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to what stated in [1], subspace controllability is not always
verified in this case, and we specify here when it is verified
and when it is not.
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The paper [1] studied the subspace controllability of networks of spin 1 particles in
the bipartite configuration. One of the two sets of spins called the set of central spins is
assumed to have n, = 1 or n. = 2 spins. The result is based on a direct calculation of the
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dynamical Lie algebra of the system, which, as it is known from quantum control theory
(see, e.g., [3]), gives information about quantum controllability in finite dimensions.
While such a calculation is correct, the conclusion drawn in Theorem 6 of [1] is only true
for the case n. = 1 but, in general, not true in the case n. = 2. The gap in the proof
concerns the matrix 1 + %J in the discussion leading to the statement of Theorem 6 of
[1]. Such a matrix is a scalar matrix on each invariant subspace, but it was overlooked
that it can be zero on certain subspaces. In fact, according to formula (24) of [1] the
matrix 1+ %J (which coincides with 1+ £.J for n, = 2) is the Casimir operator (see,
e.g., [4]) which is zero on each one dimensional representation of su(2).
The correct statement for Theorem 6 of [1] is as follows:

Theorem 6. For the system (1) with one or two central spins (n. =1 or n. = 2) and
with any number n, > n. of surrounding spins we have:

1. If n, =1 then each invariant subspace is controllable.
2. If n. = 2, then a subspace of the type H1 @ Ha is controllable in all cases except when
dim(H1) =1 and dim(Hz) > 2 or dim(Hsz) =1 and dim(H,) > 2.

In the case n. = 1 most of the proof goes as in the discussion leading to Theorem 6
in [1]. Consider an invariant subspace H; ® Ha. One only has to notice that 1 + %J
equal to zero (when dim(#3) = 1) does not compromise subspace controllability in this
case, since on H; ® Ho which has dimension 2, the dynamical Lie algebra acts as the
two dimensional (standard) representation of su(2). Therefore controllability is verified.

For the case n. = 2, if dim(#1) > 2 and dim(#H2) > 2 the proof of subspace control-
lability can be carried out as in the paper. This is due to the fact that, in this case, the
restriction of 1 + %J or 1+ %J to the invariant subspaces H1 or Hso, which coincides
(according to formula (24) in [1]) with the Casimir operator on a representation of dimen-
sion > 2, is different from zero. It remains to investigate what happens when dim(#;) = 1
and-or dim(#s3) = 1. In order to do that, we directly analyze the action of the Hamilto-
nian of the system (formula (10) of [1]) on H; ® Hso. If dim(H;) = dim(Hz) = 1, then
both Sf,y,z and 55%2 on H; and Hs, respectively, are zero. So H is zero on the space
H1 ® Ha, which is one dimensional. Subspace controllability is verified trivially on this
space. If dim(#H;) = 1, all the Sgy’z in formula (10) are zero on this space. So the action
of H coincides with the irreducible representation of su(2) given by {iSf, .} on Hs. In
the case dim(Hs2) = 2 this is the standard representation of su(2) and therefore controlla-
bility is verified. However controllability is not verified in the other cases (dim(H2) > 2).
The same argument holds by reversing the role of C' and P if dim(Hz) = 1.

The discussion in section 5 of [1] remains valid in that it shows that, for the consid-
ered generalizations, the dynamical Lie algebra is always greater than or equal to the
dynamical Lie algebra calculated for the main case of the paper. However, this does
not necessarily mean subspace controllability since subspace controllability is not always

verified as we have seen above.
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We have recently given in [2] a generalization of the results of [1] to the multipartite
case.
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