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ASYMPTOTIC NORMALITY FOR RANDOM SIMPLICES AND
CONVEX BODIES IN HIGH DIMENSIONS

D. ALONSO-GUTIERREZ, F. BESAU, J. GROTE, Z. KABLUCHKO, M. REITZNER,
C. THALE, B.-H. VRITSIOU, AND E. WERNER

ABSTRACT. Central limit theorems for the log-volume of a class of random
convex bodies in R™ are obtained in the high-dimensional regime, that is, as
n — oo. In particular, the case of random simplices pinned at the origin and
simplices where all vertices are generated at random is investigated. The coor-
dinates of the generating vectors are assumed to be independent and identically
distributed with subexponential tails. In addition, asymptotic normality is es-
tablished also for random convex bodies (including random simplices pinned at
the origin) when the spanning vectors are distributed according to a radially
symmetric probability measure on the n-dimensional ¢,-ball. In particular,
this includes the cone and the uniform probability measure.

1. INTRODUCTION AND MAIN RESULTS

1.1. Motivation. Central limit theorems for random polytopes in R" are widely
known if the space dimension n is kept fixed, while the number of generating points
tends to infinity. We refer, for example, to the survey articles of Barany [3], Hug
[8] and Reitzner [17] for results in this direction and for further references. In the
present paper we investigate the case where the number of generating points is
essentially equal to the space dimension and both tend to infinity simultaneously.
To be more precise, we consider the case of random n-dimensional simplices in R™,
where we distinguish between the case of (n+1) generating points chosen at random,
or the case where we only have n random points and the (n + 1)st vertex is fixed
at the origin. The latter construction is called a pinned simplex in the following.
Asymptotic normality for the log-volume of random simplices in high dimensions
has previously been considered by Ruben [18], Machara [11] and Mathai [10]. Note
however, that in their results the dimension of the random (pinned) simplices is
kept fixed, while the space dimension n tends to infinity. For Gaussian and so-called
beta simplices Eichelsbacher and Knichel [6] and Grote, Kabluchko and Théle [7]
recently also studied a number of probabilistic limit theorems where the simplex
dimension tends to infinity as well.

Our main result is a central limit theorem for the log-volume of a random n-
dimensional simplix in R™, see Theorem 1.1 below. For an n-dimensional random
simplex that is pinned, it is known that its volume is determined by the absolute
value of the determinant of the matrix whose columns are given by the generating
vectors from the origin. As a consequence, if these columns are filled by independent
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and identically distributed (i.i.d.) random variables, a central limit theorem for the
log-volume of random pinned simplex follows from the central limit theorem for
random determinants with i.i.d. entries established by Nguyen and Vu [13].

The same arguments cannot directly be applied if the coordinates of the gen-
erating points are not independent, that is, for example if the points are chosen
with respect to a probability measure in the £,-ball By C R™ with p # co. How-
ever, we still succeed in establishing a central limit theorem for random pinned
simplices in the ¢,-ball for certain radially symmetric probability measures, which
include in particular the uniform probability measure and the cone-volume mea-
sure, see Theorem 1.3 below. In our proof we employ different tools, most notably a
Schechtman-Zinn-type probabilistic representation of Barthe, Guédon, Mendelson
and Naor [4], which allow us to relate the log-volume of the random pinned sim-
plex to the determinant of a matrix with independent entries. Hence, although the
coordinates of the generating vectors are now no longer independent, at the core of
our argument we can still rely on the central limit theorem for the determinant of
random matrices with i.i.d. entries.

1.2. Main results: the case of independent coordinates. Let y be a proba-
bility measure on R™ (n > 1) and let Xj,...,X,, be independent random vectors
distributed according to p. We define the random simplex

¥, = conv({Xo, Xq,..., Xn}),
as well as the random pinned simplex
20 = conv({0, X1,..., Xn}).

In what follows, we shall focus on the case where the coordinates 5;, je{l,...,n},
of the random vectors X; = (&%,..., &) are independent copies of a random variable
&. Furthermore, we assume that the random variable £ is symmetric, has variance
one and subexponential tails with exponent a@ > 0. By the latter we mean that
there are constants c1,co > 0 such that

(1) P(l¢] > 1) <ecre®',  t>0.

Examples are the uniform distribution on the cube [—+/3,1/3]", the uniform dis-
tribution on the discrete cube {—1,+1}", the two-sided exponential distribution,
standard Gaussian distribution on R™ or, more generally, the p-generalized Gauss-
ian distribution with density proportional to e~I*"/@ (for an appropriate choice of
a > 0) for any p > 0.

In our first result we establish a central limit theorem for the log-volume of
the high-dimensional random simplices ¥,, and X2, as n — oo. In the following

n?
Z ~ N(0,1) always denotes a standard Gaussian random variable and ~%, indicates
convergence in distribution.

Theorem 1.1 (CLT for random simplices). Let £ be a symmetric random variable
with variance one and subexponential tails with exponent o > 0.

i) Assume 3, = Conv({XO, ). CT Xn}) is a random simplex in R™ with X;
having i.i.d. coordinates 5; ~ &. Then

Invol,(S,) + 2Inn— 2+ +lnn 4

— 7, as n — 00.
1/%11111




ii) Assume X0 := Conv({O,Xl, e ,Xn}) is a random simplex in R™ with X;
having i.i.d. coordinates 5; ~ &. Then

Invol,(£0) 4+ 2Inn—2+3nn 4

— 7, as n — 00.
1/%11171

Part ii) of Theorem 1.1 can be reformulated for the parallelotope spanned by the
vertices of the pinned simplex from the origin. Even more generally, for a convex
body K C R™, that is a compact convex subset with non-empty interior, and n
random points X1, ..., X, € R® we define the random convex body

(2) En(K) = K[X1,...,X,] = {Z YiXi: (Y1, yn) € K}

—

We note that for each n € N and each convex body K C R", Z,,(K) is a random
closed set in the usual sense of stochastic geometry, cf. [9, Chapter 16]. In particular,
this implies that that the volume vol,(E,(K)) of Z,(K) is an ordinary random
variable. As observed by Paouris and Pivovarov [15, 16], this concept generalizes a
number of common constructions. Namely,

a) if K is the standard simplex

Tn_{(xh...,azn)ER";xiZOand ingl},

=1

then Z,,(T™) coincides with the pinned simplex 3.

b) if K is the unit cube C™ = [0,1]™, then E,,(C™) is the parallelotope spanned
by (X;)i~, from the origin.

c) if K = B% =[—1,1]" is the symmetric cube, then =, (B%) is the zonotope
generated by the segments [—X;, X;], i.e.,

En(Bgo) = {i NXi A\ € [—1,1]}.
i=1

d) if K = B7 is the cross-polytope, then =, (B}) is the symmetric convex hull
of the 2n points {+ X, :i=1,...,n}.

e) if K = B¥ is the unit ball, then E, (B%) is an ellipsoid, that is, it is the
image of the unit ball under the linear map whose matrix is generated by
the random points (X;)% ;.

As a generalization of part ii) of Theorem 1.1 we obtain the following central limit
theorem for the log-volume of the random convex bodies =, (K). In the following
we denote by distk (—, —) the Kolmogorov distance between random variables, that
is, for two random variables X,Y we have

distx (X, Y) := sup [P(X < 1) —P(Y <1)].
teR

Note that convergence in the Kolmogorov distance implies convergence in distribu-
tion. Also, by o(1) we denote some sequence (ap)nen With a, — 0, as n — oo.
3



K, | vol,,(K,) central limit theorem
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\/Elnn
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TABLE 1. Special cases of the central limit theorem for the log-
volume of random covex bodies (Theorem 1.2). Here, Z is a stan-
dard Gaussian random variable.

Theorem 1.2. Let & be a symmetric random variable with variance one and subex-
ponential tails with exponent o > 0. Let (Kp)nen be a sequence of convex bodies
such that K,, CR™. If X1,...,X,, are random points in R™ with i.i.d. coordinates
5; ~ ¢, and 2, (K,) is the random convex body as defined by (2), then

_ Invol,(E,(Ky)) —Invol,(K,) — 5Inn+ 5 + ilnn 4

Sy = — 7, as n — oo.
/1
5Inn

More precisely, we have that

distk (S, Z) < (In n)7%+0(1).

As an application of Theorem 1.2 we may revisit the special cases a) — d) of
the random convex bodies =, (K, ) mentioned above. The resulting central limit
theorems are summarized in Table 1. In particular, taking K,, = T" for each n € N,
we also obtain part ii) of Theorem 1.1.

1.3. Main results: the case of /,-balls. For 0 < p < oo the n-dimensional
ly-ball By C R™ is defined as

By = {z € R": |laf, < 1},

where the p-norm (or quasi-norm if 0 <p < 1) of x = (21,...,2,) ER" is
n 1/p
lall, = (l; |xi|P> if 0 <p < oo,
max{|z1,...,|zn|} if p=o0.

In our next result we consider pinned simplices, denoted by X9 (v), which are
spanned by the origin and n points Xi,..., X, chosen at random with respect
to a radially symmetric probability measure v = v,,(m,,p) on the n-dimensional
¢,-ball B}. More specifically, v belongs to a family of measures including the cone
probability measure and the uniform probability measure on B which is driven
by a parameter m, > 0. This model contains a number of special cases that are
of particular interest (see Theorem 1, Theorem 3, Corollary 3 and Corollary 4 in
4



[4] as well as the discussion before Theorem 1.1 in [2]). Namely, if m,, = 0, then
the random points X7i,...,X,, are distributed according to the cone probability
measure on the boundary of By, i.e., the £,-sphere in R". It is well known that this
measure coincides with the normalized surface measure precisely if p € {1,2, c0}.
Next, if m, = 1, then X1, ..., X, are selected according to the uniform distribution
on By. Finally, if m, = m/p for some m € N, then the distribution corresponds
to the image of the cone probability measure on B;}"’m under the orthogonal pro-
jection onto the first n coordinates. Similarly, if m,, = 1 4+ m/p, then the points
are sampled according to the image of the uniform distribution on B;H‘m under the
same projection. We refer to Section 3 for the precise construction of v.

Theorem 1.3 (CLT for random convex bodies in the ¢,-ball). Let X1,..., X, be
n independent random points in the £y-ball By with respect to a probability measure
v = Up(my,p) as defined in Section 3.1. Let (Kp)nen be a sequence of convex
bodies such that K, C R"™ and Z,(K,) be the random convex body generated by
v-distributed random points X1, ..., X, as defined by (2). Then

Invol,(Z,(K,)) —Invol,,(K,) — 1ln(n — 1)+ 21n(a(m, + 2
g, (En(Ky)) (Kn) = 3In(n— 1)1+ 2 In(a( p))i>z7

1/%11171

as n — oo, where a = (I‘(l/p)/l"(?)/p))p/Q. More precisely, we have that

distk (Sp, Z) < (Inn) =370,

By choosing for each n € N, K, as the standard simplex T™ we obtain the
following central limit theorem as a direct corollary to Theorem 1.3.

Corollary 1.4 (CLT for random pinned simplices in the ,-ball). Let X% (v) be the
random pinned simplex that is spanned by the origin and n independent random
points in the £y-ball By which are distributed according to a probability measure
v = Un(Mmn,p) as defined in Section 3.1. Then

Invol,(E9(v)) + 2lnn— 2 + 3Inn+ ZIn(a(ma, +2)) 4

1/%11171
where a = (I‘(l/p)/I‘(3/p))p/2.

1.4. Plan of the paper. In the next Section we outline the proof of Theorem 1.1
and of Theorem 1.2. We will collect the relevant tools along the way. As mentioned
in the introduction, the proof of Theorem 1.1 essentially relies on the central limit
theorem for determinants of random matrices of Nguyen and Vu [13] with additional
arguments for the non-pinned case. In Section 3 we present the details of the proof
of Theorem 1.3 and recall the definition of the special measure v = v(m,, p). For
the proof of Theorem 1.3 we especially need the Schechtman-Zinn-type probabilistic
representation from [4].

Z, asn — 00,
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FIGURE 1. Hlustration of the identification of the random simplex
¥, with a pinned simplex X9, in the two dimensional case.
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2. PROOF OF THEOREM 1.1 AND THEOREM 1.2

2.1. Proof of Theorem 1.2 and part ii) of Theorem 1.1. Let us first recall
the central limit theorem of Nguyen and Vu for the log-determinant of random
matrices with independent entries.

Theorem 2.1 ([13, Theorem 1.1]). Let A, be an nxn random matriz whose entries
are independent random variables with zero mean, variance one and subexponential
tails with exponent o > 0. Further, let Z ~ N(0,1) be a standard Gaussian random
variable. Then,

_Infdet A, - tln(n—1)! 4

Zn — Z, asmn — oo.
,/%lnn

More precisely, the rate of convergence is
(3) distg (Z,, Z) < (Inn)~ /3o,

for all n large enough.

Next, we recall the definition (2) of the random convex bodies =, (K,) and
observe that

(4) vol, (2, (K,)) = |det(Xq| ... | Xy)| vol, (Ky),
see, for example, [16, Proposition 2.1]. This implies that
Invol, (2, (Ky)) — Invol,(K,) — 3In(n — 1)!
1/%111 n

_ Infdet(Xy]...|Xp)| = 5 In(n—1)!




and hence Theorem 1.2 is a direct consequence of Theorem 2.1. Moreover, taking
K,, = T™ for each n € N and recalling that 30 = =,,(T"), we may derive part ii)
in Theorem 1.1 by Stirling’s formula,

1
Inn!=nlnn —n+ §lnn—|—0(1).

2.2. Proof of part i) in Theorem 1.1. We now prove the central limit theorem
for the log-volume of random simplices ¥,,. First, notice that the volume of X%,
can be identified with the volume of a pinned simplex in R™*! by the classical
projective construction (see also Figure 1). Given n 4+ 1 points Xo, X1,..., X,
in R" we consider the points X/ := (X;,1) € R*! for i = 0,...,n. We set
20 .4 == conv({0,X{,..., X} }) and find that

1
vol, () = (n+ 1) vol, 41 (20, 1) = E|det(X(3| XD

Now let ¥; € R™"! be the vector whose entries are given by the ith row of the (n +
1)x (n+1) matrix (X{|...|X)) fori =1,...,n. ThenY; is a random vector in R"*1
with independent coordinates distributed like €. Notice that the last row in the
matrix (X{§|...|X}) is just the constant vector Uy, +1 := (1,...,1) € R""1. Let ¥, 11
be another random vector with independent entries distributed like £. We compare
the random matrix (Yi]...|Yn|Upt1) with the random matrix (Yi|...|Y,|Yat1).
Notice that the latter now has independent and identically distributed entries. We
have

1
E|det(Y1| o YR |Ung1)| = dist(Up41, Lyn) vol, (conv{0, Y1, ..., Y, })
and
1
—|det(Y1] ... [Yn|Yni1)| = dist(YVnq1, Ln) voln (conv{0, Y1, ..., Yn}),
n!

where L, is the n-dimensional linear subspace spanned by Yi,...,Y, in R**! and
dist(v, Ly,) denotes the distance of a vector v € R"*! to L,,. Collecting all of the
above we conclude that
Invol,(2,) = In|det(X{|...|X,,)| — Inn!

=In|det(Y1|...|Yo41)| — Indist(Yot1, Ly) + Indist(Up41, Ly,) — Innl.
We will show that

In dist(U, 1, Ln
5)  distUnii L) a,, and

1/%11171 1/%11171

as n — oo. Then we may conclude by Slutsky’s theorem (see, for example, [5,
Proposition A.42 (b)]) and the central limit theorem for the log-determinant, The-
orem 2.1, that

Invol,(X,) + & Inn! _Infdet(Ya|... [Yoi1)| — ilnn!

Inn 1/%11171

+ In diSt(UnJrl, Ln) In dist(Yn+17 Ln)

1/%11111 1/%11111
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converges in distribution to a standard Gaussian random variable Z ~ N (0, 1), as
n — 0o.

To prove (5) we need the following two auxiliary results.
Lemma 2.2 (Berry-Esseen inequality [13, Lemma 8.1]). Let B, = (b1,...,by) be

a random vector whose coordinates are independent copies of a random variable &
with mean zero, variance one and subexponential tails with exponent a > 0 and

let Vi, = (v1,...,0,) be a fized unit vector in R™. Then there exists a constant
¢ € (0,00) such that
(6) distk ([(Va, Bn)l,1Z]) < f|Valloo-

Lemma 2.3 ([14, Theorem 1.4] for subexponential tails, see Remark 2.4 below).
Suppose Ly, is a linear subspace spanned by n independent random vectors Y1,...,Y,
in R™1 each of whose coordinates are independent copies of a random variable &
with zero mean, variance one and suberponential tails with exponent a > 0. Let
Nyp+1 be a unit normal vector to Ly,.

e Then there are constants c1,cz,cs3 € (0,00) such that

1
IP’(IINn+1||oo > 1/@) < cyn? eXP(—63( = )M“),
n logn
10

for every m > c1(logn)?**2. As a consequence, with probability 1 —cqn=19,
say, we have that

(Inn)ot!

@ Mo < e
for some constant cq,c5 > 0.

o If (Vy)nen is a fived sequence of unit random vectors V,, € S*~1, then
(8) V1V, Ny) 4, Z, asmn— 0.

Remark 2.4. Note that [14, Theorem 1.4] is stated for subgaussian random vari-
ables. By [14, Remark 2.3] the theorem holds true also for random variables with
subexponential tails with exponent a > 0, but one has to be more generous with the
estimates.

With probability one the vectors Yi,...,Y, span a random n-dimensional linear
subspace L, in R™! and we denote by Np4+1 € S™ a unit normal vector to L.
Then

dist(Un+17 Ln) = |<Un+1, Nn+1>| and dist(Yn+1, Ln) = |<Yn+1, Nn+1>|,

where (-, -) is the standard scalar product in R"*1.
For the first estimate we set
1

Vn = 7[]77. )
+1 \/TL——H +1

use (8), and conclude by the continuous mapping theorem [9, Lemma 4.3], applied
to the absolute-value function, that

In dist(U, 1, Ln
(9) n IS( +1 ) d

— 0
,/%lnn

as n — 0o. This settles the first case of (5).
8




The second statement of (5) also follows by Slutsky’s theorem once we show that

(10) dist(Y41, Ln) N |Z], asn — .

To prove this we use Lemma 2.2 and the first part of Lemma 2.3. We condition on
L, to fix N, 41 and combine (7) with (6). To be more precise, we have

P(dist(Ynt1, Ln) <) = EP(|(Ynt1, Nng1)| < t[Ln)).

Here P(-|Ly,) denotes the conditional probability given L,, where L, is the linear
space spanned by Yi,...,Y,, € Rl and E denotes expectation with respect to
Y1,...,Y,. If we condition on L,, then N, is a fixed unit vector in R"*! and we
may apply the Berry-Esseen inequality (6) with V,, 11 = N,,41 there to deduce that

sup [P(|(Yos1, Nosa)| < t| L) = P(1Z] < )] < cl| N1l o-
S

Moreover, from (7) we conclude that there exist constants ¢y, ca,c3 € (0,00) such
that

Inn)es
0 < 5up [P((Vas1, Nus1)| <] Lo) — B(Z] < )] < e 222
teR NG

holds true with probability 1 — ¢c;n~10 for sufficiently large n. Hence we have

dist (dist(Yn 41, Ln), [Z]) <E Sup IP((Ynt1, Nny1)| < tlLn) = P(|Z] < 1)
te

<. (Inn)°s

Finally, we notice that the last expression tends to zero, as n — oo. This yields
(10) and completes the proof. (]

(1—cin ') +2¢n~ 1.

3. PROOF OF THEOREM 1.3

3.1. The probability measures v = v,(m,,p) on the {,-ball. Denote for each
i€{l,...,n} by G,...,Gi random variables with density

e—ltlP/a I'(1/p) p/2
1) te—O h - teR.
I (e TR () BRE

Note that G; has zero mean and variance one and subexponential tails with ex-
ponent &« = 1/p. In addition, let m,, € [0,00) and, for each i € {1,...,n}, Q; be
random variables which are gamma distributed with shape m,, and rate 1/a. More
specifically this means that Q; has density t — a=™"T'(m,, )~ "~ te~t/% for t > 0,
provided that m,, > 0, and we use the convention that Q); = 0 with probability
one in case that m,, = 0. We shall assume that all the random variables we are
considering are independent.
Next, we define the random vectors X, ..., X,, € R™ by putting

el , .
Xij=——o where Gi:=(G,,...,GY),
(IGE+0)77 (G- G

fori e {1,...,n}. By vy(m,,p) we denote the distribution of the random variables

X; on the £,-ball By. Finally, we let Z,(K,v) be the random convex body that
is generated by a fixed convex body K C R™ and the independent random points
X1,..., X, for a distribution v = v, (my, p), which we consider to be fixed in this
section.

9



3.2. Proof of Theorem 1.3. Recall that by (4) we have
Vol (5 (Kp, v)) = vol, (K, |det (X1 . .. | X5)|
(12) - —1/
= vol,, (Ky)|det(Gy ... |G| [T (I1GillE + @:) 7,
i=1
which yields

Invol, (E,(K,,v)) = In|det(Gy] . ..|Grn)| + Invol, (K,,) — E Zln(HGng + Q).
P

Now we may apply the central limit theorem for the log-determinant Theorem 2.1
and obtain

I |det(Gy]...|Gn)| = In(n —1)!

1/%11171

and moreover distg (Oy, Z) < (Inn)~3+°(1)_ To complete the proof of Theorem 1.3
we need to show that

(13) O, : 4,7, asn— oo,

% > In([|GillE + Qi) — 2 In(a(my, + %)) .
(14) P, = =1 - 50,
\/5Inn
and then apply Slutsky’s theorem. Indeed, putting together (12) with (13) and (14)
implies that

Invol, (2, (Ky,v)) — Invol,(K,) — :In(n —1)! + % n(a(mn, + 7))

P
,/%lnn

d
=0,—P,— Z, asn— oo,

as desired. For all € > 0 we have that
distg (O, — Pp, Z) < distg(On, Z) + P(|P,| > €) + ¢,
see for example [2, Lemma 4.1]. Hence, once we show that
(15) P(P,| > (nn)~}) < (np) =3+,
we may conclude, by setting ¢ = (In n)_% and applying Theorem 2.1, that
distk (O, — Py, Z) < (Inn)~ 510,
This will finish the proof of Theorem 1.3.

3.3. Proof of (15). We observe that the representation

n
I1Gil =Y 1GaP
j=1

and the semigroup property of the gamma distributions imply that ||G; Hg is gamma
distributed with shape n/p and rate 1/a, i.e., the Lebesgue density of ||G;||} on R
is given by

m TP e e, x> 0.



Recalling that by assumption Q; is gamma distributed with shape m,, and rate 1/a
we find that || G5[|)+@; is also gamma distributed with parameter shape m,, +% and
rate 1/a. Hence, In(||G;[|) + Q;) is log-gamma distributed with Lebesgue density
on R given by

1

T E Mt =T x> 0.
a"" P (mn + )

In particular, by direct computation, we find that
n
(16) o =BGl + @) = (4 ) +

where ¢(z) := - InT'(z) is the digamma function (see e.g. 1, page 259]). Similarly,

X
for the variance, one has that

02 = Varln(|[Gi |2 + Qi) = v (mn n g)

with ¥ (z) := L(z) being the trigamma function (see e.g. [1, page 260]).
This implies that the auxiliary random variables

1 n
Ani= | > In(|GilE + Qi)
i=1

n
— — i
p

satisty
n

EA, =0 and Var A, = 221/11 (mn + —).
p p

The asymptotic expansions of the digamma and trigamma functions are

for x — oo (see [1, page 260]). Hence

2 — 2In(a(m, + 2 -1
i~ 5 Infal 2 :i(l +P%) (Inn)"% + o((Inn)~%) — 0,
n

for n — oo, and

1
(pmy, +n)?

1
VarAn:ﬁ —l—g

PP+ + o).

In particular, for all choices of m,, we find that Var A, = O(1). By the triangle
inequality we have

1 1 B B
Linn E(HPT) (Inn)~2 +o((Inn)~"2)

and therefore there exists ¢; > 0 such that

|An| +Cl

,/%lnn

11

|P,| <



for all n large enough. By the Chebyshev inequality this yields

P(|P,| > (Inn)~3) < ]P><|An| > %(lnn)é _c1>

< ]P’(lAnl > l(lnnﬁ) < \/ELYIA" = (lnn)*éﬂ’(l),
2 (Inn)s

for all n large enough. Thus, (15) holds true and the proof is complete. (Il

Remark 3.1. More general distributions for the random variables QQ; are possible.
For example, our proof shows that, as long as Q; is a non-negative random variable
and Varln(||Gi||5 + Q;) = O(VarIn(||G;[%)) = O(p/n), we have a CLT as above

with the same scaling factor and a suitably modified final centering term.
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