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A recently modified method to enable low-energy nuclear scattering results to be extracted from
the discrete energy levels of the target-projectile clusters confined by harmonic potential traps
is tested. We report encouraging results for neutron-« and neutron-2*O elastic scattering from
analyzing the trapped levels computed using two different ab initio nuclear structure methods. The
n—a results have also been checked against a direct ab initio reaction calculation. The n—2%0 results
demonstrate the approach’s applicability for a large range of systems provided their spectra in traps
can be computed by ab initio methods. A key ingredient is a rigorous understanding of the errors in
the calculated energy levels caused by inevitable Hilbert-space truncations in the ab initio methods.

Introduction Low-energy nuclear theory has entered
an era of precision calculations, thanks to the systematic
development of nuclear forces [1], ab initio many-body
methods [2-7] that use these interactions as input, and
uncertainty quantification [8-11]. This enables rigorous
computer simulations of nature and provides a tool for
studying nuclear systems that is complementary to real
experiments. It also improves the nuclear physics input
that is vital to astrophysics, particle physics, and other
domains.

Ab initio nuclear scattering/reactions calculations,
however, are still limited to a small set of systems [12-15],
while structure has progressed to medium-mass and even
heavy nuclei [2, 5-7, 16, 17]. A compelling strategy [18—
20] is to expand the former’s reach by taking advantage of
the latter’s progress: use structure methods to compute
discrete energy levels for projectile-target (p-t) clusters
in harmonic potential traps, and then extract free-space
scattering/reaction observables from the levels. Recently,
Ref. [20] has improved the method to allow systematic
control of theory errors.

The approach is similar in spirit to the Liischer method
used in Lattice QCD [21], which extracts hadronic scat-
tering observables from energy spectra discretized by a
spatial box with periodic boundary conditions. Both
the trap and box physically reduce the number of de-
grees of freedom (dofs) to enable spectrum calculations.
Note the trap preserves rotational invariance (broken for
anisotropic traps) and the decoupling between internal
and center-of-mass (CM) dynamics.

The modified trap formula [20] is in fact a quantization
condition (QC) in the nonrelativistic limit for p-t relative
dynamics in two-cluster elastic scattering: given angular
momentum ¢ and trap frequency wr, the eigenenergy F

satisfies a transcendental equation of the form
éog(wa) = OZ/OO’Z(MT, E) . (1)

Here, a nucleon (with mass My) at location r; experi-
ences a potential %M NwarZ; for p-t separated by 7, the
relative potential (with reduced mass M, ) is § M, w?r?.
(The static form of the potential fixes our reference
frame.) When the relative momentum p = /2M_ FE and
the inverse of the trap length scale \/M_ wr = 1/br are
smaller than the high momentum (UV) scale My, the
p-t’s internal dofs can be integrated out and the left side
can be expanded in terms of b;1 and p? with coefficients

Ci’j:

&= Cijx (Mywr)* p¥ . 2)
i,j=0

This equation generalizes the conventional effective range
expansion (ERE); namely the phase shift §,(E) in partial
wave £ is obtained from the ERE [22, 23]

0
p22+1 cot 5@ (E) = Z Oi:O,j X p2j . (3)
j=0

The terms with Cj- ; account for how the trap modifies
the p-t interaction at short distance [20]. Dimensional es-
timates suggest that C; ; ~ M121Z+174i72j. The right side,
called a “unitarity function” here, has its analytic struc-
ture dictated by long-distance (IR) physics, irrespective
of the UV physics:

(2 2041 (—np)
%oo,é = (_)€+ (bT) F(_E — 1/2 — nE) ) (4)

with np = E/(2wr) — ¢/2 — 3/4. When wr — 0,
Uso o — ip**! and the infinite poles of %, ¢ in the com-
plex E plane coalesce into the usual unitarity branch




cut. Further details about Egs. (1)—(4) and previous
works [18, 19, 24-33] can be found in Ref. [20].

If the ab initio methods we use—specifically, the no-
core shell model (NCSM) [3] and the valence-space for-
mulation of the in-medium similarity renormalization
group (VS-IMSRG) [7]—used an infinite Hilbert space,
then Egs. (1)—(4) would apply directly. However, in prac-
tice the Hilbert space is truncated, modifying both IR
and UV physics. These methods construct their many-
body Hilbert spaces using a single-particle basis of har-
monic oscillator (HO) wave functions, with basis fre-
quency w. The NCSM limits the system’s total HO ex-
citation quanta (relative to the naive level filling) to be
below Npax, whereas the IMSRG assigns a cutoff epax
to each nucleon; both act as UV and IR regulators.

To model the regulator-induced errors, we study a two-
body problem: the relative Hamiltonian using the same
HO basis with a cutoff np on the radial excitation quanta.
The unitarity function now depends on n, and w:

U(na,w; wr, E) =
(2 2 D3/240)  T(na+2)
by I'(1/2—0) T(na+ £ +5/2)
><2F1 (nE—|— 1, —npa—¥€—3/2; 1/2 - ¢; a:2) 5)
oy (ny+0+3/2, —npy—1; 3/2+4; 22)

with b = 1//Myw, x = 2bpb/ (b3 + b?), and 2Fy (,;3)
defined in [34, Eq. 16.2.1]. Note that % (na,w;wr, E) —
WUooo(wr, E) with either ny — oo (no space-truncation)
or w — wr (basis has correct IR physics). Moreover, for
integer na, % has na +1 poles located at the eigenvalues
of the truncated HO Hamiltonian.

The QC is now

&(AUV;WTvE) = %(’I’LA,(A};W’T,E) ) (6)

with &, depending on the regulator-induced UV-cutoff
scales (Auv); i.e., C;; = C; ;(Auv) in Eq. (2). Because
the IR-modification is fully accounted for in %%, the er-
ror of the extracted &;(Auv;wr, E) and C; ;j(Auy) via
Eq. (6) is UV in nature and reduces to zero when Ayy
is greater than the UV scale of the nucleon interaction.
The QC (6) and its Ayy dependence is explicated in the
Supplemental Material (SM) [35].

In this paper, we use n—a and n—2*QO scattering as ex-
amples to show that the UV and IR errors in the ab ini-
tio eigenenergy outputs can be modeled through Eq. (6).
The former serves as a benchmark, by comparison to re-
sults from an existing direct ab initio calculation (us-
ing no-core shell model with continuum (NCSMC) [13]),
while the latter demonstrates that the approach is ap-
plicable in larger systems where no ab initio treatment
exists to date. The derivation of the new QC and the de-
tails in analyzing the ab initio output will be presented
in two subsequent papers [47, 48].

Ab initio calculations Both methods use the chiral
effective field theory nucleon interaction NNLOopt [49],
which provides a good description of light nuclei includ-
ing the oxygen isotopes. We do not apply any renormal-
ization of the interaction. The NCSM extracts the low-
energy eigenvalues and eigenstates numerically through
matrix diagonalization. The Npya.x cutoff guarantees
the factorization of the CM wave function from the in-
trinsic wave function [3]. To directly compute scatter-
ing/reactions, the clustering states with correct asymp-
totic behavior of the inter-cluster wave function are in-
cluded in the Hilbert space (this approach is known as
NCSMO).

The IMSRG [7, 50-53] applies unitary transforma-
tions [54] to the Hamiltonian to decouple the low- and
high-energy Hilbert spaces, which produces an effective
low-energy Hamiltonian. The impact of induced many-
body operators are assumed to be small and are therefore
neglected here. This assumption has been validated in
numerous benchmark calculations, e.g. [55, 56]. Unlike
the Npax cutoff, the IMSRG’s enax cutoff couples CM
with internal dofs, but this coupling is reduced with in-
creasing emax and has been demonstrated to be minimal
for converged calculations [52, 57]. A rigorous estima-
tion of these two types of errors in the IMSRG is left for
future study. In the following, all the ab initio energies
have the CM energy subtracted (also for NCSM).

The computational resources needed for the NCSM
and NCSMC grow exponentially with the number of nu-
cleons, while for the IMSRG they grow polynomially.
Therefore only the latter is currently feasible for cal-
culations of medium-mass nuclei. Both the NCSM and
IMSRG are well-suited for computing self-bound nuclei.
Trapping nucleons with theoretically imposed external
fields makes scattering systems artificially bound, and
thus requires little modification to these ab initio meth-
ods. The trapping interaction, which is proportional to
r2, can be analytically expressed in the HO basis and
thus including it is straightforward.

To extract the phase shifts in a given partial wave, the
quantum numbers of the p-t system need to match those
of the individual p and t (e.g., for n-a Pj/5 scattering,
the computed states are the a ground state (07) and °He
3/2~ state in various traps). Here, we only use the low-
est p-t eigenenergy within a given channel; other states
corresponding to radial excitation could be useful and
will be explored in the future. The ab initio output and
information about all the computed states can be found
in the SM [35].

Data analysis We label a or 2O as t and the neu-
tron as p. The right side of Eq. (6) evaluated at the
p-t relative eigenenergies from the ab initio calculations
is equated to the generalized ERE (GERE) expansion
from Eq. (2). (The expansion’s convergence radius is
E < Ey = M%/2M, = 22 and 4MeV for n—a and
n—240 scatterings, as determined by the targets’ lowest
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FIG. 1. Results for n—« scattering. The right panel: Cjo(Ayy) and Cy 1(Auvy) vs Ayy. The rows are for different ab initio
methods (“N” for NCSM and “IM” for IMSRG) and scattering channels. Each error band comes from analyzing individual
binned data sets (see the SM [35] for detailed information). The left panel plots error bands for scattering phase shifts from
different ab initio methods and channels. The dashed lines in both panels are from direct NCSMC calculations.

excitation energies.) To get the relative eigenenergy, the
ab initio p-t total energy (Ej;) must have the associated
t energy (E:) subtracted. The HO basis ensures that
Ep; and E; should come from the same trap and regu-

lators with the same w, but a priori Ni,, # NE._ or

el ax 7 Pt . Thus we have

E(NRax w,wr) = Epe(Nfiay, w,wr) — Et(Npay, w, wi(F)

We proceed by linearizing the difference between N .
and NP._ in Eq. (7) about wr for each set of NP.  and w.
Since E; is only known for integer N ., we interpolate
those points with given w and wr to get smooth functions.

The relation between np used in %4 and the many-
body regulator NPL_ is also a priori unknown (though w
and wr should be the same). Again, we parameterize the
difference between 2ny + ¢ and NE. as a linear function
of wr for given NPt and w, and allow nj to be a non-
integer. For the IMSRG analysis, the same linear models
are employed for inferring F from Ep; and E;, and na
from eP’,, and w. The details are provided in the SM [35].
The model parameters are now collectively labelled as 6.

The data sets are then binned based on their estimated
Ayv values. We take Ayy = \/(Qemax + T)Mpyw for the
emax regulator, considering that the largest eigenvalue of
the single-nucleon momentum-squared operator p? in the
truncated Hilbert space is AZ, [58, 59]. For the Npax

regulator, \/(2Nmax + 7)Myw (for o and *He) has the

same meaning if Ny, quanta are assigned to a single
nucleon, which is used here as a nominal Ayvy for this
regulator. Npax (émax) takes the value of NJ, ., (€f,.,) in
Eq. (7). This Ayy represents the UV-cutoff scales for the
targets (o and 220), and should also be positively corre-
lated with the UV-cutoff scales for the relative motion.
Each data bin has a Ayy width on the order of
100 MeV, across which we expect only mild changes of

C;j. Therefore a simple interpolation formula should
suffice:

1
Cm‘,j(AUV) = Z Cm’,j,k X (‘fe’ref/i"tuv)z'rc » (8)

k=0

with Qef as a parameter.

In short, our error sources include the error induced by
truncating GERE’s series in Eq. (2), and those—modeled
using 8 and Qe.s——caused by truncating the many-body
Hilbert-space and the poor understanding of its impacts
on subsystems and relative motion. Future study uncov-
ering the nature of 8’ will reduce the latter error.

Here, we rely on data analysis to constrain 8, Qy.f,
and C; ;k, by using Bayesian inference [60-62]. Each
Ayv bin is analyzed independently to produce errors for
the observables in this bin. The details are provided in
the SM [35] and Ref. [48]. In the following results, the
first error becomes significant when E — Ep, while the
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FIG. 2. Results for n—20 scattering. The top panel shows the
error band of the extracted phase shift. The dashed line cor-
responad to particular values of C; ;  as detailed in the text.
The bottom panel shows Cpo(Auyv) and Cp1(Auv) against
Auv extracted from analyzing three different binned data sets
(c.f. SM [35] for detailed information).

second type dominates in other regions. (The numerical
errors in the computed eigenenergies are rounding errors
and much smaller than these two.)

Results Figure 1 shows the n—a results. The right
panel plots the 1-o error bands (vertical axis) for Cp ¢ and
Co,1 against Ayy for various channels and from different
ab initio methods. Here and below, C; ;i is rescaled by
M ?;"'1_4‘_25 and becomes dimensionless. Each block is
from analyzing one binned data set, whose regulator pa-
rameters can be found in the SM [35]. The width of Ayy
is determined by its distribution among the binned data
points (the region with 68% degrees of belief). Note that
the correlation between Cj o and Cj ;s errors is nonzero,
although not shown here. The black dashed lines mark
the NCSMC results. A naive estimate suggests C; ; ~ 1,
but Cp is constrained to be ~ 1072 (107!) in the P; ),
(Py/2) channels from both ab initio calculations, while
the other parameter values are consistent with the es-
timate. Other terms not shown here, such as Cp2 and
C1 0, are also well constrained to non-zero values [48].

It is worth highlighting the smoothness in the C; ;’s
Ayv dependence, given that the bins are extracted from
different regulators. This signals that the regulator-
induced IR-error is properly modeled; otherwise the %4’s
E dependence near its poles, as controlled by na, could
induce non-smooth behavior in Cj ;(Ayy). An illustra-
tive example from the two-body model is provided in the
SM [35]. Also note that the Ayv scales in the NCSM and
IMSRG results are not easily connected; thus their Ayy
dependencies could be different.

Figure 1’s left panel shows the phase shift error bands

4

as transformed from the 1-¢ bands of &(Auv;wr =
0,FE). It has two contributions added in quadrature:
one due to the uncertainty in C; ;(Auv) and the other
from truncating the GERE series expansion, as detailed
in the SM [35]. Ayy is set at 900 MeV, where C; ; ap-
parently converges. The agreement between the NCSM
phase shifts and the dashed lines (NCSMC) at low en-
ergy is not only a benchmark for our method but also a
self-consistent check of the NCSMC calculation. The dis-
agreement at higher energy is not understood at present,
but might stem from the modeling of the A and A func-
tions. Note the NCSMC phase-shift uncertainty was es-
timated to be about 5% (see SM [35]).

The IMSRG phase shifts are similar to the NCSMC
phase shifts in P3/5, while in P, /5 they differ at low en-
ergy. This could be due to the truncation of many-body
operators (the spin-orbit splitting between the two chan-
nels is sensitive to three-body forces [12, 63]). Note the
error bands’ rapid increase with E — 20MeV is due to
the GERE-series-truncation error, which diverges outside
the theory’s applicability region. Since the He system is
treated in a p-shell valence space in the IMSRG calcula-
tion, the method cannot access the S;/, channel.

In Fig. 2, the analogous results are provided for n—
240 (D3/2). We only use émax = 14 data in the analysis
(see the SM [35] for details), which limits the number
of bins shown here. Again, a clear but smooth Ayy
dependence emerges for C; ;. We compute a 1-o band
for &(Auv;wr = 0, F) with Ayy = 950 MeV and trans-
form it to the phase shift band in the left panel. Ex-
isting experimental information [64, 65] indicates a reso-
nance at 0.75 MeV with a width about 90 keV, while our
extracted phase shift indicates the existence (with 75%
probability) of a shallow bound state with binding energy
at —1.4+0.5MeV.

Note that Cyo(Auv) increases with decreasing Auv
while Cp,1 is more stable, hinting at a positive Cyp
and thus a low-energy resonance at Ayy < 600MeV.
This demonstrates that modifying the nucleon interac-
tion (here through changing the regulator) could repro-
duce a resonance. We illustrate this by applying the
mean value of C; j(Auv = 950 MeV) and increasing Cy o
by 0.277 in &(Ayv;wr = 0, FE), producing the dashed
curve in the top panel. It indicates a resonance at
0.75 MeV with a 135keV width, which is compatible with
the experimental information. This implies that the nu-
cleon interaction could be tuned to reproduce the reso-
nance. It is worth mentioning that our IMSRG calcula-
tion using the same nucleon interaction without a trap
shows that 2°0 is unbound against one-neutron separa-
tion. In contrast, the system is found to be shallowly
bound after the continuum physics is correctly included.

Summary We have modified the method of confining
harmonic traps and implemented it for ab initio calcula-
tions (NCSM and IMSRG) for °He and 24250 nuclei.
We successfully extracted the elastic scattering phase



shifts from the ground state energies at various traps and
with different regulators. For n—a, the extracted phase
shifts from both ab initio results are in good agreement
with the direct NCSMC calculation within uncertainties.
For n—2*0, we also extract phase shifts and find it nec-
essary to fine tune the underlying nucleon interaction to
reproduce experimental information. Our method pro-
vides a unified framework to treat continnum physics and
shallow bound states, as currently needed in low-energy
nuclear physics [66].
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ADDITIONAL DETAILS

Here we provide additional details/comments that
could be helpful for reading the paper.

e The GERE expansion in Eq. (2) could have an
unnaturally small convergence radius if there are
low-energy poles/cuts in the GERE function, which
could be caused by fine-tuning or other long-range
forces such as the Coulomb force. To increase the
convergence radius, those non-analyticities need to
be explicitly identified and included. Some discus-
sion on this point can be found in Ref. [20].

Note that the eigenenergies used to infer the GERE
values can also be computed using other ab ini-
tio structure methods (e.g., quantum monte-carlo
calculation, GFMC [4]), but their output’s errors
and error-propagation to the extracted phase-shifts
need to be studied (without the errors, Eq. (1) in
the main text is also applicable).

In the right panel of Fig. 1, the IMSRG results are
binned more finely than the NCSM’s, because the
former provides more data.

In Fig. 1, the error bars in the S),, channel are
larger in general than those in other channels. This
is because there are less data collected in this chan-
nel than in other channels from NCSM eigenen-
ergy calculations (see Table III). In this channel,
the eigenenergies are generally larger than those in
the p-wave channels for the same wr; a portion of
them are even larger than Ey and hence not used
in data analysis.

When discussing the n—« phase-shift extractions in
the main text, the uncertainty of the direct phase
shift calculation by the NCSMC method was men-
tioned to be about 5%. This value was estimated
by varying w between 20 and 28 MeV, Ny .x up to
17, and the number of 5He composite eigenstates up
to 8 within the calculation. We note that a more
rigorous error estimate method for NCSMC is now
under development [36].

In Fig. 1’s right panel, for the highest Ayy bin in
the IMSRG Ps/, channel, there are double modes

in the parameter fitting. After reducing our prior
window to exclude the mode with larger size of A
and A, the C;,; error bands (gray and “v2-prior” in
Fig. S1) are better aligned with neighbouring bins
than the original (purple); the new phase shift is
also shown in gray in Fig. S1.

Priorities for going forward: To reduce the phase
shift error bands, the origin of the nonzero A
and A (defined in Egs. S1 and S2) needs to be
better understood, perhaps by studying other ob-
servables and many-body wave functions. To be
applied to charged-particle scattering, our modi-
fied trap formula needs to include the Coulomb
interaction. Another important step is studying
coupled-channel reactions and three-body scatter-
ing/reactions using the same strategy. Note that
the parallel topics to these are being actively stud-
ied in Lattice QCD. Thus, the studies outlined here
could provide valuable cross-field benchmarks for
the general strategy, considering that for specific
nuclear systems there exists other ab initio scatter-
ing/reaction methods (e.g., NCMSC and GFMC).

It is worth pointing out some differences between
our work and previous approaches developing ab
initio scattering and reaction calculations, such as
the so-called SS-HORSE method [15, 37] and the
calculations combining the coupled-cluster method
and the Gamow Hartree-Fock basis for scattering
nucleon [38, 39]. In terms of final results, our
work provides rigorous error bars for the extracted
scattering phase shifts, while the above mentioned
works have yet to do so. Both SS-HORSE and our
method share the same spirit as that of a Liischer-
type method. In fact, the unitarity function in
the SS-HORSE method is Eq. (5) with wr = 0
(i.e., without trap). However, the treatment of
IR error due to unknown connection between n,
and N,,.x has not been studied in the SS-HORSE
works [15, 37]. In addition, our method can be
implemented with other structure methods such
as GFMC as already mentioned above, while SS-
HORSE can only be implemented with the struc-
ture methods using harmonic oscillator wave func-
tion as basis.
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FIG. S1. Results for n—a scattering based on the IMSRG output. The dashed lines in both panels are from direct NCSMC
calculations. This plot is part of Fig. 1 (main text) with the gray bands included, which are the results of a Bayesian inference

using a more restrictive prior.

A TWO-BODY MODEL

Here we apply our approach to a two-body model,
which was constructed in Ref. [40] to qualitatively re-
produce n—a scattering phase-shifts in its s and p waves.
This model was also used in Ref. [20] to study Eq. (1),
i.e., the modified trap method without accounting for
errors in the input eigenenergies. The potential between
the two particles take the form of a square well with spin-
orbital interactions: V(r) =Vy(1+ BL - o) when r < 1,
and 0 when r > 7., with Vy = —33MeV, v, = 2.55fm,
and 8 = 0.103 [40].

To test the application of the modified trap formula
in Eq. (5), we first compute the exact (untruncated) en-
ergy spectrum with two different wp values, and rely on
Eq. (4) to compute & (wr,E) at these eract eigenen-
ergies E. These discrete points are then interpolated
to form a continuous function, approximating the full
&¢(wr, E) function [labeled as &f**“*(wr, E)]. We then
construct the Hamiltonian using a truncated HO basis
and compute its eigenenergies FE, for various truncations
of the relative motion excitation quanta n,. Plugging
E, and the corresponding regulator parameter values
into Eq. (5), we can reconstruct &(wr, E,) (labeled as
éagregu]ated(wT,E*)). In general E, # E, so in the fol-
lowing results, we choose wr values that represent those
used in the ab initio calculations in the main text, but
also make sure E, is close to E. For both p-wave channels
we use wr = 2 and 10 MeV, but for the s-wave channel
we use wr 0.5 and 10MeV (wr = 0.5 is chosen to
have the eigenenergies E closely separated to minimize
interpolation errors).

Note that in the current section the & and % values
are re-scaled by a reference scale Mﬁff‘"l (Myes = 200 MeV
is chosen to be the same as that used in Ref. [20]). Also
note that Ref. [20] shows the high-energy scales in this
model for all the channels are in the range of between 20

and 50 MeV. So in the following plots, we show figures

3t~ A4 @p=2 (MeV) A
3E-C 10 (MeV) ;f ]
3 2} ya
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FIG. 82. &7*%(wr, E) values at the exact eigenenergies
(i.e., without Hilbert-space truncation) for the Ps/; channel.

up to £ ~ 50 MeV.

Figure S2 shows &***(wr, E) for the p-wave (3/27)
at E from the corresponding exact calculation without
Hilbert-space truncation. The &***(wr, E) function
varies from being on the order of 1072 to 10~ when
E is below 10MeV to being on the order of 1 at higher
energies.

The top panels in Figs. S3 and S4 show the absolute
value of & " (wr, B,) — &2 (wr, E,) in the Py
channel, i.e., the error of reconstructed & values by plug-
ging corresponding wr, E,, w and na in Eq. (5). The
labels of the calculations using different ny and w corre-
spond to the infrared length scale Lig = v/2Npax +7 b
(fm) and Ayv = v2Nmax + 7/b (MeV) with Nyax =
2np + € and b=1/,/M,w. Note that Ayy defined here
differs from the one used in analyzing ab initio outputs
in the main text by a /M, /M, factor (M is the n—a
reduced mass while M, is the mass of a nucleon). The
definition of Ly is motivated in a similar way: it corre-
sponds to the largest eigenvalue of 72 in the truncated
relative-motion Hilbert space. The values of the corre-



sponding Nyax and w can be found in Fig. S3’s caption.
Lir is chosen to be the same in the three calculations,
i.e., the calculations have the same IR conditions.

We clearly see that the error decreases systematically
with increasing Ayy. This trend reflects the convergence
toward the exact result as Ayy — oo of the reconstructed
phase-shift using Eq. (5) and the eigenenergies of the
truncated Hamiltonian. The significant dependence on
Ayv also shows the necessity of introducing Ayy depen-
dence in the left side of Eq. (6). The lower two pan-
els in those figures show the same error by using incor-
rect ny values in Eq. (5): the middle panel uses n with
2na + £, which is half of the correct Npyax, and the bot-
tom panel uses ny — oo, which is equivalent to using
Eq. (4). It is clear that if you use the wrong na, the
errors could be 100% or even larger (c.f. Fig. S2) and
the reconstructed &, values would not be able to be fit-
ted using a smooth curve with a “length” scale on the
order of 10 MeV. We should expect the reconstructed
Cij(Auy) using the wrong &°®"***! values would not
be smooth between different Ayy (i.e., different regula-
tors). In other words, smooth Ayy-behavior signals a
correct modeling of the IR physics associated with the
truncated Hamiltonian.

As done in Fig. S2, Figs. S5 and S7 plot &7 (wr, E)
for the P /5 and S; /5 channels and the corresponding E
and wr values. For the Pj/p channel, they show that
E* Y (wr, E) is on the order of 107! when E is below
10MeV, and increases to be on the order of 1 at higher
energies. For the Sy /5 channel, 5% (wr, F) is in general
on the order of 1. This information can be used to infer
the magnitude of the relative errors from the absolute
errors plotted in Figs. S6 and S8. The latter two plots
parallel the top panels in Figs. S3 and S4 but for the Py /5
and S/, channels. The error plots again show systematic
improvement of extracted & values with increasing Ayy .
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FIG. S3. The absolute error of extracted & ™ (wy =
2MeV, E,) values (i.e., its difference from the exact values
E7*Ywr, E4)) at eigenenergies of the truncated Hamiltonian
for the P/, channel. The plot labels [e.g., (10fm, 552 MeV)]
refer to the Lig and Auv values of the used regulators. The
(Nmax, wr) values for these calculations are (11, 14), (23, 27),
(125,132), which are ordered by increasing Auv. The top
panel uses the correct na, while the lower two panels use
incorrect na values, as noted in the plots. See the text for the
details.



0.100}
0.010¢

Error

1074}

1072

1076}

10

0.100}

Error

0.001¢

1074}

1072

0.100}

0.010¢

Error

1074}

1072

1076
0

0.001¢

(10 fm, 552 MeV)

3/2
(10,5047)  wr=10(MeV)]

10 20 30 40 50 60
ECM (MCV)

| Use wrong np with V. /2

0.010}

T T T T

’a:%
-2 -Z-
A

A—---;;’z{:'—A

PR 4

\
\\

’ pP;),
wr=10(MeV)

1 1 1 1 1 1

10 20 30 40 50 60
Ecy(MeV)

0.001¢

- P3/2
- wr=10(MeV)

10 20 30 40 50 60
ECM (MCV)

FIG. S4. Parallel plots for wr = 10 MeV as those in Fig. S3
for Ps/5 channel. See the captions there for the (Nmax,wr)

values.

&1 (wr,E)
N

FIG. S5.

4
3 Y AL r=2 (MeV) ﬂ/’
8L 10 (MeV) g
L A'/!/
[ Py 2 , »
L Aﬁ
RSP &=
0 1l0 2l0 3l0 4l0 5l0 6l0

Ecm(MeV)

&7 (wr, E) values at exact eigenenergies without

Hilbert-space truncation for the Py /5 channel.

1 T T T T
0.100¢ (10 fm, 552 L MeV) - 2]
0.010} T a-

5 S BmmT e

£ 0001} & - (10, 1036)

o i _
1074} SRl 7
w05l @7 (0 s047)  Pie

g wr=2(MeV)
10_6 . . . !
0 10 20 30 40 50
Ecm(MeV)
1 .
Py
0.100¢ wr=10(MeV)
ooro] (10 fm, 552_1:45\/) I

5 TTTA -t

£ 0.001) Boe e a--""" o
1074 (10, 1036) _e7

rd
1075 ____———9/
=77 (10, 5047)
1076 : ' ‘ ‘ ‘ '
0 10 20 30 40 50 60

Ecm(MeV)

FIG. S6. The error of extracted & °*"**** (wr, E.) values (i.e.,
its difference from the exact values &7*“*(wr, E.)) at eigenen-
ergies of the truncated Hamiltonian for the P, /5 channel. The
(Nmax, wr) values for these calculations are the same as those
in P3/5 channel.



1.5 T T T T -
v a8 r=0.5 (MeV)
1.0f +a-8 10 (MeV)
@: 0.5f
~
3
S 0.0
-0.5F
7. o
=10 Bt

-10 0 10 20 30 40 50 60
Ecv(MeV)

FIG. S7. &7**(wr, E) values at exact eigenenergies without
Hilbert-space truncations for the S;,, channel.

0.100} A==
/’ ———
(10 fm, 532 MeV) -2+~
- S A"
5 0.001 A"/ _-cé 9, 1016)
[E [3—””2 -
5| _,—G”’—— |
10771 (10, 5027y _ .- ==~
-7 S12
o~ wr=0.5(MeV)
107 L— : , . . :
-10 0 10 20 30 40 50
ECM(MCV)
0.100 :
—’A'
0.010} (10 fm, 532 MeV) - |
pmmmmm === << 21
_ 0.001} I—— o ]
-4 -—=" /]l
5 10 (9, 1016) -
10_5’ ___e.”’
1076} @--=""" S12
, (10, 5027) wr=10(MeV)
107 L— ; ; . . . .
10 0 10 20 30 40 50
ECM(MCV)

FIG. S8. The error of extracted & *€"** (wr, E,) values (i.e.,
its difference from the exact values &7*°*(wr, E,)) at eigenen-
ergies of the truncated Hamiltonian for the S/, channel. The
(Nmax,wr) values for these calculations are (10, 14), (22, 27),

(124,132) giving increasing Auv.



DATA TABLES AND
BAYESIAN-INFERENCE-BASED ANALYSIS

The values of the regulator parameters and trap
frequency wr used in the data analysis are provided
in Tables I-VI. The labeling of the different bins in
Figs. 1 and 2 in the main text are based on the typi-
cal Ayy values in those bins (the first column in those
tables). The computed states for the full p-t sys-
tem and those for the target t are listed in the ta-
ble captions. The detailed data can be found in the
“Ab_initio_energy_output.zip” file included in the sup-
plemental material, in which there are four directo-
ries: “Results. NCSM_He”, “Results_ IMSRG_He”, “Re-
sults IMSRG_Oxy”, and “Results NCSMC_He” (the re-
sults from the direct phase-shift calculations). Their
names and the names of the files under them are self-
explanatory. Necessary information for understanding
the data files are also included therein. It is worth em-
phasizing that (1) all the energies in the data files have
CM energies subtracted and have MeV as units; (2) in our
analysis, we have only included the data with £ < Ey
with Ey = M%/2M,, as the high-energy scale in the
GERE expansion.

In the following, we elaborate on our data analysis. We
start with modeling the errors caused by truncating the
many-body Hilbert space. In order to infer the relative
eigenenergy E from the computed eigenenergies E,; and
E;, we need to do the following subtraction, as alluded
in Eq. (7),

E(err)famw?wT) = Ept(Nr%tawiva) - Et(Nrilamw’wT)
with Nt = NPt 460+ A(NPL  w,wrp). (S1)

The function A(NP!_, w,wr) is a priori unknown. What
is also unknown is the relation between n used in %4 and
the many-body regulator NP _ (though w and wr should

max
|

be the same). We parameterize this relation as
2ny +0= errjltax + do +A(errjltaxﬂwawT) ) (82)

To proceed, we linearize the unknown A function about
wT:

A(NP

max’

w,wr) =6 + 6 x (wr/wist —1) . (S3)

The ¢ index denotes (NP! . w) and runs through all the

max?

values existing in the p-t NCSM or IMSRG data; for
Wit we use the mean value of the wr values in the out-
put data. In the same way, A is linearized about wyr
with 550’1) as unknown parameters. Because of the con-
vention of the Ny, definition, for the n—« p-waves (s-
wave), 6g = 1 and 5 =0 (6o = 2 and b = 1). For the
IMSRG analysis, the same parameterizations are applied
with Npjax — €max, and different 51(0’1) and 5§0,1)7 but
with 8y = & = 0 for n—a and n—240.

Ci,j . (labeled C) and Qyef, and the other parameters
(labeled ) .

As also mentioned in the main text, the C; ; 1 and Qret

parameters in Eq. (8) and the 6 parameters (i.e., (520)’(1)

and 51@’(1) with ¢ running through the regulator param-
eters in the given data bin) are inferred by plugging the
ab initio eigenenergy vector (named as E,) into the right
side of Eq. (6) as “measured” & values, and using the
GERE expansion of &(Ayv;wr, E) as theory. In the fol-
lowing discussion, &; and Cj ; are rescaled by M?f“
and M%H_M_Qj, respectively, and become dimension-
less. The GERE expansion is truncated (and named as
&) by keeping only C; ;1 having 2i + j < Ng (denoted
as CL,); the contribution of the other terms (labeled as
Ch) is considered as a series truncation error. Bayesian
inference [60-62] is used to obtain the joint probability
distribution function (PDF) for Cy,, Q,ef, and 6:

pr(CL, Qs 8| Eo T) = / dE dCyy pr(C, Ques, | E. T) pr(E | E., )

:/dEdCHpr(E‘CaQrcfaeaI)pr(C:,QrcfaO‘I)

Here C = CL, & C4y, i.e., including all the coefficients
in the GREE expansion. This joint PDF then gives
pr(CL, Qret | Ex«, I) after 0 is integrated out.

To deal with stochastic numerical errors in the ab initio
eigenenergies E,, Eq. (S4) is integrated over the exact-
energy variable E with pr(E| E,, I) taken to be an un-
correlated Gaussian distribution (GD) centered at E,
with width 0.1 and 1 keV for NCSM and IMSRG (the size
of their stochastic numerical errors). The prior pr(FE |I)
is a uniform distribution (UD) across a wide energy range

pr(E | E*aI)
pr(E|I)

(

(results are not sensitive to the UD’s range provided it
is on the scale of, or much larger than, Ey). The prior
pr(C, Qyef, 0] I) is separable, with pr(C'|I) a multivari-
ate GD centered at 0 and with an identity covariance
matrix, pr(Qret|I) a UD with 0 < Qe < 500MeV,
and pr(@|I) consists of UDs with |5§0)| and |5£0)| be-
low NPL /2 (ebt . /2), and UDs with |(5l(.1)\ and \gil)\ be-
low 10. Further constraints are A and A being negative
and Cpo(Auv) and Cp1(Auy) satisfying a causality con-



straint [see Eq. (60) and (61) in [41]]. We set their in-
teraction range parameter R = 5 and 8 fm for n—« and
n-2%0, respectively. Note that the causality constraint
plays a negligible role in most data bin analyses, except
in the resonant channels at lowest Ayy bin.

In Eq. (S4), Cp can be analytically integrated out, re-
sulting in a theory-error covariance matrix for construct-
ing the likelihood function pr(E|CL,Qret, 0,1) (c.f.
Ref. [42]). We then apply the PTEMCEE package [43,
44] (a Markov chain Monte-Carlo sampler implementing
parallel tempering) to sample pr(CL, Qret, 0 | Ey, I). It
is then used to compute error bars for &(Ayv;wr, E).
With large Ng, the series-truncation errors at the data
points become much less than the @-induced errors, and
Cy would not be constrained by data but only by its

prior [45]. The series truncation error for &; at given
Auv, wr, and E, is then an infinite sum of GDs (with
Qrer at its mean value), i.e., also a GD with zero mean
and a simple variance (0% ,,); its correlation with &y
becomes negligible. (Also note that the series truncation
error would grow out of control when FE increases beyond
Ey. Therefore we only include the data with £ < Egy
in our analysis.) As the result, to compute error bars for
&, the error bars for the truncated &, can be added in
quadrature with the series truncation error og ¢,. In this
work, we compromise between reducing that correlation
and the numerical effort, so we use Ny = 12 for analyzing
NCSM n-a and IMSRG n—2%0, but Ny = 6 for IMSRG
n—a. Our Bayesian inference formalism is discussed in
more detail in Ref. [46].



TABLE I. Regulator parameter values and wr values for dif-
ferent data bins for the NCSM n-a Ps/; channel. The in-
volved states are a’s ground state (0") and *He’s 3/2~ com-
puted with the listed regulator and wr.

Auv (MeV) Nmax w (MeV) wr (MeV)
~ 900 12,14,16 28 9.4,6,8,10,12,14,16
800 8,10 28 2,4,6,8,10,12,14,16
14,16 20 4,6,8,10
700 10,12 20 4,6,8,10
14,16 15 4,6,8,10

TABLE II. Regulator parameter values and wr values for dif-
ferent data bins for the NCSM n-a Pj/ channel. The in-
volved states are a’s ground state (07) and *He’s 1/27 com-
puted with the listed regulator and wr.

Auvv (MeV) Niax w (MeV) wr (MeV)
~ 900 12,14,16 28 2.4,6,8,10,12
800 8 28 2,4,6,8,10
10 28 2,4,6,8,10,12
14,16 20 4,6,8,10
700 10,12 20 4,6,8,10
14,16 15 4,6,8,10

TABLE III. Regulator parameter values and wr values for
different data bins for the NCSM n—a S;/2 channel. The in-
volved states are o’s ground state (01) and °He’s 1/2% com-
puted with the listed regulator and wr.

Auvv (MeV) Niax w (MeV) wr (MeV)
~ 900 11, 13, 15 28 2.4,6,8
750 9 28 2.4.6
13,15 20 4,6,8
650 9, 11 20 4.6

13, 15 15 4,6,8




TABLE IV. Regulator parameter values for different data
bins for the IMSRG n-a Ps/p channel. Note wr = 2 —
10,12, 14,16 MeV for all the data bins. The involved states
are o’s ground state (01) and "He’s 3/2 computed with the
listed regulator and wr.

AUV (MGV) €max w (MGV)
~ 900 12,14 28
14 24
800 10 28
12 24
14 20
750 10 24
12 20
14 16
650 10 20
10,12 16
550 10,12,14 12

TABLE V. Regulator parameter values for different data bins
for the IMSRG n—a P;/; channel. Note wr = 2-10MeV for
all the data bins. The involved states are a’s ground state
(07) and ®He’s 1/2~ computed with the listed regulator and
wT.

Auv (MeV) Emax w (MeV)
~ 900 12,14 28
14 24
750 10 28
10,12 24
14 20
700 10,12 20
12, 14 16
550 10 16
10,12,14 12

TABLE VI. Regulator parameter values for different data bins
for IMSRG n->*O Dsy channel. wr = 1,1.5,2,2.5,3,3.5,4
for all the data bins. The involved states are 2*O’s ground
state (07) and 2°O’s 3/2" computed with the listed regulator
and wr.

AUV (Mev) €max w (MeV)
~ 900 14 28
14 24
700 14 20
14 16
800 14 24

14 20
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