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Abstract. The spectral radius of a directed graph is a metric that can only be computed when
the structure of the network is completely known. However, in many practical scenarios, it is not
possible to exactly retrieve the whole structure of the network; hence, the exact value of the spectral
radius is not computable. Even in these scenarios, it is typically possible to extract local structural
properties of a network using, for example, graph crawlers. In this paper, we develop a novel measure-
theoretic framework to upper and lower bound the spectral radius of a directed graph using local
structural information, in particular, using the counts of a collection of small subgraphs or motifs.
Our framework is based on recent results relating the multivariate moment problem with semidefinite
programming. Using these results, we develop a hierarchy of (small) semidefinite programs whose
solutions provide upper and lower bounds on the spectral radius of a directed graph using, solely,
subgraph and motif counts. We numerically validate the quality of our bounds using both random
and real-world directed graphs.
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1. Introduction. The underlying structure of many natural and artificial sys-
tems often consists of a large number of components interconnected via a complex
pattern of connections [1, 2, 3]. Examples of such complex systems include biologi-
cal [4, 5], brain [6, 7, 8], social [9, 10, 11, 12], and communication [13, 14, 15] networks,
to mention a few. In particular, the pattern of interconnections among these compo-
nents affects the global behavior of the overall system. In this direction, graph theory
provides powerful tools to characterize and analyze the structure and function of com-
plex networked systems (see, for example, [1] and the references therein). A common
approach to modeling complex networks is via synthetic random models, such as the
Erdds—Rényi random graph [16], the Watts—Strogatz small-world model [17], or the
Barabdsi—Albert model [18], among many others [13]. Existing synthetic models have
been used to analyze, for instance, the behavior of many networked dynamical pro-
cesses, such as synchronization of coupled oscillators, network diffusion, or stochastic
spreading processes on networks (see [19] and the references therein for a thorough
exposition). A fruitful path to analyze the dynamics of networked processes exploits
the connection between network eigenvalues and dynamics. For example, the eigen-
values of the Laplacian matrix have a direct influence on network synchronization [20],
whereas the eigenvalues of the adjacency matrix can be used to characterize the speed
of spreading of epidemic processes in networks [21, 22, 23].

Even though network eigenvalues are of utmost importance, its computation in
large-scale networks is a very challenging problem [24]. On the one hand, the sheer
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size of real-world networks makes this problem computationally challenging. On the
other hand, it is typically impossible to retrieve the whole structure of many real
networks due to privacy and/or security constraints. In contrast, it is usually feasible
to extract local samples of the network structure in the form of ego-networks [25] or
subgraph counts [5, 26, 27, 28] using graph crawlers. It is, therefore, of interest to
analyze the role of local structural samples on the global eigenvalue spectrum of a
complex network.

We find in the literature many works aiming to upper and lower bound the spectral
radius of a graph from local structural information [29, 30, 31, 32, 33, 34, 35, 36, 37, 38,
39, 40]. In [29] and [30], the authors derived an upper bound on the spectral radius
of a matrix from its symmetric and skew-symmetric components. Merikoski and
Virtanen [33] provided bounds on the sum of selected eigenvalues using the trace and
the determinant. Instead of bounding the eigenvalues of arbitrary square matrices, the
works [31, 32, 36] provide lower bounds on the spectral radius of general nonnegative
matrices. Most of these bounds are based on the traces of the matrix and/or its
second power. In [34], the authors use the traces of even-order powers of a matrix to
provide upper bounds on the spectral radius of matrices with real spectrums. In [38],
the authors obtained lower bounds on the spectral radius of both real and complex
matrices using trace information. In [39, 40], the authors bound the spectral radius
of an undirected graph using subgraph counts. Similar results were obtained for the
spectral gap of the Laplacian matrix in [41, 42].

In this paper, we develop a measure-theoretic framework to obtain upper and
lower bounds on the spectral radius of large directed graphs using counts of small
subgraphs. More specifically, by exploiting recent results in the multidimensional
moment problem [43], we propose a hierarchy of small semidefinite programs [44]
providing converging sequences of upper and lower bounds on the spectral radius. We
numerically show that our framework provides accurate upper and lower bounds in
real-world directed networks, as well as random synthetic digraphs.

The rest of the paper is organized as follows. In section 2, we introduce certain
notions from algebraic graph theory used in our derivations. In section 3, we relate the
subgraph counts of a directed graph with the number of closed walks (subsection 3.1),
as well as the so-called spectral moments (subsection 3.2). We then introduce the
truncated K-moment problem from functional analysis (subsection 3.3), which we
then use to lower and upper bound the spectral radius (subsections 3.4 and 3.5,
respectively). Furthermore, in section 4, we propose a refined approach to find more
accurate bounds on the spectral radius by analyzing the skew-symmetric part of the
adjacency matrix. We numerically validate the quality of our bounds using randomly
generated directed graphs, as well as real networks in section 5. We conclude our
paper in section 6.

2. Notation and preliminaries. Throughout the paper, we use bold and
uppercase letters to represent vectors and matrices, respectively. For a (real or com-
plex) vector x, we denote its ith element and 1-norm as z; and |x| = Y-, |;|, respec-
tively. The cardinality of a set S is denoted by |S|. We denote by [n] the set of integers
from 1 to n. Given nonnegative integers r and n, we define N = {x € N : |x| < r}.
We use M = 0 to indicate that a symmetric matrix M is positive semidefinite.

Let G = (V,€) be a directed graph (digraph) with vertex-set ¥V = [n] and edge-
set £ C V x V. The order of a graph is defined as the number of its vertices. A
graph G is said to be undirected if (i,j) € £ implies (j,4) € £ for all i,5 € V. The
out-neighborhood of vertex i € V is defined as N; = {j € V: (i,5) € £} . Similarly, we
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define the in-neighborhood of vertex i as N;” = {j € V: (j,4) € £} . A walk of length k
in G is defined as an ordered sequence of vertices (ig, i1, ..., %) with (ig,ip41) € € for
all £ =0,...,k— 1. When the vertices in the walk are distinct, then we call the walk
a path. If ig = iy, the walk is said to be closed; otherwise, the walk is said to be open.
We say that a vertex ¢ € V has a self-loop if (i,4) € £. A graph contains a multiedge
if there is any directed edge appearing more than once in £. A digraph is said to be
simple if the digraph does not have self-loops or multiedges. In the rest of the paper,
we assume that the digraph under consideration is simple. We say that G5 = (Vs, &)
is a subgraph of G, denoted by Gs C G, if V; C V and & C Vs x V, satisfies E;, C E. A
subgraph G is a bidirected edge if Vs = {i,j} and & = {(i,7), (4,7)}, where 4,5 € V.
A subgraph G, is a directed triangle if Vs = {i,j,k} and & = {(i,7), (4, k), (k, 1),
where 4, j, k € V}.

A digraph G can be represented by an adjacency matriz A € R™*", whose entries
are defined as [A];; = 1 if (j,7) € &, and [A];; = 0 otherwise. Particularly, if the
graph is undirected, then A = A" and all its eigenvalues are real. When the digraph
is simple, all the diagonal entries of A are zero. In what follows, we use A1, ..., A\, to
denote the eigenvalues of A. The eigenvalue spectrum of A is denoted by spec(A) =
{Ai}_;. Moreover, the real part (respectively, imaginary part) of A; is denoted by
o; (respectively, w;). Without loss of generality, we assume |[A;| < --- < |A,|. The
spectral radius of A is defined as |A,|. Furthermore, we denote wyax(A) = max; |w;|.

Two directed subgraphs, G, G, C G, are said to be isomorphic [45], denoted
by Gs =~ Gy, if there exists a bijection f : Vs — V), such that (u,v) € & if and
only if (f(u), f(v)) € &, for all u,v € V5. When G, and G), are nonisomorphic,
we write G5 % Gp,. In particular, when Vs = Vy, the bijection f is called an auto-
morphism and the two directed subgraphs G and G, are said to be automorphic,
denoted by G < G},. Consequently, the ~ relation is an equivalence relation on the
set of directed subgraphs of the same order, i.e., it classifies all possible directed sub-
graphs into equivalent classes. Based on these notions, we define the isomorphic group
(respectively, automorphic group) of a directed subgraph G5 C G by Iso(Gs,G) =
{Gr, C G : Gy ~ G} (respectively, Auto(G,,G) = {Gr, C G : Gy, N Gs}). Given a
directed subgraph G5 C G, the count of G, is defined by

. |ISO(GS7G)|
Count(G,, G) = |[Auto(Gy, Q)|

A digraph G is said to be strongly connected if there exists a path between every
pair of vertices in G. A digraph G is said to be weakly connected if replacing all
of its directed edges in & with undirected edges results in a connected (undirected)
graph. Finally, let 25 be the set of weakly connected digraphs of order s. We denote
by Qs C =, the set of nonisomorphic strongly connected digraphs of order s.

3. Analysis of the spectral radius using subgraph counts. In the following
two subsections, we will establish a connection between the spectral moments of G
and the counts of certain subgraphs. In subsection 3.3, we will exploit recent results
regarding the existence of measures with a given sequence of moments to derive upper
and lower bounds on the spectral radius of the graph in terms of these subgraph counts
(presented in subsection 3.4). These bounds will be further refined in subsection 4.

3.1. From subgraphs to closed walks. The eigenvalues of the adjacency ma-
trix of a digraph are closely related to the walks within the digraph, as stated in the
following lemma.
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LEMMA 1 (see [46, section 6.5.2]). Let A be the adjacency matriz of a simple
digraph G. Given a positive integer k, Tr(AF) is equal to the total number of closed
walks of length k in G.

Hereafter, we derive a relationship between the Tr(A*) and the counts of sub-
graphs of different sizes. To illustrate the idea behind our approach with a simple
case, let us decompose Tr(A42%) (i.e., k = 2) as follows:

n

(3.1) Tr(A?) = Zn: A%y = Z zn: > 1.

=1 =1 irj: (i.4),(3.1)€E

Note that the last term is counting (twice) the number of bidirected-edge subgraphs,
i.e., pairs of vertices connected by two directed edges with reciprocal directions. For
clarity, let us also consider the case kK = 3. In this case, we can decompose the trace
as

(3.2) Tr(A®%) = zn:[A‘g]“— = > 1.

i=1 bk (4,5),(5,k), (ki) €E

Therefore, Tr(A?) is equal to (three times) the number of directed triangles in G.
More generally, for given k& € N, we prove the following theorem.

THEOREM 2. Consider a (simple) digraph G with adjacency matriz A. For all
Ge Qg and all positive integers k, we deﬁne 77(G k) as the number of closed walks of
length k in G visiting all the edges ofG at least once. Then the following holds:

(3.3) Z >~ 0(G, k) Count (G, G).

s= 2G€Q

Proof. See Appendix A. 0

Based on Theorem 2, we can fill a table with the values of 7](@, k) for different
values of k (see Figure 3.1). The rows in this table are indexed by those subgraphs
involved in the computation of the traces up to the fifth power. The coefficients in
this table can then be used to compute Tr(A¥) for k < 5, as a linear combination
of the counts of the subgraphs plotted in the table. For example, from the first row
of the table, we infer that Tr(A?) is equal to two times the count of bidirected-edge
subgraphs. In other words, we have that n(é, 2) = 2, where Ge Qo is the bidirected-
edge subgraph. Similarly, from the second row, we infer that Tr(A3) equals three
times the count of directed triangles. That is, Tr(A3) = 3 x Count(G, G), in which
n(G,3) =3 and G € Qg is the directed triangle subgraph.

3.2. From subgraph counts to spectral moments. In this subsection, we
derive a relationship between closed walks in G and the power sums of the eigenvalues
in A. To achieve this goal, we first introduce some notions from probability theory.
Let p be a measure on R™. The support of i, denoted by Supp(u), is defined as
the smallest closed set C' C R™ such that u(R™ \ C) = 0 [47]. The measure yu is
called r-atomic if | Supp(u)| = r, i.e., a discrete set of cardlnahty r. The kth moment
of an R-valued random variable z is defined as E[x fo duy, where p, is the
corresponding probability measure of x. Given an R” valued random variable x and
an n-dimensional vector of integers a € N", we let x* = H?Zl x*. Subsequently,
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DAL T

Tr(42) 2 0 0 0 0 0 0
Tr(4%) 0 3 0 0 0 0 0
Tr(4%) 2 0 0 4 0 4 0
Tr(4%) 0 0 5 0 5 0 5

FiG. 3.1. This table shows the values of n(@,k), defined in Theorem 2, for k < 5. The value
k indexes the powers of A in the rows (e.g., k = 2 in the first row and k = 3 in the second row).
The columns of the table are indexed by all nonisomorphic strongly connected subgraphs of order at
most 5 involved in the computation of the traces up to the fifth power (i.e., k < 5). For instance,
from the second row of the table, where k = 3, we infer that Tr(A%) equals 3 times the number of
directed triangles (second column in the table).

the a-moment of x is defined as E[x*] = [;., [[; % du, where p is the probability
measure of X = [x1,...,2,] . Moreover, the order of c is defined by |a| = S

Given a digraph G, we define the spectral measure of its adjacency matrix A as
the following two-dimensional probability density:

(3.4) pali,g) = 5 32800 = o)ty —wi),

where 6(+) is the Dirac delta measure, i.e., the probability measure on R that assigns
unit mass to the origin, and zero elsewhere. In other words, the spectral measure @4
is a discrete probability measure on R? assigning a mass 1/n to each one of the n
points in the set {(o;,w;) ;. Furthermore, we define the a-spectral moments of G,
where a = [a, b]T € N2, as the a-moment of the spectral measure 4, given by

(3.5) Ma(A) zf P dpa(z,y).
B2

We also write mgn(A) as an abbreviation of mq(A). As demonstrated in [40], the
spectral moments of an undirected graph can be computed as a linear combination
of the counts of certain nonisomorphic subgraphs. Hereafter, we derive a similar
relationship between the spectral moments of a digraph G and the counts of certain
(directed) subgraphs contained in G. To achieve this goal, we start by deriving a
closed-form expression of the a-spectral moments, as stated in the following lemma.

LEMMA 3. Given a directed graph G with adjacency matriz A, it holds that

(3.6) Tr (A%) = > 0

s=0

/2], )
( ) (—=1)° nmy_as24(A) for all k € N.

Proof. From (3.4) and (3.5), the c-moment of the spectral measure for o = [a, b] "
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equals

1 n
map (A) = /R/Rx“ybg Z §(x—0;) 6 (y— w;)dedy
i=1

R[] s
LS ott,

where o; and w; are the real and imaginary parts of the ith eigenvalue of A, respec-
tively. Since Tr(A*) equals the sum of the kth powers of the eigenvalues of A, we

have that N .
, WL A .
Tr (AY) = Z (05 + jwi)" = Z Z (T>]waaf ’
i=1 i=1 r=0
n |k/2]
k s 2s _k—2s
Yy (25) (—1)" w?o!
i=1 s=0
n |k/2] k
. -1 s _25+1 I_c72s+1
Y (53 1) V760!
[k/2 k n
_ s 2s _k—2s
= 23) (-1) sz‘ g;
s=0 i=1
Lk/2] i n
. s 2s+1 _k—2s+1
i (5,5 1) 0 >l
Lk/2] i
= Z (2 )(1)577,771257]6_25(14).
s=0 §

Notice that the imaginary term vanishes in the last equality, since Tr (Ak ) is a purely
real quantity. ]

Combining Theorem 2 and (3.6), we have that

k N N |k/2] k \
(3.7) > n(G k) Count(G,G) = > ( )(—1)énmk_28723(A)

2s
s=2 @E Qs s=0

for all £ € N. This expression allows us to directly relate the moments of the spectral
measure of A to the counts of certain subgraphs in G.

3.3. K-moment problem. In many practical applications, such as the analysis
of large-scale social networks, we do not have access to the whole topology of the graph
G. Therefore, it is not possible to explicitly compute the eigenvalues of A. However, it
may be possible to retrieve local structural information in the form of subgraph counts
by crawling the network (see, for example, [26, 48, 49] and the references therein).
Since in this situation it is not possible to exactly compute all the eigenvalues of A,
it would be interesting to have tools allowing us to infer spectral information, such
as bounds on eigenvalues, from the counts of small subgraphs in G. This is the main
aim of this paper.
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As we will show below, the counts of certain subgraphs can be used to constrain
the moments of the spectral measure, which can then be used to find bounds on the
spectral radius. In particular, from the counts of certain subgraphs of order less than
or equal to k, we can write down an equality constraint for linear combinations of
spectral moments using (3.7). However, it may be possible to find many different
spectral measures (with different supports) satisfying the linear constraints in (3.7).
In what follows, we will exploit recent results in the multidimensional moment problem
[43] to compute outer and inner bounds on the set of all possible spectral supports.
This result will directly provide us with upper and lower bounds on the spectral radius
of A.

To explain our approach, we first need to introduce the K-moment problem [43]
and related notions. A sequence y = {yo} indexed by a € N" is called a multi-
sequence. We will use multisequences to index the moments of R"-valued random
variables. In particular, given a R2-valued random variable x ~ g and an index
a = [a, b] E NQ, we will use the notation yo = Y. to denote the a-moment of p,

ie., yo» = E[xl® o]" fR aybdu(z,y).

DEFINITION 1. Let K be a closed subset of R™. Let yn.0o = {Ya}acnn be an
infinite real multisequence. A measure i on R™ is said to be a K -representing measure
Jor yn oo if

(3.8) Yo = / x*du(x) for all a € N"
and
(3.9) Supp(p) C K.

If ¥n,0o has a K-representing measure, we say that y, oo is K-feasible. Similarly,
a finite real multisequence Yn 2r = {Ya}aenn, ja|<2r 95 said to be K-feasible if there
exists a measure p with Supp(p) C K such that (3.8) holds for all o« € N3,

In this paper, we are interested in the case when K is characterized by polynomial
inequalities, as stated below.

DEFINITION 2. A set K C R"™ is called a semialgebraic set if there exist m poly-
nomials g; : R™ — R such that
(3.10) K={xeR": g;(x) >0 foralli e [m]}.

A necessary and sufficient condition to determine whether a finite multisequence
is K-feasible, restricted to the case when K is both semialgebraic and compact, can be
stated in terms of linear matrix inequalities involving moment matrices and localizing
matrices, defined below.

DEFINITION 3 (see [43]). Let yn2r = {Yatacng, be a finite real multisequence.
The moment matrix of y, -, denoted by M, (¥, 2r), is defined as the real matriz
indezed by N and has the entries

(311) [Mr(y”,%')]a,ﬁ = Ya+pB
for all o, B € NJ.

In this paper, we consider a particular order while indexing the entries of the
moment matrix, as described below. Consider x = [x1,...,z,]", and let

— 2 2 r
M={121,...,xp, 22 2120, ..., 22, .. 2], 2 g, 2l )
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be the set of monomials with degree up to r, written in degree-lexicographic order.
The cardinality! of M is given by (":L'T) Given an R"-valued random variable x,
suppose that y, 2, = {Yaaeny is @ moment sequence of x, i.e., yo = E[x%] for all
a € Ny .. Then, according to Definition 3, the moment matrix of y, o, is expressed
entrywise by (3.11). In this case, we have
(M (Yn,2r)]e,8 = Yatp = E[xaxﬁ}

for all &, 3 € N'. The right-hand side of the above equality can be viewed as taking
the expectation of the product between the ath and the Bth monomial in M. We
use degree-lexicographic ordering to locate these moments inside the moment matrix.
Consequently, the exponent of the monomials in M index the columns and rows in
M, (yn,2r), as shown in the example below.

Ezample 1. Let n = 2, r = 1, and y22 = {00, Y01, Y10, Y11, Yo2, Y20} Suppose
a = [0,1]T and B = [1,0]7; then [M; (y2,2)]la,s3 = y11. Moreover, according to
Definition 3, the moment matrix of y o is

[ [0 x007] R [0 x[1017] [ [x[00]" x[01]"]
My (y22) = | E[x007x00T] R [x007 %107 [ [x[10]7[07]"]
E [xO0 %00 ] E [x0x[107] R [0 %[00

Yoo Y10 Yo1
= %0 Y20 Y11
LYo1r Y11 Yoz

The localizing matriz of a multisequence y, 2, with respect to a polynomial g :
R™ — R is defined as follows.

DEFINITION 4. Consider a polynomial of degree v, g(x) = Z—yeN" uyX"Y, and a
finite multisequence y,, or = {ya}aeN;,,~ The localizing matriz of yp 2r with respect to
g, denoted by L.(g,yn.2r), is defined by the real matriz*

(312) [Lr(g;Yn,Qr)]a,ﬁ = Z UnY~y+a+3
YENG

for all o, B € N}

Ezample 2. Consider Example 1 with n = 2 and » = 1. Suppose that g(x) =
a — 1 + x3; then u = {ugo, u10, o2} With ugy = a,u1p = —1,ug2 = 1. Subsequently,
according to (3.12), L1(g,y2,2) equals

ayoo — Y10 + Yo2 ayio — Y20 + Y12 aYor — Y11 + Yo3
Li(g,y2,2) = |ayi0o — Y20 + ¥12  ay20 — Y30 + Yo2  ayi1 — Y21 + Y13
ayor — Y11 + Yo3 a¥yi1 — Y21 + Y13  aYo2 — Y12 + Yo4

Hereafter, whenever clear from the context, we adopt the shorthand notation M,
to represent M, (yn,2r), and L,(g) to represent L,(g, ¥n,or)-
A necessary and sufficient condition for a finite multisequence y = {ya}

aeNr
being K-feasible is stated below.

IThe cardinality of the set M can be derived by a star-and-bar argument in combinatorial
mathematics; see, for example, [47].

2 As described above, the elements of this matrix are ordered using degree-lexicographic ordering
of a and (3.
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THEOREM 4 (see [43]). Let K C R™ be a semialgebraic set defined by (3.10) and
v = max; fdegT(g’)] Given a finite multisequence yn 2r = {Yataeny, , there exists a

rank(M,_,)-atomic K -representing measure fory, or if and only if

Mr(}’n,%') = 07 and LT—v(gjaYn,Qr) = 0 fO?” all] S [m],

(313) rank(M;(yn,2r)) = rank(M,—y(yn2r))-

In addition to this theorem, we present a corollary that is useful in the develop-
ment of our framework.

COROLLARY 1. Let K C R" be a semialgebraic set defined as in (3.10) and v =

max; fdegT(gj)] Given a finite multisequence Yn 2r = {Ya }aeny , if Yn,2r is K-feasible,
then
(314) Mr(y”,Z’r) >__ 07 and LT'—’U (ngn,27') t 0 fOT all.] S [m]

Based on Theorem 4, one can verify whether a given multisequence is K-feasible
by verifying the positive semidefiniteness of finitely many matrices. In the next sub-
section, we make use of Theorem 4 to provide upper and lower bounds on spectral
radius of a directed graph given counts of subgraphs contained in G up to order r.

3.4. Lower bounds using the K-moment problem. In this subsection, we
alm to obtain upper and lower bounds for the spectral radius of A by leveraging
the connection between subgraph counts and the spectral moments of G, as shown
in (3.7). To obtain a lower bound on the spectral radius, we use the theory behind the
K-moment problem to characterize all K-feasible multisequences, y2 4 = {ya}aeNja
for particular choices of K and integer® d. Following this idea, we next present
necessary conditions for the existence of a spectral measure supported on K.

As shown in (3.7), the moments of a (spectral) measure must obey linear con-
straints imposed by the counts of certain subgraphs in G. In other words, if a multi-
sequence ys 4 is a feasible spectral moment sequence, then there exists a spectral
measure 4 such that yo = E,, [x*] for all o € N7 (see Definition 1). Furthermore,
according to (3.6), the entries of the sequence ys 4 must satisfy the linear constraints

k R R |k/2] k
315 3 3wk oo @6 =n 3 () (-0 v
s=0

=2 Geq,

for k € [d], where the left-hand side is a function of the counts of certain subgraphs
of order up to d.

In addition to the above linear constraint, we notice that {\;}_, are the eigenval-
ues of an adjacency matrix and that the eigenvalue spectrum of A is symmetric with
respect to the real axis in the complex plane. Therefore, the moments of a spectral
measure must satisfy

(3.16) Yap = 0 for b odd.
Furthermore, when a and b are both even, we have that mg,(A4) = + > ofwh > 0.

n
Therefore, the moments of a spectral measure must also satisfy

(3.17) Yap > 0 for a and b even.

3As will be shown in later sections, the integer d represents the maximum size of all subgraphs

whose counts are used in our computation for upper or lower bounds on \,.
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Let us define r = |£]. In order to ensure that y» 4 is a feasible spectral moment
sequence, the moment matrix defined by

(3.18) [M,]ap = Yaip for a, 3 € N2

must be positive semidefinite according to Corollary 1. Furthermore, since A is entry-
wise nonnegative, the spectral radius of A equals A, according to Perron—Frobenius
theory [50]. This also implies that w; < p for all ¢ € [n] and p = A,,. Consequently,
the support of the spectral measure of A is contained in the square

S={xeR* z €[=-p,pl, 22 € [-p,pl}.

Let x = [x1,25] T and define the polynomials g1(x) = p — 1, g2(X) = 21 + p, g3(x) =
p — 22, and g4(x) = 23 + p. The set S can be defined by

S ={x e R?: gi(x) >0 for i € [4]},

which is both compact and semialgebraic. According to Corollary 1, the localizing
matrices of yo 4 with respect to {g; };c[4) must be positive semidefinite. These matrices
are given, entrywise, by

(3.19) [Lr(91)]aB = PYatB — Yatp+(1,0]Ts
(3.20) [Lr(92)laB = PYatB + Yatpt(1,0]Ts
(3.21) [Lr(93)]aB = PYatB — Yatpti01]Ts
(3.22) [Lr(94)]aB = PYatB + Yarprioa)T

for a, 3 € N2. Therefore, the moment sequence ys 4 of the spectral measure of a matrix
with spectral radius p must satisfy (3.15)—(3.17), and the moment and localizing
matrices defined in (3.18)—(3.22) must be positive semidefinite.

Remark 1. Notice that, since |A;| < p for all ¢ € [n], the support of the spectral
measure is also contained in the circle

S. = {[z,y]" € R*: 2% + 42 < p?}.

Defining g. = p? — 22 — 32, we have that S, = {[z,y]" € R?: g.([z,y]") > 0}.
Therefore, the localizing matrix with respect to g. of the moment sequence ys 4,
given by

(3.23) [Lr(90)]aB = P*YatB — YartBt (2,07 — YatBr(0,2]T

must satisfy L,_1(g.) = 0 for y2 4 to be a valid moment sequence of the spectral
measure of a matrix with spectral radius p (see Corollary 1).

In what follows, we propose to find a lower bound on the spectral radius of A by
solving a semidefinite program aiming to minimize the value of the parameter p in
(3.19)—(3.23) while satisfying all the constraints described above. Subsequently, the
solution to this semidefinite program renders a lower bound on the spectral radius of
A, denoted by A, as shown in the following theorem.
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THEOREM 5. Let r be an arbitrary positive integer and d = 2r + 1. Denote by B:
the solution of the following semidefinite program:

minimize p
P Y2,d

(3.24) subject to (3.15)—(3.17),
M, =0,
L,(g;) = 0 for all i € [4],

where M, and L,(g;) are defined in (3.18)-(3.22). Then p* < A, for all r € N.
Furthermore, B: is a nondecreasing function of r € N.

Proof. See Appendix A. 0

Remark 2. Since the support of the spectral measure is contained in both S and
Se, we can add constraint (3.23) in Remark 1 in conjunction with the constraints
in (3.24). However, for a fixed value d, using (3.19)—(3.22) allows us to constraint more
optimization variables in the optimization problem (3.24), hence giving us tighter
bounds in practice. For instance, when d = 5 (i.e., r = 2), enforcing the spectral
measure to be contained in S induces the following set of constraints: La(g;) »= 0 for
i € [4]. This set of constraints poses constraints on optimization variables yas € ya,5
with @ + b < 5. On the contrary, if, as an alternative, (3.23) is applied, then we
must have L;i(g.) = 0, which only provides constraint on variables of lower order, i.e.,
Yab € ¥Y2,5 with a + b < 4.

Theorem 5 allows us to compute a family of lower bound, parameterized by r, on
the spectral radius of a digraph from counts of subgraphs up to order d = 2r + 1. In
what follows, we provide a similar result to obtain a family of upper bounds on the
spectral radius of A.

3.5. Upper bounds using the K-moment problem. From Perron—Frobenius
theory [50], we know that the spectral radius of A is equal to the largest (nonnegative)
real eigenvalue of A, denoted by A,. Hence, the set of eigenvalues Aq, ..., \,_1 must
be contained inside a circle of radius A,, denoted by Sy, . In other words, if we
define an auxiliary atomic density with n — 1 atoms located on the positions of the
eigenvalues A1, ..., A\,_1, the multisequence of moments of this auxiliary density must
be S}, -feasible. Furthermore, we can consider a circle of radius p, denoted by S,, and
find the maximum value of p for which the multisequence of moments of the auxiliary
density is S,-feasible. This optimal value of p will provide us with an upper bound
on the spectral radius A,. In what follows, we elaborate upon the details behind this
approach.

We start our derivation with the following observation:

k n—1
(3.25) Z Z n(G, k) Count (G, G) = Ak + Z Ak
s=2 Geq, i=1

for all k& € N, which follows from (3.6). Let us introduce the following auxiliary atomic
measure:

(3.26) fia(z,y) =

We denote by me the a-moment of fi4. In what follows, we use the theory behind
the K-moment problem to derive necessary conditions that must be satisfied for all
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K-feasible multisequences, zs 4 = {Za}aeNE, , for particular choices of K. In our deri-
vations, we make use of the following lemma.

LEMMA 6. Given a directed graph G with adjacency matriz A, it holds that

Lk/2]
(3.27) Tr(AY) =X+ (n—1) Y (:) (—=1)" k242 for all k € N.
S
s=0

Proof. From (3.26), the a-moment of ji4 for a = [a,b] T equals

n—1
Map = %y 6(x—0;)0 (y — w;) dedy
i L o s

(3.28)
1 n—1 ,
— a
T n-—1 ; i @i
From the proof of Lemma 3, we have that mg,(A) = %Z?:l o%w?. Combining this
with (3.28), we have that
leab if b > 0,
(3.29) ey =4 21 4
[Mab — 9n =,
n—1

Leveraging the connection between m,;(A) and Tr(A*) (see (3.6)), we have

Lk/2] k
=(m-1) Z ( ) (—1)" Mg—2s,25 + (0 — D)ok o + o,

2s
s=1
Lk/2] k
= (7’L — 1) Z (28) (_1)9 ﬁlk—Qst + Ufi'
s=0

Furthermore, according to Perron—Frobenius theory, we have that \,, = o,,. Thus, we
obtain that

Lk/2] k
. Tr(AF) = (n—1 —1)" fitg_ns,25 + AL
(3.30) A = =) D () (1) s+
for all k£ € N. 0

If 25 4 is the moment multisequence for fia, then zo = E;,[x*] for all o € NZ
(see Definition 1). Furthermore, according to Lemma 6 and Theorem 2, the entries
of the sequence z; 4 must satisfy the following linear constraint:

k R R k/2)
(331) > > u(G k) Count(G,G) = (n—1) 3 ( )(—nszk_%mp’“

2s
s=2 @EQS s=0
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for k € [d]. Moreover, similar to (3.16) and (3.17), we also have that

(3.32) zab = 0 for b odd,
(3.33) Zab > 0 for a and b even.
Notice that the support of ji(z,y) is contained in the square S = [—\,, \,]?.

Thus, the moment and localizing matrices corresponding to zg 4 have the same form
as those in (3.18)—(3.22) after substituting yo by ze. As a result, we obtain the
following moment and localizing matrices:

(3.34) [M;]ap = zatp,

(3.35) [Lr(90)]ap = P2a+B — Zatps10]Ts
(3.36) [Lr(92)lap = PZatB + ZatB1.0]7>
(3.37) [L:(93)laB = PZatB — ZatB+10.1]7
(3.38) [L1(90)]ap = pZact + ZasBio,1]T

for a, 3 € N2. As required by Corollary 1, the moment matrix (3.34) and localizing
matrices (3.35)—(3.38) must be positive semidefinite. As a result, for p = A, the
moment sequence zs 4 of the auxiliary spectral measure fi4 must satisfy (3.31)—(3.33)
and the moment and localizing matrices in (3.34)—(3.38) must be positive semidefinite.

In what follows, we find an upper bound on the spectral radius by solving a
semidefinite program whose objective is to maximize the value of the parameter p
in (3.31)—(3.38), while satisfying all the aforementioned constraints, as described in
the following theorem.

THEOREM 7. Let r be an arbitrary positive integer and d = 2r + 1. Denote by pr
the solution of the following semidefinite program:
maximize p
Ps22,d

subject to (3.31) )s

—(3.33
M, =0,

L.(g:) = 0 for all i € [4],

(3.39)

where M, and L.(g;) are defined in (3.34)~(3.38). Then Bt > X\, for all + € N,
Furthermore, py is a nonincreasing function of r € N.

Using Theorems 5 and 7, we can compute lower and upper bounds on the spectral
radius of a directed graph using counts of subgraphs in G. Furthermore, these bounds
become tighter as the order of subgraphs under consideration increases.

3.6. Illustration and discussion. To demonstrate the performance of these
bounds, we apply our methodology to a directed graph modeling the connections
between n = 1,574 different airports within the United States [51]. Assuming we
are able to count the number of all subgraphs of order up to 6, the upper bound
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Fic. 3.2. In (a), we plot the complex eigenvalues of A for an Erdés—Rényi random directed
graph with n = 500 vertices and edge probability 0.1. The spectral radius of A is Ap = 50, whereas
wmax < 7. In (b), we plot the complex eigenvalues of A for a real social network from Google+ [51].
The spectral radius of An = 21, whereas wmax < 1.5.

on the spectral radius obtained via Theorem 7 equals p3 = 99.2906, whereas the
actual spectral radius equals A\, = 99.1183. However, when we only have access to
the counts of subgraphs of small order, our approach can lead to loose bounds. For
example, considering a realization of the Erd6s—Rényi random directed graph with
n = 100 vertices and P((i,5) € £) = 0.15 for all ¢,j € V, we obtain a spectral radius
of A\, = 14.5431. In this case, when the counts of subgraphs of order up to 4 are
available, the lower bound obtained using Theorem 5 is B; = 5.5. This bound is loose
for the following two reasons: First, although Theorems 5 and 7 provide lower and
upper bounds on the spectral radius, the moments of the optimal solutions may not
correspond to an n-atomic measure, since Corollary 1 does not provide a sufficient
condition to guarantee the existence of an n-atomic measure. Second, and more
importantly, we have assumed that spec(A) is contained in the square [—\,, A\,]?.
However, the support of py is contained in [—A,, An] X [—Wmaxs Wmax], Where wmax
can be much smaller than ), in some real digraphs, leading to loose bounds (see
Figure 3.2). In the following section, we propose a refinement of our technique in
order to overcome this issue by finding better bounds on w4y .

4. Refined moment-based bounds. In this section, we introduce a refined
moment-based framework to improve the quality of our bounds on the spectral radius.
The main idea behind this approach is to obtain an upper bound on wy,.x. To achieve
this goal, we will study the spectral measure of the matrix A — AT. As we discuss
below, the largest imaginary part among the eigenvalues of A — AT upper bounds
Wmaz Of A. We then relate the spectral moments of A — AT to the counts of certain
subgraphs in G. Finally, we will resort to the K-moment problem to provide an upper
bound on wpax. This upper bound will be further used to provide refined upper and
lower bounds on the spectral radius of A.

In order to provide an upper bound on wp.x of A, we first present a connection
between the eigenvalues of the (imaginary) matrix A; = j(A — A") and those of A,
where 7 is the imaginary unit that satisfies j2 = —1. Notice that the matrix A— AT is
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skew-symmetric; hence, its eigenvalues are a collection of purely imaginary conjugate
pairs. Hence, the spectrum of Ay is purely real and symmetric around the imaginary
axis. From [29], we have that

1
Wiax < 3 max{v*A;v:v'v=1veC'} =\, (Ar),

where A, (Ay) is the largest (real) eigenvalue of A;. In particular, the equality holds
if and only if A is normal. Using this relationship, we will provide an upper bound
on Wy ax using traces of powers of A;. In what follows, we show a linear relationship
between counts of certain subgraphs in G and Tr(A%).

4.1. From subgraph counts in G to traces of powers of A;. Hereafter, we
show that Tr(A%) can be computed by a linear combination of the counts of specific
subgraphs in G. To show this, we first provide a closed-form expression of the term
Tr(A%) using entries of A7. On the one hand, since the spectrum of A; is symmetric
around the imaginary axis, we have that Tr(A%) = 0 for £ odd. On the other hand,
when £ is an even number, we have that

Tr(A7) = Te(j°(A - AT)Y)
= (-1 ((A-AT)Y)
(-1 Z (—1)25:1 iy [Am (AT)dl o AC (AT)dq .

ci,di€{0,1}
cit+d;=1

(4.1)

ol

Therefore, Tr(A%) is equal to the sum of 2¢ terms. Using ideas similar to those used
in the proof of Theorem 2, one can show that Tr [A°1(AT)% ... A% (AT)%] is equal
to a linear combination of the counts of certain subgraphs in G. We illustrate this
idea by considering the following examples.

Example 3. When ¢ = 2, we have that
Tr(A?) = —Tr(A — AT)?
= —Tr(A%2 — AAT —ATA+ (AT)?)
= —Tr(A?) 4 2Tr(AAT) — Tr(AT)?
—2Tr(A?) + 2Tr(AAT).

(4.2)

In this particular case, we notice that Tr(A?) = i) Gaee L (see (3.1)) and
T _

Te(AAT) =3 juyee

i in G. Consequently, Tr(A?%) equals twice the total number of edges minus twice the

counts of bidirected-edge subgraphs in G.

1. The latter term equals the sum of in-degrees of each vertex

Let us consider an additional example when ¢ = 4.

Example 4. When ¢ = 4, we have that
(4.3) Tr(A}) = Tr((A — AT)2(A - AT)?).
Using the properties of matrix trace operations, the above term is simplified to
(4.4)  Tr(A}) = 2Tr(A*) — 8Tr(APAT) +4Tr(A%(AT)?) + 2Tr((AAT)?).

In what follows, we show that Tr(A3AT), Tr(A42(AT)?), and Tr((AAT)?) can all
be calculated using the counts of certain subgraphs in G. We characterize those
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Tr(4347) = 2 x Q ? (}) I i Tr(A(ATY?) = 2 x ( ) 8 12 ><

<+—@
Tr((AAT)2=1x I +2 x\‘jJrz xAJrq— xI Tr((ATA)Z) =1x I V ﬂ#} X
[ J [ I ] .<—I
()

Fic. 4.1. This figure shows the relationship between Tr(A}) and the counts of certain subgraphs
in G. More specifically, the lraces in the figure are equal to sums of counts of certain subgraphs
multiplied by the coefficients indicated in the figure. In (c), to calculate Tr((AAT)2), we use the sum
of in-degrees. In (d), to calculate Tr((AT A)2), we use the sum of out-degrees. Since Tr((AAT)2) =
Tr((AT A)2), we can use either sum of in-degrees or sum of oul-degrees to obtain Tr((AAT)?).

relationships in Figure 4.1. For demonstration purposes, we only show below the
relationship between the term Tr((AAT)?) and subgraph counts. Others traces can
be computed in a similar fashion.

First, notice that

(4.5) r((AAT)?) =33 (4] Ala[Alu,

i gkl

where the inside term is nonzero if and only if (7,4), (7,k), (I, k), (I,7) are all edges of
the digraph G. Next, we consider whether some of the indices 7, 7, k, [ € [n] are equal.
Since G is simple, Am = 0 for ¢ € [n]. Therefore, to ensure that [A];;[A]x;[A]k[A]a
is nonzero, it suffices to consider the following cases: (i) 4,7, &, are all distinct, (ii)
i = k while j # I, (iii) # = k while j = [, and (iv) 7 # &k while j = [. In case (i),
where 4, 7, k, [ are all distinct, the ordered edges (j,1), (7, k), (I, k), (I, 1) together corre-
spond to a subgraph of size four. However, notice that by permuting the indices, we
obtain (1,1), (I, %), (k, j), (7,4), which corresponds to the same subgraph (analogously
for (I, k), (1,1),(4,1), (5. k) and (3, k), (4,2), (I,2), (I, k)). As a result, the same subgraph
is counted four times in the summation (4.5). Thus, the coefficient corresponding to
this subgraph is 4 when calculating Tr((AAT)?). In case (ii), the constraints given
above induce a subgraph formed by the ordered sequence of edges {(7,1), (1,7)}, while
{(1,4),(7,7)} is another sequence representing the same subgraph. Thus, such a sub-
graph contributes twice in (4.5) and the associated coefficient is 2. In case (iii), ¢ = k
and j = I, therefore [A];;[A]k;[Alw[Ala = [A]i;. since A is unweighted. Hence, sum-
ming over all ¢ in case (iii) corresponds to the sum of in-degrees of each vertex. Case
(iv) is identical to case (ii).
Ezample 5. When £ = 6, we have that
Tr(A$) = 2Tr(A%) — 12Tr(A°AT) + 12Tr(AY(AT)?)
— 6Tr(A®(AT)%) + 12Tr(A*ATAAT) + 6Tr(AZAT A2AT)
— 8Tr(A2(AT)2AAT) — ATr(AZAT A(AT)?) — 2Tr(AAT AAT AAT),

For all right-hand-side terms, we can apply analysis similar to that described in
Example 4 to identify which subgraphs are present. More generally, for a particu-
lar sequence {(¢;,d;): ¢; +d; = 1,¢;,d; € {0,1}}_;, we can conclude a systematic
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Algorithm 4.1. Identifying subgraphs whose counts are used to calculate
Tr(AC (AT)D .. Ac(AT)de),

Input: Positive integer £ € N.
Output: G,

1: Let s =0 and és = {Vo,go}, where Vy = {’Lo} and & = 0.

2: for s < 1 to £ do

3: if ¢; =1 then

4: Let G5 = {Vs_1 U {is}, Es—1 U {(45-1,15)}}, ie., add an edge is_1 — is to
Eo1.

5. else

6: Let Gy = {Vs_1 U {is}, Es—1 U {(is,i5—1)}}, ie., add an edge is_; <+ i to
Es_1.

7. end if

8: end for

9: Let ip = ip in é@.
10: Return Gy.

procedure that is able to identify all subgraphs whose counts are used to calculate
Tr(A (AT)d ... A%(AT)d), This procedure is summarized in Algorithm 4.1. From
the output of Algorithm 4.1, the topology of each subgraph whose count is used to
obtain Tr(A° (AT)% ... A%(AT)4) can be constructed by considering a particular
subset of vertices in éz to be identical—see the four cases in Example 4 as an illus-
tration. The coefficients of each of these subgraphs can be calculated using an idea
similar to that introduced in Theorem 2.

Remark 3. Instead of Tr((AAT)?), we may use Tr((A" A)?) in (4.4) to obtain
Tr(A%). In this case, the subgraphs under consideration are listed in Figure 4.1(d).
This observation can be generalized to all the terms involving traces of products of A
and AT in (4.1).

Remark 4. In general, finding a closed-form expression for the coefficients for the
subgraphs using (4.1) is difficult. Moreover, to obtain Tr(A7), one has to derive the
counts for all subgraphs of size r, which can be computationally challenging when
r is large. However, in most real networks, we obtain a tight approximation of the
spectral radius by considering r < 6, as we will show empirically in section 5.

Next, we propose a method to upper bound the spectral radius of A; using the
K-moment problem.

4.2. Estimation of wmax(A). To upper bound the spectral radius of Ay, we
follow a procedure similar to the one discussed in the previous section. Given Ayj,
we define the spectral measure of A; as the following one-dimensional probability
density:

(4.6) var@) = 376~ AlA).
=1

Since A;(Ar) € R, the measure v4, is supported on R. Without loss of generality,
we can order the eigenvalues of A; by A\j(Ar) < -+ < A\,(Aj). Since A — AT is
skew-symmetric, we have that A;(A;) = —A\,(As). The support of v4, must satisfy
Supp(v(Ar)) € [=An(Ar), An(AD)]-
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In addition to v4,, we define the auxiliary spectral measure 74, by

(4.7) DA, (z) = > 6z — Ni(Ar)),

which is an (n — 2)-atomic measure defined by removing both A(A;) and A, (Ar)
from spec(Ay). Different from fi4, we remove two atoms from spec(A;) to maintain
the symmetry (with respect to the origin) of the auxiliary measure. Consequently,
the supports of both v4, and 74, are contained in [—A,(Ar), A\n(Ar)].

Following an idea similar to the one presented in the previous section, we show
that the trace of A% is related to the moments of both v4, and 774,. More specifically,
given a positive integer € N, we compute the rth moment of v4,, denoted by m,.(A4;),
as follows:

1 1
(4.8) my(Ag) = / Pdva, = = SO N(AD)T = (A7),
z€R n i—1 n
Similarly, the rth moment of 74,, denoted by m,(Ar), is equal to

T?LT(A[) = / :CTdDAI
zeR

1 n—1
= Ai(Ar)
(4.9) n—2 ; !
= L [T(A]) — (-1)7 + ) A(Ar)]
= L ome(An) — (1) + D A(AD]

To obtain an upper bound on A, (Aj), we first find necessary conditions that must
be satisfied by all moment sequences of 74,, denoted by wWo, 1 = {wy}y<2r41. Since
the spectrum of Ay is symmetric around 0, it follows that all odd moments of v4,
and U4, are 0. As a result, in order for wa,4+1 to be a moment sequence with respect
to 4,, we must have

1 ify=1,
(410)  w, =<0 if v > 1 and v is an odd number,

1
5 (Tr(A]) — 2Xn(A;)?)  otherwise
n—
for all v < 2r + 1.
Moreover, the moment and localizing matrices of wa,;; must be positive semi-
definite, as required by Theorem 4. More specifically, we let the moment matrix of
wo,r+1 be defined entrywise by

(4.11) [M;(W)]a,8 = Wa+s;

where «, 8 € N,.. Let hy(z) = — A, (As) and ha(x) = x4+ A, (Ar); hence, we have that
[ A (A7), A\ (AD)] = {z € R: hy(z) > 0,ha(x) > 0}. Next, we define the localizing
matrices with respect to h; and hs by

(4.12) (L (P, W)lap = An(Ar)Watp = Watpt1
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and

(4.13) [Lr(h2, W)]a,8 = An(AD)Watp + Wartpt1-

Since the support of U4, is contained in [—A,(Ar), A\n(Ar)], both L,.(hy,w) and
L, (h w) must be positive semidefinite.

Subsequently, for p = A, (Ar), the moment sequence wa,1 = {wy}y<ar41 of
the auxiliary spectral measure 74, must satisfy (4.10). Furthermore, the moment
and localizing matrices defined in (4.11)—(4.13) must be positive semidefinite (by
replacing A, (Ay) with the parameter p). Next, we aim to find the maximum value of
the parameter p such that all the constraints above are satisfied.

THEOREM 8. Let A be the adjacency matriz of a digraph G, and define A; =
(A — AT). Let r be an arbitrary positive integer. Denote by w’ the solution to the
following semidefinite program:

maximize p
PyW2r41

(4.14) subject to (4.10),
MT(W) = 0>LT»(91,W) = 07 LT'(g27W) = 07

where M.(w) and L,(g;,w) are defined in (4.11)—~(4.13). Then Y2 > wmax for all

2
r € N. Furthermore, w} is a nonincreasing function of r € N.

Note that, as described in subsection 4.1, the values of Tr(A%) in (4.10) can be
computed using counts of subgraphs of G. Hence, we have that w} can be obtained us-
ing counts of subgraphs solely, providing an upper bound on the maximum imaginary
part in the spectrum of A.

COROLLARY 2. Let A be the adjacency matrixz of a digraph G. Given a positive
integer v € N, let w} be the optimal solution to (4.14). If A = AT, then wr = 0 for
all positive integers r € N.

Proof. When A = AT, Tr(A}) = 0 for all v € N. Therefore, from (4.21), given
an even integer v € N, we have that (n — 2)w, = —2p" (by replacing A,,(A;) with
the optimization parameter p). Since M, (w) is positive semidefinite, all its diagonal
entries are nonnegative. As a consequence, p must equal to zero. Therefore, w; = 0. 0O

The above corollary shows that the upper bound on wp,.x(A) is tight when A is
a symmetric matrix. Consequently, the refined framework can also be used to obtain
tight bounds for undirected graphs.

4.3. Refined bounds on the spectral radius. In section 3, we have consid-
ered that the spectrum of A is contained in the square S = [—\,, \,]?. However,
more precisely, spec(A) is contained in a rectangle S = [—An, An] X [~Wmaxs Wmax]-
Consequently, we define the polynomials §3(x) = wmax — 2 and §4(X) = Wmax + T2.
As required by Corollary 1, the localizing matrices of y2 q with respect to gs and ga
must be positive semidefinite. In other words, we impose additional constraints on
the feasible sets in the optimization problems (3.24) and (3.39). This procedure is
summarized in Algorithm 4.2.

Consequently, we have utilized counts of different subgraphs to provide upper and
lower bounds on the spectral radius. In general, wpax(A4) is much smaller than p(A).
Thus, the obtained solution from Algorithm 4.2 achieves better performance than the
approach in section 3. Notice that not all subgraphs are needed to compute Tr(Af)
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Algorithm 4.2. Refined upper and lower bounds of \,,.

Input: Positive integer 7 € N, and {Tr(A%), Tr(A9)}77 1!
Output: Lower bound and upper bound on the spectral radius of G, denoted by Q:
and gy, respectively. B
1: Let d =2r + 1.
2: Solve (4.14) and obtain w}.
3: Define matrices L,(g3) and L,(g4) entrywise by

[LT(§3)]aﬁ = w:yaJrﬁ ~ Ya+B+0,1]T and

[Lr(9a)lap = wiya+rp + Ya+pB+[0,1]7 -
4: Define matrices L,(g3) and L,(g4) entrywise by

[Lr(93)]as = Wy 2ot — Ra+B+[0,1)T and

[Lr(94)]ap = W7 Zat8 + Zatpr(0]T-
5: Compute Q: via

0* = arg min p
=T p:Y2,d

subject to (3.15)—(3.17),
(4.15) M, = 0,
L.(g;) = 0 for i € [4]
Ly(93) = 0, Ly (g4) = 0.
6: Obtain g} via
Oy = arg maxp

PyZ2,d

subject to (3.30)—(3.33),

(4.16) M, =0,

and Tr(A*). For example, when we consider using subgraphs of order less than or
equal to 5, we only need the counts of those subgraphs depicted in Figure 4.2.

Remark 5. The optimization programs in Algorithm 4.2 as well as (4.14) are
solved using a standard computation package in convex optimizations [52]. Notice
that the semidefinite programs considered in our framework are not dependent on
the size of the digraph G, and thus they can be solved efficiently. As an example,
consider 7 = 3 (i.e., d = 7); the matrices in (4.15) and (4.16) are in R”™*7. In fact, the
bottleneck in terms of computation comes from retrieving the counts of high-order
subgraphs in G. A MATLAB implementation of Algorithm 4.2 can be found in [53].
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FiG. 4.2. This figure shows those subgraphs whose counts are needed for estimating the spectral
radius of A using Algorithm 4.2 withr = 2 (i.e., d=5).

4.4. Upper bound on A,,. We have proposed a framework to provide a more
accurate estimate on the spectral radius of A using the relation between the imagi-
nary parts of spec(A) and spec(A — AT). Similarly, we can also consider how the
cigenvalues of Ap = A+ AT are related to the eigenvalues of A. More specifically, the
relationship

(4.17) An < %max{v*ARv: viv=1,veC'}= %)\n(/—lg),

where A, (Ag) is the largest eigenvalue of Ag. In particular, the equality holds if
and only if A is a normal matrix. As shown previously, an upper bound on A, (Ag)
can be obtained by relating the counts of a subsets of subgraphs in A to the spectral
moments of A+ A" . Therefore, this bound is also an upper bound for A, due to (4.17).
Subsequently, we can also provide an upper bound on A, by providing an upper bound
on Ap(Ag) using counts of subgraphs in G.

To characterize the upper bound on the spectral radius of Ag, we follow the idea
presented in the previous subsection. Given Ag, we define the spectral measure of
Ap as the following one-dimensional probability density:

(4.18) va,(x Z 8z — Ni(AR)).

i=1
We also define the (n — 1)-atomic auxiliary spectral measure 74 ,, by

n—1

(4.19) D) = ! -6 - Al An).
) i=1

From the definitions of 4, and 74, we compute the rth moment of 74, denoted
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by m,.(Ag), as follows:

mT(AR) = / deDAR,
z€R

= - [Tr(AR) — (AR,

(4.20)

As illustrated in (4.5), as well as Theorem 2, Tr(A%) can be computed using counts
of certain subgraphs in G. As a consequence, m,(Ag) can also be computed as a
linear combination of the counts of certain subgraphs in G. To find an upper bound
on A\, (Agr), we provide below the necessary conditions that must be satisfied by all
moment sequences of U4,, denoted by pa,41.

According to (4.20), in order for pa,+1 to be a potential moment sequence of the
density 74, , we must have

(421) py = —— [TH(A}) — Mn(Ar)")

for all v < 2r + 1. Moreover, the moment matrix of ps,1, defined entrywise by

(4.22) [M;(P)]a,s = Pats

for a, B € N,., must be positive semidefinite. Since A € {0,1}"*", the matrix Ar =
A+ AT is entrywise nonnegative. It further follows that the largest eigenvalue of Ag
is nonnegative, according to Perron—Frobenius theory. Subsequently, we have that
spec(Ar) C [-An(AR), \n(AR)]. Let us define the polynomials ¢1(x) = A, (AR) —
and ¢2(x) = A (AR)+x; hence, we have that spec(Agr) C {z € R: ¢1(x) > 0, po2(x) >
0}. Next, we define the localizing matrices with respect to ¢ and ¢o as

(423) [Lr((bhp)]a,ﬁ = )‘n(AR)paJrﬁ — Pa+B+1,

(4.24) [Lr(02:P)]a,8 = M(AR)PatB + Patp+1

for o, B € N,.. Then Corollary 1 indicates that L, (¢1, p) and L, (¢2, p) must be positive
semidefinite for the sequence ps,4+1 to be a potential moment sequence of the density
VAg-

Consequently, for p = A, (Ag), the moment sequence pa,+1 of the auxiliary mea-
sure 74, must satisfy the above constraints. The upper bound on A,(Agr) can thus
be found by maximizing the parameter p subjected to the above constraints, as shown
in the following theorem.

THEOREM 9. Let A be the adjacency matriz of a digraph G, and define Agr =
A+ AT. Let r be an arbitrary positive integer and d = 2r + 1. Denote by p the
optimal solution to the following semidefinite program:

maximize p
PPd

subject to (4.21),
MT(D) t 07
Lr(¢17p) t O,Lr(d)%p) t 07

where M,.(p), L.(¢1,p), and L.(¢2,p) are defined in (4.22)—(4.24). Then % > A\,
for all r € N. Furthermore, p} is a nonincreasing function of r € N.

(4.25)

Since Tr(A%) can be computed using counts of subgraphs of G, we have that p
can be obtained via counts of subgraphs of G.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/09/21 to 165.123.224.246. Redistribution subject to STAM license or copyright; see https://epubs.siam.org/page/terms

BOUNDS ON THE SPECTRAL RADIUS OF DIGRAPHS 547
5. Empirical results. In this section, we empirically demonstrate the validity of
our bounds on random digraphs (subsection 5.1) and on real networks (subsection 5.2).

5.1. Random directed graphs. We generate random directed graphs accord-
ing to the directed version of the Chung—Lu model [54]. More specifically, given a

positive integer n, we consider two sequences w;, = [wWi", wi, ... W] T and wey; =
[w™ wgut ... wo] T, representing the in-degrees and out-degrees of each vertex.
Furthermore, we let > 1 wi™ = 3" | w?** = m. Then, according to [54], the entries
in A are given by
wimtwot
(5.1) Ay = {1 wp. =i,
0 otherwise.

Using this model, we can also generate Erdés—Rényi random digraphs by letting w;,, =
Wout = [pn,...,pn] T for a prescribed value p € (0,1). As an example, we consider
the following parameters in our experiment: n = 500 and p = 10% ~ 0.0124. Using
these parameters, we generate a numerical realization of the random digraph A. The
spectral radius of A equals \,, &~ 6.3002, whereas wmax ~ 2.6373. From Theorem 7,
when r = 2, we have that p; = 6.7806.

In addition to Erdés—Rényi random digraphs, we can specify w;, and wgyy; to
generate random graph power-law degree distributions. As shown in [55], given
¢, B,ip € R, we can define the sequence w; = c(ig + z)_ﬁ to generate a random
undirected graph whose degrees follow a power-law distribution with exponent g, i.e.,
the number of vertices with degree k is proportional to k~7. In particular, it is pos-
sible to “control” the maximum degree, denoted by A, and average degree, denoted
by d, by using the following parameter selection:

_ p-1
(5.2) c= d(p 2)) .

6—2 _1 .
6_1dnﬁ1 and ZO_n(A(ﬂ—2)
In our experiment, we generate a sequence w using the above method and let w;, =
Weyt = w. In addition, we consider the following parameters: n = 1500, 8 = 5,
d = 40, and A = 120. Subsequently, from a random digraph realization, we have
that A, ~ 42.8770, while wy.x =~ 6.3868. In Figure 5.1(a), we show the histogram of
in-degrees for the particular random digraph realization under consideration, while in
Figure 5.1(b), we show the evolution of the upper and lower bounds proposed in this
paper as the order of the subgraph counts used increases. For example, the outputs
of Algorithm 4.2 using counts of subgraphs of order up to 6 are an upper bound of
42.8777 and a lower bound of 42.8763, which are very tight in this case. Next, we
explore our framework on real artificial directed graphs.

5.2. Real-world directed graphs. We consider several real digraphs obtained
from [51] and [56]. In our first example, we examine the directed graph representing
flights between U.S. airports in 2010 containing 1,574 vertices and 28,236 edges. In
this digraph, each directed edge represents a flight connection from one airport to
another. In our experiment, we preserve connectivity of the digraph and remove the
edge weights. The spectral radius of the resulting (unweighted) digraph equals \,, =
99.1175, whereas wpax = 2.881. We plot the eigenvalue spectrum of A in Figure 5.2.
Using the moment framework described in section 3, we obtain that our unrefined
bounds are p = 47.1184 and p3 = 172.2931, when the counts of subgraphs of order
up to 5 are con&dered To improve these bounds we first find an upper bound on
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F1G. 5.1. In (a), we show the histogram of in-degrees of one realization of the Chung—Lu random
digraph. In (b), we show the normalized lower (solid line) and upper bounds, where the dashed and
dotted lines show the upper bound obtained using Theorem 5 and Algorithm 4.2, respectively.
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Fic. 5.2. This figure shows the eigenvalue spectrum of the digraph representing flights between
airports in the U.S. The z-azxis and y-azis are the real and tmaginary parts of the eigenvalues of A,
respectively.

Wmax- Using Algorithm 4.2, for » = 2, we obtained that w}/2 & 8.2776, which is an
upper bound on wpyax(A4) = 2.881. With the help on this additional information, we
obtained that the refined lower bound and upper bound on the spectral radius equal
99.1167 and 102.9278, respectively.

In Tables 5.1 and 5.2, we illustrate the performance of our framework using other
real-world directed graphs. In these experiments, we fix r = 3 and compare the
performance of our bounds, with and without the refinement described in subsection
4.3. As previously indicated, the refined bounds are guaranteed to be no worse than
the bounds obtained without estimating the largest imaginary part. Moreover, as
r increases, the difference between the estimates using the two proposed methods
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TABLE 5.1
This table shows lower bounds on the spectral radius of various networks computed using The-
orem 5 (fifth column) and Algorithm 4.2 (last column).

Type Size An Wmax B; g;
Social 131 18.3488 1.2132 8.0349 8.4347
Social 168 21.8484 0.8023 9.6100 13.5492
Social 344 21.6719 1.26 10.7704 21.6712
Social 627 10.4766 1.2995 5.2389 5.2389
Airport 1574 99.1175 2.881 99.1167 99.1167
Wikipedia 8297 47.9430 8.4824 29.9651 29.9651

TABLE 5.2

This table shows upper bounds computed using Theorem 7 (column 3, denoted by p3), Theo-
rem 9 (column 4, denoted by p}), and Algorithm 4.2 (last column), respectively.

Type Size An P3 3 03
Social 131 18.3488 22.2728 22.5450 20.7786
Social 168 21.8484 35.9181 22.5630 24.9591
Social 344 21.6719 24.7768 29.6324 24.7768
Social 627 10.4766 12.8224 18.9572 12.3289
Airport 1574 99.1175 99.1183 99.2906 99.1183
Wikipedia 8297 47.9430 50.3321 49.0404 47.9438

diminishes, as illustrated in Tables 5.1 and 5.2. However, the convergence rate of our
algorithm depends on the structure of the digraph. For example, we observe that,
using r = 3, the lower bound returned by Algorithm 4.2 equals B; computed using
Theorem 7 when we are considering the social network with n = 627 vertices.

6. Conclusion. The spectral radius of a digraph, i.e., the largest absolute value
of its (complex) eigenvalues, is a graph metric that is relevant for the behavior of
networked dynamical systems, such as epidemic processes, as well as graph-theoretic
problems, such as the independence number or the graph diameter. In general, the
spectral radius is a “global” graph metric, since its value cannot be computed unless
the entire network topology is known. In this paper, we have shown that, given
enough local information (i.e., subgraph counts), it is possible to approximate the
spectral radius of large-scale networks. In particular, we have developed a novel
mathematical framework to upper and lower bound the spectral radius of a digraph
from the counts of a collection of small subgraphs. More specifically, by leveraging
recent results on the K-moment problem, we have proposed a hierarchy of semidefinite
programs of small size allowing us to compute sequences of upper and lower bounds
on the spectral radius of a digraph using, solely, the counts of certain subgraphs. We
have illustrated the quality of our bounds using both random digraphs and real-world
directed networks.
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Appendix A. Proofs of lemmas and theorems.

Proof of Theorem 2. Given k € N, we have

n

Tr(A%) = "[A"i,

=1

«
I

(A1)

k satisfying [Al;j, - - - [A];._,s # 0. Notice that there may exist repetitive indices in

i — j1--jk—1 — @; hence, we may have that [{i,j1,...,Jk—1,7}| < k. Subsequently,
we have
k
(A.2) > Al (Al =Y > [Alsjy -+ [Alji_ai-
JisesJl—1 5=2 |{i,j1,--,Jk—1,i}|=s

In other words, we can classify closed walks into subgraphs with orders less than or
equal to k. In particular, these subgraphs are weakly connected. Combining (A.2)
and (A.1l), we have

n k

(A3) Tr(AF) =33 > [Alsjy -+ [Alj_ai-

=1 8=2 [{i,j1,....Jk—1,i}|=s

Below, we analyze how the counts of order-k, weakly connected subgraphs contribute
to (A.2).

Let us consider a subgraph Gy, € G with order s < k. Without loss of generality,
we may relabel the vertices of Ggyp by [s]. Consider a closed walk of length k in Ggyp
such that the closed walk traverses each edge of Gy at least once. Let 1; 1 (Gsup) be
the number of these closed walks starting at ¢ € [n]. Then each subgraph Gy, contrib-
utes Y71 1i k(G sup) number of walks in the summation in (A.3). Moreover, the num-
ber 1; x(Gsup) is the same for all G, € Iso(Gaup). Let me(Goup) = Doy Mk (Gsup)-
Then each class of subgraph contributes Count(Gsup, G)ni(Gsup) to Tr(A*). As a

result,
k

Tr(A*) =" > count(Gaup, G)ik(Gaun)-

$=2 Gsub€Qs

In particular, let A4 be the adjacency matrix of Gyp; if Tr[A¥] = 0, then

ni,k(Gsub) =0

for all i € [s]. O

Proof of Theorem 5. First, consider the spectral distribution p4 and generate
from p4 an infinite multisequence y2 o, whose elements are given by yo = E, , [x¥]
for all @ € N2. The discussions before Theorem 5 show that, given a fixed r € N, there
exists a finite subsequence in ys o satisfying (3.15)—(3.17). Furthermore, according
to Corollary 1, this subsequence satisfies M, > O,Er(gl) = O,er(gg) = O,Zr(gg) -
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0,L,(g4) = 0. In other words, all the constraints in (3.24) are satisfied. Thus, we
can induce from ys » a finite subsequence of moments that is feasible with respect
to (3.24). Consequently, the minimization in Theorem 5 leads to a lower bound on
An-

Similarly, for r > 1, we let F, be the set of feasible solutions to (3.24). Since
M, = 0, it follows that all its principal submatrices are positive semidefinite. Thus,
M,_; = 0. Similar statements hold for ﬂr(gl),ﬂr(gg),iT(gg), and ﬂr(g4). Thus, we
have that F,. C F,_1 and, consequently, pj o, 1 = plo,_1- ]

Proof of Theorem 7. It suffices to replace p4 in the proof of Theorem 5 by fi4.
The rest of the proof of this theorem follows exactly the same logic as the proof of
Theorem 5. 0

Proof of Theorems 8 and 9. By replacing (4 in the proof of Theorem 5 by U4,
and 74 ,, respectively, we can obtain that pX > A\,(Ag) and w} > \,(Aj) for every
r € N. Combining these bounds with

Wmax(4) < An (j(AQAT)>

and

2
the result follows. O

]
An(A4) < A (“A) ,
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