks. Further, the HERMES data, and present and future data from JLab-CLAS 5 and 11GeV, provide a
very exciting opportunity to probe much more deeply into the diquark nature of the proton, using the nuclear medium
as a spatial analyser. As explained below, this is particularly true for the transverse momentum observable defined in
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q. (4.2.41), and for a particular set of baryons as follows. In the theoretical work of Ref. [64], an analysis of the dominant
iquark correlations contained in various hadrons is presented. According to that work, the proton, neutron, and lambda
aryon are all dominated by the [ud] diquark, while the Σ and Ξ baryons are dominated by the [us] diquark. If the
ud] diquark is a key to explaining the HERMES proton data, comparison of multiplicity ratios and transverse momentum
roadening of accessible baryons will, in the simplest case, show the same patterns for p, n, and Λ, and a different pattern
or Σ and Ξ . The production of all these baryons from nuclear targets will be measured in CLAS at 11GeV [618].

A more provocative and intriguing statement can be made by revisiting the three bullets above, to connect those
bservations to the diquark concept. First, at large momentum transfer, Q 2, the hard interaction involves a very small
olume of the proton. In the BL19 picture it involves only one quark. However, in the case that diquarks are an important
omponent of the proton, when they are close together it is not excluded that both of the quarks in the diquark can be
nvolved in the scattering. In that case the struck object would be a two-quark system, which would either remain intact
r fall apart. In the case that it remains intact, it can be the foundation for a new proton to be formed that can emerge
ver the full range in zh, including at high zh, where more conventional mechanisms like single-quark scattering are much
ore challenged; and proton knockout from the nucleus at high zh is also strongly suppressed. If the moving system is
n intact coloured diquark, it would clearly interact much more strongly with the nuclear medium than a single quark.
n this picture, nDIS leading to final-state protons would show a much stronger interaction with the medium, consistent
ith the Bullet-1 above, and the direct scattering of a diquark is a very different production mechanism than single quark
cattering. This explanation is consistent with the observations of the Bullet 2, 3.
Even more interesting, if the travelling object is a coloured diquark, it will lead to a significant increase in the magnitude

f transverse momentum broadening ⟨∆p2T ⟩(Q
2, ν, zh; h), defined in Eq. (4.2.41), because it will have a QCD colour field

hat is more extended in size than the single quark, as well as having substantial mass. This observation leads to a
rediction: the pT broadening of a proton should be approximately equal to the pT broadening of a neutron and of a Λ-baryon
n nDIS, and all three should be much larger than the pT broadening of any system produced by single-quark scattering, such
s mesons and Σ and Ξ baryons. Similarly, the patterns for the multiplicity ratios noted in the three bullets above should
e very similar for the proton, neutron, and Λ-baryon, aside from small mass effects that will modify the accessible zh
ange, if the traditional definition of zh = Eh/ν is used. One can also expect that the Σ and Ξ will be similar to each
ther in the two observables because they are both dominated by the [us] diquark.
No published data are currently available for pT broadening on the proton or the Λ-baryon, and no published data

re available for the Λ multiplicity ratio. However, preliminary data from CLAS with 5GeV beam for the Λ-baryon have
een released and shown in conferences [619]. Similarly, analyses of proton multiplicity ratios and pT broadening are
ully feasible with the same data set. The preliminary Λ-baryon results are qualitatively similar to the published HERMES
roton data discussed above, and the pT broadening is several times larger than that seen for the HERMES meson studies.
lthough these results are not yet final, they strongly support the idea that direct scattering of diquarks can be measured
xperimentally. This result, if confirmed by the final data, opens a remarkable new era of studies of the structure of the
ucleon and the light strange baryons.

.3. Production cross-sections of baryons at belle

In the context of exotic hadrons, it was shown [620] that the production rates of Λ(1116) and Λ(1520) in e+e−
→

adron at
√
s = 92 GeV were 2–3 times bigger than the estimated values from those of p, Σ , ∆, Ξ , Ω baryons. The

enhancement was attributed to Λ(1116) and Λ(1520) having only [ud] scalar diquark configurations. However, this
ssumption conflicts with predictions from structure studies that employ dynamical diquark correlations [64]: [us], [ds]
nd {us}, {ds} are also significant, so the conclusion is dubious. Notwithstanding that, the heavier mass of the c-quark
an affect the structural properties of charmed baryons [64] and this makes it worthwhile to study their production
ross-sections.
Ref. [621] reported production cross-sections for hyperons (Λ, Λ(1520), Σ0, Σ(1385)+, Ξ−, Ξ (1520)0, Ω−) and

harmed baryons (Λ+
c , Λc(2595)+, Λc(2625)+, Σc(2455)0, Σc(2520)0) obtained using Belle data [622]. In order to avoid

contamination from Υ (4S) decay, Ref. [621] used 89.4 fb−1 of off-resonance data taken at
√
s = 10.52 GeV, which is

0 MeV below the mass of the Υ (4S).
Since charmed baryon production rates are small, it is advantageous to use both off- and on-resonance data. The latter

as been recorded at the Υ (4S) energy (
√
s = 10.58 GeV) with a luminosity of 711 fb−1. To eliminate B-meson decay

contributions in the on-resonance data, one requires the charmed-baryon candidates to have the hadron-scaled momenta
xp = p/

√
s/4 − M2 > 0.44, where p and M are the momentum and mass of the charmed baryon.

The Belle detector [622] is a large-solid-angle magnetic spectrometer that comprises a silicon vertex detector, a central
drift chamber (CDC), an array of aerogel threshold Cherenkov counters (ACC), time-of-flight scintillation counters (TOF),
and an ECAL composed of CsI(Tl) crystals located inside a superconducting solenoid coil that provides a 1.5 T magnetic
field.

Charged particles produced from the e+e− interaction point (IP) are selected by requiring small impact parameters
with respect to the IP along the beam (z) direction and in the transverse plane (r − φ) of dz < 2 cm and dr < 0.1 cm,
respectively. For long-lived hyperons (Λ, Ξ , Ω), the trajectories must be reconstructed carefully.

Particle identification is performed by utilising dE/dx information from the CDC, time-of-flight measurements in the
TOF, and Cherenkov light yield in the ACC. The likelihood ratios for selecting π , K and p are required to be greater than
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Fig. 4.3.37. Left panel. Direct production cross-sections divided by the number of spin states (2J+1) as a function of hyperon masses. S = −1,−2,−3
yperons are shown with filled circles, open circles, and a triangle, respectively. The solid line shows the fit result using an exponential function for
= −1 hyperons, except for Σ(1385)+ . The dashed line shows an exponential curve with the same slope parameter as S = −1 hyperons, which

s normalised to the production cross section of Ξ− . Right panel. As left panel for charmed-baryon masses. The solid and dashed lines show the fit
esults using exponential functions for Λc baryons and Σc baryons, respectively.

.6 over the other particle hypotheses. This selection has an efficiency of 90−−95% and a fake rate of 5−−9%. The use of
harge-conjugate decay modes is implied, and the cross-sections of the sum of the baryon and antibaryon production are
ecorded. In order to estimate the efficiencies, Monte-Carlo (MC) events are generated using PYTHIA6.2, and the detector
esponse is simulated using GEANT3.

One first obtains the inclusive differential cross sections, dσ/dxp, as a function of hadron-scaled momenta, xp.
ntegrating the differential cross-sections in the 0 ≤ xp ≤ 1 region, one obtains the cross-section without radiative
orrections (visible cross-sections). For S = −1 hyperons, the integrations can be completed using a third order Hermite
nterpolation describing the behaviour in the measured xp range, assuming the cross-section is zero at xp = 0, 1. Estimates
f the contributions from the unmeasured regions can be accomplished using PYTHIA, with the differences between two
stimates included as part of the total systematic error. For S = −2 and −3 hyperons, the cross-sections can be measured
n the entire xp region. For charmed baryons, the contributions from the unmeasured xp regions may be estimated using
C simulations with various fragmentation models. Radiative corrections are subsequently applied in each xp bin of the
σ/dxp distribution. The correction for initial-state radiation (ISR) and vacuum polarisation can again be estimated using
YTHIA, by enabling or disabling these processes; and the final-state radiation (FSR) from charged hadrons can be analysed
sing PHOTOS [623]. Finally, the feed-down contributions from the heavier particles are subtracted from the radiative-
orrected total cross-sections to obtain the direct cross-sections, which may directly reflect the internal structures of
aryons.
The procedure just described yields the results depicted in Fig. 4.3.37. These are scaled direct production cross-sections,

.e. direct production cross-sections divided by the number of spin states (2J+1) as a function of baryon masses. Fig. 4.3.37 -
eft panel reveals exponential dependence of the scaled direct production cross-sections for S = −1 hyperons except for
he Σ(1385)+. Since Σ(1385)+ includes a u-quark component and the e+e−

→ uū cross-section is larger than those
or e+e−

→ dd̄ or e+e−
→ ss̄, a low-lying Σ(1385)+ runs contrary to naïve expectations. Enhancements of the scaled

irect production cross-sections for Λ and Λ(1520) are not evident, contradicting Ref. [620]. Notably, the feed-down
ontributions were not subtracted therein; and since the feed-down contribution is large for Λ, this may explain the
iscrepancy. Fig. 4.3.37 clearly indicates that the scaled production cross-sections for S = −1 hyperons are larger than
hose for S = −2 hyperons and that for the S = −3 Ω is the smallest amongst the strange baryons.

The results for charmed baryons are shown in Fig. 4.3.37 - right panel. The scaled production cross-section for the
Σc(2800) measured by Belle [624] is shown in the same figure, computed using the weighted average of cross-sections
for the three charged states and assuming that the Λ+

c π decay mode dominates over the others. In Ref. [624], the spin
arity is tentatively assigned as JP = 3/2−, so a spin of 3/2 was used for this state.
In the case of charmed baryon direct production in e+e− collisions, the first process should be e+e−

→ cc̄ , since the c-
uark mass is well above the QCD energy scale, ΛQCD; hence, cc̄ pair production should be relatively rare in hadronisation
rocesses. Fig. 4.3.37 - right panel clearly shows that the scaled production cross-sections for the isoscalar charmed
aryons are larger than those for the isovector charmed baryons. Some may argue that this outcome is consistent with
iquark+antidiquark pair production being easier in the lighter isoscalar–scalar channels than in the heavier isovector–
seudovector channels. However, this assumes very simple spin-flavour wave functions for the systems involved, in
onflict with calculations based on dynamical diquark degrees-of-freedom [64]. Evidently, therefore, further experimental
nd theoretical studies are necessary to unveil the information contained in Fig. 4.3.37.
50



M.Yu. Barabanov, M.A. Bedolla, W.K. Brooks et al. Progress in Particle and Nuclear Physics 116 (2021) 103835

4

t
i
b
c
c
r

a
p
r
m
p
i
i

T
f

o
i

p
w

.4. Next steps for continuum Schwinger function methods

Capitalising on the foundation provided by existing studies, sketched in Section 2.2, many new paths are open to
he use of CSMs in exploring the origin and impact of diquark correlations in hadron physics. Simplest amongst them
s exploitation of the SCI for the computation of those nucleon-to-resonance transition form factors that have not yet
een calculated using more sophisticated frameworks. This can be useful because the inclusion of all possible diquark
orrelations is fairly straightforward when using the SCI; hence, such studies can provide guidance concerning those
orrelations and inter-diquark transitions that are most important when calculating the associated electroproduction
eactions.

Informed by SCI studies, the QCD-kindred framework could profitably be employed to make predictions for the same
rray of transition form factors, expecting that the results should compare favourably with available experiments and
rovide guidance for conducting and planning others. The advantage here is that the QCD-kindred framework can deliver
ealistic predictions on a Q 2 domain that extends far beyond that upon which MBFSIs play an important role. This
eans that comparison with experiments can provide unclouded insights into the active degrees-of-freedom within the
articipating baryons and the correlations between them. Given their anticipated diquark content and potential to reveal
nformation about orbital angular momentum and intrinsic deformation, the following transitions are of most immediate
mportance:

N(940) 1
2

+
→ N(1535) 1

2
−
; N(940) 1

2
+

→ N(1520) 3
2

−
; N(940) 1

2
+

→ ∆(1700) 3
2

−
;

N(940) 1
2

+
→ N(1710) 1

2
+
; N(940) 1

2
+

→ N(1700) 3
2

−
; N(940) 1

2
+

→ ∆(1620) 1
2

−
.

(4.4.42)

his confidence is based on existing successful studies of transitions involving the N(1440) 1
2

+
, ∆(1232) 3

2
+
, ∆(1600) 3

2
+

inal states.
Information derived from the above analyses could be used as the foundation for computation of baryon DAs. Defined

n the light-front, these DAs provide the closest link in quantum field theory to a Schrödinger-like wave function with
ts probability interpretation. In all likelihood, as discussed in connection with Figs. 2.2.14, 2.3.22, the pictures obtained
therewith may readily be interpreted to reveal the importance, impact and size of diquark correlations within each baryon
under study.

Owing to weaknesses in existing algorithms, ab initio CSM calculations of nucleon elastic and transition form factors
are currently limited in the range of Q 2 that is accessible: Q 2 ≲ 7 GeV2. JLab 12 will probe far deeper than can be accessed
using these methods. Improvements are therefore necessary; at least so that comparisons can be made between ab initio
results and predictions delivered, e.g. by the QCD-kindred quark+diquark framework. Such contrasts at large-Q 2, beyond
the range of MBFSIs, could be crucial in identifying unambiguous signals for the presence of diquark correlations.

A most pressing need is to improve upon leading-order RL truncation in ab initio analyses of the baryon bound-state
problem. Whilst RL truncation does provide for SU(6) spin-flavour symmetry breaking in baryon wave functions — most
notably because it enforces a coupling between wave function components in momentum-, spin- and flavour-spaces; and
does contain the seeds for the formation of diquark correlations; it does not, e.g. produce the mass-splittings amongst
isospin partners that are achieved in quark+diquark truncations of the Faddeev equation. It is necessary to identify a
beyond-RL truncation of the Faddeev equation that can produce diquark correlations and explore its fidelity, features and
flaws.

4.5. Selected advances (needed) in lattice-QCD

Studies of nucleon elastic form factors using DSEs have demonstrated the significance of diquark correlations for
nucleon structure at high transferred momentum [43,251,254]. In particular, the zero crossing in the electric Sachs
form factor is sensitive to the presence of quark+quark correlations in the nucleon Faddeev amplitude, thus data from
experiment or nonperturbative lQCD calculations can be used to determine their magnitude. The experimental programme
to determine nucleon form factors up to Q 2

≈ 18GeV2 is well underway [577–579,581–584]. A first-principles theoretical
calculation of nucleon form factors with rigorous control of systematic effects is possible using modern lQCD methods.

Until recently, studies of nucleon form factors on a lattice were limited to Q 2 ≲ 1 − 2GeV2. One notable exception
is the calculation of GEp/GMp using a Feynman–Hellman method [625]. Lattice calculations involving hadrons with large
momentum |p⃗ | ≳ mN are challenging for several reasons. First, MC fluctuations of lattice hadron correlators are governed
by the energy of the state [626]. The signal-to-noise ratio for the nucleon is expected to decrease ∝ exp

[
−(EN (p⃗ )− 3

2mπ )τ
]

with Euclidean time τ , making high-momentum calculations especially ‘‘noisy’’. At the same time, excited states of the
nucleon, which are expected to introduce large systematic uncertainties, are less suppressed by Euclidean time evolution
∝ exp

[
−∆EN (p⃗ )τ

]
as the energy gap ∆E(p⃗ ) = EN,exc(p⃗ ) − EN (p⃗ ) shrinks with increasing relativistic nucleon momentum

|p⃗ |. Both these challenges are best addressed by choosing the Breit frame on a lattice, so that the initial and final momenta
of the nucleon are equal to |p⃗ (′)

| =
1
2

√
Q 2. For example, momentum transfer Q 2

1 ≈ 10GeV2 requires nucleon momentum
1 ≳ 1.6GeV, which reduces the energy gap ∆EN (0) ≈ 0.5GeV to ≈ 0.3GeV. Therefore, very large MC statistics combined
ith rigorous analysis of excited state contaminations become absolutely necessary to obtain credible results.
The calculations in Refs. [261,262] were performed with Nf = 2 + 1 (light and strange) dynamical quarks using the

clover-improved Wilson fermion action and lattice spacing a ≈ 0.09 fm. Two values of pion mass (m ≈ 280 and 170MeV)
π
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Fig. 4.5.38. Nucleon effective energies computed on a lattice with spacing a ≈ 0.09 fm and pion masses mπ ≈ 280MeV (‘‘D5’’, left) and 170MeV
‘‘D6’’, right).

ere used in the calculations, enabling a check on the light-quark mass dependence of the results. Nucleon interpolating
perators N = ϵabc[ũaTCγ5d̃b]ũc were constructed on a lattice with ‘‘momentum-smeared’’ quark fields, q̃, to improve

their overlap with the ground state of the boosted nucleon [627].
The nucleon correlators become dominated by the ground state C(t) = ⟨N(t) . . . N̄(0)⟩ ∝ e−EN t as the Euclidean time
is increased. The approach to the ground state can be revealed by observing the plateau of the ‘‘effective energy’’

eff
N (t) =

1
a log

[
C(t)/C(t + a)

]
as t → ∞. These plateaux are shown in Fig. 4.5.38 for both pion masses and momenta

up to pN ≈ 1.5GeV2. As expected, there are substantial contributions from nucleon excited states. Although more than
one excited state is expected to contribute, the data are not precise enough to constrain more than one, especially at large
momenta. Therefore, a simple two-state model was imposed on the results

⟨N(p⃗, t)N̄(0)⟩ ∼ C2
0 e

−EN0t + C2
1 e

−EN1t ,

⟨N(p⃗ ′, t)J(q⃗, τ )N̄(0)⟩ ∼ A0′0C0′C0e−E′
N0(t−τ )−EN0τ + A1′0C1′C0e−E′

N1(t−τ )−EN0τ

+ A0′1C0′C1e−E′
N0(t−τ )−EN1τ + A1′1C1′C1e−E′

N1(t−τ )−EN1τ , (4.5.43)

to extract ground-state nucleon energies E(′)
N0 and momentum-dependent matrix elements of nucleon operators C0(′) =

⟨vac|N|N(p⃗ (′))⟩ and the vector current density A0′0 = ⟨N(p⃗ ′)|J|N(p⃗ )⟩. The latter are decomposed into form factors F q
1,2

separately for each flavour q.
Wick contractions of lattice quark fields generate two types of diagrams: quark-connected and quark-disconnected.

The latter have lattice quark ‘‘loops’’ that are connected to the valence quark lines only by gluons and are more difficult
to compute. One study [628] found their contribution to nucleon form factors at Q 2 ≲ 1.2GeV2 to be small (≲1%). Their
effects at higher momenta remain to be explored. Refs. [261,262] omitted these contributions.

The left panel of Fig. 4.5.39 displays the ratio of proton Pauli and Dirac form factors computed in Ref. [262] along
with a parametrisation of existing data [629] that was constrained by proton experimental results on Q 2 ≲ 8.5GeV2.
ne pQCD analysis of this ratio has argued that it should scale as F2p/F1p ∼ ln2(Q 2/Λ2)/Q 2 [363]. Evidently, although the

general trend of the lQCD results is compatible with logarithmic growth, the current precision is insufficient to validate it.
Moreover, as remarked in Section 3.1, existing empirical data on the analogous neutron ratio are inconsistent with such
scaling [270]; hence, any success for the proton ratio is likely more apparent than real.

The lQCD results [262] for the ratios of Sachs electric and magnetic form factors for the proton and neutron are,
respectively, shown in the middle and right panels of Fig. 4.5.39; again along with the phenomenological fits and some
experimental data. There is fair agreement between the lattice results and experiment (phenomenology) for the proton
ratio, although better precision is required in light of forthcoming experiments at JLab.

In the case of the neutron, the lQCD prediction for µn Gn
E/G

n
M lies below the experimental data, as made clearer by the

comparison in Fig. 2.2.9. It may be that since the neutron is neutral, its electric form factor is more sensitive to systematic
effects in the lQCD calculation [262]; in particular, the omission of disconnected quark contractions and unphysically heavy
pion masses. It is worth concentrating effort here because this ratio is particularly interesting owing to the wide divergence
between phenomenology and theory predictions on the domain beyond that for which empirical data is currently available
— see Fig. 4.1.35, lower-middle panel.

Individual proton and neutron form factors are shown in Fig. 4.5.40, again compared to phenomenological fits. Although
the lattice results have qualitatively similar Q 2 behaviour, they overshoot the phenomenological fits by a factor of 2−2.5.
This substantial difference may owe to discretisation effects. Without a calculation on a smaller lattice spacing, these
effects are difficult to assess. However, it may be expected that as momentum becomes large on a lattice, i.e. comparable
to the Brillouin zone size, rotational symmetry is violated. To test this, a calculation was repeated on the smaller lattice
(‘‘D5’’) using nucleon state momenta along a 2D diagonal of the cubic lattice (shown with red squares in Fig. 4.5.40). In
general, lattice calculations with such momenta are expected to have smaller discretisation errors. Results from these two

p
calculations largely agree. The largest difference is found in the case of F1 , where it is still much smaller than the deviation
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Fig. 4.5.39. Results from Ref. [262]. Ratio of proton form factors Q 2F2p(Q 2)/F1p(Q 2) (left); ratio of proton form factors µpGEp(Q 2)/GMp(Q 2) (middle);
and ratio of neutron form factors µpGEn(Q 2)/GMn(Q 2) (right). Disconnected quark contractions are neglected. Results from calculations with pion
masses mπ ≈ 270MeV (‘‘D5’’) and 180MeV (‘‘D6’’) are compared to phenomenological fits of experimental data (black symbols) [629]. Additional
comparisons with data and also DSE predictions are provided in Fig. 2.2.9.

Fig. 4.5.40. Comparison of lattice results for form factors of the proton (left) and the neutron (right) [262] with phenomenological fits of experimental
data [629]. Disconnected quark contractions are neglected.

from experiment. A detailed study of O(a)-improved current operators and calculations at different lattice spacings are
required to control this source of systematic effects.

Fig. 4.5.41 shows flavour-separated form factors determined from the lQCD results in Ref. [262]. For comparison, these
u and d contributions are shown rescaled in a fashion similar to that in Ref. [71]. In experiment, the separated form factors
are obtained by combining proton and neutron data and relying on SUf(2) symmetry, which is exact in this lattice QCD
calculation. Since both the neutron and the proton data are required, the fit can only be relied upon for Q 2 ≲ 3.4GeV2. As
seen with the nucleon form factors themselves, the flavour-separated lattice results overshoot experiment by a large
factor. Nevertheless, there is qualitative agreement on their Q 2 dependence and the relative size of u- and d- quark
contributions.

At this juncture, the initial lQCD calculations of nucleon form factors overestimate empirical data by a large factor.
On the other hand, form factor ratios are in better agreement. Calculations with smaller lattice spacings are underway
and will lead to better understanding of current disagreements; validation of lQCD methods for high-momentum nucleon
states on a lattice; and shed light on nucleon structure in the important region of transition from nonperturbative to
perturbative quark–gluon dynamics.
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Fig. 4.5.41. Contributions of u and d quarks to Dirac F1 (top) and Pauli F2 (bottom) nucleon form factors. The scales are adjusted for comparison to
figures in Ref. [71]. Disconnected quark contractions are neglected. The phenomenological fits to experimental data are limited to Q 2

≤ 3.4GeV2 in
he neutron case [629].

. Epilogue

Modern facilities will probe hadronic interiors as never before, e.g. JLab at 12 GeV will push form factor measurements
o unprecedented values of momentum transfer and use different charge states, enabling flavour separations; an EIC
nd EicC would measure valence-quark distribution functions with previously unattainable precision; and elsewhere,
ollaborations like BaBar, Belle, BESIII, LHCb, are discovering new hadrons whose structure does not fit once viable
aradigms. The wealth of new and anticipated information demands that the issue of correlations within hadrons be
ettled.
Fifty years ago, it was argued that pointlike diquarks might simplify treatment of the baryon bound-state problem and,

ubsequently, that they could explain the so-called missing resonance problem. Today, analyses of the three valence-quark
ound-state problem in quantum field theory predict that the nucleon, more generally a baryon, can be understood as a
orromean bound-state, in which non-Abelian features of QCD generate confined, non-pointlike yet strongly-correlated
olour–antitriplet diquark clusters within. This diquark clustering is an emergent phenomenon, driven by the same
echanism: emergent hadronic mass (EHM), which is responsible for approximately 98% of the visible mass in the
niverse. There is evidence for such clusters in simulations of lQCD; and their presence within baryons is predicted to
ave numerous observable consequences, some of which already have strong experimental support. The idea of diquark
lustering is also prominent amongst competing explanations of the existence and structure of tetra- and penta-quark
ound-states; and there is extensive use of the diquark notion in nuclear and high-energy physics phenomenology.
Herein, our goal has been to provide a critical review of existing information, consolidate the facts, and therefrom

evelop a coherent, unified picture of soft quark+quark (diquark) correlations inside hadrons that answers the following
ey questions:

(i) How firmly founded are continuum theoretical predictions of diquark correlations in hadrons?
Within a widely-used leading-order truncation of the DSEs, the diquark Bethe–Salpeter equation differs from the
meson analogue by only a 1/2 colour factor; thus, one can find free diquark propagators whose poles are the diquark
masses. However, as noted in Section 2.2.1, higher-order corrections remedy that defect, eliminating asymptotic
diquark states from the spectrum. Moreover, the continuum approach to the three valence-quark bound-state
problem in relativistic quantum field theory has the potential to generate diquark correlations within the kernel
of the Faddeev equation, i.e. despite the kernel being blind to diquarks, it self-arranges in blocks that reflect a
spin–flavour structure corresponding to diquark objects.

(ii) What does lattice QCD have to say about the existence and character of diquark correlations in baryons and
multiquark systems?
Lattice QCD has provided semi-quantitative information on diquark correlations. The effective masses of quarks
and diquarks can be derived from the related propagators in a fixed gauge. In Landau gauge, the effective mass
of u, d-quarks is roughly 0.4GeV, which is close to the constituent mass value used in phenomenological models.
The effective masses of the scalar and pseudovector diquarks are determined to be around 0.7GeV and 1.0GeV,
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respectively. Although the mathematical meaning of these effective masses can be debated because diquarks are not
asymptotic states, the values match those used in phenomenology and predicted by continuum Schwinger function
methods.

(iii) Are there strategies for combining continuum and lattice methods in pursuit of an insightful understanding of hadron
structure?
Yes, there are many. Some of them have been detailed herein, e.g. DSE and lattice studies of baryon PDAs, where
the way in which the total longitudinal momentum is shared by the three valence quarks can indicate quark+quark
correlations. Another strategy sees the same physical observable studied as a function of the pion mass, i.e. current
quark mass, using both continuum and discrete formulations of QCD. This could elucidate the role played by virtual
quark+antiquark pairs, different gluonic environments, effects distinguishing light versus heavy quarks, etc.

(iv) Can theory identify experimental observables that would constitute unambiguous measurable signals for the
presence of diquark correlations?
Yes. Some of them are related with spectroscopy of exotic hadrons, such as the fact that the diquark+antidiquark
picture of tetraquark states inescapably implies the existence of charged or doubly charged partners of the XYZ
particles. More generally, for each level predicted, a degenerate isovector and isoscalar state should appear. On
the other hand, most of the experimental observables identified herein are connected with structural properties
of conventional hadrons, e.g. the existence of zeros in the d-quark contribution to the Dirac and Pauli form factors
highlights that any appearance of scaling in available data on nucleon electromagnetic form factors is incidental
because the zero expresses a continuing role for correlations which distinguish between quark flavours and impose
different features upon their scattering patterns.

(v) Is there a traceable connection between the so-called diquarks used to build phenomenological models of high-
energy processes and the correlations predicted by contemporary theory; and if so, how can such models be
improved therefrom?
If such a connection is to be drawn, then the concept of diquarks as effective degrees-of-freedom must evolve to
more closely resemble the contemporary view derived from continuum and discrete functional methods, viz. modern
diquarks are confined, with mass-scales that express the strength and range of the correlation inside the hadron;
they are fully dynamical, with no quark holding a special place because each one participates in all correlations to
the fullest extent allowed by its quantum numbers; they have electromagnetic sizes, which enforce certain distinct
interaction patterns; and there are different species, amongst which isoscalar–scalar and isovector–pseudovector
correlations are the strongest but others play a key role in nucleon excited states.

(vi) Are diquarks the only type of two-body correlations that play a role in hadron structure?
Inspired by the probable existence of quark+quark correlations inside baryons, the continuum quantum field theory
approach has recently been applied to hybrid mesons (systems constituted from quark+antiquark+gluon systems)
and glueballs (a system constituted only by gluons) exploiting the existence of strong two-body correlations in the
gluon–quark and gluon–gluon channels. These studies have demonstrated that pursuing agreement with lQCD can
provide insights into fundamental quantities of QCD such as the infrared-dressing of the three-gluon vertex and
potential subtle effects of EHM in the quark–gluon and antiquark–gluon vertices that enter in the kernel of the
Bethe–Salpeter equations for a hybrid.

(vii) Which new experiments, facilities and analysis tools are best suited to test the emerging picture of two-body
correlations in hadrons?
This point has been canvassed throughout, but there is merit in reiterating one example: deep inelastic scattering
on nuclear targets (nDIS) with identified final state hadrons probes the mechanisms of colour propagation and
hadron formation on fm distance scales. A good description of the production of light mesons at HERMES has
been achieved. However, the production of protons in nDIS shows very different patterns, which imply a different
production mechanism from that of light mesons. A potential explanation involves direct knockout of diquarks, which
subsequently form into new protons. A powerful experimental test of this explanation would be the confirmation of
transverse momentum broadening with a similar magnitude for proton, neutron, and Λ baryons, and much greater
magnitude than that seen for light mesons. This is motivated by theoretical analyses of the different kinds of diquark
correlations inside baryons.

A great deal has changed since the introduction of the diquark concept more than fifty years ago. The questions
urrounding diquarks have evolved, as have the experimental and theoretical tools that can be deployed to answer them.
Lab at 12GeV will deliver a vast array of data. It will challenge theory. In answering that challenge, much will be learnt.
ontinuing revelations in spectroscopy, and experiments at upgraded and new facilities will pose questions in different
reas. Within twenty years, as experiment moves into the realm where modern diquarks are supposed to live, answers
ill be found: Diquarks; if so, what and why?

bbreviations
The following abbreviations are used in this manuscript:
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ACC aerogel threshold Cherenkov counters
BABAR detector at SLAC
Belle (Belle-II) detector at Japan’s high energy accelerator research complex in Tsukuba
BEPC (BEPCII) Beijing Electron Positron Collider
BESIII detector at BEPC
BL19 Analysis framework in Refs. [612,613]
BoNuS detector and associated collaboration at JLab
BS (BSE) Bethe–Salpeter (equation)
CDC central drift chamber
CEBAF Continuous Electron Beam Accelerator Facility at JLab
CERN European Laboratory for Particle Physics
CL confidence limit
CLAS detector in Hall-B at JLab
CLAS12 upgraded CLAS detector
CLS coordinated lattice simulations
COMPASS detector at CERN
CSM continuum Schwinger-function method
DA distribution amplitude
DCSB dynamical chiral symmetry breaking
DF distribution function
DIS deep inelastic scattering
DSE Dyson–Schwinger equation
DVCS deeply virtual Compton scattering
ECAL electromagnetic calorimeter
EIC electron ion collider in the USA
EicC electron ion collider in China
EMC European muon collaboration
EMFF(s) electromagnetic form factor(s)
EHM emergent hadronic mass
FAIR Facility for Antiproton and Ion Research, Darmstadt
FF(s) form factor(s)
FFF2004 nucleon form factor fit from 2004, Ref. [588]
FSR final-state radiation
GEM gas electron multiplier
GPD generalised parton distribution
HCAL hadronic calorimeter
HERA particle accelerator in Hamburg
HERMES detector and associated collaboration at HERA
IP interaction point
ISR initial-state radiation
JLab Thomas Jefferson National Accelerator Facility
JLab 12 Thomas Jefferson National Accelerator Facility with 12GeV e− beams
LFRHD light-front relativistic Hamiltonian dynamics
LFRQM light-front relativistic quark model
LHC large hadron collider
LHCb LHC beauty experiment
LO leading-order
lQCD (LQCD) lattice-regularised quantum chromodynamics
LSM Lund string model
MBFSIs meson–baryon final state interactions
MC Monte-Carlo
MS modified minimal subtraction renormalisation scheme
nDIS DIS on nuclear targets
NG (boson/mode) Nambu–Goldstone (boson/mode)
NICA Nuclotron-based Ion Collider fAcility, Dubna
NLO next-to-leading-order
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PDA parton distribution amplitude
PDF parton distribution function
PDG Particle Data Group
PG Pauli–Gürsey (symmetry)
pQCD perturbative quantum chromodynamics
QCD quantum chromodynamics
QM quark model
RBC Riken-Brookhaven-Columbia lattice-QCD collaboration
RI′-SMOM modified Rome-Southampton lQCD regularisation and renormalisation scheme
RL rainbow-ladder (truncation)
SBS Super BigBite Spectrometer at JLab
SCI symmetry-preserving treatment of the vector⊗ vector contact interaction
SIDIS semi-inclusive deep inelastic scattering
SPM Schlessinger point method
SM Standard Model of Particle Physics
SSA single spin asymmetry
TOF time-of-flight scintillation counters
TMD transverse momentum dependent parton distribution
UKQCD United Kingdom lattice-QCD collaboration
VMD vector meson dominance
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