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There are two mass generating mechanisms in the standard model of particle physics
(SM). One is related to the Higgs boson and fairly well understood. The other is
embedded in quantum chromodynamics (QCD), the SM’s strong interaction piece; and
although responsible for emergence of the roughly 1 GeV mass scale that characterises
the proton and hence all observable matter, the source and impacts of this emergent
hadronic mass (EHM) remain puzzling. As bound states seeded by a valence-quark
and -antiquark, pseudoscalar mesons present a simpler problem in quantum field
theory than that associated with the nucleon. Consequently, there is a large array
of robust predictions for pion and kaon properties whose empirical validation will
provide a clear window onto many effects of both mass generating mechanisms and
the constructive interference between them. This has now become significant because
new-era experimental facilities, in operation, construction, or planning, are capable of
conducting such tests and thereby contributing greatly to resolving the puzzles of EHM.
These aspects of experiment, phenomenology, and theory, along with contemporary
successes and challenges, are reviewed herein. In addition to providing an overview of
the experimental status, we focus on recent progress made using continuum Schwinger
function methods and lattice-regularised QCD. Advances made using other theoretical
tools are also sketched. Our primary goal is to highlight the potential gains that can
accrue from a coherent effort aimed at finally reaching an understanding of the character
and structure of Nature’s Nambu-Goldstone modes.
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1. Emergence of mass

When considering the origin of mass in the standard model of particle physics (SM), thoughts typically turn to the
Higgs boson because couplings to the Higgs are responsible for every mass-scale that appears in the SM Lagrangian. The
notion behind this Higgs mechanism for mass generation was introduced more than fifty years ago [1-3] and it became an
essential piece of the SM. In the ensuing years, all the particles in the SM Lagrangian were found; although the Higgs boson
proved elusive, escaping detection until 2012 [4,5]. With discovery of something possessing all the anticipated properties
of the Higgs boson, the SM became complete and the Nobel Prize in physics was awarded to Englert and Higgs [6,7]
“...for the theoretical discovery of a mechanism that contributes to our understanding of the origin of mass of subatomic
particles ...”

Higgs boson physics is characterised by an explicit mass scale vy = 1/,/Gp /2 = 246 GeV, where G is the Fermi
coupling for muon decay, which also controls the rate of neutron 8 decay. Governed by this scale, the SM’s weak bosons
disappeared from the equilibrium mix when the age of the Universe was roughly 10~'2 s. The large value of vy is known
through comparisons between SM predictions and contemporary experiment; it is not a SM prediction. The size of vy is
critical to the character of the Universe as it is seen today because it fixes the weak boson mass-scale to be commensurate
in magnitude; thereby, e.g. protecting Universe evolution from the destabilising influence of electrically charged gauge-
bosons that propagate over great distances. Evidently, the Higgs mechanism, or something practically identical at all length
scales which have thus far been probed, is a crucial piece in the puzzle that explains our existence.

It is therefore peculiar that Higgs couplings to those fermions which are most important to everyday existence,
i.e. the electron (e~) and the up (u) and down (d) quarks, produce such small mass values [8]: m, = 0.511 MeV,
my ~ 4m, ~ 2.2 MeV, my ~ 2m,. These particles combine to form the hydrogen atom, the most abundant element in the
Universe, whose mass is 939 MeV. Somehow one electron, two u quarks and one d quark, with a total Higgs-generated
mass of ~ 13m, ~ 6.6 MeV, combine to form an object whose mass is 140-times greater.

The energy levels of the hydrogen atom are measured in units of m.a2, where &, ~ 1/137 is the fine structure constant
in quantum electrodynamics (QED). Both quantities appear explicitly in the SM Lagrangian; and all of atomic and molecular
physics are unified when these two fundamental parameters have their small values. The solution to the mystery of the
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missing mass of the Hydrogen atom must therefore lie somewhere else; and there is only one other place to look, viz. the
proton at the heart of the atom, whose mass is m, = 0.938 GeV.

Protons and other hadrons began to appear following another key step in the evolution of the Universe. Namely, after
the cross-over from the quark-gluon plasma phase into the domain of hadron matter, which occurred when the Universe
was approximately 1078 s old [9-11]. This marks the beginning of the emergence of hadron mass (EHM).

Within the SM, the proton is supposed to be explained by quantum chromodynamics (QCD), a Poincaré-invariant local
quanttllm gauge field theory with interactions based upon the non-Abelian group SU(3). The QCD Lagrangian is simple to
write:

foo = Gly-9+iggaly A +mlg + GG, (1.13)
f=u,d,s,...
wa = aﬂA?) + aVATL - gfabCAZAf)’ (1.1b)

where {q; | f = u,d, ...} are the quark fields, of which six flavours are currently known, and {m,} are their Higgs-
generated current-quark masses; {AZ | a = 1,...,8} are the gluon fields, whose matrix structure is encoded in {A%},
the generators of SU(3) in the fundamental representation; and g is the unique QCD coupling. Similar to QED, one
conventionally defines o = g2 /[4n?2].

It is worth noting here that when {m, = 0}, Eq. (1.1) divides into two separate pieces, one describing massless left-
handed fermions, q; = %(l — ¥5)q, and the other describing right-handed fermions, gz = %(I + y5)g. No interactions in the
Lagrangian can distinguish between q; and gg; hence, the Lagrangian possesses a chiral symmetry.

Eq. (1.1) is almost identical to the QED Lagrangian. The principal difference is the underlined term in Eq. (1.1b), which
generates self interactions amongst the gluons. Yet, whereas QED is probably only an effective field theory, currently
being ill-defined owing to the presence of a Landau pole at some (huge) spacelike momentum (see, e.g. Refs. [12, Ch. 13]
and [13-16]), QCD appears empirically to be well-defined at all momenta. Theoretically, asymptotic freedom [17-19]
ensures that QCD’s ultraviolet behaviour is under control. At the other extreme, i.e. the infrared domain, all circumstantial
evidence, including our existence, indicates that there are no issues either. Gluon self interactions are certainly the origin
of asymptotic freedom; and, logically, if QCD is also infrared complete, then the underlined term in Eq. (1.1b) must be
the effecting agent.

So, where is the proton’s mass in Eq. (1.1)? As noted already, m, is not contained in the sum of the light-quark
current masses that appear explicitly. It is therefore worth exploring the character of the theory defined without them, i.e.
QCD with all quark couplings to the Higgs boson turned off. The resulting Lagrangian is scale invariant; and it is readily
established that in such a theory, compact bound states are impossible. For suppose the field equations admit a nontrivial
solution for a bound state with size “r”, then simple dilation transformations, under which the theory is invariant, can be
used to inflate r — oo, i.e. to eliminate the bound state. Consequently, scale invariant theories do not support dynamics,
only kinematics. Plainly, therefore, if Eq. (1.1) is really the basis for, inter alia, an explanation of the proton’s mass and
size, then something remarkable must happen in completing the definition of QCD.

In a Poincaré invariant quantum field theory, observables are independent of spacetime translations. This places a
constraint on the theory’s energy-momentum tensor, T,,,:

9Ty = 0. (1.2)
Focus now on QCD and consider a global scale transformation in the classical action defined by Eq. (1.1):

X=X =e7x, Al(x) > AN(X) = e Al(e"x), q(x) > () =e PP g(e x). (1.3)
The Noether current connected with these transformations is

Dy = TuXy (1.4)

the dilation current. In the absence of Higgs couplings into QCD, the classical action is invariant under dilations; hence,
using Eq. (1.2),

9D, =0 = [0, T, 1% + TuuBp = Ty - (1.5)

This proves that the trace of the energy-momentum tensor is zero in any theory that is truly scale invariant. So much for
the classical theory: in the absence of an explicit mass-scale, none can emerge.

Quantisation preserves Poincaré invariance. It also entails the appearance of loop diagrams, which typically possess
ultraviolet divergences. A workable mathematical definition of such loop integrals requires introduction of a regularisation
procedure and associated mass-scale, v. Following regularisation, a systematic renormalisation scheme must be introduced
in order to eliminate from all computed quantities any dependence on the arbitrary scale v, which can differ between loop
integrals, and replace it by a dependence of Lagrangian parameters on a single scale ¢, i.e. the renormalisation scale [20].

1 We use a Euclidean metric throughout; so, e.g. {y,, v} = 28,0; yJ =Y V5 = VaV1Ve Vs UlVsYuVoVp Vel = —4€upos a-b = 2?21 a;b;; and Q,
timelike = Q2 < 0.
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This outcome is known as “dimensional transmutation”: everything in the QCD action comes to depend on ¢, even those
quantities which are dimensionless.

Dimensional transmutation has consequences. Under the scale transformation in Eq. (1.3), the renormalisation mass-
scale ¢ — e?¢. For infinitesimal transformations of this type:
8Loep o SLacp 8 Loep

= 9,P¥P = —— = ¢fB(« ,
Sa mon So Ala) Sa
where S(«) is the QCD B-function, which measures the response rate of the coupling to changes in ¢. To compute the
final product in Eq. (1.6), one can first absorb the gauge coupling into the gluon field, i.e. express the action in terms of
A}, = gA},, whereafter the running coupling appears only in the pure-gauge term as an inverse multiplicative factor:
1

1 1~ -
Locp(e) = _TZGZUGZU + a-independent terms, (1.7)
T

where G®  is the field-strength tensor expressed using ;\Z. Egs. (1.6), (1.7) then yield

v

a— oaf(a), Loop = oaf(a) (1.6)

(SLQCD 1 1~ -~
TEP = 8,08 = ale) =22 = aple) — 261Gl = B@)} Gl G (18)
Evidently, following regularisation and renormalisation, Eq. (1.5) is broken because the trace of the QCD stress—energy
tensor is nonzero; so these necessary steps have introduced the chiral-limit trace anomaly into the dilation current:

&y = Bla)ic 6o . (1.9)

AT}

Switching on the Higgs couplings into QCD, Eq. (1.9) becomes

0 =T = 1B(a(¢))G, G2, + [1+ y(@@)] Y. m . (1.10)
f=u.d,...

where y(«) is the anomalous dimension of the now scale-dependent current-quark mass, mﬁ. Notably, the trace anomaly
in Eq. (1.10) is not homogeneous in the running coupling, @(¢); so, renormalisation-group-invariance does not imply
form invariance of the right-hand-side [21]. This is a material point because many discussions implicitly assume that all
operators and associated identities are expressed with reference to a partonic basis, i.e. using elementary field operators
that can be renormalised perturbatively, wherewith the state-vector for any hadron must be an extremely complicated
wave function. A different perspective is required at renormalisation scales { < m,, whereupon a metamorphosis
from parton-basis to quasiparticle-basis occurs. Under such reductions in ¢, light partons evolve into heavy dressed
objects, corresponding to complex and highly nonlinear superpositions of partonic operators; and using the associated
quasiparticle degrees-of-freedom, the wave functions can be expressed in a relatively simple form. These statements are
illustrated, e.g. in Refs. [22-24], and will be discussed further in Section 2.

The existence of the trace anomaly means that QCD can support a mass-scale and potentially explain the origin of m,
even in the absence of Higgs couplings and even though that scale is not evident in Eq. (1.1). It is therefore natural to
seek information on the size of the trace anomaly’s contribution to m,. So consider the forward limit of the expectation
value of QCD’s energy momentum tensor in the proton state (hereafter, the superscript “QCD” is omitted):

where the equations-of-motion for an asymptotic one-particle proton state have been used to obtain the right-hand-side.
Now it is clear that, in the chiral limit,

(Po(P)I T, Ipo(P)) = —P* = m’ = (po(P)|Oo|po(P)) - (1.12)

From this perspective, the size of the trace anomaly is measured by the magnitude of the proton’s mass in the chiral limit,
my,,. Many analyses have sought to determine this value using a variety of theoretical techniques [25-27], with the result
m,, ~ 0.89 GeV ~ 0.94 my, illustrated by the blue domain in Fig. 1.1A. Evidently, a very large fraction of the measured
proton mass emerges as a consequence of the trace anomaly; and viewed from a perspective built on partonic degrees
of freedom, this fraction appears to be generated entirely by gluon partons and the interactions between them because
these things define @ in Eq. (1.9).

The proton is a basic building block of nuclei; but one cannot bind neutrons and protons into any nucleus without
the pion, which is responsible for, inter alia, long-range attraction and tensor forces within all nuclei. Hence, in nuclear
physics terms, the pion, the proton and neutron are all equally important. Drawing a connection with Locp in Eq. (1.1),
the pion is seemingly the simplest of these bound states, being constituted from a single valence quark partnered by a
valence antiquark, e.g. 7+ = ud. It is therefore natural to consider the pion analogue of Eq. (1.12):

(o(@)I Ty 70(q)) = (mo(P)|Oolo(P)) = —g* = m% =0, (1.13)

where the last identity follows because the chiral-limit pion is the Nambu-Goldstone (NG) mode associated with
dynamical chiral symmetry breaking (DCSB) [28-31]. Comparing Egs. (1.12), (1.13), one is presented with a dilemma:
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proton mass budget
9

882
= chiral limit mass = EHM+HB feedback = HB current mass

kaon mass budget 0 = chiral limit mass pion mass budget g _ cphiral limit mass

98

396 133
= chiral limit mass = EHM+HB feedback = HB current mass = chiral limit mass = EHM+HB feedback = HB current mass

Fig. 1.1. Mass budgets for A—proton, B—kaon and C— pion, drawn using a Poincaré invariant decomposition. There are crucial differences. The
proton’s mass is large in the chiral limit, i.e. even in the absence of Higgs boson (HB) couplings into QCD. This nonzero chiral-limit component is an
expression of emergent hadronic mass (EHM) in the SM. Conversely and yet still owing to EHM via its dynamical chiral symmetry breaking (DCSB)
corollary, the kaon and pion are massless in the chiral limit — they are the SM’s Nambu-Goldstone modes [28-31]. (See Eq. (2.22).) (Units MeV,
separation at ¢ = 2 GeV, produced using information from Refs. [8,25-27].)

how can it be that the trace anomaly evaluates to a ~ 1 GeV mass-scale in the proton; yet, despite the anomaly, scale
invariance is seemingly preserved in the pion? It has been argued that Eq. (1.13) means, e.g. that the gluon energy and
quark energy in the pion separately vanish [32]. However, such an explanation would actually compound the puzzle
because the pion’s valence-quark and -antiquark are supposed to be bound together by gluon-mediated attraction: how
could a bound state survive in the absence of any gluon energy?

Restoring Higgs boson couplings to light quarks, then using Eq. (1.10), Eq. (1.12) becomes

>my
) =

PPYOPPY =7 (P | 3B(@(O)GE,CLy + [T+ (@) Y. mEd,q, | p(P). (1.14)

f=uu.d,

Consequently, two other slices appear in the pies drawn in Fig. 1.1. The grey wedge in Fig. 1.1A shows the sum of the
proton’s valence-quark current-masses, which appear in perturbative analyses of QCD phenomena: the sum amounts to
just 0.01 x m,. The remaining slice (orange) expresses the fraction of m, generated by constructive interference between
EHM and Higgs-boson (HB) effects. It is largely determined by the in-proton expectation value of the chiral condensate
operator [33-35]: (p(P)|q,q,Ip(P)), and responsible for 5% of m,. Unsurprisingly given Eq. (1.13), the picture for the pion
is completely different: in Fig. 1.1C, EHM+HB interference is seen to be responsible for 95% of the pion’s mass. The kaon
lies somewhere between these two poles. It is a would-be NG mode; hence, there is no blue-domain in Fig. 1.1B. On the
other hand, the sum of valence-quark and -antiquark current-masses in the kaon accounts for 20% of its measured mass,
which is four times more than in the pion; and EHM+HB interference produces 80%.

The mass budgets drawn in Fig. 1.1, and Egs. (1.12), (1.13) demand interpretation. They highlight that any answer to the
question “How does the mass of the proton arise?” will only explain one part of a greater puzzle. It will be incomplete
unless it simultaneously clarifies Eq. (1.13). Moreover, whilst not manifest in Eq. (1.1), Egs. (1.12), (1.13) are coupled
with confinement, i.e. the fact that no gluon- or quark-like object has been seen to propagate over a length scale which
exceeds the proton radius. These observations stress the ubiquitous influence of emergent mass. Consequently, the SM will
remain incomplete until verified explanations are provided for the emergence of nuclear-size masses, its many attendant
corollaries, and the modulations of these effects by Higgs boson interactions. All these things are basic to forming an
understanding of the evolution of our Universe.

In approaching these questions, many observables can be used to draw insights [36-39]. However, unique opportunities
are provided by studies of the properties of the SM’s (pseudo-) Nambu-Goldstone modes, viz. pions and kaons. A diverse
range of phenomenological and theoretical frameworks are now being employed in order to develop a cogent description
of these bound states. Progress in this direction is profiting from the formation of tight links between dynamics in QCD’s
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gauge sector and properties of the light-front wave functions (LFWFs) which enable a probabilistic interpretation of pion
and kaon structure. In this connection, pion and kaon elastic form factors and distribution amplitudes and functions all
play a prominent role [40-44]. These efforts have a special resonance today because an array of upgraded and anticipated
experimental facilities promise to provide new, high precision data on kinematic domains that have never before been
reached or have not been plumbed for more than thirty years [40,44-51]. There is much to be learnt: the internal structure
of pions and kaons is far more complex than often imagined; and their properties provide the clearest windows onto EHM
and its modulation by Higgs-boson interactions.

At this point it is worth remarking that measurements of distribution amplitudes and functions, form factors, spectra,
charge radii, polarisabilities, etc., are all on the same footing. Theory delivers predictions for such quantities. Good experi-
ments measure precise cross-sections; and cross-sections are expressed, using truncations that sometimes have the quality
of approximations, in terms of a given desired quantity. At issue is the reliability of the truncation/approximation used in
relating the measured cross-section to this quantity. The phenomenology challenge is to ensure that all contributions
known to have a potentially material effect are included in building the bridge. The quality of the phenomenology
cannot alter either that of the experiment or the theory; but inadequate phenomenology can deliver results that
mislead interpretation. The reverse is also true; so, progress demands the building of a constructive synergy between
all subbranches of the programme.

As it was known five years ago, the status of experiment and theory relevant to pion and kaon elastic electromagnetic
form factors is reviewed in Ref. [31]. One must look ten years back to find a comparable overview of pion and kaon
distribution functions [52]. In this review, therefore, we focus on more recent associated developments in experiment
and also in theory, paying particular attention to continuum Schwinger function methods and lattice-regularised QCD, but
also noting advances made using other theory tools, because much has changed in the past decade. In fact, during this
period, many threads of experiment and theory have been drawn together; so that they are now recognised as facets and
expressions of EHM, the understanding of which defines one of the last SM frontiers. The approaching few decades should
see that border crossed as high-profile initiatives in experiment deliver data whose sound interpretation will deliver full
comprehension of EHM and its modulation by Higgs-boson couplings into QCD; to wit, complete understanding of the
SM'’s two mass generating mechanisms, the interplay between them, and all the observable consequences thereof. The
potential for an array of pion and kaon structure studies to play a critical role in achieving these goals is the focus of the
material which follows.

2. Masses, coupling, and the emergence of Nambu-Goldstone modes
2.1. Gluon mass scale

The QCD trace anomaly exerts a material influence on every one of QCD’s Schwinger functions; but for those unfamiliar
with analyses of QCD’s gauge sector, the most striking impact, perhaps, is that expressed in the gluon two-point
function. Interaction induced dressing of a gauge boson is expressed through the appearance of a nonzero polarisation
tensor, I1,,(k). The generalisation of gauge symmetry to the quantised theory is expressed in Slavnov-Taylor identities
(STIs) [53,54]. Regarding gluons, a crucial STI requires k, I7,,(k) = 0 = I1,,,(k)k,, which entails

(k) = [K*8,, — Kk, 1IT(K?). (2.15)
Namely, in a quantised gauge theory, no interaction may introduce a longitudinal component to the polarisation tensor.
In these terms, the fully dressed gluon propagator takes the form

D,uv(k) = [8;w - kukv/kz] (216)

k2[1+ IT(k?)]’
where any gauge parameter dependence is trivial; hence, omitted here.

In setting the QCD stage, it is useful to recall that the gauge boson propagator in two-dimensional quantum electro-
dynamics (QED), defined with massless fermions, was analysed in Ref. [55]. Owing to the peculiar kinematic character of
two dimensions, this theory is confining, i.e. effectively strongly coupled. In computing I7,,,(k), one must sum a countable
infinity of loop diagrams, each of which involves massless fermion+antifermion pairs. Such pairs provide screening; and
because the screening fields are massless and there are infinitely many loops, the screening is a long-range effect. Hence,
the complete vacuum polarisation acquires a mass-scale: lim,._ o k*IT1(k?) = mf,; and the gauge boson acquires a mass
with no cost to gauge invariance. This effect is now called the Schwinger mechanism of gauge-boson mass generation.
A qualitatively similar outcome is found in three-dimensional QED [56-58]. However, there is a difference between both
these cases and QCD, viz. the Lagrangian coupling possesses a mass dimension in lower dimensional theories; hence, scale
invariance is broken even at the classical level and the size of the gauge-sector mass is fixed by that of a parameter in
the Lagrangian.

Against this backdrop, it was first suggested forty years ago that a Schwinger-like mechanism is active in QCD [59].
Using QCD’s Dyson-Schwinger equations (DSEs), it was argued that gauge sector dynamics transforms the massless gluon
partons in Eq. (1.1) into complex quasiparticles, characterised by a momentum-dependent mass-function whose value
is large at infrared momenta: mg(0) = 0.5 £ 0.2 GeV. The intervening years have seen this first sketch refined into a
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Fig. 2.2. mg(k) — solid blue curve: renormalisation-group-invariant (RGI) gluon running-mass obtained, following the method described in Ref. [68],
from the gluon 2-point Schwinger function computed using the lattice-QCD configurations in Refs. [64-66]. (The barely visible bracketing band
expresses extraction uncertainty from all sources. Curve provided by J. Rodriguez-Quintero.) Mo(k) — dot-dashed green curve: for comparison, RGI
chiral-limit dressed-quark running-mass, discussed in Section 2.3.

detailed picture, with an important step along the way being the unification of bottom-up (matter sector based) and
top-down (gauge sector focused) approaches to understanding QCD’s interactions [60]. Comprehensive perspectives are
provided elsewhere [61,62]. Nevertheless, it is worth remarking here that the Schwinger-like 1/k? pole in IT(k?) can only
emerge in QCD because a long-range (massless) longitudinally-coupled coloured correlation is dynamically generated in
the three-gluon vertex. Since the correlations are longitudinally coupled, they do not contribute to any directly measurable
amplitude.

A combination of tools, capitalising on the various strengths of continuum and lattice formulations of QCD, have today
arrived at a precise determination of the ¢-independent gluon mass scale [63]:

mo = 0.43(1) GeV. (2.17)

This value was obtained using lattice configurations generated with three domain-wall fermions at a physical pion mass.
The lattice scale was set by computing the mass of the p- and w-mesons [64-66]. Ref. [67] tested the scheme by verifying
that it simultaneously produces a value of the QCD running coupling at the Z-boson mass that agrees with the world
average [8].

The calculated renormalisation group invariant (RGI, ¢-independent) momentum-dependent gluon mass is depicted
in Fig. 2.2. This curve is arguably the cleanest expression of EHM in the SM. It shows that the massless gluon parton
in Eq. (1.1) evolves into a mass-carrying dressed object, whose structure derives from complex and highly nonlinear
superpositions of partonic operators. No finite sum of diagrams in perturbation theory can recover the result in Fig. 2.2.
The existence of mg(k) # 0 is enabled by Eq. (1.8), but is not a guaranteed outcome; and its infrared magnitude, Eq. (2.17),
is precisely that required to produce the measured mass of the p-meson from QCD. Moreover, with the p being like the
proton, in the sense that it fits neatly into the standard hadron spectroscopic pattern, then the value of my must also be
a material part of any solution to the puzzle of the origin of the proton mass.

The existence and magnitude of mg(k) have been firmly demonstrated by forty years of theory. New opportunities
and challenges are now located in the need to elucidate a diverse array of observable consequences so that this basic
manifestation of EHM can be confirmed empirically.

2.2. Process-independent effective charge

Owing to dimensional transmutation, the QCD coupling depends on the scale at which it is measured. In perturbation
theory, within a given renormalisation scheme, this running coupling is unique. A familiar example is found within QED. At
first glance, the renormalisation group flow of the QED coupling would appear to be governed by three renormalisation
constants. However, the Ward identity [69] ensures equality between the renormalisation constants for the fermion-
photon vertex and fermion field operator. Hence, a.(¢) is completely determined by the flow of the photon field operator;
equivalently, by the single renormalisation constant that survives in the expression for the photon polarisation tensor.
As apparent from Eq. (2.15), IT1(k?) is a function of one momentum variable; so, QED possesses a unique running
coupling whose momentum dependence is prescribed by that of the renormalised photon vacuum polarisation. This is
the Gell-Mann-Low effective charge [70], commonly known as the QED running coupling.

As a non-Abelian theory, QCD is more complicated: there are four individual interaction vertices; three associated STIs;
no method in the usual treatments of diagram resummations by which any of the vertex couplings can be related to the
gluon vacuum polarisation; and, of course, a renormalisation scheme must be chosen in addition. From this position, one
has four choices for the vertex that can be used to define a running coupling. The simplest is the ghost-gluon vertex,
but even that depends on two independent momenta; so one momentum pairing must be selected from an uncountable
infinity of choices in order to define a single momentum with which the coupling can flow. All such schemes produce
the same running coupling on any domain within which perturbation theory is valid; but, unsurprisingly, there are
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Fig. 2.3. Process-independent running-coupling, &(k?)/m, obtained by combining the best available results from continuum and lattice analyses [63].
World data on the process-dependent charge o, [71], defined via the Bjorken sum rule, is presented for comparison [77-102].
Source: Image courtesy of D.Binosi.

great differences between the behaviours at infrared momenta. A compendium of these results is presented elsewhere
[71, Ch.4].

Such ambiguities are removed if one approaches the problem of diagram resummation by combining the pinch
technique [59,72-74] and background field method [75]. This framework enables one to systematically rearrange both
classes and sums of diagrams and thereby obtain modified Schwinger functions that satisfy linear STIs, i.e. to make QCD
appear Abelian in some important ways. In the gauge sector, the approach leads to a modified gluon polarisation tensor
whose renormalisation is identical to that of the coupling; hence, analogous to QED, one arrives at a unique RGI running
coupling, &(k?), with momentum dependence prescribed by that of the renormalised gluon vacuum polarisation [76].
Additionally, thus defined, the coupling is process independent (PI); to wit, irrespective of the scattering process
considered, gluon+gluon — gluon+gluon, quark+quark — quark+quark, etc., precisely the same result is obtained.

The key to a reliable determination of &(k?) is an accurate result for the dressed-gluon two-point function. Such is
available from Refs. [64-66], employed to compute my(k) in Fig. 2.2. Using this input, Ref. [63] delivered the parameter-free
prediction depicted in Fig. 2.3, an interpolation of which is provided by

2 2
a(k®) = _ YmT , Ky =k) = G tay+y” , (2.18)
2(2) bo +y
1 2
QCD

ym = 4/[11 — (2/3)ns], with (in GeV?): ap = 0.104(1), a; = 0.0975, by = 0.121(1). The curve was obtained using a
momentum-subtraction renormalisation scheme: Aqcp = 0.52 GeV when n; = 4. The following features of & deserve to
be highlighted.

No Landau pole The PI charge is a smooth function, which saturates in the infrared: &(s = 0)/m = 0.97(4). Hence,

whereas the perturbative running coupling exhibits a Landau pole at k? = AéCD, the PI charge is finite. The value of
x(k* = AZQCD) defines a screening mass ¢y &~ 1.4Aqcp because &(k?) is approximately k?-independent on k? < ¢2;
consequently, the theory is effectively conformal on this domain. These outcomes owe to EHM as expressed in
Eq. (2.17): the existence of my ~ m,/2 ensures that long wavelength gluons are screened, playing practically
no dynamical role. From this standpoint, ¢y marks a border between nonperturbative/soft and perturbative/hard
physics. Hence, it is a natural choice for the “hadronic scale”, i.e. the renormalisation scale whereat one formulates

and solves the bound state problem in terms of quasiparticle degrees-of-freedom [63,103,104].

Match with Bjorken charge Along with a(k), Fig. 2.3 also depicts data relating to «y, (k), a process-dependent effective
charge defined via the Bjorken sum rule [105,106], which expresses a central constraint on measurements of
nucleon spin structure in deep inelastic scattering. The concept of a process dependent charge was introduced
in Ref. [107]: “...to each physical quantity depending on a single scale variable is associated an effective charge,
whose corresponding Stiickelberg-Peterman-Gell-Mann-Low function is identified as the proper object on which
perturbation theory applies”. Such charges have subsequently been widely discussed and employed [71,108,109]. So
far as extant data can show, the predicted form of & is practically identical to og,. This feature may be attributed to
the fact that the Bjorken sum rule is an isospin non-singlet relation, which eliminates many physical contributions
that might distinguish it from &. It is highlighted by the following result [76]: on any domain within which
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S(k) =

Fig. 2.4. Gap (Dyson) equation for the dressed-quark self energy, Eq. (2.19b): solid line with open circle, dressed-quark propagator; open-circle
“spring”, dressed-gluon propagator, Dy, (k — q); and (red) shaded circle, dressed gluon-quark vertex, I';(k, ). Here, g is the loop momentum.

perturbation theory is valid, oy, — & < O.OSaf/TS, where ags is the textbook one-loop coupling computed in the

MS renormalisation scheme. (The gluon mass in Eq. (2.17) is commensurate with the scale k = m,/2 obtained in a
light-front holographic approach to connecting the infrared and ultraviolet domains of ag, (s) [110]. This may point
to a deeper connection.)

Infrared completion As a process independent charge, &(s) fulfils a wide range of purposes and unifies numerous
observables; hence, it is a strong candidate for that function which describes QCD’s interaction strength at any
accessible momentum scale [108]. Furthermore, its features support a conclusion that QCD is a well-defined four
dimensional quantum field theory. As such, QCD emerges as a candidate for use in extending the SM by attributing
compositeness to particles that may today seem elementary. For instance, it was suggested long ago that all spin-
J = 0 bosons may be [55] “...secondary dynamical manifestations of strongly coupled primary fermion fields and
vector gauge fields ...". Adopting this standpoint, the SM’s Higgs boson might also be composite.

2.3. Dynamical chiral symmetry breaking

Nuclear and particle physics began roughly 100 years ago, following discovery of the proton [111-114]. The neutron
followed thirteen years later [ 115]; then the pion and kaon, fifteen years after that [116,117]. Subsequently, the expanding
use of particle accelerators revealed many more particles; so many, in fact, that Enrico Fermi is widely believed to have
said “...if I could remember the names of these particles, I would have been a botanist”. At this point, order was restored
through development of the constituent quark model (CQM) [118,119], which made apparent that many gross features
of the hadron spectrum could be explained by supposing the existence of constituent-quarks with proton-scale masses
[120-122]: My =~ Mp ~ 0.4 GeV, Ms ~ 0.5 GeV, etc. Given the remarkable array of CQM successes, it is necessary to ask
whether the idea has a connection with QCD. An affirmative answer has emerged in the past vicennium and it can be
made via the two-point quark Schwinger function.

The dressed-quark two-point function (propagator) can be written

S(k; &) = Za(5, A)(iy - k+ mom) + Z(k; ), (2.19a)
A )\.a

Sk ¢) = 7i(¢. A) /d £D,u(k— Ok aS@) S 3. (2.19b)
q

where f d3 represents a Poincaré invariant regularisation of the four-dimensional integral, with A the regularisation mass-
scale; mpy, is the Lagrangian current-quark (parton) mass; Fl‘j(k, q) is the dressed gluon-quark vertex; and Z; »(¢, A), are,
respectively, the gluon-quark vertex and quark wave function renormalisation constants. This fully dressed propagator
is mathematically connected to the current-quark in Eq. (1.1) via summation of the Dyson series of quark self-energy
diagrams depicted in Fig. 2.4. The solution has the following Poincaré covariant form:

_ 1 2k 2)
T iy kAR C)+ B(k3: ) iy -k 4+ M(p?)

Attempts to compute S(k; ¢) for light-quarks began with the birth of QCD [123,124]. They became increasingly
sophisticated as proficiency grew with formulating and solving Eq. (2.19) [42,43,62,125,126]; and the first computations
using lattice QCD were completed roughly twenty years ago [127]. Today, continuum and lattice QCD agree that even in
the absence of Higgs couplings into QCD, the then massless partonic quarks in Eq. (1.1) acquire a momentum dependent
mass function which is large at infrared momenta, see e.g. Refs. [128-132]. This is dynamical chiral symmetry breaking
(DCSB): perturbatively massless quarks acquire a large infrared mass through interactions with their own gluon field. The
potential for such an outcome to be realised has been known for sixty years [133,134], but it is no less important for that
because this is the first time the phenomena have been demonstrated in a fully-interacting four-dimensional quantum
field theory that is possibly well-defined.

The chiral limit mass function obtained using a modern kernel for the quark gap equation [135] is drawn in Fig. 2.5. This
function is essentially nonperturbative: no sum of a finite number of perturbative diagrams can produce My(k?)  0[136,
Sec.2.3]. Kindred families of curves have been obtained in many analyses, e.g. Refs. [137-140]. In all such studies,
My(0) ~ 0.4 GeV, which is a typical scale for the constituent quark mass used in phenomenologically successful quark

S(k; ¢) (2.20)
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Fig. 2.5. Dressed-quark mass function, M(k), obtained as the nonperturbative solution of the QCD gap equation using a modern kernel [135]: with
&2 = 2 GeV, My(0) = 0.40 GeV; M,,4(0) = 0.406 GeV, My4(s2) = Mo(L2) + 0.0034 GeV; Ms(0) = 0.526 GeV, M(&2) = Mo(s2) + 0.095 GeV;
Mc(&) = 1.27 GeV; My(Z) = 4.18 GeV.

Source: Curves and image courtesy of D.Binosi.

models [120-122]. When Higgs couplings are reintroduced, the mass function becomes flavour dependent and its k* = 0
value is roughly the sum of My(0) and the appropriate current-quark mass, as illustrated in Fig. 2.5.

Interesting, too, is a comparison between the quark and gluon RGI running masses: My(k) and mg(k), respectively,
which is made in Fig. 2.2. Evidently, scale breaking in the one-body sectors, enabled by the trace anomaly and driven
by gauge sector dynamics, is expressed in commensurate infrared values for these mass functions. Naturally, since it is
the gauge-boson mass-squared which has scaling power 2, i.e. mé(k) ~ 1/k? at ultraviolet momenta, compared with the
quark mass function itself, My(k) runs more quickly to zero.

Indeed, for subsequent use, it is important to highlight here that the chiral-limit dressed-quark mass function has the
following ultraviolet behaviour [124]:

2 282 2% ym —(@)o

) 1=ym
2 k:
QCD

where (qq)o is the RGI chiral-limit quark condensate [33-35]. On this large-k* domain, By(k?) &~ My(k?). The behaviour in
Eq. (2.21) is uniquely determined by the interaction in QCD: no other interaction can produce this behaviour. For instance,
if the interaction is momentum independent, then My(k?) = constant [141]; and if the exchanged boson propagates as
D"(k*) = [1/k*]">! on k? > mZ, then Mo(k?) ~ D"(k?) on this same domain.

It is now possible to explain the general spectroscopic success of the constituent-quark picture. The mass of a hadron
is a global, volume-integrated property. Hence, calculated using bound-state methods in quantum field theory, its value
is largely determined by the infrared size of the mass function of the hadron’s defining valence quarks [142]: integrating
over volume focuses resolution on infrared properties of the quasiparticle constituents. This feature is underscored by
the fact that even a judiciously formulated momentum-independent interaction produces a fair description of hadron
spectra [143,144]. The necessary infrared scales are provided by the mass functions in Fig. 2.2; and those scales are
generated by the effective charge in Fig. 2.3 augmented by the Higgs-generated current-quark masses.

Mo(k , (2.21)

2.4. Nambu-Goldstone bosons

Amongst the ground-state pseudoscalar mesons, the 7 and K mesons are NG modes. The 1 and »" would also be NG
modes if it were not for the non-Abelian anomaly [145], whose magnitude is set by the scale of EHM [146, Eq. (20)].
Hence, the magnitude of the 5’ — 1 mass splitting is a direct measure of emergent mass: m,y — m, ~ 0.41 GeV ~ my.

It has been known for more than fifty years that the SM’s NG bosons do not fit naturally into a mass pattern typical
of CQM:s. For instance, whereas pseudoscalar meson masses in quark models increase linearly with growth of the explicit
chiral symmetry breaking term in the CQM Hamiltonian, just like the mass of every other system, in the neighbourhood
of QCD’s chiral limit, it is the mass-squared of NG modes that rises linearly with the current-quark mass in Eq. (1.1) [30].
In modern terms, for a NG mode defined by f, g valence-quark degrees-of-freedom [147,148]:

fvo My = (mf +m5)oye . (2.22)

where fyc is the meson’s leptonic decay constant, i.e. the pseudovector projection of the meson’s wave function onto the
origin in configuration space, and vac is the pseudoscalar analogue. For ground-state pseudoscalar mesons, both fyg, ,o,f,c
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Fig. 2.6. Inhomogeneous Bethe-Salpeter equation (BSE) for a colour-singlet vertex, gu(k; P). The channel is defined by the inhomogeneity, e.g.
with gy = %r’j@yu, where 7! is a Pauli matrix associated with SU(2) flavour, one gains access to all states that communicate with an isovector
axial-vector probe, such as the pion and a; meson. The interaction between the dressed valence-constituents is completely described by the two-
particle-irreducible (2PI) scattering kernel, %. The appearance of the dressed-quark propagator (solid line with open circle) highlights that the BSE
must be solved in tandem with the quark gap equation, Fig. 2.4.

are order parameters for chiral symmetry breaking. The Poincaré-covariant wave function of a pseudoscalar meson can
be written

xE(k, P) = Sp(p1) TR (k, P)Sg(p2) (2.23a)
k. P) = ys [iE,f,f(k, P)+y - PEEE(k, P) + y - KGE(k, P) + 0,0k, PLHE (K, P)] , (2.23b)

where P = p; — p, is the bound-state total-momentum and k = (1 — n)p; + np2, n € [0, 1], is the relative-momentum.
(Hereafter, for notational simplicity, the dependence on ¢ is not indicated explicitly unless for a specific purpose.)

Eq. (2.22) has many corollaries, e.g. Refs. [148-151], not least of which is the fact that NG boson masses must vanish
in the absence of Higgs couplings into QCD. As highlighted by Fig. 1.1, this last feature means that the mass-scale which
characterises all visible matter is hidden in 7 and K mesons and its manifestation in the physical 7 and K mesons is very
different from that in all other hadrons.

These two quite particular consequences of EHM can be understood by studying the colour-singlet axial-vector vertex,
which may be obtained by solving an inhomogeneous Bethe-Salpeter equation (BSE) [152,153] of the type depicted in
Fig. 2.6. Both owe to the Ward-Green-Takahashi identity satisfied by the axial-vector vertex, which is a basic expression
of chiral symmetry and the pattern by which it is broken in QCD:

PuTE (k, P) = S\ (p)iys + iysS; '(p2) — i[mf +mS) TE(k. P). (2.24)

where: stg(k,P) is the associated pseudoscalar vertex (four-point Schwinger function). Eq. (2.22) states that in the
presence of Higgs-quark couplings, the actual mass of any pseudoscalar meson results from constructive interference
between Higgs-boson effects and EHM.

Considered in the chiral limit, Eq. (2.24) can be used to show that a necessary and sufficient condition for the existence
of NG modes is [147,148]

fosEps(k; 0) = Bo(K?). (2.25)

A rudimentary form of this identity can be found in Ref. [133] and the first sketch of a proof appropriate to QCD was
given in Ref. [ 154]. This identity is remarkable and revealing. First, it is a mathematical statement of equivalence between
the pseudoscalar two-body and matter-sector one-body problems in chiral-limit QCD. These problems are normally
considered to be completely independent. Second, it shows that the most direct expressions of EHM in the SM are located
in the properties of the massless NG modes. It is worth reiterating here that 7 - and K-mesons are indistinguishable in the
absence of Higgs couplings. At realistic Higgs couplings, 7 and K observables are windows onto EHM and its modulation
by the Higgs boson. Phrased differently, there are two mass generating mechanisms in the SM and 7 and K properties
provide clear and direct access to both.

At this point, it is worth returning to Eq. (1.13). If one insists on working with a partonic basis, then a straightforward
understanding of this identity and its reconciliation with Eq. (1.12) seems impossible; at least, no approach from that
direction has yet achieved the goal.

A different track is described in Ref. [155]. Namely, m? can be calculated by solving a Bethe-Salpeter equation (BSE) of
the type illustrated in Fig. 2.6. This is a scattering problem. In the chiral limit and considering partonic degrees of freedom,
two massless fermions interact via massless-gluon exchange, viz. the initial system is massless; and it stays massless at
every order in perturbation theory. However, any complete analysis of the scattering process involves the summation of a
countable infinity of one-body dressings, using Eq. (2.19), and two — two scatterings, via the BSE in Fig. 2.6. At ¢ = ¢y, the
kernels are naturally built using a dressed-parton basis, i.e. from valence-quark quasiparticles interacting via the exchange
of quasiparticle gluons, each of which has a dynamically generated running mass. Now using Eq. (2.25), one can prove
algebraically [156,157] that in the chiral limit, at any order in a symmetry-preserving construction of the kernels for the
gap- and BS-equations, there is an exact cancellation between the mass-generating effect of dressing the valence-quark
and -antiquark, which produces the chiral limit mass function in Fig. 2.5 for both fermions, and the attraction produced
by the scattering events. This mathematical identity guarantees that the simple, originally massless system becomes a
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Fig. 3.7. Drell-Yan process: with appropriately chosen kinematics [162], meson-nucleon collisions that produce lepton pairs with large invariant
mass provide access to momentum distribution functions within the initial-state hadrons.
Source: Image courtesy of D.Binosi.

complex bound system, with a nontrivial wave function attached to a pole in the scattering matrix which remains at
P? = 0. This entails

P2~0 P,
Iy (k. P) " =" 2f o5 Tk, P (2.26)
hence, the bound-state is also massless.
These statements can be written as follows:

(0(P)|Oolmo(P)) “Z" (o(P)| 1 B(a(§))GE, GC, Io(P)) — = (mo(P)I[22 + 1] |mo(P)) (2.27a)
2= ) MAOAE)QE). =1 [B@(0))6(£)6 ()], - (2.27b)
f=u,d

which describes the transformation of the parton-basis chiral-limit expression into a new structure, written in terms of
nonperturbatively-dressed quasiparticles, with dressed-quarks denoted by © and the dressed-gluon field strength tensor
by G. Here, the first term is positive: it realises the one-body-dressing content of the trace anomaly, whose reality
is demonstrated by the chiral-limit mass function in Fig. 2.5. The second term is negative because the net effect of
interactions between the quark quasiparticles is attraction. This term, too, has acquired a mass scale from the gluon-
and quark-propagators; and owing to Eq. (2.25), it precisely cancels (ro(P)|D;|mo(P)).

Away from the chiral limit for NG modes, the cancellation is incomplete and one arrives at Eq. (2.22). Similar destructive
interference takes place in other systems, like the p-meson and proton; but in these cases, no symmetry ensures complete
cancellation. Consequently, as revealed mathematically when solving bound-state integral equations, all other hadron
masses have values that are commensurate in magnitude with the strength of the scale anomaly in the solution of the
gluon and quark one-body problems, i.e. accounting for the number of valence quasiparticles, on the GeV scale. The
combination of outcomes described here resolves the dichotomy expressed by the union of Eqs. (1.12) and (1.13) and
its analogues.

3. Pion and kaon distribution amplitudes
3.1. Essentials of light-front wave functions

If one seeks to describe a given hadron’s measurable properties in terms of the probabilities typical of quantum
mechanics, then the hadron’s LFWF, ¥5(x, k1 ; P), takes a leading role. Here [158,159]: P is the total four-momentum of the
system, x is the light-front longitudinal fraction of this momentum, and k; is the light-front perpendicular component of
P. In principle, this LFWF is an eigenfunction of a QCD Hamiltonian defined at fixed light-front time and may be obtained
by diagonalisation thereof [ 160]. It is also invariant under Lorentz boosts [ 158,159]. This means that when solving bound-
state scattering problems using a light-front formulation, one never encounters compressed or contracted objects [161].
As an example, the cross-section for the meson+proton Drell-Yan (DY) process illustrated in Fig. 3.7 is the same whether
the proton is at rest or moving.

A primary obstacle on the path to a direct computation of a hadron’s LFWF is the need to construct a sound
approximation to QCD'’s light-front Hamiltonian. This is made complicated by, inter alia, the necessity of solving complex
constraint equations along the way [163]. The challenge is amplified if one elects to tackle the problem of expressing
Y using a partonic basis, maintaining a connection to perturbative QCD, in which case a Fock-space decomposition of
the LFWF is typically introduced. The coefficient function attached to a given n-particle basis vector in that expansion
represents the probability amplitude for finding these n partons in the hadron with momenta {(x;, k.;)|i = 1,...,n},
constrained by requiring conservation of total momentum. As noted above, such methods have not yet succeeded in
describing EHM in QCD’s gauge and matter sectors. A contemporary perspective on the direct approach is presented in
Ref. [164].
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Fig. 3.8. Left panel — A. Light-front wave function in Eq. (3.29). Right panel —B. Associated DF, Eq. (3.30) — solid blue curve; and square of the DA,
Eq. (3.31) — dashed green curve. Curves in both panels computed with M = 0.4 GeV, § >~ 0.

An alternative is to use the covariant DSE framework, compute the hadron’s Poincaré-covariant Bethe-Salpeter wave
function, yx, and then project this object onto the light front. Such an approach was used elsewhere [165] in analysing
a local U(N,) gauge theory in two dimensions, with N, very large. This scheme was shown to be practicable for QCD in
Ref. [166]. It delivers a LFWF expressed in the quasiparticle basis defined by the choice of renormalisation scale, ¢.

One of the strengths of an approach that draws connections with hadron LFWFs is made manifest by observing that the
distribution amplitudes (DAs) which feature in formulae describing hard exclusive processes and the distribution functions
(DFs) that characterise hard inclusive reactions can both be written directly in terms of the LFWF [160], respectively:

4 R ¢ N
ol £) o / K PR P) s 0) o / k. [x. Ko: PP (3.28)

where ¢ is the scale at which the hadron is being resolved. This ¢-dependence highlights that the perceived attributes of
a hadron depend upon the scale at which it is observed. It does not affect measured cross-sections; instead, this energy
scale decides the optimal choice for the degrees of freedom required to solve the problem and express an insightful
interpretation.

The discussion herein focuses chiefly on the properties of 7 and K mesons; consequently, two-body quasiparticle
LFWFs are of primary importance. Thus, for future use, consider the following model:

ny x(1 —x) / dxd?k |

. 2 _
T W T | e W kil =1, (3.29)

Yu(x, ks ¢y) =

where M is a mass whose size is assumed to be set by EHM and ny, is the normalisation constant. For § = 0, this LFWF
exhibits the large-ki scaling behaviour of a leading-twist two-body wave function in QCD [167, Eq. (2.15)]. The result
obtained with M = 0.4 GeV and § ~ 0 is drawn in Fig. 3.8 A.

Working with Eq. (3.29), the hadron’s DF is

d?k,

#0x: t) = / L e s ) (3:30)
T

and the result obtained with § ~ 0 is drawn as the solid blue curve in Fig. 3.8 B. For comparison, Fig. 3.8 B also depicts

g?)f,(x; ¢y ) as the dashed green curve, where @y(x; ¢y) is the associated DA after normalisation adjustment:

sz_

d 1
es ;H)=n¢z/—16 SUH(X K13 T, / dx @ (x; &) = 1. (3:31)
T 0

The two curves in Fig. 3.8 B possess the same functional x-dependence at the endpoints and, using a £; measure [168],
they differ by just 4.1%. Using § = 1, 2, the differences are, respectively, 4.4% and 4.7%.

The purpose of these comparisons is to illustrate an important fact. Namely, a factorised approximation to v¥y(x, k. ; ¢y)
is reliable for integrated quantities when the wave function has fairly uniform support [169]. It is worth recalling here that
Zy is that scale at which the dressed quasiparticles obtained mathematically from the valence quark-parton and antiquark-
parton degrees of freedom embody all properties of a given hadron; in particular, they carry all its light-front momentum.
(This understanding of ¢y has long been a characteristic of well-founded models, e.g. Refs. [170-174].) Consequently, at
the hadronic scale, one can reliably exploit the approximation

(%, K25 tn) & u(x cn) (ke Cn), (332)
13
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where the optimal choice for &H(ki; ¢y) is influenced by the application, to arrive at the result

(X Cn) ~ @hy(x: Tn), (3.33)

and be certain that the level of accuracy exceeds the precision of foreseeable experiments.

Parton splitting effects entail that Eq. (3.33) is not valid on { > ¢y. Nonetheless, since the evolution equations for
both DFs and DAs are known [167,175-180], the changing connection is readily tracked. It follows that DAs and DFs are
complementary; and in being accessed via different processes, they open different windows onto similar fields of view.
Hence, the simultaneous analysis of both, yielding predictions for seemingly disparate observables, provides opportunities
for independent checks on the framework employed and insights drawn. For instance, any prediction of EHM-induced
broadening in the leading-twist DA of a NG boson must be matched by kindred manifestations in its DF.

3.2. Pion distribution amplitude

After its introduction [167,179,180], interest in the pion’s leading-twist DA rapidly became intense. Summaries of the
story may be found in several topical reviews [31,181] augmented by recent analyses [182,183]. Today, following these
forty years of effort, continuum phenomenology and theory agree that the pion’s DA at hadronic scales is a broad, concave
function, possessing greater support in the neighbourhood of its endpoints and therefore flatter than the asymptotic
profile [167,179,180]:

Pas(x) = 6x(1 — x). (3.34)

Quantitative differences in the pointwise expression of these features do remain; but those discrepancies are likely to
disappear when all computational frameworks are required to provide a sound, unified description of an equally diverse
array of phenomena.

In order to explicate these observations, suppose that one has obtained the solution of the homogeneous BSE derived
from the equation drawn in Fig. 2.6, i.e. x.(k, P; ¢y) in Eq. (2.23), then the leading-twist DA for the u-quark in the 7+
may be obtained as follows [166]:

A
frx 02 (x; ¢u) = NetrpZy(Ln, A)/ 8aky)ysy - nxm(kps, Ps Cu) . (3.35)
dk

Here N, = 3; the trace is over spinor indices; fdﬁ is a symmetry-preserving regularisation of the four-dimensional integral,
with A the regularisation scale; 8;(k,) = 8(n - k, — xn - P), n is a light-like four-vector, n®> =0, withn-P = —m, in the
meson rest frame; k,; = [k, + k;1/2, k;, = k + nP, k; = k — (1 — n)P; and f; is the pion’s leptonic decay constant, so

1
/ dxoi(x; ty)=1. (3.36)
0
The companion DA for the d-antiquark is

0% ty) = @"(1 = X; Cu). (3.37)

Naturally, the form of x,(k, P; ¢y) is determined by the intimately connected kernels of the gap and Bethe-Salpeter
equations. Much has been learnt about their structure in QCD during the past twenty-five years, with key steps along
the road being marked by Refs. [60,135,184-189]. The kernel used to compute a spectrum of mesons in Ref. [186], which
expresses crucial consequences of DCSB, was employed in Ref. [ 166] to predict the pion’s simplest two-body dressed-quark
DA. Projection onto the light-front was achieved by exploiting perturbation theory integral representations (PTIRs) [153]
for the dressed-quark propagators and meson Bethe-Salpeter amplitude. The DA was subsequently reconstructed from
(typically) fifty Mellin moments:

1
Fom™), = f dxF(x)" 9(0), (3.38)
0

f(x) = x, using a basis of Gegenbauer polynomials whose degree was included in the optimisation procedure so as to
minimise the number of basis vectors with a material contribution. This procedure yielded convergence using just two
polynomials in the series:

00 (x; ) = 1.81[x(1 — x)|r [1 +azclem A - 2x)] , (3.39)

with degree a; 4+ 1/2, o, = 0.31, and coefficient aj = —0.12, which is drawn as the dot-dashed blue curve in Fig. 3.9A.
Using a £; measure, this curve differs from ¢,5(x) by 15%.

Having thus arrived at a pointwise-accurate approximation to ¢, (x; ¢y), one can readily reexpress it using any other
basis. QCD predicts that this DAs endpoint behaviour should by linear, viz. the same as that of g.s(x). Accounting for
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Fig. 3.9. Left panel — A. Dot-dashed blue curve — pion DA in Eq. (3.39); and solid green curve — DA in Eq. (3.40). Right panel — B. Again, solid green
curve is the DA in Eq. (3.40). Comparisons are drawn with: AdS/QCD model, ¢(x) = (8/7)+/x(1 — x) — long-dashed gold curve; and QCD sum rules
result, Eq. (3.42) — short-dashed cyan curve. In both panels, the thin black curve is @,5(x) = 6x(1 — X).

this, Refs. [103,104] used a functional form suggested by fits to distribution functions in order to obtain an improved
representation:

0n(x: 04) = 18.2x(1 — X) [1 ~2.33v/(1 — %) + 1.79x(1 — x)] : (3.40)

which is drawn as the solid green curve in Fig. 3.9 A. Using a £; measure, this curve differs from that in Eq. (3.39) by 3.3%.
Furthermore, their low-order Mellin moments compare as follows:

[ (1 —=2x7) ((1—-2x)%
0.251 0.128 . (3.41)
0.242 0.117

Eq. (3.39)
Eq. (3.40)

Consequently, so far as foreseeable experiments are concerned, the curves are practically identical; and the reconstruction
in Eq. (3.40) is to be preferred because its endpoint behaviour is consistent with QCD.

It is worth comparing the prediction in Eq. (3.40) with several other determinations. To that end, the result obtained in
an AdS/QCD model [190], ¢(x) = (8/7)«/x(1 — x), is drawn as the long-dashed gold curve in Fig. 3.9 B. This model omits
the physics of perturbative QCD; hence, the endpoint behaviour does not match that of ¢,5(x). In this case, compared with
Eq. (3.40), the £; difference is 2.3%.

QCD sum rules have also been used to estimate the pion DA via analyses of the neutral-pion electromagnetic transition
form factor; and working within a Gegenbauer polynomial basis of degree 3/2, a broad band of results is possible [182].
Considering this, one may begin with a favoured representation (Table I, line 1 in Ref. [182]), which yields these values
for the DA moments in Eq. (3.41): (0.269, 0.117); then implement the procedure that leads from Eq. (3.39) to Eq. (3.40),
thereby obtaining the following form:

oSR(x: £y) = 18.2x(1 — ) [1 —2.24/x(1 — %) + 1.59%(1 — x)] , (3.42)

which is depicted as the short-dashed cyan curve in Fig. 3.9B. The moments of this function are (0.245, 0.119), well
within the uncertainty of the original estimate; and the r; difference between ¢3® and Eq. (3.40) is just 1.2%. Evidently,
the two results, obtained using very different means, are practically indistinguishable. Moreover, the DA in Eq. (3.40)
is also associated with a sound description of the neutral-pion electromagnetic transition form factor [191], something
canvassed further below.

Complementing such conclusions, drawn from forty years of continuum analyses, the past three years have seen lattice-
regularised QCD (1QCD) deliver preliminary results for the pointwise behaviour of pion and kaon DAs [192,193]: the DAs
obtained also show the dilation evident in Fig. 3.9. Earlier and continuing studies of IQCD results for low-order Mellin
moments of pion and kaon DAs, e.g. Refs. [194-196], yield results that are indicative of such dilation, too. Additional
examination of these ongoing developments is provided in Section 8.4.

In order to learn something more about NG modes, it is useful to emphasise that the DAs in Fig. 3.9 are those for
pseudoscalar mesons constituted from light valence degrees-of-freedom, whose properties are chiefly determined by the
physics of EHM. It is natural to study the response of these DAs to increasing the strength of Higgs-boson couplings into
QCD. This exercise was undertaken in Ref. [197], which considered the current-quark mass dependence of S-wave qq
meson DAs and uncovered an important feature. As highlighted by Fig. 3.9, light-meson DAs are broad, concave functions.
At the other extreme, i.e. mesons constituted from a valence-quark and -antiquark with degenerate current-quark masses
that are far greater than Aqcp, one has @y4(x; ¢) ~ 8(x — 1/2). Since meson DAs are smooth functions with unit
normalisation, which must respond smoothly to increasing current-quark mass, it is reasonable to expect that there exists
a current-quark mass, m, for which ¢g, g, (%; £) &~ @as(x). Ref. [197] verified this conjecture and found that m,; lies in
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Fig. 3.10. Left panel—A. Pseudoscalar meson DAs, ¢p(x; ¢y), computed for a range of current-quark masses. The results are drawn from
Refs. [103,104,197,198]. Legend. Dashed green (7°) curve: Eq. (3.40). Solid blue (/7;) curve: DA of a fictitious pseudoscalar meson built from a
valence-quark and -antiquark whose masses are chosen to match that of the s-quark, ms. Namely, the mass of the analogous ground-state vector
meson is approximately that of the ¢-meson. (Reconstructed from Ref. [198, Table 1]: the associated light-blue band expresses the slightly asymmetric
theory uncertainty in the leading Mellin moments.) Dashed red curve: DA of the n. meson, built from a c-quark and its antimatter partner. Right
panel —B. Comparison between continuum and lattice QCD results for the DA of the ITs system. In both panels, the long-dashed black curve is
Pas(X) = 6x(1 — X).

the neighbourhood of the s-quark current-mass, as may be seen in Fig. 3.10 A. The results were confirmed in studies of
the elastic electromagnetic form factors of pseudoscalar mesons [198] and y*y — n, n’ transition form factors [199].

More recently, 1QCD calculations using large-momentum effective theory have delivered results for pseudoscalar meson
DAs [193]. Of particular interest in the present context is the DA obtained when the current-quark mass is set in the
neighbourhood of the s-quark value, producing a bound-state mass mg = 0.69 GeV. The DA for this system is drawn as the
grey curve within like colour bands in Fig. 3.10 B. Also depicted is the continuum prediction for the DA of a pseudoscalar
meson bound-state with mg = 0.69 GeV [198]. Plainly, continuum and lattice analyses in QCD agree upon the existence
and value of m,. (Additional details are provided in connection with Fig. 8.36.)

The curves in Fig. 3.10 A answer a question, viz. When does the Higgs mechanism begin to influence mass generation?
As already stated, the pointwise behaviour of the DAs for QCD’s NG modes is largely formed by the mechanism of EHM.
On the other hand, the 7. meson, built from a c-quark and its antimatter partner and with its DA being much narrower
than ¢,, feels the Higgs mechanism strongly. Built from valence constituents with mass g, the Iz system lies at the
boundary: with a DA very similar to ¢,5, EHM and Higgs-boson couplings are playing a roughly equal role in forming the
wave function. It follows that comparisons between observables associated with truly light-quark bound-states and those
involving s quarks are ideally suited to exposing measurable signals of EHM in counterpoint to Higgs-driven effects, i.e.
revealing Higgs-boson modulation of emergent mass.

3.3. Kaon distribution amplitude

With this appreciation of the importance of such comparisons, it is natural to turn toward the kaon. Consider, therefore,
the K™, which is formed by one light valence u-quark and a heavier valence s-quark. The best available analyses indicate
that /Mg ~ 27, my; = (M, + My)/2 [8]. On the other hand, regarding Fig. 2.5, Ms(0)/M;5(0) ~ 1.3. Both these ratios
differ from unity because of the Higgs mechanism for mass generation, but the ratio of current-quark masses is roughly
21-times larger than the ratio of constituent-like masses. So whilst Higgs couplings into QCD have an enormous impact
on partonic masses, they only appear to produce small modulations in the realm of EHM dominance, e.g. Ms(0)/M5(0) ~
fx/fr, where fi , are the mesons’ leptonic decay constants. This being the case, how are Higgs couplings expressed in
kaon DAs?

Attempts to constrain the kaon DAs, ¢;*(x), have a long history, reaching back almost forty years [200]. Several
qualitative features may be anticipated: (a) whilst isospin symmetry in QCD means ((1 — 2x)), = 0, the large disparity
between u- and s-quark current-masses entails {(1 — 2x)),., > 0; and (b) since the kaon is heavier than the pion, then
(1 - 2)()2);+ < {(1 — 2x)?),,. There has been measurable progress since the early analyses, and a survey of continuum
and lattice results from the past decade [31,194,196,201-204] supports the following conclusions (§ = 1 — 2x):

([£, €212 =10,0.25], ([£, £21) " = [0.035(5), 0.24(1)]. (343)

Such skewing is also seen in the 1QCD calculation of the pointwise behaviour of ¢k (x) reported in Ref. [205], but not within
the precision of a more recent study [193]. (Additional discussion is presented in connection with Fig. 8.35, which depicts

P (x).)
Following the procedures described in Refs. [104,194,202], the results in Eq. (3.43) can be used to obtain the following
pointwise form for the kaon’s DA:

L% ) = gy X(1 — %) [1 o3 (1—x)5 + yxe(1 — x)ﬁ] , (3.44)
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Table 3.1
Coefficients and powers that specify the kaon DA defined by Eq. (3.44). Upper, middle, lower refer to the values of (§2>,uf” produced by the identified
coefficients. The “upper” parameter values produce the curve in Fig. 3.11 with the smallest magnitude at x = 0.5, etc.

ok 4 14 @ b
Upper 16.2 492 —6.00 0.0946 0.0731
Middle 18.2 5.00 —-5.97 0.0638 0.0481
Lower 20.2 5.00 —5.90 0.0425 0.0308

Fig. 3.11. Kaon DA, gg(x; ¢y), described by Eq. (3.44) and the “middle” coefficients in Table 3.1 — solid blue curve. The embedding band marks the
domain bounded by the “upper” and “lower” coefficients in Table 3.1. Pion DA in Eq. (3.40) — dot-dashed green curve; and asymptotic profile —
dashed black curve. The vertical lines mark the peak position of the K* and 7 DAs, viz. x = 0.4, 0.5, respectively.

where n,, ensures unit normalisation. The interpolation coefficients are listed in Table 3.1: “upper” indicates the curve

that produces the largest value of ($2>;f” and lower, the smallest. gof((x; Zy) is obtained using Eq. (3.37).

The family of DAs described by Eq. (3.44) and the coefficients in Table 3.1 is drawn in Fig. 3.11: solid blue curve within
blue shading. It is slightly distorted when compared with the pion DA in Eq. (3.40), with a peak shifted to x = 0.4,
i.e. 20% to the left. These features expose Higgs-boson modulation of EHM. (Recall fi/f, ~ 1.2 ~ M;(0)/My(0).) In
this connection, it is also worth remarking that the K and = DAs are unit-normalised; namely, in each case, an overall
multiplicative factor of fx ., respectively, has been factorised. What remains in the comparison between K and w DAs,
therefore, is an essentially local expression of EHM and Higgs-related interference effects.

It may be anticipated from the curves in Fig. 3.11 that with increasing current mass of the heavier quark the distortion
of this DA becomes more pronounced and its peak location, X,, moves toward x = 0 [206-208]. However, consistent with

notions of heavy-quark symmetry [209], there is a lower bound: limy, .« X, = )??H, )??H ~ 0.05. This corresponds to a
lower bound on the light-front momentum fraction stored with the lighter quark [206]: (x)f)” ~ 0.12. Tracing from the
pion, one has (x)# ~ 0.5, (x)f{i ~ 0.48, (x)g” ~ 0.32, (x):# ~ 0.19. Evidently, the D-meson lies roughly at the halfway

point; and in this case, drawn as in Fig. 1.1, the mass bucfget is EHM+ HB ~ 40%, half as much as in the kaon, and HB
current mass ~ 60%.

4. Empirical access to pseudoscalar meson distribution amplitudes
4.1. Electromagnetic transition form factors

There are few rigorous QCD predictions for processes that involve strong dynamics, like hadron elastic and transition
form factors. The cleanest are linked to y*y®*) — [T transition form factors, G;;(Q?), where IT is a charge-neutral
pseudoscalar meson and Q is the virtual photon momentum. With the second photon being real and isolating a given qq
component of 7, then there exists Qy > Aqcp such that [167]

Q2> 2
Q°GH(Q?) 20 42 e wh(Q?), (4.45)

where: fg is the pseudovector projection of the qq piece of the meson’s wave function onto the origin in configuration
space, i.e. a decay constant; ¢ is the quark’s electric charge; and

1
1
w%(Q2)=/ dx}so}’y(x; Q), (4.46)
0

where ¢l (x; Q = /Q2) is the dressed-valence g-parton contribution to the meson’s DA. f] is an order parameter for the
strength of chiral symmetry breaking, which is driven by EHM in the light-quark sector.
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Evidently, G;;(Q?) presents an almost ideal case of power-law scaling in QCD. Scaling violations are only expressed in
the meson DA'’s evolution [167,179,180]; but since it is the (1/x) -moment which appears and evolution is logarithmic,
then such effects can be observable on a large domain above Q2 =~ 10 GeV?. In this, one has indirect access to the DAs of
neutral pseudoscalar mesons. Notably, owing to isospin symmetry, the DAs of charged and neutral pions are the same;
similarly for kaons. It is worth remarking that when <p§’7(x; Q) = @as(x), w% = 3. On the other hand, the DAs drawn in
Fig. 3.9 yield w, = 3.7(3). (In this case, the sum over electric charge states produces 1/3.)

For the y*y(*) — 1, 1’ transitions, data are available on the domain Q? € [0, 112] GeV? [210-212]. More recently, data
has become available for y*(Qq)y*(Q2) — 1’ on le, Q22 € [2, 60] GeV? [213]. Contemporary analyses of these processes
can be found in Refs. [199,214-216]. They find that available data are consistent with the QCD prediction in Eq. (4.45)
and the non-Abelian anomaly has a noticeable impact on »" physics, e.g. [199]: the topological charge content of the 7’ is
more than twice as large as that of the n, which is itself also significant.

The y*y — =0 case is somewhat less clear. Data exists on the domain Q2/GeV? e [0.68, 35] [210,217-219]. All
data agree on Q2 < 10 GeV? and are compatible with Eq. (4.45); but thereafter the two available sets [218,219] exhibit
conflicting trends in their evolution with photon virtuality [220]. This issue has attracted much attention, as may be seen
by following the trails identified in Refs. [182,191,221-223].

It is worth remarking here that the framework employed in Ref. [191] generates the broad, concave pion DA illustrated
in Fig. 3.9; expresses the QCD asymptotic limit, Eq. (4.45); and has also been applied successfully to unifying y*y —
n, ', ne, Np transition form factors [199,224]. Hence, the following comparisons have some weight:

sources | Refs. [210,217,218] | Refs. [210,217,219] | Refs. [210,217-219]
x?/datum | 2.97 \ 1.78 \ 2.34

Evidently, the BaBar Collaboration data [218] deviate significantly from the prediction, whereas the Belle Collaboration
data [219] match well. In fact, focusing on data at Q> > 10 GeV?, one finds x?/datum = 4.14 [218] and x?/datum =
0.64 [219]. Thus, it is premature to suggest that Eq. (4.45) is challenged by existing data; rather, the bulk of such data
both tend toward its confirmation and support a picture of the pion DA as a broad, concave function at accessible probe
momenta.

Measurements of such transition form factors are difficult. They typically involve the study of ete™ collisions, with one
of the outgoing fermions detected, after a large-angle scattering, whereas the other is scattered through a small angle and,
so, undetected. The detected fermion is supposed to have emitted a highly-virtual photon and the undetected fermion, a
soft-photon. These photons are assumed to fuse and produce the final-state pseudoscalar meson. Numerous background
processes and loss mechanisms are possible in this passage of events, thus providing ample room for systematic error,
especially as Q2 increases [225]. It is likely that a full accounting for such errors could reconcile the data from BaBar [218]
and Belle [219]; and in any event, new data is anticipated from the Belle Il experiment [226].

Matching Eq. (4.45) in rigour, QCD also delivers a prediction for the behaviour of the elastic electromagnetic form
factor of a IT = fg charged pseudoscalar meson [167,179,180,227]: 3Qg > Aqcp such that

(4.47)

Q2> 2

Q’Fr(Q?) ~ 16m&(Q2)f2ah(Q), (4.48)

where
B 1
= el (Q + eg[#f, QN Wy =3 /0 dx g (X) o1z (%: Q). (4.49)

g(x) = 1/x, gz(x) = 1/(1 —x), and e ; are the electric charges of the valence quarks. Plainly, as before, this hard elastic
process is sensitive to the inverse moment of the meson DA.

Compared with the case of neutral meson transition form factors, Eq. (4.45), QCD scaling violations are more
pronounced in Eq. (4.48): there is the manifest logarithmic suppression introduced by &(Q?); and that is magnified by
QCD evolution, expressed in 4. These features highlight that QCD is not found in scaling laws. Instead, it is revealed
in the presence and nature of scaling violations, which are a basic feature of quantum field theory in four spacetime
dimensions: while different models and theories may predict the same scaling power-law, scaling violations will decide
between them.

4.2, Elastic electromagnetic form factors

The status of 7 and K elastic form factor measurements is summarised elsewhere [31] and is discussed further
in Section 9.2. It is nevertheless worth remarking, as shown by Table 9.4, that precise pion data are available on
Q2/GeV? € [0, 2.45] [228-237]. The impetus for the new generation of measurements, made at the Thomas Jefferson
National Accelerator Facility (JLab), is a widely held view that information on the Q2 dependence of F,(Q?) offers the best
hope for charting the transition between the strong QCD domain, whereupon observables are determined by EHM and
its corollaries and must be calculated using newly developed and developing nonperturbative methods, and the domain
of perturbative QCD (pQCD), in which the familiar methods of perturbation theory can be used to obtain formulae such
as Eq. (4.48).
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Fig. 4.12. F,(Q?). Solid black curve within grey band — continuum theory prediction, which bridges large and short distance scales, with
estimated uncertainty, calculated using the methods described in Ref. [198]. Left panel —A. Comparison with data analysed by the JLab F,
Collaborations [235,236]. The x?/datum = 1.0. Right panel —B. Dot-dashed blue and dotted purple curves — results obtained with Eq. (4.48),
comparing, respectively, that produced by a modern EHM-hardened DA like that in Eq. (3.40) with that given by the asymptotic profile. Projected
JLab 12 data, to be obtained using a Rosenbluth-separation technique — orange diamonds and green triangle. Black stars with error bars — data
projections for a US electron ion collider (EIC) [40], as anticipated using extraction from a combination of electron-proton and electron-deuteron
scattering, each with an integrated luminosity of 20 fb~!. Projections for the electron ion collider in China (EicC), currently under discussion, may
be found elsewhere [44, Sec.4]. (N.B. The normalisation of all projected data is arbitrary.) The long-dashed green curve is a monopole form factor
whose scale is determined by the pion radius.

Twenty and more years ago, before the strong QCD phenomena described in Section 2 were widely known and
appreciated, the transition to pQCD was expected to take place at Q% ~ mﬁ. However, with data now available out to
Q% ~ 25 mg, the JLab F, Collaboration has concluded that extant empirical coverage [233,238] “...is still far from the
transition to the Q2 region where the pion looks like a simple quark-antiquark pair ...”, viz. far from the Q? domain upon
which Eq. (4.48) can be tested. With the challenge posed by Eq. (4.48) thus remaining, experiments aimed at reaching
Q2% = 6 GeV? were proposed for the 12 GeV-upgraded JLab facility (JLab 12) [239]. Now the upgrade is completed, the
experiments [45,46] are running on schedule and the data are being analysed as soon as they are obtained.

Using the information provided in Section 2, it is possible to develop an estimate of Q; in Eq. (4.48) following the
ideas in Ref. [240]. In an elastic scattering process, both valence degrees-of-freedom in the pion will most often share
the incoming probe momentum equally, i.e. each will receive Q /2. Comparing the chiral limit and u = d-quark mass
functions in Fig. 2.5, it is clear that the perturbative tail only becomes evident at k* ~ 2 GeV?, where the ratio of the
two curves begins to deviate significantly from unity. With each quark carrying Q /2, it follows that no results calculated
using perturbative quark propagators can be valid unless

(Q/2) > 2 GeV? = Q* > 8 GeV* ~: Q. (4.50)

Within the past decade, the algorithms used for continuum calculations of F,(Q?) have been comprehensively
improved. This progress capitalised on the new techniques that delivered the DA results in Figs. 3.9, 3.10, 3.11. It led
to a single calculation applicable on the entire domain of spacelike Q2 [204,241], unifying that covered empirically with
the deep ultraviolet. The result is illustrated in Fig. 4.12 and the following features are noteworthy.

JLab pion data The solid black curve in Fig. 4.12A appeared after the JLab data were collected. Notwithstanding that, it
is a parameter-free prediction, which derives from and expresses the features of EHM detailed in Section 2. Hence,
the result x?/datum = 1.0 provides meaningful support for the concepts described therein.

Scaling and scaling violations Fig. 4.12B shows that the continuum theory prediction tracks a monopole form factor
with scale determined by the pion radius until Q2 ~ 6 GeV2. Thereafter, the two curves separate, growing further
apart with increasing Q2 as QCD scaling violations become increasingly more important in understanding this hard
exclusive process.

If the JLab 12 measurement at Q2 ~ 9 GeV? achieves the anticipated precision, then it will be sufficient to validate
this prediction. If the prediction is correct, then the measurement will be the first to have uncovered QCD scaling
violations in a hard exclusive process.

pQCD Fig. 4.12 B displays qualitative and semiquantitative agreement between the black solid and dot-dashed blue curves
on Q2 > 8 GeV?2. This indicates that when used with a pion DA appropriate to the scale of the experiment, Eq. (4.48)
provides a qualitatively sound understanding of this hard exclusive process at such momentum transfers. The
location of this boundary matches the value predicted in Eq. (4.50).

large Q> Comparison between the black stars and black solid curve in Fig. 4.12B suggests that EIC (or a similar high-
luminosity, high-energy facility) will be capable of delivering quantitative verification of the anomalous dimension
predicted by QCD for this hard exclusive process.
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Fig. 4.13. Continuum predictions for selected kaon form factors and related ratios drawn from Ref. [204] — solid black curve in each panel. All
panels present results obtained from Eq. (4.48) using empirical values for fi , and different estimates of K and = DAs: dashed green curve — DAs

estimated in Ref. [204], for which (Ez)f(” = 0.27(1), (EZ>§“ = 0.28; dot-dashed blue curve — DAs from Sections 3.2, 3.3, which exhibit 35% less
dilation with respect to ¢,5(x); and purple dashed curve, ¢,5(x). (The asymptotic profile produces Fyo = 0.) Legend notes. Upper left —A. Dotted olive
curve within like-coloured band — monopole based on kaon charge radius r; = 0.56(3)fm [8]; crossed circles — data from Ref. [244], representing
analyses of the 'H(e, @ K*)A reaction; and filled diamonds — data anticipated from a forthcoming experiment [47], where the two error estimates
differ in their assumptions about the t- and model-dependence of the form factor extractions. (Normalisation of projected data is arbitrary.) Upper

right — B. Strange-to-normal-matter charge distribution ratio. Lower right — C. Prediction from Ref. [204]: r,?o = —(0.21fm)? cf. experiment [245]:

rlﬁo = —(0.24 & 0.08 fm)?. Datum from Ref. [246], with the error bar marking the 90% confidence interval. Lower left —D. Data from Ref. [247].

It is also worth remarking that the solid black curve in Fig. 4.12B, drawn from Ref. [198], is one of a set that aids in
understanding contemporary 1QCD calculations of heavy-pion form factors at large Q2 [242,243]. Such 1QCD results are
discussed further in connection with Fig. 8.31.

Eq. (4.48) applies equally to kaon elastic electromagnetic form factors; and in concert with Fig. 3.11, it suggests that
the u- and s-quark charge distributions in the K* must differ. It follows that the neutral kaon has a nonzero charge form
factor. These features are seen in contemporary phenomenology and theory, e.g. Refs. [204,248,249)]. Such characteristics,
too, are expressions of EHM modulation by the Higgs-boson. They are illustrated in Fig. 4.13; and the following aspects
are worth highlighting.

Forthcoming kaon data Fig. 4.13 A illustrates that precise data do not yet exist for the charged-kaon form factor; but it
is anticipated that JLab 12 will remedy this situation, providing valuable information out to Q2 ~ 6 GeV?2. Referred
to the prediction in Ref. [204], which is the only QCD-connected result which covers the entire domain of spacelike
Q?, it appears that the reach of the expected JLab 12 data should enable scaling violations to be detected in Fy+(Q?).

DA sensitivity The sensitivity of the results produced by Eq. (4.48) to the endpoint behaviour of K and 7 DAs, through
their (1/x) moments, is plain in every panel of Fig. 4.13. This does not diminish the potential for data to reveal
scaling violations, but may affect the ability for such data to be used in determining the anomalous dimensions
characterising Fx(Q?).

Flavour separation Fig. 4.13B depicts the strange-to-normal-matter charge distribution ratio, Sg/uk, in the K*, as
predicted in Ref. [204]. With the static electric charges factored out, the ratio is unity at Q> = 0, owing to
current conservation; and Eq. (4.48) predicts that it is also unity on AéCD /Q? ~ 0. Thus, the interesting features
are displayed between these limits. 5¢/ux rises to a peak value of roughly 1.5 at Q?> ~ 6 GeV?. Recalling that
(f/fr > ~ 1.4 ~ (M;(0)/Mgz4(0))?, then this value is evidently typical for Higgs-boson modulation of EHM. Owing
to the logarithmic nature of DA evolution, the deviation of 5x/ukx from unity must remain significant on a very
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Fig. 4.14. Left panel — A. Results for the charged kaon form factor: solid black curve — prediction in Ref. [204]; dashed turquoise curve within like
coloured band — 1QCD result from Ref. [250]; dotted olive curve within band — monopole based on kaon charge radius; crossed circles — data from
Ref. [244], representing analyses of the 'H(e, e’ K*)A reaction; and filled diamonds — data anticipated from a forthcoming experiment [47], where
the two error estimates differ in their assumptions about the t- and model-dependence of the form factor extractions. (Normalisation of projected
data is arbitrary.) Right panel —B. Neutral kaon form factor (N.B. multiplied by a factor of 10): solid black curve — prediction in Ref. [204]; dashed
turquoise curve within like coloured band — 1QCD result from Ref. [250]; dotted olive curve within band — straight line drawn to indicate the
empirical constraint imposed by information on the neutral kaon’s charge radius. Evidently, evaluated at the peak of each function, the continuum
analysis predicts Q2Fg+ ~ 10Fyo.

large part of the domain Q2 > 6 GeV2. The anticipated JLab data [47] should be capable of testing some of these
predictions, including the projected peak height. Other features, including the persistence of S /ux > 1, will need
the energy and luminosity of EIC or EicC [40,44].

Timelike form factors On any domain within which Eq. (4.48) provides a reasonable approximation, spacelike and
timelike form factors are equal at leading order (LO) in &@. Using this fact, one can obtain an estimate for Fyo/Fy+
at timelike momenta beyond the resonance region, i.e. on t = —Q2? > 8 GeV2. Such a projection is drawn in
Fig. 4.13 C. Evidently, the prediction obtained in this way is consistent with the only existing measurement [246],
so long as one uses a kaon DA that is qualitatively consistent with that drawn in Fig. 3.11. The picture is less clear
for Fy+ /F,+, depicted in Fig. 4.13 D. The calculations all indicate that Fx+ /F,+ > 1, whereas existing data lie below
unity [247]. This is puzzling because: (i) charge conservation means Fy+/F,+ = 1 at Q% = 0; (ii) the ordering of
charge radii ensures the ratio rises as |Q?| increases; and (iii) the absence of another set of mass-scales suggests
that the asymptotic limit (fK2 /f,f ~ 1.42) should be approached monotonically from below. Notably, considering
the separate data for the 7 and K form factors at timelike momenta [247], one might review their normalisations
because, mapped straightforwardly to spacelike momenta and compared with the calculations in Ref. [204], the
7 measurements are roughly twice as large and those for the K are ~ 1.5-times greater. A mismatch of relative
normalisations would cancel in Fgo /Fyg+.

First 1QCD results for the kaon elastic electromagnetic form factors have recently become available [250]. As discussed
further in Section 8.2, in completing a IQCD computation of meson form factors, one must meet competing demands,
e.g. large lattice volumes are required to represent light-quark systems, small lattice spacings are needed to reach large
Q?, and high statistics are necessary to compensate for a decaying signal-to-noise ratio as form factors drop rapidly with
increasing Q2. For reasons such as these, the results in Ref. [250] only reach to Q% ~ 3.8 GeV?. They are reproduced in
Fig. 4.14 in comparison with predictions from Ref. [204].

Fig. 4.14 A reveals that the continuum and lattice results for the charged kaon form factor are almost identical on
Q2% < 4 GeV2. This adds further support to the suggestion made above, viz. the reach of the anticipated JLab 12 data
should enable scaling violations to be detected in Fg+(Q?); and they will certainly be seen in precision experiments at
EIC or EicC. Turning to Fig. 4.14 B, the new 1QCD result indicates a neutral kaon charge radius r;éQCD ~ —(0.16 fm)?,
a magnitude which lies at the lower extreme of the empirical range. Moreover, there is a clear qualitative likeness and
semiquantitative agreement between the 1QCD result and the continuum prediction: the momentum dependence is similar
and the 1QCD result is a roughly uniform two-thirds of the size of the continuum prediction. Combined with the accord
displayed in Fig. 4.14 A, confidence in both results is increased; especially because the K° charge form factor is determined
by a destructive interference between two terms that are identical at Q2 = 0 and similar in magnitude thereafter, so that
any loss of precision is magnified in the difference.

4.3. Diffractive dissociation

The exclusive reactions described in Sections 4.1, 4.2 provide access to an integrated property of pseudoscalar meson
DAs, viz. the (1/x) moment, which is particularly sensitive to a DA’s endpoint behaviour. It may be possible to obtain
information on the x-dependence of a meson’s DA using the diffractive dissociation process depicted in Fig. 4.15.
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Fig. 4.15. Hard diffractive dissociation of a pion in the gluon field of a heavy nucleus. The pion’s valence-quark-valence-antiquark wave function is
Y (x, k2 ¢), with ¢ the energy scale of the interaction.
Source: Image courtesy of D.Binosi.

Notionally, a high energy meson dissociates in the colour field of a heavy nucleus, transferring no energy to the target, A,
so that it remains intact. Meanwhile in this coherent process, the meson breaks up, with its valence-quark and -antiquark
constituents seeding two jets. So long as the momentum of a given valence constituent is transferred (almost) completely
into just one of the two separate jets, then measurement of the jet momenta provides access to the quark and antiquark
momenta:
_ pjet1
pj€t1 + pjetz

Assuming factorisation is valid for the kinematics of a given experiment, then one may argue that the energy scale of the
interaction is

(451)

oo B
x(1—x)’
where k; is the intrinsic light-front transverse momentum of the valence-quark.
Following the analysis in, e.g. Ref. [251], the differential cross-section for the process depicted in Fig. 4.15 takes the
following form:

(4.52)

2
o |a(k2 n Gy, 1) Dp(k2)] (4.53)

op(x)
ak%

o

dk?

where xy is the momentum fraction (Bjorken x) of the interacting gluons, G(xy, ki) is the gluon distribution in the target,

and a product Ansatz has been employed for the meson’s light-front wave function, viz. ¥p(x, ki) ~ {[)p(X)(bp(kzl), as
discussed in Section 3.1.

An experiment (E791) to measure the process sketched in Fig. 4.15 is described in Ref. [252]. Two domains of ki
were identified therein, separated by their perceived ki dependence, and connected to £2/GeV? ~ 4, 10. The data are
presented in Fig. 4.16. If one chooses to interpret them using Eq. (4.53), as done in Ref. [252], then the number of events
is proportional to |¢,(x; ¢)|?. Two primary curves are drawn in each panel of Fig. 4.16: dashed black, derived from ¢,(x);
and solid blue, from Eq. (3.40).

Taken at face value, ¢,5(x) provides a better description of the data’s x-dependence than the realistic DA discussed in
Section 3.2. Moreover, in switching from the ¢ &~ 2 GeV data to the ¢ &~ 3 GeV set, the @,s(x) x?/datum decreases by
a factor of two, with ¢,5(x) unchanging under evolution. On the other hand, that associated with Eq. (3.40) is practically
unchanged, even though the DA evolves. Notably, as shown by Fig. 4.16 B, evolution is practically nugatory in passing
from 2 — 3 GeV.

These remarks highlight the conundrum attendant upon any interpretation of the data in Ref. [252] as a measure of
|z (x; §)|2. There are two marked inconsistencies. Existing data on the neutral pion electromagnetic transition form factor
and new-generation pion elastic form factor data, depicted in Figs. 4.12, suggest very strongly that ¢,s(x) does not provide
a valid description of pion structure at { ~ 2 GeV; yet it matches the E791 diffractive dissociation data very well. QCD
evolution from 2 — 3 GeV does not have any measurable impact on ¢, (x; ¢); yet the data reported in Ref. [252] are
described therein as changing significantly under this small step. So, the connection with pion form factor predictions
does not become any closer, yet the description of E791 data is claimed to improve.

It is now plain that one cannot be certain whether the E791 division of data into the two sets displayed in the separate
panels of Fig. 4.16 is realistic. Furthermore, updated analyses of the process illustrated in Fig. 4.15 have demonstrated
that the simple dependence on the meson DA expressed in Eq. (4.53) becomes more complicated [253,254]. At best,
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Fig. 4.16. Left panel — A, ¢ ~ 2 GeV data from Ref. [252]. Dashed black curve: fit to data based on ¢,s(x); and solid blue curve, fit using Eq. (3.40).
x%/datum = 1.1, 2.6, respectively. right panel — B. ¢ ~ 3 GeV data from Ref. [252]. Dashed black curve: fit to data based on ¢,(x); and solid
blue curve, fit using Eq. (3.40), one-loop evolved to ¢ = 3 GeV. x?/datum = 0.54, 2.7, respectively. The solid blue curve is obtained via one-loop
evolution of the dotted red curve, which is based on the solid curve in Panel A.

many representations of the pion DA are consistent with the E791 data [255]. Hence, one must conclude that whilst hard
diffractive dissociation of a meson does provide information on the x-dependence of the bound-state’s DA, experiments
with better precision than E791 are necessary before that connection can profitably be exploited.

5. Pion distribution functions
5.1. Forward compton scattering amplitude

A description of the status of experiment and theory for pion and kaon distribution functions as it was ten years
ago may be found in Ref. [52]. An update on experiment is presented in Section 9.3. Here it is worth recapitulating
a few facts in order to establish the context for that update and recent developments in theory. Thus, the hadronic
tensor relevant to inclusive deep inelastic lepton+pseudoscalar-meson (¢/7) scattering can be expressed via two invariant
structure functions [256]. With the incoming photon possessing momentum q and the target meson, momentum P, then
in the deep-inelastic (Bjorken) limit [257], viz.

q* — o0, P-q— —o0, butx:= —q*/[2P - q] fixed, (5.54)
that tensor is (t,, = 8,v — 4.qv/q%, P} = tuuPy):
E(x)
5. g PPl B = 2XFi(). (5.55)

Bjorken-x measures the struck parton’s share of the meson’s light-front momentum. F;(x) is the meson structure function,
which provides access to the meson’s quark distribution functions:

Fx) =) eqd'x)=hx) =) e 2xq(x), (5.56)

q€ll qell

W;w((ﬁ P) = F1(X) tp.v -

where e, is the quark’s electric charge. The sum in Eq. (5.56) runs over all quark flavours; but, e.g. in the 7" it is
naturally dominated by " (x), 7 (x). Moreover, in the g-parity symmetric limit, which is a good approximation in Nature,
(%) = 47 (x).

Using the optical theorem, the structure function is given by the imaginary part of the virtual-photon-meson forward
Compton scattering amplitude: y*(q)+ I1(P) — y*(q)+ I1(P). This understanding provides one direct way to compute it.
Namely, within the framework of continuum Schwinger function methods and at leading-order in a systematic, symmetry
preserving truncation scheme, computation of the collection of diagrams in Fig. 5.17 is both necessary and sufficient to
obtain a sound result [258-260]. Notably, as first demonstrated in connection with 7 scattering [261,262] and amplified
in subsequent discussions of numerous other “box-diagram” processes, e.g. Refs. [263-266], if any one of the contributions
depicted in Fig. 5.17 is neglected in a given calculation of the Compton amplitude, then the result explicitly violates an
array of crucial symmetries. Typical consequences include the following: overestimation of the sea and gluon content
of a given bound-state; incorrect estimates for the relative size of valence-quark momentum fractions within different
but related bound-states; misidentification of ¢y, if this scale is used as a parameter to fit some empirically-determined
distribution [267]; and because these errors are communicated into the evolved distributions, a lack of credibility in
the conclusions and interpretations drawn from the distributions. Furthermore, the symmetry violations and connected
errors are accentuated by including the #(P, k) resummation in Fig. 5.17(A) alone because this disrupts the balance of
interferences that a fully-consistent truncation is guaranteed to preserve. Consequently, less harm is done by working
solely with Fig. 5.17(C), as done in the earliest studies [52].
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Fig. 5.17. Collection of diagrams required to complete a symmetry-preserving leading-order (RL rainbow-ladder truncation) calculation of meson
Compton scattering. Amplitude-One (S1) = (A)+(B)-(C). The “dots” in (A) and (B) indicate summation of infinitely many ladder-like rungs, beginning
with zero rungs. The other two amplitudes are obtained as follows: (S2) — switch vertices to which q and ¢' are attached; and (S3) — switch vertex
insertions associated with ¢’ and P’. In all panels: triangles (blue) — meson Bethe-Salpeter amplitudes, drawn here for the pion I';;_,; circles (red) —
amputated dressed-photon-quark vertices, I'”; and interior lines — dressed-quark propagators. A = q' — q. Poincaré-covariance and electromagnetic
current conservation, inter alia, are guaranteed so long as each of these elements is computed in RL truncation.

Working with the virtual-photon-meson forward Compton scattering amplitude specified by the diagrams in Fig. 5.17
and using the Ward-Green-Takahashi identity for the dressed-photon-quark vertex, Ref. [258] derived the following
expression for the quark distribution function in a IT = fg pseudoscalar meson:

F(x; ¢y) = Netr f 8x(kyIn - 0k, [T (ky, —P)Sy (k)] Tra(ks, P)Sg(ky) (5.57)
dk

where the derivative acts only on the bracketed terms. One may prove algebraically that the result obtained using

Eq. (5.57) is: independent of 7, i.e. the definition of the relative momentum within the bound state; ensures

J X&) = (1 =% ¢u); (5.58)

and satisfies the baryon number and momentum sum rules, viz.

1 1 1
f dx (% cy) = 1= f dxz"(x: ¢u) =1, f dxx [£7(x; eu) + 57 (% w)] = 1. (5.59)
0 0 0

Regarding Eq. (5.57), it is natural to explore whether anything can be stated a priori about the x dependence of the
distribution function it defines. To this end, consider that the integrand depends on the quark propagator and the bound-
state amplitude. Independent of the theory and the number of spacetime dimensions, Dy, the large momentum scaling
behaviour of a fermion propagator is always S(k) ~ 1/iy - k. Thus, all information about bound-state formation and
properties is encoded in the meson’s Bethe-Salpeter amplitude.

Beginning with the homogeneous Bethe-Salpeter equation derived from Fig. 2.6, it is straightforward to show, using
little more than dimensional counting, that a Dgt = 4 vector-boson exchange theory, characterised by boson exchange
with large-momentum scaling behaviour 1/[k?]", produces a bound-state amplitude with the following feature:

emg ]
Fn(k, P) ~ 1Y5 [k2]v . (560)
This result is also valid in the symmetry-preserving treatment of a contact interaction, v = 0. (These remarks extend
those made following Eq. (2.21).) The analysis can be made more rigorous by adapting, e.g. what has been called the
Higashijima-Miransky approximation [268,269] for treating the integrals that appear in quantum field theory bound-state
equations. In this way, one can readily reproduce the QCD prediction obtained in Ref. [124], which leads to Eq. (5.60) via
Eq. (2.25) and its corollaries.
The scaling patterns just described are expressed in the following equations:

S = =iy - k+MIAu(R),  Au(s) = 1/is+ M2], (5612)
! . 1r 3/2
on Ttk £0) = s [ dz ) 300). pv<z)=ﬁ%m—zz)“, (561b)
—1

where M is a dressed-quark mass-scale, AM(S) = M?Aun(s), k, = ki/m +(z £ 1)P/2, and ny7 is the canonical normalisation
constant. To simplify the algebra, consider the chiral limit, so that P2 = 0. Then inserting Eqs. (5.61) into Eq. (3.35), one
obtains [166]
(x) = I'(2v+2)
T ORI
Evidently, the scaling power of the bound-state’s DA is completely determined by that of the exchanged boson which
produces the bound state.

x(1—2x)1". (5.62)
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Fig. 5.18. Comparison: ¢"(x; ¢y) vs. [@r(x; ¢y)]?. This figure establishes the veracity of Eqs. (5.64c) and (5.66¢), respectively: solid blue curve cf.
dashed green curve for 1/k? interaction; and dot-dashed red curve cf. dotted orange for 1/k* interaction.

Turning now to the DF, consider v = 0 in Egs. (5.61). In this case ¢(x) = 1; and implementing a translationally
invariant regularisation of the integral in Eq. (5.57), one finds, in accordance with Eq. (3.33):

alo(x: tn) = 1= [} (X)) . (5.63)

This well-known result was first obtained in Ref. [270].
The steps can be repeated using v = 1. Then [166,258]:

o (%) = 6x(1 = X) = @as(x) , (5.64a)
¢ tn) = % [x*(x[2x = 5]+ 15)Inx + (2x* +x + 12) (1 — x)’ In(1 — x)

+2x(6 — (1 — x)x)(1 — x)] (5.64b)

~ g[w,“;](xnz = [pf (0. (5.64c)

The veracity of the last statement is established in Fig. 5.18: solid blue curve cf. dashed green curve, for which the r,
difference is 4.1%. Notably, using Eq. (5.58), qf:](x; ¢y ) is symmetric under x <> (1 — x); and

x~1 216
g6 o) S (1= +0((1 - 1)), (5.65)

Using v = 2, one obtains
oi2(x) = 30[x(1 — X)), (5.66a)
15
(% L) = = [30x°(x[x(x[2x — 9] + 20) — 28] + 35)Inx

— 30(x[x(2x*> + x + 5) + 7] + 20)(x — 1)’ In(1 — x)
—5x([x — 1x([x — 1]x(12[x — 1]x + 25) + 378) + 120)(x — 1)] (5.66b)

7
E[w,”fz(xn2 = [ (X)) (5.66¢)

%

Eq. (5.66¢) is illustrated in Fig. 5.18: dot-dashed red curve cf. dotted orange curve, for which the ~, difference is 3.8%.
Naturally, in this case, too, qf: ,(X; ¢y) is symmetric under x < (1 — x); and

X

gLy 2n) "= 112501 — x)* +0((1 — x)F). (5.67)
Explicit calculations for ¢/ (x; ¢y) in Eq. (5.57) using Eqgs. (5.61) are not available for v > 3. On the other hand, Eq. (5.62)
is valid for any v; and using Eq. (3.33) and Fig. 5.18, the pattern is clear:
~1
T &) "o (1= %)% +0((1 — x)"¥2). (5.68)

Such a connection between the k*-dependence of the exchange interaction and the x-dependence of the meson’s DA and
DF is found in all analyses of the continuum bound state problem. Recent examples may be found in Refs. [103,104,169,
259,260,271-273].
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Eq. (5.65) is an explicit illustration of a long known result in QCD. Namely, any calculation that capitalises on the
known behaviour of pseudoscalar meson wave functions at large valence-quark relative momenta [123,124,167], predicts
the following large-x behaviour of the valence-quark DF (see, e.g. Refs. [274-278]):

g0 tn) "= dan) (1 =21 B (ey) =2, (5.69)
¢(¢y) is a constant, ie. independent of x. The hadronic scale is not accessible in experiment because specific kinematic
conditions must be met before data can be interpreted in terms of 477 (x, ¢) [279]. Hence, any prediction of ¢4/ (x; ¢y) must
be evolved to ¢ 2 m, for comparison with experiment. Under such evolution, the exponent becomes 2 + y, where the
anomalous dimension ¥ > 0 and increases logarithmically with ¢.2 Eq. (5.69) means that any analysis of data that can
reasonably be interpreted in terms of ¢'7(x; ¢¢) must produce B;; > 2. If it does not, then either: (a) strong interactions in
Nature are not described by a 1/k? vector-boson exchange theory; or (b) the analysis of the data is flawed in some way,
e.g. by having neglected important contributions to the hard scattering kernel, which is a critical piece in any attempt to
connect data with DFs [279].

It is worth noting here that what has come to be known as the Drell-Yan-West relation provides a connection between
the large-x behaviour of DFs and the large-Q? dependence of hadron elastic form factors [281,282]. In its original form, the
relation was discussed for | = 1/2 targets, in fact, the proton. It has long been known that this original form is not valid
when the target is a pseudoscalar meson (J = 0) and the valence-parton scatterers are ] = 1/2 objects [283,284]. The
generalisation to spin-J targets constituted from J = 1/2 quarks may be found in Ref. [277], viz. for a hadron # defined
by n + 1 valence J = 1/2 partons, so that its leading elastic electromagnetic form factor scales as (1/Q2)":

o) S (1= %P By =2n— 1424, (5.70)
where AS, = |S{ — S]. For a pseudoscalar meson, n = 1, Sz'”:” = 0, and consequently 8,.—; = 2. Hence, one recovers
Eq. (5.69). For the proton, n = 2 and AS, = 0 for a non-spin-flip transition; so, 8,—p, = 3 for the valence-quark DF. Within
fitting uncertainties, this behaviour has been confirmed [285].

5.2. Hadron scale pion distribution function

As explicated in Table 9.5, data that can be interpreted in terms of the pion’s valence-quark DF were obtained thirty
and more years ago at CERN [286-290, WA39, NA3, NA10] and Fermilab [291, E615]. The E615 publication included a LO
pQCD analysis of their data, which produced the result:

~1
15X 05 = 5.2 GeV) '~ (1 —x)'. (5.71)

As highlighted and discussed in Ref. [52], owing to the striking conflict between this result and Eq. (5.69), the E615 analysis
triggered a continuing controversy. Following that discussion, a new analysis was completed, working at next-to-leading
order (NLO) in pQCD and including next-to-leading-logarithm (NLL — soft gluon) resummation [292]. It was known that
NLO corrections to the hard-scattering kernel produce some softening of the DF [293]; but the inclusion of NLLs in the
kernel was new and their effect was striking. Indeed, the Ref. [292] analysis delivered
~1

15 (202 (X: Ca = 4 GeV) o (1— x>, (5.72)
in agreement with Eq. (5.69).

One might have supposed that Ref. [292] would have resolved the controversy. However, this has not proved true.
Instead, all subsequent, published analyses of data relevant to the determination of 47(x) [294-296] have ignored
NLL resummation in constructing the hard-scattering kernel, despite its clearly established importance [292,297-300].
Consequently, the more recent analyses yield results like that in Eq. (5.71); hence, in conflict with the prediction in
Egs. (5.69), (5.70). In this connection, it is notable that recent steps toward an updated analysis of 4”-relevant data are
exploring the inclusion of NLL resummation. They all yield softened large-x behaviour and typically lead to agreement
with Egs. (5.69), (5.70) [301,302].

Given the persistent concerns over the large-x behaviour of the pion’s valence-quark DF and the impact this has as a test
of QCD, the past decade has seen numerous continuum calculations of 47 (x), e.g. Refs. [173,174,271,303-307]. The problem
was tackled using Eq. (5.57) in Refs. [258,308], wherein algebraic models were employed for the required elements,
i.e. propagators for the dressed valence-quarks, Bethe-Salpeter amplitudes for the mesons, and dressed-photon-quark
vertices. These calculations were improved in Refs. [259,260], with all elements determined by solving the continuum
bound-state equations defined by the QCD inputs and features described in Section 2. Whilst this makes the analysis a
more challenging numerical problem, it delivers results with a tighter link to QCD.

2 This feature can be seen via Egs. (5.61): an anomalous dimension on the meson’s wave function can be approximated by inclusion of a small
additional power, v = 1 — (1 + €), with a controllable level of precision [280, Eq. (22)], so that the exponent in Eq. (5.65) becomes 2(1 + €). For
QCD, referring to Egs. (2.21), (2.25), € > 0.
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Fig. 5.19. Left panel—A. 7(x; ¢y) in Eq. (5.74) (solid navy curve) compared with the result in Eq. (5.75) (long-dashed green) obtained through
Eq. (3.33) with the pion DA computed using the same framework, Eq. (3.40). Dotted black curve, scale-free result g(x) = 30x*(1 — x)?, connected
with @,s(x) in Eq. (3.34) via Eq. (5.64). Right panel —B. Reverse comparison; namely, [¢7 (x; ¢y)]'/? (solid navy) compared with @, (x) obtained from
Eq. (3.40) (long-dashed green). Dotted black curve, ¢,s(x) in Eq. (3.34).

With numerical solutions in hand for the terms in the integrand of Eq. (5.57), Refs. [259,260] considered the DF's Mellin
moments:

1
&Mz, = / dxx"q" (x; ¢n) (5.73a)
0
N, n-k, "
= Ptr/dk[ - 1;’} I (ky, P)S(kq)n - Ok, [Tz (ky, —P)S(ky)] . (5.73b)

Owing to Eq. (5.58), the value of any particular odd moment, (x'“°)?H, me, = 2m+ 1, m € Z, is known once all lower
even moments are computed. The identities are readily determined and can be used to validate the numerical methods
employed to compute the Mellin moments. In this way, Refs. [259,260] computed and checked results for them =0, ...,5
Mellin moments in Eq. (5.73).

Although every moment defined by Eq. (5.73) is finite, direct calculation of m > 6 moments using numerically
determined inputs for the propagators and Bethe-Salpeter amplitudes is difficult in practice because the [n - k,]™ factor
introduces oscillations that are increasingly more difficult to track using brute force. In any perfect procedure, the
oscillations cancel; but that is hard to achieve numerically. This problem can be solved by using the Schlessinger point
method (SPM) [309-316] to construct an analytic function, Ms(z), whose z =0, 1, ..., 5 values agree with the moments
computed directly and for which Mg(7) is related to Ms(0), Ms(2), Ms(4), Ms(6) as prescribed by Eq. (5.58).

Based on the Padé approximant, the SPM is a powerful tool from numerical mathematics. It is able to reliably
reconstruct a function f in the complex plane within a radius of convergence which is specified by that one of the branch
points of f which lies nearest to the real domain containing the sample points. Furthermore, owing to the procedure’s
discrete nature, the reconstruction may also define a sound continuation on a larger domain. However, this cannot be
guaranteed. Hence, each case must be treated individually.

Working as just described, Refs. [259,260] reconstructed the following valence-quark DF for the pion using eleven
SPM-approximant Mellin moments of the pion DF:

7 (X ¢y) = 213.32x%(1 — x)*[1 — 2.9342/x(1 — x) + 2.2911x(1 — x)], (5.74)

which is depicted in Fig. 5.19 A. Also drawn in this panel is the DF obtained via Eq. (3.33) when the pion DA computed
using precisely the same framework is inserted as the base, viz.

(% ¢u) = 301.66x%(1 — x)*[1 — 2.3273y/x(1 — x) + 1.7889x(1 — x)]° . (5.75)

The £; difference between the two curves is 5.2%, i.e. practically identical to that obtained in every example presented
above. Fig. 5.19 B displays the companion image; namely, the DA obtained from Eq. (5.74) using Eq. (3.33) in comparison
with the directly computed DA in Eq. (3.40). Here the £, difference between the two curves is 2.7%.

Following upon all previous examples, this outcome in the realistic case confirms the statement made above; to wit,
with a level of pointwise discrepancy that will be imperceptible in any foreseeable experiment, one may write

" (X En) = @h(%; Cu). (5.76)

Given the relative ease of calculating pseudoscalar meson DAs in comparison with using Eq. (5.57) to obtain the related
DF, the value of Eq. (5.76) is manifest. Accepting this, then it follows immediately that all expressions of EHM and Higgs
modulation thereof in pseudoscalar meson leading-twist DAs are embedded equivalently in the meson valence-quark DFs.
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5.3. Pion distribution function at ¢, = 2GeV

It is common to present results for DFs and their moments at {&; = 2 GeV; and usually, with a given DF specified at
some scale ¢, < ¢, the perturbatively defined DGLAP equations [175-178] are employed to obtain a new result at the
higher scale. A prescription must nevertheless be specified because the standard DGLAP equations involve QCD’s running
coupling. Practitioners typically take a purely pQCD perspective, implementing evolution with a DGLAP kernel calculated
at a given order in perturbation theory. If the scale at which evolution begins is large enough, then LO evolution kernels
may be adequate, at least in practice. If they fail, then NLO can be implemented, and so on, in principle.

An alternative scheme supposes that [71,107,108,317,318]: (i) in connection with a given process, a nonperturbative
effective charge (running coupling) exists; (ii) being matched to experiment, this coupling is free of a Landau pole; and
(iii) using this charge, the associated leading-order DGLAP equations are exact. Such effective charges are process
dependent (PD); and even though those obtained from distinct observables can in principle be connected through an
expansion of one coupling in terms of the other, the PD character is somewhat unsettling. Typically, knowledge of one
PD charge does not enable global predictions to be made for another process; and the relation between two such charges
at infrared momenta can only be determined after both are independently constructed.

The PD charge alternative was reinterpreted and refashioned in Refs. [63,103,104,259,260], wherein it is advocated
that evolution should be implemented by using the PI effective discussed in Section 2.2 to integrate the one-loop DGLAP
equations. Such a procedure leads, e.g. to the following relationship between the moments of a meson’s valence-quark
DF:

1
x"M), i=/ dxx"g"(x; ). (5.77)
0
n( )= <anM>§ _ y(;1 ln:f, dt A(t) (5.78)
8= i = G [ %900 -

where t = Ink? and

n_ 4 3 2 4n+11 5.79
W3 e ok 579

k=1

Since yé’ = 0, then baryon-number does not change with ¢; and y01 =32/9.

Numerous reasons were offered in support of this scheme. They included the qualities of &(k?) listed following
Eq. (2.18), for instance, as Fig. 2.3 shows, &(k?) decreases monotonically on k* > 0 and can serve to mark the
boundary between soft and hard physics. In addition, the fact that &(k?) is known to provide a foundation for the
unification of many observables, including: hadron static properties [142,319-321]; light- and heavy-meson distribution
amplitudes [197,202,203,206,322]; and related elastic and transition form factors [198,199,204,224,314].

Within the @ evolution scheme, an analysis of the large-n behaviour of Eqgs. (5.77)-(5.79) yields [104, Appendix 1]:

(14 Bu(ln))
(14 pu(?))

where yr = 0.5772... is Euler’s constant. When expressed at one-loop order in pQCD, the first identity in Eq. (5.80),
is a textbook result, e.g. Ref. [279, Eq. (4.137)]; yet, it is often overlooked. Egs. (5.80) connect the large-x exponent of a
meson’s valence-quark DF at scale ¢ with the momentum fraction carried by valence-quarks at this scale. As might have
been anticipated, with decreasing valence-quark momentum fraction, the multiplicative coefficient also decreases and the
large-x exponent increases logarithmically.

Following Ref. [267], the initial scale for evolution, £y, came to be viewed as a free parameter, with a value chosen a
posteriori after securing agreement with the results obtained for some DF Mellin moments in phenomenological analyses
of data. The & evolution scheme begins from a markedly different position. Namely, referring to the first point following
Eq. (2.18), the initial scale for DF evolution is the hadronic scale, whose value is fixed a priori at the position of the Landau
pole screening mass: ¢y ~ 1.4 Aqcp. At this scale, the bound state is defined solely in terms of the quasiparticle degrees-of-
freedom used to solve the continuum bound-state equations. Consequently, glue and sea distributions vanish identically
at ¢y, being sublimated into the dressed-quark and dressed-antiquark quasiparticles, thus explaining the second identity
in Eq. (5.59).

Beginning with ¢7(x; {y) defined by Egs. (3.31), (3.40), (5.76) and a n; = 4 MS value of Agep = 0.234 GeV, used in
computing the result in Eq. (3.40), so that

¢y = 0.331(2) GeV, (5.81)

3 313_
Pu(s) = Pult) + 2 Inxh(5. Gu). dO) = gh) [ah(c, o] 237, (5.80)

Ref. [104] delivered the prediction for «" (x; ;) in Fig. 5.20 A — solid blue curve. In order to express a conservative estimate
of uncertainty arising from that in the value of &(0), which implicitly determines ¢y, all predictions in Refs. [103,104] are
embedded in bands determined by changing ¢y — ¢y(140.01). The prediction in Fig. 5.20 A exhibits the large-x behaviour
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Fig. 5.20. Left panel —A. Solid blue curve — valence-quark distribution defined by Egs. (3.31), (3.40), (5.76) evolved to ¢ = ¢, using the & evolution
scheme explained in connection with Eq. (5.81); and short-dashed cyan curve — phenomenological result from Ref. [294]. Right panel —B. Drawn
from Ref. [104]: solid green curve, p = g — prediction for the pion’s glue distribution; and dot-dashed red curve, p = S — predicted sea-quark
distribution. Phenomenological results from Ref. [294] are plotted for comparison: p =glue — long-dashed dark-green; and p =sea — dashed brown.
Normalisation convention: (X[247(x; {2) + &7 (X; £2) + S™(x; £&2)]) = 1. Notably, 247 (x; &) > [87(x; &) + S™(x; £&2)] on x > 0.2, marking this as the
valence domain within the pion. (The uncertainty bands bracketing the theory predictions are explained following Eq. (5.81).)

prescribed by Eqs. (5.80). For practical purposes, a measurable large-x exponent, ﬂ;ff(g“), can be determined by plotting
In " (x; ¢) against In(1 — x) on x € [0.9, 1.0] and extracting the slope, with the result

BE(5,) = 2.63(8). (5.82)

Since it remains common for IQCD computations to focus on low-order moments of meson DFs — Section 8.3, it is
worth comparing some obtained recently with those calculated from the prediction in Fig. 5.20 A:

(=18 X *x*)e M

1QCD[323] 0.21(3) 0.082(13) 0.041(07) (5.83)
1QCD [324] 0.254(03) 0.094(12) 0.057(04) ° )
continuum [104] | 0.24(2) 0.094(13) 0.047(08)

(Here, (x")7 = (x"4"(x)), with the scale specified separately. A larger array of comparisons, including model results, may
be found in Ref. [174, Table III].) An uncertainty-weighted average of results in Eq. (5.83) yields the following value of the
light-front momentum fraction carried by valence-quarks in the pion at ¢ = &;:

(2x4” (x; £2)) = 0.49(2). (5.84)

Fig. 5.20A also shows a fit obtained by analysing data on w-nucleus DY and leading neutron electroproduction
data [294] — short-dashed cyan curve. Although this fit produces a consistent momentum fraction, viz. (2x)7 = 0.49(1),
its x-profile is markedly different from the continuum prediction: using a £, measure, the two curves differ by 40%.
Furthermore, the phenomenological DF conflicts with the prediction in Egs. (5.69), (5.70). As noted above, the analysis in
Ref. [294] ignored NLL resummation, which is known to be important at large-x [292,297-300]; and an overestimate of
the DF at large-x entails an underestimate at intermediate x.

These remarks highlight that low-order moments of a valence-quark DF contain practically no information about
its large-x behaviour. To expand upon this, consider that for a DF with the behaviour in Eq. (5.69), with B undeter-
mined [104, Appendix 1]:

2. m»1 constant
x") = e

which entails [325]:

x [140(1/n)], (5.85)

(Xn72) _ <Xn+2>

Br(n) = Boo(n) +0(1/n),  Boo(n) = -1+ e (5.86)
Fig. 5.21A plots B.(n) as obtained from both curves in Fig. 5.20 A. Evidently, one must possess a reliable determination
of at least six DF Mellin moments in order to distinguish between these results. Moreover, moments with very high order
are required for extraction of the large-x exponent 8 from a realistic DF, such as that calculated in Ref. [104], because
Boo(n) does not typically approach its n — oo limit from above [325]. This remark refers to the fact that the analysis in
Ref. [294] employed a very simple DF model, viz. 4(x) o< x*7(1 — x)?77, which has long been known to be too inflexible to
describe real data [293,326]. Additional discussion of this and related issues can be found in Ref. [327].

One may also consider an effective x-dependent exponent; namely,

_(x—1)dg(x)

Bi(x) = 0 dx (5.87)
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Fig. 5.21. Left panel — A. Effective large-x exponent defined via moments of the pion’s valence-quark DF, Eq. (5.86): blue stars — computed from the
solid blue curve in Fig. 5.20A; and cyan circles — obtained from the dashed cyan curve. Right panel — B. Effective local (x-dependent) DF exponent
defined in Eq. (5.87): solid blue curve — calculated from the analogous curve in Fig. 5.20A; and dashed cyan curve, computed likewise. In both
panels, the purple band marks the known large-x exponent in Eq. (5.82); and to guide comparisons, horizontal dotted lines are drawn at B ;1 = 1, 2.
(The uncertainty bands bracketing the theory predictions are explained following Eq. (5.81).)

For the simple DF parametrisation:
o
#0) XM (1= 2P = pi(x) = — ~ T+ P (5.88)

At scales for which data may properly be interpreted in terms of DFs, one typically has a7 < 0; hence, 1(x) — B1(1)
from above when such a fitting form is used. This is not the case for realistic DFs, as shown in Fig. 5.21B, which depicts
B1(x) as obtained from both curves in Fig. 5.20 A. Panel B indicates that precise data on 0.5 < x < 0.7 should be sufficient
to qualitatively confirm the behaviour in Egs. (5.69), (5.70). It also suggests that a quantitatively reliable extraction of the
large-x exponent, which means exposing scaling violations, would require equally good data on 0.7 < x < 0.9.

In the & evolution scheme, the pion’s glue and sea distributions are generated by evolution on ¢ > ¢y; and
the predictions from Ref. [104] are drawn in Fig. 5.20B. It is worth recording that the glue and sea distributions in
Refs. [103,104,259,260] are the first parameter-free predictions to become available. The associated momentum fractions

are (¢ = &)
X7 =0.41(2), (0%, =0.11(2). (5.89)

sea

Evidently, considering Eq. (5.92), the momentum sum rule is preserved. Adopting a similar procedure, the model in
Ref. [174] yields momentum fractions at ¢, that are consistent with these predictions, viz. [328]: (x); = 0.40, (x)g,, = 0.11,
despite the fact that the valence-quark DF therein conflicts with Egs. (5.69), (5.70).

The glue distribution inferred via data fitting in Ref. [294] is also shown in Fig. 5.20B. It agrees semiquantitatively
with the prediction on x > 0.05; but is markedly different on the complementary domain. In gross terms, it produces a
measurably smaller gluon momentum fraction: x)g = 0.35(3). Notably, both glue DFs in Fig. 5.20 B disagree with those
inferred in earlier analyses [329,330]. These observations serve to stress the need for modern experiments that are directly
sensitive to the pion’s gluon content, e.g. prompt photon and J/¥ production [51,331].

The sea DF extracted in Ref. [294] is drawn as the short-dashed brown curve in Fig. 5.20B. It produces a large sea
momentum fraction, (x)Z,, = 0.16(1), and differs from the Ref. [104] prediction on the entire x-domain. Plainly, empirical
information on the pion’s sea distribution is sorely needed. This can potentially be secured through the collection and
analysis of DY data with 7* beams on isoscalar targets [51,332].

5.4. Pion distribution function at {s = 5.2 GeV

The E615 data are linked with the scale ¢5 = 5.2 GeV [291,293]; and working with ¢7(x; ¢y) defined by Egs. (3.31),
(3.40), (5.76), evolution ¢y — ¢s in the & scheme delivers the prediction drawn as the solid blue curve in Fig. 5.22 A.
Here,

B (¢s) = 2.81(8), (5.90)

a result consistent with Refs. [259,260]: B,(¢s) = 2.66(12). Notably, despite significant advances in the implementation
and understanding of continuum Schwinger function methods during the past twenty years, the calculated form of +" (x; ¢)
is practically unchanged: compare the solid-blue and long-dashed black curves.

The data set plotted in Fig. 5.22 is that reported in Ref. [291] after rescaling according to the analysis in Ref. [292],
which is NLO and includes NLL resummation. The rescaled data was first presented in Ref. [258] and is now commonly
drawn in such figures. The prediction in Ref. [104] agrees with the rescaled data (x?/datum = 1.66); and it is worth
highlighting that the EHM-induced broadening of the pion DF, described in Section 3.2, is crucial to this outcome.
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Fig. 5.22. Left panel — A. Solid blue curve — { = ¢5 = 5.2 GeV prediction for pion’s valence-quark DF drawn from Ref. [104]; and long-dashed
black curve, result from Ref. [326]. Dot-dot-dashed (olive-green) curve within like-coloured band — 1QCD result [323]. Data (purple) from Ref. [291],
rescaled according to the analysis in Ref. [292]. Comparing the central prediction from Ref. [104] with the plotted data, one obtains x?/datum = 1.66.
Right panel — B. Solid green curve, p = g — Ref. [104] prediction for the pion’s glue distribution; and dot-dashed red curve, p = S — kindred predicted
sea-quark distribution. Normalisation convention: (x[24" (X; {5)+ &7 (X; ¢5)+S™(x; ¢5)]) = 1. (The uncertainty bands bracketing the theory predictions
are explained following Eq. (5.81).)

The 1QCD result for the pointwise behaviour of +"(x; ¢5) computed in Ref. [323] is also drawn in Fig. 5.22 A. Within
uncertainties, it agrees with the continuum prediction: using a £; measure, the difference between the two central curves
is 17%. Moreover, one finds ,B}TQCD(;“S) = 2.45(58), consistent with Eq. (5.90); and also agreement between low-order
moments:

(=15 | (01 *x*)z *x)z
1QCD [323] 0.18(3) 0.064(10) 0.030(5) . (5.91)
continuum [104] | 0.20(2) 0.074(10) 0.035(6)

An uncertainty weighted average of these results yields
(2x4™ (x; ¢5)) = 0.40(2), (5.92)

i.e. only 40% of the pion’s momentum is carried by valence quarks at the E615 scale. (Taken alone, Ref. [104] predicts
(2x4™(x; ¢5)) = 0.41(4).)

Predictions for the pion’s glue and sea DFs at ¢s are displayed in Fig. 5.22B, from which one obtains the following
momentum fractions (¢ = ¢s):

(x)7 =0.45(2), (X%, =0.14(2). (5.93)

sea

Plainly, the momentum sum rule continues to be preserved. In this context, another textbook result is worth recalling.
Namely, on AZQCD/;“2 2~ 0, for any hadron [333]: (x)q =0, (x); = 4/7 ~ 0.57, (x)s = 3/7 ~ 0.43. Consequently, there is a
scale, ¢;, beyond which DFs cannot provide information that distinguishes between different hadrons: for each one, the
valence distribution is a §-function located at x = 0 [334-336]. Of course, since evolution is logarithmic, ¢ is very large,
e.g. even at ¢ = 10° GeV = 1 PeV, valence-quarks still carry roughly 20% of the pion’s light-front momentum.

In closing this section it is worth reviewing Fig. 5.22 B. Plainly, the sea and especially the glue parton densities within
the pion become very large on x < 0.001. The results depicted were obtained using evolution equations based on
Refs. [175-178]. Missing, therefore, are considerations expressing the fact that when such parton densities become large,
new physical effects become crucial, e.g. parton+parton interactions, like rescattering and recombination, can act to limit
DF growth. Interactions like these lead to modified evolution equations [337-340], whose use in the determination of NG
mode sea and glue distributions is yet to be explored.

6. Kaon distribution functions

So far as kaon DFs are concerned, the only information available is a forty year old DY measurement of the
K~/ ~ structure function ratio [341], just eight points of data; and the past decade has seen a raft of model and theory
calculations compared with the data on «X(x; ¢5)/4™ (x; ¢5) inferred therefrom, e.g. Refs. [103,104,169,173,174,271,303,304,
308,342-344]. Mathematically, Egs. (5.77)-(5.80) ensure that the large-x power-law exponents of u™(x, ¢) and uX(x, ¢)
evolve at the same rate. Hence, the ratio u*(x, ¢s)/u™(x, ¢s) must be nonzero and finite on x ~ 1. (A similar statement
holds for the d(x)/u(x) ratio on x >~ 1 in the proton [44, Sec.3.6].)

A picture of the current status of kaon DF studies can be sketched from Refs. [103,104,345], which alone provide
simultaneous predictions for the kaon’s valence, glue and sea distributions. Working from the kaon DA depicted in Fig. 3.11
and using Eq. (5.76), Refs. [103,104] determined

(% o) = 299.18 x2(1 — x)? [1 + 5.00x%032(1 — x)0024 _ 5,97 x0064(1 — x)0.048)2, (6.94)
with 5(x; ¢y) = «X(1 — x; ¢y) and the glue and sea distributions vanishing at this scale.
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Fig. 6.23. Left panel —A. Solid blue curve — «f(x; ¢;); dot-dashed green curve — (x; ¢;); and long-dashed gold curve — ™ (x; ¢;) from Fig. 5.20 A.
Right panel —B. Low-order Mellin moments of kaon valence-quark DFs compared with those in the pion. The dashed horizontal lines mark the central
in-r values. (The uncertainty bands bracketing the theory predictions are explained following Eq. (5.81).)
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Fig. 6.24. Left panel — A. Continuum results [104]: solid green curve — 5¥(x; ¢s5); and dot-dashed blue curve — +X(x; ¢). LQCD result [344]: grey curve
— X(x; ¢5). Right panel —B. Ratio «X(x; ¢5)/4™ (x; ¢5): solid blue curve — continuum prediction [104]; and dot-dashed grey curve — 1QCD result [344].
Data (orange) as represented in Ref. [341]. (The uncertainty bands bracketing the continuum theory predictions are explained following Eq. (5.81).
The uncertainty is negligible in the ratio.)

For comparison with the analogous 7 DF at ¢, in Fig. 5.20 A, the K DF in Eq. (6.94) must be evolved. In this connection,
Refs. [103,104] observed that any symmetry-preserving study which begins at ¢y with a bound-state built wholly from
dressed quasiparticles and enforces physical constraints on meson wave functions will generate kaon glue and sea
distributions that are practically the same as those in the pion. Physically, however, the s quark is heavier than the u quark.
Consequently, [346,347]: valence s quarks should generate less gluons than valence u quarks; and gluon splitting should
generate less ss pairs than light-quark pairs. Such Higgs-generated flavour-symmetry breaking effects can be realised in
the splitting functions that define the evolution kernels.

The effect of mass-dependent evolution can be estimated by modifying s — s and g — s splitting functions [103,104]:

Ps4(z) — Pqeq(z) —Ass(2,8), Ases(z,8) = ‘/§(1 —22)0(Z), (6.95a)
Pseg(z) - Pseg(z) + Aseg(2,8),  Aseyglz, ¢)= ﬁ(] — 6z + 622)0'(;) , (6.95b)

with o(¢) = §%/[6% + (¢ — ¢u)’], § = 0.1 GeV ~ M;(0) — My(0), where My(k?) is the running mass of a f-quark. (See
Fig. 2.5.) All physical constraints are preserved by Eqgs. (6.95); and their effects are clear: Eq. (6.95a) acts to limit the
number of gluons emitted by s-quarks and Eq. (6.95b) reduces the density of ss pairs produced by gluons. Both effects
grow with quark quasiparticle mass difference, 8, and diminish as 62/¢2 with increasing resolving scale.

With splitting functions modified according to Eqs. (6.95), the & evolution scheme produces «X(x; &), 3 (x; 2) depicted
in Fig. 6.23 A. These DFs yield the following low-order moments in comparison with those in the 7:

(=6 | W &) )7

X 0.27(2) 0.108(14) 0.055(09) (6.96)
X 0.23(2) 0.085(12) 0.041(07) '
o 0.24(2) 0.094(13) 0.047(08)

This comparison is drawn in Fig. 6.23 B, which highlights the shifts induced by Higgs modulation of kaon properties relative
to those of the pion, an effect introduced in Fig. 1.1.

Evolution of Eq. (6.94) to ¢ = ¢s is necessary for comparison with results inferred from the data in Ref. [341], a
process which yields the kaon distributions drawn in Fig. 6.24 A. This panel also depicts the first IQCD computation of
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Table 6.2

When used in Eq. (6.99), the coefficients and powers listed here provide interpolations for the 7 and K valence-quark DFs evolved from Egs. (5.74),
(6.94) to the scale ¢3 = 3.1GeV [345], appropriate for analyses of J/¥ production. In each case, the central curve is identified by the ¢3 row label
and is bracketed by the parameters that specify the limits of the uncertainty bands.

u” T (23 ,Brr o /31 P 14
137 0.119 3.09 0.145 0.903 —-1.95 0.971
{3 118 0.0443 3.21 0.129 0.906 —-1.93 0.950
96.9 —0.0450 3.35 0.109 0911 —-1.90 0.925
u K oK B.x o B P Y
65.8 0.179 3.09 0.358 1.39 —2.08 1.16
L3 57.1 0.119 3.21 0.375 1.46 —-2.11 1.20
47.4 0.0421 3.35 0.374 1.52 —2.11 1.21
* K oK Bk o B p 14
79.7 0.259 3.03 0.235 1.39 —1.92 0.975
&3 69.0 0.199 3.14 0.228 1.39 —-1.90 0.960
58.8 0.132 3.27 0.222 1.39 —-1.89 0.956

K(x; ¢5) [344]. Evidently, it is significantly harder (more pointlike) than the continuum result. In fact, the 1QCD DF behaves
as (1 — x)ﬁz’(, Bx = 1.13(16), incompatible with Egs. (5.69), (5.70).
The kaon DFs just described produce the following low-order moments:

q(&s) | (xd“) (*x*4) x4
continuum|[104] u 0.19(2) | 0.067(09) | 0.030(5)
s 0.23(2) | 0.085(11) | 0.040(7) . (6.97)
lattice [344] u 0.19(1) | 0.080(07) | 0.042(6)
5 0.27(1) | 0.123(07) | 0.070(6)
Working with the continuum results, accounting for ¢y — ¢y(1.0 £0.1),

(X[ (% £5) +5(x: &5)]) = 0.42(3); (6.98)

so in comparison with the pion, valence quarks carry 5% more of the kaon’s light-front momentum.

Notably, the 1QCD results in Eq. (6.97) are systematically larger than the continuum predictions, especially for the s,
viz. the excesses are: u — 0.6(4.8)%, 21(6)%, 40(4)%; and s — 24(7)%, 53(13)%, 84(16)%. Again, this is because the IQCD
DFs are much harder than the continuum DFs. Furthermore, using the 1QCD results, one finds (x5)¥/(xu)X = 1.38(7),
which may be compared with the natural scale for Higgs-modulation of EHM,, i.e. fx /f, = 1.19, and the continuum result
(x5)¥ /(xu)¥ = 1.18(1). Given these observations, it may reasonably be anticipated that future refinements of 1QCD setups,
algorithms and analyses will move the lattice and continuum DFs closer together.

The ratio «X(x; ¢5)/4" (x; ¢5) is depicted in Fig. 6.24, displaying both the continuum prediction from Ref. [104] and
the 1QCD result from Ref. [344]. Evidently, the relative difference between the central 1QCD result and the continuum
prediction is &~ 5%, in spite of the fact that the individual IQCD DFs are pointwise markedly different from the continuum
DFs, as illustrated by Eq. (6.97) and Fig. 6.24 A. This outcome highlights a long known feature, i.e. «X(x)/«" (x) is forgiving of
even large differences between the individual DFs used to produce the ratio. Higher precision data is crucial if X(x)/«" (x)
is to be used effectively to inform and test the modern understanding of SM NG modes; and greater discriminating power
is provided by separate results for «”(x), «X(x) [49-51].

Refs. [103,104] also delivered predictions for the kaon’s glue and sea distributions at { = ¢s. However, given that
J/¥ production may best provide access to gluon DFs in NG modes [51,331], it would be better to have all DFs at
¢ ~ myy ~ ¢3 = 3.1 GeV. This information is reported elsewhere [345] and is readily summarised here. Namely,
using the following interpolating function,

(%) = n XM(1 — x)M[1 4 pxV/4(1 — x4y x12(1 — x)1V2] (6.99)

the pion and kaon DFs are obtained by inserting the coefficients and powers listed in Table 6.2. These predictions express
the x >~ 1 behaviour prescribed by Egs. (5.69), (5.70). At ¢3, the pion’s valence degrees-of-freedom carry 45(3)% of its
light-front momentum, whereas the analogous result is 46(3)% in the K.

Using the valence DFs already presented and the & evolution scheme, the ¢ = 3.1 GeV 7 glue and sea-quark DFs can
be calculated. Depicted in Fig. 6.25 A, the predictions are effectively interpolated using [329]:

xp(x) = ax%(1 —x)P[1+ px'? + yx], (6.100)
p =g, S, with the coefficients in Table 6.3. The related momentum fractions are (¢ = ¢3):
(T =0.432), (I, =0.12(2). (6.101)
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Fig. 6.25. Left panel—A. Solid green curve, p = g — prediction for the pion’s glue distribution; and dot-dashed red curve, p = S — predicted
sea-quark distribution. Right panel —B. K /7 DF ratios: p = g — solid green curve; p = S — dot-dashed red curve; and p = « — long-dashed blue
curve. Normalisation convention: (x[247(X; {3) + g7 (X; £3) + S™(x; ¢3)]) = 1. (The uncertainty bands bracketing the results in PanelA are explained
following Eq. (5.81). This uncertainty effectively cancels in the ratios depicted in PanelB. Results at ¢ = ¢35 = 3.1 GeV.)

Source: All curves drawn from Ref. [345].

Table 6.3
Coefficients and powers that reproduce the computed pion glue and sea-quark distribution functions depicted in Fig. 6.25A when used in Eq. (6.100).

&3 a o, By P Y
0.462 —0.539 4.09 —0.296 0.229

g 0.735 —0.494 421 —1.54 1.36
0.295 —0.638 4.35 2.23 —5.08
0.144 —0.488 5.09 0.956 —2.36

S 0.127 —0.538 5.21 2.20 —4.82
0.108 —0.595 5.35 3.54 —7.50

Kaon glue and sea-quark distributions at ¢35 glue can likewise be obtained. The predictions may usefully be described via
comparison with the analogous 7-meson results in Fig. 6.25 A. Therefore, Fig. 6.25 B plots the ratios /(x)/p"(x), p = 4, S,
which are described by the following functions:

kr _ 1.00 —0.842x .~ 1.00 —0.462x

7 1-078x  °  1-0.197x
The K and 7 glue and sea-quark DFs are quite similar on x < 0.2; but differences are notable on x > 0.2, i.e. the domain of
valence-quark/antiquark dominance. These features were to be expected given that mass-dependent splitting functions
act primarily to modify the valence DF of the heavier quark; such DFs are small at low-x, where glue and sea-quark DFs
are large, and vice versa; so, the predominant impact of a change in the valence DFs must lie at large-x. Generated by
Higgs-boson couplings into QCD, the observed differences are on the order of ~ 33% at x = 1 ¢f:: 1 — f2/f? ~ 0.3; and
1 — [M,(0)/M;(0)]?> = 0.3, where My(k) is the dressed-quark mass function in Fig. 2.5. Evidently, they express the natural
scale for Higgs-boson modulation of EHM.

(6.102)

7. Three dimensional structure of Nambu-Goldstone modes
7.1. Generalised transverse-momentum dependent parton distribution functions

As highlighted already, experiment, phenomenology and theory have long focused on drawing one dimensional (1D)
images of hadrons. This effort continues because many puzzles and controversies are unresolved, e.g. the large-x behaviour
of meson structure functions and the glue and sea content of NG modes. Yet, notwithstanding the need for new, precise
data on 1D distributions and related predictions with a traceable connection to QCD, the attraction of generalised parton
distributions (GPDs) and transverse momentum dependent parton distributions (TMDs) is great. Such functions offer the
possibility of drawing three-dimensional (3D) images of hadrons and may therefore enable entirely new facets of hadron
structure to be revealed. They probe the multidimensional structure of hadron LFWFs and thereby provide access to, inter
alia: mass, pressure and spin distributions within a hadron, both in longitudinal and transverse directions; the sharing of
these properties amongst the various bound-state constituents, which distributions are frame and scale dependent; and
to the volume of spacetime occupied by these constituents, measuring their potentially different “confinement” radii.

In order to fully profit from 3D imaging data collected at modern and anticipated facilities, using them to understand
the nature and corollaries of SM mass generation, sound QCD-linked tools must be developed for the calculation of
GPDs and TMDs. Within the past decade or so, numerous models and theory tools have been deployed in this effort,
e.g. Refs. [322,348-363]. One unifying approach is provided by generalised parton correlation functions (GPCFs) [364],
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Fig. 7.26. Momentum-space conventions used when defining the in-pion quark-quark correlator in Eq. (7.103).

which link GPDs and TMDs to a single source amplitude; and the potential of this approach was recently explored [273].
Whilst the entire field of 3D structure is too wide to be canvassed herein, it is worth drawing some important connections
with EHM. This is readily achieved by highlighting features of the pion’s mass, pressure and transverse spin distributions,
whose calculation capitalises upon the analyses in Refs. [273,322,349-351,360].

One may begin with the following in-pion quark-quark correlator [364]:

_ d*z . - .

Wj(P, k, A,N; n) = / 2y e ()| Yi(—32)W(— 3z, 3z; A) vi(32) I (p)) (7.103)
where: w(—1z, 3z; ) is a Wilson line, with 7 a light-like four-vector, conjugate to n in Eq. (3.35), n- 1 = —1, 7 = 0,
n-P=P;N=n/n-P P?>=1,;

P=(p'+p)2, A=p' —p, P-A=0; (7.104)

k is the relative quark-antiquark momentum; and the “skewness” & = [—n - A]/[2n - P], |§] < 1. These kinematic
conventions are illustrated in Fig. 7.26.

A generalised transverse-momentum dependent parton distribution function (GTMD) is obtained from Eq. (7.103) by
first considering the following partially integrated quantity:
4

(2m)*

This is a Dirac-matrix valued function, from which contributions at various orders in a twist expansion are obtained by
appropriate projection operations. That is, with # being some aptly chosen combination of Dirac matrices, the scalar
functions of interest - GTMDs - are obtained via

Wy(P, x, ki, A, N5 ) = f e 8(n - 2)(m (P Yi(—32)W(— 32, 32: 1) ¥i(32) | (p)) - (7.105)

e 1 .
WYIP, x, ki, A,N; n) = S WilP,x, ki, A, N; n)os;

dz . -
= / 20217 "X 8(n - 2)(m (") Yi(— 3 2)W(— 32, 32: 1) Yi(32) [ (p)) - (7.106)
This operation corresponds to the insertion of # as a link between the open quark and antiquark lines in Fig. 7.26:
Y (kF A/2), respectively. The GTMDs defined by Eq. (7.106) are complex-valued functions. Their real part is even under
the time-reversal operation (T-even) and the imaginary part is T-odd. Beginning with Eq. (7.106), integration over k;
yields the GPDs; and TMDs are obtained by setting A = 0, which entails & = 0.

There are three twist-two pion GTMDs, obtained from Eq. (7.106) through the following insertion choices:

H—>{sy=in-y,sH=in-yys, 7 = iojn,}. (7.107)

The simplest is that derived from #4, which delivers, e.g. the pion’s valence-quark distribution function and electromag-
netic and gravitational form factors. The GTMD obtained with 75 is also of keen interest because it provides access to
the pion’s quark transversity distributions, i.e. the dependence of the in-pion quark distributions on their polarisation
perpendicular to the pion’s direction of motion [365].

It is worth writing an explicit form for the GTMD obtained from #4 in Ref. [273]:

dk3dk4
(2m )

where kpp = k£ A/2,t = —A%,p-A = —A?/2 = —p’- A. This formula is particularly simple because Ref. [273] employed
a symmetry-preserving treatment of a vector x vector contact interaction; so that, e.g. the pion Bethe-Salpeter amplitude,
I';, and photon-quark vertex, I'”, do not here depend on the quark+antiquark relative momentum. Nevertheless, it
illustrates a qualitatively robust point, viz. both the size and shape of every one of the pion’s GTMDs are largely determined
by the character of EHM. This is plain because the integrand in Eq. (7.108) involves a product of two pion Bethe-Salpeter
amplitudes and Eq. (2.25) entails that these amplitudes are a direct measure of EHM. It follows, in addition, that studies
of kaon GTMDs can reveal novel expressions of Higgs-boson induced modulations of EHM.

Fq(x, ki, &,t) = 2N trp 8X(k) I (—p")S(kya)n - IV (A)S(k_p) Ix(p)S(k — P), (7.108)
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Fig. 7.27. Left panel — A. Pressure distribution in the pion, Eq. (7.111a); and right panel — B shear force distribution, Eq. (7.111b). The embedding
bands express the uncertainty owing to limitations on the knowledge of 67 (A?), as detailed in Ref. [273].
7.2. Twist-two generalised parton distribution functions
GPDs are obtained by integrating GTMDs over k 1; and at leading twist, the pion has two GPDs:
_ 27, 2 T _ 27 g4 2
Hx(x, &, t) = /d kiFi(x, ki,&,t), E;(x§,t)= /d ki HP (x, k7,&,t), (7.109)
where H{'(x, k%, &, t) is an s5-generated analogue of F{’(x, k3 ,&,t) in Eq. (7.108), and H,, E}

bl
vector (no spin-flip) and tensor (spin-flip) GPDs.
Working with H,(x, &, t), one can compute an array of physically important pion elastic form factors. For instance,

are typically called the

1 1
/ dxHy(x, £, —A?) = FL(A?), / dx2xHy (x, £, —A?) = 07 (A%) — £2 0] (A?), (7.110)
-1 -1
where F; is the elastic electromagnetic form factor and 67, are gravitational form factors: 67 relates to pressure
distributions within the pion and 6, is linked to the distribution of mass. In the neighbourhood of the chiral limit,
07(0) — 67(0) = O(mi) [356,366]. It was found in Ref. [273] that the pion’s mass distribution form factor is harder
(more pointlike) than its electromagnetic form factor, which is harder than the gravitational pressure distribution form
factor. Such ordering is consistent with available 1QCD results [349,350].

With the gravitational form factor 67 (A?) in hand, one can compute the following Breit-frame distributions [365,367]:

1 dA 1 . 1 [
p=(r) = f/ —— T [A%T(A%)] = —/ dA
0

3 ) (2n) 2E(a) = n2r sin(Ar)[A%07 (4%)], (7.111a)

A
2E(A)
3 BA el e am 2n 3 00 a2 S

where 2E(A) = \/4m2 + A?, P, is the degree-two Legendre polynomial, and ,(z) is a spherical Bessel function. Here, p,(r)
is the pressure and s, (r) is the shear force. (One could alternatively compute distributions in the light-front transverse
plane, but such two-dimensional Fourier-transform analogues deliver results of similar magnitude.)

The distributions in Egs. (7.111) were estimated in Ref. [273] using contact-interaction form factors that were corrected
through comparison with 1QCD analyses and improved by imposition of physical constraints. The results are drawn in
Fig. 7.27 and the profiles accord with an intuitive physical interpretation. For instance, considering Fig. 7.27 A, the pressure
is positive and large on r ~ 0, indicating that the dressed-quark and dressed-antiquark strongly repel each other at small
separation; but p,(r) changes sign when the quark-antiquark separation exceeds roughly 1/[2Aqcp], marking a transition
into the domain of quark-antiquark attraction produced by confinement forces. Naturally, since the system is bound:

/ dr r2p.(r) = 0 (7.112)
0

and at ¢y, this is a statement about the quark quasiparticle pressure distributions.

An analogue of Eq. (7.111) was used in Ref. [368] to infer the proton’s quark pressure distribution from extant data
on deeply virtual Compton scattering. Comparing that result with those in Fig. 7.27 A, one notes that: (a) the pressure
within the pion on r >~ 0 is around five-times larger than that in the proton; and (b) the two pressure profiles have
similar radial extents. (The results in Fig. 7.27 are not affected by issues concerning the analysis in Ref. [368] which are
canvassed in Refs. [369,370].) Perhaps more striking, profiles like Fig. 7.27 A for neutron stars indicate r >~ 0 pressures
therein of roughly 0.1 GeV/fm [371]; hence, the core pressures in pions and neutron stars are commensurate.

Turning to Fig. 7.27 B, the results can be interpreted after recognising that r2s, (r) measures the strength of QCD forces
within the pion that work to deform it. These forces peak at the zero of r2p,(r), whereat attractive confinement pressure
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Fig. 7.28. Light-front transverse-spin distribution of dressed valence quarks in the pion p;(b;,s; o X), Eq. (7.116). Left panel—A. Full three-
dimensional image. Right panel —B. Slices at constant by/fm: solid blue — b, = 0.01; dot-dashed green — b, = 0.025; dashed dark-red — by = 0.05;
and short-dashed orange — by = 0.1. In both panels, the scale is ¢y, Eq. (5.81).

begins to win over the forces driving the quark and antiquark away from the core. Using the results in Fig. 7.27, this point
is located at

r? = 0.524019 fm. (7.113)

Qualitatively and semi-quantitatively equivalent results are obtained when working with a more sophisticated expression
for the pion’s LFWF than that provided by a contact interaction [372].
Turning to the tensor GPD in Eq. (7.109), it is worth highlighting the physical significance of the two leading Mellin
moments:
1 1
Bl (—A%) = / dxEl(x, &, —A%), Bi(—A%*) = / dxxEL(x,0, —A%). (7.114)
-1 -1

These quantities are subject to QCD evolution; and using the & scheme, Ref. [273] reports the following values at ¢ = &;:
my B]y(0) = 0.053, m, B},(0) =0.012, B7,(0)/B5,(0) = 4.57. (7.115)

This is the scale used in the 1QCD study described in Ref. [349], discussed in connection with Fig. 8.37 B, which reports
the following values for these A> = 0 quantities after an extrapolation to the physical pion mass: 0.22(3), 0.039(10),
5.66(60), in qualitative agreement with the contact interaction results. Similar conclusions are drawn elsewhere, e.g.
Refs. [352,354,360].

The renormalised form factors B}B(—Az)/B%(O), i = 1,2, are independent of the renormalisation scale [360]. Here,
therefore, comparison with the 1QCD results in Ref. [349] is meaningful; albeit, quantitative agreement cannot be expected
because the A%-dependent 1QCD form factors are only available at m2 ~ 20 m,zte”rlpiricell (see Fig. 8.37 B). Notwithstanding
this, there is semiquantitative agreement between the 1QCD study and Ref. [273], e.g.: the radii have the same ordering,
rB’fo/ngo = 1.48(17) (1QCD) vs. 1.14; and Bqo(t) is softer than Byg(t).

Combining the leading Mellin-moments of the pion’s vector and tensor GPDs and transforming to impact parameter
space, one arrives at the light-front transverse-spin (s, ) distribution of dressed-quarks within the pion [349]:

pi(br,s1) = 3Gx(IbL]) — 37s\ b/, B(IbL ), (7.116)
with

- d|A|

qn(uun:/ A2 ApbLl1ADE (-2, (7.117a)
0 T

- 1 > .

Bmubu):——/ d| A A2 J1(1bL || ADB(—A2), (7.117b)
4m|b, | 0

where Jo 1 are cylindrical Bessel functions. For a dressed-quark polarised in the +x direction and § - b, = cos b1,
sijslb’ ", = |by|sin¢,. Using similar contact-interaction form factors, improved through comparison with 1QCD analyses
and implementation of physical constraints, as employed to draw Figs. 7.27, Ref. [273] delivered the estimate for the
pion’s light-front dressed-quark transverse-spin distribution illustrated in Fig. 7.28.

It is evident from Fig. 7.28 that the transverse-spin density associated with a dressed valence-quark polarised in the
light-front-transverse +x direction is not symmetric around b, = (b, = 0, by = 0). Rather, strength is transferred from
b, < 0to b, > 0 and the peak shifted to (by = 0, b, > 0). The b, profile remains symmetric around the line by = 0; and
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using the formula in Ref. [349], the result in Fig. 7.28 describes an average transverse shift

(by) = %310(0)/mn =0.049fm ~ 0.1r7. (7.118)
This distortion vanishes logarithmically with B,(0) — 0 under QCD evolution; but as noted in connection with Eq. (5.93),
that process is very slow.

Given the information about the SM’s two mass generating mechanisms and the interference between them that is
accessible via pion and kaon 1D distributions, it is certain that a wide range of additional, novel insights could be drawn
from comparisons between the 3D distributions for which those 1D distributions are, effectively or literally, boundary
values. Thus, extensions of kaon studies such as those in Refs. [353,357,363] are to likely attract much attention.

7.3. Meson fragmentation functions

In closing this section it is worth stressing that many new challenges are faced in drawing 3D images from new-
generation experiments. Sound calculations and models of a wide variety of parton distribution functions will be crucial.
They can inform estimates of the size of the cross-sections involved and indicate the best means by which to analyse
them [373]. Notwithstanding that, experiences with meson structure functions have shown that full capitalisation on
such experiments requires the use of calculational tools which can reliably connect experiments with qualities of QCD.
In this, too, continuum calculations can provide valuable insights [169,322,356,359].

An additional complication arises in connection with TMD extractions: every cross-section that can yield hadronic
TMDs involves related parton fragmentation functions (FFs) [374], the structure of which must be known in detail. The
future of momentum imaging therefore depends critically on making real progress with the measurement and calculation
of FFs. It is a serious issue, therefore, that no realistic computations of FFs currently exist. Even a formulation of the
problem remains uncertain.

These issues are greatly amplified by the connection between FFs and confinement because an elucidation of
confinement is central to solving QCD. With light quarks in the mix, confinement is a dynamical process. A scattering
event produces a gluon or quark that begins to propagate in spacetime. After a short interval, an interaction occurs. In
this way, the parton loses its identity, sharing it with others. Finally, after a cascade of such events, a cloud of partons
is produced, which fuses into colour-singlet final states. (Additional discussion may be found, e.g. in Refs. [31, Sec.3]
and [375, Sec.2.2].) These are the processes captured in FFs, which chart how QCD partons, nearly massless when produced
in a high-energy event, convert into a shower of massive hadrons. Namely, they describe how hadrons with mass emerge
from massless partons.

Such qualities indicate that FFs may be the cleanest expression of dynamical confinement in QCD. In addition, owing to
Gribov-Lipatov reciprocity [376], DFs and FFs are linked by crossing symmetry, one being the analytic continuation of the
other at their common boundary of support. Hence, like DFs, FFs provide basic insights into the origin of mass: they serve
as timelike analogues, providing a basic counterpoint to the DFs. Thus, modern facilities that can supply precise data on
quark fragmentation into a pion or kaon may provide the means to directly test those facets of QCD calculations which
embody and express the SM’s most fundamental emergent phenomena: confinement, DCSB, and bound-state formation.

8. Developments in lattice QCD
8.1. Formulation

Discretising QCD on a Euclidean lattice, originally proposed more than forty years ago [377], provides a first-principles
means of solving QCD in the strong-coupling regime. The starting point for a lattice computation is the discretised,
Euclidean path integral, wherein physical “observables” © are computed as

© = [Tavum [Taym [Tdbmow, v, de-srssmvv-o, (8.119)
n,u n n

where U,(n) are 3 x 3 unitary matrices representing the gauge fields, v, ¥ are Grassmann variables representing
the fermion and antifermion fields respectively, S¢ and Sr are the gauge and fermion discretisations of the action,
n = (ny, ny, n3, ny4) represent the sites on a discrete Euclidean lattice, and Z ensures the result is unity when O is an
identity operator. The Grassmann variables can then be integrated to yield

1
(0) = — ]—[ dU,(n)o(U, G[U]) det M[U]e~5clVT | (8.120)
zZ -
where G are the quark propagators
G(U. m, n)l 5 = (Wi (m)yr(n))
and M is the fermion determinant. A lattice calculation proceeds as follows:
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Fig. 8.29. Three-point function defining the pion form factor in 1QCD analyses: t;, t; and t denote the time slices of the initial pion, final pion and
current insertion, computed to obtain the vector-current matrix element of Eq. (8.121).

1. Generate an ensemble of N equilibrated, statistically independent, gauge configurations with probability
P[U] o< det M[U]e ¢!V,
2. Calculate the expectation of a physical observable on those configurations as

N cfg

> o, GIu).

s=1

O) =
(0) Ny

By formulating the theory in Euclidean space, the integrand is rendered real, thereby enabling P[U] to be interpreted
as a probability distribution amenable to importance sampling. The first step above proceeds through a Markov process,
whereby each gauge configuration U® is generated from its previous gauge configuration; this is a capability computing
task, requiring the largest-available leadership-class computers. The second step in calculating observables can be
performed independently on each gauge configuration, and therefore is a capacity computing task, albeit one for which the
total computational demand might exceed that of the capability stage. As will be seen below, the formulation in Euclidean
space and in finite volume imposes challenges.

It is beyond the scope of this article to describe the theoretical formalism and computational implementation of lattice
gauge theory in general, and the reader is referred to several pedagogical textbooks [378-381]. In addition to the statistical
uncertainties outlined above, lattice computations are subject to a variety of systematic uncertainties: the lattice cutoff
expressed through the lattice spacing a; the finite physical volume V; the quark masses, and in particular those of the
light u, d, s quarks employed in the calculation; and delineating the properties of the lowest-lying stable pion, kaon and
nucleon, from those of their excitations. A review of the calculation of key quantities of low-energy hadronic physics in
contained in Ref. [382]. As described below, for the most widely studied quantities discussed herein, such as the moments
of the quark distribution amplitudes, an important effort has aimed at gaining control of these systematic uncertainties.
For some more recently studied quantities, computations are often performed at unphysically large light-quark masses,
and at a single physical spatial volume or lattice spacing, in anticipation of full control over systematic uncertainties in
the years ahead.

8.2. Pion form factor

The study of the structure of hadrons, and in particular the nucleon and pion, has been an essential component of IQCD
calculations since its inception. The nucleon and pion are the only QCD states composed of the light u and d quarks that
are stable under strong interactions; and properties such as the electromagnetic form factors, which can be expressed as
matrix elements of a local external current, are the most straightforwardly accessible to lattice computations. Indeed the
pion and kaon can be directly studied as single, isolated states in contrast to the experimental situation. The form factor,
for the case of the charged pion, is expressed as

(7 (Br) | V,u(0) | (B1)) = F=(Q*)(Pi + Pf - (8.121)

For the case of spacelike Q2, the matrix element is straightforward to evaluate in IQCD through the three-point function
depicted in Fig. 8.29.

The low-Q? slope of the form factor is related to the pion’s charge radius, while its behaviour at large Q2 is a measure
of the evolution from hadronic to partonic degrees of freedom. The pion form factor has been extensively studied in a
progression of increasingly precise calculations, see e.g. Refs. [242,243,383-391]. Computations of the form factor in the
two regimes of small and large Q2 demonstrate the conflicting demands on high-precision lattice calculations.

The 7+ charge radius is defined via

dF:(Q?)

(r2)=—6W .

T

(8.122)
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Fig. 8.30. Pion form factor F,(Q?) at the physical pion mass in a theory with 2 degenerate flavours of light quarks, together with experimental
data [231].
Source: Figure adapted from Ref. [390].

On a discretised lattice, momentum is also discrete; hence, (r,zr) is obtained through a fit to data away from Q2 = 0.
An important development has been the adoption of model-independent fits to the data through the use of a z-
expansion [392,393], rather than performing a simple dipole fit to the data. Nevertheless, the ability to reach the
low momentum range needed to reliably determine the charge radius is constrained by the spatial volume of the
lattice, in an analogous manner to which the charge radius in electron scattering is limited by the smallest energy
transfer in experiment. In 1QCD, this can be ameliorated through the use of non-periodic, or twisted, spatial boundary
conditions [390]. The resulting form factor, with two degenerate u, d quark flavours and extrapolated to the physical pion
mass, is shown in Fig. 8.30. However, there are alternative, coordinate-space approaches that enable the charge radius to
be computed directly [394-397]; applied to the pion charge radius, a recent analysis finds [397] (r2) = (0.69(8)(6) fm)?,
consistent with experiment (ri) = (0.659(4) fm)? [8].

At high momenta, in contrast, the constraints are two-fold, one statistical and the other systematic. While at low
momentum, the degradation with temporal separations of the signal-to-noise ratio for pion and kaon correlation functions
is less severe than for the case of the nucleon; indeed, at zero momentum the signal-to-noise ratio remains constant with
the temporal separation, the situation is reversed at high momenta. Thus the most precise computation of the high-Q?2
pseudoscalar form factor has been performed not at the physical pion mass, but rather for the ITg, containing a strange
quark and antiquark, attaining Q2 ~ 6 GeV? [243], covering some of the domain that will be explored by forthcoming
JLab 12 experiments, as highlighted in Fig. 4.12. (Additional discussion of this result, including comparisons with other
lattice and continuum studies may be found in Ref. [198].) The resulting form factor is shown in Fig. 8.31. Evidently,
QZFnsg(QZ) exhibits the approach to a plateau, breaking away from expectations based on single-pole vector meson
dominance and thereby indicating a transition to a description based on partonic degrees of freedom in the manner
described in Section 4.2. Likewise, with connections to the hard-scattering formula in Eq. (4.48), where expectations
based on a broad, concave DA are most realistic: PQCD 1 is obtained with ¢,(x), whereas PQCD 2 is based on a modern
understanding of the NG mode DAs — Refs. [195,201] and Section 3.2.

The discussion above relates only to the spacelike pion form factor. The formulation in Euclidean space might seem
to preclude calculations in the timelike region; but a method was proposed for the domain /s < 4m,, [398], and there
have since been several calculations [399-401]. These calculations are restricted to low values of Q2, but are important
for an ab initio understanding of the hadronic contributions to the muon g — 2 [402].

8.3. Parton distribution functions

Some of the key measures of hadron structure, such as DAs, DFs, GPDs and TMDs, are characterised by matrix elements
of operators that are separated along the light cone. Thus, for the case of the pion valence-quark DF, 47, one writes

dn= pti-, o = .
7(x)= / %ev‘p "B | Y /2)y TWIET /2, =0 /)Y (=n" /2) | = (D)), (8.123)

where W is a line along the light cone that ensures gauge invariance. The computation of such light-cone-separated, and
thereby time-dependent, operator matrix elements is precluded in Euclidean-space 1QCD. A solution is to appeal to the
operator-product expansion, whereby the Mellin moments can be expressed as matrix elements of local operators that
are computable within Euclidean-space 1QCD. Specifically, for the case of the pion DF, one introduces

1
(") = f dx (7 (0) — (=17 (X)), (8.124)
0
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and writes

(m(B) | 0g " m(B)) = P pHrH (A, (8.125)

sl

where, for the flavour-non-singlet case, the Off b are twist-two operators given by

Ot = iy apie | pinly, (8.126)

Such matrix elements of quasi-local operators can be computed on a Euclidean lattice, in the manner of the vector current
in Eq. (8.121).

As described elsewhere [52], there have been several studies of the lowest moments (x) and (x?) of the pion valence
DF. However, a limited number of moments is insufficient to constrain the x-dependent DF, even under the strong
constraints imposed by a selected parametrisation [403], e.g. as observed in Ref. [404] and in connection with Fig. 5.21,
precise results for at least the first six Mellin moments are necessary before one begins to gain sensitivity to the large-x
exponent, B, in Eq. (5.69). The ability to compute higher moments using 1QCD is limited both by statistical precision, and
more fundamentally by the breaking of 0(4) symmetry introduced by the lattice discretisation. This introduces power-
divergences, in the lattice spacing a, mixing with lower-dimensional operators, restricting the accessible moments to (x"),
n<3.

A major advance with the ability to study the internal structure of hadrons using IQCD was a realisation that parton
DFs, and the other quantities represented as matrix elements of operators separated along the light cone, could be related
to quantities computable in 1QCD within the framework of large-momentum effective theory (LaMET) [405,406]. Since
then, two additional frameworks have been proposed; namely, parton pseudo-distributions (pseudo-PDFs) [407] and good
lattice cross sections (GLCS) [408].

Both the LaMET and pseudo-PDF frameworks start with the same lattice building blocks h(z, p,), namely the matrix
elements of operators separated along a spatial axis, taken here to be the z direction:

1 -
h(z, p;) = i(n(pz) | ¥(2)yaW(z, 0)%(0) | (p.)). (8.127)

Both the LaMET and pseudo-PDF frameworks require the renormalisation of the Wilson-line operator W(z, 0), where a
variety of different approaches have been proposed and adopted [409-415]. The difference between the approaches in
essence lies in the relationship between the matrix element computed on the lattice and the parton DF [416]. Specifically,
within LaMET, one introduces a parton quasi-distribution function (quasi-PDF) [405]

2m
where A is an ultraviolet scale. The DF is then related through

1 2 2
a(x,A,m:/ o, (f kS A) . Q2>+0<AQCD M>. (8.129)

- dz
q(x, A, p7) = / ——Db:h(z, p), (8.128)

Lyl \y p: p: p?  p?

The coefficient Z is perturbatively calculable [406]. The remaining terms are analogous to higher-twist or mass corrections;
and for mesons, attempts to understand their magnitude using QCD-inspired models may be found in Refs. [169,417].
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Fig. 8.32. Matrix element whose IQCD computation yields the pion’s valence-quark DF. For the LaMET and pseudo-PDF approaches, the currents
J1 and J, correspond to the quark and anti-quark fields, respectively, connected by a Wilson line; whereas in the GLCS approach, J; and J, are
gauge-invariant currents, with the thin, vertical green line corresponding to a quark propagator.

The pseudo-PDF approach expresses the matrix element of Eq. (8.127) in terms of Lorentz invariant (pseudo-)loffe
time v = p - z [418,419], and a short distance scale z2. A reduced matrix element M(v, z%), constructed to control the
ultraviolet divergences, can then be constructed such that

1
M(v, z2) :/ du K(u, 2222, a)o(uv, 22), (8.130)
0

where, once again, K is a perturbatively calculable kernel. The loffe-time distribution Q is then the Fourier transform of
the DF

1
Q(u):/ dx g(x)e™ . (8.131)
—1

The final approach is that of so-called good lattice cross-sections [408], where the matrix element of a short-distance
operator is computed

0 (v, 2%, p*) = (m(p) | TO;,,(2) | m(p)) (8.132)

where T is a time ordering operation, and z the largest distance scale, which can then be written as a factorisable
expression

0., (v, 22, p?) 2/

-1

1
dx
~ 1% ¢, (xv, 22, X°p%, %) + O(2° Adp) (8.133)

where Kj,;, is a perturbatively calculable coefficient. The operator 0},;, encompasses the Wilson-line operator employed
in the LaMET and pseudo-PDF frameworks; but it is more general and, in particular, can include two gauge-invariant
currents separated by the short-distance scale z, or gluon field operators.

There have been studies of the pion DF within each of these approaches, beginning with the earliest studies using the
LaMET approach [420-422]; and more recently extended to the DF of the kaon [344], as discussed in Section 6. In each
approach, computation of the three-point function in Fig. 8.32 is required.

The valence-quark DF of the pion was discussed within the pseudo-PDF framework in Ref. [324], producing the
moments listed in Eq. (5.83); and recently in a high-precision calculation using both the RI-mom renormalisation scheme
characteristic of the LaMET approach and the ratio renormalisation scheme adopted for the pseudo-PDF approach [325].
The GLCS framework is computationally more demanding. In fact, the only computations performed so far have been for
the pion, rather than for the nucleon; but the use of short-distance-separated gauge-invariant operators requires that the
only lattice renormalisation is that of the lattice-discretised currents. The first computation, using a vector/axial-vector
combination of currents, contained only a tree-level determination of the kernel in Eq. (8.133), precluding the association
of a scale with the resulting DF [323]. Low-order moments and the pointwise behaviour of +”(x) as determined in this
study were discussed in Sections 5.3, 5.4. The analysis has since been extended to include the short-distance kernel
computed at one loop, as well as control over the systematic uncertainties arising from unphysical quark masses, finite
volume, and discretisation [423]. The GLCS matrix element for the antisymmetric VA current computation is shown in
Fig. 8.33A.

The journey from the loffe-time distributions shown in Fig. 8.33 to the parton DFs requires more than the computation
of the perturbative kernel. Each of these frameworks involves a quantity computed on the lattice, the left-hand sides of
Egs. (8.129), (8.131) and (8.133), that is expressed as a convolution over the desired DF and that kernel, together with
corrections. However, the lattice points that give rise to the left-hand sides are incomplete and, moreover, quite sparse.
The situation mirrors that encountered in the extraction of DFs from experimental cross sections, as are the methods
adopted; and there have been recent studies providing a comparison of the different methods aimed at the most “model-
independent” extraction [424,425]. The most straightforward, and widely adopted, means of providing that additional
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Fig. 8.33. Left panel — A. Matrix element results obtained from an antisymmetric combination of V and A currents on four different lattice ensembles
as a function of the loffe time v = p,&, where & is the separation between the currents along a spatial axis [423]. The filled area denotes a fit to the
results based on Eq. (8.133) and using the three-parameter fitting form in Eq. (8.134). Right panel —B. Two- and three-parameter fits to the results
in Panel A using the fitting form in Eq. (8.134).

Source: Figures adapted from Ref. [423].

information is through the use of an assumed parametrisation, such as
_ X1(1 = x)P1(1 4 yx)
 Blag +1, g + 1)+ yBlag +2,n + 1)’

where the denominator ensures the correct normalisation of the DF. Two- and three-parameter fits for the current-current
GLCS results in Fig. 8.33 A are shown in Fig. 8.33 B, matched to a scale ¢&; = 2 GeV. The inflexibility of the simple two-
parameter fit, highlighted in Section 5.3, is evident here: the additional freedom provided by y readily enables a softer DF
to be extracted. However, an important feature of the GLCS calculation is that the position-space NLO kernel entering into
Eq. (8.133) is well-controlled, with no large threshold logarithms, thereby offering the prospect for a better determination
of the exponent B with the availability of data over a larger range of loffe time.

A method that obviates the need to address the inverse problem is provided by computation of the higher moments
of the DF directly from the reduced matrix element in Eq. (8.130) [426]. Specifically, one can write

q(x) (8.134)

(o) 2 1
M(v,22)=2i“%bn(zz), bn(22)=/ dx x"P(x, z%), (8.135)
n=0 0

where b,(z2) is the nth moment of the pseudo-PDF P(x, z2). The Mellin moments a,(¢2) of the DF are then given by
bn(z%) = Kn($22%)an(?), (8.136)

where the K, (£2z2) are the calculable Wilson coefficients. With the quite limited range of loffe time available in current
calculations, the ability to precisely constrain the large-x exponent is limited, reflected both in the difference between
the exponents for the two- and three-parameter fits in Fig. 8.33 B, and in the relatively large errors on those exponents.

As discussed in Section 5.3, particularly in connection with Fig. 5.21, calculation of the moments affords a means of
obtaining a model-independent value for an effective 87 from the behaviour of large-n moments through Eq. (5.86),
denoted B in [325]. The original analysis is depicted in Fig. 8.34, which also includes results obtained using the pion
valence-quark DF extracted in Ref. [292].

In concluding this subsection, it is worth noting an important feature of the lattice gauge formalism, i.e. the ability to
vary the underlying theory and its parameters as a means of revealing the emergence of the important physics. A recent
example is a study of the pion’s valence quark DF in 2 + 1-dimensional two-colour QCD, where varying the number of
quark flavours, N, allows an investigation of how meson structure evolves as the theory changes from being one with
strongly broken scale invariance at N = 0 to a conformal theory as N is increased [427].

8.4. Quark distribution amplitude

The quark DA is likewise described by the matrix elements of operators separated along the light cone and therefore
subject to computational restrictions analogous to those which arise in the case of the DFs. They are, however, computa-
tionally less demanding, requiring only the computation of a two-point correlation function, in contrast to the three-point
correlation functions needed to extract a DF. For the case of a positively charged pion, the leading-twist DA is defined via

1
(0 | d(zn) §W (zan, zin)ysu(zin) | 7t (p)) = if(p - n) f dx e” xR0 1, (x: ¢, (8.137)
0
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Fig. 8.34. Effective exponent characterising the large-x behaviour of the pion valence-quark DF computed at two lattice spacings in Ref. [325] using
Eq. (5.86). Comparisons were provided therein with the phenomenological fits in Ref. [294] (NLLs omitted) and Ref. [292] (NLLs included).
Source: Figure adapted from Ref. [325].

where p is the four-momentum of the on-shell pion and W is a Wilson line introduced to ensure gauge invariance. The
overall renormalisation of the wave function is simply given by the matrix element of a local operator

(0| dyoysu | 7¥(p)) = ifzpos (8.138)

and the determination of the pion decay constant is a benchmark computation in 1QCD [27].
In analogy with the Mellin moments of the DFs, one can define the moments of the DA through

1
(6 =2x— 1)) = / (2% — 1V'(x: ¢). (8.139)
0

where & can be interpreted as the difference in the momentum fractions carried by the quark x and antiquark 1 — x. For
the case of the pion, only the even moments are non-zero, through charge-conjugation symmetry. It is these moments
that can be related to the pion-to-vacuum matrix elements of the local, twist-two operators

Ot M dysy i yrnly, (8.140)

The computation of these matrix elements presents the same challenges as that of DF moments; notably, the breaking
of O(4) rotational symmetry on the lattice restricts computations to only the lowest few moments. In the pion case,
for which all odd £-moments vanish, this means that practical computations are limited to only a single moment, viz.
n = 2. The computation of this second moment constituted one of the first lattice calculations of hadronic matrix
elements [428,429], and there has since been a progression of increasingly precise computations [196,430,431]. A recent
calculation of the second moment using an auxiliary heavy quark field offers a prospect for the calculation of higher
moments [432].

The distribution amplitude can also be expressed as

p(x; )= was(X)[l + ) an(£)CH(2x — 1)} , (8.141)
n=1

where ¢, is the asymptotic profile, introduced in Eq. (3.34), C,f/ 2 are Gegenbauer polynomials of degree 3/2, and the

coefficients {a,} are the DA’s Gegenbauer moments:

2(2n + 3) R _
a,(¢) = 3(n+1)(n+2)/0 dxC/“(2x — 1) p(x; £), (8.142)
which are straightforwardly related to the moments in Eq. (8.139).

The values of (£2), and of the lowest-two Gegenbauer moments, a; and a,, are a measure of the degree of dissimilarity
between the DA, and its asymptotic profile p.s(x). However, as seen with DFs, the finite-scale DA, ¢(x, {), contains
additional physical information, which can be expressed through either a simple truncation of the expansion in Eq. (8.141)
or a parametrisation [166,194]. Such approaches have been adopted in Ref. [196], which used

9%%8(x) = 6x(1 — x)(1 + a1C;/2 (&) + 0, C)/*(€)) (8.143a)
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Fig. 8.35. Lattice QCD results for DAs of pion, left panel—A, and kaon, right panel —B inferred using the functional forms in Eqs. (8.143). For

comparison, ¢,s is drawn as the dot-dashed grey curve in each panel.

Source: Figures adapted from Ref. [196].

A B 14f: ; ' ' I | ‘
1.5
12
1.0 oz
1.0 - ‘
s 2 osf T
= s / \
0.6 3 i
. —— M,®135 MeV \
------ My=310 MeV . i i
/A M,~690 MeV 022
0.0-* ; :
0.0 L g g 7 ‘
0.0 0.2 0.4 0.6 0.8 1.0 =02 00 0.2 0.4 0.6 0.8 1.0 1.2
X

Fig. 8.36. Left panel — A. Pion DA obtained in the LaMET approach for pion momentum P, = 1.73 GeV as the pion mass is decreased, using a fit to
the form in Eq. (8.143b) [193] (Figure adapted from Ref. [193]). As described in connection with Fig. 3.10B, these results agree quantitatively with
continuum calculations. Right panel —B. x-dependent pion DA computed using the two-current-correlator approach, with the turquoise (bimodal)
and yellow (concave) bands denoting fits to the forms of Eq. (8.143a) and (8.143b), respectively [434]. The dashed red curve is the LaMET result
from Ref. [205]. (Figure adapted from Ref. [434].)
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For the pion, a; vanishes and a* = o . Fig. 8.35 shows the pion and kaon DAs computed using this approach in Ref. [196].
The results agree quantitatively with those presented in Figs. 3.9, 3.11.

The direct calculation of the x dependence of the pion and kaon DAs follows the methods described for the DFs. One of
the principal challenges in these computations, namely the renormalisation of the operators, is precisely that described for
the DFs. There have been several calculations within the LaMET framework [192,193], as well as a computation wherein
the vacuum-to-pion matrix element of two-current correlators is computed [433,434]. As before, progress from the matrix
elements computed on the lattice, in the case of the two-current approach expressed as functions of loffe-time, to the
DA requires additional input, such as an imposed parametrisation of the functional form; and, in the case of Ref. [193],
through the adoption of machine-learning methods. The resulting form for the pion DA using the LaMET and two-current
approaches are shown in Fig. 8.36. In general, in contemporary lattice computations, the limited range of accessible loffe
times means that strong constraints can only be placed on the second DA moment in the case of the pion, or the lowest
two moments of the kaon DA.

PP (x) = Ia (8.143b)

8.5. Three-dimensional imaging of mesons

Returning to the themes of Section 7, the single leading-twist unpolarised GPD of a pseudoscalar meson can be

expressed in the following form, amenable to IQCD analysis:
dn” P _ - n- _
H0x§.6.0) = / e T (P A/2) LAy WS~ /2) | (P~ A/2)).

where, as usual, W is a Wilson line introduced to ensure gauge invariance. As can be seen by inspection, this is a
generalisation of Eq. (8.123) to the off-forward (A # 0) case, and its IQCD computation encounters the same challenges

_ n_ (8.144)

45



C.D. Roberts, D.G. Richards, T. Horn et al. Progress in Particle and Nuclear Physics 120 (2021) 103883

A
B 4
_ 08 n=1
5?0.6 - .li
& 0.4 > i —
n= . . [
02 ] ?’; . . :
o » 9’ 5 0 0 05 1 15 2 25
t [GeV?] -t[GeV?]

Fig. 8.37. Left panel — A. Pion’s lowest two unpolarised GFFs Ajq, A, normalised to unity at t = 0, obtained at a pion mass m, ~ 1.09 GeV in a
theory with two dynamical quark flavours. (Adapted from Ref. [435].) Right panel —B. Lowest two moments of the pion’s tensor GPD, Eq. (7.114),
obtained at a pion mass m, >~ 0.6 GeV in a theory with two dynamical quark flavours. (Adapted from Ref. [349].)

noted earlier. Consequently, the first lattice studies focused on the Bjorken-x moments of the GPDs, yielding generalised
form factors (GFFs), which can be computed as the off-forward matrix elements of the leading-twist operators in
Eq. (8.126).

Specialising to the insertion of the u quark, one obtains [435]

(7P + A/2) | u(0)yWiD*1iD*2 . iD*u(0) | 7w + (P — A/2))

n
= 2PV PPIAL L o(AT) 42 ) AAM L AMPREL | PIMAL L (A7), (8.145)
i=1,o0dd

which for n = 0 simply corresponds to the form factor A; o(t) = F;(t). In contrast to the case of the nucleon, there has
only been a single IQCD computation of pion flavour-non-singlet unpolarised GFFs [350,435], with the results depicted in
Fig. 8.37 A. This study was used to inform the analysis described in Section 7.2.

As discussed in Section 7.2, whilst there is no GPD associated with quarks polarised parallel to the pion’s direction of
motion, the tensor GPD in Eq. (7.109) provides access to information on transversely polarised quarks. A 1QCD study of
this GPD is described in Ref. [349], which focused on the following matrix elements:

(m(P 4+ A/2) [u(0)ic" iD*1iD*2 . . . iD*n=1u(0) | w (P — A/2))
PHAY — PP Al S
= D oam L aAmprs | piniBT(A), (8.146)
T i=1,even

(Symmetrisation is suppressed.) This analysis produced the form factors shown in Fig. 8.37 B, which were used to inform
the analysis described in connection with Fig. 7.28.

The matching of the Generalised quasi-Parton Distributions to the GPDs has been derived in detail [436,437], but the
only published computation of the pion GPD within the LaMET framework [438], shown in Fig. 8.38, is restricted to zero
skewness at a single lattice spacing and a pion mass of 310 MeV. The matching coefficients have recently been computed in
the pseudo-PDF framework [439], and the GLCS approach likewise encompasses the calculation of the GPDs. Importantly,
as the calculations mature, each of these approaches will enable the GPD to be charted both as a function of x, and for a
set of discrete skewness values, &, and momentum transfers, t. Finally, in concluding this subsection, it is worth noting
that three-dimensional momentum-space imaging encoded within the TMDs has also been studied for the pion [358], in
particular for the T-odd Boer-Mulders effect that, experimentally, is a manifestation of long-range initial- or final-state
interactions in DY and semi-inclusive deep-inelastic scattering processes, respectively.

8.6. Gluon and flavour-singlet computations

The computations sketched above can be extended to the flavour-singlet sector; in particular, the gluonic contributions
to hadron structure. Beginning with the DFs, one begins by generalising Eq. (8.123) to the gluonic case:

dn=™ _.o-p+, - -
g:(x) = / TP () | Gy (n W /2, =0 /2)anCs (=0 /2) | 7(B) (8.147)
X

where G, is the field-strength tensor in Eq. (1.1b). The theoretical challenges of, and solution to, evaluating this on a
Euclidean lattice follow the discussion of the valence distributions discussed above; specifically, the moments of the pion’s
unpolarised glue distribution can be expressed in terms of matrix elements of local, traceless interpolating operators:

Offt-tn = GllIDH2 | D=1 Gl (8.148)
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Fig. 8.38. Zero-skewness pion GPD H(x, 0, t x (27 /L), { = 4 GeV), obtained on a lattice with spatial extent L = 24 and spacing a ~ 0.12 fm [438].
The curve marked “PDF” denotes the result obtained in Ref. [420].
Source: Adapted from Ref. [438].
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Fig. 8.39. Lattice QCD results for pion’s glue GFFs defined in Eq. (8.150), calculated at a pion mass of roughly 450 MeV and matched to a scale
¢ =2 GeV. Blue and green bands show z-expansion and dipole fits to the data.
Source: Figure adapted from Ref. [443], which contains additional details.

The lowest-order operator corresponds to the gluonic elements of the energy-momentum tensor
™ = lfﬁy“‘D“] + GH* G — 162, (8.149)
4 4
and the symmetric, traceless component gives rise to the momentum sum rule

D X+ g =1.

q

The computation of gluonic matrix elements, and of the disconnected quark contributions with which they mix, are far
more computationally demanding than those corresponding to flavour-non-singlet quantities: the former are subject to
considerable statistical noise, whilst the latter require the calculation of all-to-all propagators. To overcome the statistical
noise in such calculations, one must: exploit the freedom afforded by different discretisations of the field-strength tensor;
smooth short-distance fluctuations by, e.g. employing HYP- or Stout-smeared links [440,441]; and use complete sampling
of the lattice.

The first effort at exploring gluonic contributions to pion structure was a computation of the momentum fraction
carried by glue [442], performed in quenched QCD at a pion mass of between 600 and 1100 MeV. Whilst there have
been numerous computations of the flavour-singlet contribution to the nucleon momentum fractions, there is only one
evaluation for the pion in full QCD [443] at a pion mass of 450 MeV. It reports a value commensurate with the quenched
results at the lightest 600 MeV pion mass — see Afg”)(O) in Fig. 8.39 A, which is discussed further below. A study of the
mass decomposition of mesons, using the overlap formalism for the fermion action, computed the quark contributions to
the pion mass, and then used the mass sum rule to infer the gluonic contributions, including that arising from the trace
anomaly [32].
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The off-forward components of the lowest-order gluon operator (7 (P A)|G£ZGZ“}|H(P_ A)), Pra = P £ A/2, give rise
to the in-pion gluon gravitational form factors through an expansion analogous to that in Eq. (8.145):

1
(T(P + A/2)|GH G | (P — A/2)) = 2P*P Ag(A%) + EAM“Dg(AZ). (8.150)

The first form factor, A;(A?), drawn in Fig. 8.39A, relates to the momentum fraction carried by the gluons, discussed
above; and the second, Dg(Az), is drawn in Fig. 8.39 B [443]. There is currently no 1QCD calculation of the in-pion quark
GFFs on the same ensembles. Hence, the only comparison can be with the quark calculation described in Ref. [349], which
was performed at a different pion mass and neglected disconnected contributions. One observation is that the momentum
fraction carried by the gluons is similar in the pion and in the nucleon at these heavy pion masses [443].

8.7. Era of exascale computing

A raft of key measures of meson structure, most notably the pion form factor and charge radius, and low-order
moments of the DAs, are now available with controlled systematic errors and high statistical precision, including results
with light-quark masses at their physical values. Novel algorithmic developments, such as the use of so-called momentum
smearing [444], which enables states to be studied at high spatial momentum, and distillation [445], enabling the efficient
application of the variational method that is essential at high momenta, allow increasingly refined computations of
the form factors, DFs and GPDs. The advent of leadership-class exascale computing [446] promises to enable these
developments to be fully exploited through a programme of computations at a variety of lattice spacings and volumes, and
with sufficient statistical precision to resolve not only flavour-non-singlet structure but also the contribution of gluons
and sea quarks [447].

The inclusion of lattice results in global DF fits [448], either on the same footing as experimental data, as has been
done for the case of the nucleon [449], or as a Bayesian prior in the fit to experimental data, as was accomplished for
the nucleon tensor charge [450], is an opportunity that will develop as the precision of lattice calculations increases.
Furthermore, the calculation of the perturbative kernel at next-to-next-to-leading-order (NNLO) [451] within the position-
space formulation of Eq. (8.133) affords the prospects of a lattice determination of the key measures of hadron structure
at NNLO comparable to that attainable from global fitting. The aim is to use both experiment and lattice results to
provide more information about such measures of hadron structure than either can alone. In connection with pion and
kaon measurements via the Sullivan process, discussed in connection with Fig. 9.40, IQCD computations may provide
some additional support for the experimental analysis, potentially providing novel benchmarks to quantify the effects of
off-shellness and/or kinematical extrapolations in .

The discussion in this section has focused on the properties of the pion and kaon, particles stable under the
strong interactions. An exciting prospect for the future is found in recent developments that promise to provide a
framework for the rigorous study of resonances and multi-hadron states; specifically, providing access to their internal
structure [452,453].

9. Experiments completed or in train
9.1. Sullivan process

In specific kinematic regions, the observation of recoil nucleons (N) or hyperons (Y) in the semi-inclusive measurement
ep — € (NorY)X can reveal features associated with correlated quark-antiquark pairs in the nucleon, referred to as the
“meson cloud” or “five-quark component” of the nucleon. At low values of t, the four-momentum transfer from the initial
proton to the final nucleon or hyperon, the cross-section displays behaviour characteristic of meson pole dominance.
Illustrated in Fig. 9.40, the process in which the electron scatters off the meson cloud of a nucleon target is called the
Sullivan process [454]. For elastic scattering, this process carries information on the meson (pion or kaon) form factor, as
discussed in Section 9.2. For deep inelastic scattering, the typical interpretation is that the nucleon parton distributions
contain a mesonic parton content. To access the pion or kaon partonic content via such a structure function measurement
requires scattering from a meson target.

The Sullivan process can provide reliable access to a meson target in the space-like t region, if the pole associated
with the ground-state meson remains the dominant feature of the process and the structure of the related correlation
evolves slowly and smoothly with virtuality. To check whether these conditions are satisfied empirically, one can take
data covering a range in t, particularly low |t|, and compare with phenomenological and theoretical expectations. A recent
calculation [455] explored the circumstances under which these conditions should be satisfied. For the pion (kaon) Sullivan
process, low —t equates to —t < 0.6 (0.9) GeV? to be able to cleanly extract pion (kaon) structure, and data over a range
of —t down to the lowest practically accessible are needed to verify pion (kaon) structure extraction.
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Fig. 9.40. Sullivan processes. These examples indicate how a nucleon’s pion cloud may be used to provide access to the pion’s (A) elastic form factor
and (B) distribution functions. The intermediate pion, 7*(P), is off-shell, with P? = —t. Estimates suggest [455] that such processes provide reliable
access to a pion target on —t < 0.6 GeV?; and for the kaon, on —t < 0.9 GeV?.
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Fig. 9.41. Kinematic considerations for electroproduction, here for the pion.

9.2. Pion and kaon form factors

At low values of Q2, F, has been determined directly up to photon energies of Q2 = 0.253 GeV? at Fermilab [228,229]
and at the CERN Super Proton Synchrotron (SPS) [230,231] from the scattering of high-energy, charged pions by atomic
electrons. These data were used to constrain the charge radius of the pion, with the result r, = 0.657 £ 0.012 fm [230].
Owing to kinematic limitation in the energy of the pion beam and unfavourable momentum transfer, one must use other
experimental methods to reach the higher Q2 regime. At higher values of Q2, F, can be determined through the Sullivan
process; specifically, the electroproduction reaction.

Electroproduction reactions are of general interest because they allow for measuring photoproduction amplitudes as
functions of the photon mass. The weakness of the electromagnetic interaction allows one to treat these reactions in
the one-photon exchange approximation as virtual photoproduction by spacelike photons, Q2 >0, whose mass, energy,
direction, and polarisation density are tagged by the scattered electron [456]. The electroproduction reaction can be
described in terms of form factors, which are generalisations of the form factors observed in elastic electron-hadron
scattering or in terms of cross-sections that are extensions of the photoproduction cross-sections.

For a coincidence experiment in which the scattered electron and the electroproduced charged pion are detected the
differential cross-section can be expressed in terms of a known electrodynamic factor and a virtual photoproduction
cross-section. The latter can be expressed in terms of the linear combinations of the products of virtual-photoproduction
helicity amplitudes, which are the unpolarised transverse production, the purely scalar (longitudinal) production, and the
interference terms between the transverse and transverse-scalar states. This reduced cross-section can be written as a
sum of four separate cross-sections or structure functions, which depend on W, Q?, t,

d*c dot doy

d d
D S0 J2e(0 + )2 o5y + € T o2, (9.151)

2 =
Tidg, — dr T dr d dt

-1

Here, ¢ = (1 + 2(‘2%‘2 tan? "2"‘2 is the polarisation of the virtual photon, where (see Fig. 9.41): q denotes the three-
momentum of the transferred virtual photon; 6, is the electron scattering angle; and ¢, is the angle between the scattering
plane defined by the incoming and scattered electrons and the reaction plane defined by the transferred virtual photon
and the scattered meson. To separate the different structure functions one has to determine the cross-section for at least
two sufficiently different values of € as a function of the angle ¢, for fixed values of the invariant mass of the virtual

photon-nucleon system, W, Q?2, and t.
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Table 9.4
Past and current pion and kaon form factor measurements using elastic scattering or meson electroproduction reactions. (“xsec” denotes cross-section.).
Measurement Nominal Q? (GeV?) Facility Experiment First/most recent publication References
Pion FF 0.0368-0.094 Fermilab E456 1981/1982 [228,229]
charge radius
Pion FF 0.014-0.26 CERN NA7 1984/1986 [230,231]
charge radius
Pion xsec, FF, 0.18-1.19 CEA or 1973 [460]
charge radius 0.62-2.01, Cornell 1974 [461]
1.20-3.99, 1976 [462]
1.18-9.77 1977 [463]
Pion L/T xsec, 0.35 DESY 1977/2008 [236,464]
Pion FF
Pion L/T xsec, 0.70 DESY 1979/2008 [236,465]
Pion FF
Pion L/T xsec, 0.60, 0.75, 1.0, 1.60 JLab 6 GeV E93-021 2000/2008 [232,234,236]
Pion FF (Fpil)
Pion L/T xsec, 1.60, 2.45 JLab 6 GeV E01-004 2006/2008 [233,236,237]
Pion FF (Fpi2)
Pion L/T xsec, 2.15, 391 JLab 6 GeV E01-107 2008 [235]
Pion FF (pionCT)
Pion L/T xsec, 0.375, 0.425, 0.3, 0.5, JLab 12 GeV E12-19-006, data taking/under analysis [466]
Pion FF 1.6, 2.115, 2.45, 3, (PionLT)
3.85, 5,6, 85 E12-09-011
Kaon FF 0.037-0.119 Fermilab E456 1980 [467]
charge radius
Kaon FF 0.015-0.10 CERN NA7 1986 [468]
charge radius
Kaon FF 1.0, 1.36, 1.9, 2.07, 2.35 JLab 6 GeV E93-018, 2018 [244]
E98-008,
E01-004
Kaon L/T xsec, 0.5, 2.115, 3.0, 44, 5.5 JLab 12 GeV E12-09-001 under analysis [47]
Kaon FF (KaonLT)

The determination of the pion form factor from pion electroproduction requires that one-meson exchange (the pion
pole) dominates the longitudinal cross-section at small values of t. The pion pole includes a factor [—t/(t — m72, 2], which
is zero at t = 0 and reaches a maximum at t = —m?2. The first value is unphysical since forward scattering occurs at
tmin = —4m§§2/(1 — £2), where £ = x/(2 — x) is the skewness, with x being Bjorken-x throughout this section, while the
second can be reached in experiments for & ~ m, /2m,. The dominance of the pion pole in the longitudinal cross-section
and its characteristic t dependence allows for extractions of the electromagnetic pion form factor from these data.

Cross-section data suggest a dominant pion pole in the longitudinal 7+ cross-section at values of —t < 0.3 (GeV/c)?
[457]. The strength of the pion pole falls off rapidly with increasing values of t. However, the observation of a dominant
pion pole alone is not sufficient to make a precise extraction of F, from the data. To minimise background contributions,
the longitudinal cross-section, oy, should be isolated via a Rosenbluth L/T(/LT/TT) separation. Without an explicit L/T
separation it is not clear what fraction of the cross-section arises from longitudinal photons and what the contribution of
the pole to the cross-section is in these kinematics. Data from survey experiments, like those from Refs. [458,459], though
interesting in their own right, are thus not used in precision form factor extractions. Past, current, and planned pion and
kaon form factor precision measurements are listed in Table 9.4.

Data on F,, obtained using pion electroproduction have been obtained for values of Q2 up to 10 GeV? at the Cambridge
electron accelerator (CEA) and Cornell University [460-463]. However, those data suffer from relatively large statistical
and systematic uncertainties. More precise data were obtained at the Deutsches Elektronen-Synchrotron (DESY) [464,465].
With the availability of high-intensity electron beams, combined with accurate magnetic spectrometers at JLab, it has
been possible to determine longitudinal-transverse (L/T) separated cross-sections with high precision. The measurement
of these cross-sections in the regime of Q2 = 0.60-1.60 GeV? (Experiment Fpi1) and Q% = 1.60-2.45 GeV? (Experiments
Fpi2 and pionCT) are described in detail elsewhere [232-237]. Referring to Eq. (9.151), a minimum of two cross-section
measurements, o5, at fixed (Q2, W) and different values of the virtual photon polarisation, €, de,| > |qe,l, are
needed to determine the longitudinal cross-section, o;, which allows for the extraction of the pion form factor. Using
the approximation that o; ~ Fﬁ, the experimental error in F; is

AF, 1 1 Ao Ao
L= \/(—] R(r+ e+ (E202(r + 6), (9.152)
F; 2€1— € o1 oy
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where Ao are the uncorrelated errors on the two cross-sections o 2, respectively. The correlated error is a normalisation
uncertainty and is added in quadrature to the uncorrelated uncertainty. The relevant quantities for the extraction of the
L/T-separated cross-sections and the form factor are Ae = ¢; — ¢, between the two kinematic settings and the fixed-(Q?,
W) value of r = or/o;. To estimate the uncertainty in F,, one has to take into account both the variation of counts
across the spectrometer acceptance at both low and high values of € and the variation in the theoretical model across
the acceptance. Magnetic spectrometers with well understood acceptance can provide the facilities for high precision
measurements of F.

Pion electroproduction experiments are performed at the smallest possible value of (—t), which is still a distance away
from the pion pole. The extraction of F,, from the data therefore requires that the ¢ dependence of o; be compared to a
theoretical model. In this method, consistency between data and model is essential. A detailed discussion of the systematic
uncertainty in the extraction of F, can be found in Ref. [31, Sec.2].

The next simplest meson available for experimental studies is the kaon. The kaon contains strangeness; hence, as
highlighted above, studies of kaon structure are essential for understanding the origin and character of mass. The kaon
form factor has been determined directly up to Q2 ~ 0.10 GeV? at Fermilab and at the CERN SPS from the scattering
of high-energy charged kaons by atomic electrons [467,468]. These data were used to constrain the mean square charge
radius of the charged kaon, with the result (r,%) = (0.58 £ 0.04 fm)?.

At higher energies, the kaon form factor can, in principle, be extracted from kaon electroproduction data; but there
are experimental challenges that need to be addressed. The extraction of Fx from o; relies on dominance of the kaon
exchange term. The kaon pole is farther from the physical region than the pion, which may raise doubts about the ability
to extract Fyx from electroproduction data. To lend confidence to the method, we note two aspects. First, the pion form
factor was extracted from pion electroproduction data at small (—t) by carefully studying the model dependence of the
analysis, not by direct extrapolation. Second, comparative extractions of the pion form factor from low-(—t) to large-(—t)
data suggest only a modest model dependence. Furthermore, recent calculations suggest that the kaon pole is dominant
for —t < 0.9 (GeV/c)? [455].

A recent electroproduction determination of the kaon form factor at Q2 = 1.00, 1.36, 1.90, 2.07, 2.35GeV? is
discussed in Ref. [244], with the results drawn in Figs. 4.13 A and 4.14 A. The L/T-separated kaon electroproduction cross-
sections were extracted at different values of (—t) using data from JLab [233,469,470] and the successful method from
Refs. [233,237] was applied to infer the kaon form factor. Note that the largest (—t) pion data discussed above lie at
similar distances from the pole as the kaon data discussed in Ref. [244]. These data range from —t = 0.4-0.7 (GeV/c)?,
and so fall into the regime where the kaon pole is expected to contribute. The kaon form factor was extracted at (—tm;)
for each Q2 point. The model dependence was estimated using a comparative study at different values of (—t) and was
found to be on the order of about 0.1 on the form factor value. The data sets are internally consistent, lending confidence
to the method used for extracting the kaon form factor from longitudinal cross-section data.

The high quality, continuous electron beam at the 12 GeV JLab, combined with the high momentum spectrometer
(HMS) and superconducting super high momentum spectrometer (SHMS), makes JLab 12 the only facility currently able
to pursue a programme of precision pion and kaon form factor measurements. At the time of writing, the running E12-19-
006 (PionLT) experiment [466] enables measurements of the pion form factor at low (—tpi) up to Q% = 6 GeV?, allows for
measurements of the separated 7+ cross-sections as a function of Q2 at three fixed x values (0.2, 0.3, 0.4), and enables the
measurement of the pion form factor to the largest Q2 accessible at JLab 12, viz. 8.5 GeV?. Three data points at Q2 = 0.38
GeV? and centre of mass energy W = 2.20 GeV were acquired during the first phase of the experiment in 2019. The data
are under analysis.

The E12-09-011 (KaonLT) experiment [47] is an exclusive measurement of the L/T-separated kaon electroproduction
cross-section important for understanding the role of strangeness in hadron imaging studies and the kaon form factor.
The KaonLT experiment collected data in 2018/19 and the data are presently under analysis. Data were acquired for five
Q? points, 0.5, 2.115, 3.0, 4.4, and 5.5 GeV?, with centre of mass energies W = 2.40, 2.95, 3.14, 2.74, 3.02 GeV. The data
were taken at five beam energies (3.8, 4.9, 6.2, 8.2, 10.2 GeV), which will enable the first precision measurements of the
L/T-separated kaon electroproduction cross-sections as a function of Q2 above the resonance region. A direct comparison
of the scaling properties of the #* and K+ separated cross-sections would provide an important tool for the study of
the onset of factorisation in the transition from the hadronic to the partonic regime [471] and provide a possibility
to study effects related to SU(3)-flavour symmetry breaking, viz. Higgs-induced modulation of EHM. The L/T-separated
cross-sections of pion data simultaneously collected at Q2 = 0.5, 2.115, and 3.0 GeV? can provide further constraints on
the pion form factor.

9.3. Empirical information on parton distribution functions

Experimental knowledge of the partonic structure of the pion is very limited owing to the lack of a stable pion target;
and the situation is far worse for the kaon, with data limited to less than 10 points of data worldwide. Most of the current
knowledge about the pion structure function in the valence region was obtained primarily from pionic DY scattering (0.2
< x < 0.99), and in the pion sea region at low Bjorken-x, from hard diffractive processes measured in e —p collisions at the
Hadron-Elektron-Ringanlage (HERA) H1 and ZEUS experiments (3 x 10™* < x < 0.01). These processes are complementary
methods to probe the partonic structure of pions (and kaons). However, at present there is no overlap between the data
sets obtained with the two different techniques. Past and anticipated measurements are listed in Table 9.5.
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Table 9.5
Pion and kaon structure function measurements that are either completed or whose completion is anticipated. Notably, the NA3 publication did not
report the measured cross-sections; consequently, this work is not included in global fits aimed at determining the pion valence-quark DF.

Measurement X Facility Experiments First/most recent publication References
Pion SF 0.21-0.99 Fermilab E615 1989/2005 [291,293]
Pion SF 0.25-0.75 CERN WA39 1980 [286]

Pion SF 0.17-0.97 CERN NA3 1983/2005 [287,293]
Pion SF 0.16-0.99 CERN NA10 1985/2005 [288,293]
Pion SF 7 x 1074-0.5 DESY ZEUS 1996 [472]

Pion SF 1x 1073-0.22 DESY H1 1999 [473]

Pion SF 0.45-0.9 JLab 12 C12-15-006 conditionally approved [49]

Kaon SF 0.45-0.9 JLab 12 C12-15-006A conditionally approved [50]

Pion SF 0.16-0.99 CERN COMPASS 11 data collected 2015/2018 [474]

Pionic DY scattering data were collected by the NA3 [287], NA10 [288], and WA39 [286] collaborations at the CERN
Super Proton Synchrotron (SPS) and by the E615 [291] collaboration at Fermilab. In these experiments one measures
a lepton pair produced from hadron-hadron inelastic collisions in the region s — oo, Q2/s finite, where Q? (s) is the
invariant mass-squared of the lepton pair (the initial hadrons). In the CERN SPS experiments, muon pairs were produced
by charged meson beams of energies 200 GeV/c (1) and 150-280 GeV/c (7 ) incident on a heavy target (platinum,
tungsten). DY scattering data using 7~ beams were acquired by NA10, while data with both 7+ and 7~ beams were
acquired by NA3 and WA39. The muon events were analysed in a magnetic spectrometer. Charged hadrons from the
colliding beams were identified with differential (negative charge) or threshold (positive charge) Cherenkov counters.
Events were selected by the muon pair mass and angle to distinguish from the resonance region, secondary interactions
in the target, and misidentified J /¥ events produced by asymmetrical di-muons.

The LO DY cross-section for a pion interacting with a nucleon can be written,

o 4nal,
dx.dxy — OM?

> " €21 (X Jan(xn) + G (X g (xn)] (9.153)
q

where ., is the QED fine-structure constant, the sum is over quark flavour, g, (qy) is the DF for quark flavour g in the
pion (nucleon), eq is the charge of the quark (in units of the positron charge), M, is the mass of the virtual photon, and
X, (xy) is the momentum fraction (Bjorken x) of the interacting quark in the pion (nucleon). Using symmetry arguments,
the cross-section can be expressed in terms of the pion and proton DFs. The pion valence distribution was extracted
from global analyses at LO and NLO using available DY data. In the global analyses, using the better known proton DFs as
input, the pion’s sea content was derived from momentum conservation, while the gluon contribution was constrained by
prompt photon measurements by the CERN Collaborations WA70 [475] and NA24 [476]. The authors of Ref. [330] provide
their own parametrisation of the sea, assuming that the sea contribution amounts to 10%, 15%, and 20%, which leads to
three different results for the gluon contribution.

Pion structure was measured at DESY using HERA in deep-inelastic scattering tagged via a leading neutron, ep — e'n.
Four kinematic variables are needed to describe this interaction. They are defined in terms of the four-momenta of the
incoming and outgoing particles. Two variables are chosen from the Lorentz invariants used in inclusive measurements:
Q?; x, the Bjorken scaling variable; y = Q?/(sx), the inelasticity; and W?, the squared mass of the produced hadronic
system. Here, /s is the energy of the ep centre-of-momentum-system. Two additional variables are required to describe
the leading neutron. They were chosen as the laboratory production angle of the neutron, 6,, and the energy fraction
carried by the produced neutron, x; ~ E,/E,, where E, and E, are the proton and neutron energy, respectively. The
transverse momentum of the neutron is given by pr ~ x,E,6,. The squared momentum transfer from the target proton

2
ist~ I;—I — to, where tg = 1;L"L(mﬁ — mef,) is the minimum kinematically allowed value of |t| for a given x;.

Events containing a leading baryon were measured with the H1 and ZEUS detectors, featuring a forward neutron
calorimeter (FNC) at forward rapidity. The ZEUS central detector featured a 1.43T solenoidal field with a typical vertex
resolution of 0.4 cm (0.1 cm transverse). The hadronic calorimeter was a uranium-scintillator device with energy
resolution ¢ (E)/E = 0.35/«/5 for hadrons. The FNC was a lead-scintillator (compensating) calorimeter located 106 m
from the ZEUS central detector, had seven interaction lengths in the front section and three in the rear section, and
achieved a resolution of 0.65/+/E. For 500 GeV neutrons, this results in a 3% energy resolution. The FNC acceptance for
neutrons was about 20% of 27 up to about 0.8 mr, limited by beam line elements. This resulted in a mean transverse
momentum acceptance of p% < 0.05 GeV2. A forward neutron “tracker” with 1.5 cm wide scintillating fingers was
installed to measure t (P;). The H1 detector featured a 1.16 T solenoidal field and a tracking system with a resolution
of o(pr)/pr = 0.005pr + 0.015 for charged particles. (Here and following, all mass-dimensioned quantities in GeV.) The
hadronic calorimeter was a liquid argon sampling calorimeter with steel absorber. The total depth of the calorimeter
ranged from 4.5 to 8 interaction lengths and achieved a resolution of 0.50/+/E + 0.02 for charged pions. The FNC was
located 106 m from the H1 central detector, consisted of a 1.6 interaction lengths lead-scintillator sandwich preshower
and an 8.9 interaction lengths sandwich type main calorimeter, and achieved a resolution of o(E)/E = 0.63/+E + 0.03

52



C.D. Roberts, D.G. Richards, T. Horn et al. Progress in Particle and Nuclear Physics 120 (2021) 103883

and a\(} y) = 10cm/~E + 0.6 cm for hadrons. The electromagnetic energy resolution of the preshower was o(E)/E =
0.20/+E.
The four-fold differential cross-section for leading neutron production, denoted LN(4), can be written as

d4o.ep9e’Xn
dXszdXLde

where K;y is a combination of kinematic factors — see, e.g. Ref. [473, Eq. (3)]. Integrating this equation up to the maximum
experimentally accessible neutron angle, corresponding to a maximum transverse neutron momentum that varies with
Xr, results in

= Ky FZLNM)(X, Q% X1, pr), (9.154)

d3oer— e'Xn
dxdQ?2dx;
where

=K FF"P(x, @2, x1), (9.155)

max

"
"%, Q% x) = f dpr F;"(x, @, x1, pr) (9.156)
0

is the neutron-tagged proton structure function integrated over the measured range in 6,. The pion structure function FJ
can then be extracted from FZLN(B) using models, such as the Regge model of baryon production [473, Sec.6]. In the Regge
model the contribution of a specific exchange i is defined by the product of its flux fi(y, t) and its structure function Fz"
evaluated at (x;, Q2).

For the HERA data, the pion flux was determined from the description of the available data [477-486] on charge-
exchange processes (p — n) in hadron-hadron interactions obtained using the exchange of virtual particles. In such
processes, the pion dominates the p — n transition amplitude, with its relative contribution increasing as |t| decreases.
In the one-pion approximation, the cross-section for charged hadron production can be written

dUhp—>Xn
dx L dt

where s’ = s(1—x), the square of the hp centre-of-mass energy, and f; /,(x;, t) is the flux factor that describes the splitting
of a proton into a n system.

Charge exchange processes at the CERN intersecting storage rings (ISR) and Fermilab were found to be well described
using

= frpp(Xe, D)o (s)), (9.157)

1 2g2 —t —2aR
= i =l — x)' 2 OF(x, £))?, (9.158)
T

S p(xe, t)
2
where gj{% = 14.5, cxfi(t) = o't,and o’ = 1 GeV~2. The form factor F(x;, t) parametrises the distribution of the pion cloud
in the proton and accounts for final-state rescattering of the neutron. For the HERA data, a good description of hadronic
charge-exchange experiments was found using the Bishari flux [487], which sets F(x;,t) = 1. The resulting flux factor
was interpreted as an effective pion flux, which takes into account processes that occur in hadronic charge-exchange
processes, absorption, non-pion exchange, and off-mass-shell effects.

At HERA, the leading neutron data were dominated by pion exchange in the range 0.64 < x; < 0.82, and the one-pion
exchange model was used to determine the structure function of the pion, FJY, whose t dependence is absorbed into the
flux factor that describes the hadronic charge exchange data [477-486]. The structure function of the real pion is then
given by

F;(xru Qz) = F(szxl)FzLN(B)(xv stxl)s (9159)

where I' = 1/[(1 — 8a5(x;, Q%)) '/;;::X dt fr /p(xc, t)] is the inverse of the pion flux factor integrated over the measured t
region and corrected for t-averaged absorptive effects: theory estimates Sqs(x1, Q2) < 10% for Q2 > 10 GeV? [488].

The HERA data show that, in the region of 0.64 < x; < 0.82, the extracted FJ has the same shape as the proton structure
function, Ff , scaled by 0.361, and approximately the same x and Q2 dependences. The data do not match expectations
based on DY studies [330]. This discrepancy may owe to the fact that the major portion of the HERA data are at x, < 1072,
whereas the DY data are at x, > 0.2. From this perspective, the HERA data provide constraints on the shape of the pion
structure function in the low x,; region.

The extraction of the pion structure function has to be corrected for non-pion pole contributions, A and N* resonances,
absorptive effects, and uncertainties in the pion flux. These corrections can be minimised by measuring at the lowest
(—t) or tagged nucleon momentum possible. At these lower momenta, the absorptive correction is reduced because the
pion cloud is further from the bare nucleon. In addition, higher meson mass exchanges are suppressed, the charged pion
exchange process has reduced background from Pomeron and Reggeon processes [489], and the charged pion cloud is
expected to be roughly double the neutral pion cloud in the proton. Having data from both protons and deuterons would
provide essential cross checks for the models used in the extraction of the pion structure function.
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The largest uncertainty in extracting the pion structure function, however, likely owes to uncertainty in the pion flux
in the framework of the pion cloud model. One of the main issues is whether to use the 7NN form factor or the Reggeised
form factor. The difference between these two methods can be as much as 20% [490]. From the NN data, the 7NN coupling
constant is known to 5% [491,492]. The uncertainties on the corrections are somewhat difficult to constrain; but if one
assumes them to be < 50% and assumes a 20% uncertainty on the pion flux factor, then the overall theoretical systematic
uncertainty could reach 25%. An alternative approach is direct measurement of the pion flux factor by comparing to pionic
DY data.

9.4. L/T-separated meson cross-sections: Toward flavour separation with GPDs

In recent years, hard exclusive processes, like deeply virtual photon (DVCS) and meson (DVMP) leptoproduction,
have attracted much interest. It has been shown that in the generalised Bjorken regime of large Q2 and large W in the
virtual-photon-proton centre-of-mass frame, but fixed Bjorken-x, these processes factorise into products of hard partonic
subprocesses and soft hadronic matrix elements, parametrised through GPDs. As in DIS, the asymptotically dominant
contributions come from longitudinally polarised photons while those arising from transversely polarised photons are
suppressed by 1/Q? [471]. It is not clear that there is such factorisation for transversely polarised photons [457]. The
relative contribution of longitudinal and transverse terms to the meson cross-section and their t and Q2 dependences
are thus of interest in evaluating the potential of meson production for probing the nucleon’s GPDs. In general, only if
experimental evidence for leading-twist behaviour is shown can one begin to be confident about a handbag formalism.
One of the most stringent experimental tests is the Q2 dependence of the longitudinal meson cross-section.

The cross-sections for p°, w, ¢, J /¥, ¥(2S), and T production have been measured over a wide range of energies, from
threshold up to W ~ 200 GeV for light vector mesons and, taking recent LHC data into account, up to about 1TeV for
heavy vector mesons. For light vector mesons, Q2 ranges from 0-100 GeV? in the high W domain, where there are data
from HERA — H1 [493-495], ZEUS [496-500], HERMES [501,502]; and Fermilab — E665 [503]. At W < 5 GeV, experiments
at Cornell University [504] and with the CLAS detector [505-509] have measured the p°, w, ¢ electroproduction channels
up to Q% = 5 GeVZ. For the heavy mesons, there are electroproduction data only for the /¥ from HERA [510,511]. In
addition, there are heavy-meson photoproduction data from the H1 [512], ZEUS [513], LHCb [514-517], and ALICE [518]
experiments, and some fixed target experiments, e.g. at JLab, with W < 5 GeV.

For the p and w channels, two regimes are clearly apparent, in both lepto- and photoproduction. Starting from
threshold, after a rapid rise owing to the opening of the phase space, the cross-sections decrease from W ~ 2 GeV
down to W ~ 7 GeV. The cross-sections then rise slowly with energy. For the other vector meson channels, above the
threshold effect, there is only one behaviour of the cross-section: a steady rise with W from threshold up to the highest
energies measured. One can clearly see that the slope of the W-dependence at large W increases with Q? for the p
electroproduction channel and with the mass of the vector mesons for the photoproduction data. This indicates that the
mass of the heavy mesons acts, like Q2, as a hard scale.

In order to determine the contribution of longitudinal and transverse terms to the vector meson cross-section, one
can analyse the decay angular distribution giving access to the polarisation states. Assuming that the helicity between
the final-state vector meson and the initial virtual photon is conserved, one can deduce the polarisation of the virtual
photon and, therefrom, the longitudinal and transverse cross-sections. This property is referred to as s-channel helicity
conservation (SCHC). It can be checked experimentally by looking at specific vector-meson decay matrix elements that
are sensitive to y,* — Vr, yr — Vj or yf — V_y transitions. In p® and ¢ production, SCHC has been found to hold well
enough to enable the L/T separation of the cross-sections.

The H1 data for the p° cross-section at fixed x ~ 0.002 span more than an order of magnitude in Q2. The cross-section
falls approximately as 1/Q%, i.e. the Q2 slope is milder than that predicted by the naive leading-twist handbag formalism.
Given the behaviour of the L/T cross-section ratio and with the transverse contribution being more important as Q%> — 0,
the experimental Q2-dependence of the longitudinal cross-section is even flatter than 1/Q*.

Recent results on helicity amplitudes and spin density matrix elements are available from COMPASS [519-521,521]
and HERMES [522-525]. The p° helicity amplitude ratios with nucleon-helicity flip were found to be small and consistent
with zero, while the non-flip amplitudes were found to be non-zero [522]. New spin-dependent matrix elements were
found to be in partial agreement with the Goloskokov-Kroll model. Existing DVMP data are consistent with the QCD
factorisation prediction over a limited Q2 range.

Confirming the possibility of accessing GPDs through pseudoscalar meson production requires a full separation of the
cross-section. One-meson exchange plays an important role in leptoproduction of pseudoscalar mesons. Its dominance in
the longitudinal cross-section is required for extraction of the electromagnetic meson form factor from electroproduction
data and is also part of the GPD E. Separated cross-sections for 7+, K*, and 7° production have been measured at
JLab [47,244,526-528]. Unseparated data have been measured at several facilities, including HERMES, COMPASS, and
JLab [458,459,529,530]

The leading-twist, lowest-order calculation of the 7 longitudinal cross-section underpredicts the data obtained with
xp = 0.31,0.45, —t = 0.15, 0.41 GeV?, Q% /GeV? = 1.45—2.45, 2.45—3.9 by an order of magnitude [235,457]. This implies
that the data are not in the region where the leading-twist result applies. That current experimental data are not in the
region where the leading-twist result applies can also be seen in the Q2 and t dependence of the separated longitudinal
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and transverse 7+ cross-sections. The 1/Q°® scaling-law prediction is reasonably consistent with the longitudinal data.
However, the transverse cross-section does not follow the scaling expectation; and when compared with the longitudinal
cross-section, it is too large for consistency with QCD factorisation. Regarding the (—t) dependence, the longitudinal
contribution is greater than the transverse in the 7+ cross-section for values of —t < 0.3 GeVZ. This is consistent with a
dominant meson pole in this region; but the transverse contribution is greater than the longitudinal for values of —t > 0.3
GeV?, providing further evidence that the leading-twist does not apply in the currently available experimental kinematics.

Similar trends were found in the analysis of the separated K+ cross-sections [244]. The first L/T-separated 7° cross-
sections were measured in Hall A and cover a Q2 range between 1.5 and 2 GeV? with x ~ 0.36 [526,527]. The results
suggested that in this limited kinematic region transversely polarised photons dominate the total cross-section and also
hinted at possible dependences on Q2, —t, and x. A more recent experiment at JLab 12 extended these measurements to
higher Q2 and x [531].

The recent L/T-separated cross-section data suggest that transversely polarised photons play an important role in
charged pion and kaon and in neutral pion electroproduction. Further experimental evidence for strong transverse
virtual-photon transitions comes from the unseparated JLab CLAS w " cross-section data [459] and from the sin ¢
harmonics measured with a transversely polarised target by HERMES [532]. Moreover, the JLab CLAS [529] and Hall
A measurements [533] of the unseparated 7° cross-sections reveal a transverse-transverse interference cross-section
that amounts to a substantial fraction of the unseparated cross-section. Evidence for significant L-T interference in 7°
production also comes from JLab CLAS beam spin asymmetry measurements [534].

This review of the data on hard exclusive meson lepto- and photoproduction reveals clear evidence for a common dy-
namical mechanism underlying such processes, for which a handbag-diagram approach is a viable explanation candidate.
However, most of the currently available data do not lie in a region for which the simple leading-twist result applies.
Future measurements of DVMP cross-sections should make it possible to confirm the estimates of transverse photon
contributions, establish the potential for access to GPDs in meson production, and understand the remaining puzzles.

10. Measurements on the horizon

The broad international science programme aimed at understanding pion and kaon structure and the SM mechanisms
behind the emergence of hadron masses requires a strong, constructive interplay between experiment, phenomenology
and theory. Experimental prospects must be matched and guided by new theoretical insights, assisted by rapid advances
in computing and high-level QCD phenomenology. The identification and conduct of those experiments which can best
lead to novel theory insights and understanding, and the interpretation of the new experimental results, both require a
coherent worldwide effort.

At its 5 GeV centre-of-mass energy, JLab 12 will provide tantalising, precision data relating to the pion (kaon) form
factor up to Q2 ~ 10(5) GeV? and measurements of the pion (kaon) structure function at x > 0.5 through the
Sullivan process. It will thereby deliver the first new-generation information that is capable of addressing numerous key
issues highlighted herein, e.g. discovering scaling violations in pseudoscalar meson elastic form factors, revealing Higgs
modulation of EHM, and charting the x-dependence of pion and kaon valence-quark DFs.

With recent CERN approval of their Phase-1 plans [535], one can expect the AMBER Collaboration to play a crucial
role because they are uniquely capable of delivering pion (kaon) DY measurements in the centre-of-mass energy region
~ 10-20 GeV. This new programme is an essential part of the global effort to measure and understand the pion structure
function. Importantly, the effort will deliver DY cross-sections with both 7~ and 7= beams, enabling the separation of
valence and sea quarks in the pion. It will also place a handle on a determination of the so-called “pion flux” factor needed
for related EIC Sullivan process measurements; and it is sine qua non for any map of the kaon structure function. One may
reasonably expect that AMBER data in themselves will already enable fundamental insights to be drawn into EHM.

An electron-ion collider is under discussion in China (EicC). With a similar centre-of-mass energy range as AMBER,
EicC could both develop a powerful synergy with that Collaboration’s plans and neatly fill a gap between JLab and the
EIC at Brookhaven National Laboratory. On its own, and even better in concert with AMBER, EicC could provide access to
pion and kaon structure functions on x > 0.01 and expose impacts of EHM and Higgs-induced modulations on NG-mode
valence-quark and gluon structure. Furthermore, EicC could extend the Rosenbluth L/T-separated cross-section technique,
and may therefore be able to extend the kinematic reach of pion and kaon elastic form factor measurements beyond that
achievable at JLab 12.

It is anticipated that EIC will be unique in having the capacity to provide information on pion and kaon structure over
a large and tunable centre-of-mass energy range within the domain ~ 20-140 GeV. With such coverage and reach, EIC
will vastly extend the (x, Q2) range of pion and kaon structure charts and may very well write the final words on many
of the issues discussed herein, e.g. what is the gluon content of NG modes, how does it compare with that in the proton,
and, indeed, what makes NG modes different in the SM.
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11. Epilogue

Existence of the pion was predicted eighty-five years ago [536]; yet, even now, very little is known about its structure.
The pion’s mass is measured with precision — to one-part in a million; but its radius is only constrained to within 1% and
even this is debatable, given the uncertainties now attendant upon radius measurements made using electron+hadron
scattering experiments [537]. Regarding the kaon, discovered over seventy years ago [117] and the first known particle
to possess strangeness [538,539], the mass is known to three-parts in one-hundred-thousand, but its radius is at least
ten-times more uncertain than that of the pion and precise information on even its low-Q? electromagnetic form factor
is practically nonexistent. This is a very poor state of affairs, given that pions and kaons are Nature’s most fundamental
Nambu-Goldstone modes, whose existence and properties are vital to the formation of everything from baryons, to nuclei,
and on to neutron stars. The coming decades promise to eliminate much of this ignorance as technology reaches the point
where achievable terrestrial experiments can use energy and luminosity to overcome the absence of stable pion and kaon
targets.

Advances in experimental capabilities place great pressure on phenomenology and theory to keep pace. Perhaps
most promising here are predictions for pion and kaon form factors. The past decade has seen both continuum and
lattice methods agree that pion and kaon distribution amplitudes (DAs) are broadened as a consequence of emergent
hadronic mass (EHM). Hence, attention has shifted away from looking for experimental results to produce agreement
with predictions of hard-scattering formulae made using the asymptotic DA profile. Now it has turned toward identifying
the breakaway from simple power-law scaling in recognition both that QCD is found in scaling violations and hard-
scattering formulae should be evaluated using broadened distributions if comparisons with experiment are to be realistic.
New results from pion and kaon form factor experiments are therefore eagerly awaited. Notwithstanding these advances,
the hard scattering formulae that provide a strong motivation for this programme are only sensitive to a single inverse
moment of the meson DAs. Experiments able to provide information on their pointwise behaviour would be valuable. In
this connection, hard diffractive dissociation of mesons in the field of a heavy nucleus still appears to offer best promise.

Regarding distribution functions (DFs), the patient is less healthy. There are many continuum predictions for the pion’s
valence-quark DF, »"(x). All agree that the large-x dependence of +"(x) is sensitive to the behaviour of the pion’s light-
front wave function at large relative momenta; and those connected with the QCD-predicted momentum dependence
produce " (x) ~ (1 —x)?, with 8 > 2 at any scale for which a rigorous connection may be drawn between experimental
cross-sections and DFs. However, phenomenology is still grappling with many challenges, including the task of building
a complete hard-scattering kernel — hence, studies return conflicting results for 8; and lattice-QCD (1QCD) is only now
beginning to contribute information on the pointwise behaviour of DFs and results that can be used to determine the
large-x exponent. Crucially, new empirical data is coming; and this provides impetus for improvements in all areas of
theory.

Turning to the kaon’s valence-quark distribution functions, there are again many continuum calculations; the status
of which matches the pion case. On the other hand, 1QCD is only beginning to tackle the kaon. Moreover, since less than
ten points of empirical data exist, there is no phenomenology. Here, new-era data are crucial.

Glue and sea distributions in the pion have long been a subject of phenomenological analyses; but given the issues
with such studies of its valence-quark DF, the inferred glue and sea distributions are of uncertain accuracy. Contemporary
continuum theory has begun to make predictions for these DFs, which promise to serve as benchmarks for new-generation
experiments and analyses. Lattice QCD results for the pion’s glue and sea distributions lie in the future. The state of kaon
studies is similar. Here there is the additional opportunity for exploring the modulation of EHM by Higgs-boson couplings
into QCD; and first results indicate that the kaon’s glue and sea distributions are noticeably softer than those in the pion.
Such predictions present an opportunity for future facilities.

Notwithstanding the puzzles that remain with predictions and measurements relating to such studies of the one-
dimensional structure of Nature’s Nambu-Goldstone modes, the allure of three-dimensional imaging is great and the
challenges are greater still. For pions and kaons, little has yet been accomplished in this area. So, there are no controversies
and many opportunities; and first results indicate some fascinating possibilities, e.g. that the mechanical pressure at the
pion’s core is greater than that in the proton and, in fact, commensurate with that at the core of a neutron star. This field
is wide open for input from new era facilities, high-level phenomenology, and novel theory.

Understanding the origin of more than 98% of visible mass in the Universe, charting its distribution throughout the
objects within which it is lodged, and identifying those measurements which can be used to validate the answers, are key
remaining challenges within SM. As argued herein, although many observables carry signals of these things, pion and kaon
observables provide some of the cleanest signatures. Now, with a confluence of developments in experiment and theory
promising heretofore unparallelled synergies, there is room for optimism in anticipation of uncovering the solutions.
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Abbreviations

The following abbreviations are used in this manuscript:

2PI two particle irreducible

BS (BSE) Bethe-Salpeter (equation)

CEA Cambridge (Massachusetts) electron accelerator
CERN European Laboratory for Particle Physics

CLAS detector in Hall-B at JLab

DA distribution amplitude

DCSB dynamical chiral symmetry breaking

DESY Deutsches Elektronen-Synchrotron (accelerator in Hamburg)
DF distribution function

DSE Dyson-Schwinger equation

DVCS deeply virtual Compton scattering

DVMP deeply virtual meson production

DY Drell-Yan (process)

EHM emergent hadronic mass

EIC electron ion collider in the USA

EicC electron ion collider in China

Fermilab (FNAL)
FF

Fermi National Accelerator Facility
fragmentation function

FNC forward neutron calorimeter

GFF generalised form factor (related to a given GPD)

GLCS good lattice cross-section(s)

GPD generalised parton distribution

H1 detector at HERA

HB Higgs boson

HERA particle accelerator in Hamburg (Hadron-Elektron-Ringanlage
or Hadron-Electron Ring Accelerator)

HERMES detector and associated collaboration at HERA

HMS high momentum spectrometer (detector at JLab)

ISR Intersecting Storage Rings (accelerator at CERN)

JLab Thomas Jefferson National Accelerator Facility

JLab12 Thomas Jefferson National Accelerator Facility with 12 GeV e~ beams

LaMET large-momentum effective theory

LFWF light-front wave function

LHC large hadron collider

LHCb LHC beauty experiment

LO leading order (in a controlled expansion or truncation)

1QCD (LQCD)
NG (boson/mode)
NLL

lattice-regularised quantum chromodynamics
Nambu-Goldstone (boson/mode)
next-to-leading logarithms

NLO next-to-leading order (in a controlled expansion or truncation)
PD process dependent (effective charge or running coupling)

PDF parton distribution function

PI process independent (effective charge or running coupling)
pQCD perturbative QCD

PTIR perturbation theory integral representation

QED quantum electrodynamics

QCD quantum chromodynamics

RGI renormalisation group invariant

RL (truncation)
SCHC

rainbow-ladder (truncation)
s-channel helicity conservation

SHMS superconducting super high momentum spectrometer (detector at JLab)
SM Standard Model of Particle Physics

SPS super proton synchrotron

STI Slavnov-Taylor identity

TMD transverse momentum dependent parton distribution

ZEUS detector at HERA
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