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We correct a statement in the paper [1] concerning the 
subspace controllability of a bipartite spin network. Contrary 
to what stated in [1], subspace controllability is not always 
verified in this case, and we specify here when it is verified 
and when it is not.

© 2020 Published by Elsevier Inc.

The paper [1] studied the subspace controllability of networks of spin 1
2 particles in 

the bipartite configuration. One of the two sets of spins called the set of central spins is 
assumed to have nc = 1 or nc = 2 spins. The result is based on a direct calculation of the 
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dynamical Lie algebra of the system, which, as it is known from quantum control theory 
(see, e.g., [3]), gives information about quantum controllability in finite dimensions. 
While such a calculation is correct, the conclusion drawn in Theorem 6 of [1] is only true 
for the case nc = 1 but, in general, not true in the case nc = 2. The gap in the proof 
concerns the matrix 1 + 1

3J in the discussion leading to the statement of Theorem 6 of 
[1]. Such a matrix is a scalar matrix on each invariant subspace, but it was overlooked 
that it can be zero on certain subspaces. In fact, according to formula (24) of [1] the 
matrix 1 + 2

3np
J (which coincides with 1 + 1

3J for np = 2) is the Casimir operator (see, 
e.g., [4]) which is zero on each one dimensional representation of su(2).

The correct statement for Theorem 6 of [1] is as follows:

Theorem 6. For the system (1) with one or two central spins (nc = 1 or nc = 2) and 
with any number np ≥ nc of surrounding spins we have:

1. If nc = 1 then each invariant subspace is controllable.
2. If nc = 2, then a subspace of the type H1 ⊗H2 is controllable in all cases except when 

dim(H1) = 1 and dim(H2) > 2 or dim(H2) = 1 and dim(H1) > 2.

In the case nc = 1 most of the proof goes as in the discussion leading to Theorem 6 
in [1]. Consider an invariant subspace H1 ⊗ H2. One only has to notice that 1 + 2

3np
J

equal to zero (when dim(H2) = 1) does not compromise subspace controllability in this 
case, since on H1 ⊗ H2 which has dimension 2, the dynamical Lie algebra acts as the 
two dimensional (standard) representation of su(2). Therefore controllability is verified.

For the case nc = 2, if dim(H1) ≥ 2 and dim(H2) ≥ 2 the proof of subspace control-
lability can be carried out as in the paper. This is due to the fact that, in this case, the 
restriction of 1 + 2

3nc
J or 1 + 2

3np
J to the invariant subspaces H1 or H2, which coincides 

(according to formula (24) in [1]) with the Casimir operator on a representation of dimen-
sion ≥ 2, is different from zero. It remains to investigate what happens when dim(H1) = 1
and-or dim(H2) = 1. In order to do that, we directly analyze the action of the Hamilto-
nian of the system (formula (10) of [1]) on H1 ⊗ H2. If dim(H1) = dim(H2) = 1, then 
both SC

x,y,z and SP
x,y,z on H1 and H2, respectively, are zero. So H is zero on the space 

H1 ⊗ H2, which is one dimensional. Subspace controllability is verified trivially on this 
space. If dim(H1) = 1, all the SC

x,y,z in formula (10) are zero on this space. So the action 
of H coincides with the irreducible representation of su(2) given by {iSP

x,y,z} on H2. In 
the case dim(H2) = 2 this is the standard representation of su(2) and therefore controlla-
bility is verified. However controllability is not verified in the other cases (dim(H2) > 2). 
The same argument holds by reversing the role of C and P if dim(H2) = 1.

The discussion in section 5 of [1] remains valid in that it shows that, for the consid-
ered generalizations, the dynamical Lie algebra is always greater than or equal to the 
dynamical Lie algebra calculated for the main case of the paper. However, this does 
not necessarily mean subspace controllability since subspace controllability is not always 
verified as we have seen above.
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We have recently given in [2] a generalization of the results of [1] to the multipartite 
case.

Declaration of competing interest

The authors declare no competing interests.

Acknowledgements

D. D’Alessandro research was supported by the NSF under Grant ECCS 1710558.

References

[1] F. Albertini, D. D’Alessandro, Subspace controllability of bipartite symmetric spin networks, Linear 
Algebra Appl. 585 (2020) 1–23.

[2] F. Albertini, D. D’Alessandro, Subspace controllability of multipartite spin networks, arXiv :2006 .
11402.

[3] D. D’Alessandro, Introduction to Quantum Control and Dynamics, CRC Press, Boca Raton, FL, 
August 2007.

[4] P. Woit, Quantum Theory, Groups and Representations. An Introduction, Springer International 
Publishing, 2017.

http://refhub.elsevier.com/S0024-3795(20)30314-1/bib818ABF6C39B9CBB5E6F481593DFD7076s1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bib818ABF6C39B9CBB5E6F481593DFD7076s1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bib50B4C9F22A9B4A8CA713C132B682B886s1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bib50B4C9F22A9B4A8CA713C132B682B886s1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bibA15EC601728582DC2AED2B25D613C20Cs1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bibA15EC601728582DC2AED2B25D613C20Cs1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bib83CC81754EFACC8C072C3F94FC04F46Bs1
http://refhub.elsevier.com/S0024-3795(20)30314-1/bib83CC81754EFACC8C072C3F94FC04F46Bs1

	[Linear Algebra Appl. 585 (2020) 1--23]
	Acknowledgements
	References


